TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 355, Number 2, Pages 665-687

S 0002-9947(02)03145-8

Article electronically published on October 1, 2002

THE [P DIRICHLET PROBLEM AND
NONDIVERGENCE HARMONIC MEASURE
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ABSTRACT. We consider the Dirichlet problem

Lu = 0 inD,
{ u = g ondD

for two second-order elliptic operators Liu = Z?,j:l a}.c’j (z) Oyju(x), k=0,1,
in a bounded Lipschitz domain D C R"™. The coefficients a?c’j belong to the
space of bounded mean oscillation BMO with a suitable small BMO modulus.
We assume that Lg is regular in LP(0D,do) for some p, 1 < p < oo, that
is, ||NullLr < C'|g|lLr for all continuous boundary data g. Here o is the
surface measure on 9D and Nu is the nontangential maximal operator. The
aim of this paper is to establish sufficient conditions on the difference of the
coefficients €49 (z) = ay’ (z) — ag” (z) that will assure the perturbed operator
L1 to be regular in L?(8D, do) for some q, 1 < g < oo.

1. INTRODUCTION

In the present note we consider linear elliptic second-order differential operators
in nondivergence form £ = 377, a"/(x)d;;, where A(z) = (a™/(2))};_; is a
symmetric matrix verifying the uniform ellipticity and boundedness condition

(1.1) AEP < EA)E < A€, x, £ER”
for some fixed 0 < A < A < 0o and n > 2. We study the Dirichlet problem

Ly = 0 in D,
(1.2) { u = g ondD
on a bounded Lipschitz domain D C R™. From [I] and a standard approximation
argument, it follows that if the coefficients a®/ are in VMO (BMO,,) and ¢ €
C(dD), problem ([2) has a unique solution u = u, € C(D) N W2P(D) for all p,
1 <p<oo(l<p<mpoloo)). We denote by o the surface measure on 90D and

we say that the operator £ is regular in LP(9D, do) or that D, holds for £ in D,
1 < p < oo, if there exists a constant C, which depends on n, A\, A, D, p and the
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666 CRISTIAN RIOS

BMO modulus of the coefficients such that for all continuous boundary data g, the
solution u of (L2) verifies
(1.3) INullLroD,d0)y < CpllgllroD,do)

where Nu is the nontangential maximal operator

Nu(Q) = sup |u(z)]|.

Fa(Q)
Here and henceforth, I',, (@) denotes the interior truncated cone (of opening «)
(1.4) Fa(@) ={zeD:lz-Q<(1+a)i(x)}NB-(Q),

§(z) = dist(z,0D), By(x) denotes the ball in R"™ centered at = of radius r and
a>ao*=a"(D)>0,r" =r"(D,\A,n) >0 are fixed (here 1 is the BMO modulus
of the coeflicients of £; see Section 2l and (ZI0)). When necessary, we will write
Nyu for the nontangential maximal operator of opening a.

The purpose of this note is to give sufficient conditions for the preservation of the
regularity of the L” Dirichlet problem under small perturbations on the coefficients.
Given two elliptic operators £, = Y ay’ (%) 0z, ;, where Ay (x) = (a” (x))}21,
k = 0,1, are symmetric matrices verifying (), let e(x) = (a}? () —aé’j(a:))zjzl be
the difference between the coefficients and B(x) = Bs(,)/2(x), € D, and consider
the quantity

n
ij=1

1.5 a(z) = max esssup ghd Y)|.

(1) (#) = ma_esssup [
For Q € 9D and r > 0 we denote the boundary ball of radius r at Q by A, (Q) =
B,.(Q)NaD, and the Carleson region at @ of radius r by T,.(Q) = B,.(Q) N D. Our
main result is the following:

Theorem 1.1. Suppose that Ly verifies D, for some p, 1 < p < oco. Then there
exists oo = oo(n, A\, A, D,Cy) > 0 such that if ay’ € BMO,y,(R™), 1 < i,j < n,
k=0,1, and

1 a%(r) _
(1.6) 0es ST (@) /T,,<Q> Sy 0= M <o

then L1 verifies Dy for some ¢, 1 < ¢ < oo.

A similar result was established in [2] for divergence form operators with coeffi-
cients in L (R™). We are able to adapt the divergence case techniques and obtain
the results in [3], [4] and [2] (under extra assumptions on the coefficients) for the
nondivergence case (see [5]). This gives a partial answer to the problem posed by
C. Kenig in [6] (Problem 3.3.9). Condition (I.G) says that the measure a?/d dx is a
Carleson measure with respect to o with Carleson norm bounded by M.

By the maximum principle, the correspondence g — u,4(z) is a positive linear
functional on C(9D) for each fixed € D. The Riesz representation theorem implies
that there exist a unique regular positive Borel measure w* = wf p, such that

u() = /8 (@7 (Q).

The measure w” is called the harmonic measure for £ and D at x and constitutes
one of our main tools in the proof of Theorem [[LT] Also crucial for this task
is the concept of normalized adjoint solution (n.a.s.), first introduced in [7] (see
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THE L? DIRICHLET PROBLEM 667

also [8], [9]). In [I0] n.a.s. are used to define a proper area function for solutions of
nondivergence form operators with bounded coefficients. We also use the theory of
Muckenhoupt weights [I1], [12] and, in particular, the result in [I3] which establishes
that nonnegative adjoint solutions are A, weights for all p, py < p < oo, where py
depends on the BMO modulus of the coefficients. Other important elements in
our proofs are the a priori estimates for solutions [14], [1], basic properties of the
harmonic measure [§], [15], [9] and weighted Poincaré inequalities [16].

Remark 1.2. Tt is known [I7] [I8] that the Laplacian operator A = Y7 | 8;32 is

regular in L? for 2 — e < p < oo where € = £(n, D). On the other hand, examples
in [19] show the existence of a nondivergence operator £4 with continuous coeffi-
cients A; in the closure of the unit ball B in R", such that £; = A on 0B and the
harmonic measure w; = wg,,p is singular with respect to the surface measure o.
In particular, £ is not regular in LP(0D, do) for any p (see Theorem 22). Setting
Lo = A, the modulus a(z) corresponding to this example violates condition (6.
This shows that the perturbation problem addressed in Theorem [Tl is nontrivial,
even for continuous coefficients.

2. PRELIMINARIES

In general, we write X <Y when there exists a constant C' > 0 which depends
at most on n, A\, A, 7 and D such that X < C'Y. Similarly, we define the expression
X 2 Y and write X Y when X <Y and X 2 Y.

