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ABSTRACT. We are interested in the asymptotic behaviour of global classical
solutions to the initial-boundary value problem for the nonlinear dissipative
wave equation in the whole space or the exterior domain outside a star-shaped
obstacle. We shall treat the nonlinear dissipative term like a1 (1+ \:v\)*‘s |ut |Bug
(a1, B, 6 > 0) and prove that the energy does not in general decay. Further,
we can deduce that the classical solution is asymptotically free and the local
energy decays at a certain rate as the time goes to infinity.

1. INTRODUCTION

Let Q =RY or Q c RY (N > 1) be an unbounded domain with a compact and
smooth boundary 92 contained in the ball B,, = {z € RY;|z| < po} (if N =1,
we assume ) = (—00, 00) or = (pg,00)). We consider the initial-boundary value
problem in (0, 00) x £

wge — Au+ alt, 2)|ug|Puy = 0, (t,x) € (0,00) x Q,
(P) qu(0,2) =uo(z), uw(0,2) =wi(z), z€Q,
u(t,z) =0, (t,z) € (0,00) x 09,

where a(t, r) is a nonnegative function in [0, 00) x Q and 3 > 0. When  is the whole
space R, we can drop the boundary condition. In this paper we are concerned
with asymptotic behaviour such as energy nondecay and local energy decay for the
C? solutions to the problem (P).

Before we state assumptions, we shall introduce some function spaces and nota-
tion. Let WkP(Q) (k=0,1,2,...; p > 1) be the usual Sobolev space with norm

wer = { 3 [ ip2s@pas)”,
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866 TOKIO MATSUYAMA

where

Dg‘:( 9 )m( 9 )a2~~< 4 )QN (lof =1 + g+ -+ an).

da1) \ozy Oz

We write H¥(Q) = WH2(Q), H(Q) = L*() and || fllr2@) = [|f]. HF(Q) and
Hy(Q) are the completion of C§°(€2) (the space of all test functions on €2) in the
norms || - ||g1(qy and ||V - ||, respectively, where V = (9/0z1,0/0xs,...,0/0xyN).
BE([0,00) x Q) is the space of all functions whose derivatives up to the k-th order
are all bounded and continuous on [0, 00) x Q. The differential operators often used
in this paper are as follows:

8k_l(;k(aim)“l(ai@)”...(%)”, D{:% (j=1,2,--,N),

and we define the (higher-order) energy of u(t, ) by
, 1 . . '
E(Dju(t)) = S {ID] u(®)|® + [VD{u@®)|} (5 =0.1,2,3),
. 1 . . '
I} = E(Dju(0)) = §{||D§+1u(0)|\2 +[VD{u(0)[?} (5 =0,1,2,3).

We make the following hypotheses.

Hypothesis A. a(t,z) is a nonnegative function in [0,00) x Q and belongs to
C1([0,00) x Q), and is such that

lai(t, z)| + |Va(t, z)| < Ca(t, x)
for some C > 0.
Hypothesis B. a(t,x) satisfies
0<a(t,z) <a (1+]z))™° in[0,00) xQ
for some a1 >0 and § > 0.
Hypothesis C. RN \ Q is star-shaped with respect to the origin if Q # R™.

Now, assume that
{uo, w1} € [H?(Q) N Hy(Q)] x [Hg () n L2FHD ().

Then it is well known (cf. Lions and Strauss [3]) that if we assume Hypothesis A,
then the problem (P) has a unique global solution with the following properties:

(i) u € C([0,00); H3 (), and u satisfies the energy identity
t
(1.1) E(u(t)) —|—/ / alug|PT? dedr = E(u(s)) for 0 < s < t.
s JQ

(ii) w € C([0,T); L3(R)) for any T > 0.

(iil) wee, Vug, Au, a|ug|Puy € L=(0,T; L*(Q)) for any T > 0.
We see from the energy identity (ITI]) that the energy decreases in ¢ > 0. Thus a
question naturally arises whether it decays or not. The main purpose of this paper
is to investigate the asymptotic behaviour of solutions for the “exterior problem”.
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ASYMPTOTICS FOR THE WAVE EQUATION 867

When  is the whole space RY, Mochizuki and Motai proved in [I1] that if
a(t,z) > ao(l+t+|z))72 (0<§<1)and 0 < 3 <2(1—6)/N, then the energy of
the solution with the logarithmically weighted data decays like {log(e +%)}~# (0 <
pu<2/B),and if 0 < a(t,z) <ar(1+]2))° (0<§<1)and 8 >2(1—6)/(N—1)
(N > 2), then the energy does not in general decay (see also Mochizuki [9], where
the proof is not given in detail) and the solution is asymptotically free (see Motai
and Mochizuki [14]). The decay estimate in [11] can be proved analogously in any
exterior domain with a compact boundary. On the other hand, it seems difficult to
discuss the energy nondecay problem in exterior domains without any assumption
on the shape. For the linear dissipative case in an exterior domain outside a star-
shaped obstacle, we should refer to the work of Mochizuki and Nakazawa [12]
(see also the work [6] of the present author in general exterior domains where the
dissipation is effective around the boundary).

The first object in this paper is to discuss the energy nondecay of the solution
to the problem (P). In other words, we shall construct some special initial data for
which the energy of the corresponding solution remains positive as ¢t goes to infinity.
If RV \ Q is star-shaped and a(t,z) = O(|z|~?) (Jz| — oo) for some § > 0, we
can prove the energy nondecay for some restrictive condition on § (Theorem 2.1).
We can also prove that if Q is the whole space R? and a(t,z) satisfies a(t,z) =
O(|z|=%t~") for some § > 1 and i > 0 (t + || — 0), then the local energy decays
at a certain rate as t — oo (Theorem 2.4), which is the second object in this paper.
In this argument, the boundedness or decay of ||u(t)| L= for the global C? solution
u will play an important role, and we can also claim that the scattering state exists
in the exterior problem (Theorem 2.3), which is a sharper result than Theorem 2.1.
Here, we should mention the result in [9] on the local energy decay, which showed
that if (N —1)8 > 2(1 —¢) and § > —1, then the local energy decays to 0, but its
rate was not determined.

For the present discussion we need the existence theorem for classical solutions
to the problem (P). This existence theorem was treated by many authors (see
Nakao [15] and Sather [17] in a bounded domain, Shatah [I8] in the whole space,
and Hayashi [2] in the exterior domain outside the ball, Shibata and Tsutsumi [20]
in exterior nontrapping domains, etc.). In all of these it was required for the
existence of globally in time small-amplitude solutions that the initial data belongs
to the “higher-order” Sobolev spaces. Our result concerning the existence theorem
of the global C? solution v in Theorem 2.2 is even new in the sense that the small-
amplitude solutions belong to a weaker class, H* x H?, than the previous ones.
Since the energy does not in general decay, we cannot expect to obtain the decay
estimate, and hence it is difficult to prove the global existence of classical solutions
by the usual energy method.

In the case when © = R? or an exterior domain outside a star-shaped obstacle
in R®, if a(t,x) = O(|z|~°) (J#| — oo) for some § > 1, we shall use the weighted
energy method to obtain the space-time integrability of a|D{u|2 (j =1,2,3,4) in
Proposition 5.5, and as a result, we can deduce that the wave operator 92 — A
has a dissipative effect like ai(1 + |x|)~%u; for some a; > 0 and 6 > 1. From
this observation it follows that a nonlinear term like au? can be absorbed into the
space-time estimates of a|D{ u|?, which enables us to assure the existence of global
classical solutions in Theorem 2.2.
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2. STATEMENT OF RESULTS

We now consider the initial-boundary value problem for the free wave equation
with the same initial data as the problem (P):

wyy — Aw = 0, (t,x) € (0,00) x Q,
(P w(0,z) = up(x), we(0,z) = uy(z), x € Q,
w(t,z) =0, (t,x) € (0,00) x ON.

It is well known (cf. Tkawa [3]) that if {ug, u;} belongs to H*T1(Q) x H*(Q), k being
an integer with k > [N/2] + 1 ([N/2] = the integer part of N/2), and satisfies the
compatibility condition of order k, that is, w; € H} () (j = 0,1,...,k;wo = ug,
wy = uy) and wy41 € L?(Q), where {w;} are defined inductively by
(21) wj:ij_g (j:2,3, ,k+1),
then the finite energy solution w(t, x) belongs, in fact, to

k

X*(0,00) = (1) €7([0,00); H*177(Q) N Hg (2)) N CHH([0,00); L2 ()
§=0
and satisfies
(2:2) igg|hﬂt@)HLw < Cr = C(Jlw(0)[| g1, [[we (0) | £re)-

In order to state the result, we need

/OO/ alws (H)|P+2 dadt < CyE(w(0))
0 Q

for some Cg = C(B, |w(0)|| gr+1, [|we(0)]| g+) > 0 (k> [N/2] + 1) independent of ¢,
which will be shown in Lemma 4.2 below. Our first result reads as follows.

Theorem 2.1. Suppose Hypotheses A, B, C hold, and {ug,u1} # {0,0}.

