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THE LAPLACIAN MASA IN A FREE GROUP FACTOR

ALLAN M. SINCLAIR AND ROGER R. SMITH

ABSTRACT. The Laplacian (or radial) masa in a free group factor is generated
by the sum of the generators and their inverses. We show that such a masa B is
strongly singular and has Popa invariant 6(8) = 1. This is achieved by proving
that the conditional expectation Ep onto B is an asymptotic homomorphism.
We also obtain similar results for the free product of discrete groups, each of
which contains an element of infinite order.

1. INTRODUCTION

Dixmier introduced in [2] a classification of maximal abelian selfadjoint subal-
gebras (masas) A of a type II; factor M in terms of the normalizing unitaries of
A. The von Neumann algebra generated by these unitaries could be the maximal
case M, the minimal case A, or a factor containing A but strictly contained in M.
These three possibilities are respectively termed regular (or Cartan), singular and
semi-regular. In many ways the masas in a von Neumann factor are the simplest
subalgebras, and yet have a rich structure which can act as an isomorphism invari-
ant. For example, many factors arising from the crossed product construction have
canonical masas which are Cartan, while the factors arising from the free groups
on k generators do not, [I1]. In contrast to the regular masas, every factor has a
singular masa, as shown by Popa, [4], and there are explicit examples in various
group von Neumann factors, [1], [2], [4], [9], [10]. The purpose of this paper is
to examine in some detail the Laplacian (or radial) masas in free group factors
from the standpoint of a theory of strong singularity which we introduced in [I0].
These masas arise naturally from nonabelian harmonic analysis on groups and play
a significant role in the theory, [3], [].

It can be quite difficult to recognize the particular type of a given masa. We
introduced in [10] the notion of strong singularity for masas, defined by a met-
ric inequality which estimates the distance of a unitary u from A in terms of the
distance from A to uAu* (see (23)). Such masas are singular, although the re-
verse implication is open at this time. The importance of this concept is that in
many instances verification of singularity can be achieved without difficulty. The
technique for this is based on the existence of asymptotic homomorphisms, which
are conditional expectations with additional properties. These are discussed in the
next section.
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466 A. M. SINCLAIR AND R. R. SMITH

Let g1,..., gx be the generators of the free group Fi, & > 2, and let
k

wi =Y (gi+g;").
i=1

Then the Laplacian masa B is defined to be the abelian subalgebra of VN (Fy)
generated by the selfadjoint element wy. Pytlik, [8], showed that B is indeed a
masa, and subsequently Radulescu, [9], proved that it is singular by establishing
that the Pukdnszky invariant, [7], is {oo}. Popa, [5], had already demonstrated that
a masa with this particular Pukdnszky invariant is singular. We will show that B
is a strongly singular masa, and also that Popa’s delta invariant, [4], has value 1
in this case. Since submission of the paper, §(8) = 1 now follows from a much
stronger result in [6]. As noted above, our route to establishing this is to show
that Ep is an asymptotic homomorphism, Theorem [5.1] since strong singularity
and 6(B) = 1 are then implied by [10, Theorem 4.7]. We achieve this by proving a
sufficient condition (Theorem [B:1I)), phrased in terms of the convergence of certain
infinite series. Specifically, we need that the difference between Eg(zw,y) and
Eg(z)Eg(y)wy,, where w,, is the sum of words of length n and = and y are fixed
words in Fy, should tend to 0 rapidly as n — oo. We also show, in Theorem [(.4]
that our results extend to certain free products of groups (see [I] for similar work).

The second section contains background material and definitions of the terms
mentioned above. The heart of the paper is the fourth section, in which we obtain
various enumeration results for words in . These are used to show that the Lapla-
cian masa satisfies the hypothesis of Theorem B.I] from which strong singularity
follows.

2. PRELIMINARIES

In this section we present definitions and notation which will be needed sub-
sequently. Specific notation about the number of words starting and ending in a
certain way is contained in the fourth section, where it is used.