If G C R™ is a Borel set, we denote by C(G) the space of real-valued continuous
functions on G. If p is a o-finite Borel measure on G, LP(G,du), 1 < p < oo
denotes the Banach space of y-measurable functions f on G such that || f||Lr(c,qu) =
(Jo IfIP du)% < 00. We use dx to denote the Lebesgue measure in R", |E| = [}, dx
for any Borel set E in R™ and we write LP(G) = L?(G, dx). The spaces L*(G, du),

P (G, du) are also defined in a standard way. If G C R™ is open, k is a nonnegative
integer and 1 < p < 0o, we set W*P(G) to be the Sobolev space of functions f with
k weak derivatives in £P(G) (see [20], Chapter 7).

Given f € £ _(R™), we set

1
n(r,x) = ng(r,z) = sup ——— 1£¥) = fB.@)| dy
d ezr 1Bs(@)] Jp. () (=)

where fp = ﬁ fE fly)dy. We say that f has bounded mean oscillation or that
f € BMO(R") if n € L®(R*,R") and set || f||pmocrn) = 107l oo ((®+ &n))-

Definition 2.1. Given ¢ > 0 and ¢ > 0, we let ®(p, () be the set
®(p,¢) = {n:RT — R, n nondecreasing, n(r) < o whenever r < (}.

We also set (o) = ¢ ®(0,¢), and given 1 € ®(o), we denote ((n,0) = ((n) =
sup{¢ > 0: 1 € (e, ()}

If o > 0, we say that f € BMO,(R"™) if n(r) = [n(r,)||rec®n) lies in ®(p).
If lim,_ o+ n(r) = 0, we say that f has wvanishing mean oscillation or that f €
VMO(R™) (see [21]). We also define BMO(G) and BMO(G, dp) in a standard way
through the modulus

1
777"7537G7M :Supi/ fy_fg ,Ld/‘l’7
( ) ,u(Bg(x)ﬂG) Bs(x)ﬂG| ( ) B\(x)ﬂGd;|

s<r
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668 CRISTIAN RIOS

where fg 4, = ﬁ Ji f(y)du, G C R™ is a Borel set and y is a Borel measure.
Given a nondecreasing function 1 : R* — R¥, we denote by O(\, A,n) the

class of operators £ = ZZ]‘:I a"I(x) Oy,z,, With symmetric coefficients A(z) =
(a"I(x));—, verifying the ellipticity and boundedness conditions (ILT]) and such
that a®/ € BMO(R"), 1 < i,j < n, with BMO-modulus of continuity 7 in D. When
there is no restriction on the regularity of the coefficients of £, we say £ € O(X, A).

We denote by D a bounded Lipschitz domain in R™, that is, a bounded, con-
nected open set D such that its boundary 0D can be covered by a finite number of
open right circular cylinders whose bases have positive distance from 9D and, cor-
responding to each cylinder C, there is a coordinate system (z/, z,,) with 2/ € R" 71,
z, € R with z,, axis parallel to the axis of C, and a function v : R"~! — R sat-
isfying a Lipschitz condition (|¢(z’) — ¥(y’)| < mo |2’ — 3'|) such that C N D =
{(@,20) s & > (&)} NC, and CNID = {(2, ) : T, = Y(2')} N C. Whenever
we say that a quantity depends on D, we mean it depends on the Lipschitz char-
acter of D. In what follows we assume that D is contained in the unit ball and
contains the origin.

Let A denote a generic boundary ball in 9D, i.e., A = A,.(Q) for some r > 0,
Q € 0D. Given two Borel measures i and v on 9D, we say that p is in Ay, with
respect to v on 0D and we write p € Axo(dv) if there exist 0 < ¢ <1 and x > 0
such that

v(E)
v(A)

we)
> =y T

(2.1)

whenever E C A and F is a Borel set. The theory of A, weights originates in [11]
and [22] where the results below can be found (see also [12] and [23]). We say that
i is in the reverse Holder class By (dv), 1 < p’ < oo, if p is absolutely continuous

with respect to v and k = Z—‘: verifies

1

{V(Z)/Akp'du}pl<0ﬁ/Akdy,

for all boundary balls A C 9D. The weight & is in A,(dv), 1 < p < oo if

(2.2) {ﬁAkdu}{ﬁ/&lfﬁ du}pll <C < .

It is easy to see that Ao, is an equivalence relation, and that k € A,(dv) if and only
if k= € By (du), ]—1) + % = 1. The best constant C in (22) is called the A,(dv)
“norm” of k and we denoted it by |[k]|4, ) O |[#]|a,(dv)- We will also use the
convention k € A, (resp. By, Ax) whenever k € A,(do) (resp. By (do), As(do)).

We say that a measure v is a doubling measure, with doubling constant ¢ = ¢(v)
it (D2 (Q)) < cv(Dp(Q)) for all m > 0 and Q € 9D. It is also well known that
it u € Ap(dv), then p is a doubling measure if and only if v is a doubling measure
and c(1) = ()P |1, ().

Given a Borel measure p on 0D, we denote by M,¢(Q) the Hardy-Littlewood
maximal operator at @ with respect to u; that is,

1
(2.3) Mug(Q):Q:XI()Q)m/Ag(P)dM(P)
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THE L? DIRICHLET PROBLEM 669

where A(Q) denotes a generic boundary ball in D centered at Q. It is known that
if u is a doubling measure, then

IMyufllLe@op.avy < Cp I fllLropany, 1 <p< oo,
with C}, > 0 independent of f, if and only if v € A,(du) [22] (see also [12]).

If u is the solution of (L2)) with boundary data g € C(0D), then Nu ~ M,g ([,
Theorem 7.3). Here and henceforth, w denotes the harmonic measure for £ and D
at a fixed point 29 € D. Since the harmonic measure is a doubling measure [7] (see
also [9]), we have that the maximal operator is bounded in L? (0D, dw), 1 < p < o0,
and then ||Nul|rr@p,dw) S 9]l 2r9D,dw) for all p, 1 < p < co. From the weighted
maximal theorem ([12], IV.2.1) we then have that £ verifies D, for some 1 < p < oo
if and only if w is a weight in the reverse Hélder class B, (do), ]—1) + 1% =1.

Another basic fact of the theory of weights is that

Ao(dv) = ] Ap(dv) = | By (dv);
p>1 p’'>1
hence, to prove Theorem [[1] it is enough to show w; € Ay (do). The following
theorem is a consequence of the weighted maximal theorem, the theory of weights,
and the inequalities Nu =~ M,g.

Theorem 2.2. Let w be the harmonic measure with respect to L in D and let p be
a Borel measure on 0D. The following are equivalent:

(i) we Ax(dp).

