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FORMULAS FOR TAMELY RAMIFIED
SUPERCUSPIDAL CHARACTERS OF GL3

TETSUYA TAKAHASHI

ABSTRACT. Let F denote a p-adic local field of residual characteristic p # 3.
This article gives formulas, valid on the regular elliptic set, for the irreducible
supercuspidal characters of GL3(F) which correspond to characters of a ram-
ified Cartan subgroup. In the case in which F' does not contain cube roots of
unity, i.e., the case in which ramified cubic extensions of degree 3 over F' can-
not be Galois, base change results concerning “simple types” due to Bushnell
and Henniart (1996) are used in the proofs.

INTRODUCTION

Let F be a nonarchimedean local field of residual characteristic p # 3, let A|F
be a central simple algebra of reduced degree 3, and let E be a field such that
F C E C A. Then either A = D, a division algebra, or A = M3(F), the algebra of
all 3 x 3 matrices. Moreover, every compact mod center Cartan subgroup of A* is
of the form E* for some such E, and every irreducible supercuspidal representation
of A* corresponds to a quasi-character of some such E* ([16], [6]).

In this paper we calculate formulas, valid on the regular elliptic set, for the
supercuspidal characters of A* which correspond to characters of E* for ramified E.
The reader may consult [19], in which we have discussed the case F|F unramified,
and [20], which deals with the more complicated case for GL2(F') in which F is a
wildly ramified field, i.e. p = 2. We do not give character values on the split torus
here (see [17] for results pertaining to this problem). We mention that the character
values on the regular elliptic set are sufficient to uniquely determine a supercuspidal
representation (or, more generally, an arbitrary discrete series representation).

Let D,|F be a division algebra of index n. The “abstract matching theorem”
of Badulescu [2], Deligne-Kazhdan-Vigneras [§], and Rogawski [I8] implies the ex-
istence of a bijection between the set of irreducible representations of D¢ and the
set of essentially square-integrable representations of GL,,(F') which preserves the
characters on the corresponding regular elliptic sets up to the sign (—1)"~! (cf. The-
orem 1.5 below). In the tame case (i.e. (p,n) = 1) Moy [I6] proved the existence of
a bijection between these sets of representations which respects the concrete con-
struction of the representations by Howe [12]. In general, the relationship between
these two bijections is unknown, but in the case n is a prime # p it is known that
the two bijections coincide ([I0]). Therefore, it suffices to determine the character
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formula on either D3 or GL3(F') and to use the Howe-Moy bijection to obtain the
formula for the corresponding representation on the other group (cf. Theorem 1.5).

Let | be an odd prime and let L|F' be an unramified extension of degree [. In [19]
we gave the character formulas of GL;(F) and D;* which correspond to a quasi-
character of L* (see [L3] for the case [ = 2). To obtain these results we used the
fact that L|F' is Galois. In the present instance we have to treat the case in which
E|F is not Galois, and we use the base change results of Bushnell and Henniart,
which concern Bushnell-Kutzko “simple characters”, to transfer our results from
the case E|F Galois to the non-Galois case. Since the Bushnell-Henniart results
apply only to the split case, we work with GL3(F') and use Howe-Moy theory to
deduce the corresponding D3 results; it is also easier to determine our character
formulas near the conductor on GL3(F)) than on D3 (compare our Lemma 2.10 to
the proof of Theorem 1.10 in [I3]). Our main results are Theorems 2.13 and 3.9.

Let us summarize the contents of this paper, indicating its organization:

Section 1 reviews the construction of irreducible supercuspidal representations
mg of GL3(F') (of representations mj of D*) from generic (see Definition 1.1) quasi-
characters 6 of E*. Note that 7y is not always monomial; in the contrary case we
represent its character as a Q-linear combination of monomial characters.

Section 2 deals with the computation of the character of mg when E|F is Galois.
We represent mp as indgLS(F)ng, where B is the normalizer of an Iwahori subgroup
of GL3(F') and kg is an irreducible representation of B (“ind” denotes compact
induction). We decompose the restriction xg|gx and use Mackey theory to calculate
the characters of the constituents. Our reasoning here is reminiscent of 1.2 in [19];
we obtain the character formula except near the conductor. The rest of the formula
comes directly from the explicit representation of kg|gx (see Lemma 2.10). This is
the only new idea in the section. Results of Kutzko [T5] imply that the character
of kg equals the character of 7y on the elliptic set.

Section 3 treats the case in which F|F is not Galois. In this case, we consider an
unramified quadratic extension L|F'; L contains cube roots of unity, EL|L is Galois,
and both the methods and results of Section 2 apply to GL3(L). By Bushnell and
Henniart [4] we have a base change lift x;, of kg|p1 to B} such that the twisted
trace of k1, by a generator 7 of Gal(L|F) gives the trace of kg (see Proposition
3.3, and see above Proposition 3.3 for the notations B! and B}). Note that we do
not have to assume that the characteristic of F' is zero, since we do not use the
Arthur-Clozel base change lift ([I]). We calculate the twisted trace of xz much
as in Section 2; we state our main result as Theorem 3.9. This is the interesting
application of the Bushnell-Henniart base change lift.

Our final character formulas seem simple and beautiful. As in the unramified
case, the analog of Weyl’s character formula holds. By contrast we know that the
formulas for wildly ramified characters are more complicated (see [20]).

To conclude this introduction, we compare our formula with the result of [7].
The same type of character formula for the division algebra of reduced degree [
was given by Corwin, Moy and Sally, Jr. [7]. Their character formula contains
some Gauss sum associated with a quadratic form. They have only shown that this
Gauss sum is a fourth root of unity when p # 2. In this paper, we treat only the
case [ = 3, but we have determined the root number completely, including the case
p = 2 in sections 2 and 3. Moreover we find that the Kloosterman sum appears in
the character formula (cf. Lemma 2.10). This simplifies Theorem 4.1 (d) in [7.
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SUPERCUSPIDAL CHARACTERS OF GL3 569

Notation. Let F' be a nonarchimedean local field. We denote by O, Pp, wp, kr
and vp the maximal order of F', the maximal ideal of Op, a prime element of Pp,
the residue field of F' and the valuation of F' normalized by vp(wp) = 1. Let
g = |krp|. When A is a division algebra over F', the reduced trace of A to F' is
denoted Trd. The usual matrix trace is denoted by Tr. Hereafter we fix an additive
character v of F' whose conductor is Pg, i.e., 9 is trivial on Pr and not trivial on
Op. For an extension E over F', we denote by trg, ng the trace and norm to F
respectively. We set ¢y = ¢ o trg. For an irreducible admissible representation 7
of A* the conductoral exponent of 7 is defined to be the integer f(m) such that the
local constant (s, 7, 1) of Godement and Jacquet [9] is of the form ag=(/(™)=3),
We call m minimal if

£(7) = Fanin(m) = mtin (@ (o N)),

where 7 runs through the set of quasi-characters of F'*. Let G be a totally discon-
nected, locally compact group. We denote by G the set of (equivalence classes of)
irreducible admissible representations of G. For a closed subgroup H of G and a
representation p of H, we denote by Indg p (resp. indg p) the induced representa-
tion (resp. compactly induced representation) of p to G. For a representation 7 of
G, we denote by 7|y the restriction of 7 to H.

1. CONSTRUCTION OF THE REPRESENTATION

Let F be a ramified extension of F' of degree 3. E can be embedded in A, and
the embedding is unique up to conjugacy. In this section, we recall the construction
of the supercuspidal representation of A* from the quasi-character of E*.