The operator norm on a type II; factor M with normalized trace tr is denoted by
|-, and || - ||2 is the norm ||z||2 = (tr(z*x))*/2. If A is a von Neumann subalgebra
of M, then E denotes the trace-preserving conditional expectation of M onto N.
If ¢: M; — Msy is a linear map between type II; factors, then there are several
norms on ¢, depending on the norms given to M; and Ms. We write ||¢|| and ||¢]|2
when both factors have respectively the operator norm and the || - ||2-norm. When
M, has the operator norm and Ms has the || - ||2-norm, we denote the resulting
norm of ¢ by ||¢]|cc,2. This last norm was introduced and studied in [10]. We note
that conditional expectations are contractions for all three norms.

A maximal abelian selfadjoint subalgebra (masa) in M is singular if any unitary
u € M which normalizes A (vAu* = A) must lic in A, [2]. A masa A has Popa
invariant §(.A) = 1 if and only if the following is satisfied: for each nilpotent (v? = 0)
partial isometry v € M with vAv* and v* Av contained in A, we have

(2.1) sup{[|(/ = Ea)(@)ll2: @ € vAV", [lz] <1} > [lov™[ls,

[4], [10]. In [10] we introduced the concept of strong singularity for masas A. The
defining property is

(2.2) lu —Ea(u)lz < [Euau — Ealloo,2
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THE LAPLACIAN MASA IN A FREE GROUP FACTOR 467

for all unitaries u € M. Singularity is clearly implied by (22)), and we note that a
reverse inequality

(2.3) HEuAu* - EAHOO,Q < 4”“’ - EA(U')HQ

holds for all masas, [I0]. In the same paper, we introduced the notion of an as-
ymptotic homomorphism. This is the conditional expectation E4 onto an abelian
subalgebra A for which a unitary u € A may be found to satisfy

(2.4) |k1|ii>noo [Ea(zufy) — Ea(z)E4(y)u”|l2 =0

for all x,y € M. The masa associated to a generator in the von Neumann algebra
of a free group is one particular example of this phenomenon, [10].

The above are all rigidity conditions on the abelian von Neumann subalgebra A of
M. The main point for asymptotic homomorphisms is that their existence implies
both singularity and strong singularity, and that §(A4) = 1, [10, Theorem 4.7].

Let Fy denote the free group on k generators, 2 < k < oco. We denote the
generators of Fj, by {g;}%_,, and we let

Sk = {917---7gk;g;1;---7g;1}

with cardinality |Si| = 2k. For n > 0, we define w,, to be the sum of all reduced
words in Fy of length n. Then, for n > 2,

Wy = €,

k k
Zgi + 29;17
i=1 i=1

2

wi = wa + 2kwy,

w1

(2.5) WIWy, = Wpw1 = Wny1 + (2k — Dwy—q

are examples of relations among these sums. They also show that the unital alge-
bra generated by w; contains each w,, and that this algebra is the span of these
elements. The words in w,, are pairwise orthogonal with respect to the trace, and
S0 a simple counting argument gives the well-known formula

(2.6) w3 = 2k(2k — 1)1, n>1,

since this is the number of words of length n.
Let B denote the abelian von Neumann algebra generated by w;. Then B is a
masa, [8], and our previous remarks show that

{wn/llwnll2: 7 >0}

is an orthonormal basis for L2(B, tr). Moreover, for each z € M,

(2.7) Es(z) =Y tr(zw,)wy/|wnlf3.
n=0

3. ASYMPTOTIC HOMOMORPHISMS

In this section we present a criterion for determining when a conditional expec-
tation is an asymptotic homomorphism, phrased in terms of an orthonormal basis
for L?(B, tr).
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468 A. M. SINCLAIR AND R. R. SMITH

Theorem 3.1. Let A be an abelian von Neumann subalgebra of a type 111 factor
M, and suppose that there is a x-isomorphism w: A — L*°[0, 1] which induces an
isometry from L?(A, tr) onto L?[0,1]. Let

{vn: n>0, v, €A}

be an orthonormal basis for L>(A, tr), and let Y C M be a set whose linear span
is norm dense in L*(M, tr). If

(3.1) Y EA(zvny) — Ea(@)Ea(y)vnll3 < oo

forall x,y €Y, then E 4 is an asymptotic homomorphism, A is a strongly singular
masa, and 6(A) = 1.

Proof. Suppose that there is a unitary u € A for which

(32) I [Ba(@a"y) - Ea@)Ea(y)u"l2 =0
when x and y are arbitrary elements of Y. Then (B:2) will hold for x,y € span Y,
and the || - ||2-norm continuity of E 4 will extend its validity to all z,y € M. Thus
we may restrict attention to x,y € Y.