(i) Let N # 2,6 > 1 and 8 > 0. Assume further that {ug,u1} belongs to
HWN/2+2(Q) x HIN/AHY(Q) and satisfies the compatibility condition of order [N/2]+
1 in the sense of (21). If we take o = o(ug,u1) > 0 so that

/ h / alws (8)|P2 dadt < 2572 E(u(0)),
o Q

then the energy E(u(?)(t)) of the solution u'?)(t) in the class X'(0,00) to the prob-
lem (P) with the initial data {ug,u1} replaced by {w(o), w:(o)} never decays to 0
ast — oo.
(ii) Let N >3,0<6 <1 and
2 26
R T
Suppose that RN \ Q is convex if Q # RN . Assume that {ug,u1} belongs to
[HZ[N/2]+3(Q) N WZ[N/2]+4,1(Q)] % [HQ[N/2]+2(Q) N WQ[N/2]+3’1(Q)]

and satisfies the compatibility condition of order 2[N/2] + 2 in the sense of (21I).
Then the assertion in (i) remains valid. In particular, if Q is the whole space RN
and the initial data {ug,u1} belongs to

[H[N/2]+2(RN) N W[N/2]+3,1(RN)] > [H[N/Z]Jrl(RN) N W[N/2]+2’1(RN)],
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ASYMPTOTICS FOR THE WAVE EQUATION 869

then the assertion in (i) remains valid even if N > 2.

Remark. When Q@ = RY (N > 2), Mochizuki and Motai assumed in [II] that
{ug,u1}, B and ¢ should satisfy

(2.3) Z |V ug|| + Z |2V 7 uy || < oo,
lal,|v|<[N/2]+2 laf,|vI<IN/2]+1
2 26
(2.4) B>N_N and 0<6<1

to obtain that E(u(?)(t)) remains positive as t goes to infinity. Thus part (ii) in
Theorem 2.1 imposes an L' condition and removes the weight condition on (Z3).

In order to discuss the existence of a scattering state and the local energy decay,
we need the existence of the globally small-amplitude C? solution to the prob-
lem (P). For this, we must restrict the condition on the power nonlinearity of the
dissipation to au?™" (3 = 2m).

Let Q be the whole space R® or the exterior domain in R* with a compact
boundary. Assume m =1, 2 or m > 3, which assures that the nonlinear dissipative
term is of class C3. Then we consider the initial-boundary value problem

uge — Au + a(t, :v)u?"”r1 =0, (t,x) € (0,00) x Q,
(P),, w(0,z) = uo(z), u(0,2) =uy(z), x €,
u(t,z) =0, (t,x) € (0,00) x ON.

We assume that {ug,u1} € H*(Q) x H3(Q) satisfies the compatibility condition of
order 3:

(2.5)  Diu(0,) e HY(Q) (j=0,1,2,3) and Diu(0,-) € L*(Q).
Furthermore, we impose the other assumption as
Hypothesis D. a(t,z) belongs to C3([0,00) x Q) and satisfies
> IDIDga(t,x)| < Ca(t,x) in [0,00) x Q
j+la|<3
for some C > 0.
Then the existence theorem for C? solutions reads as follows.
Theorem 2.2. Let N =3 and 6 > 1. Suppose Hypothesis D holds. Then we have
the following assertions.

(i) Assume Hypotheses B, C and m = 1,2 or m > 3. Then, there exist positive
constants g9, Co and Cy such that if the initial data {ug,u1} € H*(Q) x H3(Q)

satisfies
3 .
(2.6) IVuoll s + > 1D u(0)]| ga-s < Coso,
§=0
(2.7) l[ue(0)[[ o + l[uee(0) Lo + [[Vue(0)]| Lo < €0,
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and the compatibility condition of order 3 in the sense of 23, then the problem
(P),, admits a unique solution u € C%([0,00) x ) so that

3
(2.8) sup {IVu(®) s + Y I1D7 u(®) s } < CoCreo,
= j=0
(2.9) Sglg{llm(t)llmo H e ()| + Ve ()]~} < g0
t=>

(i) Let Q = R3, and let m be a number with m =2 or m > 3. Suppose that the
data uo,uy satisfies {ug,u1} € [HH(R3) N WHL(R?)] x [H3(R3) N W3L(R3)], (Z6)
and (Z70). Assume further that a(t,x) satisfies

(2.10) 0<a(t,z) <ay(1+t)""(1+ |z)~°

for some a; > 0, n > 0 and § > 1. If we choose gy small enough, then the C?
solution u satisfies

sup { (1 + 1) ([lue(t)|[ L + [Vu(t)|r=) }
(2.11) 20

< Cleo) ([luollwsr + [luoll s + lluallwar + Juallz2).-

Based on the L™ estimate (2.9]), we can argue the existence of a scattering state
for our problem, which reveals the meaning of the energy nondecay in Theorem 2.1
(i). That is, we have the following.

Theorem 2.3. For the solution u(t,z) in the sense of Theorem 2.2 (i) to the
problem (P), with the data {ug,u1}, there exists a pair {ud,uf} € E such that

(2.12) |lut) —wt @) —0 as t— oo,

where E represents the energy space Hy () x L*(Q) and w™(t) is the solution to
the problem (P), with {uo,u1} replaced by {ud,ui}.

Remark. When Q = RY (N > 2), Motai and Mochizuki [14] showed that if 8 >
2/(N — 1) and 6 = 0, then the scattering state exists. Therefore, Theorem 2.3 is
new in the sense of the exterior problem.

Finally, let us state the result on the local energy decay.

Theorem 2.4. Let 2 be the whole space R® and u(t,x) the solution in the sense of
Theorem 2.2 (ii) with supp up Usuppuy C Br for any fized number R > 0. Then

(2.13) % {[uc(t, 2)]* + |Vu(t, ) } dv < C(R,g0)(1 + )~ mn2@m4m.20-1})
Br

for allt > 0.

Remark. When a(t, z) has compact support, Ej.c r(t) decays exponentially to 0 as
t goes to infinity. For the details, see [1].
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3. PRELIMINARIES
We state the following well-known regularity theorem of elliptic equations.

Lemma 3.1 ([1], Gilbarg and Trudinger, p. 187, Theorem 8.13). Let m be a non-
negative integer. If Au € H™(Q) and u € H}(Q), then u € H™2(Q) and

ull v < Con (| Aullm + [Jull)
for some positive constant C,, depending on m.
Lemma 3.2 ([4], Ladyzhenskaya). Let HZ(Q) = {u € Hy(Q); Au € L*(Q)}. If

u € HE(Q), then DYu € L*(Q) (|a| = 2) and there exists a constant C > 0 such
that

Y IDgull < (I Vull + [|Aul).

jal=2

To obtain a priori estimates of higher-order derivatives, we need L' bounds for
the weighted energy. For this, let us introduce the positive smooth function ¢(r)
of r = |z| such that

(3.1) ©(r) is bounded, monotone increasing and satisfies (1) > r¢’(r).
Lemma 3.3. Let u(t,x) be the solution to the problem (P). Then we have

(3:2) %%{u? +161° + W’f} -V (Qu) + a|ut|ﬁ+2 -0
and
0 -
(33) £ Ae()(@ O)u}
-V [@(r)(f -0)0 + %g&(r)%{uQ — 102 - W“QH

+ ap(r)(T - 0)|wg|Pu, + u? =0,

+ 5000 + {500) = 300 0P = {200) — (1)} G -6
Folr) =3¢

(N-1DN=3) ,
T)} 4r2?
where we set

N —
0=Vu+

Proof. The proof can be done along the same lines as in the book of Mochizuki [10].
For the convenience of the readers we give it completely.

Setting v(t, ) = r(N=1/2y(t, ), we easily see that § = r~(N=1/2¥y and the
equation can be rewritten as
(N~ )N - 3)

4r2

In the calculations below, we shall construct the divergence form. Multiplying

the equation (34) by r'~Nv;, we have

N -1
(34) vy —Av+ z-Vvu+ ar_B(N_l)/2|vt|5vt +

v=0.

N —1)(N —
{Utt + arfﬁ(Nil)/2|’Ut|’B’Ut + —( ) 3)1)}7’17N’Ut

_8 1, (N=-1)(N=-3) ,
—&{auﬁ—sﬂ u
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and

N -1
( —Av + " z- Vv)rl_Nvt =V - {r" NV (Vo)u ) + VNV - Yy
N-1,_
H{VEY) - Vol + —— (@ Vo)(r' V)
10

- _Vv. 221012
== V- (Bu) + 55100,

which imply the identity (32]).
Multiply the equation (3.4) by r'~~ (r)(Z-Vv). Then the time derivative terms
become

o+ ar P02y P} N () F - T0) = () F O} — p(r)(E B0

+ ap(r)(T - 0)|uPuy
and the other terms become

(N-1)(N-3)

N -1
_A M~
{ v+ " z-Vou—+ 172

v}rl_Ngo(r)(f- Vo)

=—Av-r"Np(r)(T - Vo) + ?(p(?)(f -9)?
R EAIERELRLE e
=—Av-r " Np@r)(@- Vo) + ?W)(z -9)?
812 pirjE A 472 s
which imply
(3.5)
() O} — (1) B0+ apr) Ol

—Av-r'No@r) (@ - Vo) + ?gp(r)(% -6)°

+V- {—(N — 18)7"(2N — 3)go(r)%u2} + {%ap(r) - %gp'(r)}—(N — 20(2]\7 -3 u? = 0.
By simple calculations, the second term in the left-hand side of the identity (B.5])
becomes

o) 8 = o) (F - Y, — Lol

(3.6) "

1 ~ 1
= =5V {enui} + 5¢/(nuf
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and the fourth term in the left-hand side of the identity (B.5) becomes

(3.7)
—Av - Np(r) (@ - Vo)
= -V - {o(r)(T-0)8} +r' "N (V- V)@ - Vo) + o(r){V('N) - Vol (T - Vo)
==V {e(r)(@-0)8} + ¢ (r)(T-0)* + (1 = N)r No(r)(T - Vv)?