Definition 1.1. Let 6 be a quasi-character of E* and f(f) = min{n|Kerf D
1+ PR}, 0 is called generic if f(0) # 1 mod 3.

We write ﬁgen for the set of generic quasi-characters of E*. If § € E?gen, then
there exists vy € P];_f(e) — P;_f(e) such that F'(v9) = F and

(1.1) 0(1 +z) = Y(trgp(er)) forall € P][E(f(e)ﬂ)/z].

Let us begin the construction of an irreducible supercuspidal representation of
A* = GL3(F) corresponding to a generic character of E*. We choose 6 € E* ey,
such that f(6) =n + 1 # 1. We assume that the prime element wp € F satisfies
@y, = wp; using the F-basis {w%,wg, 1} of E, we identify A with Endr(F) and
G = GL3(F) with Autp(E). Using the lattice flag {Pf}icz, we construct the
maximal compact modulo center subgroup which contains E*:

Definition 1.2. For i € Z, set A" = {f € M3(F) | f(PL) ¢ PL"" for all j € Z}.
Put K = (A°)*,B=FE*K and K' =1+ A® for i > 1.

We note that K is an Iwahori subgroup of GL3(F') and B is its normalizer. At
the first step toward the construction of a supercuspidal character of G from 6, we
construct a representation of B. We have v = vy € P " such that §(1+z) = ¢ g(yz)
for all x € PP (m = [(n + 2)/2]); we define a character ¢, of K™ by setting
(1 +2) = P(Trd(yx)) for x € A™. Set H = EXK™ and define a quasi-character
pg of H by setting

(1.2) polh-g) = 6(h)(g)  for he B, geK™
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Let J denote the stabilizer of v, in B, i.e.,
J={a€ B |y, (axa™") =1, (z) for z€ K™}

Then J = EXK™, where m/ = [(n + 1)/2].

If n+1=2mis even, then J = H = E*K". By Clifford theory, Indgpg is, in
this case, an irreducible representation of B. We set
(1.3) ko = Ind% py.

If n+1=2m—1is odd, then J = EXK™ !, so we have to determine an
irreducible component of Indﬁpg. For a subgroup M C B, we write M = M U
F*K. In particular, H' = F*(1+ Pg)K™. It is known and not difficult to show
that

1
(1.4) (Indy;po)| 1 = Indips (polar,) = an.
This 7 can be extended to J in |[E*/F*(1 + Pg)| = 3 ways. To determine the

extension by 6, we will express it by a linear combination of Indé posy (X €
(EX/F*(1+ Pg))").

Lemma 1.3. Define the virtual representation kg of J by

1—
-—4 Indgpg(g,x—l—lndgpg ifg=1 mod 3,

1.5 _ ] 39 e /X arre)y

(15)  Ro=11+gq B B
—_— > Indg pogy —Indg ps if g=2 mod 3.
34 xe(mx /X (1+Pp)y

Then kg is a real representation and an irreducible component of Indg 00-

Proof. Let {n1, 12,713} be the set of the extensions of n to J and (E* /F*(1+Pg)) =
{x1,x2, x3}- It follows from Lemma 3.5.35 in [16] that

—_(9)) 3
(1.6) Ind{{ po = 7((] 3(3)) ;771‘ + (%) nj

for a unique j, where (%) is the Legendre symbol. Let us denote ng by this ;.
From this irreducible decomposition of Ind{{ po, we have

Ind?; pooy, ¢ 10 0 (g — (4)) 11 1 Mo
Indép9®xz = (_> 01 0]+ 33 111 N6Q@x-2
Ind7; pocys 00 1 11 1 Moo s

By the Clifford theory, kg = Ind? pe is an irreducible representation of B. Thus
we obtain the desired formula for kg by calculating the inverse of the coefficient
matrix. U

The following result is well-known. (See [16].)

Theorem 1.4. Let the notation be as above. Then kg is an irreducible representa-
tion of B. Putmy = indg kg. Then mg is an irreducible supercuspidal representation
of G such that:

1. the L-function of g is 1;

2. e(mg, ) = e(0,vE); in particular f(mg) = f(6) + 3.

Any irreducible supercuspidal representation © of G such that f(r) Z 0mod 3 can
be written in the form m = my for some 6 € ngen, where E is a ramified extension
of degree 3 over F.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SUPERCUSPIDAL CHARACTERS OF GL3 571

Next we construct an irreducible representation of D* from ¢ € Eg,. Let

f(6) =n+ 1. We recall that n # 0 mod 3. We define a function ¢, on 1+ PJ}' by
Yy (1 4 x) = Y(Trd(yx)) for © € Pj. Then ¢, is a quasi-character of 1 + PJ'. Set
H' = E*(1+ PJy) C D* and define a quasi-character pj, of H' by

(1.7) po(h-g) =0(h)Yy(g)  for heE”, gel+Pp.
When n 4 1 is even, i.e. n+ 1 = 2m, we set
(1.8) w4 =IndB, p.

When n+1is odd, i.e. n+1=2m—1, Indg,X py is not irreducible. As in the GL3
case, we can take its irreducible component as a Q-linear combination of Indg,X p’9®x
(x € (B/F*(1+ Pg))").

Lemma 1.5. Define the virtual representation m, of D* by

]. - X X

3_(] > Ind5, p;,@X—l-Indfp py i ¢=1 mod 3,
9 xe(EX/FX(1+Pp))

1+4q

30 ye(mx/FR(14+PR)Y

(1.9) m =
D* D* _
Indg: ppg, —Indg py if ¢=2 mod 3.

. . . . X
Then my is a real representation and an irreducible component of Indg, Ph-

Proof. The argument from Lemma 3.5.28 to Lemma 3.5.35 in [16] can be applied
to the division algebra case. Therefore we can prove this lemma in the same way
as Lemma T3 O

The following result is essentially well-known. (See [3] and [16].)

Theorem 1.6. Let the notation be as above. Then 7y is an irreducible minimal
representation of D* such that:

1. the L-function of mj is 1;

2. e(mp, ) = e(0,9E); in particular f(mp) = f(0) + 3.

Any irreducible representation ©' of D* such that f(n') Z0 mod 3 can be writ-
ten in the form ©' = mj, for some 6 € E\gxen, where E is a ramified extension of
degree 3 over F'.

Now we define the correspondence 7y, < my by parameterizing in each case the
set of representations by the set of generic quasi-characters of E* (Howe’s bijection

[1a]).

Proposition 1.7. The characters of mg and 7y, are equal on regular elliptic conju-
gacy classes, which are identified between the groups D* and GL3(F).

Remark. The set of irreducible supercuspidal representations of A* with minimal
conductor = 0 mod 3 is parameterized by the set of regular quasi-characters of
L*, where L is an unramified extension of F' of degree 3. The character formula
for such a representation on the regular elliptic set was given in [19].