(ii) There exist 1 < p < oo such that Dy(dp) holds, that is,

INullLrop,dn) < CpllgllroD,du)-

(iii) w is absolutely continuous with respect to u and k = % belongs to B,(du),

1 e
(z+g=1.

2.1. A Priori Estimates and Properties of Solutions.

Theorem 2.3 (Maximum principle [20], 9.1). Let £L € O(A\A), D be a bounded
domain and u € C(D)NW2"(D) verify Lu > f with f € L™(D). Then there exists

loc

C > 0 which depends only on n, diam(D), A and A such that

supu < suput + C || f]
D aD

L7(D)-

Theorem 2.4. Let w € A, and p € (1,00). There exist positive numbers ¢ =

c(n,p, \, A, [[w]|a,) and o, = 0p(n,c) such that if n € ®(0p) and L € O(X, A, 1),

then for any open set Q@ C R", diam(Q) < ¢(n), and any u € Wi (Q) we have
10ijull Lr(0,w) < cllLullLr@u) Vi j=1,--,n.

Proof. This theorem is an immediate consequence of the techniques in [14] and

weighted estimates for singular integral operators and commutators. We give a

sketch of the proof. Given u € WO2 P(Q), we have the following representation
formula [I4]:

dyu@) = Kiy | D2 (a" (@) = a" () duru() + Lu()
(2.4) h,k=1
R

+ Eu(l’)/lt iz, t t]‘dO'(t).
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where
Kijf(z) = lim Ty j(z,z —y)f(y)dy
=0 Jo\B.(2)
is a principal value operator and T';(z,t) = %F(x,t), T (x,t) = %F(m,t).

Here T'(z,t), x € Q, is a fundamental solution of Lou(t) = szzl aJ (z) O;ju(t)
(see [14] for details). For each pair (¢,7), 1 < 14,j < n, K;; is a singular integral
operator with a regular kernel and then /C; ; is bounded in LP(dw) with an operator
norm which depends on n, A, A, p and |[w]| 4, (cf. [I2], Theorem IV3.1; see also [14],
Theorem 2.11). From the weighted estimates for commutators in [24], we have that
the commutators C; j n.x, 1 < 14,74, h, k < n, given by C; j n.x.f(z) = a*(2)K; ; f(z)—
Ki j(a™ f)(x) are bounded in LP(R™, dw) with norm ||C; j p x| < €|la™ |gpo®n, dw)-
Moreover, whenever f is supported in 2, we have the localized estimate (see [I4],
Theorem 2.13)

ICi eS| Lr(@,aw) < clla® lBmo) 11l Lo (.dw),

where we used that since w € A,, we have ¢|la™7| BMO(Q,dw) < CHa/i’jHBMO(Q).
Finally, it is not difficult to check that the factor multiplying Lu(z) in ([2.4) is
uniformly bounded, with bound depending only on n, A and A. From (24) and the
mentioned estimates we have
n
1050l Lo(e.dw) < ellLullooaw) +¢ Y lla"*Ismo@) [0kl Lr(@,auw)-
hok=1

The theorem follows taking g, < (2n?c)~L. O

The following theorem follows from the results in [I], the techniques just exposed
and standard arguments (see Theorem 8.1 in [7]).

Theorem 2.5. Let w € Ay, p € [n,00) and D C R"™ be a Lipschitz domain.
There exist a positive 0y = 0p(n,p, N\, A, |[w]|4,) such that, if n € ®(o,) and L €
O(\, A, n), then for any f € LP(D,w), there exists a unique u € C(E)ﬁWl'gép(D,w)
such that Lu = f in D and w=0 on 0D.

Moreover, if 0D is of class C?, then u € VVol’p(D,w) NW2P(D,w) and there
exists a positive ¢ = c(n,p, \, A, |[[w]|a,,x,0D), with x = diam(D)/((n, 0p), such
that

lullwze(paw) < cllflleDuw)-

For each x € D and f, u as in Theorem [2Z5] the maximum principle (Theo-
rem 2.3) implies that the positive linear functional f —— —u(z) is bounded on

L?(D). From Riesz’ representation theorem, we have that there exists a unique

nonnegative function Gz p(z,-) € L¥' (D) with p’ = -5 such that

(2.5) u@w>1LGLMamf@My

Definition 2.6 (Green’s function). The function Gz p(z,y) is called the Green’s
function for £ in D. For simplicity we will often write G(z,y) = Gz, p(z,y).

Corollary 2.7. For all ¢ € C°(D) and x € D we have

wmz—écwwmaw@.
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2.2. Properties of the Harmonic Measure.

Lemma 2.8 ([7], [15]). Let A = A (Q), Q € ID:

(1) A = 2A4(Qo) C A, x € D\T5-(Q). Then

W @(n) 20,

(2) W D(A) =1, 2,(Q) verifies §(x,(Q)) ~ |z,(Q)) — Q|-
(3) (Doubling property) w”(A) = w®(Ler(Q)), © € D\T2,-(Q). In particular,
the harmonic measure w cannot have atoms.

2.3. Adjoint Solutions and Area Functions.

Definition 2.9 (Adjoint solution). Given £ € O(\, A), alocally integrable function
v is an adjoint solution of £ in a domain D and we write L*v =0 in D if

/ vLpdr =0
D

for all ¢ € C>°(D). More generally, if f € L} (D), we say that v is a solution to

Lv=fif
/vﬁgadx:/fgoda:
D D

So v is an adjoint solution for £ in D if 8;j(a”v) = 0 in the sense of distributions.
Suppose now that n € ®(g,,), where g,, is given by Theorem[2ZH for p = n and ®(g,,)
is as in Definition 211 If £ € O(A\, A,n) and G is the Green’s function for £ in D
(see Definition [Z6]), then for each = € D, G(z,-) is an adjoint solution of £ in
D\{z}. Indeed, from Corollary [Z7] we have

for all p € C>(D).

/D Lo(y) Gla.y)dy = —p(x) =0 Vg € C=(D\{}).

The following existence theorem for adjoint solutions is a consequence of the
classical theory for smooth operators [20], Theorem[25]and the maximum principle.
We omit the standard proof.

Theorem 2.10. Let i € ®(p,,), where g, is given by Theorem[Z2 for p = n and
D(0,) is as in Definition 2. If L € O(X\,A,n) and G is the Green’s function for
L in D, then for any f € L#-1(D), there exists a solution v € L7-1(D) to the
problem

(2.6) L'v=f inD.

Examples in [25] show that even if the coefficients of £ are continuous, adjoint
solutions could not be in L*°(D). Further, “weight type” regularity exists in the
case of positive nonnegative solutions. In [9] it was shown that if w is a nonnegative
adjoint solution for £ € O(\, A, n), then log w lies in BMO. Next, Theorem 1.2 [13]
is a more precise version of this result, more suitable to our applications.

