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ANALYTIC MODELS FOR COMMUTING OPERATOR TUPLES
ON BOUNDED SYMMETRIC DOMAINS
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ABSTRACT. For a domain Q in C?% and a Hilbert space H of analytic functions
on €2 which satisfies certain conditions, we characterize the commuting d-tuples
T = (T1,...,Ty) of operators on a separable Hilbert space H such that T is
unitarily equivalent to the restriction of M* to an invariant subspace, where M
is the operator d-tuple Z® I on the Hilbert space tensor product H® H. For 2
the unit disc and H the Hardy space H?2, this reduces to a well-known theorem
of Sz.-Nagy and Foias; for H a reproducing kernel Hilbert space on Q C C¢
such that the reciprocal 1/K(z,y) of its reproducing kernel is a polynomial
in x and ¥, this is a recent result of Ambrozie, Miiller and the second author.
In this paper, we extend the latter result by treating spaces H for which 1/K
ceases to be a polynomial, or even has a pole: namely, the standard weighted
Bergman spaces (or, rather, their analytic continuation) H = H, on a Car-
tan domain corresponding to the parameter v in the continuous Wallach set,
and reproducing kernel Hilbert spaces H for which 1/K is a rational func-
tion. Further, we treat also the more general problem when the operator M
is replaced by M & W, W being a certain generalization of a unitary operator
tuple. For the case of the spaces H, on Cartan domains, our results are based
on an analysis of the homogeneous multiplication operators on §2, which seems
to be of an independent interest.

Let T be a bounded linear operator on a separable Hilbert space H. A well-known
result of Sz.-Nagy and Foias says that the following two assertions are equivalent:

() I—TT* >0 (ie., T is a contraction) and T*" — 0

01 in the strong operator topology;
(0-1) (b) T™ is unitarily equivalent to the restriction of a backward

shift of infinite multiplicity to an invariant subspace.

There is also a somewhat stronger form of this result which deals with the case
when the second half of the condition (a) is not satisfied: namely,

T (equivalently, T™) is a contraction if and only if 7™ is unitarily equivalent
(0.2) to the restriction to an invariant subspace of the direct sum of a backward
shift of infinite multiplicity and a unitary operator.
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838 JONATHAN ARAZY AND MIROSLAV ENGLIS

A number of generalizations of the Sz.-Nagy-Foias theorem have subsequently been
established by several authors. Typically, in these results the operator T is replaced
by a d-tuple of commuting operators 11, ...,T; on H, the contractivity of T' by an
appropriate positivity condition on the tuple 77, ...,T4 (e.g. the spherical, or row,
contractivity I — 11Ty — --- — TyT; > 0), and the backward shift by the d-tuple
of the adjoints of the operators of multiplication by the coordinates in a suitable
Hilbert space H of analytic functions. The first result of this kind is due to Agler
[Agl], [Ag2|, for d = 1 and H the weighted Bergman space on the unit disc D with
reproducing kernel (1 — zw)™™, m = 1,2,3,.... The spherical contractions were
considered by Drury [Dr], Athavale [Atl], [At3] and Miiller and Vasilescu [MV],
whose results correspond to H the weighted Bergman space on the unit ball B¢ of
C? with reproducing kernel (1—(z,w))™™, m = 1,2,3,.... (See also [Arv] for a far-
reaching operator-algebraic development of this theory.) In Pott [Pd] these results
were further extended to the case of H the Hilbert space with the reproducing
kernel (1 — (z,w) — P(z1W1,...,24Wq))""™, m = 1,2,..., on a Reinhardt domain
of the form {z € C? : P(|z1]%,...,|za|*) < 1 — ||z||?}, where P is a polynomial
with positive coefficients and without constant and linear terms. Finally, the most
general result of this type has recently been obtained by Ambrozie, Miiller and the
second author in [AEM]. Namely, let Q be a domain in C? and H a Hilbert space
of analytic functions on €2 which has the following properties:

(1) H is invariant under the operators Z; of multiplications by the coordinate
functions z; (j =1,...,d).
(2) The evaluation functionals are continuous on H. Consequently, there exists
a reproducing kernel K (z,w) for H.
(3) H contains all polynomials and they are dense in it.
(4) The function 1/K(z,w) is a polynomial (in z and w).
It is well known that for any orthonormal basis {1} of H, the reproducing kernel
is given by

K(z,m) =Y tu(2)in(w).
k

In view of (3), by applying the Gramm-Schmidt orthogonalization process, we may
construct an orthonormal basis {1} consisting of polynomials and such that, con-
versely, any polynomial is a linear combination of a finite number of the ;. We fix
such a basis from now on. For each m, set

Sn K(zw)

Then fo(z,w) = 1 on Q x Q. By virtue of (4) and our choice of the basis, the
difference fo — fp, is a polynomial in z,w, for each m; thus the f,, themselves are,
in fact, polynomials.

For a commuting d-tuple T' = (71, ..., Ty) of operators and a polynomial p(z,w)
of z,w € C%, holomorphic in z and w, let us define (the “Maslov calculus” [M], [MN])

p(T,T%) := ZpagTaT*ﬁ if p(z,w) = Zza@ﬁ.
a,3 a,

(Up to the order of T and T*, this coincides with the “hereditary calculus” of
Agler [Agl].) The main result of [AEM] is the following.
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Theorem (JAEM], Corollary 15). Assume that H satisfies (1) —(4) and let T be
a commuting d-tuple of operators on a separable Hilbert space H. Denote by M
the operator d-tuple Z @ I on the Hilbert space tensor product H ® H. Then the
following are equivalent:

(a) T™* is unitarily equivalent to the restriction of M* to an invariant subspace.
(b) =(T,T*) >0 and (fn(T,T*)h,h) — 0 Vh € H.

Note that the operator Z ® I is nothing but the direct sum of m copies of Z,
where m = dim H < Xg. We will use these two interpretations interchangeably in
the sequel without further mention.

Note also that the property in part (b) depends on the choice of the orthonormal
basis {#r}, but the property in (a) does not.

For 2 = D, the unit disc, H = H?, the Hardy space with the reproducing kernel
K(z,w) = 1/(1 — 2W), so that (T, T*) = I — TT*, and vx(z) = 2* the standard
orthonormal basis, we get fo, (T, T*) = T™T*™, the operator M is just the forward
shift of infinite multiplicity, and one thus recovers the result of Sz.-Nagy and Foias
(0.1) mentioned in the beginning. Similarly one can obtain by suitable choices of
'H the other generalizations of (0.1) mentioned above.

In spite of the fairly general character of the last theorem, the assumption (4)
is still quite restrictive. Even in the most familiar case, the weighted Bergman
spaces on the unit disc with respect to the weights (1 — |2|?)%, a > —1 (so that
the reproducing kernels are 21 (1 — zw)~*~?2), it is satisfied only for o an integer.
Similarly, for Q a smoothly bounded strictly pseudoconvex domain in C? and H
the Bergman space on 2 with respect to the Lebesgue measure, it follows from
the results of Fefferman [Fe] and Graham |[Ghl Theorem 3.2] that (4) can only
be satisfied if 2 is biholomorphically equivalent to the unit ball. In this paper,
we therefore present several extensions of the last theorem to cases when (4) is
not fulfilled. It turns out that the main problem is, as can be expected, to make
sense of the expression % (7,7*) when + is not a polynomial, or, more generally,
a holomorphic function of z,w in a neighbourhood of the Taylor spectrum of the
d-tuple T. We remark that, curiously enough, it is frequently possible to make
sense of %(T, T*) even if there exist z,y € Q, belonging to the Taylor spectrum,
for which K (z,7) = 0; cf. Section 4 below.