+ o(r)yr'= NV - V(T - Vo)

=V {p(r)(F 08} + ¢ ()7 0)° — olr) -
+o(r)r' NV . V(Z - Vo).

L(@-0)?

Here, we note that the last term in the right-hand side of ([B7) continually becomes
o(r)r' NV - V(T - Vo)

Lo {01 - - 0)2} + Sy —NE - V(| Vo)

2

(35) = (B — (7 0%} + ()N E - VN Vo N

= L8P — (-0} + 3 o(r)F - V(BP) + s Lo(r)6P

o0 — @0y + V- {Se(nF0l} - 2 (0P

Hence, it follows from (BZ) and (B8) that

v N () (E - Vu)))
69 =V {e)F 00— Le(FOP} — o) - (-0

+ {20t - 500 )01~ {2otr) - ()} 67
Combining (3H), B8) and B3), we get the identity B3). O

4. THE ENERGY NONDECAY

In this section we will observe that the energy does not in general decay under
the assumptions in Theorem 2.1. The following identity is our starting point.

Lemma 4.1. Assume that {ug,u1} € [H2(Q)NHL(Q)] x H}(Q). Let w(t,z) be the
X1(0, 00)-solution to the problem (P),, and let u'®) (t,z) be the X'(0,00)-solution
to the problem (P) with the data {uo,u1} replaced by {w(o),w(o)} for any fized
o > 0. Then we have

1t o o
(4.1) @ (0),w(t+0)p + 5/ / alul” (1)|Puf”) (), (7 + o) dxdr = E(u(0)),
o Ja
where (-,-)g is the inner product in the energy space
1
(u(t),w(t)) g = 5 / (upwy + Vu - Vw) dx
Q

Proof. Multiply the equation in (P ) VU § and integrate by parts over (o,t) x

(0 < o < t). Then, noting that (u(?)(0),w(0))r = E(u(0)), we get @I). O
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When § > 1, the following integrability of a|w;|**? will play a crucial role in
constructing a special data for which the energy never decays as t — oc.

Lemma 4.2. Let N # 2. Assume Hypotheses B and C, and let § > 1 and § > 0.
Let w(t,x) be the solution in the class XN/2+1(0,00) to the problem (P), with the
data {ug,u1} € HIN/A+T2(Q) x HIN/2H(Q) satisfying the compatibility condition
of order [N/2] + 1 in the sense of (2.I). Then there exists a constant Cz > 0,
depending on B, ||w(0)|| ginsa1+2 and ||we(0)|| gin/2141, such that

(4.2) / /Qa|wt|ﬁ+2 dzdt < CgE(w(0)).
0
Proof. First we shall prove that

(oo}
(4.3) / / aw? dedt < CE(u(0)).
0o Jo
We apply Lemma 3.3 to w. Noting that a = 0, we see that
(4.4) Xe+2Z2=V'Y,
where we set
1 N—-1)(N-3 ~
x = Hupeipp+ UV D001 )@ oy,

2 47?2
Y = 0u. + o(r){ (F-0)0 + %z[wf _ o - Wﬂ L

7 = 50 () w? +107) + {~or) — &' (1) 167 ~ (7 6)°)

# (7ot - g}

Then we integrate (IE) over (0,t) x § to obtain

/XT:c dm // T, T d(EdT_/ Y (r,z)-v(z)dSdr,
7=0 80

where v(x) is the unit outward normal vector at x € 9. Of course, when € is the
whole space R, we can drop the boundary integral term in (@3H). Since ¢(r) is
bounded, there exists a constant C, > 0 such that

(4.6) sup/Q | X (¢, z)| de < C,E(w(0)),

>0
where we have used E(w(t)) = E(w(0)) and the Hardy inequality

u(z)? 2 1
(4.7) 2 dx < C||Vu||* for u € Hy(Q) and N > 3.
Q

Needless to say, when N = 1, (&) is obvious. By means of the boundary condition
w‘aﬂ = 0 and Hypothesis C we see that wy =0, 0 = Vw = (%—f)v and T -v(z) <0
on Jf). Hence we have

(4.8) /Ot | Y(ra) wia)dsir = //8Q {7 - u( )}( )der<0

Further, since we have (r~tp — ¢’){|0]> — (7 -0)*} > 0 and r 1o — 271/ > 271/,
it follows that

1 —
(4.9) Z > 3¢ (n{w} + 18] + — —w

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ASYMPTOTICS FOR THE WAVE EQUATION 875

We put
1
4.1 =v41l - —
(4.10) o) ={1 —
where 6 > 1, v > 0 and > 1. Then
0—1
o) =1,

and it follows that ¢(r) > r¢/(r). Thus BI) is satisfied for this ¢(r). Therefore,
it follows from Hypothesis B and {A)-(£3) that ([E3) is valid.
Thus the estimate ({2) is an immediate consequence of the estimates (Z2)) and

E3), as follows:
/ / alw, P2 dedt < {sup ||wt(t)||€w} / / aw? drdt < C3E(u(0)).
0o Ja >0 o Ja
This ends the proof of Lemma 4.2. O

Now we shall prove Theorem 2.1 (i) by a contradiction argument. Let w(t, z) be
as in Lemma 4.2. By virtue of Lemma 4.2 we can take 0 = o(ug, u1) > 0 so that

(4.11) / h /Q alews (8)|%2 dadt < 2572 E(u(0)).

For such a time o > 0 we consider the X*(0, c0)-solution u(?)(¢,z) to the prob-
lem (P) with the data {ug,u;1} replaced by {w(c),w(o)}. We suppose that the
energy E(u(?)(t)) of ul®)(t,2) decays to 0 as t — oo and argue to a contradiction.
Letting ¢t — oo, we see from Lemma 4.1 that

(4.12) / /a|u§">(t)|5u§">(t)wt(t+a) dzdt = 2B(u(0)).
o Ja
Since we have

‘ /0 /Q alul” ()P (£)w (t + o) dxdt‘
0 (G+1)/(6+42) , [ 1/(6+2)
< ( / / alul? (1) ddt) ( / / aluy (1) 7+ dvd
0 Q 4 Q

e 1/(B+2)
< E(u(@))<ﬁ+1>/<ﬁ+2>( / / alwy (£)|P+2 dmdt) ,
o Q
it follows from (EI2) that
/ / alwy (t)|° 2 dzdt > 2°T2E(u(0)),
o Q

which contradicts (BIT)). Thus the energy E(u(?)(t)) never decays, which completes
the proof of Theorem 2.1 (i).

Finally, we shall prove Theorem 2.1 (ii), i.e., the energy nondecay in the case
when 0 < § < 1. For this, we need the following uniform decay estimate.

Proposition 4.3 (Shibata and Tsutsumi [19]). Let N > 3. Assume that RY \ Q
is convex if Q # RN . Let the data ug, uy satisfy {ug,u1} € [H*(Q) N W HLL(Q)] x
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[HE=1(Q) n WEL(Q)] with k = 2[N/2] + 3 and the compatibility condition of order
k. Then the solution w(t,x) to the problem (P), satisfies the following estimate:

(4.13) sup { (14 )OI 2 ([l (0) 2 + [VuD)} ) | < G,

where
Cr, = C([lw(0)wrsrs + [[we (0)[| o + [[w(0) Iy + [we (0) || gre—1)-

In particular, if Q is the whole space RN and the data ug, uy satisfy {ug,u1} €
[HF(RN) N WEHLLRM)] x [HFL(RN) N WFL(RN)] with k = [N/2] + 2, then the
decay estimate @I3) is valid even if N > 2.

Now we see from Proposition 4.3 that there exists a constant Cy g = C’,f+2_" >0

so that
(oo}
(4.14) / / alwy(t)|P+? dedt < Cy g
0 Q
for all n with
N-1 2 — 20
(4.15) ( )(§+ W o1 and 2>n>2- .

In fact, we have

/OOO/Qa|wt(t)|ﬁ+2 dxdt
| @i ([ auop iz e

& (2—n)/2
Cm/ (Ht)—(zv—l)(mz—n)/z(/(Hr)—zé/@—n) dx)
0 Q
/2
X (/ wy (t)? dx)n dt.
Q

2 20
N-1 N’
we can choose 71 to satisfy the condition (£15]). Thus, assertion (ii) in Theorem 2.1

can be proved in the same way as assertion (i). The proof of Theorem 2.1 is now
complete. O

IN

IN

Since

8>

5. PROOF OF THEOREM 2.2

Theorem 2.2 is based on the following local existence of solutions.