Theorem 2.11. Let 0 < ¢ < p,, where g, is as in Theorem[ZZA n € ®(g) (see
Definition [Z1)), L € O(X\,A,n), and w a nonnegative adjoint solution to L*w =
0ij(a*w) = 0 on Big. Then there exists oo = 0o(n, N\, A, 0) > 0 such that logw is
a function lying in BMO,,. Moreover, g9 S 07 for some v = v(n,A,A) > 0.
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Recall that (the Lipschitz domain) D C By, where B, = B,-(0). We pick a point
T € 0By and we let p = p(L) be given by
(27) p(y) = Gﬁ7310 (jja y) in Big

where Gz p,, is the Green’s function for £ in Bj (see Definition 2.6]). From the

previous theorem we have that there exists o** > 0 such that if £ € O(X, A,n) with

1 € ©(0™), then p is a weight in A4 (Bs), and [[p][4, (see (2.2)) depends only on
3

n, A, and A. We set

where g, is given by Theorem 23 for w = p and p = n. Since |[p]|a, < |[p]la, <
l[0]la,, the constant o* depends only on n, A and A. Note also that pdx is a
3

doubling measure in Bg with doubling constant which depends only on n, A and A.

Definition 2.12 ([7], n.a.s.). Let £ € O(X,A). A normalized adjoint solution for
L*in D is any function w of the form

where v is a solution of the adjoint equation £*v =0 in D and g is given by (27).

Normalized adjoint solutions, first introduced in [7], enjoy many desirable prop-
erties that adjoint solutions fail to verify. Following the techniques in [7], the
Dirichlet problem for n.a.s. is uniquely solvable for continuous boundary data and
coefficients in O(\, A, n), with n € ®(p,). A Harnack principle holds for nonneg-
ative n.a.s., as well as a boundary Harnack inequality and a comparison principle
(see [7], [8] and [15]). Although the definition of n.a.s. depends on the particular
choice of the normalizing function p, this choice has no qualitative impact in our
applications.

Lemma 2.13. Let o* be given by (Z8)). Then if n € ®(0*), L € O\, A,n) and u
satisfy Lu = 0 in D, and v € L} (D) is a nonnegative adjoint solution for L in
Bs,(z9) C D, then for 0 < 2r < ((n) and any constants 3 and v, the following
holds:

/ \VZu(z) > v(z)de < r_4/ lu(z) — B —yz|*v(z)dx
B, (x0) Bar(x0)

+r2 / IV (u(z) — yz)*v(z)dz.
Bar(z0)
Proof. We choose a nonnegative ¢ € C>°(Ba,(x¢)) such that ¢ =1 in B,(x¢) and

|0j¢| < Mr=7,j=0,1,2, with M > 0 a universal constant. Applying Theorem 2.4
to the function (v — 6 — v x) ¢, we have

(2.9) /B V@) o) de < / £((u — B — ~2) () Pp(a) da.

Developing the derivatives, rearranging terms, applying Holder inequality and since
u is a solution for £, we have that the right-hand side of (Z) is bounded by

¢ / (lu(@) = B = v2P|V?o(@)]* + |V (u(x) = ya) - Vé(2)|*) p(a)dz,
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which proves the lemma in the case v = p. Now let w = v/p, with v as in the
statement of Lemma 213 Then w is a normalized adjoint solution of the operator
Lin D. The lemma follows from the Harnack inequality for n.a.s. (cf. [7], [15]). O

Lemma 2.14 ([10], Lemma 2). Let G(x,y) be the Green’s function in D for L €
O(M\ A). Then there is a constant ro depending on the Lipschitz character of D,
such that for all Q € 0D, r < 19, y € 0B, (Q) NT1(Q), and © & Ty (Q), the

following holds:
G(z,y) p(B(y))
5>  ely)

The following lemma establishes that the regularity of the Dirichlet problem
depends on the coefficients locally at the boundary.

Lemma 2.15. Let Lo, L1 € O(NA,n) be such that if Ay and Ay denote their
respective matrices of coefficients, we have that for some sg > 0,

Ai(z) = As(z)  for all x € D such that §(z) < so.
Then there exists C' > 0, depending only on n, ellipticity, D and so such that
C7 wo(L0(Q)) S wi1(84(Q)) < Cwo(Ar(Q)),  YQ € 9D, >0,

where wg and wy denote the harmonic measures for Lo and L1, respectively. In
particular, w1 € (5, Ap(dwo) N, Bq(dwo).

Proof. Let Q € 0D, r = ¢, Q; = {x € D : §(x) < s}, and Go, G1 denote the
Green’s functions in D for £y and L1, respectively. Then for any x € D we have
that the functions Gg(x,-) and Gi(z,-) are adjoint solutions for Ly in Q,,\{z}.
From the comparison principle for normalized adjoint solutions [I5], we have that

Cole.y) _ Golar1r(Q)
Gl(xay) C;l(xayr(CQ))7
From Lemma[2.14] [10] we have

wo”(Ay) _ wo(Ar(Q))

wi(Dy) © w1t (A:(Q))
where Ay = Ay(P) with s ~ §(y) = |y — P|, P € dD. From Lemma 28(2) and the
interior Harnack inequality, we have

wo(By) mwi®(By),  yeTH(Q), v € T5r(Q)\Qar-

From the interior Harnack inequality for solutions, [26], the harmonic measures w?,
1 =0, 1, where x € Q5,\Q4,, are comparable to the respective harmonic measures
at the center of D, wy and wy (with constants depending on D and sg); thus, we
obtain for some C' > 0 as wanted

O wo(Dy) <wi(Dy) < Cuwp(Dy), Yy € Qs

8

The general case follows from Lemma[2.§(3). O

W (Ar(Q))-

y € T.(Q), x € D\Qy,.

Definition 2.16 (Area functions). For a function u defined on D, the area function
of aperture «, S,u and the second area function of aperture «, Ayu, are defined
respectively as

2= 76(1‘)2 ulxr 2 xT)ax
Sau(@ = [ sVl o)
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and .
o(x)
Aau(Q)? :/ —
D= 0 9B
where @ is as in (7)), B(z) = Bs(y)/2(), and Q € 9D.