Let w be the unitary 2™, 0 < t < 1, which generates L>°[0,1], and let u =
7~ 1(w) be the corresponding unitary generator of A. Since  is an isometry for the
Hilbert space norms, we have

1
(3.3) tr(vju") = (u",v;) :/0 Xt (v;)(t) dt.
From this it follows that

(3.4) lim (u",v;) =0, 7 =>0,

| —o0

because the right-hand side of (B33) is the conjugate of the n'"" Fourier coefficient
of m(v;) € L?[0,1].
Fix z,y € Y, let € > 0, and choose k, by (B), so that

(3.5) > Ea(wvsy) — Ea(@)Eay)v; [} < 2.
i>k

From (B4)), we may now choose ng so that

(3.6) (" v;) <e((e+ Dl Iy~ 0<j <k In|>no.
o0

Since {v;}%2, is an orthonormal basis, we may write u™ = »_ (u",v;)v;, which
§=0

gives

(3.7)

IEa(zuy) — Ea(@)Ealy)u"llz = || (u", 0;) (Ealwv;y) —Ea(@)Ealy)v;)

=0 9
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THE LAPLACIAN MASA IN A FREE GROUP FACTOR 469
We split this sum at k& and estimate each part separately. By (3.6),
k
> (", 0))(Ealzvjy) — Ea(z)Ea(y)v;
§=0
2

< 2_e(k+ 1)l y1) 7 IEA(zv5y) — Ea(z)Ea(y)vsll2

.
e IIMw
o

< e(®&+ Dl lylh= 2l Iyl

Il
b
o

(3.8) g,

provided that |n| > ng. Since
(o)

(3.9) L= lul3 =) 1w, v,
3=0

we may use the Cauchy-Schwarz inequality to estimate

> (W) (B a(zvjy) — Ea(z)Ea(y)v;
j=k+1 )
(o)
< Y [ o)l |Ea(zvyy) — Ea(@)Ea(y)v;lla
j=k+1
1/2
(o)
< | D IEa(zvy) — Ea(x)Ea(y)v;ll3
j=k+1
(3.10) <eg,
by the choice of k (see (33))). Then (3F) and (3I0) allow us to obtain the inequality
(3.11) IEa(zu"y) —Ea(x)Ea(y)u"|2 < 3¢, [n| > no,
from B). This proves [B2), and the proof is complete. O

4. ENUMERATION OF WORDS IN [y

This section contains the main technical results which we will use to show that
Eg is an asymptotic homomorphism. We fix an integer k > 2, and formulate our
results for Fi. Some of the quantities below depend on k, but we have suppressed
this for notational convenience.

Definition 4.1. Let {g1,...,9x} be the generators of Fj, and let

Sk = {glv"'vgkagflv"'7g];1}'

For z,y € Sk, we let wy,(z,y) be the sum of all words of length n beginning with x
and ending with y, and we denote by v, (z,y) the number of such words. If o and
T are nonempty subsets of S, we write v, (o, 7) for the number of words of length
n which begin with an element of ¢ and end with an element of 7. O
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470 A. M. SINCLAIR AND R. R. SMITH

We note that the formula

(41) Vn(U;T) = Zl/n(x,y)

rEoT
yeT

is an immediate consequence of these definitions, for any nonempty subsets ¢ and
7 of Sg. The following lemma is obvious, and we omit the proof.

Lemma 4.2. Let 0 = Sk\{gl,gg,gfl,ggl} and 7 = Si\{g1,97'}. Then, for
n>2,

(4.2) wny1(91,92) = 91 (wn(gl,gz) +wn(g2,92) + walgs s g2) + an(xa92)> ;

rET

(4.3) wn+1(91,91) =91 (wn(gl,gl) + an($791)> ;

TET

(4.4)

wn+1(glvg;1) =0 <wn(glagll) + an(xagll)> .

TET

For n > 2, we introduce three constants «.,, B,, and -, which are respectively
Vn(91,92), Vn(91,91) and vy (g1, 97 "). For any pair ,y € Sk, there is an automor-
phism of F, which takes w,, (z,y) to one of w,(g1,g2), wn(g1,g1) and wy(g1,97 "),
and v, (z,y) is ap, Bn OF Yp.

