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HOLDER REGULARITY FOR A KOLMOGOROV EQUATION

ANDREA PASCUCCI

ABSTRACT. We study the interior regularity properties of the solutions to the
degenerate parabolic equation,

Azu + bdyu — Opu = f, (z,y,t) e RN xR x R,

which arises in mathematical finance and in the theory of diffusion processes.

1. INTRODUCTION

We consider the degenerate parabolic equation
(1.1) Lyu = (Ay + b0y — Op)u = f

in the variables (z,y,t) € RY x R x R, where A, denotes the Laplacian operator
acting in the variables = (21, ..., zx). We aim to prove some new Schauder type
interior estimates related to the Holder classes C’f ' naturally associated to Ly. Our
estimates improve the known ones and allow us to study nonlinear equations of the
form

(1.2) Agu+b(-,u)0yu — Ou = f(-,u),

recently considered in mathematical finance in [I] and [2]. We also obtain regularity
results for the following nonlinear convection-diffusion model proposed by Escobedo,
Vazquez and Zuazua in [9]:

Agu+ 9yg(u) — Ou =0,

with particular interest in the case g(u) = ulu|?~! for ¢ €]1, %—ﬁ[

While we refer to the next section for the precise notation and assumptions on
the coefficients b and f, we would like to make some preliminary remarks. One
of the main features of operator L; is the strong degeneracy of its characteristic
form due to the lack of diffusion in the y-direction. On the other hand, L; can be
represented in the form,

P
(1.3) > X7+ Xpia,
j=1

where the first-order differential operators (vector fields) X; are defined as follows:
(1.4) Xj=0z,, j=1,..,p=N, and Xni1=>5b0y— 0.
A classical result by Hormander [I1] states that if an operator H, in the form (3],

is such that the vector fields X; have smooth coefficients and their commutators,
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up to a certain order, span the whole space at every point, then H is hypoelliptic.
This means that every weak solution of Hu = f, with f € C'°°, is smooth.
For instance, if N =1 and b(z,y,t) = z in (1)), then

(1.5) Ly = Oya + 20, — 0,

is the linearized prototype of the Kolmogorov operator which, under suitable con-
ditions, describes the probability density of a physical system with two degrees of
freedom (cf. [L18]). In this case we have

X1=0;, Xo=20y,—0, and [Xi,Xo]=X1Xs—XoX;=20,,
so that L, is a hypoelliptic operator. More generally, the vector fields in ([I4) verify
(1.6) (X5, Xny1] = (02,0)0y, ji=1,..,N;
therefore, the assumptions of Héormander’s theorem are satisfied if
(1.7) be(C™ and Vb= (0p,b, ..., 0z b) # 0.

Hormander’s result was the starting point of an extensive study of operators H
in the form (I3) with smooth vector fields. A general theory of the regularity
analogous to the classical one has been developed both in Sobolev and Holder
spaces by Folland [10], Rothschild and Stein [I7], Nagel and Stein [15], and Beals
[3]. We also refer to the more recent papers by Krylov [I12] and by Lanconelli,
Polidoro and the author [I3|. The case of operators in the form

P
Z ai; X X5+ Xpt
ij=1
with non-regular coefficients a;; has been considered by Xu [19] and Bramanti and
Brandolini [4]. Thanks to the known results (cf. [17]), we have the following.

Theorem 1.1 (Rothschild-Stein). Let u be a classical solution of ([LI) (cf. Def-
inition[{.1) in an open subset Q of RNT2. If f € CE_Q’Q(Q) and the Hérmander
condition (IZ) holds, then u € Cp* ().

The regularity assumption on b in Theorem [Tl can be weakened by assuming
at least b € CEH’O‘(Q). In this case the proof follows the original one with minor
changes and we obtain the following:

Theorem 1.2 (Rothschild-Stein). Let u be a classical solution of (1) in Q with
F€CHNQ). Ifbe Gy Q) and Vib# 0 in Q, then u € Cy* ().

In view of the classical Schauder estimates, the previous results do not seem
optimal. In particular, we emphasize that they do not allow the treatment of
the existence and regularity theory of nonlinear equations. As a matter of fact,
the further weaker assumption b € C’f ~2% s naturally expected. Actually, the
techniques used by Rothschild and Stein require the smoothness of the vector fields
as an essential hypothesis. On the contrary, here we aim to consider non-regular
vector fields.

In the recent papers [, [§] in collaboration with Citti and Polidoro, we consid-
ered the nonlinear equation in three variables

(1.8) Lyu = Ogpu + udyu — Opu = f
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and we studied the regularity of the solution w by a modification of the classi-
cal freezing method. More precisely, we regarded L; as a local perturbation of a
Hoérmander’s operator on the Heisenberg group. This last operator played the same
role as the constant coefficients operators in the classical theory. This technique
was introduced by Citti in [5] to study an equation of Levi type.

Aiming to adapt those ideas, we immediately realize that, in dimensions higher
than three, the Lie algebra formally associated to L is not free. This means that
the vector fields X; do not satisfy as few linear relations as possible (i.e., only
those forced by anti-commutativity and the Jacobi identity). As a consequence,
the algebra that one might naturally associate to L varies from point to point. In
order to overcome this problem and to eliminate the inessential relations among
the commutators, we add some extra variables and we lift the operator L; to a
higher-dimensional space. We recall that a general version of the so-called “lifting
method” for an operator in ([L3) with smooth coefficients, is due to Rothschild and

Stein [17]. In our case we make the tentative choice to define the following operator
in R2V+L:

(1.9) Lgp :A;c+b8y1 +$28y2+...+l‘NayN — O

where (z,y,t) = (z1,..., N, Y1, -, YN, t) denotes the point in R*V+1. In order to
apply to (L3) the freezing techniques cited above, a detailed analysis and careful
estimates of the fundamental solutions to the frozen operators are in order. This is
done in Section 3 and it is our main proof. Then, we study the regularity properties
of Lp and finally, we apply our results to the operator L;. We prove the following.

Theorem 1.3. Let u be a classical solution of (ILI)) in Q (cf. Definition [{-1] and
Remark [[.3) and assume the Hérmander type condition

(1.10) beCHQ) and Vib#0 in Q.
Ifb, f € Cffz’a((l), with k > 2 and « €]0,1], then u € C’f’a((l) for every & €]0, a.

