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THE MORI CONES OF MODULI SPACES
OF POINTED CURVES OF SMALL GENUS

GAVRIL FARKAS AND ANGELA GIBNEY

ABSTRACT. We compute the Mori cones of the moduli spaces Mg, of n
pointed stable curves of genus g, when g and n are relatively small. For
instance we show that for g < 14 every curve in M is equivalent to an effec-
tive combination of the components of the locus of curves with 3g — 4 nodes.
We completely describe the cone of nef divisors for the space Mo g, thus ver-
ifying Fulton’s conjecture for this space. Using this description we obtain a
classification of all the fibrations of Mo 6.

1. INTRODUCTION

In this paper we describe the Mori cone of curves of the moduli space M,
of n-pointed stable curves of small genus g. Although important aspects of the
birational geometry of Mg,n heavily depend on whether g is large with respect
to n (e.g., the Kodaira dimension), it turns out that surprisingly the problem of
determining the cone of curves NE; (Hg,n) can be expressed entirely in terms of
the geometry of the moduli spaces MO’ngn of rational curves with marked points
(cf. [GKM]).

There is a combinatorial stratification of Hg,n given by topological type and the
components of the 1-dimensional stratum, that is, loci of curves with (3g — 4 + n)-
nodes are called Faber curves (or F-curves). Our first result is that any curve in
Mg,n is numerically equivalent to an effective combination of these F-curves, at
least when the genus is relatively small:

Theorem 1. The Mori cone of curves NEl(Mg,n) is generated by F-curves when
g<13n=00rg<8n=1o0rg=06,n=2.

Thus in this range the cone of nef divisors is described by a simple set of in-
equalities corresponding to the numerical properties of all F-curves (cf. [GKM]).
This result was known when n = 0 for g < 11 (cf. [KMcK]), and whenn =1,9 <6
(cf. [GKM]). The case n =0, g < 4 was first settled by Faber (cf. [Fal]).

Already for small n the moduli spaces My, are quite intricate objects deeply
rooted in classical algebraic geometry. For instance, Mo}g, is a del Pezzo surface of
degree 5 while M ¢ is a small resolution of two famous modular varieties: the Segre
cubic S3 C P*, which is the symmetric GIT moduli space of 6 points on P! and is
the unique cubic threefold with 10 nodes, and its dual, the Igusa quartic T, C P4,
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which is the GIT moduli space of 6 points on P? which lie on a conic and whose
singular locus consists of 15 double lines (cf. [H]).

Since the space Mo,n has a combinatorial description somewhat similar to that of
a toric variety (although My, itself is certainly not a toric variety), Fulton asked
whether any effective (nef) divisor on My, is linearly equivalent to an effective
combination of boundary divisors corresponding to singular curves. We prove the
following result:

Theorem 2. The cone of nef divisors of Mo is contained in the convex hull of
boundary classes, and it has a natural decomposition into 11 subcones.

The precise inequalities defining these subcones can be found in Section 4. The
explicit decomposition of the nef cone of Moﬁ enables us to classify all fibrations
of Mog. Recall that a morphism f : X — Y with X and Y being irreducible
projective varieties is said to be a fibration if dim(X) > dim(Y) and f.Ox = Oy,
that is, f is its own Stein factorization. We have the following:

Theorem 3. 1. Any fibration of Mo s factors through a projection Mo s — Mo.4
dropping one of the marked points.

2. Any fibration of Mg factors through a projection Mo g — Mo n,n € {4,5},
dropping one or two points, or through a projection MO’G — HOA X MOA obtained
by dropping two disjoint pairs of marked points.

The fact that every nef divisor on Mg is linearly equivalent to an effective
combination of boundary divisors (that is, the first part of Theorem [2]) has been
previously checked by Faber (cf. [Fa2]) and by Keel (using the computer program
Porta). The salient features of our Theorem Plare the method of proof, which can be
applied in more general situations (see Propositions 8 and 9), and the decomposition
of the nef cone of Moﬁ into subcones, which in particular leads to a classification of
all fibrations of Moﬁ. For example, the fibrations Moﬁ — MQA X MQA correspond
to nef divisors lying in the boundary of two different chambers (see Section 4 for
a precise statement). The main idea in the proof of Theorem [ is to write every
divisor D on M g canonically as a combination of boundary classes with coefficients
being intersection numbers of D with precisely determined F-curves. We hope that
a similar approach could lead to a solution to Fulton’s conjecture for all spaces
Mo.n.

We note that Theorem [Z gives a new combinatorial proof that NE;(Mgg) is
spanned by F-curves (cf. [KMcK], Theorem 1.2). The original proof used that
Mo, is a Q-Fano variety for n < 6 (which is not the case for any n > 7).

