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THE Lp DIRICHLET PROBLEM AND
NONDIVERGENCE HARMONIC MEASURE

CRISTIAN RIOS

In memory of E. Fabes

Abstract. We consider the Dirichlet problem{
Lu = 0 in D,
u = g on ∂D

for two second-order elliptic operators Lku =
∑n
i,j=1 a

i,j
k (x) ∂iju(x), k = 0, 1,

in a bounded Lipschitz domain D ⊂ Rn. The coefficients ai,jk belong to the
space of bounded mean oscillation BMO with a suitable small BMO modulus.
We assume that L0 is regular in Lp(∂D, dσ) for some p, 1 < p < ∞, that
is, ‖Nu‖Lp ≤ C ‖g‖Lp for all continuous boundary data g. Here σ is the
surface measure on ∂D and Nu is the nontangential maximal operator. The
aim of this paper is to establish sufficient conditions on the difference of the

coefficients εi,j(x) = ai,j1 (x) − ai,j0 (x) that will assure the perturbed operator
L1 to be regular in Lq(∂D, dσ) for some q, 1 < q <∞.

1. Introduction

In the present note we consider linear elliptic second-order differential operators
in nondivergence form L =

∑n
i,j=1 a

i,j(x) ∂ij , where A(x) = (ai,j(x))ni,j=1 is a
symmetric matrix verifying the uniform ellipticity and boundedness condition

(1.1) λ |ξ|2 ≤ ξtA(x)ξ ≤ Λ |ξ|2, x, ξ ∈ Rn

for some fixed 0 < λ ≤ Λ <∞ and n ≥ 2. We study the Dirichlet problem

(1.2)
{
Lu = 0 in D,
u = g on ∂D

on a bounded Lipschitz domain D ⊂ Rn. From [1] and a standard approximation
argument, it follows that if the coefficients ai,j are in VMO (BMO%0) and g ∈
C(∂D), problem (1.2) has a unique solution u = ug ∈ C(D) ∩W 2,p

loc (D) for all p,
1 < p < ∞ (1 < p < p0(%0)). We denote by σ the surface measure on ∂D and
we say that the operator L is regular in Lp(∂D, dσ) or that Dp holds for L in D,
1 < p < ∞, if there exists a constant Cp which depends on n, λ, Λ, D, p and the

Received by the editors April 5, 2002 and, in revised form, May 17, 2002.
2000 Mathematics Subject Classification. Primary 35J25; Secondary 35B20, 31B35.
Key words and phrases. Nondivergence elliptic equations, Dirichlet problem, harmonic

measure.

c©2002 American Mathematical Society

665

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



666 CRISTIAN RIOS

BMO modulus of the coefficients such that for all continuous boundary data g, the
solution u of (1.2) verifies

(1.3) ‖Nu‖Lp(∂D,dσ) ≤ Cp ‖g‖Lp(∂D,dσ),

where Nu is the nontangential maximal operator

Nu(Q) = sup
Γα(Q)

|u(x)|.

Here and henceforth, Γα(Q) denotes the interior truncated cone (of opening α)

(1.4) Γα(Q) = {x ∈ D : |x−Q| ≤ (1 + α) δ(x)} ∩Br∗(Q),

δ(x) = dist(x, ∂D), Br(x) denotes the ball in Rn centered at x of radius r and
α ≥ α∗ = α∗(D) > 0, r∗ = r∗(D,λ,Λ, η) > 0 are fixed (here η is the BMO modulus
of the coefficients of L; see Section 2 and (2.10)). When necessary, we will write
Nαu for the nontangential maximal operator of opening α.

The purpose of this note is to give sufficient conditions for the preservation of the
regularity of the Lp Dirichlet problem under small perturbations on the coefficients.
Given two elliptic operators Lk =

∑n
i,j=1 a

i,j
k (x)∂xixj , where Ak(x) = (ai,jk (x))ni,j=1,

k = 0, 1, are symmetric matrices verifying (1.1), let ε(x) = (ai,j1 (x)−ai,j0 (x))ni,j=1 be
the difference between the coefficients and B(x) = Bδ(x)/2(x), x ∈ D, and consider
the quantity

(1.5) a(x) = max
1≤i,j≤n

ess sup
y∈B(x)

|εi,j(y)|.

For Q ∈ ∂D and r > 0 we denote the boundary ball of radius r at Q by 4r(Q) =
Br(Q)∩ ∂D, and the Carleson region at Q of radius r by Tr(Q) = Br(Q)∩D. Our
main result is the following:

Theorem 1.1. Suppose that L0 verifies Dp for some p, 1 < p < ∞. Then there
exists %0 = %0(n, λ,Λ, D,Cp) > 0 such that if ai,jk ∈ BMO%0(Rn), 1 ≤ i, j ≤ n,
k = 0, 1, and

(1.6) sup
Q∈∂D, r>0

1
σ(Tr(Q))

∫
Tr(Q)

a2(x)
δ(x)

dx = M <∞,

then L1 verifies Dq for some q, 1 < q <∞.

A similar result was established in [2] for divergence form operators with coeffi-
cients in L∞(Rn). We are able to adapt the divergence case techniques and obtain
the results in [3], [4] and [2] (under extra assumptions on the coefficients) for the
nondivergence case (see [5]). This gives a partial answer to the problem posed by
C. Kenig in [6] (Problem 3.3.9). Condition (1.6) says that the measure a2/δ dx is a
Carleson measure with respect to σ with Carleson norm bounded by M .

By the maximum principle, the correspondence g 7→ ug(x) is a positive linear
functional on C(∂D) for each fixed x ∈ D. The Riesz representation theorem implies
that there exist a unique regular positive Borel measure ωx = ωxL,D such that

u(x) =
∫
∂D

g(Q) dωx(Q).

The measure ωx is called the harmonic measure for L and D at x and constitutes
one of our main tools in the proof of Theorem 1.1. Also crucial for this task
is the concept of normalized adjoint solution (n.a.s.), first introduced in [7] (see
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THE Lp DIRICHLET PROBLEM 667

also [8], [9]). In [10] n.a.s. are used to define a proper area function for solutions of
nondivergence form operators with bounded coefficients. We also use the theory of
Muckenhoupt weights [11], [12] and, in particular, the result in [13] which establishes
that nonnegative adjoint solutions are Ap weights for all p, p0 ≤ p ≤ ∞, where p0

depends on the BMO modulus of the coefficients. Other important elements in
our proofs are the a priori estimates for solutions [14], [1], basic properties of the
harmonic measure [8], [15], [9] and weighted Poincaré inequalities [16].

Remark 1.2. It is known [17] [18] that the Laplacian operator ∆ =
∑n
i=1 ∂

2
x2
i

is
regular in Lp for 2 − ε < p < ∞ where ε = ε(n,D). On the other hand, examples
in [19] show the existence of a nondivergence operator L1 with continuous coeffi-
cients A1 in the closure of the unit ball B in Rn, such that L1 = ∆ on ∂B and the
harmonic measure ω1 = ωL1,B is singular with respect to the surface measure σ.
In particular, L1 is not regular in Lp(∂D, dσ) for any p (see Theorem 2.2). Setting
L0 = ∆, the modulus a(x) corresponding to this example violates condition (1.6).
This shows that the perturbation problem addressed in Theorem 1.1 is nontrivial,
even for continuous coefficients.

2. Preliminaries

In general, we write X . Y when there exists a constant C > 0 which depends
at most on n, λ, Λ, η and D such that X ≤ C Y . Similarly, we define the expression
X & Y and write X ≈ Y when X . Y and X & Y .

If G ⊂ Rn is a Borel set, we denote by C(G) the space of real-valued continuous
functions on G. If µ is a σ-finite Borel measure on G, Lp(G, dµ), 1 ≤ p < ∞
denotes the Banach space of µ-measurable functions f onG such that ‖f‖Lp(G,dµ) =
(
∫
G |f |

p dµ)
1
p <∞. We use dx to denote the Lebesgue measure in Rn, |E| =

∫
E dx

for any Borel set E in Rn and we write Lp(G) = Lp(G, dx). The spaces L∞(G, dµ),
Lploc(G, dµ) are also defined in a standard way. If G ⊂ Rn is open, k is a nonnegative
integer and 1 ≤ p ≤ ∞, we set W k,p(G) to be the Sobolev space of functions f with
k weak derivatives in Lp(G) (see [20], Chapter 7).