In concluding this section we reformulate a result of Kutzko ([15]) to put it into
the precise form in which we shall apply it:
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Theorem 1.8. Let x be a regular elliptic element of G.
1. If F(2)|F is ramified and © & F*(1 + Pgal)), then

Xmo (l‘) = Xkyg (.23)

2. If F(x)|F is unramified and v ¢ F*(1 + PIL(Z;@/?’]), then

X (2) = 0.
Proof. It is obtained by applying Proposition 5.5 in [15] to our case. (]

2. CHARACTER FORMULA FOR THE (GALOIS CASE

In this section, we treat the case in which F' contains a primitive cube root ¢ of
unity. Since p # 3, we have ¢ = p/ =1 mod 3; in this case all ramified extensions
of degree 3 of F' are Galois. We shall calculate a formula only for the character
of kg; by applying Theorem [[8 we obtain from this calculation a formula for the
character of mg. As in the first section, we identify M3(F) with Endr(FE) by the
F-basis {w%,@wg, 1} of E. Thus we get the explicit matrix forms of various objects:

0 1 0
(2.1) wg=| 0 0 1],
wE 0 0
a b c
(2.2) E= cowp a bllabceF
bowr cwrp a
a1 a12  a13 ai; € Op ifi<y
(2.3) K= azi aze az || aiy € Op :
as1 Qas2 ass aij € Pr if 7 > g

a1l a2 ais
0

(2.4) A = a1 a2 G23

azi asz asg

al‘jEOF lflgj
aijEPF lfl>j ’

a1l a2 a13
1

(2.5) At = a1 Q22 Q23

a3y asz a33

aijEOF lfl<j
aijEPF leZj

Let o be the generator of Gal(E|F') such that “wg = wg(.
Lemma 2.1. Put
1 0 0
£=10 ¢ 0
0 0 ¢
Then & satisfies €3 =1,
Ex& =% forany x€E,

and
M3(F) = E @ E¢ @ E&,
(2.6) A = O @® Og¢ & Op&,
: A = Py ® Pgt¢ © Pgé,
A2 = PZ @ PI & P&
Proof. This is obvious from the above explicit matrix forms of wx and A’ O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Let 6 be a generic quasi-character of E* with f(8) = n+ 1. If n is odd, then
n+1=2m and kg = Ind% pp, where H = E*(1 + A™). By Mackey theory ([22],
Proposition 22),

(2.7) Ko|px = @ IndanlHanEx o,
a€H\B/EX
where %g(x) = pg(ara=?) for x € a ' HaN E*. If n is even, then n + 1 = 2m — 1
and
1—¢q EX a
Kolpx = S—q Z Z Indy~1 ganex “Pocx
(2.8) XE(EX/F*(14Pg))” a€H\B/E

+ Z IndaE_lHaﬁE>< apa,
a€H\B/EX
since ¢ =1 mod 3.
For simplicity, we fix a generic character § of E* with f(f) = n+ 1 and drop
the subscript € in the representations determined by 6, e.g. p = pg, kK = kg and so
on.

First we give a complete system of representatives for the set of the double cosets
H\B/E*.
Lemma 2.2. 1. Let a = 1 + 1€ + az8? for aq,as € Op. Then a € K is equivalent
to 1 —i—oz? —l—ozg —3a1as € Pg.

2. Leta=14+ 16+ azé?,b=14 3£ + (26?2 € K. Then Ha = Hb if and only
if oy — By € Py fori=1,2.

Proof. 1. Since a is obviously in A%, it is only necessary to determine necessary and
sufficient conditions such that the diagonal entries belong to O, i.e., necessary and
sufficient conditions that the product of the diagonal entries belong to O}. Using
explicit representations for the diagonal entries, multiplying them and simplifying
by using the relation 0 = 1 4 ¢ + ¢2, the reader may verify the given condition.

2. By B8, Ha = Hb implies that there exist 79 € OF and 1,72 € Pg such
that b = (Z?:o vi€)a. Since A° = Op @© Opé ®© Opt? and &x =° 2 for v € E, we
obtain

1 =0 + (1%s + 727 1),
2
Bi—a1 = (v — 1o +71 + 77 as,
B2 — o = (0 — 1)az + 72 + 7.
Therefore we have vo € 1+ P and §8; —o; € P (i =1,2).
Conversely we assume (3; —o; € PR (i = 1,2). Put ba™! = E?:o &' By
eliminating 7o from the above three equations, we obtain
2 2
B —ar = (1 —ar%az)n + (7 a2 — 17 a1)7e,
2
B2 —ag = (“ar — azx’a2)y1 + (1 — 7 araz)ya.

Noting that o; — §; € Pf*, we use Cramer’s Rule to verify that v; € PR (i =1, 2),
i.e., we check that the determinant of the coefficient matrix for the system of two
equations in the variables 71 and 72 belongs to Of. A routine calculation reveals
that this determinant equals det(a), as given in Lemma [Z5] below; clearly, det(a) €
O}. Since det(a) is the denominator for Cramer’s Rule and o; — 3; € Pp (i = 1,2)
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imply that the numerator belongs to Pz, we see that v;,v2 € Pg'. From the three
preceding equations we then see that 7y € 1 + Py too. O

In order to give a set of representatives for H\B/E* we introduce some more

notation. Put Og) = Kerng and
M = {("aoz_l,"zaofl) |a€e EX} C (’)g) X OS).

For 0 < p < m, we set

Iia= 1+ P ") x PP\whOp x Pp/M,

Tz = PR x (1+ PR\ PE™ x O3 /M,

Ju1 = (w‘}nE(OE)/(l + Pl[y(mf“w)/‘g])) X (Pé”/Pg”““) ,

Tuz = (PR PETH) x (@hins(0F)/(1L+ PR 210
When p = 0, we set

Io1 = (14 PR) x PE\{(B1, B2) € OF x Op|1 + B3 + 35 — 34162 & Pe}/M,
Ios = Pg x (14 PE)\{(B1,B82) € Pg x Op|1+ 33 & Pg}/M,

Jox = {(81.82) € (np(OF)/1+ PE™ /¥ x (0p/ Py |
L+ By + B85 — 36 ¢ Po
Joz = {(Br. B2) € (Pe/P) x (np(05)/ (1 + PE™ 1) |14 6, ¢ P},

For 0 < p < m, we set

(2.9) Tii = {1+ Bi& + Ba€?((Br, B2) € L}
Lemma 2.3. 1. A complete set of representatives of the double coset H\B/E* is
given by
m—1 -
{1§€2}UU(H1U U H1§U 2§)
(2.10) n=0 n

UU@&UU&ﬁ

p=1

2. Let 1(B1, B2) = (np(61), 517B2) for (B1,52) € WO x Py and @a(f51, B2) =
([32”261,nE(ﬂ2)) for (Br, =) € P x @l O%. Then ¢; induces a bijection from
L.i to Jy; fori=1,2.

Proof. Since H(1+ 1€+ ($262)a = H(1 +[31"04a’1§+[32"2aof1£2) for any a € E*
and any element of B/E* has a representative of the form (1 + 3;1& + B;262)¢!
(0 < i < 2), where o1, Boz2, P22 € Op and (11, Bi2, 821 € Pg, the first part of
the lemma follows from Lemma [Z22l To prove the second part of the lemma, it
suffices to see that ¢, induces a bijection from Iy to Jo1. Let 81,71 € (’)E and
B2,72 € Og. If (y1,72) belongs to the double coset ((1 + PJ) x Pg) (61, B2)M
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then there exist a € O, and y1,y2 € Pg* such that
7 = aa” Bi(1+ ),
2 =T aa By + y2).
This implies
ne(f1) =ngp(y1) mod 1+ PF'  (multiplicative equivalence),
7172 = 1°B2  mod Pg'.

Therefore ¢; induces a well-defined map from Ip; to Jo,1. The induced map’s
bijectivity follows from the bijectivity of the map

ONO% /(1 + Ph) 28 ng(0F) /(1 + P2/,

Next we consider the term a " *Ha N EX.