Proposition 5.1. Let N = 3. Assume that a(t,z) belongs to B3([0,00) x Q) and
m = 1,2 or m > 3. If the data {ug,u1} belong to H*(Q) x H3(Q) and satisfy the
compatibility condition of order 3 in the sense of (ZA)), then there exist numbers
T =T(||Vuo| s, |lurllgs) > 0, M; = M;(T) > 0 (j = 1,2) and a unique solution
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u(t,x) of the problem (P) _ such that

m

Vu € C([0,T); H3(Q)),
2
ug € ﬂ C7([0,T); H>77(Q) N Hy () N C*([0,T); L*()),
7=0

P {IVau(t) ||Hs+Z||D”1 ()| #rs-1 } < Maeo,
7=0

sup_ {lue@)llz + lua @l + [[Vur(t)| L= } < Maeo.
0<

The proof can be found in Appendix A.
By a standard argument on the basis of Proposition 5.1, it suffices for the exis-
tence of a global classical solution to show that for a given g9 > 0, if

(@)oo + use (D)l L + [[Vue(t)] L < €0

holds for assumed smooth solutions u(¢,x) on [0,T), then there exists a certain
quantity C' > 0, independent of gg, such that

3
Jsup {[[Vu(t) HH3+ZHDJ+I Ol } < C Y.
j=0

7=0

5.1. A priori estimates I.

Proposition 5.2. Let u(t,z) be the solution on [0,T') in the sense of Proposition
5.1 satisfying ||ue(t)||r= < €0 on [0,T). Then there exists a constant C > 0,
independent of €q, such that

1/2
o + s + 190+ ([ [ (Pl 4, o)
< C(p+ 1)

(5.1)

foro<t<T.
Proof. By the energy identity (L)) we have
(5.2) [ue(®I + [[Vu(t)]] < 21o
for0<t<T.
Multiplying the equation in (P), by —Aw, and integrating over €2, we have

(5.3) Vur(®)] + | Au(t)[?} + / V(@) - Vuy do = 0.

2dt{|

Next, differentiating the equation in (P),, with respect to ¢ and multiplying it by
Uge, We have

64 5O+ IVw®R) + | D) - de =0,
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Then it follows from (B3) and (&4) that
(5.5)
lwse ()]|? 4 2| Vue(£)]|? + || Au(t)||* + /Ot /9(4m + 2)au?™ (|Vug|* + u?,) dedr
< e (0)]7 + 2/ Ve (0) |2 + [ Au(0)

t
42 [ [ (Val IVl + Dial P dnr
0 JQ

Here, it follows from Hypothesis D and the energy identity (1) that the last term
in the right-hand side of (53 is bounded by

t
C/ /a(|vut|+|Utt|)|utl2m+1dxd7
0 Q

t t
5/ / a(|Vaug|? + uZ))ui™ dedr + C. / / au?™ 2 drdr
0 Ja o Jo

t
z—:/ /a(|Vut|2+uft)ufmdxdT+C€I§
0 Ja

(5.6)

IN

IN

for any € > 0. Using the equation in (P), and [|u¢(0)||z= < €0, we see that
(5.7) [Au(0)]] < C{llua ()] + ue (0)*™ |} < C (Lo + L)
Thus, it follows from (£.5), (5.6) and (57) that

t
() + [ Va0 + | Au(®)]® + / / a2 ((Vur|? + ) dudr < C(I2 + I2).
0 Q
This and Lemma 3.2 lead to (&.1I). O

5.2. L' bounds for the weighted energy. Hereafter we let ¢(r) be as in ({10),
where § > 1,0 < v < 1 and g > 1. Recalling the definition of @ in section 3, we
have an L' bound for the weighted energy.

Proposition 5.3. Let u(t,z) be as in Proposition 5.1 satisfying ||u:(t)||~ < €o
on [0,T) for small ey such that

§—1
(5.8) 0<et™< .
a1y

Then there exists a constant C > 0, independent of €y, such that
t

(5.9) / /a(uf +16|%) dazdr < CI?
0 Ja

for0<t<T.

Proof. The proof can be done along the same lines as in Lemma 4.2. Noting that
N = 3, we apply Lemma 3.3 to obtain

(5.10) X, +Z=V-Y,
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where we set
X = l(wt +16%) + (r)@-o)ut,
Y = Ou,+ ()] (7 0)0 + L33 ~ 6},
Z:%ﬂMﬁ+w>+§wm—¢mhw2<~)}+www
+ ap(r) (@ - O)uf" .

Recalling that Y - v < 0 on 09 (see (L) in the proof of Lemma 4.2), we integrate
(BI0) over (0,t) x Q to obtain

(5.11) /thdx—f—// Txdxd7</X0x

As in the proof of Lemma 4.2, we have

(5.12) sup/ |X (t,z)|dx < CIZ.
>0 Jo

Further, since we have (r~1o — " ){|8]* — (Z-0)%} > 0 and ||us(t)||z~ < o on [0, T),
it follows from (G.8) that

(5.13)
22%¢vmﬁ+w)+ﬂﬁ””+wﬂ@ﬂW%“}

1 . m
= 5¢' (N (i +16%) + au; {Ut +o(r)(@ 9)ut+ p(r)*101°} — Sap(r)*uy™ 0]
Y@ —1) %e
> = —a(u; +6]*) - |49|2
alp
1O —1) 5 2
e 0°).
> 0= Dt + )
Therefore, it follows from (EII)-(5I3) that the inequality (E9) is valid. This
completes the proof of Proposition 5.3. O

For the proof of an L! bound for the weighted energy of higher-order derivatives,
we prepare an L' bound for the weighted energy of the linearized equation.

Proposition 5.4. Let u(t, ) be the solution in the sense of Proposition 5.1 satis-
fying
(5.14) lue(@)llze + [lue (@)L~ <o on [0,T),
where we choose €y so small that
6—1
5.15 0<e"m < —o .
(5.15) 0 2m+ 1)aypwy
Consider the linear problem

Ul — AUO + (2m + Da(t, 2)u2mUY = o1(a,wp),  (t,2) € (0,00) x Q,
®), U0 =" € H(Q), U0)=U" € L2(Q),

UD(t,z) =0, (t,x) € (0,00) x 09,
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forl=1,2,3, where we set

oi(a,up) = — at“?mﬂa
oo(a,uy) = — (D2a)u?™ ! — (4m + 2)au?™ D?u — m(4m + 2)au?™ ' (D?u)?,

o3(a,u) = — (D3a)u?™ ! — (6m + 3)(D2a)u?™D?u
— (6m + 3)a; {2mu;™*(Dfu)? + uf™ Dju}
—2m(2m + 1)a{(2m — 1)u;™ *(Du)® + 3u;™ " (Dju)(D}u)}.
Then there exists a constant C > 0, independent of €y, such that
(5.16)

t
BUOW)+ [ [ alUfF + [VUOR + g0 R} dodr
0 JQ

t l )
< C{E(U(”(O))+HU”)(O)||2+||U(l)(t)||2+/0 /Qa(|U<l>|2+Z|Dgu|2) dudr }

j=1
for 0 <t <T. Here we set

00 — U 1 Lz,

r

Proof. First step. We may assume that U®) is smooth. As in the derivation of the
identity (5.10), we have
(5.17) Xe+21=V'Y + Z,,
where we set

1 ~
X = P + 1091} + o) (@ - 00",

Y = 000 + or){ @ 00100 + SH(UL ~ 0O,

1

S I + 80P + { o) - o ) HIOOP — (7 -00)%)

Z
+ 2m + Dau?™ U1 + @m + Dap(r)u?™UP (7 - 00),

Zy = oy(a,u) UL + o1(a, u) (T - 0D).

Integrate (GIT) over (0,t) x 2. Then

T=t t t
(5.18) /X(T,x)dx —|—/ /Zl(T,x)dxdTg/ /|Zg(7',:c)|dxd7',
Q =0 0 JQ o Ja
where we have used
1 oUW
)

Y-u:§go(x-u o

)2 <0 on 0N.

Since p(r) <y < 1, we see that
1_
(5.19) /X(t,x) dz > / T”{|Ut”>|2+ 1002} da > 0,
Q Q
and it follows from the Hardy inequality (7)) that

(5.20) /Q 1X(0,2)| dz < CE(UWY(0)).
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We see from the smallness condition (5.I5) on ¢ that
1 I
Zy 250 (MU + 162}
+ @m+ Dau™ (U2 + ()@ -0V}
1

=3¢ (DU + 160}

(5.21) +@m+nwt{wﬁﬁ+¢>@o”w“+4w>wm}
_2m—|—1
4

(6 —1) (D)2 12
P A _
Z S a{|U;"[" + 1617}
(6 —1) ()2 2
> U+ 18O,

Hence, it follows from the inequalities (EIX)—(GE21) that

(5.22) //a{|U”>| + gD }dxdT<C //|Z27'x |dxd7}

for0<t<T.
Second step. Multiplying the equation in (P), by Ut(l)7 we have

auo(r)* 00

2.2m
(2m+ j-l)’y €0 a|0(l)|2

t
E(U(l)(t))+(2m+1)/ /autm|U(l)|2dxdT

< BUW(0 //|al||Ut | dudr.