We remark that Theorem [[.3] and a bootstrap argument give simple conditions
for the interior regularity of solutions to a nonlinear equation of the form (L2)). In
particular, we refine the results in [7].

Two possible directions for extending Theorem [[.3] come readily to mind. It
seems that our technique can be adapted without difficulty to the following, more
general, class of ultraparabolic operators in RV +2:

N
> i, + b0y — O

ij=1

where (ai;) is a positive definite matrix with Holder continuous entries. Secondly,
assumption (LI0) could be relaxed by a “higher step” condition, that is, by re-
quiring that higher-order commutators of the vector fields X; span RV*2. In this
case, it seems that the proof would be essentially analogous, even if it could become
considerably knotty.

This paper is organized as follows. In Section 2 we set the notation and we
collect some tools for the analysis on nilpotent Lie groups. In Section 3 we provide
some estimates of the fundamental solutions of the frozen operators. Section 4 is
devoted to the proof of Theorem [[3|

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



904 ANDREA PASCUCCI

2. HOLDER CLASSES AND CONTROL DISTANCES

In this section we present some preliminary material and we define the lifted and
frozen operators related to L. We begin by defining the Holder classes related to
the vector fields in (I.4)). For the reader’s convenience, we also give the following
standard

Definition 2.1. Let D be a locally Lipschitz continuous vector field on 2 and
d a (positive) formal degree associated to D. We call v Holder continuous with
exponent «, a €]0,d[, in Q w.r.t. D and we write u € C%(R) if, for every compact
subset F of (), there exists a constant C such that

lu(exp (6D) (2)) — u(2)| < C4]7,

for every z € F and suitably small §. We refer, for instance, to [16] for the definition
and properties of exponential mappings induced by vector fields. We say that u is
Lie derivable w.r.t. D in z € § if the following limit exists:

Du) = ti MDD =)

Definition 2.2. Let o €]0,1]. We set the formal degree of Xi,..., Xy in ([C4)
equal to one and the formal degree of X1 equal to two. We define

N+1

G (@) = ) C%, ().

We say that u € Cp*(Q) if
Xju€eCHQ), j=1,....,N, and wueCy* (Q).

XnN11

Finally, if £ € N, k > 2, we define by recurrence the class C’Zf (Q) as follows:
assuming that b € Cp~2*(Q), we say that u € Cp"*(Q) if

Xjue Cffl’a(Q), j=1,...,N, and Xpyijué€ 6’572’0‘(9).

For greater convenience, when in the sequel we consider the class u € Cf Q)
with k& > 2, we always implicitly assume that b € Cfo’Q(Q).

No regularity in the y-direction is seemingly assumed in the definition of C’Zf Q).
On the other hand, keeping in mind that [X;, Xx 1] = (0,,b)0, and Hérmander’s
condition, it is natural to set the formal degree of the vector field 9, equal to
three and it is possible to prove, by a standard argument based on the Campbell-
Hausdorff formula, the following

Lemma 2.3. Ifk = 0,1,2 and u € Cf’a(Q), then u € C’gja(ﬁ). If k > 3 and
ue CP*(Q), then dyu € CF Q).
By the previous lemma, we have the following inclusion of the space C’f "* in the
space of Holder continuous functions in the classical sense:
CF Q) Cc ok 5 (Q).

We now lift the original vector fields in (I4) to R*V*! in such a way that they
become free. Since we aim to prove a local result, it is not restrictive to suppose that
() is suitably small. Then, without loss of generality, by (1), we may assume that
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0,0 # 0 in Q. In the sequel we denote by z = (x,y,t) = (z1,..., N, Y1, -, YN, )
and ¢ = (&,7,7) the points in R2V+! and we set Qg = Q x RV -1
We define the lifted vector fields on Qg as

(2.1) Dj=0,;,j=1,...,N, Dyy1=(B,Vy) — 0,
where
B(z,y1,t) = (b(x,y1,t),x2,...,xn), and Vy = (0y,...,0x)-

Thus, the operator Lp in (ILY) can be expressed in the form

N

Lp=Y D+ Dy
j=1

Since 0., b # 0 in g, the commutators
Dn42 = [D1, Dnt1] = (g, 0)0y,
D14 = [Dj, D] = (02,0)0y, +0y,, 2<j <N,
are linearly independent and the system (D;)1<j<an+1 forms a basis of RZ2V+1 at

every point of . Analogously to Definition [2:2] we give the notion of Holder
continuity related to (D;).

Definition 2.4. Let o €]0,1[. We set the formal degree of Dy,..., Dy equal to
one and the formal degree of Dy 1 equal to two. We define
N+1

C3() = [ OB, ().

j=1
We say that u € C5*(Q) if
Djue C3(Q0), j=1,...,N, and u € CH™ (Q).

Dny1

Finally, if £ € N, k > 2, we define by recurrence the class CZ’Q(QO) as follows:
assuming that b € Cp~>*(Q), we say that u € Cly*(Q) if

DjueCy (), j=1,...,N, and Dyyiue Ch2%Q).

Remark 2.5. Given a function w = w(x,y1,t) on Q, we denote again by w its
extension to Qp = Q x RV~1 ie. the function defined by w(z,v1,...,yn,t) =
w(z,y1,t). Hence, it is clear that a solution u to ([I.I]) in Q is also a solution to
Lpu = f in Q. Moreover, u € Cy*(Q) if and only if u € C*(Qp).

We next construct a nilpotent Hormander operator locally approximating Lp
and we introduce some distances naturally associated to the vector fields D; in
[2T)). More details about distances defined by vector fields can be found in [10]

and [T6].