VZu(2)[? p(z) dz,

Theorem 2.17 ([10]). Let £L € O\, A), u € C(D) be a solution to Lu = 0 in D,
u(Q) = g(Q) on 0D, where g € C(0D). If v is a positive Borel measure on 9D,
which is in Aoo(w), where w is the harmonic measure for £ in D evaluated at 0,
then given 0 < p < oo, a > 0, B > 0, there exists a constant C' which depends on
n, ellipticity, p, a, B, the Ao constant of v and the Lipschitz character of D such
that

[SaullLr@p,a) < ClINgullLeap,d)-
Moreover, if u(0) = 0, then
[NoullLrop.ary < C |SpullLroD,av)-

Lemma 2.18. Let £ € O\, A,n), u a solution to Lu = 0 in D and w an As
weight. Then if Ba,(x) C D and 2r < {(n), we have

C
[P ewdr s G [ v e,
B, (x) " J By, (x)
where C' depends only on n, D, ellipticity and |[w]|a,.
Proof. Choose a cut-off function ¢ € C°(Ba,(x)), with ¢ =1 on B,(z),
10:0l Low (Bay (2)) < M 177, i=0,1,2,
and M a universal constant. Applying Lemma [2.13] to u ¢, we obtain
1 1
/ |V2u|2 dw < - |Vu|2 dw + — |u—u52r(m),w|2 dw,
B,(z) " JBa,(x) " JBa,(x)

where up ., = ﬁ I} 5 Udw. By the weighted Poincaré type inequality (Theorem
1.5 in [16]) we have

[ el ua o [ vuPu)ay,

Bor(z) Bar(z)

where C' has the required dependence. This finishes the proof. O
We will fix from now on the length of the truncation r* for the cones I',(Q) =

{zeD:|jz—Q|<(1+a)d(z)}N B+(Q) defined in (4). We set

(2.10) r* = min{rg, (2v/n)"*¢(n)},

where rg = ro(D, A, A) is as in LemmalZT4] 7 is the common modulus of continuity

for Ly and £1 in Theorem [T and ¢(n) is given by Definition 211

Theorem 2.19. Let o* be given by [Z3), n € ®(0*), L € ON\A,n) and u a
solution to Lu =0 in D. For any a > o*(D) > 0 we have the point-wise inequality
on 0D,

AQU(Q) < O Seau(Q),

where ¢ > 1 depends only on dimension n and C' depends on n and the ellipticity
constants.
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Proof. Let {Qj}}?il be a Whitney decomposition of D into cubes, that is, D =
U(;il Qj, Q; and Qy have disjoint interiors for j # k, and r; = side-length(Q;) ~
dist(Qj,(p)‘D)L Denote by z; the center of Q;. We assume that By s, (z;) C D,
and denote @); the cube with center z; and side-length \/nr;. Note that there exist
constants IV and ¢ > 1 depending only on the dimension n such that

(2.11) Y xg, SNxrw@:
=1
Qj ﬂ%a(Q)?f@
where xg(z) denotes the characteristic function of the set E. We have

A2u(Q) = Oz)”

/Qj NCa(Q) mlv u(r)|* p(x) dx

Q; NTa(Q)F0

IN

ri 2 2
c oy m/@ IV2u(z)? p(z)dz.

Q; NTa(Q)#0
Since n € ®(p*), p is an Ay weight with As constant depending only on n, A and
A. Note that by assumption (ZI0) we have 2y/nr; < {(n). We apply Lemma
and ([ZIT) to obtain

@ 0§Q>¢o o(B(z;)) /QJ.
5(x)? )
= ¢ )| (a)? () da
Qjﬂ%@)#@ /Q] p(B(2)) e
0@ G2 ofa) da
: Nc/rm@) o(Bay V@l e@)d
= NCSZLu(Q).

O

We will also find useful an averaged version of the nontangential maximal func-
tion.

Definition 2.20. For a function v in D and « > 0, define the modified nontangen-
tial mazimal function N2 (u) by

0 = su u? _oly) ’
Nou(@) = s { /| A B(y))dy} ,
where By(z) = Bs@ ().

6

From the doubling property of the weight o, we have Nou < N,u. When u is a
solution of any elliptic operator in O(\, A, 1), we also have:

Lemma 2.21. Let o* be given by (Z8), n € ®(o*), L1 € O\ A,n), and u a
solution of Lyu =0 in D. Then

Nou(Q) S NJu(Q)  vQ € dD.
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Proof. Let Q € 0D and x € T',(Q). From a known reverse Holder inequality for so-
lutions ([27], see also [20] Theorem 8.17) we have |u(z)| < [|ullLs/2(By () | Bo(z)|~3/2.

Then from the Holder inequality we get
1
1 B 3 6
wol & — ([ ey ) ([ ABWL )
[Bo(z)|5 \JBow) ~ 9(B(y)) Bo(x) ©)

Since g is an As-weight, we have ||1/pl| 135, (2)) S [Bo(z )% p(Bo(x))"!, and from
the doubling property of p, we have p(B(y)) < p(B(x)) for all y € By(x); thus,
%

p(B(2))? |Bo(w)]
|Bo(@)|7 p(Bo(x))?

The lemma follows by taking the supremum for « € T',,(Q)) on the above inequality.
d

[N

[u(z)] < Nau(Q) < Nou(@Q).

3. THE MAIN LOCAL ESTIMATE

We present here a version of Theorem [[.T]in which surface measure do is replaced
by the harmonic measure dwy and (L) is modified accordingly. A similar result
was proved in [2] for divergence form operators.

Theorem 3.1. Let Go(x,y) be the Green’s function for Lo in D and set Go(y) =
GO(O,y), There exists g > 0 which depends only on n, X\, A and D such that if
ay? € BMOy, 1 <4,j<n, k=0,1, and

| 2\
(3.1) Iy {mmm /m) o) 51y dy} =0

then wy € Ba(dwy).

We follow the ideas in [2] (see also [6], Theorem 2.7.1). Our proof is specialized
to the case in which the domain D is the unit ball B = B;(0). Let p be as in ([27)),
g € C(0B), and let uy be the solution of

Elul = 0 in B,
uy = g ondB.
To prove Theorem [3-1] it is enough to show that for £ small enough, there exists
C > 0, which depends on a > 0 and the same parameters as g, such that

(3.2) [Novt|lL2(0B.dwe) < Cl19llL2(0B,dwo)-

Indeed, (3:2)) is condition (ii) on Theorem [2.2] when we take y = wg and w = wy.
Theorem B.1] then follows from Theorem [2.2]
Now let ug solve

,C()U() = 0 in B,
up = g onJB.
Then from Corollary 2.7 we have

ui(x) = uo(x) — /B Go(z,y) Lour(y) dy = uo(x) — F(z).
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Lemma 3.2. Under the hypothesis of Theorem [31] we have
NgF(Q) S € My, (Aaur)(Q),

where N denotes the modified nontangential mazimal operator (Definition [Z20).