Lemma 2.4. Leta € I,; (j =1 0r2and 0 < < m). Then a~'HaN EX =
F>*(1+4 Pg ™).
Proof. Let a = 1+ 1€ + 3262 € ju,j and let o € a'Ha N E*. Let us begin by
showing that o € F*(1 + Py~ "). First, since F* C E*, we may assume that
0 < vp(a) < 2. Since aa = ya, where v = vy + 1€ + 1262 € H, we have v; € EX
(i = 0,1,2) such that v, *y; € P2 (i = 1,2) and vg(70) = ve(a). From this we see
that
2
Yo =a—(71B2+27 5),
2
(2.11) (“a—750)B1 =71+ 727 Be,
2

(7 a—=")p2 = v2 + 7 P
Replacing vo by a — (71 962 + 72 "2[31), we obtain the relations

(“a—a)B € PRt (i=1,2).

If vp(a) = 1 or 2, then vg(“a — a) = vg(a), which implies that vg(8;) > m.
From this we have a contradiction to the hypothesis that u < m; so we may
assume that vg(a) = 0. In this case, we see that vE("za —a) > m — u, and
we therefore conclude that a € F*(1 + Py~ "). Now let us prove the inclusion
FX(1+ P ") Ca 'Han EX. It is enough to take o € (1 + P~ ") and to show
that aa = ya with v € H as before. If y = 0, then (1 + P}') C H and a € K;
since K normalizes H, this case is clear. We need consider only 0 < p < m. For
the proof we intend to reverse the above reasoning. Certainly, we have vg(a) = 0

and, moreover, vg( o — a) > m — u. From this we see that
(2.12) (“a—a)gePy  (i=1,2).

Replacing o by a — (71 702 + 72 "261) in the last two equations of ([ZIT) produces
the system of equations

(%o —a)py = (1 —p1%B2)n + (0252 — 025151)’727
(o —a)By = (Br — Babo)y + (1 — T Brfa)re.
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Since p > 0, it follows that the determinant of the coefficient matrix of this system

of two equations in the variables 71,72 belongs to O . From (ZI2) it follows that

1,72 € PE; obviously, o € Of, given by the first equation of ([2.I1)), satisfies
—1 m

Y Vi € Pg. U

Our next task is to compute % for a € H\B/E*. The above lemma tells us that
9 e (F*(14Pp ") ifae ;. Ifd =a&, then o/ "Hd NEX = a~'Ha N E*
and “p = % o ¢J. Therefore it suffices to consider % for a € 1:,” We need the
following explicit form of (1 + a1€ + az€?)7L.

Lemma 2.5. Let a = 1 + 1€ + ao€? for ay, a0 € E. Then
1
al= M((l — 0041‘72042) + (a2‘72a2 —a1)é + (1% — az)é?),
where
det(a) =14+ ng(a1) + np(az) — trep(ai’asz).

Proof. Put (8o + 1€ + $262) (1 + 1€ + ax€?) = 1 for 3; € E. Since £z&~1 = % for

r € FE, we have
2

1 Uag 7 (6751 ﬂo 1
(6751 1 "2a2 ﬂl - 0
s %o 1 B2 0
Thus the lemma follows from Cramer’s rule. O

Lemma 2.6. Letc€ F*,y € P! a=1+ 31+ (6% € I.iandy=r9 € E as
in (CT). Then

(2.13) P e(1 +y)) = ¥B(Rui (9281, 52)) (Cy — 1))
(2.14) — Yu(Rua(er (B, 82)) Py — v)),
where

(Y = Y)u+ 0 — o ng(u)

l+v+vIng(u) —trp(u)
(" = u+v — 7" np(u)
1+v+oving(u) —tre(u) ’

and @; s as in LemmalZ3 (2) fori=1,2.

R 1(u,v) =

R, 2(v,u) =

Proof. Putting g =1+ y, we have
g taga™ =14 (g7 (a—1)g—(a—1))a”"
=1+ (g7 A% + 97" B g€ — (B + Ba?))a™
=1+ (%9~ — DBE+ (Tgg " = 1)BagDa .
Using Lemma we see that det(a)(g taga™t — 1) equals
(997 = DBE+ (Tgg™ ! = 1)3a€?)
X (1= "B17B2) + (B2 B2 — B1)E + (B 7Br — Ba)€?).
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Since g1 — 1 = 7y — y mod P;(mfu), Bi € Pt plgm = 1y, trp(xz€’) = 0 for
i=1,2and z € F, we get

p~ (1 +y)

=1 (@(m (B Br = Ta)(y = y) + Bol" BB = 7By — )

— 0 (et (0080 = 5B = 9) + (o) = 750 ) )

. j —j
Since trg u”v = trg ? "wv for any u,v € E, we have

tre(v(np(B1) — 51782)(%y — ) = tre(® v(np(B1) — 7 Bib2)(y — 7 y)).

Therefore we get

o (1+y) = g ((" =) BB Z;Tf)(ﬁz) — "ne(8) (- y)> .

From det(a) = 1+ ng(61) + ne(B2) — trp(31982), we obtain (214). The equation
(233)) can be shown in the same way. O

The next lemma is crucial for the character formula of kK = kg. We recall that
m = [(n+2)/2].
Lemma 2.7. Fiz a € whng(O0F) and put R,i(x) = Rui(x,a) for x € PP
For 1 =0, we assume 1 + o+ o 123 — 3z & Pg.

1. If p > 1, then R, ; induces a bijection from Pt~ /PRt to pRrtizt=ny
Perp,fn
- .

2. Ro,g induces a bijection from Pg/Pp" to

{eepgm/pp

_ o 1—
3. For any wo € Og such that 1 +a+a 'z —32¢ & Pg, R0,1 induces a bijection
from {z € Og/Pp|x = 9o mod Pg} to

2 2 -
(“y = Y)zo + ya — T ya o}

L+ a+atad — 3z

{x € P;" /PR " |z

mod Pif"}.

Proof. First we assume p > 0. Let x € P;“H*l. Then

(2.15) Ry i(2) = (7 =)z mod PgF
We remark that vg(° y—~) = —n, since n £ 0 mod 3. It follows from (E-I5) that
(2.16) le(xl) = Ru’i(xQ) + ("_i»y _ 'Y)(xl _ x2) mod PEE(x1)+UE(CC2—£C1)+’L'—YL

if 2u+1—-1< ’UE(J,‘l) < ’UE(J,‘Q). This implies xr1 — To € PEL if Rmi(ﬂﬁl) — Ruﬂ;(l‘g)
€ Pp'™". Thus the induced map from P}%JMJFFI/PEJF“ to P;“H*l*"/Pg”r“*” is
injective. It becomes automatically bijective.
Next we consider the case u = 0. For x € Pg,
ya+ (Y =)z
14+«

Ro2(x) mod PngHl_n,

This implies the bijectivity of the induced map from Ro,g by the same argument as
above.
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For zy € O and z; € Pg,

("27 —Y)(xo + 1) + vy — "2'ya*1nE(xo)nE(1 + xalm)

1+ a+ang(zg)ng(l+ xalxl) —trg(zo + x1)

R0,1($0 +x1) =

o2 o? —1 o?
(v = Mzo + 7y = Tva" 'ng(x0) + (T — V)1 2-n
mod P,
l+a+ang(xg) —trg(zo)

) (77 = 2
_ 5 d P,
0,1(x0) + 1+ a+a ng(z) — tre(zo) mod FPp ",

since ng(l + xalxl) and trg(r1) € Prp C P3. Thus the last assertion also follows
in the same way as the proof for the case p > 0. O

Now we can describe the image of the map a — %p~! for a € INM

Lemma 2.8. Let U; = F*(1+ P},) fori > 0 and Uy = F*OF. For > 0 and
1€ {]_’ 2}! we put C(N’a Z) = q[(m*l‘«*1)/3]+[(m+/‘7n+2)/3]7[(2#+i+17n)/3]_

1. For p> 0,
a. — q— 1 . —m m —-n
D ot == Clwi)lPg " O F/PETT O b X-
acl, XEU (m—p)/U(n+2—-2u—1))"

2. For a € np(0y), put

M@) = {x & Un /a4 ) = v (=) ) for w e PR},

Then

P wot=co2) P P

acly 2 acng(0F)/1+Pp XEA @)

3. For a € ng(Of) and zy € Op satisfying 1 + o + atad —3x¢ € Pg, let
Qa, o) be a subset of (Up,/Uny1)” consisting of characters x such that

2 2 <
(v —y)zo + v — 7 ya o

l+a+a 'z}

x(1+y)—wE< (”y—y)> for y € Pg.