For fixed z € g, we define the frozen vector fields
(2.2) D=0, j=1,...,N,
and

N
Diryr = (b(2) + (Vab(2), (x — 2))0y, + Y _ 250y, — Oy
j=2
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Since the commutators of D7 and D7, are given by
D12v+2 = [Df, D12v+1] = 02,b(2)0y, ,
DY 145 = [D7, Dyl = 02,b(2)0y, + 0y, 2<j<N,

and 0, b(2Z) # 0 by assumption, the Hérmander condition is verified and the oper-
ator

(2.3)

N
— 2 —

(2.4) L:=3 (Dj)" +Dip

j=1
is hypoelliptic. We call ) )

V5 = ( fﬂ .. '7D§N+1)7

the intrinsic gradient related to the system of vector fields defined in (Z2)) and ([23)).
For fixed z € R?V*+1, we consider the exponential map

EZ(0) = exp ((0,V3)) (2), 6 € RPNTL

It is well known that the map E? is a global diffeomorphism. Its inverse function
67 is usually called the canonical change of coordinates and it has the explicit
expression

(2.5) 0:(0) = (BZ) ™ (Q) = (B, Oansn),
where
0; =& — j, 1<j<N,
OnNi1=—(T—1),
92, b(2)

5 (&1 4+ a1 — 251))

On+2 :m {771 —y1+ (7 —1) <b(f) +

(2.6) .
- Zaij(i)(nj —y; +Z;(T = 1)),

T—1)(& + .
Onsrgg = m -yt DS ET) e,

Through the canonical change of coordinates, the vector fields Dz, Df corresponding
to different points z, Z € g, coincide. More precisely, if we set

On
H +1 .
Dj :89;'_T89N+1+w I1<j<N,
1 N
(2.7) DJI_\%+1 =0gnn T 9 20j89N+1+J’
j=1
D]I;IIJrlJrjE[vaD]I;IIJrl]:a9N+1+jv ]-S]SNv

then, for any smooth function ¢ and z € Qy, it follows that
Df(gpo@?):(ngp)oH; 1<j<2N+1.
The vector fields in ([2.7) generate a free Lie algebra which is isomorphic to the

Heisenberg one. Indeed, the vector fields in (277) induce a composition law in
R2N+1 formally defined by the Campbell-Hausdorff formula, or explicitly

(007) 0; + 0, if1<j<N+1,
J 0; +0; + % (9j_N_19N+1 — éj—N—10N+1) , HN+2<j<2N+1,
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HOLDER REGULARITY FOR A KOLMOGOROV EQUATION 907
and the dilations group
(2.8) Sx(0) = (M1, ..., NN, N20n 11, NOn o, .., N20an41), A > 0.

The space RZV+! endowed with the law @ and the dilations 65 is a homogeneous Lie
group. The associated Lie algebra of the ®-left-invariant vector fields is the one gen-

erated by D ... ,Dﬁﬂ. We also remark that DI, ... DX are §,-homogeneous of
degree one and D¥ 41 18 dx-homogeneous of degree two. Therefore, the Hormander
operator,
al 2
(2.9) Ly = Z (Df)" + D1,
j=1

has a fundamental solution I'y which is invariant with respect to the left &-
translations and it is homogeneous of degree —(Q) + 2 where @Q = 4N + 2 is the
homogeneous dimension of (RV*! @). An explicit expression of 'y is known (see,
e.g., [14]); however, here we only use its qualitative properties. A norm homoge-
neous w.r.t. the dilations in (28] is given by

N
(2.10) 10 = D" (1651 + 103414513 ) + 10312,
j=1
and the associated control distance is defined by
du(0,0) =107 © 0| 5.

The following Lie product on R2V*1! is naturally induced:

z0( = EZ (02(2) ® 0Z(C))

@11) (4 E—Fyrn—T—(r—DIBE) @ &)t 7).

where 7, B denotes the Jacobian matrix of B w.r.t. the variable z, i.e., the diagonal
matrix diag(dy,b, 1,...,1). Correspondingly, we have the dilations group

85(z) = EZ ((5)\05(2)) , A>0,
and the associated control distance

(2.12) dz(2,Q) = 102(O) 1r-

Lemma 2.6. There exists a constant cg, only dependent on g, such that

(213) C(;le(Z7C) S JZ(Z7C) S COdZ(Z7C)a

for every z,( € Qq, where
du(z,Q) = |z =& + |t = 717 + |y —m + (t = 7)b(=)|3

N 1
(t—=7)(& +25)|°
+jz_; y] 773+ 2 .
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Proof. By (2.8) and by denoting 6%(¢) = (01, ...,602n+1), we have

One =5 2( )[ﬂ1+y1+b )(7 — ) Za bz (m oyt LM)
N
£33 0bE - (g — x| + TG
j=2
1 N 1
= rzlb(z) m+y + b(Z)(T — t) - jz:; 8ij(z) <9N+1+j + §0j0N+1)

— 30h0x 1.

Hence (Z13)) is an immediate consequence of the elementary inequality

2v/b
L

(2.14) (ab)s < 3

VYa,b > 0.

wle

O

We stress that the distances d, d¢ corresponding to different points z,{ € €2y are
not, in general, equivalent. Nevertheless, using Lemma 2.6 it is straightforward to
prove the following

Lemma 2.7. There exists a constant cg, only dependent on g, such that

(2.15) cotdo(2,2) < d=(%,2) < codo(2,2)
and
(216) dz(Z,C) < co (dZ(Z,Z)-i-dg(Z, C))

for every z,2,¢ € Q.

It is remarkable that the Holder continuity property related to the vector fields
D; can be expressed in terms of the control distances associated to the frozen vector
fields. Indeed, we have

Lemma 2.8. Let g be a function on Qy and « €10,1[. Suppose that, for every
compact subset E of €, there exists a constant C such that

(2.17) lg(z) — g(2)| < Cdz(z, =), Vz,z € E.
Then g € C%(£).
Proof. We have to prove that

lu(exp(dD;)(z)) — u(z)| < b, 1<j5 <N,
|u(exp(6Dn+1)(2)) — u(z)| < cd%.

The first inequality is obvious since d.(z,exp(dD;)(z)) = 0, for 1 < j < N. With
regard to the second inequality in (ZI8]), by assumption (ZI7), it suffices to verify
that

(2.19) d.(z,exp(0Dn+1)(2)) < o

(2.18)

M\»—A
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Denoting () = exp(dDn+1)(z), we have

)
V(o) =2+ / Dy ((s))ds
0
)

=|z,y+ /b(’)’(s))dé’a?ﬂ +dxg,...,yn + 0N, t — 0
0
Hence, by Lemma [2Z.6], we get

1
3

)
e (2,7(8)) < du(21(8)) = 0]} + / (b((5)) — b(=))ds
0

3

<1612 + |6 sup [b(v(s)) — b(2)]
s€10,0]

(since b € C1(Q) and |z — (| < d.(z,() for every z,( in a suitably compact subset
Eo of Q)

1
3

<ot + \6 (sup |Vb|) 4.(2,1(5))
Ey

(by 2I4) for € > 0)

1

1 2 2 2Z\ <)
< o]} <1+_ (ESMQ >+M,
3 Eo 3e

which yields ([ZI9) if € is suitably large. O

The control distances previously introduced also give an estimate of the error in
the intrinsic Taylor expansion of a function u € Cg’a. To be more precise, as in [7],
Theorem 2.16, the following result can be proved.