Given f ∈ L1
loc(Rn), we set

η(r, x) = ηf (r, x) = sup
s≤r

1
|Bs(x)|

∫
Bs(x)

|f(y)− fBs(x)| dy

where fE = 1
|E|
∫
E f(y) dy. We say that f has bounded mean oscillation or that

f ∈ BMO(Rn) if η ∈ L∞(R+,Rn) and set ‖f‖BMO(Rn) = ‖ηf‖L∞((R+,Rn)).

Definition 2.1. Given % > 0 and ζ > 0, we let Φ(%, ζ) be the set

Φ(%, ζ) = {η : R+ 7→ R+, η nondecreasing, η(r) ≤ % whenever r < ζ}.
We also set Φ(%) =

⋃
ζ>0 Φ(%, ζ), and given η ∈ Φ(%), we denote ζ(η, %) = ζ(η) =

sup{ζ > 0 : η ∈ Φ(%, ζ)}.

If % > 0, we say that f ∈ BMO%(Rn) if η(r) = ‖η(r, ·)‖L∞(Rn) lies in Φ(%).
If limr→0+ η(r) = 0, we say that f has vanishing mean oscillation or that f ∈
VMO(Rn) (see [21]). We also define BMO(G) and BMO(G, dµ) in a standard way
through the modulus

η(r, x,G, µ) = sup
s≤r

1
µ(Bs(x)

⋂
G)

∫
Bs(x)

⋂
G

|f(y)− fBs(x)
⋂
G,dµ| dµ,
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668 CRISTIAN RIOS

where fE,dµ = 1
µ(E)

∫
E
f(y) dµ, G ⊂ Rn is a Borel set and µ is a Borel measure.

Given a nondecreasing function η : R+ 7→ R+, we denote by O(λ,Λ, η) the
class of operators L =

∑n
i,j=1 a

i,j(x) ∂xixj , with symmetric coefficients A(x) =
(ai,j(x))ni,j=1 verifying the ellipticity and boundedness conditions (1.1) and such
that ai,j ∈ BMO(Rn), 1 ≤ i, j ≤ n, with BMO-modulus of continuity η in D. When
there is no restriction on the regularity of the coefficients of L, we say L ∈ O(λ,Λ).

We denote by D a bounded Lipschitz domain in Rn, that is, a bounded, con-
nected open set D such that its boundary ∂D can be covered by a finite number of
open right circular cylinders whose bases have positive distance from ∂D and, cor-
responding to each cylinder C, there is a coordinate system (x′, xn) with x′ ∈ Rn−1,
xn ∈ R with xn axis parallel to the axis of C, and a function ψ : Rn−1 7→ R sat-
isfying a Lipschitz condition (|ψ(x′) − ψ(y′)| ≤ m0 |x′ − y′|) such that C ∩ D =
{(x′, xn) : xn > ψ(x′)} ∩ C, and C ∩ ∂D = {(x′, xn) : xn = ψ(x′)} ∩ C. Whenever
we say that a quantity depends on D, we mean it depends on the Lipschitz char-
acter of D. In what follows we assume that D is contained in the unit ball and
contains the origin.

Let 4 denote a generic boundary ball in ∂D, i.e., 4 = 4r(Q) for some r > 0,
Q ∈ ∂D. Given two Borel measures µ and ν on ∂D, we say that µ is in A∞ with
respect to ν on ∂D and we write µ ∈ A∞(dν) if there exist 0 < ζ < 1 and κ > 0
such that

(2.1)
ν(E)
ν(4)

> ζ ⇒ µ(E)
µ(4)

> κ,

whenever E ⊂ 4 and E is a Borel set. The theory of A∞ weights originates in [11]
and [22] where the results below can be found (see also [12] and [23]). We say that
µ is in the reverse Hölder class Bp′(dν), 1 < p′ < ∞, if µ is absolutely continuous
with respect to ν and k = dµ

dν verifies{
1

ν(4)

∫
4
kp
′
dν

} 1
p′

≤ C 1
ν(4)

∫
4
k dν,

for all boundary balls 4 ⊂ ∂D. The weight k is in Ap(dν), 1 < p <∞ if

(2.2)
{

1
ν(4)

∫
4
k dν

}{
1

ν(4)

∫
4
k−

1
p−1 dν

} 1
p−1

≤ C <∞.

It is easy to see that A∞ is an equivalence relation, and that k ∈ Ap(dν) if and only
if k−1 ∈ Bp′(dµ), 1

p + 1
p′ = 1. The best constant C in (2.2) is called the Ap(dν)

“norm” of k and we denoted it by |[k]|Ap(dν) or |[µ]|Ap(dν). We will also use the
convention k ∈ Ap (resp. Bp′ , A∞) whenever k ∈ Ap(dσ) (resp. Bp′(dσ), A∞(dσ)).

We say that a measure ν is a doubling measure, with doubling constant c = c(ν)
if ν(42r(Q)) ≤ c ν(4r(Q)) for all r > 0 and Q ∈ ∂D. It is also well known that
if µ ∈ Ap(dν), then µ is a doubling measure if and only if ν is a doubling measure
and c(µ) = c(ν)p|[µ]|Ap(dν).

Given a Borel measure µ on ∂D, we denote by Mµg(Q) the Hardy-Littlewood
maximal operator at Q with respect to µ; that is,

(2.3) Mµg(Q) = sup
Q∈4(Q)

1
µ(4(Q))

∫
4
g(P ) dµ(P )
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THE Lp DIRICHLET PROBLEM 669

where 4(Q) denotes a generic boundary ball in ∂D centered at Q. It is known that
if µ is a doubling measure, then

‖Mµf‖Lp(∂D,dν) ≤ Cp ‖f‖Lp(∂D,dν), 1 < p ≤ ∞,
with Cp > 0 independent of f , if and only if ν ∈ Ap(dµ) [22] (see also [12]).

If u is the solution of (1.2) with boundary data g ∈ C(∂D), then Nu ≈Mωg ([7],
Theorem 7.3). Here and henceforth, ω denotes the harmonic measure for L and D
at a fixed point x0 ∈ D. Since the harmonic measure is a doubling measure [7] (see
also [9]), we have that the maximal operator is bounded in Lp(∂D, dω), 1 < p ≤ ∞,
and then ‖Nu‖Lp(∂D,dω) . ‖g‖Lp(∂D,dω) for all p, 1 < p ≤ ∞. From the weighted
maximal theorem ([12], IV.2.1) we then have that L verifies Dp for some 1 < p <∞
if and only if ω is a weight in the reverse Hölder class Bp′(dσ), 1

p + 1
p′ = 1.

Another basic fact of the theory of weights is that

A∞(dν) =
⋃
p>1

Ap(dν) =
⋃
p′>1

Bq′(dν);

hence, to prove Theorem 1.1 it is enough to show ω1 ∈ A∞(dσ). The following
theorem is a consequence of the weighted maximal theorem, the theory of weights,
and the inequalities Nu ≈Mωg.

Theorem 2.2. Let ω be the harmonic measure with respect to L in D and let µ be
a Borel measure on ∂D. The following are equivalent:

(i) ω ∈ A∞(dµ).
(ii) There exist 1 < p <∞ such that Dp(dµ) holds, that is,

‖Nu‖Lp(∂D,dµ) ≤ Cp ‖g‖Lp(∂D,dµ).

(iii) ω is absolutely continuous with respect to µ and k = dω
dµ belongs to Bq(dµ),

( 1
p + 1

q = 1).

2.1. A Priori Estimates and Properties of Solutions.

Theorem 2.3 (Maximum principle [20], 9.1). Let L ∈ O(λ,Λ), D be a bounded
domain and u ∈ C(D)∩W 2,n

loc (D) verify Lu ≥ f with f ∈ Ln(D). Then there exists
C > 0 which depends only on n, diam(D), λ and Λ such that

sup
D
u ≤ sup

∂D
u+ + C ‖f‖Ln(D).