Sean Keel showed that there are effective divisors on MO’G which are not ex-
pressible as effective combinations of boundary classes (see also [Ve|). For example,
if  : Mg — M3 is the map obtained by identifying three pairs of points on a
6-pointed rational curve and H C Mj is the locus of hyperelliptic curves, then
#*(H) is not linearly equivalent to an effective sum of boundary classes. Hassett
and Tschinkel recently proved that the effective cone on HO,G is spanned by the
boundary classes and the pull-backs ¢*(H) corresponding to all possibilities of iden-
tifying three pairs of points (cf. [HT]). In light of their work, Theorem [ shows
that the nef cone of Moﬁ is very small with respect to the effective cone of divisors.
Indeed, while we show that any nef divisor may be expressed as an effective sum of
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MORI CONES OF MODULI SPACES OF POINTED CURVES 1185

the 25 boundary classes, one needs another 15 divisor classes to describe all effective
divisors.

Our proof of Theorem [ makes use of the following “bridge” theorem (cf. [GKM],
Theorem 0.3): if ¢ : Mo g4n/Sy; — M, is the map given by attaching elliptic tails
to the first ¢ marked points of a (g + n)-pointed rational curve, then a divisor
D on M, is nef if and only if 1*(D) is nef and D meets all F-curves on M,
nonnegatively. In other words, to show that NFE; (Mg,n) is generated by F-curves,
it suffices to prove the similar statement on the space MO’ngn /Sg.

We note that Theorem [3 should be compared to Gibney’s result that for g > 2
any fibration of M, factors through a projection to some M, ; (i < n) dropping
some of the marked points (cf. [G], [GKM], Corollary 0.10). Paradoxically, because
of the combinatorial complexity of Pic(Mj ), the fibration problem is much more
difficult in genus 0 than in higher genus!

Acknowledgments: We are grateful to Igor Dolgachev, Bill Fulton and Sean
Keel for many interesting discussions related to this project.

2. GENERALITIES ON My,

We record a few facts about the moduli space Mo,n of stable rational n-pointed
curves. For more information about Mg ,, see for example [Kap| or [Ke]. Through-
out the paper we work exclusively with Q-divisors, and all the Picard groups we
consider are with rational coefficients.

A vital codimension-k-stratum is a component of the closure of the locus of points
in Mo,n that correspond to curves with k£ nodes. The boundary of Mo,n is composed
of the vital codimension-1-strata Ag, where S C {1,...,n} with |S|,|S¢ > 2. We
always have the identification Ag = Ag.. We denote by dg the linear equivalence
class of Ag in Pic (My,,). An effective 1-cycle that is numerically equivalent to a
vital 1-stratum is also known as an F-curve. By an F-divisor we mean a divisor
that nonnegatively intersects the F-curves.

We will consider the tautological classes 1, = ¢1(IL;) for 1 < i < n, where L; is
the line bundle on M, whose fibre over the moduli point [C,z1,. .., zy,] is Ty, (C).
Recall also that there exists an ample divisor class

Z US| =D 18] -1

e (n—1)

SC{l,...n}
|S]<n/2

whose support is the whole boundary of Mg, (cf. [AC]).
For each subset S C {_1, ...,n} we denote by Gg the stabilizer of dg under the
natural action of S,, on My ,. Then the Gg-invariant divisor classes of the form

55’(1 = Z dAUB

ACS,|Al=a
BCS®,|B|=b

generate Pic(ﬁoﬁn)GS. We have the following relation between tautological and
boundary classes:
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1186 GAVRIL FARKAS AND ANGELA GIBNEY

Lemma 1. The tautological classes v;, for 1 < i < n, have the following average
expression in terms of Gy -invariant boundaries:
n—3 . .
(n—1-j)(n—2-7) it
= oY,
Vi Z n—1)(n-2) J

j=1

Proof. We use that, given two distinct elements ¢, € {1,...,n} — {i}, we have
that ¢; = ics g (cf. [AC], Proposition 1.6). We then average all such relations
s

a,r
obtained by varying ¢ and r. O

The following average relation between Gg-invariant divisor classes will be used
throughout the paper:

Proposition 1. Suppose S C {1,...,n} has s elements. The following relation in
Pic(Mon) holds:
s = Z Ns,a,b 55’(1’
1<a<s,(a;b)#(s,0)
0<b<n—s—1

where
alb+s—n)(1+b+a(n—1)—n+s—s(a+b))
s(s—1)(n—s)(n—s—1) '

Ns,a,b =

Proof. We use Keel’s relation in Pic(My.,) (cf. [Ke]): given four distinct elements
p,q,7,s € {1,...,n}, we have that

Y or= > dr= ) ér

p,q€T p,reT p,s€T
r,s¢T q,5¢T q,r¢T

Having fixed S, we write down all possible such relations for which p,q € S and
r,s ¢ S. Then we add them together and average. O

It is well known that the boundary classes §s generate Pic(Moy ) (cf. [Ke]). The
existence of many relations between the dg’s, hence the absence of a “canonical”
basis of Pic(Mg.,), reflects the combinatorial complexity of My ,. Using Kapra-
nov’s description of My ,, as the space obtained from P"~3 after a sequence of n — 4
blow-ups, one sees that 1, and the boundaries dg(,} with S C {1,...,n—1} and
|S| < n—4 constitute a basis for Pic(Moy,,,). In particular, p(Mo,,) = 2" 1 —(5) —1.
However, this basis singles out the n-th marked points, and we chose to express all

our calculations in a basis which treats all marked points equally:

Lemma 2. Forn > 5, the classes {1;};; and s, where |S|,|S| > 3, form a basis
of Pic(Mg ).