Then it follows from the estimates (5:22) and (5.23) that

U(l) / / autm|Utl)|2 dxdr

(5.24) +2/ /a{|Ut(l)|2+|0(l)|2}dxdT
0 JQ
t
<co{ewOo)+ [ [ jal(u?)+ 0] dadr).
0 JQ

Further, multiplying the equation in (P), by aU O we have

(5.23)

t t
(5.25) / / {IVUDR = UPPY dadr + (2m + 1) / / 22y OyO dadr
0 Q 0 Q

+ (U (), U () 12,

t t t
= / / a,UOUY dydr — / / {Va-vUDUO dedr + / / ao,UW dadr.
0 JQ 0 JQ 0 JQ

Here we can see easily from the energy estimate (5.23) that
(@O 0). U0 )]+ (@ (0). U (0)]

5.26 t
o2 < c{BUOO)+ OO +[0O@F + [ [ ol daar}.
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Next, noting that

¢ 1
/ / aUOU drdr = / {a OO WP ~a ()00 ©0)P} da
0 Q Q
we get

1 t
——/ /att|U(l)|2d{EdT,
2.Jo Jo
(5.27)

t t
]/ /atU”)Ut(l) dodr| gC{HU”)(O)||2+||U(l)(t)||2+/ /a|U(l)|2dxdT},
0 Q 0 Q

where we have used |a¢| + |att| < Ca. Furthermore, we see from |Va| < Ca that
(5.28

t) 1t t
/ /{Va-VU(l)}U(l)dxdT} < —/ /a|VU(l)|2dxdT+C’/ /a|U(l)|2dxdT.
0 Jo 2Jo Ja 0 Jo
Hence, it follows from the estimates (5.25)—([E28) that
t
1
= M2 _ 2
/O/Qa{QWU 2~ U2} dedr
t
(5.29) < C{E(U(l)(O))+||U(l)(0)||2+||U(l>(t)||2+/ /a|U(l)|2dxdT
0 Ja

t t
+/ /a|ut|2m+1|Ut(l)||U(l)|dxdT—|—/ /|al|(|Ut(l)|+|U(l)|)dxdr}.
0 Q 0 Q

By use of ||u(t)||L~ < €0 on [0,T), the fifth term in the right-hand side of (5.29)
is estimated as

t
C/ / alu, P U0 |UW| dedr
0 Q

t t
(5.30) < E/ /aufm|Ut(l)|2dxdT+Cg/ /cwd,?m"’2|U(l)|2 dxdr
2Jo Ja 0 Jo

t t
< 5/ /au§m|Ut(l)|2dxdT+Cg/ /a|U(l)|2dxdT
2J)o Ja 0o Ja

for any 0 < & < 1 and some C. > 0. Therefore, it follows from the estimates (5.24)),

(£29) and (530) that
t
BUOW)+ [ [ aun P dvar
0 JQ

t
+/ /a{|Ut(l)|2+|VU(l)|2+|0(l)|2}dxd7
(5.31) 0 e .
< C’l{E(U”)(O)H—||U(l)(0)||2—|—||U(l)(t)||2+/ /a|U<l>|2dxdT}
0 JQ

t
+ cg/ / o UL+ [TO] + 9O} dudr.
0 Jo
Final step. It suffices for the inequality (5.I6]) to estimate the last term in the

right-hand side of (531 in three cases [ = 1,2,3 by using Z?Zl |DJa| < Ca and
[us()l[ Lo + luee(t)][ L < €0 on [0,T).
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Case | = 1. In this case

{the last term in the right-hand side of (B.31)}

t
<C laclJue PO+ [UD] 4 8D} dadr
5.32) o Jo

' t

(

for any 0 < ¢ < 1 and some C: > 0. Therefore, it follows from the estimates (B3

and (532) that (516 is valid for [ = 1.

Case | = 2. In this case

(5.33)
{the last term in the right-hand side of (&31)}

IN

t
¢ [ [ athu @Dzl + s DR (UL + (U] + 6]} dodr
0 JQ

t
2| atamo® P+ 109 + (U ) dodr
0 JQ

t
w0 [ [t s OO DR DR
0 Jo
+ ufm_2|Dt2u|4} dxdr

t
2 [ [ atamo® P+ 109 + (U P) dodr
0 JQ

t
+cg/ /a{u§+|D§u|2+|U<2>|2}dxdT
0 Q

for any 0 < ¢ < 1 and some C. > 0. Therefore, it follows from the estimates (531

and (B33) that (16 is valid for [ = 2.

Case | = 3. In this case

(5.34)
{the last term in the right-hand side of (&31)}

: C/ot /Q af[ue"** + w2 Dl + [up 2" DEuf® + uf™ | DPul + uf™ 2| D}ul®
+ w1 | DFul [ DjuH|USP | + US| + 109} dwdr
<3 / /Q afu;™ U P+ 180 + U} dadr
e /t/ﬂa{uf—i—|Dfu|2+|Dt3u|2+|U(3)|2}dxdT
0

for any 0 < £ < 1 and some C, > 0. Therefore, it follows from the estimates (E31I)
and (534) that (BI0) is valid for [ = 3. This completes the proof of Proposition
5.4. U
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Proposition 5.5. Let u(t, z) be as in Proposition 5.4. Then there exists a constant
C > 0, independent of €g, such that
(5.35)

t l
E(Dlu(t)) +/0 /Qa(|Di+1u|2 + |DiVul? + |DL0|?) dzdr < C{||Diu(t)|? + Z 7}
=0

for0<t<T andl=1,2,3.

Proof. Differentiating the equation in (P), [ times with respect to ¢t (I = 1,2,3),
we have

D2y — AD + (2m 4 1)au?™Diu = oy(a, uy).
Then, setting UM = w; in Proposition 5.4, we have (5.35) for I = 1. Similarly,

setting U = Dlu (I = 2,3) in Proposition 5.4, we have (533) for I = 2,3,
respectively. O

5.3. A priori estimates II.

Proposition 5.6. In addition to the assumptions in Proposition 5.5, we further
assume that ||Vue(t)||pe < €9 on [0,T). Then there exists a constant C > 0,
independent of €g, such that

(5.36) [ue@)| 2 + [[Vu@)|| g2 < Clo + I + I2),

(5.37) luse(®) | e + [ DFu(t)]| < CIo + Iy + 1)

foro<t<T.

Proof. Differentiating the equation in (P), twice with respect to z; (j = 1,2,3),
we have

(5.38) (Au)ge — A(Au) + (2m + Dau?™ Auy = oa(a, uy),

where we set

(5.39) oa(a,ur) = —(Aa)u?™ ! —(4m~+2)Va-uZ™Vu, —2m(2m+1)aui™ | Vg 2.

Since D{u(t, xz) =0o0n 00 (j =0,1,2,3), we use the equation in (P),, to obtain
Auy = Diu+ aui2™ + (2m 4 Dau?™D2u =0 on 9.

Noting this and multiplying (538) by Au;, we have

E(Au(t)) + (2m+1) au?™|Aug|? dedr
" bh

t
§E(Au(0))+/ /|0A||Aut|dxd7.
0 Ja

In view of Propositions 5.2 and 5.5 for [ = 1, we have proved that

t
/ / a(uf™|Vue|® + |V |?) dedr < C(I5 + 1),
0 JQ
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from which it follows that

t
//|0’A||Aut|d$d7'
0o Jo

¢
< C/ / a(jue ™+ 2™ V| + w2 |V |?) | Aug| dedr
0o Jo

t
< e/ /aufm|Aut|2 dxdr
o Jo

(5.41) )
+ C. / / a(jue ™2 4 2™ Vug|? + ul™ 2 V|t dedr
0 Jo

IN

t t
e/ /aufm|Aut|2 da:dT—I—C/ /a(uf+ufm|Vut|2+|Vut|2) dxdr
0 Ja o Jo

IN

¢
5/ /aufm|Aut|2dxdT+C(I§+If)
0o Jo

for any 0 < ¢ < 1, where we have used ||us(t)||ree + [|[Vue(t)||z < €0 on [0,T).
Hence it follows from (40) and (BE4T) that

t

(5.42) E(Au(t)) + 2m/ / au?™| Aug|* dedr < B(Au(0)) + C(IE + I?).
0o Ja

Here we note that

(5.43) BE(Au(0)) < O(llurllFz + I Vuol F2)-

Proposition 5.2 together with (5.43]) implies

w2 + [[Vu®)| g2 < C(lo + 11 + I),

which means the estimate (2:36). Finally, using the equation in (P),, and noting
that ||ue(t)||L < €0 on [0,T), we have

e ()| < [|Au(®)]| g1+ law™ ) g
< C{IVu(®)|l g2 + |lue ()| 1 }
<C(ly+ I + 1)

for 0 <t < T. This and Proposition 5.5 imply the estimate (B.37]). O
5.4. A priori estimates III.