The paper is organized as follows. In Section 1, we show that, loosely speaking,
the above theorem remains in force even without the assumption (4), as long as
one can “make sense of the operator (7', T*) in a reasonable way” (Theorem 1.3).
(In fact, it turns out that we can even dispense with the hypothesis (2) as well.)
For want of a better term, we will call any “reasonable way of making sense of
% (T, T*)" a %-calculus for the functional Hilbert space H; see below for the precise
definition. In Section 2 we review some background material on bounded symmetric
domains. The next two sections give some examples of %—calculi. In Section 3 we
construct a %—calculus for H the standard weighted Bergman space on a Cartan
(i.e., irreducible bounded symmetric) domain in C? corresponding to the parameter
v in the Wallach set (Proposition 3.1 and Theorem 3.3). The results are based
on an analysis of the multiplication operators on these spaces which we believe
to be of an independent interest. In Section 4 we deal with the case when the
reproducing kernel of H is a rational function. The last two sections are concerned
with analogues of (0.2), i.e., descriptions of the “%—unitary part”: in Section 5,
an analogue of (0.2) is proved for rotation-invariant functional Hilbert spaces H on
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840 JONATHAN ARAZY AND MIROSLAV ENGLIS

complete Reinhardt domains Q C C? (Theorem 5.1), and includes as a special case
the above-mentioned results of Pott [Po]. Finally, in Section 6 we also establish
an analogue of (0.2) for the weighted Bergman spaces on Cartan domains from
Section 3 (Theorems 6.3 and 6.4).

Throughout the paper, H stands for a Hilbert space of holomorphic functions
on a domain 2 C C¢ which satisfies the condition (1) above (but not necessarily
(2), (3) or (4)). For a separable Hilbert space H, we denote by B(H) the space
of all bounded linear operators on H, by B(B(H)) the space of all bounded linear
operators (transformers) on the Banach space B(H), and by B(H)" the cone of
nonnegative operators in B(H) (i.e., T € B(H)" if (Th,h) > 0 Yh € H). The sym-
bol Iy stands for the identity operator on H; the subscript H will be sometimes
omitted. For T, S € B(H), we denote by Ly : X — TX and Rg : X — XS the cor-
responding operators of left and right multiplication by T and S, respectively. Sim-
ilarly, for commuting d-tuples T' = (T1,...,T4) and S = (S1,...,Sq) of operators
in B('H) we denote by Ly and Rg the d-tuples (Lr,,...,Lr,) and (Rg,,...,Rs,),
respectively. Note that (Lp, Rg) is a commuting 2d-tuple of elements of B(B(H)).
The polynomial (“Maslov”) calculus above can thus be rewritten as

p(T,T") = p(Lt, Ry~ )1,

where the right-hand side is simply the polynomial of the commuting operators Ly
and Ry, applied to the identity operator I, i.e., p(Lt, Rp«) € B(B(H)) is obtained
from p(z,w) upon substituting the commuting operators Lz, and Rr- for z; and wy,
respectively. Finally, Z will always stand for the operator tuple of multlphcatlons
by the coordinate functions on H, Py for the operator

Py:=(,1)1 (i.e. Pox = {(x,1)1)
on ‘H, and the operator Z ® I will be occasionally denoted by M.

1
1. 7¢-CALCULI

Definition 1.1. Let H be a Hilbert space of holomorphic functions on a domain
Q C C? which satisfies the condition (1) and contains the constant functions.
We say that H admits a K -calculus if for each separable Hilbert space H there
exists a (nonlinear) mapping ®y, defined on a subset dom @y C B(H) and having
as values subsets of B(H)", such that the following two conditions are satisfied:
() if V : Hy — Hj is an isometry and T1V* = V*Ty, then Ty € dom @y,
implies that 71 € dom ® g, and ®g, (Th) D V*®y, (T2)V;
(8) for any separable Hilbert space E, the operator Z ® I on H ® E belongs to
dom ®ygp and Prgr(Z @ I) is the subset of B(H ® E) consisting of the
single element Py ® Ig.

We say that the %—Calculus ® is strong if @y (T) consists of a single element, for
any H and T € dom ®p.

For strong %—calculi7 we will usually not distinguish between the set ® 5 (T) and
the single element it contains; in particular, we will abuse the notation and denote
both by @4 (T).

The idea behind the %—calculus is that one should think of @5 (T") as “all possible
values of (T, T*)” where K (z,) is the reproducing kernel of H. This is elucidated
by the next proposition.
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Proposition 1.2. Assume that the Hilbert space H has reproducing kernel K (z,w)
such that 1/K (z,w) is a polynomial in z and w. Then the recipe

1 1
— — (T, T (z-L,RJ),

with T € dom @y if and only if the right-hand side is a nonnegative operator, gives
a strong %-calculus for H.

Oy (T)

Proof. Since 1/K(z,w) is a polynomial in z and w, %(LT,RT*) makes sense for
any commuting tuple T, and the validity of («) in Definition 1.1 follows from the
properties of the polynomial functional calculus. (In fact, it would be enough to
assume that 1/K(z,w) is an entire function of z and w.) It also follows from the
latter that ®xgu(T @ I) = Oy (T) ® I; so to prove (F) it suffices to show that
®4(Z) = Py. This was proved in Proposition 13 in [AEM]; for convenience, we
reproduce the proof here.
Recall that for any w € Q,

(1.1) 77Ky =W Ky

where K,,(z) := K(z,w). It follows that for any polynomial p(z,w) and z,y € Q,
(1'2) (p(Z, Z*)Kya K27> = p(xangya K2?> = p(x,y)K(l‘,ﬂ)

So, in particular, (%(Z, Z*)K,, K,) = 1 Va,y € Q. Since also (K,,1)(1, K,) =
1(y)1(z) = 1 Va,y € Q, and since the span of {K,, }weq is dense in H, it follows
that +(Z,Z*) = P. O

Let us now assume that H satisfies the conditions (1) and (3). We fix an orthonor-
mal basis 9 = {¢;}72, of H such that each ¢; is a polynomial and, conversely,
every polynomial is a linear combination of finitely many %);’s; as noted in the in-
troduction, the existence of such a basis is a consequence of the condition (3). For
any nonnegative operator C' and a commuting d-tuple T of operators in B(H), set

(1.3) fmcap(T) =T = > W (T)C;(T)".
0<j<m

We will sometimes suppress the subscripts C' and 1 as well as the argument T
when no confusion can arise.
The following theorem is the main result of this section.

Theorem 1.3. Let H be a Hilbert space of holomorphic functions on a domain
Q C C? that satisfies the conditions (1) and (3). Then for a commuting d-tuple T
of operators on a separable Hilbert space H, the following assertions are equivalent:

(a) T is unitarily equivalent to the restriction of Z*®Ig, where E is a separable
Hilbert space, to an invariant subspace;

(b) there exists a nonnegative operator C in B(H) such that (fm,c(T)h,h) — 0
as m — oo Yh € H (equivalently, || fm,c(T)h|| — 0 Vh € H).

If H admits a +-calculus, then (a) and (b) are also equivalent to
(¢) T € dom Py and the assertion (b) holds for some C € ®y(T).

Proof. (a) = (b). Denote, for brevity, M := Z® Ig. Let V: H - H ® E be an
isometry such that VI = M*V. Set

(1.4) C=V*(Py® Ip)V.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



842 JONATHAN ARAZY AND MIROSLAV ENGLIS

Then a simple calculation shows that

fmo(T) =T—= " TV (P ® Ig) Vb (T)"

0<j<m

> V(M) (Py @ Ig) i (M)*V
0<j<m

N VI (2) Poy(2)° @ Ip)V
0<j<m

- Y V() @ In)V

0<j<m

v (1= X o) o Is]v.
0<j<m

However, since {¢;} is an orthonormal basis of 7, the last sum tends to the identity
operator in the strong operator topology. Thus even f,, ¢(T') — 0 strongly.

(a) = (c). If H admits a s-calculus, then the operator (1.4) must belong to
Oy (T) by Definition 1.1.

(¢c) = (b). Trivial.