Proposition 2.9. Let z € Qy and u € C’g’a(Qo). There exists a unique polynomial
function PEu which is a sum of terms 65 -homogeneous of degree less than or equal
to k and verifies

(2.20) u(z) = PFu(z) + O(dz (2, 2)F), as z — Z.
For instance, in the case k = 0,1, we have
Pou(z) = u(%) and Plu(z2) = w(2) + (V,u(2),z — 7).

Hence, the frozen vector fields defined in (Z2)) are obtained by considering the first-
order (intrinsic) Taylor expansion of the coefficients of the original vector fields in
&T). In particular, we have

Dni1 - DJEV+1 =(b— leb)8y1-

We end this section by stating a technical lemma, which will be used in the proof
of Theorem [[:3] For fixed z,z € Qp and a constant M > 1, we define the set

(2.21) Oar(z,2) = {C€ Qo | Mds(z,2) < ds(2,0)}.
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We remark that we can choose M sufficiently large so that
(222) (CM)ildz(zvg) édé(zvg) < CMdz(Z;<)7 VCG QM(Z;Z);

for some constant cps. Indeed, by Lemma [Z.7] we have

da(2,C) < o (da(2,2) + d5(2,0) < e (eds(2,2) + da(2,€)) < o (57 +1) ds(2,0),

and, on the other hand,

(2.0 < o0 (ds(2,9) + (2. 0) < eo [ E5 4.0

so that
<i _ %) ds(2,0) < d.(2,0).

Co

Lemma 2.10. Let u € CZ’Q(QQ) and k < 4. For every compact subset E of g,
there exists a constant ¢ = ¢(E) such that

(2.23) |PEu(C) — Pru(¢)|
(2.24) |(PFu(¢) = Plu(¢)) — (PFu(¢) — Pru(Q))| < cd=(2,2)"dx(z,
forz,z€ E and ¢ € Qi (2, 2).

Proof. The proof is a direct and tiresome computation. We only show (2:23) for
k =1. We have

|Pru(C) = P2u(Q)] = [u(z) — Pru(z) + (§ = @, Va(u(2) — u(2)))]

(since u € C}g’a(ﬂo) and by (2:22))
< cdz(%,2)%dz (%, C).

3. PARAMETRICES

The proof of Theorem [[3]is based on a representation formula for classical
solutions to (LTI) in terms of the fundamental solution I'; of the frozen operator
Lz in (Z4). In this section, we provide some crucial estimates of I's, with z €
Qo = QO x RN~ (cf. Proposition[31]). Most of the results of this section are rather
technical.

We denote by I';(z,() (resp. I'gr(#)) the fundamental solution of Lz (resp. of
Ly in (Z9)), evaluated in z (resp. in #) and with pole in ¢ (resp. in the origin).
We note that
(3.1) o(2.0) = Tl 02,0) = =T (B3 0 2)
where the product “o” is defined in (2.I]).

We introduce some auxiliary notation. We denote the identity by Dy = D§ =
DI and for every multi-index o = (071, ...,04,) € {0,1,...,2N + 1}™, we set

zZ _ z z H __ H H
D:=D:i ---D: , DE=pH..pDIE.

We call the weight of o the number
(3.2) |o| = m{ + 2m3 + 3m3
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where m{, mg, m§, respectively, are the cardinalities of the sets
{j €0 |1<0; <N},
{o;€0 [o;=N+1},
{vj €0 |IN+2<0; <2N+1}.

Analogously, if b € C’LLU‘_Q’&(Q), we put
Dy =Dgy, -+ D, .

For greater convenience, whenever we consider a derivative D, with |o| > 2, in the
sequel we agree to assume b € Cll)gld’a (Q). Moreover, to avoid any ambiguity, when
we have a function F which depends on several variables, we systematically write
D(z)F instead of DF(z). Then, for instance, D(z)T'z(+, () denotes the D-derivative
of I';(+, ¢) evaluated at the point z.

The following estimate of I'; and its derivatives is well known: for every z € €

and multi-index o € {0,1,...,2N + 1} there exists a positive constant ¢, such
that
(3.3) IDZ(2)L=(, Q)] < eds(2,Q) 7L, vz, ¢ e o, 2 # ¢

Moreover, the constant ¢ in ([B.3) depends continuously on Zz.

In the proof of Theorem [[.3] we shall also need to compare the fundamental
solutions of frozen operators corresponding to different points of €2g. The main
result of this section is the following.

Proposition 3.1. Let 0 € {1,...,N + 1}™. There exists a positive constant
¢ = c¢(o,Q) such that

(34)  [Do(2)T:(C) = Do(2)T: ()| < e ds (2,¢) 71717 d, (,2)%,
and, if |o| >3,
(35)  [De(2)T% (€)= Do(2)T: () < e ds (2,¢) 71717 d, (,2)%,

for every z,zZ € Qo and ¢ € Qp(Z,2) (¢f B21)).

The proof of Proposition B.1] is based on two lemmas. The first one gives an
expression of D; in terms of the frozen vector fields in (2.2]).

Lemma 3.2. Let z,Z2 € Qg and 0 € {1,..., N+ 1}"™ (and b € CLU‘_Q’Q(Q), if
lo| > 2). For every smooth function ¢, we have
(3.6) Dop(z) = D> Aua(z) (Ra(2))™ Dig()
pE{L, . N42}m
where |p| < |o| + au, ay <mg, and
b(z) — Pib(z)  b(2) = b(2) — (V.b(2),z — T)

=T 0,00 |

Apz(z) = i) [ (Du(z)R2) .
) veJy i

In @), J,,; is a suitable subset of {1,...,N +1}""1 |v| <|o| —2 and B, < m.
Moreover, we have

(3-8) [Apz(2) (R=(2))™ = Myz(2) (R2(2))™] < edz (2, 2)

(3.7)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



912 ANDREA PASCUCCI

for some positive constant ¢ = c(o, ).