Proposition 5.7. Let u(t, z) be as in Proposition 5.6. Then there exists a constant
C > 0, independent of €9, such that

(5.44) IDFu()|l 2 + | Dfu®) | + | Diut)]] < C(Io + L + Iz + I3),
(5.45) ()| zs + [Vu@)|gs < Clo + I + 12 + I3),
foro<t<T.

Proof. Using the equation in (P), , we have

Auy = Dfu + Df(aufm"’l),
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and hence
(5.46)
|Aug ()| < || Diu(t)|| + | D? (au?™ )|

3
<CY I
j=0

+ C{l(DEa)u™ | +l|arui™ Diul| +|laui™ ~ (DFw)? ||+ [[ui™ D} ul }
3
< O I+ Ceg™{lue(®)]| + | DFu(®)]| + | DY u()|I}
3=0
< C(Io + 11+ I +I3)
for 0 <t < T. Thus, it follows from Proposition 5.5 and (5.46]) that the estimate

(B44) is valid.

On the other hand, using the equation in (P),, and [[us(t)| Lo + |lu(t)||zo +
[IVue(t)||Lee < o on [0,T), we see from (5.44) that

(5.47) | Au(®)||gr < |D3u()||l g + || Delaui™ )| g < CIo + I + Iz + I3)
for 0 <t < T. Hence, again combining (5.47) with Lemma 3.1, we have
lue(@)l[ s < CLlAw ()] + lue®)]|} < CLo + I + Lo + I3)

for0<t<T.
Finally, it follows from Proposition 5.6 and Lemma 3.2 that

IVu@ls < C{o+ L+ L+ Y IDZD7u(®)]}

|O‘M5|:2
(5.48) <Cllo+ 5L+ 5L+ |Z | D Au(t)|| + §|: | D2Vu(t)|}
al=2 al=2
<SC{ho+hL+L+ Y |DfAu()}
|a]=2

for 0 <t < T. Here, using the equation in (P),, we see from (0:44) and Proposi-
tion 5.6 that

Y IDsAu@®) < Y0 IDEDRu)ll + Y I1DS (au™ )|

|a|=2 |a|=2 |a|=2
< C{IIDFu(®) | 2 + llue(t) ] 1=}
< C(lo+ 1 + I+ I3)

for 0 <t < T. Therefore, combining this with (5.48)), we obtain the estimate (5.45).
O

5.5. Proof of Theorem 2.2 (i) completed. Let u(t,z) be the approximate so-
lution satisfying

[ue@)l[Loe + luee (@) Lo + [[Vue(t)| L < €0
on [0,T). Since the quantity Iy + I; + Iz + I3 is bounded by

3
C{IIVuollgs + Y I1D7H u(0)] -4 }

Jj=0
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for some C > 0, it follows from Propositions 5.2, 5.5, 5.6, 5.7 and Sobolev’s in-
equality that

3
IVu®) | s + Y IIDE ()] ga-s
7=0
< C(Io + I + 5+ 13)

3
< Cof{lIVuollms + 3 11DF u(0) o}

=0
and
lue(@)llze + lluee (@)L + [V (t)|| e
< C{lluc(®) s + e a2} < CIo + I + Iz + I3)

3
< Co{|IVuollms + 3 D7 u(0) o5 }
7=0

on [0,T) for some C; > 0 (j = 1,2). We assume that the initial data {ug, u1} are
so small that

3
(5.49) IVuoll s + 3~ 1D3* u(0)]| 55 < Coco,
j=0
(5.50) [ue(0)][ Lo + [luee(0)[ Lo + [[Vue(0)[| Lo < 0,

where we set Cp = Cy '

The a priori estimates obtained earlier now show that the local solution u(¢, x)
can be continued on [0, 00) under the assumptions (5.49) and (5.50), and the ex-
tended solution, denoted by the same, satisfies

Vu € L>(0,00; H3(Q)),
2
ue € () WH52(0, 00 HY3(0) 1 HE()) 0 WH=2(0, 00; L(9),
§=0

3
ess.sup {|[Vu(t)| gz + Y D7 u(t)| ey} < CoCrzo,
t>0 X
= ]:0

ess. Sup {llue@®)llze + llue (@)l + [Vue(®)llz=} < eo.
t>0
For completeness we prove that the approximate solution u(t) becomes the strong
solution. In fact, by the standard argument, the limit function u(t) satisfies

Vu € Cy ([0, 00); H*(2)),

2
ue € () BY([0,00); H¥7(Q) N Hy (Q)) N C5 ([0, 00); L*(2)).
§=0
Let T > 0 be any fixed number. Then we find that u(t) satisfies
(ue(t), @) — (Au(t), ¢) + (au(t)*™ T, ©) =0  for any ¢ € L*(Q),
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for 0 <t < T. On the other hand, we have au?™"* € C([0,T]; H}(Q)). Hence,
the general theory of hyperbolic equations (cf. [8] Mizohata, Chapter 6, Theorem
6.12]) implies that the initial-boundary value problem

ul, — Au* +a(t,z)uf™ T =0, (t,z) € (0,00) x £,
u*(O,x) = UO({E), u?(ovx) = ul(x)a T e Qv
u*(t,x) =0, (t,x) € (0,00) x 00

has a unique solution u* satisfying
Vu* € B([0,00); H*(2)),

(5.51) uj € () BY([0, 00); H* () N HE () N B3([0, 00); L(2)).

§=0

Put w = v — u*. Then w satisfies the initial-boundary value problem
(wttv 90) - (Awa 50) =0, (ta (E) € (Oa OO) x Q,
w(0,z) = w(0,2) =0, x € Q,
w(t,z) =0, (t,x) € (0,00) x 09,

for any o € L?(f2). Setting ¢ = w; and integrating over [0, T], we have

[we ()] + [IVw(®)]* =0,
which implies w = 0. Thus u has the regularity in (5.51) and satisfies

3
sup {IVu(t)llo + 3 17 u(®)lo-s } < Cozo,
t ;
= ]:0

Sgp{llut(t)llLoo e ()l + [Vue(t)][2= } < eo.
>0
The proof of Theorem 2.2 (i) is now complete.

5.6. The decay estimate in the case when ) = R?. We consider the Cauchy
problem

(P) Ut — Av = fa (ta (E) € (07 OO) X Rgv
o w(0,2) = vo(x), v(0,2) =vi(z), xe€R3.
Then the following uniform decay estimate is well known.

Proposition 5.8 (Shibata and Tsutsumi [19]). Let v(t,x) be the solution of the
problem (P); with the data {vo,v1} € [WHH(R?) N H3(R?)] x [WH(R?) N H*(R?)]
and | fl1,14n,3 + | fl2,14n,2 < 00 for any n > 0, where we set
Uy =sup {1407 37 1DIDEF(E )0 }-
t20 j+lal<k

Then v(t, ) satisfies
sup { (1 + ) ([[ve(®) | + [Vo(®)[[L=) }
(5.52) t20

< Cllvollwar + llvoll s + lloallwas + llvillmz + 1 fl114n3 + 1 fl2140.2)-
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We will now combine Theorem 2.2 (i) with Proposition 5.8 to prove Theo-

rem 2.2 (ii). Since we can regard f as —au?™"! in Proposition 5.8, we have

sup {@+ D) (lue®) = + V)| 2=) }
(5.53) < C(lluollwas + ol s + llullwsa + lual| 2
+law;™ 1143 + lauf™ 2 14m.2).
Let us estimate the last two terms in the right-hand side of (53],
L+ > IDIDg(auf™ || and (1467 > | DIDS (au;™ )| o
JH|el<3 Jt|el<2

For this, we shall use the Sobolev imbedding theorem H?(R®) C LP(R?) (p >
2), Hypothesis D, the uniform bounds of u(t) in Theorem 2.2 (i) and the decay
condition (ZIT) of a(t,x).

Case j + |a| = 0. In this case

(L + )" auf™ i < O+ 1) [Jue (0] 25 e (t)]| L
(5.54) < C(L+t)|Jue(t) 175 e (8) ] o
< Cef™ (14 t)||ue(t)]| 2=
and
(L + )" auf™ |2 < O+ 1) [Jue (0] F2 |ue(t)]| 2
(5.55) < C(L+t)|Jue (B35 e (8) ] o

< Ceg™(1+t)|lug (t) || o~

Case j + |a| = 1. In this case

3 (4 ) D Dg (au | s
Jtlal=1

< C(].-l—t)/ (|ut|2m+1+utm|D2u|+utm|vut|)
R3

(5.56)
< C(1+t)||ue(t)] 1~
e (2% + (@) 2m % [ D2u(E)]| + e (0175 [ Ve (6)]
< C2™(1+ 1) |ue(t)]| 1~
and
S (1 + YD DS () | 2
itlal=1
1/2
(5.57) < C(1+t){/ (|ut|2m+1+utm|D u|+utm|Vut|) }
R3
< C(1+ ) [Jue()1Z2 {ue )| + | DFu()]| + [ Vue(t)]}

< cem <1+t>||ut< )z
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Case j + |a| = 2. In this case