(b) = (a). Define an operator V : H - H ® H by

(1.5) Vh= Zwk @ CY 24, (T)*h.

We claim that V' is well-defined (i.e., the sum converges) and is, in fact, an isometry
satisfying VIT™* = M*V.
To see that V is well-defined and an isometry, observe that for any k£ < m and

heH,
> i(2) @ CVR (T hP = Y ||CM 2 (T) R
k<j<m k<j<m
= > (Wi (T)C;(T)*h, )
k<j<m

= ((fr = fm)h, h).

Since (fmh, h) — 0 by hypothesis, it follows that the partial sums of the right-hand
side of (1.5) form a Cauchy sequence, and letting £k = 0 and m — oo shows that
|Vh||? = (foh,h) = ||h||?, i.e., V is an isometry.

To prove that VT™* = M *V observe that Vh, h' € H and any k,

(Vh,h @ h') = (CY 24 (T)*h, b'Y = (h, ¥ (T)CY?1).
So, by virtue of our choice of the basis 9y,
(1.6) (Vh,f@ 1"y = (h, f(T)C*2n)
for any polynomial f. Thus
(VIFh, e @ W) = (T h, o (T)CY2H) = (h, Ty (T)CH21)
= (h, () (T)C2H) = (Vh, zjihy, @ B) = (M;Vh, by @ '),

and the assertion follows. O
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We now turn to the question of existence of %—calculi. The following proposition

is immediate from the definition of %—calculus:

Proposition 1.4. Let H be a Hilbert space of holomorphic functions satisfying
the condition (1) and containing the constant functions. Then for H to admit a
1

% -calculus, it is necessary and sufficient that for any two separable Hilbert spaces

Ey, Es and an isometry V : H® F1 — H ® Es,
(1.7) (Z@Ig,)"V=V(Z®Ig)" implies V' (Py®Ig,)V =P R Ig,.

If this is the case, then a %—calculus U can be defined by

dom Uy = {T : there exists a separable Hilbert space E and an isometry
V:H—->HQE such that VI* = (Z @ Ig)*V};

U(T)={V*(Po® Ig)V, for allV as above}.

This %-calculus is “minimal” in the sense that for any other %-calculus D, one
has dom @ D dom ¥y for any H and @y (T) D Uy (T) VT € dom Uy
Further, the following two assertions are equivalent:

(a) there exists a strong 3 -calculus for H;

(b) for any three separable Hilbert spaces H, Ey, E2, operator T € B(H) and
isometries Vj : H — H ® Ej satisfying (Z ® Ig,)*V; = V;T* (j = 1,2), it
follows that

(1.8) VI[P @ I, Vi = Vo' [Po @ 11, |Va.

The question of existence of a %—calculus for any Hilbert space H of holomorphic
functions satisfying (1) and containing the constant functions seems to be an inter-
esting open problem. Observe that for V4 = I, (1.8) reduces just to the consistency
condition (1.7) (with V' = V3). We finish this section by exhibiting a large class of

spaces H for which the latter is fulfilled.

Proposition 1.5. Let H be a Hilbert space of holomorphic functions satisfying the
conditions (1) and (2) and containing the constant functions. Assume that for any
w € (Q,

(1.9) dimker(Z —w)* =1
(that is, dim ﬂj=1 ker(Z; —w;)* =1). Then (1.7) holds (and, consequently, H ad-
mits a 4 -calculus).
Proof. Note that from the hypothesis that H contain the constant functions, it
follows that K (w, @) > 0 Vw € Q (because 1 = 1(w) < ||1|| K (w,@)/? by Cauchy-
Schwarz). Since the functions K, := K (-,w) satisfy (1.1), (1.9) implies that ker(Z —
w)* = CKy, Yw € Q. Tt follows that ker[(Z — w) ® Ig]* = K, ® E for all w € ,
for any Hilbert space E. (Indeed, if {e;} is an orthonormal basis of E, then any
element of H® E can be written uniquely in the form }_, f; ® e; with f; € H, and
(Z-w)@I]>; fi®e; = ,(Z—w)" fj®e; =0if and only if (Z —w)* f; = 0V},
or f; = ¢; K, ¥j with some ¢; € C, whence Zj fi®e; = Ky ®Zj cje; € Ky®F.)
Now for f € By, (Z® Ip,)*V =V(Z ® Ip,)* implies

(Z @ 1p,)"V(Kyw® f) = V(@Ky @ f) = 0V(Ky ® f),
and so V(K ® f) € ker[(Z — w) ® Ig,|*; hence,

V(Kw® f) =Ky ®Cyf, Yw € Q,
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for some operators Cy, € B(E1, F2). Since K, depends continuously on w, it follows
from the boundedness of V' that K, @ C,, f — K, ®C, f as w — z, and it transpires
that the mapping w +— C,, is continuous in the strong operator topology. The
condition that V be an isometry, i.e., V*V = I, translates into C;C,, = I for all
z,w € § for which K(z,w) # 0; hence, for all z,w € Q by strong continuity. Thus
(Ccr—-Ccx)C,-Cy) =CiC, —CxC, —CECL,+CiCyy =T —-T—-1T+4+1 =0.
So C, — Cy = 0; hence, C, = C,, =: C is independent of z. Since the linear span
of Ky, w € £, is dense in H, we thus see that V = I ® C, with C*C = I, and (1.7)
immediately follows. O

Theorem 1.6. Let H be a Hilbert space of holomorphic functions satisfying (1),
(2) and (3). Then (1.9) holds for all w € Q. Consequently, H admits a - -calculus.

Proof. Let M be the closed linear span in H of the subspaces Ran(Z; — w;), j =
1,...,d; we need to show that M is of codimension 1. Let f1 M. By (3), there
exist a, € Cand X, € M (k=1,2,...) such that axy1+ Xy — f. Applying I — Pp,
where Ppq is the orthogonal projection in H onto M, we get ax(I — Pp)1 — f.
Thus any f € M+ is a multiple of (I — Py)1; consequently, dim M~ < 1. Since
the reproducing kernel K,, = K (-, ) at the point w clearly belongs to M+ and
K., # 0 (since K(w,w) > 0, see the beginning of the preceding proof), it follows
that dim M+ = 1. O

Of course, the last theorem is of little practical use for such applications as
in Theorem 1.3. In the following sections, we therefore establish the existence
of %—calculi directly by construction in two interesting cases: for the standard
weighted Bergman spaces on bounded symmetric domains, and for spaces H whose
reproducing kernel is a rational function.

Note that none of the proofs in this section actually used the fact that the
elements of H be holomorphic functions. Thus, all the results above extend to any
functional Hilbert space (i.e., a Hilbert space whose elements are functions — no
analyticity, or boundedness of point evaluations, etc., are assumed) on a set (not
necessarily open) Q € C% (In Proposition 1.5 and Theorem 1.6 we must assume
that K (z,w) is jointly continuous — implying, in particular, that the elements of

H are continuous functions — and that {(z,w) : K(z,w) # 0} is dense in Q x Q.)

2. BOUNDED SYMMETRIC DOMAINS

Throughout this and the next section, let 2 be an irreducible bounded symmetric
domain in C? in its Harish-Chandra realization (i.e., a Cartan domain); thus € is
circular, centered at the origin, and convex. We denote by 7, a, b, d and p the rank,
the characteristic multiplicities, the dimension and the genus of 2, respectively;
these quantities are related by

d:r(r—l)

5 a+rb+r, p=(r—1la+b+2.