Theorem 2.4. Let w ∈ Ap and p ∈ (1,∞). There exist positive numbers c =
c(n, p, λ,Λ, |[w]|Ap) and %̃p = %̃p(n, c) such that if η ∈ Φ(%̃p) and L ∈ O(λ,Λ, η),
then for any open set Ω ⊂ Rn, diam(Ω) ≤ ζ(η), and any u ∈W 2,p

0 (Ω) we have

‖∂iju‖Lp(Ω,w) ≤ c ‖Lu‖Lp(Ω,w) ∀i, j = 1, · · · , n.
Proof. This theorem is an immediate consequence of the techniques in [14] and
weighted estimates for singular integral operators and commutators. We give a
sketch of the proof. Given u ∈ W 2,p

0 (Ω), we have the following representation
formula [14]:

(2.4)
∂iju(x) = Ki,j

 n∑
h,k=1

(ahk(x)− ahk(·)) ∂hku(·) + Lu(·)


+ Lu(x)

∫
|t|=1

Γi(x, t)tjdσ(t).
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670 CRISTIAN RIOS

where

Ki,jf(x) = lim
ε→0

∫
Ω\Bε(x)

Γi,j(x, x− y)f(y) dy

is a principal value operator and Γi(x, t) = ∂
∂ti

Γ(x, t), Γi,j(x, t) = ∂2

∂ti∂tj
Γ(x, t).

Here Γ(x, t), x ∈ Ω, is a fundamental solution of L0u(t) =
∑n

i,j=1 a
i,j(x) ∂iju(t)

(see [14] for details). For each pair (i, j), 1 ≤ i, j ≤ n, Ki,j is a singular integral
operator with a regular kernel and then Ki,j is bounded in Lp(dw) with an operator
norm which depends on n, λ, Λ, p and |[w]|Ap (cf. [12], Theorem IV3.1; see also [14],
Theorem 2.11). From the weighted estimates for commutators in [24], we have that
the commutators Ci,j,h,k, 1 ≤ i, j, h, k ≤ n, given by Ci,j,h,kf(x) = ah,k(x)Ki,jf(x)−
Ki,j(ai,jf)(x) are bounded in Lp(Rn, dw) with norm ‖Ci,j,h,k‖ ≤ c̃ ‖ai,j‖BMO(Rn,dw).
Moreover, whenever f is supported in Ω, we have the localized estimate (see [14],
Theorem 2.13)

‖Ci,j,h,kf‖Lp(Ω,dw) ≤ c ‖ai,j‖BMO(Ω) ‖f‖Lp(Ω,dw),

where we used that since w ∈ Ap, we have c̃ ‖ai,j‖BMO(Ω,dw) ≤ c ‖ai,j‖BMO(Ω).
Finally, it is not difficult to check that the factor multiplying Lu(x) in (2.4) is
uniformly bounded, with bound depending only on n, λ and Λ. From (2.4) and the
mentioned estimates we have

‖∂iju‖Lp(Ω,dw) ≤ c ‖Lu‖Lp(Ω,dw) + c

n∑
h,k=1

‖ah,k‖BMO(Ω) ‖∂hku‖Lp(Ω,dw).

The theorem follows taking %̃p ≤ (2n2 c)−1. �

The following theorem follows from the results in [1], the techniques just exposed
and standard arguments (see Theorem 8.1 in [7]).

Theorem 2.5. Let w ∈ Ap, p ∈ [n,∞) and D ⊂ Rn be a Lipschitz domain.
There exist a positive %p = %p(n, p, λ,Λ, |[w]|Ap) such that, if η ∈ Φ(%p) and L ∈
O(λ,Λ, η), then for any f ∈ Lp(D,w), there exists a unique u ∈ C(D)∩W 2,p

loc (D,w)
such that Lu = f in D and u = 0 on ∂D.

Moreover, if ∂D is of class C2, then u ∈ W 1,p
0 (D,w) ∩W 2,p(D,w) and there

exists a positive c = c(n, p, λ,Λ, |[w]|Ap , χ, ∂D), with χ = diam(D)/ζ(η, %p), such
that

‖u‖W 2,p(D,w) ≤ c ‖f‖Lp(D,w).

For each x ∈ D and f , u as in Theorem 2.5, the maximum principle (Theo-
rem 2.3) implies that the positive linear functional f 7−→ −u(x) is bounded on
Lp(D). From Riesz’ representation theorem, we have that there exists a unique
nonnegative function GL,D(x, ·) ∈ Lp′(D) with p′ = p

p−1 such that

(2.5) u(x) = −
∫
D

GL,D(x, y) f(y) dy.

Definition 2.6 (Green’s function). The function GL,D(x, y) is called the Green’s
function for L in D. For simplicity we will often write G(x, y) = GL,D(x, y).

Corollary 2.7. For all ϕ ∈ C∞c (D) and x ∈ D we have

ϕ(x) = −
∫
D

Lϕ(y)G(x, y) dy.
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2.2. Properties of the Harmonic Measure.

Lemma 2.8 ([7], [15]). Let 4 = 4r(Q), Q ∈ ∂D:

(1) 4′ = 4s(Q0) ⊂ 4, x ∈ D\T2r(Q). Then
ωxr(Q)(4′) ≈ ωx(4′)

ωx(4) .

(2) ωxr(Q)(4) ≈ 1, xr(Q) verifies δ(xr(Q)) ≈ |xr(Q))−Q|.
(3) (Doubling property) ωx(4) ≈ ωx(42r(Q)), x ∈ D\T2r(Q). In particular,

the harmonic measure ω cannot have atoms.

2.3. Adjoint Solutions and Area Functions.

Definition 2.9 (Adjoint solution). Given L ∈ O(λ,Λ), a locally integrable function
v is an adjoint solution of L in a domain D and we write L∗v = 0 in D if∫

D

vLϕdx = 0

for all ϕ ∈ C∞c (D). More generally, if f ∈ L1
loc(D), we say that v is a solution to

L∗v = f if ∫
D

vLϕdx =
∫
D

f ϕ dx

for all ϕ ∈ C∞c (D).

So v is an adjoint solution for L in D if ∂ij(aijv) = 0 in the sense of distributions.
Suppose now that η ∈ Φ(%n), where %n is given by Theorem 2.5 for p = n and Φ(%n)
is as in Definition 2.1. If L ∈ O(λ,Λ, η) and G is the Green’s function for L in D
(see Definition 2.6), then for each x ∈ D, G(x, ·) is an adjoint solution of L in
D\{x}. Indeed, from Corollary 2.7, we have∫

D

Lϕ(y)G(x, y) dy = −ϕ(x) = 0 ∀ϕ ∈ C∞c (D\{x}).

The following existence theorem for adjoint solutions is a consequence of the
classical theory for smooth operators [20], Theorem 2.5 and the maximum principle.
We omit the standard proof.

Theorem 2.10. Let η ∈ Φ(%n), where %n is given by Theorem 2.5 for p = n and
Φ(%n) is as in Definition 2.1. If L ∈ O(λ,Λ, η) and G is the Green’s function for
L in D, then for any f ∈ L

n
n−1 (D), there exists a solution v ∈ L

n
n−1 (D) to the

problem

(2.6) L∗v = f in D.

Examples in [25] show that even if the coefficients of L are continuous, adjoint
solutions could not be in L∞(D). Further, “weight type” regularity exists in the
case of positive nonnegative solutions. In [9] it was shown that if w is a nonnegative
adjoint solution for L ∈ O(λ,Λ, η), then logw lies in BMO. Next, Theorem 1.2 [13]
is a more precise version of this result, more suitable to our applications.

Theorem 2.11. Let 0 < % ≤ %n where %n is as in Theorem 2.5, η ∈ Φ(%) (see
Definition 2.1), L ∈ O(λ,Λ, η), and w a nonnegative adjoint solution to L∗w =
∂ij(ai,jw) = 0 on B10. Then there exists %0 = %0(n, λ,Λ, %) > 0 such that logw is
a function lying in BMO%0 . Moreover, %0 . %γ for some γ = γ(n, λ,Λ) > 0.
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Recall that (the Lipschitz domain) D ⊂ B1, where Br = Br(0). We pick a point
x ∈ ∂B9 and we let ℘ = ℘(L) be given by

(2.7) ℘(y) = GL,B10(x̄, y) in B10

where GL,B10 is the Green’s function for L in B10 (see Definition 2.6). From the
previous theorem we have that there exists %∗∗ > 0 such that if L ∈ O(λ,Λ, η) with
η ∈ Φ(%∗∗), then ℘ is a weight in A 4

3
(B8), and |[℘]|A 4

3
(see (2.2)) depends only on

n, λ, and Λ. We set

(2.8) %∗ = 1
2 min{%∗∗, %n},

where %n is given by Theorem 2.5 for w = ℘ and p = n. Since |[℘]|An ≤ |[℘]|A2 ≤
|[℘]|A 4

3
, the constant %∗ depends only on n, λ and Λ. Note also that ℘dx is a

doubling measure in B8 with doubling constant which depends only on n, λ and Λ.