Lemma 4.3. The following relations hold for o, 8, and vy, :

(i) Forn =2,
(4.5) az=1, f2=1, ~12=0.
(il) For n > 2,
(4.6) ant1 = (2k — 3)an + Bn + Yn,
(4.7) Br+1 = Bn + (2k — 2)an,
(4.8) Tnt1 = Yo + (2k — 2)an.

(iii) There exists a constant Cy such that, for n > 2,
(4.9) |an — (2k = 1)1 /2K, (B — (2k = 1)1 /2K, |y — (2k = 1)""1/2k| < G,

Proof. (i) Clear.
(i) These are the result of counting the terms in ([€2), (L3) and [@4) and noting
that the cardinalities of o and 7 in Lemma are respectively 2k — 4 and 2k — 2.
(iii) Equations [@XZ) and ([£8) show that

(4.10) Brt+1 — Ynt1 = B — Yns

and so these differences are independent of n. Since B2 — 72 = 1, we conclude that
(4.11) = 1+ Y, n>2.
Subtraction of () from (8] gives

(4-12) Uil = Yntl = Pn — @n = 1+ (9 — Oén)7
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THE LAPLACIAN MASA IN A FREE GROUP FACTOR 471

using (EIT)). Since as — 2 = 1, a simple induction argument, based on ([@I2),

shows that

(4.13) an =7+ 1+ (=1)")/2, n>2.

It follows from (BITl) and (fI3) that

(4.14) lan —ynl <1, Jan — Bn] <2, n> 2.

There are 2k(2k — 1)"~! words in w,. So counting these words according to
whether they lie in a sum of the form w, (a,b), w,(a,a) or w,(a,a™t) leads to

(4.15) 2k(2k — 2)an + 2k, + 2ky, = 2k(2k — 1)"7 1,

which, after cancellation, is

(4.16) (2k — 2)an + Bn + 90 = (26— 1)" L.

Substituting from (.14) gives

(4.17) |2k, — (2k —1)"71 < 3.

Now ([@3)) follows from (@IT) and (@I4) if we define Cy to be 2+ 3/(2k). O

Remark 4.4. As is surely well known, equations (E8)-([ZR) give closed form ex-
pressions for a,, 3, and 7,. One way to see this is to rewrite these equations as
Eni1 = A&, with solution &, = A" 2&,, where

anp, 2k—-3 1 1
Y 2%k—2 0 1

Explicit solutions can then be exhibited by observing that the eigenvalues of A are
2k — 1, 1 and —1, with respective eigenvectors

(1,1, D)% (©0,1,-D)F, (-1,k—1,k-1)T.

We omit the details, noting that it is more convenient for us to work subsequently
with the inexact estimates of ({.9)) than with the exact expressions thus obtained.[]

Corollary 4.5. There exists a constant Dy, depending only on k, such that
(4.18) |vn(o1, 1) — vn(02,72)| < Dg

whenever o1,09,T1,Te are nonempty subsets of Sy, satisfying

(4.19) lo1| = loa|, |71| = |72|.

Proof. First suppose that these are one-point sets. Then each v,(-,-) is either
Qn, By OF s so the difference is estimated by 2Cj, using (9). For the general

case, ([{.I) shows that this difference can be realized as a sum of |o1| |71| differences
for one-point sets. This gives the estimate

(4.20) |vn(o1,m1) — vn (o2, 72)| < 2|o1| |71|Ck.
Let Dy, be the largest possible right-hand side in ([£20), which is 8k2C}. O

Lemma 4.6. Let x =x¢...x1 and y = y1...Ym be words in Fy, and let u(r, s, n;
x,y) be the number of reduced words in the product xwyy which result from r cancel-
lations on the left and s cancellations on the right. Then there exist subsets o, (z),
7s(y) of Sk, whose cardinalities depend only on r and s respectively, such that

(4.21) w(r, s,m;2,y) = vp—r—s(or(2), 75 (y)),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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form>04+m+2,0<r</l,0<s<m.