Proof. We proceed by induction on |o|. If |o| = 1,2, the assertion is trivial since
Dy, =Dz if m§ =0 (cf. (B2)), and we have

Dni1=Dx,q+ R:Dips.
We next consider |o| > 2. If j =1,..., N, by induction, we have

D;jDop(z) = > (Dj(2) (A2 (R2)™") Dyp(2)
pe{l,..., N42}m

+ A z(2) (R2(2))™ DiDjip(2).
Analogously, we have

DneiDop(z) = > (Dwaa(2) (A (B2)™) Dicel2)
pefl,...,.N42}m

 Aus(2) (Re(2) D Dip(2) + Aps(2) (R(2)) ! DiiiaDio(2))

Then the thesis is a straightforward verification. In particular, (3.8) is a conse-
quence of the fact that, by assumption, b € C,l)al_Q’a(Q) and Rz(z) = 0. O

The proof of ([3.5) in PropositionBlis rather delicate since we need to estimate
the fundamental solutions of frozen operators related to different points z,z. Here
we use the canonical change of coordinates (Z.5) and we investigate the properties

of the fundamental solution I'yy. The next lemma provides us with some basic
estimates.

Lemma 3.3. Letb € C’bl’(’(Q). There exists a positive constant ¢ = ¢(Q), such that
(3.9) d (02(¢),03(0)) < e da(2,0)' " ¥ dz(2,2)5,
for every z,z € Qp and ¢ € Qp(2, 2).

Proof. Let us denote (—60%(¢)) ® 62(¢) = 0. Keeping in mind formulas () and
(ZT), we get

= L 2N+1 )
(3.10) di (02(0),62(Q)) = le =zl + |t —HF + > 16,15
j=N+2
If 2<j < N, we have
onsans =y =g+ TEDEER) (), 0G0
n & —z)(r =1  (§—z)(T—1)

2 2

= (yj -+ LM) + (& — )T =) = (§ — 7)) (7 — t);

therefore,
|9N+1+j|% < dz(Z,2) + dz(Z, C)%dg(i,z)% + dZ(Z7C)§d2(2,Z)%
(3.11) (since ¢ € Qp(Z, ) and by (2:22))
< cdz(2,0)' "8 dx(2,2)5.
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Next we prove the inequality

(3.12) On12] < eds(2,0)' " Fds(2,2)5,

which by (:10) suffices to conclude the proof of the lemma. Noting that
(T —0)& +z;) (T-0)& —x))

913

nj =y +ai(r—t)=n; —y; + 5 - 5
we have
L _ =g+ =0bE) n—y+ (T —1)b(2)
AT 92, b()
0,.b(2)

N [&%b(z)

02, b(2) 02, b(2)

=
1

(3.13) :E(t —t) (& —x+ & —T) + AL+ Ay + Az + Ay,

where

y=—g+(t-DbE) (1= Db() - bz)
0z,0(2) 0z, b(Z)

LA 1 )

so that, since b € C*(Q) N C*(Q), we have

A =

+

Arf? < e (ds(2,2) + a2, Q) F e, 2)F + da(2,2)Fd(2,0))

(3.14) (since ¢ € Qs (%, 2) and by (Z22)
S c dg(Z, C)l_%di(za Z)%
Also,
2= 2 \0n0) b)) O
so that, since b € C*(Q), we have
(3.15) |As)3 < ¢ ds(z,2)3ds(2,C).
Moreover,
N
_ N 9,0(2) (r —t)(x; + ) (=D +75)
j=2
which can be estimated as before:
(3.16) |As|5 < eds(2,0) 5 ds(2, 2)5 .
Finally,
4 1 N 0z,b(2) N A(E. _
1= 5 jz:; 8,.b(2) (T =& —z5) — (1 = )& — 25))
N
1 Oz, b(2) ~ ~
=3 jz:; B2,0(2) (=8 — ;) + (1 —t)(x; — 7))
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so that
A3 < e ds(2,2)3ds(2,0)% + da(2,0) 3d=(%, 2)3
(3.17) (since ¢ € Qp(z, 2) and by ([2:22))
<eds(2,0) 7 8ds(2,2)8

Plugging inequalities (B:14)), (3:15), (B:16) and BI7) back into (B:I3), we obtain
(B:I2). This concludes the proof. O

Remark 3.4. Let b€ CP™(Q). If 2,2 € Qp, ¢ € Qu(Z,2) and § € RN*! are such
that

dy (02(),0) < dm (02(C),02(C)) ,

then there exists a positive constant ¢ = ¢(2g) such that
(3.18) 10112 = cl|6Z ()l -
Indeed, we have

d=(7,¢) = 102(O))la < ¢ (du(0,0) + du (62(¢),0))
< (dp(0,0) + dir (02(),02(0)))

(by (3:9) and since ¢ € Qp(Z, 2))
¢ (du(0,0) + M~ 5d:(z,Q)) .
Thus, if M is suitably large, we get (3.18).

We are now in position to prove Proposition 3.1l

Proof of Proposition [Z1. We first prove estimate (B.4)) by using Lemma 32l We

have
(Do (2) = Do (2)) Tz (-, Q)| < A1 + Ao,
where
A = > |Az(2) (Rz(2))™ = Apz(2) (R=(2))™ | | Di(2)T= (- )|
pe{l,..,N+2}m
and

Ar= > [Aus(2) (Re(2))™ (Di(2) — Di(2) T: (+,0)|.

pe{l,...,N42}m
Hence, by B3) and (3-8), we have

A1 <c Z ds (7, 2)" Fdz (2, ()92
pe{l, N42}m

(since ¢ € Qar(Z, ) and, by Lemma (B2), |p| < |o| + a)

< cds(7,2)d5(2,¢) "9 lol
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On the other hand, by the mean value theorem, for some z such that dz(z,2z) <
dz(z,z), we have
|(Dji(2) = Dj(2)) Tz (-,¢)| = [{0Z(2), V=D (2)T= (-,€) )|
3
< e di(z,2)ds(2,0) @I
j=1

(since ¢ € Qu(Z, 2))

As before, we conclude that
Ay < e ds(7,0) 9t lolmag (7, 2) .
Next we prove (3H). By BI) and Lemma B2, we have
Do (2)Lz (+¢) = Do ()= (-, ¢