Let further dm be the Lebesgue measure on C%, G the identity connected component
of the group of biholomorphic self-maps of €2, and K the stabilizer of the origin
in G. (There is little danger of confusion with the notation K for the reproducing
kernel.) The elements of K are precisely the unitary maps on C? preserving (2, and
G acts transitively on Q ~ G/K.
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It is known that the reproducing kernel of the Bergman space Lf (€2, dm) comes
in the form
K(z,9) = cph(x,7) 77,
where ¢, = m(Q) and the Jordan triple determinant h(z,y) is an irreducible, K-
invariant (i.e., h(kx, ky) = h(z,7) for k € K) polynomial, nonvanishing on € x €,
holomorphic in z and g, and such that h(z,0) = h(0,T) = 1 Va. More generally,
for each real v > p — 1, there exists a constant ¢, > 0 such that

dpy (x) := e, h(z,T)" P dm(x)
is a probability measure, and the reproducing kernel of the weighted Bergman space
H, = L%ol(Qv dpu)

is given by K, (z,7) = h(x,y)". (For v <p—1, L2 (2, h*"Pdm) = {0}.)

See e.g. [Aral, [FK], or [Lo|] for more details.

Under the action f +— fok (k € K) of K, the space P of holomorphic polynomials
on C? admits the Peter-Weyl decomposition into a multiplicity-free direct sum of
irreducible subspaces

(2.1) P =D Pum,

where the summation extends over all signatures m, i.e., r-tuples (mq,...,m;)
of nonnegative integers such that m; > mo > --- > m, > 0. For each m, the
elements of Py, are homogeneous polynomials of degree |[m| := mq + - - - + m,.; thus
any holomorphic function on 2 has a Peter-Weyl expansion

(2'2) f:mea fm € P,

which refines the familiar homogeneous expansion. The Fischer (or Fock) scalar
product (-,-)r on P is given by

(o =1(2)o@|

=r | f@)g@e " dm(x).
cd

One has (f,g)p = 0if f € Pm,g € Pn with m # n. Conversely, it is known
that for any K-invariant scalar product ((-,-)) on P, any two different spaces Pm,
are orthogonal with respect to ({-,-)), while on each Py, ({-,-)) is proportional to
<'7 '>F; that is,

<<Emfm; Emgm>> = Em')/m<fma gm>F
for certain constants v, > 0. In particular, for the scalar products in H,,, v > p—1,
this holds with

Tm = 1/(V)m7
where (V)m is the generalized Pochhammer symbol

W =[] (V_J';la)mj, Wk = AA+1) . A+ k—1).

Jj=1

The Hilbert spaces (Pm, (-,)r) being finite-dimensional, the evaluation func-
tionals at any x € C? are automatically continuous on them, and thus they have
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reproducing kernels K, (z, 7). For any orthonormal basis {t;} of Pm (with respect
to the Fock norm), these kernels satisfy (see [Be])

(23) Kon(.9) = 3 300 0)

The following important formula, due to Faraut and Koranyi [FK], expresses the
powers of the Jordan triple determinant A in terms of Kyy,:

W@ 9) ™ =Y (WmKm(,7), WeC,

m

the convergence being uniform for x,y in compact subsets of €.
A simple consequence of the Faraut-Koranyi formula is that the function

Kl,(l‘,ﬂ) = h(x7g)_y
is positive definite not only for v > p — 1, but actually for (and only for) all v in
the Wallach set

W= ("Fa,00) U{Fta,j=1,2,...,7} = W.UWy;

W, and Wy are called the continuous and the discrete Wallach sets, respectively.
For each v € W, there exists a Hilbert space H, of holomorphic functions on
Q1 with reproducing kernel K, (cf. [Arol). For v > p — 1, these are the spaces
H, = LE (Q,dp,) above. For p—1 > v > d/r, H, is the closure of P in L?(du,)
for certain Borel measures p, supported on subsets of the topological boundary
o8 of 2 [RV] (see also [ArU]); in particular, the value v = % corresponds to the
Hardy space of €2, the closure of P in the space Lz(ud/r) where g4/, is the unique
K-invariant probability measure on the Shilov boundary 0pf2 of Q. For v < %, the
spaces H,, cannot be realized as holomorphic subspaces of any L? space. (They can
be realized as Besov-type spaces, cf. [ArU].) The polynomials P are contained in
‘H, (and are dense in it) if and only if v > %1@, ie,veW, forv= %a € Wy,
‘H, contains only the polynomials in ®m12~~~2mj=mj+1=~~~=mr=0 Pm (and these are
dense in it). Finally, the commuting operator tuple Z of multiplications by the
coordinate functions maps H, (boundedly) into itself if and only if v > T;Qla; this
is a recent result of G. Zhang and the first author [ArZ].

The Shilov boundary 9y€) coincides with the set of all points in 92 of maximal
Euclidean distance from the origin. The group K operates transitively on 92, so
that for any e € 9p€2, which we fix now once and for all, 92 = {ke,k € K} ~ K/L,
where L is the stabilizer of e in K. Each Peter-Weyl space Py, contains a unique
L-invariant polynomial ¢, satisfying the normalization condition ¢ (€) = 1. The
polynomials ¢y, are related to the reproducing kernels K, by the formula

_ dm
(2.4) Km(z,8) = (d/r)m¢m(x)
where dpy := dim Pp,.

The polynomials ¢, have also a combinatorial interpretation in terms of the Jack
symmetric polynomials J,(ri‘ ) with parameter A, cf. [MD], Section 10 of Chapter VI],
[KS]. Namely, there exist vectors ey, ..., e, € C? (a Jordan frame), orthogonal with
respect to the Euclidean metric on C?, such that e; + - -+ e, = e and each 2 € C¢
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has a polar decomposition
T

(2.5) z=kY tjej, keK, ti>ty>-->1t.>0
j=1

(the numbers t1, ..., ¢, — the singular numbers of x — are determined uniquely,
but k need not be). Further, x belongs to 2,99, or C¢ \ Q if and only if t; < 1,
ty =1, or t; > 1, respectively. Now one has

(2'6) ¢m(x) = Jm J]{(ﬁ/a)(ti.. .,ti),
where jm = 1/Jr(§/a)(17 ..., 1) is a normalizing constant (for which an explicit

formula is known). We will suppress the superscript (2/a) in the sequel.
For two signatures m, n, the so-called Pieri rules express the product Jy,J, as
a linear combination of the Jy:

(2.7) Jmdn =Y _ Cluic.
k

The coefficients CX (= CX ) are nonzero only when
(2.8) k| = |m|+ |n] and m C k,n Ck,

where, for two signatures m and k, m C k means m; < k; Vj=1,...,7.

The numbers CX have been computed for n = (1) and for n = (j) by Las-
salle [La] and Stanley [Stl, Theorem 6.1], respectively (cf. [MD], Chapter VI, Sec-
tions 6 and 7, in particular (6.24) and (10.11); see also Zhang [Zh] and Vretare [Vi]).
Explicit formulas and properties of these coefficients for general m,n,k are un-
known (although in principle CX  are explicitly computable, see [MD] p. 351]).

From (2.7), (2.6) and (2.4) we immediately obtain also a multiplication formula
for the reproducing kernels Ky,:

(29) Km(a:,ﬂ)Kn(x,y) = Zci(nnKk(x7y)a
k

where the coefficients

x dmjmdnjn(d/r)k k
(2.10) Cmn = (d/r)m(d/T)ndki ™"

are again nonzero only if (2.8) holds.
Note that the coefficients CX = and cX , as well as the Jack polynomials them-
selves, depend only on r and a, but not on b.

Finally, we will need the following formula for the dimensions dy,:

1) = e e R,
. m y—q __1 b
(d1/7)m 1<i<j<r 5ha (F=a+ 1)m,—m,

where d; = d —rb=r(r —1)§ +r is the dimension of the tube-type “subdomain’}
of Q. See [Up|, Lemmas 2.5 and 2.6.

11 is not really a subdomain, but an intersection of €2 with a subspace of lower dimension.
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3. %—CALCULI FOR CARTAN DOMAINS

We proceed to discuss the construction of %—calculi on Cartan domains. Recall
that for a holomorphic polynomial p(z,7) in z,7 and a commuting operator tuple
T, we have defined p(T,T*) by writing all T’s to the left of all T*’s, that is,

p(T,17) == p(Lr, Rp+)I.
Our starting point is the following proposition.