(5.58)
> L+ 0"DI DS (aui™ )|
jt|al=2

< C(1+t)|\w(t)llmo/ (uf™ +w™ M Dful + "2 DEul? + w1 Dful) da
R3

< O+ )fJus ()] =

< {llue@)175 + [lue @ o | DFu?) |

+ a7 [ DFu@) L + lue O 722 1D ut)l]}
< Og™ (1+ 1) Jue(t)l| 2

and
(5.59)
3 (146 DIDE (| e
jt+lal=2
< O+ ) {ue(Z + [l ()22 1 DZu(t) | oo + fue (2% Ve ()] 1= }

3 2
< {2 D@+ 3 I1DDu(®)]I}

la|=1

< CeB™ (1 4+ 1) (1)~
Case j + |a| = 3. In this case

(5.60) Y (1+6)"*"D{Dg (au;™ )| < C(1 +t)|\ut(t)||Lw/ 9(Auy) dz,
j+lal=3 ®
where we set Au; = (D{ut,D;"ut;j =0,1,2,3,|a] <3) and
(5.61)
g(Aug) = uf™ 4 w7 Dl [ue ™2 DFu? 4 [ue ™Y Dl + w2 Dl
+ ™2 Diul | DYl + [ug[*™ [ Diul
+ g V| w2 Vg [DFul + Jug [PV Dl
+ e Vg || DEul® + w2 | D[V Dful + uf™ 2|V || D ul
+ P VD] 4 ™ Va2 4 0%
+ g™ 73 V|2 Dul
+ uZ™210%uy| | D2 u| + ul™ 2| V||V D2ul + [ue|*™ 02 Dl
+ |7 [V 4 w20 V| g0

+ ufm_1|Vut| + ufm_2|Vut|2 + ufm_1|Aut|.

Since m = 2 or m > 3, by the same argument as in the previous cases we have

(5.62) / g(Auy) do < Ce2™,
R3
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which implies

(5.63) > @+ )"DIDS (au™ )| < Ceg™ (1 ) g ()] oo
Jj+la|=3

Combining the estimate (5.53) and the above four cases, we have

sup {@+ 1) (lu @l + [IVu®)z=) }
< Clluollwaa + lluollms + lurllwes + luallz= + 5™ sup ((1+8)[lue(t)l| ) }-

If we choose ¢ sufficiently small, we can obtain the desired decay estimate (2.1ITJ),
which completes the proof of Theorem 2.2.

6. PROOF OF THEOREM 2.3

We can prove the assertion by the well-established argument as in [12]. Let Uy(?),
t € R, be the unitary group in the energy space E which represents the solution
w(t,z) to the problem (P), with the data f = {wo,w:} € E;

{w®), w: (D)} = Uo(t)f -
Then it follows from Lemma 4.1 for u(?)(#) and w(t + o) replaced by u(t) and w(t),
respectively, that

(Uo(—tyu(t) — Up(—s)u(s). )i = — / / a2 ™+, drdr

for any 0 < s < ¢, where u(t) stands for the pair {u(t), u.(t)}. By the L estimate
(23), the Schwarz inequality and the estimate (Z3]) (which is also valid even if the
data belongs to E) appearing in the proof of Lemma 4.2, we have

(U (—tyu(t) — Uo(—s)u(s), el < Ce|lf|ls //aufm”dxdr /2,

which implies
10o(=t)u(t) — Uo(=s)u(s)|[z — 0 as st — o0,
and Up(—t)u(t) converges in E as t — co. Put
= {ug,ui'} = slimUo(—t)u(t).
Then f* € E, and we have
lu(t) — Uo()f Tz = |Uo(—t)ut) — fT|lg — 0 ast— oo.

The proof is complete.

7. PROOF OF THEOREM 2.4

Let Up(t) be as in the previous section. By Duhamel’s principle the equation in
(P),, can be written as an integral equation of the form

(7.1) ult) = Uo(®)f + / Uo(t — 7)F (w(r)) dr,
where we set

w(t) = {ut),us(t)}, f={uo,u1} and F(us(t)) = {0, —au,(t)*"'}.
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It is well known from Morawetz [13] (cf. Nakao [16]) that if f € E has a compact
support in Bg, then we have

(7.2) 10U fllzn < C(R)e™ | f]

for some \ > 0, independent of R, and C(R) = e ¥, where we set
1fll2n = {IVuollZa(mp + llurlFegma 3
Hence it follows from (1)) and (Z.2)) that
t
(7.3) Bioe,r(t) < C(R)|[u(0)] ze ™" +/ 1Uo(t = 7)F (us(7))l 2 dr,
0

where we set

1
Buoer=3 [ {luta)f +[Vu(t,0)}da,
Br

If we set
t —
v(t, ;7)) = — i / (auf™ ) (1,2 + (t — T)w) dw,
47 S2
then we see from the well-known Kirchhoff formula of the free wave equation in R?
that

Uo(t = 7)F (u(7)) = {v(t, 25 7), ve(t, 25 7) },
which implies
1Uo(t = 7)F (ur(7) ||,
= [IVolt, 2 1)l 72 (g + 0ot 23 7) 1725
<CA+t—1) Z / | D2 (auy™ ) (1,2 + (t — T)w)HQLQ(BR) dw
laf<1

Cl+t—r1)? Z ||Da au?™ N (1 + (- T)ws)
laf<1

||L2(BR)

for some C > 0 and w, € 52, where we have used the identities

t —
Vo(t,z;7) = — 47: /52 V(aw?™ ) (1, x + (t — 7)w) dw,
1
ve(t,x;7) = i (aufmﬂ)(T, x4+ (t—7)w)dw
S2
t—T

/ w - V(a2 (1,2 + (t — 7)w) dw.
47 S2

Here we see from |Va| < Ca, the estimate || Vu(t)|| L~ < €9 and the decay estimate

(2100) that
(7.4)

Z HDO( au%Tn+1 (ryz+ (t— T)w*)Hiz(BR)
lee|<1

<O+ A+ 4 1) {1+ e+ (= D)7

< Cleo)X+7) " 2{1+r—(t—1)}~

(Br)

Iz 5y
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which implies

/0 1Us(t = 7)F (uy)l| 7

(7.5) .
< C(eo)/o A+A+t =)@+ | = 7D o,y AT
Let Ty be any fixed number with Ty > R. Then we have
t
/(14—7)(1—1—1&—7’ (14 |r— 7)) HL2BR)d
(7.6) o
< C(R)/ (14— 7)=2m=n(1 4+ 7)==V g7,
To
When 1 < 6 < 2, we see that
t/2
/ (14+t—7)2m 11 47)" 0 Vygr
To
—2m—n t/2
< —(6-1)
(77) C To ( ) / ]. + ’7') dr
G (4 L) 7202, (1<6<2),

m(1+4) g1 +5), (5=

and
t
/ (1+t-— 7)72"17"(1 + 7)7(571) dr
/2
—(6-1) t
(7.8) <(1+3) / (1+t—7)"" " dr

of1+ )y

<

(1+5)

for all ¢t > 2Tp. Hence, it follows from ([L3))-(Z]) that
Eioe r(t) < C(R,e0)(1 +1)7206-1)

for all ¢ > 2Ty.
When § > 2, we see that

t/2
/ (1—|—t—7)_2m_”(1—|—7')_(‘5_1) dr

To

t\ —2m-—n t/2
(1 + —) / 147" Ddr
2 TO

C(To) (1 n t)—Qm—n

5—2 2

—~
o
=)

~

IN

IN
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and
t
/ (Q4t—7) 2" (1 +7) O Var
t/2
—(6-1) t
(7.10) < (1 + E) / (1+t—7)"2mgr
2 t/2

< (1 n %)7(571)

for all ¢ > 2Tp. Hence, it follows from ([Z.3), (Z5), (.9) and (CI0) that
Eloc,R(t) < C(R, Eo)(l + t)—rnin{2(2m+n),2(5—1)}

for all t > 2T.
In any case we have

Eloc,R(t) < C(R, Eo)(l + t)—rnin{2(2m+n),2(5—1)}
for all ¢ > 2Ty. Since Ejoc,r(t) is bounded for 0 < ¢t < 2T), we have the decay
estimate (2.13)), which completes the proof of Theorem 2.4.

APPENDIX A. PROOF OF PROPOSITION 5.1

For K > 0 and T > 0, we define the space X (T) as the set of all v belonging to
C(]0,T); Hv(€?)) such that

Vv € C([0,T]; H3()),

2
v € () ([0, T]; H¥(Q) N Hy(Q)) N C3([0, T; LA (),
=0
v(0,z) = up(z), v(0,2) =ur(z) inf,
vl x(r) < K,
where we set

||’U||X(T)

3 2
= sup {IVv@ s + ) IDF o)l + D IDIo(®) | = + Vo) o=}
LS j=0 j=1

Now we consider the initial-boundary value problem

ugy — Au + a(t, 2)v™ T =0, (t,x) € (0,00) x €,
(P)v U(O, (E) = ’U,()(l'), ut(oa (E) = ul(x)v T € Q,
u(t,z) =0, (t,x) € (0,00) x ON.

Then the general theory of hyperbolic equations (cf. Mizohata [8, p. 368, Theorem
6.12]) implies that if v € X(T'), then the problem (P), has a unique solution
u € X(T). We define the map @ as

P:vr— u.