<Y (MD}? (—0%(C)) — Au,z(z)Df (—9;(@)) Tyl < Ay + Ay

iiof o) 01 b(2)
where
L A A @] e
A amlb(z) azlb(i) |Du FH( 92(C))|;
lul<|a|
A, s (Z . :
A= 8“’1)(7) |D/IT (—63()) = DT (=63(0))]
iio | %210C)
Since the function
2 A/MZ( ) c CO((QO)
Oayb(z) — PV

we get
Ay <cds (3,2)d. (2,097

On the other hand, by the mean value theorem, there exists 6 such that
dir (0(C),0) < du (02(C), 02(C))

and

[DiTa (=02(C)) = DT (<02(0))| = [{(~0:() @ 62(0). Vi D} T ()|
3 4 |
= CZdH (02(0).02(C)) 10| 22—

<eds(z,2)%d, (2,0) "9l

where the last inequality follows from Lemma and Remark B4 (note that the
assumption b € C*(Q) of Lemma is fulfilled because |o| > 3). The proof is
completed. 0O

We end this section by describing the fine behaviour of the vector fields Df
through the right translations w.r.t. the law “o” in (ZITI).
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Lemma 3.5. Let b € C’bl’“(Q). For every smooth function ¢ and multi-index
we{l,...,N+2}", we have

(3.19) Di(2)p(-o¢) = D> PuaQDi(z0¢ e,
ve{l,....2N+1}m

where P,z is a polynomial 05 -homogeneous of degree k,, with |v| < |u| + k., whose
coefficients are functions of Z of class C% (o).

Proof. Since
ZOC_l :(x—f,y—n—l—ij(Z)(T(l'—f)—(T—ﬂf),t—’r),
we have, for 2 < j < N,
Di(2)p(-0¢ 1) = Di(z0¢ )+ 7DRa(20¢ o,

. _ : _ . 1 , B
DiIet-o6) = Dilzo 6o+ 7 (Divsrs, - gpgDies) (o<
1
— — N —
D1(2)e(- 0 ¢h= D1+ ijD)‘ZV+1+j (z0¢ e,
j=2
DR 4a(2)ep(- 0 (Y= Dy 4oz 0 ¢ He.
The thesis easily follows by induction on |y|. O

4. HOLDER REGULARITY

In this section we prove Theorem [[L3] We first give the definition of a classical
solution of (II)).

Definition 4.1. A classical solution of (L) is a function u € C*(£2), with second-
order derivatives 0., u € C(2), 1 <1i,j < N, verifying (LI).

For greater convenience, since in the following proof we deal with several esti-
mates, we shall denote by ¢ a constant which will not be always the same.

Proof of Theorem [ We proceed by induction on k. Let us remark that, if k£ > 7,
the proof is standard and the thesis follows by differentiating the equation. More
precisely, if b, f € Cffz’a(ﬂ), with 0 < a < 1 and k > 7, then by the inductive
hypothesis, u € Cffl’a(Q) for every @ €]0,a[. Subsequently, by differentiating
equation (L) w.r.t. the variable y and by denoting, as usual, d,u = u,, we get
Lyuy = fy — byuy € Cy~>%(Q), Va €]0,al.
Thus, we deduce that u, € Cy~>%(Q). Next we differentiate equation () w.r.t.
the variable z;, 7 =1,..., N — 1, and we get
Lyug, = fu, — bayuy € CF2%(Q), Va €]0,al.
Therefore, we deduce that u,; € Cf ~L%(Q). Finally, we differentiate equation (1)
w.r.t. to Xny1 =00y — Oy
Ly(Xn41u) = Xns1f + 2(Vab, Vaouy) +uyAgb € Cp~H%(Q), Va €]0,al.

Hence, Xnyi1u € CffZ’a(Q) and this proves that u € C’f’a(Q) for every a €10, a.
We next considgr 3 < k < 6. We set the problem in dimension 2N + 1 and we
prove that u € Cj;*(Q). Then, by Remark[ZT5, we infer that u € Cp>® (€2). We split
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the proof into two steps: existence of the derivatives and Hoélder continuity. Since
the case k = 2 is easier, we shall only sketch its proof separately at the end. O

The case 3 < k < 6: existence of the derivatives. Let b, f € Cf_Q’a(Q), with
0 <a<1and3 <k <6. By the inductive hypothesis, u € Cffl’a(Q) for every
@ €10, af. Since we aim to prove a local result, we only prove the existence of the
derivatives of order k of u in a domain Ey, where Fy is a compact subset of §.
To this end, we represent the solution u in terms of the fundamental solution I's,
z € Ey. More precisely, we consider a cut-off function ¢ € C§°(€) such that ¢ =1
in a neighborhood of Ey. We remark that it is not restrictive to assume that

(4.1) supp(Vp) C Qu(Z, 2), Vz,z € Ey,

where M is large so that (222) holds for every z,z € Ey. We have
()) = [ Ta(e. O Lalup)C)de
Qo

= / T:(2,0) (¢ (f — (b— Pib)uy, ) + 2(Vau, Vap) +uLzp) dC.
Qo

(4.2)

Consequently, the solution w can be expressed in the form
w(z) = N z(z) — I 5(2), z€ Ey
where
L) = [T OUsde, =12,
Qo

with Uy z € C§° (o) and
(4.3) U2,2(Q)| < edz(2,¢)" 21, Vz € Ey, (€Qo, a€l0,al
Indeed, it suffices to put
(4.4) Uz = (PF2f + PF ", (PF2b— Plb))

+2(PEPV,u, Vo) + (Lzp) PE 2,
(4.5) Uzz = ¢ (uy, (b— PE2b) + (PF 20— P!b) (uy, — PF*uy,) + f — PF2)

+2(Vyu — PF2V,u, V) + Lz (u — PF %)

where we agree that Plu = 0 if h < 0. Hence, (3) is a consequence of the
regularity assumptions on u, b, f and of the estimate

PE20(0) = P2b(Q) = O (d:(2,0)%), as¢— 2,

which can be easily deduced from the homogeneity property of the Taylor polyno-
mial Pghb._ Note that I; z is a smooth function on Ey. Indeed, by the change of
variables ¢ = ("' o z, we have