Definition 2.12 ([7], n.a.s.). Let L ∈ O(λ,Λ). A normalized adjoint solution for
L∗ in D is any function w of the form

w(x) =
v(x)
℘(x)

where v is a solution of the adjoint equation L∗v = 0 in D and ℘ is given by (2.7).

Normalized adjoint solutions, first introduced in [7], enjoy many desirable prop-
erties that adjoint solutions fail to verify. Following the techniques in [7], the
Dirichlet problem for n.a.s. is uniquely solvable for continuous boundary data and
coefficients in O(λ,Λ, η), with η ∈ Φ(%n). A Harnack principle holds for nonneg-
ative n.a.s., as well as a boundary Harnack inequality and a comparison principle
(see [7], [8] and [15]). Although the definition of n.a.s. depends on the particular
choice of the normalizing function ℘, this choice has no qualitative impact in our
applications.

Lemma 2.13. Let %∗ be given by (2.8). Then if η ∈ Φ(%∗), L ∈ O(λ,Λ, η) and u
satisfy Lu = 0 in D, and v ∈ L1

loc(D) is a nonnegative adjoint solution for L in
B3r(x0) ⊂ D, then for 0 < 2 r ≤ ζ(η) and any constants β and γ, the following
holds: ∫

Br(x0)

|∇2u(x)|2 v(x)dx . r−4

∫
B2r(x0)

|u(x)− β − γ x|2 v(x)dx

+ r−2

∫
B2r(x0)

|∇(u(x) − γ x)|2 v(x)dx.

Proof. We choose a nonnegative φ ∈ C∞c (B2r(x0)) such that φ ≡ 1 in Br(x0) and
|∂jφ| ≤M r−j , j = 0, 1, 2, with M > 0 a universal constant. Applying Theorem 2.4
to the function (u− β − γ x)φ, we have

(2.9)
∫
Br(x0)

|∇2u(x)|2℘(x) dx .
∫
|L((u − β − γ x)φ(x))|2℘(x) dx.

Developing the derivatives, rearranging terms, applying Hölder inequality and since
u is a solution for L, we have that the right-hand side of (2.9) is bounded by

C

∫ (
|u(x)− β − γ x|2|∇2φ(x)|2 + |∇(u(x) − γ x) · ∇φ(x)|2

)
℘(x)dx,
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which proves the lemma in the case v = ℘. Now let w = v/℘, with v as in the
statement of Lemma 2.13. Then w is a normalized adjoint solution of the operator
L in D. The lemma follows from the Harnack inequality for n.a.s. (cf. [7], [15]). �

Lemma 2.14 ([10], Lemma 2). Let G(x, y) be the Green’s function in D for L ∈
O(λ,Λ). Then there is a constant r0 depending on the Lipschitz character of D,
such that for all Q ∈ ∂D, r ≤ r0, y ∈ ∂Br(Q) ∩ Γ1(Q), and x 6∈ T4r(Q), the
following holds:

G(x, y)
δ(y)2

℘(B(y))
℘(y)

∼ ωx(∆r(Q)).

The following lemma establishes that the regularity of the Dirichlet problem
depends on the coefficients locally at the boundary.

Lemma 2.15. Let L0, L1 ∈ O(λ,Λ, η) be such that if A0 and A1 denote their
respective matrices of coefficients, we have that for some s0 > 0,

A1(x) = A2(x) for all x ∈ D such that δ(x) ≤ s0.

Then there exists C > 0, depending only on n, ellipticity, D and s0 such that

C−1 ω0(4r(Q)) ≤ ω1(4r(Q)) ≤ C ω0(4r(Q)), ∀Q ∈ ∂D, r > 0,

where ω0 and ω1 denote the harmonic measures for L0 and L1, respectively. In
particular, ω1 ∈

⋂
p>1 Ap(dω0) ∩

⋂
q>1 Bq(dω0).

Proof. Let Q ∈ ∂D, r = s0
8 , Ωs = {x ∈ D : δ(x) < s}, and G0, G1 denote the

Green’s functions in D for L0 and L1, respectively. Then for any x ∈ D we have
that the functions G0(x, ·) and G1(x, ·) are adjoint solutions for L0 in Ωs0\{x}.
From the comparison principle for normalized adjoint solutions [15], we have that

G0(x, y)
G1(x, y)

≈ G0(x, yr(Q))
G1(x, yr(Q))

, y ∈ Tr(Q), x ∈ D\Ω4r.

From Lemma 2.14, [10] we have

ω0
x(4y)

ω1
x(4y)

≈ ω0
x(4r(Q))

ω1
x(4r(Q))

,

where 4y = 4s(P ) with s ≈ δ(y) ≈ |y−P |, P ∈ ∂D. From Lemma 2.8(2) and the
interior Harnack inequality, we have

ω0
x(4y) ≈ ω1

x(4y), y ∈ Tr(Q), x ∈ T5r(Q)\Ω4r.

From the interior Harnack inequality for solutions, [26], the harmonic measures ωxi ,
i = 0, 1, where x ∈ Ω5r\Ω4r, are comparable to the respective harmonic measures
at the center of D, ω0 and ω1 (with constants depending on D and s0); thus, we
obtain for some C > 0 as wanted

C−1 ω0(4y) ≤ ω1(4y) ≤ C ω0(4y), ∀y ∈ Ω s0
8
.

The general case follows from Lemma 2.8(3). �

Definition 2.16 (Area functions). For a function u defined on D, the area function
of aperture α, Sαu and the second area function of aperture α, Aαu, are defined
respectively as

Sαu(Q)2 =
∫

Γα(Q)

δ(x)2

℘(B(x))
|∇u(x)|2 ℘(x) dx
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and

Aαu(Q)2 =
∫

Γα(Q)

δ(x)4

℘(B(x))
|∇2u(x)|2 ℘(x) dx,

where ℘ is as in (2.7), B(x) = Bδ(x)/2(x), and Q ∈ ∂D.

Theorem 2.17 ([10]). Let L ∈ O(λ,Λ), u ∈ C(D) be a solution to Lu = 0 in D,
u(Q) = g(Q) on ∂D, where g ∈ C(∂D). If ν is a positive Borel measure on ∂D,
which is in A∞(ω), where ω is the harmonic measure for L in D evaluated at 0,
then given 0 < p < ∞, α > 0, β > 0, there exists a constant C which depends on
n, ellipticity, p, α, β, the A∞ constant of ν and the Lipschitz character of D such
that

‖Sαu‖Lp(∂D,dν) ≤ C ‖Nβu‖Lp(∂D,dν).

Moreover, if u(0) = 0, then

‖Nαu‖Lp(∂D,dν) ≤ C ‖Sβu‖Lp(∂D,dν).

Lemma 2.18. Let L ∈ O(λ,Λ, η), u a solution to Lu = 0 in D and w an A2

weight. Then if B2r(x) ⊂ D and 2r ≤ ζ(η), we have∫
Br(x)

|∇2u(y)|2 w(y) dy ≤ C

r2

∫
B2r(x)

|∇u(y)|2 w(y) dy,

where C depends only on n, D, ellipticity and |[w]|A2 .

Proof. Choose a cut-off function φ ∈ C∞c (B2r(x)), with φ = 1 on Br(x),

‖∂iφ‖L∞(B2r(x)) ≤M r−i, i = 0, 1, 2,

and M a universal constant. Applying Lemma 2.13 to uφ, we obtain∫
Br(x)

|∇2u|2 dw . 1
r2

∫
B2r(x)

|∇u|2 dw +
1
r4

∫
B2r(x)

|u− uB2r(x),w|2 dw,

where uB,w = 1
w(B)

∫
B
u dw. By the weighted Poincaré type inequality (Theorem

1.5 in [16]) we have∫
B2r(x)

|u− uB2r(x),w|2 w(y) dy ≤ C r2

∫
B2r(x)

|∇u|2w(y) dy,

where C has the required dependence. This finishes the proof. �

We will fix from now on the length of the truncation r∗ for the cones Γα(Q) =
{x ∈ D : |x−Q| ≤ (1 + α) δ(x)} ∩Br∗(Q) defined in (1.4). We set

(2.10) r∗ = min{r0, (2
√
n)−1 ζ(η)},

where r0 = r0(D,λ,Λ) is as in Lemma 2.14, η is the common modulus of continuity
for L0 and L1 in Theorem 1.1 and ζ(η) is given by Definition 2.1.