Proposition 3.1. Let ‘H be a Hilbert space of holomorphic functions on a domain
Q C C¢ satisfying the conditions (1), (2) and (3). Assume that K(x,7) # 0 Vx,y €
Q and that there exists a sequence of polynomials pi(x,7) on Q2 x Q (k=1,2,...),
holomorphic in x and 7y, such that

1
3.1 (T, y) > —— as k — oo, Vr,y € Q
(3.1) k(2,7) K@) y
and
(3.2) St;pHpk(Z, Z)|| < oo.

Then the recipe

dom @y :={T € B(H) : supy, ||lp(T, T7)|| < oo, and the limit
1im,(cvi20T) pi(T,T") exists and is a nonnegative operator},
®y(T) = 1im\"V 0" p (T, T),
defines a strong %-calculus for H.

Here 1im(WOT)

Proof. Using (1.2) we see that, for K,, := K(-,w),
<pk(Zv Z*)Kvaz> —1= <P0Ky7Kz> Vm,y SRY)

(cf. the proof of Proposition 1.2). Since the linear span of { K, }yecq is dense in H,
(3.2) implies that py(Z, Z*) — P, in the weak operator topology. Consequently,

for any separable Hilbert space E and M = Z ® Ig, we have supy, |pr(M, M*)|| =

supy, ||lpe(Z, Z*)|| < oo and 1im,(€vi20T) pr(M, M*) exists and equals Py ® Ig, a non-

negative operator. Thus M € dom®y and the condition (3) in Definition 1.1 is
satisfied. If V : Hy — Hy is an isometry and T1V* = V*T5s, then for any multi-
indices a and 3,

stands for the limit in the weak operator topology.

T = TevvT = verg TPy,
hence p(Th,Ty) = V*p(T2,T5)V for any p. Thus Tp € dom Py, implies that
Ty € dom &y, and

Oy, (T1) = Hm\"VOD Vop (T, TSV = V*&p, (To)V.

k—o0

So the condition () of Definition 1.1 is satisfied as well. O

Recall that for any commuting operator tuple 7' C B(H), nonnegative operator
C on H, and orthonormal basis ¢ of H, the sequence of operators fy, c(T) =
fm,cu(T) € B(H) was defined by (1.3).

Corollary 3.2. Under the hypotheses of Proposition 3.1, the following assertions
about a commuting operator tuple T on a separable Hilbert space H are equivalent:
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(a) T™* is unitarily equivalent to the restriction to an invariant subspace of the
direct sum of a countable number of copies of Z* (i.e., of Z* ® I for some
auziliary separable Hilbert space E);

(WOT)

(b) supy, [|[pk(T,T*)|| < oo, the limit lim, " " pp(T,T*) =: C exists and is
nonnegative, and fm c(T) — 0 strongly as m — oo.

Let us now turn to the Cartan domains 2 and the (analytic continuation of the)
weighted Bergman spaces H,, on them, described in the preceding section. From the
formula K, (x,7) = h(xz,7)”", it is immediate that the reproducing kernels K, do
not vanish anywhere on € x 2. Also, we have seen that H, satisfies the conditions
(1) and (3) if and only if v > “5ta. Note that ¢ = “La+b+1 > Sla.

Theorem 3.3. Let v > d/r. Then the polynomials

(33) pk(xay) = Z (—l/)me({E,ﬂ)

|m|<k
satisfy the conditions (3.1) and (3.2).

Proof. By the Faraut-Koranyi formula, we have py(z,7) — h(z,7)" = 1/K,(z,7)
uniformly on compact subsets of Q x §; this settles (3.1). To prove (3.2), it clearly
suffices to show that

(3-4) w1 Km(Z, 27| < oo

This, in turn, is immediate from the following two propositions and (2.4). U

Proposition 3.4. Forv > d/r,
I1Km(Z, Z%)|| < Km(e,€).

Proof. Pick any orthonormal basis {t¢;} of Py (with respect to the Fock norm).
By (23),

(3.5) Km(Z,2%) = Z Vi (Z2)0;(Z2)* = MM*,

where M is the row block operator M = [11(Z),...,%q, (Z)] : HP%m — H,. Now
by the result of Rossi and Vergne, for v > d/r the space H, is the holomorphic sub-
space of some L? space (i.e., the closure of holomorphic polynomials in L?(d,) for
some measure y,, supported in Q); consequently, for any f = [f1,. .., fa,.|t € HE%m,

[ME||* = H Z%’fjHQ = / ‘ ijfjrduy
S/(Z|¢j|2>(2|fj|2> dpu,

< ess-sup (Z |¢j|2) / (Z |fj|2) dpy
< esssup (Y1) - 6]
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Thus
WMMW:HMWS%?EN%F
= sup Km(z,7)
€N
= Km(e,€) (see [FK], p. 78),
as claimed. (]

Proposition 3.5. The series

; ; r—1
converges if and only if v > S5=a.

Proof. For two functions f(m) and g(m) on the set of all partitions, we will write
fgif
f(m)<Cg(m)  Vm

for some finite positive constant C' independent of m, and f < gif f < gand g < f.
From the definition of the generalized Pochhammer symbol we then get

[(=0)ml _ T —v—d/

—Y = 1 e,

@ = L)
Similarly, using (2.11) it is not difficult to see that

dm =< H (I+m; —m Hl—i—mjb.

1<i<j<r

Thus on the one hand,

il = S (Hoemp= 1 oem-mr)

) 1<i<j<r
< Z <H(1 + mj)bfyfd/r . H (1 + mi)(rl)a>
m j:l 1<i<r
r
< Z H(l _’_mj)(rfl)aerfufd/r

miyecymy=0 j=1

S r
— [Z(l + m)(rl)a+bud/r:| ,

m=0
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while on the other hand,

Sl v (o ] 0on )

m1 >0, 1<i<j<r
m=(m1,0,0,...,0)
o0
_ Z (1+m1)b71/7d/r H (1+m1)a
m1=0 1<j<r
S
— Z (1_’_Tnl)(r—l)a—i—b—u—d/r7
777,1:0

i.e., the same expression as for the upper bound except for the missing r-th power.
Thus the series in question converges if and only if

o0

Zk(r—l)a+b—u—d/r < 00

)

k=1
which happens if and only if (r — 1)a + b — v — d/r < —1, ie., if and only if
O

The fact that we did not use the full force of Proposition 3.5 in the proof of the
last theorem suggests that the latter might, in fact, hold also for some v in the
interval between % and %a. We are going to show that this is indeed the case at
least for © the unit ball in C?. We start by establishing several general facts about
the operators Km(Z, Z*).

From the K-invariance of Ky, (z,7) and the Schur lemma, it follows that the op-
erators Ky, (Z, Z*) are diagonal with respect to the Peter-Weyl decomposition (2.1);
that is,

Kw(Z,Z%)|p,, = 7(m) Ip,,, vVm, k,
for some complex numbers 7k (m); since Km(Z, Z*) > 0 (cf. (3.5)), these numbers
are in fact nonnegative. The next proposition shows that they can be expressed in
terms of the Pieri coefficients (2.10).

Proposition 3.6. The following formula holds:

(3.6) Tk(m)zz W) m,

V)m 9

(Observe that in view of (2.8), the last sum contains only finitely many nonzero
terms.) In particular, T(m) is a rational function of v of degree |k|, with poles
S T

possibly) only at the points v = “lg—t € —00, ’1a, s =1,...,r, t =
2 2
JssJs +1,...,mg — 1.

Remark. As a corollary to the last proposition, we see that 2127 + - + 242 =
Kao,..0(Z,Z*) is bounded for v > %a, hence so are Zy, ..., Zg. This is part of
the result of Zhang and the first author in [ArZ]. The proof below uses the same
idea as the proof of Theorem 4.5 there.