(4.6) Ls(2) = / T(C, 00U (2 0 C 1)

and Uy z € C5°(Qo).
On the other hand, the function

(4.7) J,(2) = / Do(2)T:(, QU2 (Q)dC, 7€ By,
Qo

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



918 ANDREA PASCUCCI

is well defined for |o| = k. Indeed, by Lemma B2, we have

(4.8) IDe(2)T=(, Ol = | D Auz(R)DE(ET:( Q)] < eda(2,¢) 921

lul<lo]
therefore, by (@3)), the integral in the right-hand side of ([@7) converges.
We claim that, for every multi-index o € {1,..., N +1}™, with |o| < k, we have
(4.9) Dou(z) = Dy(D)z — Jo(2), V2 € By

The proof of (£9) is based on the use of some suitable high-order difference quo-
tients related to the system Dj, j = 1,...,N + 1. For z € Q and § € R\ {0}
sufficiently small, we set

u(exp(9D;)(2)) — u(z)

A(j)(uazﬂé): 5 ) ]-S]éNv
u(exp(62Dn41)(2)) — u(z
B 8) = MR D)) =)
Also, if 0 € {1,..., N + 1}™, by recurrence we define
Aa(uv Z, 5) = A(0',,") (A(al,.“,am,l) (’U/, K 5); 2 5)

The following result can be proved as in [6], Remark 4.2.

Lemma 4.2. Letu € C,f_l’o‘(Q) and o € {1,...,N +1}™, |o| = k. If there exists
lim A, (u,-,9) =
fm Aol 8) = v

uniformly on compact subsets of 1, then there exists Dyu = v.

We are now in a position to prove [9). Since [ z is a smooth function, by the
mean value theorem, we have

Aa(Il,Ev z, 5) = DU(Z5)I;
for some z5 such that
(410) df(27 Z&) S 6157

where the constant ¢; depends only on ¢ and on the constant ¢y in (2.16) (for
instance, ¢; = ch”‘l is fine). Thus, Ay(I15, 2,0) converges to Dy(2)I1 5z as §
tends to zero uniformly in Z € FEy. Therefore, by Lemma B2, in order to prove
(E3), it suffices to show that

(4.11) %ir% DNo(Ioz,2,0) = Iy (2)

uniformly on FEj.
Let us consider a cut-off function y € C§°(R, [0, 1]) such that x(s) =1 for s > 2
and x vanishes for s < 1. We set

(4.12) &@wﬂ=/D@im<@®O)%AOM, ;€ By,

QClM(S

0

where M, ¢y are the constants in (f]), ([@I0) respectively. Note that

Z IQ,E,(S(Z)) d2(272) S 616)
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is a smooth function. Indeed, if dz(Zz, z) < ¢14, then by (ZI6]), the argument of the
cut-off function y in (AI2) satisfies
d2(57C) < 1
2c1 M6 — 2¢16

so that y vanishes in a neighborhood of the pole of T';(z, ().
We claim that

(d=(2,2) +d=(2,Q)) <1, V(, d.(2,() < a1d,

(4.13) sup  |l2z5(2) — Iz 5(2)| < 05k+6‘,
dz(Z,2)<c16
(4.14) sup  |Dy(2)Izz65 — Jo(2)] < 6,

dz(z,2)<cid

for some positive constant ¢ which depends continuously on z. Taking the claim for
granted, we immediately conclude the proof of [@IT]) (and consequently of (£)):

|AO'(IQ,27 z, 5) - J0(2)|
(by the mean value theorem, for some z5 such that dz(z, z5) < ¢16)

<|As(I2,5,2,0) — Do(I25.5,%,0)| + | Do (25) 2,26 — Jo(Z)]
(by @.I3) and @.Id))
< .
We are left with the proof of the claim. We begin by proving ([13). We have

Ipa(2) — Tpza(2)] < / T2(2 0) Uz (O)] d
d:(2,0)<dey M6

(by B3) and (H3))

< cgh-2+a / d(z,¢)~92d(
d=(2,0)<4cy M6

(since, by assumption, dz(z, () < co(dz(Z, 2) + dz(Z,()) < co(c1d + dz(Z,()))

< efk2ta ds(2,¢)79T2d¢ < eokte,
d=(2,0)<coci (14+4M)§
Next, we prove ([Id)). We have
|Do(2)12,25 — Jo(2)] < A1(Z, 2) + A2(Z, 2),

where
Ay(57) = Q/ D0 (1= x (55 ) ) a0 de
and
ta(z2) = [ 102) = DT O (g ) 10240 .
Qo

Proceeding as in the proof of (LI3) and using (48)), we obtain
Ai(2,2) < 6.
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On the other hand, we remark that, if dz(Z, z) < ¢1d, then

dz (5, )
e C Q.
supp (X <2c1M5>> =
Hence, by estimate (B4)) of Proposition Bl and 3], we get

As(z,2) < c / dz (%, 2)%d(2,¢)~9T9d¢ < es°.
Qs
This concludes the proof of (Z14).

The case 3 < k < 6: Holder continuity of the derivatives. Let a €]0, 1] and
3 < k < 6. In the previous step, we have proved that, if b, f € Cfo’O‘(Q), and
u € C’f_l’&(Q), for any & €10, o[, then u is D,-differentiable for any o of weight
|o| < k and the representation formula (@3) of D,u holds.

In this step, we aim to prove that

(4.15)  D,u € C%(Ep), Voe{l,...,N+1}™, |o| =k, and & €]0, o,
(4.16)  D,u € c,gfﬁl(Eo), Vo, |o| =k —1, and @ €]0, af,

where Ej is any domain fixed as in the preceding step. As a consequence of ({15
and (&I6), we deduce that u € Cp*(Q).