Theorem 2.19. Let %∗ be given by (2.8), η ∈ Φ(%∗), L ∈ O(λ,Λ, η) and u a
solution to Lu = 0 in D. For any α ≥ α∗(D) > 0 we have the point-wise inequality
on ∂D,

Aαu(Q) ≤ C Scαu(Q),

where c > 1 depends only on dimension n and C depends on n and the ellipticity
constants.
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Proof. Let {Qj}∞j=1 be a Whitney decomposition of D into cubes, that is, D =⋃∞
j=1 Qj, Qj and Qk have disjoint interiors for j 6= k, and rj = side-length(Qj) ≈

dist(Qj , ∂D). Denote by xj the center of Qj. We assume that B2
√
nrj (xj) ⊂ D,

and denote Q̃j the cube with center xj and side-length
√
nrj . Note that there exist

constants N and c > 1 depending only on the dimension n such that

(2.11)
∞∑
j=1

Qj
⋂

Γα(Q) 6=∅

χQ̃j ≤ N χΓcα(Q),

where χE(x) denotes the characteristic function of the set E. We have

A2
αu(Q) =

∑
Qj

⋂
Γα(Q) 6=∅

∫
Qj

⋂
Γα(Q)

δ(x)4

℘(B(x))
|∇2u(x)|2 ℘(x) dx

≤ C
∑

Qj
⋂

Γα(Q) 6=∅

r4
j

℘(B(xj))

∫
Qj

|∇2u(x)|2 ℘(x)dx.

Since η ∈ Φ(%∗), ℘ is an A2 weight with A2 constant depending only on n, λ and
Λ. Note that by assumption (2.10) we have 2

√
n rj ≤ ζ(η). We apply Lemma 2.18

and (2.11) to obtain

A2
αu(Q) ≤ C

∑
Qj

⋂
Γα(Q) 6=∅

r2
j

℘(B(xj))

∫
Q̃j

|∇u(x)|2 ℘(x) dx

≤ C
∑

Qj
⋂

Γα(Q) 6=∅

∫
Q̃j

δ(x)2

℘(B(x))
|∇u(x)|2 ℘(x) dx

≤ N C

∫
Γcα(Q)

δ(x)2

℘(B(x))
|∇u(x)|2 ℘(x) dx

= N C S2
cαu(Q).

�
We will also find useful an averaged version of the nontangential maximal func-

tion.

Definition 2.20. For a function u in D and α > 0, define the modified nontangen-
tial maximal function N0

α(u) by

N0
αu(Q) = sup

Γα(Q)

{∫
B0(x)

u2(y)
℘(y)

℘(B(y))
dy

} 1
2

,

where B0(x) = B δ(x)
6

(x).

From the doubling property of the weight ℘, we have N0
αu . Nαu. When u is a

solution of any elliptic operator in O(λ,Λ, η), we also have:

Lemma 2.21. Let %∗ be given by (2.8), η ∈ Φ(%∗), L1 ∈ O(λ,Λ, η), and u a
solution of L1u = 0 in D. Then

Nαu(Q) . N0
αu(Q) ∀Q ∈ ∂D.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



676 CRISTIAN RIOS

Proof. Let Q ∈ ∂D and x ∈ Γα(Q). From a known reverse Hölder inequality for so-
lutions ([27], see also [20] Theorem 8.17) we have |u(x)| . ‖u‖L3/2(B0(x)) |B0(x)|−3/2.
Then from the Hölder inequality we get

|u(x)| . 1
|B0(x)| 23

(∫
B0(x)

|u|2 ℘(y)
℘(B(y))

dy

) 1
2
(∫

B0(x)

℘(B(y))3

℘(y)3
dy

) 1
6

.

Since ℘ is an A 4
3
-weight, we have ‖1/℘‖L3(B0(x)) . |B0(x)| 43 ℘(B0(x))−1, and from

the doubling property of ℘, we have ℘(B(y)) . ℘(B(x)) for all y ∈ B0(x); thus,

|u(x)| . N0
αu(Q)

℘(B(x))
1
2

|B0(x)| 12
|B0(x)| 12
℘(B0(x))

1
2
. N0

αu(Q).

The lemma follows by taking the supremum for x ∈ Γα(Q) on the above inequality.
�

3. The main local estimate

We present here a version of Theorem 1.1 in which surface measure dσ is replaced
by the harmonic measure dω0 and (1.6) is modified accordingly. A similar result
was proved in [2] for divergence form operators.

Theorem 3.1. Let G0(x, y) be the Green’s function for L0 in D and set G0(y) =
G0(0, y). There exists ε0 > 0 which depends only on n, λ, Λ and D such that if
ai,jk ∈ BMO%∗ , 1 ≤ i, j ≤ n, k = 0, 1, and

(3.1) sup
r>0,Q∈∂D

{
1

ω0(4r(Q))

∫
Tr(Q)

G0(y)
a2(y)
δ2(y)

dy

} 1
2

≤ ε0,

then ω1 ∈ B2(dω0).

We follow the ideas in [2] (see also [6], Theorem 2.7.1). Our proof is specialized
to the case in which the domain D is the unit ball B = B1(0). Let ℘ be as in (2.7),
g ∈ C(∂B), and let u1 be the solution of{

L1u1 = 0 in B,
u1 = g on ∂B.

To prove Theorem 3.1 it is enough to show that for ε0 small enough, there exists
C > 0, which depends on α > 0 and the same parameters as ε0, such that

(3.2) ‖Nαu1‖L2(∂B,dω0) ≤ C ‖g‖L2(∂B,dω0).

Indeed, (3.2) is condition (ii) on Theorem 2.2 when we take µ = ω0 and ω = ω1.
Theorem 3.1 then follows from Theorem 2.2.

Now let u0 solve {
L0u0 = 0 in B,
u0 = g on ∂B.

Then from Corollary 2.7 we have

u1(x) = u0(x)−
∫
B

G0(x, y)L0u1(y) dy = u0(x)− F (x).
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Lemma 3.2. Under the hypothesis of Theorem 3.1 we have

N0
αF (Q) . εMω0(Aαu1)(Q),

where N0
α denotes the modified nontangential maximal operator (Definition 2.20).

Lemma 3.3. Under the hypothesis of Theorem 3.1 we have∫
∂B

S2
cαu1 dω0 .

∫
∂B

Nαu
2
1 dω0.

Let us take Lemmas 3.2 and 3.3 for granted, and let us show how we can then
conclude the proof of Theorem 3.1. From Theorem 2.2 we have

(3.3) ‖Nαu0‖Lp(∂D,dω0) ≤ C ‖g‖Lp(∂D,dω0).

Now, from (3.3), Lemmas 2.21, 3.2 and 3.3:∫
∂B

(Nαu1)2 dω0 .
∫
∂B

(N0
αu1)2 dω0

.
∫
∂B

[(N0
αu0)2 + (N0

αF )2] dω0

.
∫
∂B

Nαu
2
0 dω0 + ε2

∫
∂B

Mω0(Aαu1)2 dω0

.
∫
∂B

g2 dω0 + ε2

∫
∂B

(Aαu1)2 dω0

.
∫
∂B

g2 dω0 + ε2

∫
∂B

(Scαu1)2 dω0

.
∫
∂B

g2 dω0 + ε2

∫
∂B

(Nαu1)2 dω0,

which proves Theorem 3.1 given that ε is small enough.

3.1. Proof of Lemma 3.2. We assume, without loss of generality, that

(3.4) ε(x) = 0 for δ(x) ≥ min{1/2, r0}.

We note that from Lemma 2.8(1) and Lemma 2.14 we have that if dist(y, ∂B) =
δ(y) ≤ 1/4, then

1
ω0(4y)

G0(y)
δ(y)2

≈ ℘(y)
℘(B(y))

.

Then, (3.1) gives

(3.5)

{∫
B(x)

a2(y)
℘(y)

℘(B(y))
dy

}1/2

. ε0.