Proof of Proposition 3.6. Let fin € Pm. By the reproducing property of the kernel
and the selfadjointness of Kx(Z, Z*), we have

Tie(m) fm (W) = (Kx(Z, Z*) fr, K(-,0)),
= (fums Kic(Z, Z) K (-,5)),.
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By (1.2), the Faraut-Koranyi formula, and (2.9),
Kk(Za Z*)K(,E) = Kk(,@)K(,E)
=Y Kil(0)(v);K;(-, )
J

= Z (v); Ckj Ka(-,0).
jn
Since, by the orthogonality of Py, and the Faraut-Koranyi formula,

we thus get

e (0) () = 3 o () )} 5,

= (g5 i) fmte

and the formula (3.6) follows. The rest is immediate from the fact that for j ¢ m

the coefficient Cij 1s zero, while if j C m, then % is a monic polynomial in v of
J

degree |m| — |j| = [k| of the form [](v +t — %51a), with s and ¢ as indicated in the
proposition. O

We also record the following simple observation.

Proposition 3.7. For all signatures m and vi,vs € C,

> A )k (1)) = (1 + v2)m.

k.j
Proof. Apply the Faraut-Koranyi formula on both sides of the equality
hful . hfuz — h*l/1*1/27
use (2.9), and compare the coefficients at K. O

The following corollary gives a precise meaning to the equality %(Z, Z*) =Py
(that is, h¥(Lz, Rz+)I = P,) even for + not a polynomial (i.e., v not an integer).

Corollary 3.8. Y, (—v)k k(m) =1 if m = (0), and = 0 otherwise.

Proof. Use (3.6) and apply the last proposition with v = v = —uy. O
Let us now apply the above facts to the case of the unit ball.

Proposition 3.9. Let Q = B? be the unit ball in C*. Then

. 1

(3.7) Z|(—V)m| | Km(Z, Z)|| < 00 <= v> 3

and

(3.8) sup H Z [(=V)m| Km(Z,Z7) ‘ < 00 for all v > 0.
k

|m|<k

In particular, the conclusion of Corollary 3.2, with py, the polynomials given by (3.3),
holds for all v > 0.
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Proof. For the ball we have r = 1; so m = (m), and ¢, = ¢7", whence

X _{(:fl) if k=m+n,

0 otherwise.

(V)ml(m>_l H it m>1,
n(m) =< ¥)m I Pl
0 if m<l.
Observe that = increases with j if v > 1, but decreases with increasing j if v < 1.

Thus,

limy, oo m(m) = 1/1V if v >1,

|K(Z,2)| = sszl(m) = {n(l) =1/(v); if v<1.

Consequently, for v > 1,

- (_V)l - —v—
Z| WIE(Z, 2] = 3 =2 ~ >+ < o,
=0 (L =0
while for 0 < v <1,
o0

Zl vl lKi(2, Z7))| Z >+

=0 =0

which converges if and only if v > 5. This completes the proof of (3.7).
For (3.8), it suffices to consider only v in the interval 0 < v < 1. However, in
that case, (—v)o = 1 and

(=v)il=—(-v); if j=1
It follows that

HZ| vl Ki(Z, 2" H—SUP‘Z| V)il Ti(m )‘

=1
= sup |2m9(m) — Z(—V)l Tl(m)}

= sup[2 — dom] by Corollary 3.8

=2 < oo,
which establishes the claim. O

The results above suggest the following two conjectures, whose proofs hinge upon
a better understanding of the Pieri coefficients cX, |
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Conjecture A. For any Cartan domain,

V(di/r)m if v=difr,

| Km (2, 27)] = {1/(1/) i v <dir

Conjecture B. For any Cartan domain and any v > T;Qla,

sup [Z [(—v)k| Tk(m)| < 0.
moTx

4. RATIONAL REPRODUCING KERNELS

In this section we consider Hilbert spaces H of holomorphic functions on domains
Q) C C? whose reproducing kernels are rational functions. That is, we will assume
that

there exist holomorphic polynomials P, Q on C%xC? without a common

factor such that P is not identically zero and the reproducing kernel of
(4.1) 'H is given by

_,_ Py
K(z,y) = =
@) Q(z,7)
Observe that (4.1) implies, in particular, that
(4.2) Q.7) £0  Vayeq.

We would now like to construct a %—calculus for H, that is, to define, for T" a
commuting operator tuple on a separable Hilbert space H,

(43) P(LT, RT*)ilQ(LT, Ry« )I
The obvious problem is that P(Lp, Rp«) need not be an invertible element of

B(B(H)), even for the “prototype” operator tuple T' = Z.

Example 4.1. Let Q =D and let H be the Hilbert space of all analytic functions
f(z) = 280 szj on D satisfying

1 oo
11 = fol? + 5 DO 1AI* < oo
j=1

(As a set, H coincides with the Hardy space H2.) Then

14 22y

i) = 1+ Yoy - 22T

j=1
which is of the form (4.1) with Q(z,5) = 1 — 27 and P(x,y) = 1 + 227. Now by
general results of Curto [Cul, for any holomorphic polynomial p in two variables
and commuting operator tuple 7', the spectrum of p(Ly, Rp+) is given by

o(p(Lr, Rr-)) = {p(a,B) : o, B € oayior(T)}.
Consequently, in our case,
o(P(Lz,Rz-)) ={1+2aB:a,3€D}=1+2D>0;

so P(Lz, Rz«) is not invertible.

Nonetheless, it turns out that it is still possible to define (4.3) consistently for
T = Z, and use this to construct a %—calculus for H.
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Proposition 4.2. Let Q and H satisfy (4.1). Then the equation
P(Lz,Rz-)C =Q(Lz,Rz-)I
has the unique solution C' = Py.
Proof. Let X € B(H) satisfy
P(Lz,Rz)X = 0.

Then for any z,w € €,

0=(P(Lz,Rz+)XKy,K.) =Pz, u)(X Ky, K)
(here, as before, K, := K(-,w)). It follows that (X K,,, K,) = 0 almost everywhere
on Q x . Since (XK, K.) is holomorphic in z and @w and the linear span of
{Kuw}wea is dense in H, this implies that X = 0. Thus P(Lz, Rz~) is injective,

which proves the uniqueness of C.
On the other hand, for C' = Py and any z,w € (),

(P(Lz,Rz+)CKy,K,) = P(2,0){CKy, K,) = P(2,w0)1(w)1(z) = P(z,w),
while
(Q(Lz,Rz:)IKy,K,) = Q(z,w)(IK,, K,) = Q(z,w)K(z,w),
which equals P(z,w) in view of (4.1). O
Theorem 4.3. Let Q and H satisfy (4.1). Then the recipe
dom @y := {T € B(H) : 3C € B(H)" such that P(Ly, Ry-)C = Q(Ly, Ry-)I},
Oy (T) := the set of all such C,

defines a %-calculus for H.

Proof. We have to check that the conditions («) and (3) from Definition 1.1 are
satisfied. The validity of (8) follows immediately from the last proposition. To
prove («) let V' : Hy — Hy be an isometry such that Th3V* = V*Ty and let
Ty € dom ®p,. For any Cy € ® gy, (T2), the relations

L1, Ly~ = Ly~ Lr,, Ry Ry = Ry Rr;
then imply
P(Lt,, Ry; )Ly-RyCy = Ly- Ry P(Lt,, Rry )Co
= Lv-RyQ(Lt,, Ry)I
= Q(Lr,, Rty )Ly~ Ry 1
= Q(Lr,, Ry )1,
since V*V = I. Thus T} € dom®py, and V*CyV € @y, (T1), which is what we
wanted to prove. ([
Corollary 4.4. Let Q and H satisfy (4.1) and let T be a commuting operator tuple
on a separable Hilbert space H. Then the following are equivalent:

(a) T™* is unitarily equivalent to the restriction to an invariant subspace of the
direct sum of countably many copies of Z*;
(b) there exists a nonnegative operator C € B(H) such that

P(Lt,Rr+)C = Q(Lr, Rr~)I

and fm.c(T) — 0 strongly as m — co.
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5. REINHARDT DOMAINS AND THE UNITARY PART

In this section we continue the study of the spaces from Section 4 under the
additional hypothesis that both Q2 and H are rotation invariant. In this case we
are able to describe also the “unitary part”, i.e., to obtain an analogue of the
theorem (0.2).