We prove (£I5) by means of Lemma [Z§ and we consider separately the terms
D,(2)I1 ; and J,(z) in formula ({9), with z € Ey and || = k. Let us begin with
Js and prove that
(4.17) |J5(2) = Jo(2)] < eds(z, 2)%, VZ,z € Ey, a €]0,a],
for some constant ¢ = ¢(Fy, @, k). By a standard decomposition, we obtain

Jo(2) — Jo(2) = A1(2,2) + Aa(z, 2) + As(z, 2),

where
Ay(2,2) = / (Do (2)T (-, O)Us.2(C) = Do (3)T=(, U =(C)) dC,
Qo\Qm (Z,2)
Ag(z,2) = / (Do(2)T=(+,¢) — Dy (5)T=(- ) Un,=(C)dC,
Qi (2,2)
Ay(z,2) = / Do(2)T= () (Un2(C) — U 2(C)) dC.
Qi (2,2)

By (£3) and (&3), it is straightforward to prove that
|A1(z, 2)| < cdz(Z,2)°, VZ,z € Ey.
Next, we estimate As(z,Z) by using (B3) of Proposition Bl We deduce that, for
every a €10, al, there exists a constant ¢ = ¢(Fy, &), such that
4 (2, 2)] < ¢ / dz (2,0)"ds (2,2)7 dC < cds(2,2)%, Va2 € Fo.
Qi (Z,2)
Analogously, we have

(4.18) |As(z, 2)| < cdz(2,2)7, VZ,z € Ey.
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Indeed, (I8) is an immediate consequence of () and of the following estimate:
there exists a positive constant ¢ = ¢(Ejp) such that

(4.19) |Uz.(C) — U2,2(Q)| < eds(2,2)%d=(2,0)F 7%, Vz,z2 € Ey, ¢ € Qu(z,2).
Let us prove (£19). We have

Us,. — Uz = Bi(2,2) + ¢Ba(z, 2) + B3(2, %),
where

Bi(z,2) = ¢ (uy, (PF%0 = PE7%b) + (P22 f = PE72F))
+2(PF2V,u — PF2V,u, V,0),
By(z,2) = (PF~2b— P}b) (uy, — PF~*u,,) — (P¥~2b — Pb) (uy, — PF*uy,),

z z

B9 = Lap (u— PE0) — Lo (u— PE).

By @223) of Lemma 210 we get at once

|B1(Z,2)(C:)| S Cdi(zaz)ad5(27c)k_25 \V/Z,Z S E07 C S QM(27Z)
We next remark that

Bs(z,2) = (PF~?b — Pb) (PF*u,, — PF*u,,)

z

+ [(PF2b — Plb) — (PF2b— PIb)] (uy, — P tuy, ).

z

Therefore, by (2.23) and (2:24) of Lemma[2.10, we infer
|B2(Z’2)(C)| < Cdi(zaz)&df(27C)k_25 \V/Z,Z € E07 C € QM(27Z)'

Finally, we observe that

By(2,2) = (Lep = Lep) (u— PE~u) 4 Legp (PE~"u — PA~2u)
= (Pb = P1) 0y, (u— PE~%u) 4 Lap (PE~*u — PE%u).

Thus, applying again Lemma ZI0, we establish ([@I9) and, consequently, ([EI7).
We conclude the proof of (£I5) by showing that

. o(2) 1, — Ds(2)11,z| < cdz(Z, 2)7, Z,z € ky,
4.20 D,(2)1,, — Dy (2) 11, d o 4 E

for some constant ¢ = ¢(Ep, k). We denote ¢ = (£,7,7) and by
(4.21)

z»—>Ré§,)1(Z)Ezo§—1:(x—f,y—n—i—jggB(Z)(7'(:5—;3)—(7—_[)5)7t_7_)7
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the right translation w.r.t. the law “o” in (ZI1l). By (&d)), for every z € Ey and
multi-index ¢ € {1,..., N + 1} of weight |o| = k, we have

(4.22)
Da(e)1e = [0 Do ()01 (RE, ()G
(by Lemma [32))
= Ael2) / L. 0)D;(2)Us. (R, ())dC
|pl<k
(by Lemma [3H)
=YY 8 [LCORODIG e
lp|<k ve{l,...,2N+1}™
(by the change of variables { = (™! o z)
- [T v
Qo
where

V.(Q) = Z Z Apz(2) Py 2 (T 0 2) DE(C) UL

lul<k ve{l,...2N+1}m

We observe that
(423) |VZ(C) - V%(C)| é Cd%(zﬂz)av VZ,Z S EOv C € QOv

for some constant c. Indeed, [Z23) follows from (B.8)), the fact the function z — P, ,
is of class C'§ by Lemma 35 and the estimate

(4.24) |D; Pru(¢) - DEPRu(Q)] < cda(2,2)°.

At this point, the proof of ([#.20) is analogous to the one of (#I17). Indeed it suffices
to observe that

D, (2)]1; — Do(2)]1 2 = A1(2,2) + A2(2, 2) + Az(z, 2),

where

Ay(z,7) = / (0. (2 OVL(Q) = T (2, OV (0)) de.

QO\QM(E,z)

Ag(z,2) = / (T2(2,0) — T=(2,0)) V2 ()d,
Qnm(Z,2)

As(z,2) = / T (2, 0) (Va(C) — Va(0)) dC.
Qnm(Z,2)

and to conclude as before, by using Proposition Bl Thus, (Z15) is proved. We
omit the proof of (£I0) since it is essentially analogous.
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The case k = 2. Let b, f € C*(Q2), with 0 < a < 1. Since, by assumption (LI0),
be CHQ), we have

Lpu(z) — Lzu(z) = (b — Pb)0y,u(z) = O (dz(2, 2)), as z — Z.

In this case, a much simpler choice of the frozen operators provides an approxima-
tion of L; of the same order. Indeed, for convenience, let us denote by z = (z,y, t)
a point of €. For fixed Z € 2, we define

LB = A, + (b(2) + 21 — 71)0y — O;.

Then, L®) is a Héormander operator which, in the case N = 1, up to a straight-
forward change of variables, coincides with the Kolmogorov operator in (LE). More-
over, we have

Lyu(=) — LOu(z) = (b(z) — b(2) — (21 — 21))Oyu(2)
=0 (d(z)(i,z)) , as z — Z,

where d®) denotes the control distance associated to L(%).
Given a cut-off function ¢, we represent the solution u in terms of the funda-
mental solution I'?) of L(%):

(ug)(z) = / TG (2, ()L (ug) (C)dC.

Q

Since L) (ugp) € Co(Q), it is standard to prove that u € C’;’a(Q), for every a €
10, 1]. Moreover, it is not difficult to adapt the previous arguments and to show
that u € Cp"*(Q), for every a €10, /. O

Remark 4.3. Theorem holds true if we assume that u is a locally Lipschitz
continuous, strong solution to ([Tl instead of a classical solution. We recall that u
is a strong solution to (L)) if it has weak derivatives and equation (L)) is satisfied
almost everywhere. In order to justify our claim, it suffices to remark that the
proof of Theorem is based only on the representation formula (£2) and on the
boundedness of the first-order derivatives of the solution.
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