Let Q0 ∈ ∂B and x0 ∈ Γα(Q0). Denote by δ0 = δ(x0), B0 = B δ0
6

(x0), 2B0 =

B δ0
3

(x0) and B(x) = B δ(x)
2

(x). Also, let G̃(x, y) be the Green’s function for L0 on

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



678 CRISTIAN RIOS

B(x0) = B δ0
2

and set

F1(x) =
∫

2B0

G̃(x, y)L0u1(y) dy,

F2(x) =
∫

2B0

[G0(x, y)− G̃(x, y)]L0u1(y) dy,

F3(x) =
∫
B\2B0

G0(x, y)L0u1(y) dy,

so that F (x) = F1(x)+F2(x)+F3(x), x ∈ B(x0). Remember ε(x) = A1(x)−A0(x)
and a(x) = supB(x) |ε(x)|. If x ∈ B0, we have

(3.6)

|ε(x)| ≤ C(n)
|B(x)|

∫
B(x)

a(y)dy

≤ C(n)
|B(x)|

{∫
B(x)

a2(y)
℘(y)

℘(B(y))
dy

}1/2{∫
B(x)

℘(B(y))
℘(y)

dy

}1/2

≤ Cε0

{
℘(B(x))
|B(x)|

1
|B(x)|

∫
B(x)

℘−1(y)dy

}1/2

≤ Cε0,

where we used (3.5), the doubling property of ℘ and the fact that ℘ ∈ A2. Note
that F1 verifies L0F1 = χ(2B0)L0u1 in B(x0), F1 = 0 on ∂(B(x0)), with χ(2B0)
the characteristic function of 2B0. From the weighted Sobolev inequality (Theorem
1.2 in [16]), Theorem 2.5 and (3.6) we have

{∫
2B0

F 2
1 (x)

℘(x)
℘(B(x))

dx

} 1
2

. δ0

{∫
B(x0)

|∇F1(x)|2 ℘(x)
℘(B(x))

dx

} 1
2

.
{∫

B(x0)

|L0F1(x)|2 δ4(x)
℘(x)

℘(B(x))
dx

} 1
2

.
{∫

2B0

ε(x)2|∇2u1(x)|2 δ4(x)
℘(x)

℘(B(x))
dx

} 1
2

. ε0Aαu1(Q0).

(3.7)

Let vx(y) = G0(x, y) − G̃(x, y), x, y ∈ 2B(x0). Then if L0
∗ denotes the adjoint

operator to L0, we have L0
∗vx = 0 in B(x0), and vx ≥ 0 in B(x0). In particular,

ṽ(y) = vx(y)/℘(y) is a nonnegative normalized adjoint solution (n.a.s.) of L0 in
B(x0) (see Definition 2.12). From the maximum principle for n.a.s., the Harnack
inequality for n.a.s., and Lemma 2.14 we have

(3.8) ṽ ≤ max
y∈ 2B0

ṽ ≤ C G0(x, y)
℘(y)

≈ ωx(4y) δ2(y)
℘(B(y))

,

where y ∈ ∂(2B0) verifies δ(y) = dist(∂(2B0), ∂B). From Lemma 2.8(2) and the
Harnack inequality it follows that ωx(4y) ≈ 1. Then, from Lemma 2.14, (3.8) and
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(3.6) we get for x ∈ B0,
(3.9)

|F2(x)| . ε0

∫
2B0

δ(y)2 ωx(4y) |∇2u1(y)| ℘(y)
℘(B(y))

dy

. ε0

{∫
2B0

δ(y)4 |∇2u1(y)|2 ℘(y)
℘(B(y))

dy

} 1
2
{∫

B0

℘(y)
℘(B(y))

dy

} 1
2

. ε0Aαu1(Q0).

Now define

Ω0 =
(
B ∩B δ0

2
(Q0)

)
, Ωj = (B ∩B2j−1δ0(Q0)) \ (2B0 ∪B2j−2δ0(Q0)) ,

j = 1, 2, · · · , j0 − 1, and
Ωj0 = B\B2j0−2δ0(Q0),

where 1
2 < δ0 2j0−1 ≤ 1. We set

F j3 (x) =
∫

Ωj

G0(x, y)L0u1(y) dy, j = 0, 1, · · · , j0.

Thus,

(3.10) F3(x) =
j0∑
j=0

F j3 (x).

We now need to define the notion of a dyadic grid:

Definition 3.4. A dyadic grid on ∂B is a collection of Borel sets I =
⋃∞
k=1 Ik,

such that
(i) ∂B =

⋃
I∈Ik I, k = 1, 2, · · · ,

(ii) I, J ∈ Ik, I 6= J ⇒ I and J have disjoint interiors,
(iii) I ∈ Ik ⇒ diam(I) ≈ 2−k,
(iv) for every I ∈ Ik, ∃! I ′ ∈ Ik−1 : I ⊂ I ′, k = 2, 3, · · · ,
(v) for every I ∈ I there exists a boundary ball 4I such that

4I ⊂ I ⊂ c4I ,
where c > 1 is a universal constant.

If I ∈ I, we say that I is dyadic.

We consider now a Whitney decomposition of B into cubes, B =
⋃
Q∈QQ. As

in the proof of Theorem 2.19, it is easy to see that there exists a dyadic grid on ∂B
such that for every I ∈ I, we can assign a cube I+ ∈ Q so that

(3.11)
⋃
k≥1

⋃
I∈Ik

I+ = B\B 1
2
(0).

Moreover, the correspondence I 7→ I+ can be defined so that for any boundary
ball 4r(Q) we have Tr(Q) ⊂

⋃
I∈I, I⊂4r(Q) I

+. Remember that by (3.4), ε ≡ 0 in
B 1

2
(0). Let 40 = 4 δ0

2
(Q0) = B δ0

2
∩∂B, and suppose I ⊂ 40 is dyadic. For x ∈ B0

and y ∈ I+ we have from Lemma 2.8(1) and Lemma 2.14,

(3.12) G0(x, y) ≈ δ2(y)
ω0(4y)
ω0(40)

℘(y)
℘(B(y))

≈ G0(y)
ω0(40)

.
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To estimate F 0
3 (x) we will use a “stopping time” argument. For j = 0, ±1, ±2, · · · ,

let

Oj = {Q ∈ 40 : Aαu1(Q) > 2j},
Õj = {Q ∈ 40 : Mω0(χ(Oj))(Q) > c∗},
Jj = {I dyadic, I ⊂ 40 : ω0(I ∩ Oj) ≥ 1

2 ω0(I) but ω0(I ∩ Oj+1) < 1
2 ω0(I)}.

If I ∈ Jj , by Definition (3.4)(v) and the doubling property of ω0, it easily follows
that for any Q ∈ I,

Mω0(χ(Oj))(Q) > c∗

for some c∗ > 0 depending only on dimension and ellipticity. Therefore, taking this
choice of c∗ in the definition of Õj , we have I ⊂ Õj , whenever I ∈ Jj . Now, from
(3.12) we get

|F 0
3 (x)| =

∣∣∣∣∣∣∣∣
∑
I⊂40
Idyadic

∫
I+∩Ω0

G0(x, y)L0u1(y) dy

∣∣∣∣∣∣∣∣
. 1

ω0(40)

∑
j

∑
I∈Jj

ω0(I)
∫
I+∩Ω0

δ2(y) ε(y) |∇2u1(y)| ℘(y)
℘(B(y))

dy.

On the other hand, if I ⊂ 40 is dyadic, then I ∈ Jj for some j. Now we set

Jj = {J dyadic: J ∈ Jj , and J ⊂ J ′, J ′ dyadic, J ′ ∈ Jj ,⇒ J ′ = J},

that is, Jj is the collection of “maximal” dyadic sets in Jj . It is clear that Jj =⋃
J∈Jj J , with a disjoint union. Let T (J) =

⋃
I⊂J

I dyadic
I+, where J is dyadic. Then

if J ∈ Jj , from (3.1) and (3.12), we have
∑

I dyadic
I⊂J

ω0(I)
∫
I+∩Ω0

a2(y)
℘(y)

℘(B(y))
dy


1
2

.
{∫

T (J)∩Ω0

G0
a2

δ2
dy

} 1
2

. ε0 (ω0(J))1/2
.