Lemma 3.3. Under the hypothesis of Theorem [3.1] we have
/ S2 uy dwo < Nou? dwy.
oB oB

Let us take Lemmas and for granted, and let us show how we can then
conclude the proof of Theorem [3.I] From Theorem [2.2 we have

(3.3) | Natollr(oD,dwo) < Cll9llLroD,dwo)-
Now, from (B3)), Lemmas 22T], and B3t

/(Naul)deo < /(Ngul)deo
B 9B

S [ (Vo) + (V0P e
oB

< Naug dwo + €2 M, (A(,(ul)2 dwo
9B oB

< / g% dwy + €2 / (Agui)? dwo
oB oB

< / g% dwo + 52/ (S’caul)2 dwo
9B B

< / g% dwo + €2 / (Nou1)? dwo,
oB OB
which proves Theorem B given that ¢ is small enough.

3.1. Proof of Lemma[3.21 We assume, without loss of generality, that
(3.4) e(xr) =0 for 6(z) > min{1/2,7¢}.
We note that from Lemma [Zg(1) and Lemma ZT4 we have that if dist(y,dB) =
d(y) < 1/4, then
L Goly) o)

~

wo(By) 6(y)? ~ p(By)’

Then, (B1) gives

1/2
a2 o(y)
(3.5) { /| R dy} S co.

Let Qo € OB and zg € T',(Qo). Denote by dg = d(zg), Bo = B (20), 2By =
~ 6
By (x0) and B(x) = Bsw) (). Also, let G(x,y) be the Green’s function for £y on
3 2
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B(zo) = B%l and set

@ = [ G Lo,
Fy(x) = /QB (Gol,y) — Cla. )] Lowr(y) dy,
Fyw) = /B op, G0l ) Cora(4)

so that F'(z) = Fi(x)+ Fa(z) + F3(x), x € B(xp). Remember e(x) = Ay (z) — Ao(x)
and a(z) = supp(,) [e(z)|. If x € By, we have

X C(n) a

L@ = i ), 2w y y
C(n) 202 W) p(B(y))
B) {/B@ (y)mB(y))dy} {/Bm o) dy}

| 1/2
< C€o{p(3(x)) ! @1(9)0@} < Cey,

sy

(3.6) =

sy

|B(x)| [B(x)| JB()
where we used (33, the doubling property of p and the fact that p € As. Note
that Fy verifies LoFy = x(2Bo) Louy in B(xg), F1 = 0 on 9(B(x0)), with x(2By)

the characteristic function of 2By. From the weighted Sobolev inequality (Theorem
1.2 in [16]), Theorem [ZBland (30) we have

ooy @)\ . o)\
UL, P20 Sy e} <o {/BW VA SBw) dm}

2 ¢4 p(x) " '
(3.7) N {/Bm) [LoF1(@)]70%(@) Zrp sy ¢ }

< {/23 £(2)2|V2uy ()2 64 () @%x) dx}2
S eg Aqu1(Qo)-

Let vy (y) = Go(z,y) — G(x,y), x, y € 2B(xg). Then if Ly™ denotes the adjoint
operator to Ly, we have Lo*v, = 0 in B(zp), and v, > 0 in B(xg). In particular,
0(y) = v:(y)/p(y) is a nonnegative normalized adjoint solution (n.a.s.) of Ly in
B(xg) (see Definition ZI12). From the maximum principle for n.a.s., the Harnack
inequality for n.a.s., and Lemma [2.14] we have

~  Golwg) (A5 @)
(38) PEEETECT0m T B

where § € 0(2By) verifies §(y) = dist(0(2By),0B). From Lemma Z8(2) and the
Harnack inequality it follows that w®(Ay) &~ 1. Then, from Lemma 214 (33) and

3
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(B6) we get for x € By,

(3.9)
2 o(y)
B < o / 0 () 9 ()] s
iron v o) 2 o(y) :
e { 1) dy} {/B o(B(y)) dy}
S €o Aaul(Q0)~
Now define
Q= (BNBy(Q0). %= (BN Bs15,(Q0)\ (2Bo U Byi24,(Q))
j=12 - ,jo—l,and

Qj, = B\ Baio—25,(Qo),
where 1 < §p 2707 < 1. We set

Fi(a /Goa:y)ﬁoulmdy, J=0.1, - jo.

Thus,

(3.10) Fy(w) = Fi(x)
=0

We now need to define the notion of a dyadic grid:

Definition 3.4. A dyadic grid on OB is a collection of Borel sets Z = |J;—; Zx
such that
(i) 0B=Uer I, k=1,2,---,
(ii) I, J € Iy, I # J = I and J have disjoint interiors,
(iil) I € Zy = diam(I) ~27F,
(iv) forevery I € Zp,, A I' € Tjy 1 : I CI', k=2,3, -+,
(v) for every I € T there exists a boundary ball Ay such that

11

ArCcIcCecely,
where ¢ > 1 is a universal constant.
If I € 7, we say that [ is dyadic.
We consider now a Whitney decomposition of B into cubes, B = UQe 0@ As

in the proof of Theorem [2.19] it is easy to see that there exists a dyadic grid on B
such that for every I € Z, we can assign a cube I € Q so that

(3.11) U U 1t = B\B;(0).
k>1I€Zy
Moreover, the correspondence I — It can be defined so that for any boundary
ball A;(Q) we have T,(Q) C Ujer, rcan (@) I't. Remember that by (34), e =0 in
B%(O). Let Ao = A s (Qo) = Bs, NOB, and suppose I C Ay is dyadic. For x € By
2 2
and y € I we have from Lemma[2R(1) and Lemma 214]

o wo(dy) ply) o Goly)
(8:12) ol ) % 0°W) 5 Re) 9B~ wolBo)”
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To estimate FY(z) we will use a “stopping time” argument. For j = 0, +1, 2, -,
let

O; ={Q € N : Agui(Q) > 27},
05 ={Q € Do+ My, (x(0))(Q) > ¢},
J;j ={I dyadic, I C &g : wo(INO;) > %wo(I) but wo(I N Oj41) < %wo(I)}.