Proposition A.1. For K > 0, if we choose Ty > 0 and the size of the initial data
so small that

3
: K
(A1) (C1+ Cs + Co){|IVuollzrs + D 107 u(O0)zo-s} < 55

J=0
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1
(A.2) (Co + Ca+ Co) KT < 3,

then ® maps X (1) into itself. Here, the constants C; (j = 1,2,...,6) are deter-
mined in the course of the proof.

Proof. First we shall prove that
!

l
(A.3) > VEMDIu(t) <>/ E(DIu(0)) + CK*™ T (1=0,1,2,3)

j=0 j=0
for0<t<T.
For this, we set o;(a,v;) = Di(av?™ ) (1 =0,1,2,3), that is,
oo(a,v;) = av?™
o1(a,v) = av?™ T + (2m 4 1)av?™ D?v,
oo(a,v)) = (D2a)v?™ ™ + (4m + 2)aw?™ Do 4+ m(4m + 2)av?™ ! (D?v)?
+ (2m + 1)av?™ D},
o3(a,v) = (D3a)vP™ ™ + (6m + 3)(D?a)v?™ D?v
+ (6m + 3)a;{2mv;™ " (D}v)? + vi™ Djv}
+2m(2m + Da{(2m — 1)o7 *(D}{v)® + 3v;™ 1 (Div)(Djv) }
+ (2m + 1)av?™D}v.
Differentiating the equation in (P), I times with respect to t (I = 0,1,2,3) and
multiplying it by D/ u(t), we have

E(Dju(t)) < E(Dju(0)) + \/5/0 low(a, vi)ll \/ E(Diu(r)) dr,
which implies
(A.4) \/E Dlu(t) \/E Dlu(0)) + \/_/ lloi(a,ve)| dr

for 0 <t <T. If we can show that

41
(A.5) lov(a, v)|| < CK*™ ) || Djv|
j=1
for some C > 0, it will follow from (A4)) and v € X (T) that (A3) is valid.
Now we estimate ||oy(a,v;)|| in the four cases | = 0, 1, 2, 3, respectively.

Case l = 0:
lloo(a, ve)|l < flavi™ M| < ar K™ |ug]).
Casel =1:
los(a, ve)ll < llaeo7™ | + (2m + 1)||avi™ D} ||
< CK*™(|lo]| + | D).
Case |l = 2:

lo2(a, vo)ll < C{llof™ M + [lof™ Diwl| + [[vi™ = (Dfv)? || + [lvi™ Dol }
< CK*™(|lue]l + | Dvl| + [ DFv]).
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Case l = 3:

loa(a, ve)ll < C{ZII (T (DR || 4 Nl (DF0)* | + ([ Do

+ o™ (D) (Do) | + IIUEMD?UII}
< CK*™(||ve]l + |Dfv]| + [1DEoll + [ Dywl).

Thus we have (A.3)).
Next we shall prove that

(A.6) ZHDJ“ Was-i < clzupﬂ“ (0)|| gra—s 4+ CoK>mHiT
7=0

for some C; > 0 (j = 1,2) and 0 < ¢ < T. In fact, recalling the definition of oa
(see (39)), we see by the same calculations as in Proposition 5.6 that

JVEBe®) <VEBu0 ))+CK2’“/ {180 (7] + lloaa, v} dr

<VE@u(0)) + CK*" / (A + e + Vool } dr.
Since v € X (T'), we have
JAve ()] + [oe(P)]l + [IVex ()] < 3K,
which implies that
(A7) VE(Au(t)) < VE(Au(0)) + CK*™ 1T,

Differentiating the equation in (P), with respect to ¢, and then differentiating
the result twice with respect to z;, we have

(Aut)tt - A(Aut) + Dt(A(av?erl)) = 0.
Multiplying this by Auy, we have

E(Auq(t))
< E(Au (0 / {(2m + 1)|| Dy(avi™ Avy)|| + || Deoala, vi) |}V E(Au (7)) dr,

which implies

(A.8)

\/E Aug(t)) < \/E Aug(0 / { (2m 4 1) || Dy( avthvt)H + || Dioa(a, v ||}d7'
Here,

(A.9) (2m + 1)|| D¢(av?™ Avy)|| + || Dioa(a,vy)||

< CE*™([loell + [1DFv]| + Vo]l + [ Vorell + | Ave]| + || Aveel])-
Hence it follows from (A.8) and (A9) that
(A.10) VE(Au (1) < /E(Auy(0)) + Co KT,
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Therefore, it follows from Lemma 3.1, (A3)), (A7) and (A10) that
e[ s < C{IAw@) ][ + [ ()]}

1
i < C{ >V E(AD]u(0) + VE(u(0)) + CQKQ’”“T},
=0
IDFu(t) a2 < |ADFu(t)| + || Dfu(t)]
442 < C{\/E(Aut(O)) + 4/ E(D?u(0)) + K2m+1T}
and
(A.13) IDFu(®) | + ([ Dfu(t)]| < C{ E(Diu(0)) + K2m+1T},

Jj=1

From (ATT), (AI12) and (AI3), we obtain (AH).

Finally, we shall show that

3
(A14)  [Vu®lms < C{IVuoll s + 31D u(0)]| s } + CuEZ™ 1T
§=0

and

1
D D us(®)][po + (| Ve (t)] oo
(A.15) =0

3
< Cs{IVuollms + Y 101 u(0) || s } + Co K> T
j=0

for0<t<T.

Multiplying the equation in (P), by —Au, we easily see that
(A.16) [Au(t)]] < C{[[Au(0)]| + v/ B(u(0)) + K> 1T},
It follows from Lemma 3.2 and (A16) that

IVu@)lla: < Y IDgu@)l] + [ Vu(t)l)

Ja|=2
C{llau@ll + [Vu®)ll}
< C{VE(0)) + VE([u(0) + | Au(0)] + K>"+T}.

Combining (A7) with Lemma 3.2, (A7) and (AI6), we see that

IVu®) 2 < [IVu@)lla + Y (1DFVu(b)]
|a|=2

< C{|IVu(®) ||l + IVAu(®)|}
< C{VEW(0)) + vVEAu(0)) + || Aug| + KT,

(A.17)

IN

(A.18)
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Further, differentiating the equation in (P), twice with respect to x; and multiply-
ing the result by —A(Awu;), we see that

LSV AwOI? + 1A (Au() )

< / {(@m + 1)|V(avi™ Avy)| + |Voa(a,v)| VA (t)| dz,
Q
which implies
IVAu(8)[ + [[A(Au®)) ||

< ||VAw (0)]] + |A(Au(0))] + C/ {||V avthvt)H + [Voa(a,v) ||} dr
(A.19) o
< [[VAu (0)]| + [|A(Au(0)) | +CK2’"/O [ve(7)|| s dr

< C{IVAw(0)] + [[A(Au(0) || + K2 HT}.

By the same argument as in Proposition 5.7 we have

IVu@)llus < C{IVu®lme + Y IDFAu@®)] + Y IDgVub)}

(A.20) ol=2 =2
< C{IVu®)llaz + D 1D Au(t)] + IV Au(t)]|}-
|a|=2

Here, we see from Lemma 3.2, (A7) and (A19) that
> IDgAu)]| < C{IIAAu®)| + [V Au(t)|l}

|a]=2

< C{VAw(0)]| + [A(Aw(0))|| + VE(Au(0)) + K> T}
Thus, combining this with (AT6), (AI8), (A19) and [A20), we obtain (ATL).

Further, it follows from Sobolev’s inequality that
Z IDfue(®)l e + |Vl < C{llue()l s + e (8] s2}-

Combining this with (A.6), we have (AI5).
If we take a number Ty > 0 and the size of the initial data {ug,u1} as in (A)

and (A.2), then we conclude from (A6), (A14) and (A15) that u € X (Tp), which

implies ® maps X (Tp) into itself. O

We construct a local solution to the problem (P) . Let u® be any element in

X (Tp). We define {u7}52 by

m*

W =®u/, j=0,1,2,---.
In other words, {u’} is recursively determined by

u{t — Aul + a(ﬁ,av)(D‘mﬂ_l)Qm+1 =0, (t,x) € (0,Tp) x Q,
(P), w(0,2) = uo(z), ui(0,2)=ui(z), z €Q,
uwI(t,z) =0, (t,x) € (0,Tp) x ON.
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By Proposition A.1 we see that u/*! € X(Tp). If we set w? = u/ —u/~1, then w’
satisfies the following initial-boundary value problem in (0,7p) x €

Owd + a(t, ) {(Deud=1 )2+ — (Dd=2)2m41y — 0, (t,2) € (0,T0) x 2,
(P); q w/(0,2) = w](0,z) =0, z € Q,
wl(t,x) =0, (t,z) € (0,Tp) x 09,

where O = D?—A. Thus, in a way completely analogous to the proof of Proposition
A.1 we conclude that [w| x(r,) converges to 0 as j — oo. Hence {uj}]‘?‘;o is a
Cauchy sequence in X (Tp), and the limit function w, which is a weak solution in
time, satisfies the original problem (P), . Therefore, the same argument as in the
proof of Theorem 2.2 (i) implies that this u satisfies the original problem (P),
in the strong sense. The uniqueness part is standard. So we shall omit it. This
completes the proof.
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