(3.13)

By the Hölder inequality and (3.13),

|F 0
3 (x)| . ε0

ω0(40)

∑
j

∑
J∈Jj

(ω0(J))1/2

 ∑
J⊃I∈Jj

ω0(I)
∫
I+∩Ω0

δ4(y) |∇2u1(y)|2 ℘(y)
℘(B(y))

dy


1/2

.

Now we make the following observation: There exists α = α(n) such that if I ⊂ ∂B
is dyadic, and E ⊂ I with 2ω0(E) ≥ ω0(I), then∫

I+
f(y)ω0(4y) dy .

∫
E

∫
Γα(Q)

f(y) dy dω0(Q).
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This is a consequence of Fubini’s theorem and the fact that for appropriate α = α(n)
we have I+ ⊂ Γα(Q) for all Q ∈ I. From the weak type inequality of the maximal
operator Mω0 we have ω0(Õj\Oj+1) . ω0(Oj). Then, since ω0(I\Oj+1) ≥ 1

2 ω0(I)
and I ⊂ Õj for all I ∈ Jj , we have
(3.14)

|F 0
3 (x)| .

∑
j

ε0 ω0(Oj)
1
2

ω0(40)

{∫
Õj\Oj+1

∫
Γα(Q)

|∇2u1(y)|2 δ
4(y)℘(y)
℘(B(y))

dy dω0

} 1
2

. ε0

ω0(40)

∑
j

ω0(Oj)
1
2

{∫
Õj\Oj+1

A2
αu1(Q) dω0(Q)

} 1
2

. ε0

ω0(40)

∑
j

ω0(Oj) 2j

. ε0

ω0(40)

∫
40

Aαu1(Q) dω0(Q) . ε0Mω0(Aαu1)(Q0).

Now we claim that for some θ > 0 we have

(3.15) |F j3 (x)| . 2−jθ ε0Mω0(Aαu1)(Q0), j = 1, 2 · · · .

If we take (3.15) for granted, adding in j in (3.15) and from (3.14) and (3.10), we
obtain

(3.16) |F3(x)| . ε0Mω0(Aαu1)(Q0), x ∈ B0.

Then, from F (x) = F1(x) + F2(x) + F3(x), x ∈ B0, (3.7), (3.9), (3.16) and the
doubling property of ℘, it follows that

N0
αF (Q0) . ε0Mω0(Aαu1)(Q0), x ∈ B0,

which proves Lemma 3.2.
To show (3.15), we proceed as in the estimate of F 0

3 . We set4j = 42j−1δ0(Q0) =
B2j−1δ0(Q0)∩∂B, and40

j = 4j\4j−1. From Definition 3.4 and simple geometrical
considerations, it follows that there exists α > 0 such that

Ωj ⊂ (Γα(Q0) ∩ Ωj) ∪ (
⋃
I⊂40

j

I dyadic

I+).

Let xj ∈ (Γα(Q0)∩Ωj) = Ω0
j , j = 1, 2, · · · . Since G0(·, y) is a nonnegative solution

of L0u = 0 in B\{y} vanishing on ∂B, G(·, y) is Hölder continuous up to the
boundary [7]; moreover, we have

G0(x, y) . 2−jθ G0(xj−1, y), y ∈ Ω0
j ,

where C and θ only depend on ellipticity and dimension. From this inequal-
ity and the Harnack inequality for nonnegative solutions, we have G0(x, y) .
2−jθG0(xj+1, y). From Lemma 2.14 we get

G0(xj+1, y) ≈ ω0
xj+1(4j)℘(y)℘(B(y))−1δ(y)2 ≈ ω0

xj+1(4j)
ω0(4j)

G0(y).
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From Lemma 2.8(2) we have ω0
xj+1(4j) ≈ 1; thus,

(3.17) G0(x, y) . 2−jθ

ω0(4j)
G0(y), x ∈ B0, y ∈ Ω0

j .

We have for x ∈ B0,
(3.18)

|
∫

Ω0
j

L0u1(x)G0(x, y) dy| . 2−jθ

ω0(4j)

∫
Ω0
j

ε(x) |∇2u1(x)|G0(y) dy

. 2−jθ

ω0(4j)

{∫
Ω0
j

|∇2u1(x)| δ(y)4 ℘(y)
℘(B(y))

dy

} 1
2

{∫
Ω0
j

a2(x) δ(y)−4 G0
2(y)

℘(B(y))
℘(y)

dy

} 1
2

. 2−jθ
{∫

Ω0
j

|∇2u1(x)| δ(y)4 ℘(y)
℘(B(y))

dy

} 1
2

{
1

ω0(4j)

∫
Ω0
j

a2(x) δ(y)−2 G0(y) dy

} 1
2

. ε0 2−jθ Aα(u1)(Q0).

On the other hand, an argument similar to the one applied to obtain the bound for
F0 and a consideration in the spirit of (3.17) yields

(3.19) |
∫

Ωj\Γα(Q0)

L0u1(x)G0(x, y) dy| . ε0 2−jθMω0(Aα(u1))(Q0).

(3.15) follows from (3.18) and (3.19). This concludes the proof of Lemma 3.2.

3.2. Proof of Lemma 3.3. From the identity L0(u2
1) = 2A0∇u1 ·∇u1+2 u1L0u1,

we have
|∇u1|2 . 2A0∇u1 · ∇u1 = L0(u2

1)− 2 u1L0u1.

We let B∗ = B1−r0 . By Fubini’s theorem and the fact that ε(x) = 0 in B 1
2

we get∫
∂B

S2
cαu1 dω0 .

∫
B\B∗

|∇u1|2 δ(x)2 ℘(x)
℘(B(x))

ω0(4x) dx

.
∫
B\B∗

{L0(u2
1)− 2 u1L0u1} δ(x)2 ℘(x)

℘(B(x))
ω0(4x) dx

. ε0

∫
B\B 1

2

|u1| |∇2u1| δ(x)2 ℘(x)
℘(B(x))

ω0(4x) dx,

where we used Lemma 2.14 and
∫
B L0(u2

1)G0(x) dx ≤ 0. Now we apply a “stopping
time” argument as in the proof of (3.14) to obtain∫

∂B

S2
cαu1 dω0 . ε0

∫
∂B

Nαu1 ·Aαu1 dω0.
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From Theorem 2.19 and the inequality |a b| ≤ µ−1 a2 + µ b2, µ > 0 we get∫
∂B

S2
cαu1 dω0 ≤ C ε0

∫
∂B

Nαu1 · Scαu1 dω0

≤ C
ε0

µ

∫
∂B

(Nαu1)2 dω0 + C ε0 µ

∫
∂B

S2
cαu1 dω0.

The lemma follows from choosing µ so that C ε0 µ = 1
2 .

4. Proof of Theorem 1.1

We will obtain Theorem 1.1 as a consequence of the following special case in the
spirit of [4].

Theorem 4.1. Suppose that ω0 ∈ A∞(dσ) and let E(Q) be given by

Er(Q) =

{∫
Γα(Q)∩Br(Q)

a2(x)
δn(x)

dx

} 1
2

r > 0, Q ∈ ∂D.

There exists %0 = %0(n, λ,Λ, D, ζ, κ) > 0 such that if ai,jk ∈ BMO2%∗(Rn), 1 ≤ i, j ≤
n, k = 0, 1, and

(4.1) sup
Q∈∂D

Er0(Q) = M1 <∞,

then ω1 ∈ A∞(dσ). Here, ζ and κ are the A∞ constants of ω0 with respect to σ as
given in (2.1).

We postpone the proof of Theorem 4.1 to the next section, and we now show
how Theorem 1.1 follows from this result. We assume that a(x) ≡ 0 if δ(x) > r0/2.
By Lemma 2.15, this assumption does not bring any loss of generality. Fix Q ∈ ∂D
and let 0 < r ≤ r0/2. By Fubini’s theorem and (1.6) we have

1
σ(4r(Q))

∫
4r(Q)

E2
r (P ) dσ(P ) . 1

σ(4r(Q))

∫
T2r(Q)

a2(x)
δ(x)

dx .M2.