If I € J;, by Definition (84)(v) and the doubling property of wy, it easily follows
that for any Q € I,

Moy (x(0))(@) > ¢

for some ¢* > 0 depending only on dimension and ellipticity. Therefore, taking this
choice of ¢* in the definition of Oj, we have I C Oj, whenever I € J;. Now, from

BI2) we get

|FY (x Z /I (z,y) Lour (y) dy

ICh ”‘QO
Idyadic

1 )
S G X el [ 80 Vn )l s d

J 1eJ;
On the other hand, if I C A\ is dyadic, then I € J; for some j. Now we set
J; = {J dyadic: J € J;, and J C J', J' dyadic, J' € J;,= J = J},

that is, 7] is the collection of “maximal” dyadic sets in J;. It is clear that J; =
UJGTJ J, with a disjoint union. Let T'(J) =J 1cs I, where J is dyadic. Then

o I dyadic
if J € Jj, from B.I) and B.12), we have

> ) [P —pgi’;)) dy

. I+NO
I dyadic 0
(3.13) ICJ

1
22 3
S {/ Go = 5 dy} < eo (wo( )2,
T(J)No
By the Holder inequality and (]ED

1 2
|FS ()] /

j Jej,

> ald) [ 5 MR S5y

JoTed, +NQo o(B(y))

1/2

Now we make the following observation: There exists & = a(n) such that if I C 9B
is dyadic, and E C I with 2wo(E) > wo(I), then

F(y)wo(Dy) dy < [E /F o /D@

I+
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This is a consequence of Fubini’s theorem and the fact that for appropriate « = a(n)
we have I'™ C T',(Q) for all Q € I. From the weak type inequality of the maximal
operator My, we have wo(O;\0j41) < wo(O;). Then, since wy(I\Oj41) > L wo(I)
and I C Oj for all I € J;, we have

(3.14)

o 0w0(0))} 28wt , |
RIS sy { Lo o T S iy }

N
€
(=)
NS
S5
€
=
O
e
—
o
3
“0
+t
=
[ V]
S
S
.
S
=N
<
——

A
€
=
>
e
€
=
S
®

€0
(UQ(A())

<

/A Aat1(Q) dwo(Q) S g0 My (Aau)(Qo)-

Now we claim that for some 6 > 0 we have

(3.15) 1B ()] S 2777 €0 Muy (Aaun) (Qo),  j=1,2--.

If we take (B:I%)) for granted, adding in j in (B15) and from BI4) and BI0), we
obtain

(316) |F3(J,‘)| 5 €0 Mwo (Aaul)(Qo), x € By.

Then, from F(x) = Fi(z) + Fa(z) + F3(x), x € By, B1), BY), BI06) and the
doubling property of p, it follows that

NoF(Qo) S €0 Muy(Aau1)(Qo), @ € B,

which proves Lemma

To show (BI5), we proceed as in the estimate of F. We set 2A; = Ngi—15,(Qo) =
Bsi-15,(Qo)NOB, and AO AN\A 1. From DeﬁmtlonBZIand sunple geometrical
considerations, it follows that there exists a > 0 such that

Q; C (Ta(Q)N)u( |J 1),
IcAl
I dyadic
Let z; € Ta(Qo)NQ,) = Q?, j=1,2,---. Since Go(-,y) is a nonnegative solution

of Lou = 0 in B\{y} vanishing on 9B, G(-,y) is Holder continuous up to the
boundary [7]; moreover, we have

Golw,y) S 2799 Golajor,y),  ye o,

where C' and 6 only depend on ellipticity and dimension. From this inequal-
ity and the Harnack inequality for nonnegative solutions, we have Go(z,y) <
2799 Go(zj41,y). From Lemma 214 we get

wotitt (A )

Go(aj41,y) = wo™ (L) p(y) p(B(y)) " 1o(y)* ~ wo(4;)

Go(y)-
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From Lemma [28(2) we have wo®+1(A;) ~ 1; thus,

239

<_ 2 0
(3.17) Go(z,y) < 20 (B]) Go(y), T € Bo, y € €2j.
We have for = € By,
(3.18)

2779 9
[ @ Goandy < 2o [ @) 9 @) Golw) dy
¢ 1) Joy

A
€
o [\
—~ ‘
D=
N—
——
S~
o
<
Do
)
RS
—~
S
—
[e%)
—~
N4
S~—
S
3
3
NS
N—
N—
Y
<
~—
S|

A
b
4
e

< 202790 A (u1)(Qo).

On the other hand, an argument similar to the one applied to obtain the bound for
Fy and a consideration in the spirit of (B171) yields

(3.19) | Lour(z) Go(z,y) dy| < 0277 Moy (Aa (u1))(Qo)-
25\ (Qo)
(B13) follows from (BI8) and (BI9). This concludes the proof of Lemma [372

3.2. Proof of Lemma From the identity Lo(u?) = 2 Ag Vui-Vui+2u; Lous,
we have

|V’U,1|2 5 2A0 Vu1 . Vu1 = ﬁo(u%) — 2’(1,1 ﬁoul.
We let B* = Bi_r,. By Fubini’s theorem and the fact that e(z) = 0 in B, we get

2 2 2 o)
/885'wu1dw0 S /B\B* [Vui|*d(x) o(B) wo(Ay) dz

A
5
—
¥
—~—
)
=)
<
=N
|
[N}
g
)
=)
S
—
=
&
()
2
B
€
S
>
&
IS
8

N

eo/ fa | [V2ua ] 6(2)? — 25 o (As) da,
B\B1 &

where we used Lemma 2T4land [, Lo(u?) Go(x) dr < 0. Now we apply a “stopping
time” argument as in the proof of (3I4) to obtain

/ Sgozul dwo S €0 Nouq - Aqur dwy.
oB OB
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From Theorem 219 and the inequality |ab| < p=ta? + pb?, pu > 0 we get

/ Sfaul dwo S 050 N(yul . Scaul dwo
OB OB

IN

Cg—o (N(yul)Q dwo+ Cegpu / Sfaul dwy.
K JoB oB

The lemma follows from choosing 1 so that C'eq u = %

4. PROOF OF THEOREM [[L1]

We will obtain Theorem[IT] as a consequence of the following special case in the
spirit of [4].

Theorem 4.1. Suppose that wy € A (do) and let E(Q) be given by
2 %
Em@—{/‘ a(@¢% r>0,Q¢€aD.
r

w(@NB(Q) 0" (7)

There exists oo = oo(n, A\, A, D,(, k) > 0 such that if a;‘c’j € BMOg,+(R™), 1 <i4,j <
n, k=0,1, and

(4.1) sup Fp,(Q) = M; < o0,
QeoD

then wy € Ax(do). Here, ¢ and k are the Ao constants of wy with respect to o as
given in (ZI0).