Then

P o' =C(0,2) S5 b p «x

acly a€ng(0f)/14+Pr 20€O0E/PE XEQ(a,m0)

Proof. By Lemmas [Z7] and 2.8 it suffices to calculate the multiplicity of the char-
acter x in the right-hand side. The map
P;”_i_l_n/PngH_n N (Um—H/U?’L-'rl—Q/L-‘rl—i)/;
a— (c(1+y) = ¥r(ay —v)),
is surjective and every fiber of the map has

| A p Pt A R PATT A B PR AR

elements. Since PLNF = PI[,Sj+2)/3], |nE((9§)/1+PIL(m7”+2)/3]| = L gllm=n=1/3),

p—m+1 if n=2m-1,
m+pu—n= )
p—m+2 if n=2m-2,
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and m # 1 mod 3 when n = 2m — 2, we get this lemma from Lemma and
Lemma [Z7] U

Now we can give the character formula of kK = kg on E*.

Proposition 2.9. Put C = gl(m=—p=1/3l+l(mtp—n+2)/3=[Qutit1-n)/3] for 1 >
and i € {1,2}.

(1) (Decomposition of k as E*-module ) The restriction of k to E* is decomposed
as follows:

2 n—1
(@90&) ® {1}—}—2(];—1(]%}@

i=0 j=1
&@C|0® P P x

a€np(0))/1+Pr x€A()

@ Bo0?)® b P x

a€ng(0f)/14+Pr x€A(a)

s @ D D A

aenp(O0F)/1+PF 20€0E/PE xeQ(a,z0)

i+2
where X = ®X6EX/U7 X, ¢ = 2[%],

@) = {x & (B U x4+ ) = v (122

H_—a(UQy—y)> Jor y e PE}

and Q(a, zo) s a subset of (E/Upy1)" consisting of characters x such that

2 2
(" = y)x0 + v = Tya~
1 =
x(1+y) dm( l+a+a lad

1,3

Lo

(y — y)) for y € Pg.

(2) (Character formula of k on E*) The character x, of k is given by

z Xn(x)
2 i
x € EX —Uy > 0(7x)
i=0
2 )
relU; (1<j<n-1) @S 0(7x)
i=0
c(l+y) el (ce FX,yc wpOp) | ¢" '6(c)Kl(yy)
x € Upta " g —1)%0(z)

where the Kloosterman sum Kl(a) is defined by

(2.17) Kl = > ¢(y@pyo+yi +92))-

(Y0,y1,y2) €KY,
YoYyry2=a

(Since yw'h € O and kg = kp, we regard ywh, mod Pg as an element of kp.)
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Proof. If n =2m — 1, then it follows from Lemma 2.8 that

@ Indg:w dpt

aef,m

qg—1 ,

3 O, ) Xnt1-2u—iv1 for p>0,

C(0,2) &b P x for y =0and i = 2,

= (yEnE(Oé)/l-',-P}(m'"Q)/S] xEA(a)
C(0,2) &b P x forpu=0 andi=1.
aeng(0F)/1+PE™ /3] xeQ(a,x0)
zo€kFR

By virtue of (2.7) and ([2.3]), we can obtain the decomposition of 7 as an E*-module.
When n = 2m — 2, we get by Lemma 2.8 that

@ ma

aEIk,“:
—1
qTC'(,u,i)XnH—zu—iH forpy>0andpu=m—1 mod 3,
-1
qTqC(,u,i)XnH—zu—iH forpy>0and puZm—1 mod 3,
=< C(0,2) &b P x for y =0andi =2,
aeng(05)/1+PE™ /3 xeA(a)
C(0,2) &b P x foru=0andi=1.
aeng(05)/14PLm™ /3 xeQ(a,20)
zo€kF

By (Z8) and (23]), we get the first part of the theorem. Except on U}:, we can easily
obtain the character formula of x from the decomposition of x as an E*-module,
Lemma and the fact that |E*/U;| = 3¢/2/3l. For « € U}, we can prove it by
the decomposition of x and Lemma But the calculation of the character on
K™ can be obtained directly from the definition of the induced representation. We

state it, including the case z ¢ F.

Lemma 2.10. Let x = 1 + whao for zo = diag(ki, ko, ks3) (ki € OF) and the
Kloosterman sum Kl(a) as in (ZI1). Then

X () = ¢ Kl(ky koks).
Proof. By the definition of x and Frobenius’s formula, we have

X (1 + o diag(ky, ko, k3)) = ¢"* Z Y(Tr yaw'’ diag(ky, ko, k3)a ™).
a€EXK'\B

It follows from (223) and (ZF) that the set {diag(1,y, 2)|y, z € k5 } becomes a com-
plete set of representatives of EX K1\ B. Since wg diag(1,y, z)wgl = diag(y, z, 1),

we have
Tr vy diag(1, y, 2)w'y diag(ki, ke, k3) diag(1,y,2)~! mod Pp
B {'yw%(zkl +y thky +y2z"'k3) mod Pr ifn=1 mod 3,
vy (yks + 2y Yka + 27 k3) mod Pr if n=2 mod 3.
Hence our lemma. O
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By applying the above lemma for diag(ki, k2, k3) = diag(zo, o, zo), we get the
character formula of x on Uj;. O

The character outside of the conjugacy class of E* can be obtained easily.

Lemma 2.11. Let z be a regular elliptic element of B. If x satisfies the conditions
that F(x) # E and x is not conjugate to an element of F* K™, then x.(x) = 0.

Proof. See Lemma 3.3 in [I5]. O

We remark that if F(z)|F is unramified, then F(z) N K™ = F(x) N K™+ since
n #Z 0 mod 3. Let E'|F be a ramified extension in M3(F). Then either E' ~ E
or E' ~ F(xz), where x = wg diag(b,1,1) with b € O not a cube mod Pp. The
element z is obviously a prime element of Op(,). If g € F'(z) and vp(,) (9 —1) = n,
_ n +1
then g = 14 2"y + z for some y € kj and z € P;f(x).
Proposition 2.12. Let z be a regular elliptic element of B such that F(z) # E.
1. If F(x)|F is unramified, x, is given by

x X ()
r & FX(K"M N F(x))) 0
r=cy(ce F,ye K""'NF(x)) [ ¢" (g—1)

2. If F(x)|F is ramified, then x, is given by

x Xk ((E)
v g F*(1+ Pp,) 0
c(1 + @i, diag(ki, ko, ks) + 2) | ¢"~10(c) KO3k ko ky)
(ce F*.k; €k, z € sz;l))
c(1+y) force F*,ye Pg?;l) " 1(qg—1)%0(c)
Proof. This follows from Lemma ZTI, Lemma ZTI0 and the remark above this
proposition. O

As pointed out in Theorem 1.6, most of the character formula for 7 = 7y (on
the regular elliptic set) comes from the formula for k = kg.