Throughout this section, let thus Q2 be a complete Reinhardt domain and assume
that the space H is rotation invariant. This means that z € Q and |z;| < |z
V4 implies x € Q (in particular, 0 € Q) and that for any § € R9, the function
Ugf(2) :== f(er2,...,e"%z,) belongs to H if and only if f does, and ||Ugf|x =
[ fll#. It follows easily that the monomials 2%, « a multi-index, belonging to H
form an orthogonal basis of H, and for a function f € H with Taylor expansion

f(z) = E(y fazav
o Lal?
1£l3 = e

where the sum extends over all multi-indices a = (aq, ..., aq), a1,...,aq > 0, and
(5.1) Yo i = [|2al 72,
with the usual convention that v, = 0if z* ¢ H. The reproducing kernel is given by
(5.2) K(z,9) =) 7az"7".

(07

As in Section 4, we assume that K is a rational function, i.e., is of the form (4.1).
The rotational symmetry then implies that, in fact,

p(z7) _

5.3 K(z,y) = , a7 = (174, - . ., xqly) € C,
(5.3) (z,7) «7) Y = (17, dY4)

with holomorphic polynomials p, g on C% without a common factor, and such that
q(zT) > 0 Vz € Q. Denote by pq, go the Taylor coefficients of p and ¢, respectively:

(54) p(z) = Zpazaa Q(z) = Z Qaza

(only finitely many of p,, g, are nonzero). Observe that since K (z,T) > 0 Vz € Q,
all po and g, are necessarily real. From (5.2), (5.3) and (5.4) it follows that for
each a,

(55) Pa = Z Y345 -

B+d=a

Recall finally that for a separable Hilbert space H and T € B(H), C € B(H)" and
m > 0, we have defined in (1.3) in Section 1,

m—1

Fmc(T) =1 =) i (T)CY;(T),
§=0
where {¢;} is an orthonormal basis of H. Unless explicitly stated otherwise, from

now on we will always take for {1;} the orthonormal basis {fy(ly/ ?22} of monomials
lying in H. Finally, for the sake of brevity, we will write Ly Ry« for the commuting
d-tuple (L1, Rry, ..., Lt, R ). Then we have the following assertion.
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Theorem 5.1. Let Q,H and K be as above. Assume that T € B(H) and C €
B(H)* are such that

and
(5.7) fm,c(T) >0 forall m=0,1,2,....

Assume further that
(5.8) o <0 if |af >0, o <0 if |of =1,

where |a| = a1+ - -+ agq; in other words, all coefficients of q(0)—q are nonnegative,
and the ones at the linear terms are even positive. Then there exists a Hilbert
space F, an operator W € B(F), and an isometry U : H — (H® H) ® F such that
W is a normal tuple,

(5.9) q(LwRw+)I =0,
and
(5.10) UT* = [(Z& 1) & W]*U.

By analogy with the m-contractions of Agler [Ag2], we will call an operator
W satisfying (5.9) a g-isometry, and if in addition W is a normal tuple (i.e., its
elements are commuting normal operators) we will call it g-unitary.

Proof. Since
fm,C - fm+1,C = wm(T)Cwm(T)* >0

owing to the positivity of C, it follows from (5.7) that there exists an operator
R > 0 such that lim,, o fm,c(T) = R in the strong operator topology; that is,

R=1-> 4,1°CT™

with the sum converging in SOT. For any multi-index 3, we then have

TORT*? = TPT*F = "y, 1ot PCT™ets,

Consequently,
q(LrRr-)R =Y qsT’RT*’

B

= qpT?T"" = " qaqsT TP CT
B o,

= qgT?T*" = " psT°CT* by (5.5)
B 5

= q(LrRr-)I — p(LTRy+)C

=0 by (5.6).
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By (5.8) this implies that
gO)R=— Y quT*RT*™ >— > q,T°RT**

|a|>0 la|=1
d

>c¢Y T;RT}
j=1
where ¢ = min|,|=1(—¢a) > 0. Thus there exists a commuting tuple W of bounded

linear operators on F', where F := Ran RY/ 2, such that
(5.11) RYV2Ty =W/RY?,  j=1,2,....d

From q(LrRp-)R = 0 we then get q(Ly; Ry, )l =0, ie., Wis a g-isometry on F.
Proceeding as in Pott [Pd], Lemma 3.10 (using Athavale [At2], Proposition 2), we
see that there exists a separable Hilbert space F' containing F and a g-unitary
commuting tuple W* on F which extends W* (i.e., Wz = W*). Let now V :
H — H ® H be the operator (1.5) constructed in the proof of Theorem 1.3, viz.

Vh=Y 7q2*®C'/?T*,
(6%

and set
U=VaRY2
As in the proof of Theorem 1.3, we have
IVA? = IR]* = lim {fm.ch,h) = Al = | RY2R)?
and
VI*=(Ze)*'V;
thus,
IUR? = [IVR]? + | R 2R = [|R]1?,
i.e., U is an isometry, and, by (5.11),
UT* =VT* @ RV*T* = (Z@ I)*V e W*RY? = [(Z @ I) & W]*U,

which completes the proof. O

Of course, the converse to the last theorem also holds, even without the hypoth-
esis (5.8).

Theorem 5.2. Let E,F,H be separable Hilbert spaces, T a commuting operator
tuple on H, W a g-isometry on F, and U : H — (H® E) ® F an isometry such
that UT* = [(Z ® I) @ W]|*U. Then there exists an operator C € B(H)" such that
(5.6) and (5.7) are satisfied.

Proof. Denote, for brevity, M = (Z ® I) ® W and set C := U*[(Py ® I) ® 0]U.
Clearly C' is a nonnegative operator. As in the proof of Theorem 4.3, we then have
p(LrRr+)C = p(LrRr~) Ly« Ry[(Po @ 1) © 0]
= Ly~Rup(Lym R+ )[(Po® I) @ 0]
= Ly«Ry[(¢(LzRz)I @ 1) @ 0] by Propositon 4.2
= Ly«Ru[(¢(LzRz)I & I) ® q(Lw Ry~ )1]
= Ly~Rulq(Ly Ry~ )1 = q(Lr Ry~ )1,

1
1
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where on the penultimate line we have used the fact that W is a ¢-isometry. This
proves (5.6). Recall that we have seen in the course of the proof of Theorem 1.3
that

> i(2)Poi(2)" =i mm,  say,
0<j<m
is the orthogonal projection in H onto the span of {1;};>m. By a similar argument
as above, it therefore follows that, for our choice of C,

fro(T)=T—= Y ;(T)C;(T)*

0<j<m
=UTU - Y U(M)[(Po®I)&0]¢h;(M)U
0<j<m

=U"(mm@I)® IIU
>U* 0 IlU >0
for any m; so (5.7) holds as well. This completes the proof. O

In the case of p = 1, the last two results have been obtained by a different
method by Pott [Pol.

Remark. The hypothesis (5.8) is needed only to ensure that
(5.12) Je>0: Y T;RT; <cR
J
(which in turn ensures the boundedness of the operator W) and for extending the

g-isometry W to a g-unitary W, but serves no other purpose. Hence if we are
content with a g-isometry W, we can replace (5.8) by (5.12) in Theorem 5.1.