So there exists a closed set F ⊂ 4r(Q) such that 2 σ(F ) > σ(4r(Q)) and E(P ) .
M for all P ∈ F . Now, we need to introduce a “saw-tooth” region Ω = Ω(F, r)
over F , that is, for given 0 < α < β, Ω verifies (see [28], [10]):

(i) for suitable α′, α′′, c1, c2 with α < α′ < α′′ < β,⋃
P∈E
{Γα′(P ) ∩Bc1 r(P )} ⊂ Ω ⊂

⋃
P∈E
{Γα′′(P ) ∩Bc2 r(P )};

(ii) ∂Ω ∩ ∂D = F ;
(iii) there exists x0 ∈ Ω with dist(x0, ∂Ω) ≈ r; we call x0 the center of Ω;
(vi) Ω is a Lipschitz domain with Lipschitz constant which depends only on B.

Let L̃ =
∑n

i,j=1 ã
i,j∂ij where Ã = {ãi,j(x)}ni,j=1 and

Ã(x) =
{
A1(x) x ∈ Ω(F, r),
A0(x) x ∈ B\Ω(F, r).

From the definition of a(x) it is easy to see that

(4.2) |{y ∈ B(x) : a(y) ≥ a(x)}| & |B(x)|.
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From (4.2) and (1.6) we have that for all x ∈ D,

a2(x) . 1
|B(x)|

∫
B(x)

a2(y) dy .M2.

We set ã(x) = supy∈B(x) |Ã(y) − A0(y)|. Then ã(x) ≤ a(x) . M for all x ∈ D.
Note that since for all 1 ≤ i, j ≤ n, we have

ãi,j = ai,j0 + (ai,j1 − a
i,j
0 )χΩ(F,r),

where χΩ(F,r) is the characteristic function of Ω(F, r), we have ηã ≤ ηa0 + CM ,
where ηã and ηa0 are the BMO moduli of continuity of Ã and A0, respectively.
Therefore, if M is small enough, say M ≤ C−1%∗, we have that the coefficients of
L̃ belong to the space BMO2%∗ .

Our saw-tooth region Ω(F, r) can be constructed so that for any Q ∈ ∂D such
that x ∈ Γα(Q) ∩ Ω(F, r) 6= ∅, there exists P ∈ F such that B(x) ⊂ Γα(P ). From
this observation, we have that if Ẽr(P ) is as in the definition of Er(P ) above but
replacing a by ã, then Ẽr(P ) . M for all P ∈ ∂D. Therefore, from Theorem 4.1
we have that the harmonic measure ω̃ for L̃ on ∂D is in A∞(dσ) and by a known
result in the theory of weights [11] there exists θ > 0 and c > 0 (depending only on
ζ and κ) such that

(4.3)
(

ω̃(Z)
ω̃(4r(Q))

)θ
≥ c σ(Z)

σ(4r(Q))

for any set Z ⊂ 4r(Q). Since σ(F )
σ(4r(Q)) >

1
2 we have that if σ(E)

σ(4r(Q)) >
3
4 , then

σ(E∩F )σ(4r(Q))
>

1
4 . Therefore, from (4.3) we get

ω̃(E ∩ F )
ω̃(4r(Q))

& 1.

Let x0 be the “center” of the saw-tooth region Ω(R, r) and denote by ω̃Ω the
harmonic measure for L̃ on ∂Ω(F, r) evaluated at x0. From the “main lemma”
in [10] (see also [28]) we have

ω̃(E ∩ F )
ω̃(4r(Q))

≤ C (ω̃Ω(E ∩ F ))ϑ .

Thus, ω̃Ω(E ∩ F ) ≥ C. Since L1 = L̃ in Ω(F, r), we obtain ω1Ω(E ∩ F ) ≥ C,
where ω1Ω denotes the harmonic measure on ∂Ω(F, r) for the operator L1. From
the scaling of the harmonic measure (Lemma 2.8(1)) and the maximum principle
we get

ω1(E ∩ F )
ω1(4r(Q))

& ω1
x0(E ∩ F ) ≥ ω1Ω(E ∩ F ) & 1,

and then
ω1(E)

ω1(4r(Q))
≥ κ0,

for some positive κ0. This shows that condition (2.1) holds for the measures ω1

and σ with ζ = 3
4 and κ = κ0. Therefore, ω1 ∈ A∞(dσ) as wanted, in the case

M ≤ C−1%∗.
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For the general case, define Lt = (1 − t)L0 + tL1 for 0 ≤ t ≤ 1, let K be
a positive integer such that K−1M ≤ C−1%∗, and for integers 0 ≤ l < K, let
al(x) = supB(x) |A l+1

K
(y)− A l

K
(y)|, where At = (1 − t)A0 + t A1. Note that since

the set BMO%∗ is convex, we have that At ∈ BMO%∗ , 0 ≤ t ≤ 1. By the same
consideration, the matrices At are uniformly elliptic with ellipticity λ and their
entries are bounded by Λ. Denote by ωt the harmonic measure in D with respect
to Lt, 0 ≤ t ≤ 1. Then since

al(x) = sup
y∈B(x)

| 1
K

(A1(y)−A0(y))| ≤ 1
K

a(x), 0 ≤ l < K,

we have that the pairs of operators L l
K

and Ll+ 1
K

, 0 ≤ l < K verify

sup
0<r<r0
Q∈∂D

hl(r,Q) = M/K ≤ C−1%∗ < +∞,

where

hl(r,Q) =

{
1

σ(4r(Q))

∫
Tr(Q)

a2
l (x)
δ(x)

dx

}1/2

, 0 ≤ l < K.

From the previous special case we have

ω l
K
∈ A∞(dσ)⇒ ω l+1

K
∈ A∞(dσ), l = 0, , 1, · · · K − 1.

So ω1 ∈ A∞(dσ), and this finishes the proof of Theorem 1.1.

5. Proof of Theorem 4.1

Now we will show that Theorem 4.1 follows from Theorem 3.1. It is clear from
the proof of Theorem 3.1 (see Section 3) that we might replace a(x) in (3.1) by
a0(x) = supy∈B0(x) |A0(y) − A1(y)|, where B0(x) is the ball centered at x with
radius δ(x)/c for any fixed constant c ≥ 2. We claim that if we take c = 8 in the
definition of a0, M1 is given by (4.1) and 0 < r ≤ r0, we have

(5.1)
1

ω0(4r(Q))

∫
Tr(Q)

a2
0(x)

G0(x)
δ(x)2

dx .M2
1 .

In fact, from Lemma 2.14 we have∫
Tr(Q)

a2
0(x)

G0(x)
δ(x)2

dx .
∫
Tr(Q)

a2
0(x)

℘(x)
℘(B(x))

ω0(4x)dx.

From Besicovitch’s covering lemma (I.8.17 in [23]), we can find a sequence {xj}∞j=1 ⊂
Tr(Q) such that Tr(Q) ⊂

⋃
j Bj , where Bj = B δ(xj )

8
(xj) and the balls Bj have finite
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overlapping. Then∫
Tr(Q)

a2
0(x)

G0(x)
δ(x)2

dx .
∑
j

∫
Bj

a2
0(x)

℘(x)
℘(B(x))

ω0(4x)dx

.
∑
j

ω0(4xj )
℘(B(xj))

∫
Bj

a2
0(x)℘(x)dx

.
∑
j

ω0(4xj ) a2(xj)

.
∑
j

ω0(4xj )
∫
B(xj)

a2(x)
δ(x)n

dx

.
∫
4r(Q)

E2
r (P ) dω0(P ),

where we have used Fubini’s theorem; (5.1) now follows from (4.1). Then, if M1

is small enough, say M1 ≤ C−1ε0, from Theorem 3.1 we have that ω1 ∈ B2(dω0)
and since ω0 ∈ A∞(dσ), we have ω1 ∈ A∞(dσ), proving Theorem 4.1 in the case
M1 ≤ C−1ε0.

For the general case, we define as before Lt = (1 − t)L0 + tL1 for 0 ≤ t ≤ 1.
Let K be a positive integer such that C K−1M1 ≤ ε0 and for integers 0 ≤ l < K,
let al(x) = supB(x) |A l+1

K
(y)−A l

K
(y)|, where At = (1− t)A0 + t A1. Denote by ωt

the harmonic measure in D with respect to Lt, 0 ≤ t ≤ 1. Then since

al(x) = sup
y∈B(x)

| 1
K

(A1(y)−A0(y))| ≤ 1
K

a(x),

from the previous result, we have

ω l
K
∈ A∞(dσ)⇒ ω l+1

K
∈ A∞(dσ), l = 0, 1, · · · , K − 1.

So ω1 ∈ A∞(dσ), and this completes the proof of Theorem 4.1.
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