Theorem 2.13. Let FE be a cubic ramified extension of F, let 6 be a generic quasi-
character of E* such that f(0) =n+1, and let mp be the corresponding irreducible
supercuspidal representation of GL3(F) (see Theorem 1.3). Put Uy = F*Op, U; =
F*(1+ PL) and Uf =Uj —Ujyr for j > 1. Let € be an element of GL3(F) such
that €3 =1 and %z = £x&~ 1 for © € E, where (o) = Gal(E|F). Let x be a regular
elliptic element of GL3(F).

1. If F(x)|F is unramified, then

x Xy ()

a g F*(1+Ppll) 0

c(l+y)ce F*ye Prl)) | " (¢ +q+ Do)
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2. If x € E, then

€T X (J))

2 i
x € EX —Uy > 0(7x)
=0
relUf (1<j<n-1) ¢ > 0(%x)
=0
c(l+y) eUp (ce FX.ycwmpOp) | ¢" '0(c)Kl(yy)
z € U1 "N+ q+1)0(2)

where the Kloosterman sum Kl(a) is defined by (ZIT).
3. If F(x)|F is ramified and F(x) % E, let b be as in the remark above this
proposition and put wp(,) = we diag(b, 1,1). Then

z Xo (J?)
w & FX(1+ Pp,) 0
(1 + @, diag(ki, k2, k3) + 2) | ¢ 0(c) KIOTT D5k ko k)
(ce F*k; € kj,z € Pg(J;l))

c(1+y) force F*,y e Ppll ¢"(¢* + g+ 1)0(c)

Proof. Except on K""NF(x) the formula of this theorem follows from Theorem [[.§
and the character formula for &, given in Propositions2.9and 212 To complete the
formula by determining it on K™ N F(z), we use the abstract matching theorem
([16], [8] and [2]) and the fact, which we have already remarked, that in our case
the Howe-Moy correspondence respects abstract matching. The representation 7
of D* which corresponds to the generic character § has dimension ¢" (g% 4+ ¢+ 1)
and is trivial on 1 +PB+1. Therefore, by Proposition 1.5, X, (7) = ¢" " (¢* +q+1)
for all regular elliptic x € K;,41. O

3. CHARACTER FORMULA FOR THE NON-(GALOIS CASE

In this section we treat the case in which F' does not contain cube roots of unity,
i.e., the case in which ¢ = pf = 2 mod 3. In this case the extension E|F is not
Galois; so we cannot use the methods of the previous section. In order to apply the
results obtained in the Galois case we use the base change lift of kg|p:. Let L be
an unramified quadratic extension of F. Then L = F((), where ( is, as before, a
primitive cube root of unity. We write 7 for a generator of Gal(L|F) (¢ = ¢?) and
add the subscript “L” to objects which are extended by L, e.g. Fr, = EQprpL = EL.
The field extension Ep|L is ramified and Galois, E|F is a quadratic unramified
extension, and (1) = Gal(Er|E) = Gal(L|F). Thus EL|F is an &3 extension. We
embed F — Ej, by sending z — x ® 1 and, as in the previous section, we identify
Ms(L) = M3(F) ®p L with Endy (Fr). Similarly, we set G = GL3(L) and use the
L-basis {w?, wg, 1} of Ey, to identify G, with Auty,(EL); we note that this basis
is also an Op-basis for Og, . Using the lattice flag {P]f;L}ieZ, we define

L =1{feMs(L) | f(P},)C PL" forall jeZ}.

Put K, = (A%)*,Br, = Ef Ky and K} =1+ A% for i > 1. By Kutzko [I5], it
suffices to calculate the character of k = kg instead of my. In fact, we have only to
determine the character of k|g1. Therefore we have only to treat the base change
of k|p: to B}, where B} = LK.
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Definition 3.1. Let 6 be a generic character of E* with f(#) = n + 1 and
(1 + z) = Y(treg(yx)) for © € Pp'. We define a base change lift 6, of 6
to L* by setting 0 = 6 o ng,|p. Then Or(1 4+ x) = Yr(trg, | yx) for €
PE . (Recall that m = [(n + 2)/2].) The base change lift p of p|g to Hj =
L*(1+ Pg,)K7" is defined by

pr(h-g) =0r(h)r(Try(g—1))  for heL*(1+ Pg,), ge€K]"

When n + 1 = 2m, we define the base change rr, of k|p1 to Bi by
1

K[ = Indg% PL-
When n + 1 = 2m — 1, there exists an irreducible representation 7 of Ji =
L*(1 4 Pp, )K" such that

Jl
IndHLi oL = ¢*nr.

Then the base change lift k1, of kg|p: to B} is given by

KL = IndJ1 NL,.

By virtue of 81, o7 = 01, we have pr, o 7 = pr,. Thus we can define an extension
pr of pr, to Hi x (T) by
pr(xx7)=pp(x) forxe Hj.

Similarly we can extend 7y, to J} x (7) since n o T ~ .
Now we apply the result of Bushnell and Henniart ([4]) to our case and get the
character relation of k7, and &y..

Lemma 3.2. There exists an extension 7, of nr, to J; x (1) such that
X (€0 7) = Xy(np, 6(x)  forze Ef

Proof. Let 7 be an extension of nr, to J} x (7). It follows from Proposition (12.8)
n [4] that
X (7)

Xq(z 1) = Xn(ng, B(2))-

Applying Lemma (13.1) Proposition (ii) to our case, we have

xa () =" (JL/HL)Y? = ¢

Since 7 is order 2, x5(7) = X5. Thus we obtain x5(7) = xq. If x5(1) = —¢, the
other extension of 7y, to J} x (7) satisfies the desired equation. O

Using Frobenius’s Formula and Corollary (12.19) in [4], we see that the following
result holds.

Proposition 3.3. Let x € L*(1+ Pg, ).
1. When n+1=2m,

(3.1) Xe(npyp(@) = Y prlaaTa™).

a€HL\Bj,
axa"'€H}
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2. Whenn+1=2m —1,

Xu(np @)= Y xplacTa™ x7)
acJ}\B}
arTa"lEJ]
=q Z pr(ax"a™ ).

a€Ji\B]
axa"'€H}

We recall that JL = L*(1 + Pg,)K7" for m' = [(n+ 1)/2]. Since m’ = m if
n+1=2m, we get J. = H} if n+ 1 = 2m. Thus we have only to consider the
coset Ji\B].

We proceed in the same way as section 2. Set & = diag(1,¢?,¢) € M3(L). Then
¢ satisfies €3 =1, ¢ = €2,

Ex& =% forany z € E,

and
M3(L) = E. @® Eif & EL&,
(33) A(l)/ = OEL @ OEL§ @ OEL€27
A}l = PEL S PELE D PELEQ)
A} = P @® Pi¢ @ PEEA

By Lemma 2.2] the set

{1+ Bi€ + $2€|Bi € O, /PR det(1 + Bi€ + (262) € OF, }
(3.4) U{(1+ Bi€ + Bo€2)€|Br € Pp, /PE B2 € P, | PR}
U{(1+ Br€ + B262)E%|B1 € Pr, | PR., B2 € Op, /PR det(1 + 32€) € Og, }

gives a complete set of representatives of Jp\Br. If y € U, then there exists
an element = € L*(1 + Py ) — L*(1 + (P}, N Kertrg, ) + P};;l) such that
np,e(x) = y. Thus it suffices to calculate the right-hand sides of (&I) and (B2)
for z € L*(1+ Py, ) — L*(1+ (P}, NKertrg, g) + P5t') with i > 0. The case
ng,|p(x) € EX — U, is treated in Lemma[3.8. Now we assume i > 1.