6. THE UNITARY PART ON CARTAN DOMAINS

We conclude by establishing analogues of Theorems 5.1 and 5.2 for the standard
“weighted Bergman” spaces H = H,, on Cartan domains introduced in Section 2.
We will often use the following well-known fact without further mention:

Lemma 6.1. If Ay, As,... is a sequence of nonnegative operators, then Y A;
converges in the strong operator topology (SOT for short) if and only if

sup |37 4, < o,

M finite jeM

if and only if some subsequence of its partial sums converges in SOT, if and only
if some rearrangement of the series converges in SOT.

We will need the following technical result.

Proposition 6.2. Let T be a commuting tuple of operators in B(H) and cm >0 a
sequence of nonnegative numbers, indexed by the partitions m, such that

(6.1) the sum ZCme(T7 T*)  converges in SOT.

Then for each X € B('H) the sum
(6.2) Zcm (Lr, Rr+)X
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converges in SOT in B(H). Further, the resulting operator S € B(B(H)) satisfies
(6.3) X2 X = 59X, 25X,

Proof. Choose again, for each m, an orthonormal (with respect to the Fock norm)
basis {¢m; }?':“1 of Pm. Then

dm
Km(L7, R )X = Zwmj (T) X m; (T)*.
j=1
Hence for any X € B(H)" and any finite set M of signatures,

din
Z Z memj (T)me] (T)* = BMXB*;Wa
meM j=1
where By is the row block operator By = [\/CmX s (M)Ym; (T')]m,;, with xas the
characteristic function of the set M, and X = diag(X) is the block matrix operator
with X’s on the main diagonal and zeroes elsewhere. Since both ¥m; (1) X ¢m;(T)*
and ¥m; (T)m; (T)* are nonnegative operators, and

IBAXBS, | < [BaPX) = [BaBi 1] = || 3 e (T, 7] 1]

meM

it transpires from Lemma 6.1 that for the sum (6.2) to converge in SOT it is
sufficient that (6.1) hold. (Incidentally, since the sum in (6.1) is just S(I), this
condition is also necessary.) Since any X € B(H) can be expressed as X = X; —
Xo+i(X3—Xy) with X7, Xo, X3, X4 € B(H)+, the first assertion of the proposition
follows, and we also see that SX can be expressed as

SX = BXB*,
with the row block operator B = [{/cm%m; (T")|m,; bounded from H := @, @?:l H
into H (|B||*> = |BB*|| = || >, cmKm (T, T%)|). Thus if X,, *Y X in B(H),
whence also X, % X in B(H), we have BX,,,B* *% BXB* in B(H), i.c., SX,, *%
SX in B(H). (I

Remark. The proof above shows, in particular, that

[ Km (L1, Rr-)

|BB(H) = [ Km(T, T*) |33

an equality which is interesting in its own right.

Modifying the definition from Section 1 in a trivial manner, let us define, for T
a commuting operator tuple on a separable Hilbert space H and C € B('H)Jr,

frc(T):=1= > (V)mKwm(Lr, Ry )C.
m|<m
Observe that, for any v > 0,
Jfm,c = fme1,c= Z (V)mEm(LT, Rr+)C > 0.
|m|=m

So if fm,c > 0Vm, then fy,.c \, R for some R > 0, in the strong operator topology.
We can now state our two main results of this section.
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Theorem 6.3. Let H be a separable Hilbert space, v > %a, and T a commuting
operator tuple on H such that

(6.4) Z [(—v)x| Kx(T,T*) converges strongly.

Set C' := sot- Zk(—l/)kKk(T, T*). Assume further that fm.c(T) > 0 Vm, so that
R = sot-lim,,_,o fim,c exists and R > 0. Assume finally that there exists a ¢ >
0 such that E]‘ T;RT; < cR. Then there exists a separable Hilbert space F', a
commuting operator tuple W on F and an isometry U : H — (H® H) ® F such
that

(1) Dok ()| Kx (W, W*) converges strongly, and Y, (—v)x Kx(W,W*) =0

(i) UT* =[(Z@ 1)@ W|*U.
Proof. From Proposition 6.2 we see that the sums

SiX = > (-V)mEm(Lr,Rr)X  and S:=S8, - S_
{m: £(—)m>0}
sot

converge strongly for each X € B(H) (in particular, C = ST), and that X,, = X

sot

implies 54X, = S+ X and similarly for S_ and S. Applying this to Xm =
> im|<m(V)mEm(Lr, Rr+)C, so that X = I — R, we thus obtain

Sy(R) = 54(1) = S4(X)
= S5+(1) = lim 51 (Xon)
=Si(I) = lim > [(~v)| Ki(Lr, Rr+) Y (V)mKm(Lr, Rr-)C

e {j:(—v);>0} |m|<m

=D Y @mKm(Lr, Br) [(-)s| Ky(Lr, By-)C
m {j:(—v);>0}
(all the sums and limits are in SOT). By Lemma 6.1, we can rearrange the last

double sum into )+, Z‘m‘+|j‘:l’(7y)j>0, and similarly for S_. Upon subtracting,
we thus obtain

S(R Z Z Kw(Lr, R+ )K5(L1, R+ )C

120 [m|+j|=l

=C - Z Z Ky (Lp, Rp-)C by (2.9) and Proposition 3.7
1>0 k|=I
=C-C=0.
Owing to the hypothesis Zj T;RT; < cR, or
[Ty,...,TyR[T1,...,T4" < cR,

there exists a commuting tuple W of bounded operators on F' := Ran R!/2 such that
W*R'Y? = RY2T*. Consequently, Km(L7,Rr+)R = RY?Kpm(Lw, Rw-)R"?;
thus (6.4) implies that

Z| V)| Km (Lw, Ry )1

converges strongly in B(F), and S(R) = 0 implies that

Z(_V)me(VVv W) =

m
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so we have proved (i). Finally, let V : H — H® H be the operator (1.5) constructed
in the proof of Theorem 1.3, viz.

V= Z (z, Ry )C'/2.

As in the proof of Theorem 1.3, one shows that VT™* = (Z ® I)*V and
IVAI? = |p]* — |RY2h|1%.

Hence
U:=VeaR/
is an isometry with the required property (ii). The proof is complete. O

Of course, the converse to the last theorem is also true. Recall from Section 3
that the condition (6.5) below is always satisfied for v > d/r, and for the ball even
for all v > 0 (cf. Propositions 3.4, 3.5 and 3.9).

Theorem 6.4. If v is such that

(6.5) Sup [Z| V)k| Tk (m } < 00,

E F, H are separable Hilbert spaces, W a commuting operator tuple on F' such that
(6.6) Z (=) | K (W, W)

converges strongly and

(6.7) > (v Ke(W, W) =0
k

and U : H - (H® E) @ F an isometry such that

(6.8) UT* =[(Z®I)® WU,

then Y, |(=v)x|Kx(T,T*) converges strongly, and setting

—sotz V)i K (T, T%),

we have C € B('H)+, fm,c(T) \y R > 0 as m — oo, and the limit R satisfies
TRT* < |W|?R.

Proof. Since Ky (Z,Z*) is a diagonal operator with respect to the Peter-Weyl de-
composition (2.1) with weights 7 (m), the condition (6.5) is equivalent to the strong
convergence of the series (6.4) for T = Z. Using (6.8), it therefore follows from (6.6)
that > [(—=v)m|Km(T,T*) converges strongly, and from (6.7) and Corollary 3.8
that

C= Z (T, T*) =U*[(Py® I) & 0]U.

As in the proof of T heorem 5.2, we therefore obtain
fmc(T) =U"(rm @I)® IIU
with 7, the projection in H onto @‘m‘Zm Pm. Hence f,, c > 0 Vm and
lim fnoc=R=U"0&I]U.
m=—oo
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It follows that

TRT* =TU*[0 ® IJUT*
—U(ZzeDheW|0al[(ZeI)e WU
= U0 WW*U
<U 0@ ||W*1U = |W|R,

and the proof is complete. O
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