Proof. We first define o,.(z) and 75(y), for 0 < r < ¢, 0 < s < m, and then verify
that they have the required properties. Let
(4.22)

ao(z) = Se\{z1 '}, ae(@) = Si\{ae}, T0(y) = S \ur '} T (y) = Sk\{ym}-
For0<r</fand 0<s<m,let

(4.23) or(2) = SiMariy, 2}, 7o(y) = Se\yath vs)-

Note that the pairs {z, |, z,} and {y, "1, ys} are distinct, since otherwise cancella-
tions would occur in z or y. Thus the cardinalities of the sets in ([@:22)) and ([£23)
are respectively 2k — 1 and 2k — 2, and they depend only on r and s. If the reduced
word

(4.24) Tl Trp1VYstl - - - YUm

results from one of these cancellations, then the first letter of v must not be z,_ _&1
(if » = ¢, then this constraint disappears). The original reduced word in w,, which
canceled to this was

(4.25) et oy oy

which requires the first letter of v to be different from z, (this constraint disappears
for r = 0). Thus the first letter of v must lie in o, (x). Conversely, such a v allows
exactly r cancellations on the left in (Z20). A similar analysis on the right shows
that a word of the form (E2H) both is reduced and allows the correct number of
cancellations precisely when v starts with an element of o,(z) and ends with an
element of 75(y). This proves the result. O

5. ASYMPTOTIC HOMOMORPHISMS

We now apply the results of the previous section to show that Ep is an asymptotic
homomorphism. In order to use Theorem [B.1]in Theorems [5.1] and (.4, we need to
know that the spectrum of wy is a closed interval, which may be found in [3], [8].
The omission of this point in an earlier version of the paper was kindly brought to
our attention by Stuart White.

Theorem 5.1. Let k > 2 and let B be the Laplacian masa in VN (Fy). Then Ep
is an asymptotic homomorphism.

Proof. Let x and y in Fj, be fixed words of lengths £ and m respectively. We require
that ¢,m > 1, since otherwise the inequality (5.10), for which we are aiming, is
trivial. Let z be an arbitrary word of length ¢, and suppose throughout that
n>0+m+2.

If a word v has length p, then it is orthogonal to w,, for n # p. From this and
[20), it follows that

(5.1) Es(v) = wyllwpll3>.
Thus, with the notation of Lemma [Z6]
(5.2)
m
Es (any) = Z Z Vn—r—s(o'r (J?), Ts (y))wn+l+m72(r+s) ||wn+l+m72(r+s) ||2_2
r=0 s=0
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By Corollary and Lemma[4.6]

(5.3) vp(or(2), 75 (y)) — vp(on(2), 7s(y))| < Di
for p > 2. Thus there exist constants A, s, uniformly bounded by Dy, such that

m

(54) Es (any) —Es (any) = Z Z Ar,swn+€+m—2(r+s) ||wn+€+m—2(r+s) ”272
r=0 s=0

Now |lw,||3 is the number of terms in wy; so

(5.5) [wpll3 = 2k(2k — 1)P71 = (2k — 1)~ [|w,||3-
Thus

(5.6) | Wit-erm—2(r+5) |13 = (2k — 1)fFm=20r) |y, |13
S0

(5.7) [wntetm—aerisllz > 2k = 1)~ w3,

for 0 <r < ¥, 0<s<m. This last inequality and (&) then give the estimate
(5.8)  [Es(zway) — Bs(zwny)|l2 < (£ 4 1)(m + 1) Dy(2k — 1) ™72, [|5 .
Let Hy , be the constant on the right-hand side of (B.8)). If we sum (58] over all
words z of length ¢ (of which there are ||w¢||%), we obtain

(5.9) | well3 Es(zwny) — Es(wewny)|lz < lwells Hem s llwnllz

Since Ei(z) = wyl|we||5 ? and Eg(wew,y) = wew,Es(y), (5:9) implies that

(5.10) |Es(zwny) — Es(@)Es(y)wall2 < Hem kllwnll3 -

If we let v, = wy||w,||3 ", then the terms of the series in (3.1]) are bounded by

HE  llwnlly * and the series is clearly summable. The result now follows from
Theorem Bl O

Theorem 5.2. Fix k > 2. Then the Laplacian masa B in Fy is strongly singular,
and has Popa invariant §(B) = 1.