Lemma 3.4. Let x € L*(1+ P ) — L*(1+ (P}, NKertrg, |p) + P};;l) fori>1
and a € By,.

1. ax7a”' € Hy, if and only if Hpa = Hy "a and Hypa = Hyax.

2. When a = 1+ B1& + 3262 for 51,52 € Op,, ar’a™! € Hy, is equivalent to
B1, B2 € Py, " and B2 = "1 mod PgLL',

3. When a = (1 + 1€ + B262)E2 for By € Pg, and 32 € Op,, ax"a™! € Hy is
equivalent to i > m’, ng, |p(f2) € 1+ sz’ and (1 = ("32) 1731 mod PE”L’

4. When a = (1 + B1€ + ($2£2)€ for 1,52 € Pg,, ar™a™* ¢ Hy,.

Proof. First we prove 2. If axz"a~! € Hy, then there exist vy € (’)EL and 1,72 €
PE”L’ such that

(14 516 + B2z = 70(1 + 1€ + 72ED) (1 4 Bl + r62).
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Therefore,

2
z=%%1+7761+ 77 F),
B1%x = yo(y1 + B2+ 72 02751)7
2
B2 x="(y2+ "B1 + 77 F2).

By multiplying the first equation on the right successively by 732 and "3; and using
the fact that ;1,72 € PE?L, we see that

61 % = x "B mod P};Ll,

2
B2 x = xTﬂlmodPgL/.

Eliminating 3, from these two equations and using the fact that 702 = o7, we
obtain

B1 = npg, p(z) Mg, p(e) " S mod PE,.
Since ng, |p(x) € U}, we have vp(ng, () ng, g(z)™" — 1) = 4, and so 1 €
Pgi*i; similarly, (3 € Pgi*i. Since 2%z ! € 1 —|—P};3L, it follows that 51 = 72 mod
P}}”L/. Then it follows from Lemma that "a = a mod Hy,. Next we prove 3. If
axa~' € Hy, then there exist vy € (’)EL and 1,72 € PE?L/ such that

(& + B1+ B2z = 7o (1 + N& + 723 (E + Br + TB6?).
From "¢ = ¢2 and "¢2? = &, this implies that

2 2
7z =y + 17 B+ P),
Brz = v (61 + 717 B2 + v2),
2
B2t = (1 + 7117761 + 127 "B2).

In the same way as the proof of 1, we can show that
2 ’ ’
(3.5) 7x=ng, p(B)’ mod Pg, and p[ix=""2F" mod Pg .

Since n, |p(B2) is T-invariant, we have "7 (“zz~!) = “(“zz~!) mod P . Us-
2 21, we get 7 (Txx) = o? ("zz) mod PELL/. This implies
ng,e(r) = ng,g(z) mod PELL/. Therefore we obtain ng, |gp(x) € F*(1 + Pg/).
By the assumption o € L* (1 + P ) — L*(1+ (Py, NKertrg, ) + Pilt), we get
i>m' and 2z~ € 1+ PE”L’ It follows from (B.3) that ng,|g(52) € 1 + PELL/ and
B1 = (B2)~ 1731 mod PE”L’ This implies Hra = Hy"a by Lemma 22 Finally we
prove 4. By the same argument as above, ax"a~' € Hy, implies fox = "2x61762
mod PE”L’ Since 81 € Pg,, vy, ("QxﬂlTﬂg) > vg, (B2) + 1. This is impossible. As
for 1, it follows from ([B.4) and the proofs of 2, 3 and 4. O

ing 70 = o7 and 70 = o

Lemma 3.5. 1. Let x € O, satisfy ng, |p(x) € US (i >0) and a = 1+ B¢ +7p€2
for vg, (8) > max(0,m’ —i). Then

prlaz’a 'z™") = ¢p(S(B) trp, |5z — 1)),
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where

e e((y = ) (ng, 02p(8) = ne, L(70)))
o 1 + trL\F(”EHL(ﬁ)) — tr"2E|F(nEL|"2E(6)) ’

2. Let 1 € Pg,, P2 € Op, satisfy ng,|p(B2) =1 and By = ("B2)"'"P1. Put
a=(1+ P&+ 26%)E2. For ng, p(x) € Upy,

prlax’a” z71) = Yp(T(B1, B2) trp, |p(x — 1)),

(3.6) S(8)

where

(7 =N = TB1B) + (T = W) (5, £ (B2) = Br” o)

(37) T(ﬂlvﬂ?) = 1+nEL\L(62)+nEL‘L(61)_trELlL(ﬁlaBQ)

Proof. By Lemma 34l "aa~! € Hy. This implies pr(ax"a"tx™1) = pr(aza=ta1),
since pr(Taa=') = 1. Thus we can prove the first part in the same way as
Lemma ZX6. Now we prove the case a = (1 + 1€ + ($262)€2. Put x = 1 +y
for y € PgLL’. By Lemma R.5]

aza™!

(Bry€ + BoYE® + 7 y) (1 — 7317 Bo + (527 B2 — B1)E + (BrBr — F2)€2)

=1+ det(a)

Thus we have
pr(aga=g™")

_ o, (XA =T BB + (T — s (B) = BB
B L+ng, L(B2) +ne,L(61) — tre, L(81762) '

Therefore it suffices to say that T'(51, 2) is 7-invariant. It follows from "3; = 78201,
Baf2 =1 and v € E that

T(1,B2) = (Cy == aﬁlgzﬁQ/HEL\L(@)) + (=71 - 025152)/71EL\E(52)
v (npy L(B2) + ey L (B1) + 1= trp, 1(B1962)) /gy | 2(Be)
=T(B1, B2)-

O

Lemma 3.6. Put E° = Kertrp and C'(p) = g™ —#=1+m —u=n)/3]+[(n=2u=1)/3]

1. Let u be a positive integer. If n Z 2u mod 3 (resp. m = 2u mod 3), then
the map x + S(x) induces a surjection from wpOp /1 + PELL/*“ to (P —
ppmth ﬁEO/PgL/"’”_” NE° (resp. P~ "+ ﬁEO/PgL/ﬂ‘_n NE°) and each fiber
of the map has (q + 1)C'(u) (resp. (¢> —1)C’(p)) elements.

2. For any xg € OEL such that 1+trL‘F(nEL|L(xo))—trazElF(nEL‘azE(xo)) ¢ Pp,
the map x +— S(x) induces a surjection from {x € O /1 +P§”L'|x =x¢ mod Pg,}
to

{x eP;"N EO/P]ZP/_" NE®|z=S(xg) mod Pif"},

and each fiber of the map has C'(0) elements.
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8. Fiz 3 € Op, such that ng,|p(B2) = 1. Then the map x — T(x, F2) induces
a surjection from {x € Pg,|"x = "Bax} to

Ny =+ (T = )np, L)
L+ng,L(B2)

and each fiber of the map has gl =) /BIH(n=1)/3] ¢lements.