We postpone the proof of Theorem [4.1] to the next section, and we now show
how Theorem [Tl follows from this result. We assume that a(z) = 0 if §(z) > ro/2.
By Lemma [2:15] this assumption does not bring any loss of generality. Fix Q € 0D
and let 0 < r < r¢/2. By Fubini’s theorem and (L) we have

# 2 o ; a’(z) " 2
@) /A,@E'“(P)d N V()] /M@ ) S M

So there exists a closed set F' C A,(Q) such that 20(F) > o(A,(Q)) and E(P) <
M for all P € F. Now, we need to introduce a “saw-tooth” region Q = Q(F,r)
over F, that is, for given 0 < o < 3, Q verifies (see [28], [I0]):

(i) for suitable o/, &, ¢1, co with a < o/ < a” < 3,
U {fa/(P) N Be,r(P)} CQC U {fa”(P) N Be,r(P)};
PEE PCE
(ii) 0QNID = F;
(iii) there exists z¢ €  with dist(xg, 9Q) ~ r; we call z¢ the center of €;
(vi) Q is a Lipschitz domain with Lipschitz constant which depends only on B.
Let £ = > i =1 @"7 95 where A= {a"(z)}7,_, and
= | Ai(x) x € QF,r),
A@){Adw v € B\Q(F,r).

From the definition of a(z) it is easy to see that

(4.2) {y € B(x) : a(y) =z a(z)}| 2 |B(x)].
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From ({2) and (L6) we have that for all z € D,

1
a’(z) S
|B(@)] JB(x)

a*(y)dy < M.

We set a(x) = sup,cp(y) |A(y) — Ao(y)|. Then a(z) < a(z) < M for all z € D.
Note that since for all 1 < 4,5 < n, we have

i = ag’ + (a7 = ag?)xa(re,
where Xq(F,r is the characteristic function of Q(F,r), we have nz < 14, +C M,
where 7; and 7,, are the BMO moduli of continuity of A and Ay, respectively.
Therefore, if M is small enough, say M < C~!p*, we have that the coefficients of
L belong to the space BMOg,-.

Our saw-tooth region Q(F,r) can be constructed so that for any @ € 9D such
that z € T (Q) N Q(F,r) # 0, there exists P € F such that B(z) C 'y (P). From
this observation, we have that if E,.(P) is as in the definition of E,.(P) above but
replacing a by @, then E,.(P) < M for all P € D. Therefore, from Theorem E1]
we have that the harmonic measure & for £ on 9D is in Ay (do) and by a known

result in the theory of weights [11] there exists # > 0 and ¢ > 0 (depending only on
¢ and &) such that

®2) \° ,_o(2)
(43) (JJ(AT(@))) = V)]

for any set Z C A.(Q). Since % > 1 we have that if % > 3 then
w%. Therefore, from (@3] we get

sEnn

O(Ar(Q))

Let o be the “center” of the saw-tooth region Q(R,r) and denote by wq the
harmonic measure for £ on 9Q(F,r) evaluated at zp. From the “main lemma”
in [I0] (see also [28]) we have

O(ENF)
®(Ar(Q))
Thus, @o(E N F) > C. Since £; = L in Q(F,r), we obtain wio(ENF) > C,

where w1 denotes the harmonic measure on 9Q(F,r) for the operator £;. From
the scaling of the harmonic measure (Lemma [28(1)) and the maximum principle

<C (@o(ENF)).

we get
w1 (E n F) zo
o (BrQ) Zw™(ENF)>wqENF) 21,
and then
w1(F)
S L@ =

for some positive kg. This shows that condition (ZT]) holds for the measures wy
and o with ( = % and k = kg. Therefore, w; € Ax(do) as wanted, in the case
M < C1p*.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE L? DIRICHLET PROBLEM 685

For the general case, define £; = (1 —¢) Lo +tLy for 0 < t < 1, let K be
a positive integer such that K='M < C~'p*, and for integers 0 < | < K, let
ai(x) = supp(y |Az+71(y) - A%(y)|, where A; = (1 —t) Ap + t A;. Note that since
the set BMO,- is convex, we have that A, € BMO,-, 0 < ¢t < 1. By the same
consideration, the matrices A; are uniformly elliptic with ellipticity A and their
entries are bounded by A. Denote by w; the harmonic measure in D with respect
to Ly, 0 <t < 1. Then since

1 1
a() = sw | (Ai(y) - Ao(y))| < alx),  0<I<K,
yEB(z)

we have that the pairs of operators E% and £l+%a 0 <l < K verify

sup hl(r,Q) = M/K < C71o* < +o0,
0<r<rg
QedD

where

1/2
l _ 1 312(37) "
“"Q)‘{amr(@)) frio 501 } - Osiek

From the previous special case we have

w%éAm(dJ)ﬁwz%éAm(dJ), l=0,,1,--- K—1.

So w1 € Axo(do), and this finishes the proof of Theorem [L1].

5. PROOF OF THEOREM E_1I

Now we will show that Theorem ETl follows from Theorem [B1l It is clear from
the proof of Theorem B1] (see Section ) that we might replace a(z) in (B1)) by
a0(T) = SuPyep, () [A0(y) — A1(y)|, where Bo(z) is the ball centered at z with
radius d(x)/c for any fixed constant ¢ > 2. We claim that if we take ¢ = 8 in the
definition of ag, M; is given by (1) and 0 < r < rg, we have

1 2y GO(JU) " 2
(5.1) Q) /T,,.@) () 5y 4 < M

In fact, from Lemma 214 we have

a2xGo(9€) . a2(z Mw N
/mcz) ol )5(33)2 v S /T,.(Q) ol )p(B(m)) o(Dg)da.

From Besicovitch’s covering lemma (1.8.17 in [23]), we can find a sequence {z;}32; C
T,(Q) such that T,-(Q) C |J; Bj, where Bj = Bsw) (z;) and the balls B; have finite
8
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overlapping. Then

N
S
=
>
&
—
| w
B
=&
<
8

< / E2(P) duo(P),
2N (Q)

where we have used Fubini’s theorem; (5I) now follows from (Tl). Then, if M;
is small enough, say M; < C~'gq, from Theorem [31] we have that wi; € Ba(dwy)
and since wg € Aso(do), we have wi € A (do), proving Theorem A1l in the case
M, < C1g.

For the general case, we define as before £, = (1 —¢) Lo+t Ly for 0 < ¢t < 1.
Let K be a positive integer such that C K—!' M; < ¢y and for integers 0 < | < K,
let a;(x) = supp, |A% (y) = AL (y)|, where Ay = (1 — ) Ag +t A;. Denote by w;
the harmonic measure in D with respect to £;, 0 < ¢ < 1. Then since

) = s | (i)~ Ao(y)| < e 2(e),

from the previous result, we have

w%EAoo(dO')in%EAoo(dO'), l=0,1,.---, K —1.

So w1 € Axo(do), and this completes the proof of Theorem FET]
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