Proof. Apply Theorem [5.I]and [I0, Theorem 4.7]. O

Remark 5.3. Theorem gives a new proof that B is a singular masa, a result
originally due to Radulescu, [9]. O

We now extend our results to the free product of a finite number of countable
discrete groups G;, 1 < i < m, m > 2. We let G denote G1 * Go x...* G,,, and we
fix elements g; € G;, 1 < i < k. We assume that each g; has infinite order, which is
possible in many, but not all, such groups. We denote by B the abelian subalgebra
of VN(G) generated by the selfadjoint element

k

h=Y (9:+9;")

i=1

Theorem 5.4. With the above notation, the conditional expectation Eg of VN (G)
onto B is an asymptotic homomorphism, B is a strongly singular masa, and 6(B) =
1.
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474 A. M. SINCLAIR AND R. R. SMITH

Proof. The elements g1, ..., gr generate a copy of F, inside G, and we write N for
the resulting subfactor of VN(G). As before, we let w,, be the sum of all words of
length n in Fy, and we note that {v, = wy,/||wy|2}22, is an orthonormal basis for
L?(B). The result will follow from Theorem [3.1]if we can show that

(5.11) Y IEs(zvny) — Es(@)Es(y)vall3 < oo
n=0

for all z,y € G.
If x € Fg, y € G, then

(5'12) Es (mvny) =Egp (EN(x'Uny)) =Egp (l"UnE/\/’(y)),

using modularity of Epr. If y € G\Fg, then Ex(y) = 0; so all terms in (E17)) vanish.
If y € Fy, then the argument of Theorem [5.1]shows the validity of (E11). A similar
analysis holds if we begin by supposing that y € Fy. We may thus assume that
x,y € G\Fi. In this case Eg(z) = 0; so (511]) becomes

(5.13) > Es(zvay)|l3 < oo.

n=0

The elements x and y may be written as products
(5.14) T=Tg...T1, Y=Yi..-Yq
where z; € Gs,, y; € Gy;, and s; # siy1, tj # tj11. Let

Xn ={u €Ty : |u| =n, zuy € Fi},

where |u| is the length of u in terms of ¢1,...,g9x € Fr. We will show that the
cardinality |x,| is at most (2n+1)(n+1). Consider a word u € Fj, of length n and
let

U=Uyp...Upr

be written in the free product G with each u; a nonzero power of some g;,, and
ij # ij41 for all j. Note that » < n. We observe that the product zuy is in Fy, if
and only if one of the following conditions is satisfied:

(1) there exists p, 0 < p < r, such that u; = x; ' for 1 <4 < p, and uy_;41 = y; *
for 1 <4 <r — p (with obvious modifications if p =0 or p = r), and the element

(5.15) TUY = Tp . Tpt1Yr—pt1 - - - Yq
is in Fy;

(2) there exists p, 0 < p < r, such that u; = x;l for 1 <i < p-—1, and
Up_ip] = yi_1 for 1 <i <r —p (with obvious modifications if p = 0 or p = r), and
the element

(5.16) TUY = Tp ... TpUpYr—p+1 - - - Yg
is in Fg.

In (&15), zpy1 and yr_p41 are in the same G, since further cancellation must
occur, while in (BI16) the same conclusion applies to the elements x,, up, and
Yr—p+1. In (1), there are at most n + 1 values of p, and thus at most the same
number of possibilities for u. In (2), p takes up to n + 1 values, and the remaining
term u, is a nonzero power g; for some i and some s with 1 < |s| < n. This
gives an upper bound of 2n(n + 1) possibilities. The two cases combine to give an
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upper estimate (which could undoubtedly be lowered by a more detailed analysis)
of (n+1)(2n+ 1) for |xx|.
It now follows that

(5.17) [Es(zwny)lla < [xn| < (n+1)(2n +1),

since |[Eg(zuy)|l2 <1 for each u € x,,. Thus the terms in (5I3) are dominated by
(n+1)%(2n + 1)?||w, |5 %; so convergence is guaranteed by (Z8). This proves that
Ep is an asymptotic homomorphism, and the other statements now follow from [10]
Theorem 4.7]. O

Remark 5.5. The conclusions of Theorem 5.4l would remain valid were we to replace
each g; by some nonzero power gf"’, and h by

k

> (gl 497",

i=1

since {g/"}%_, also generates a copy of Fj in G. O
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