{xEPE"ﬂEO/Pgl'*"ﬂEO x = mod Pif"},

Proof. Since
e e((y = (g, 02p(8) — nE,L(76)))

= 1+ tI’L‘F(TLE“L(ﬂ)) — tr”2E|F(nEL|"2E(ﬂ))
0= p(8) ~ a8 — N~ )y o268) — e 1B)

1+ trrr(ng, n(8) — tra2E|F(nEL|a2E(6))

S() belongs to E°. When vg, (3) = pu, we have S(3) € Pé”_", Pé”_" NE° =
P10 EO if n # 2 mod 3 and

S(B(1 +x))
= S(8) + trp, 5((y — g, e2p(B) trp, 2p(@) mod

for x € Pg,. Therefore  — S(x) induces a well-defined map from

@405, /(14 Py, ")

Pu—n+UEL (z)+1
B .

to
(PR — P "N EY/ PR AEY if n#2u mod 3,
pAntl g go/ pritaen q goO if n=2u mod 3.
Denote the induced map by Sy, —, and put
(q + 1)qi71+[(2m'7i7n)/3]+[(n72m'+2i71)/3] n 5_,5 24 mod 3,
i (q% — 1)gi—1H1@m —i=n) /3 +[(n=2m'+2i=1)/3] = 9, mod 3.
First assume i > 0. We prove the assertion by induction on m' —pu. Let m’ —pu = 1.
When n = 2p mod 3, Po/ =" n B0/ ppr T = p2m'—n—ln o0/ p2m'=n—1n po,
Since |whOF /(1+ Pg,)| = ¢*—1, Sy is surjective and its fiber has ¢> — 1 elements.
Now assume n # 2u mod 3. Since

S(x) = (v - U’Y)"ELWE(QT) -7 ((v— U’Y)NELWE(Q?)) mod P]%”_”'H N E°

and ny, .2 induces a surjective homomorphism from Op,/(1+Pg,) to 0% /(1+
P(,QE), it follows that S is a surjection and each fiber of S; has ¢+ 1 elements. Let
m’ — p > 1 and take any element y € (Pé’k" - Pé’k"H) N EY. By the induction
assumption, there exist ¢p/—, 1 elements € whOF /1 + Pg;f“fl such that
S/ —p—1(x) =y mod Pglur“*”*l. Put 2’ = z(1+ 21) for 21 € Pgi*“*l. Then
S(:L'/) = S(x) + trEL\E((7 - U’V)nEL‘ﬂE(x)(nELP?E(l + LE1) - 1))
mod Pgl'ﬂ‘_” N EY
= S(LL') + (’7 - U’y)nEL|02E(£L') tI‘EL‘(,gE Z1

— 7 ((y - Mg, 2p(®) T, 025 71)  mod Pgl'ﬂ‘_” nE°.
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. 2
Since 7 — (v — "'y)nEL|02E(x) try, o2 T1 — 7 ((y = "’y)nEL|02E(x) tr g, o2 x1)
induces a surjective kp linear map from PZfL_“_l/PZfL_“ to Py T+ "t N EY)
Pglur“*” N E°, it follows that S,,/_,, is surjective and each fiber of it has
GCmi—p—1 i m'+p—n—1%0 mod 3,
Cm/—py —
. Pemi—p—1 if M +p—n—-1=0 mod 3

elements. The case u = 0 can be proved in the same way. For the map = — T'(x, 32),
we can prove our assertion in the same way as the proof of Lemma since
2 2 2 2
Y=+ Ty = )nee(B2) | (v =T = 7 ((v = )7 xB)

1—|—’I’LEL|L(ﬁ2) * 1+”EL|L(52)

T(x,P2) =
([
By the above three lemmas, we have the following lemma. See also the proof of
Lemma [2.8] and Proposition
Lemma 3.7. 1. Let 0 < p < m and n # 2umod 3. For x € (’)EL,
Z pr(az"a tz™t)

a=1+p6+76¢7
Bewy O [1+Pg, ~*

0 if npe(®) € Un_2u,
= _(q + 1)q2(m —u—1) ,Lf nELlE(x) € U;72p,7
(¢ — 1)@ —r=D gf np, e(T) € Unyi-2,-

2. Let 0 <y <m andn=2pu mod 3. Forx € O ,

Z pr(az"atz™1)
a=1+p6+78¢*
BewpOF, /1+Pg, "

(¢? — g =r=1 4f ng B(T) € Uny1-2,-

{O Zf ’I’LEL‘E(J)) € Un—2;u

3. Forx € O,

Z pr(axa 'z =0 if nge() & Un.

a=1+p6+75¢7)
BEOE, /4Py,

4. Fiz (2 € Kerng, |p. Forxz € Og_,

Z pr(az’a ™) =0 if npg,p() ¢ Un.

a:(1+,81§+jﬁ§2>52
Bre{yePr, /Pg, | Ty="B2y}

By this lemma, we can calculate y,, on Of —U,. On U}, it is already calculated
in Lemma Z10. By Theorem[L8 it gives xr, on O — Upt1. On Uyyq, it is given
in the proof of Theorem T3] It remains to calculate x,, on E* — Uy.
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Lemma 3.8. For x € E* — Uy,
X () = (=1)"10(2).
Proof. By (I3) and (LH), it suffices to show that

XInd2 py (J?) = 9(1‘)
Since
Xind5 oo (®) = Y pelaza™),
a€H\B
we have only to show that if aza™' € H for a € B, then a € H.

Let R be a natural ring morphism from A° to k2. by the identification A°/A*
with k%. We note that if R(a) = (ao, a1, a2), then R(wgawy') = (a1, az, ag) and
if a € E, then ap = a1 = az. We may assume a € A°. Let R(a) = (oo, a1, a2) and
T = wha for 1y € OF. Since x &€ F*(1+ Pg),

Rlaza~'z~1) = {(aoall,a1a21,a2a01) if i=1 mod 3,

(apay ', arapt agar®) if i=2 mod 3.

= 041061 = 0420561 or aoagl =

oqozgl = 042041_1. In any case, ap = a1 = ao, since kg = kJE haslno cube root
of unity. Thus a € EXK". Now we may assume a—1 € A7 — (PL 4 A}") for j > 1.
Put a — 1 = whao and R(ag) = (Bo, B1, B2). Since

ava 'zl =14+ (a—1)—2z(a —1)z~" mod AT!
=1+ w)(ap — zapz™") mod AT+

R(ag—zagz™") = (Bo — b1, B1 — B2, B2 — fo) or (Bo — B2, 51— Po, B2 — f1). Therefore
aza 'z~t € EXKIT! contradicts a—1 € A7 —(Pg+ A1), This impliesa € EXK™
if axa=lz™! € EXK™. O

1 1 1

Therefore ara™'z™! € EXK! implies apay

Now we can state the character formula of 7y for the non-Galois case. We remark
that there is no ramified extension of F' with degree 3 which is not isomorphic to
E.

Theorem 3.9. Let ¢ = 2mod 3, and let the other notation be as in Theorem [2.13.
Let x be a regular elliptic element in GL3(F).
1. If F(x)|F is unramified, then

x Xy ()

o g F*(1+PplY) 0

cl+y)ce F*ye PR3 [ ¢ (¢ +q+1)0(c)
2. If x € E, then

€T X (J))
zcEX T, 1" 16(2)
zeU; (1<j<n-1) (=) (—¢)0(x)
c(l+y) eUp (ce FX,ycwmpOp) | ¢" '0(c)Kl(yy)
z € Upia " @ +q+1)0(x)

where the Kloosterman sum Kl(a) is defined by I2).
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Proof. The character formula for the unramified case is obtained in the same way as
the Galois case. By Proposition B3, (84), Lemma B4, Lemma[B.7 and Lemma B.g]
we get for x € E* — Uy 41,

(—=1)"*14(x) if xeE* -1,

(1) (=) 0(x) if zeU; (1<j<n-1).

On U}, this is obtained by Lemma ZT0. By Theorem [L.g]

Xko (.23) =

Xrp (T) = Xno(x) for z € EX — Upy.

On U, 41, the proof of Theorem T3] holds for the non-Galois case. Thus we get
the character formula for 7y on E*. O
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