Proof. We denote by V' C Pic(Mj.,) the subspace generated by the classes {1;}";
and {ds}|g|,|s¢|>3- It is enough to show that d,, € V for all distinct x,y. From
Proposition [ we obtain that

() (n —2)(n — 3)day + 2057 — (n = B)6T*! € V.
By writing the relation ¢; = 3 jer o7 for all i € {z,y}° and averaging, we
z,y¢T

obtain that
(ii) (n—2)0,y + 2639 € V.
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Finally, by averaging all relations ¢, + ¢y = > zer 07+ Y, yer o7 over all a,b €
a,bg¢T a,bgT
{z,y}° we obtain that

(iid) 2 (n N 2) Say + 20590 1 <n ) 3) Fl e V.
Clearly (i)—(iii) imply that d4, € V. O

We will often use the following notation:

Definition 1. For a divisor D = Z1§ign i — ZISI,IS”|Z3 bsds on Mo,n and for
a fixed subset T C {1,...,n}, we set

IT = th, OT = ZCt, 2?7] = Z bAuB.

teT tgT ACT,|Al=j

BCT*,|B|=i
We also recall that F-curves in Mo,n correspond to partitions I, J, K, L of {1,
...,n} into nonempty subsets. For each such partition we have a map v : MOA —
M., obtained by attaching 1+4|I|,1+|J|, 1+|K|and 1+ |L|-pointed rational curves
at each of the four marked points. Every F-curve in Mo,n is numerically equivalent
to such an image v(Mg 4) corresponding to a partition (cf. [GKM], Theorem 2.2).

3. THE FIBRATIONS OF Mg 5

In this section we first show that any F-nef divisor in Mo}g, can be expressed
as an effective sum of boundary classes. Although this result can be proved in
various ways, we present it because it illustrates our technique for giving a natural
presentation of any divisor in terms of boundary classes via averaging. Moreover,
it enables us to classify the fibrations of Moﬁ.

For a,b € {1,...,5} we consider the Gp-invariant sum of F-curves C% :=
Zie{a,b}u Agpi- We show that any divisor on Moﬁ has a canonical presentation in
terms of boundary divisors.

Proposition 2. If D is any divisor in Mg 5, then
1
D= > £ (C"D) du.
a,be{l,...,5}
In particular, any F-divisor is an effective sum of boundary classes.
Proof. We have seen that {1;}7_; forms a basis for Pic(MOb). Let D = 21955 c;
be any divisor on My 5. Using the average formula from Lemma ]

wi = %(Z(sai) + %(Z 5ab)a

a#i a,b#i

we can rewrite D as

(3 1% + 0")bap.

| =

= ¥

a,be{l,...,5}

The coefficient of dqp in this expression is just (D -C); so the conclusion follows.
O
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1188 GAVRIL FARKAS AND ANGELA GIBNEY

Remark. If D = Ele ¢;; is an F-divisor on Moﬁ, we see that D - Ay, = 0% >0
for any a,b € {1,...,5}. Moreover, if D - C% = 3I% 4+ 0% = 0, then ¢; =
—(cq +cp) >0, for all i € {a,b}".

Next we prove that a nontrivial F-divisor on Moﬁ is either big or the pull-back
of an ample divisor under the projection 7; : Mg 5 — My 4 dropping the i-th point.

Proof of Theorem [ Part 1. Let D = Z?:l c;; be a nontrivial F-divisor. We
have the following possibilities:

1. D-C% >0 for any a,b € {1,...,5}. Then using Proposition Bl we can write
D = ak; + (Effective), for some a € Qq, and since k; is ample, D has to be big;
so it does not give rise to a fibration. Thus we may assume that D - d,, = 0 for
some a,b € {1,...,5}, say D-C'2 =0 . There are two possibilities:

2. D-CY¥ >0forallic {1,2}¢. Then cz =c4 =c5 =c = —(c1 +¢2) > 0.
Moreover, D - C% > 0 for a,b € {1,2}¢, and D - C? > 0 for all i € {1,2}¢. In this
case, using Proposition 2] the divisor D can be rewritten as a positive combination:
5¢+ 3¢ +02D1 n 5¢c+ c1 + 3co

6 6
where Dy = 3" ey oye 0ab + 20210010 and Dy = 32 g oy Oab + D0 21,2 02a-

Since Dy = 75 (623 + 24 + 034) and Dy = 75 (013 + 014 + 34), it follows that D
is the pull-back of an ample divisor under the birational map (w1, ms) : H0’5 —
MOA X M0,4§ hence it is big.

3. There is an i € {1,2}¢ such that D - C' = 0, say D - C'3 = 0. Then ¢; =
c3 =c4 = c5 = c >0 and ¢; = —2c. Proposition 2 gives that D = cza’b# Oap =
emy (023 + 024 + 025), which proves our contention. O

D=

D2a

4. THE NEF CONE OF Mg

In this section we prove Theorems Bl and Bl The main idea is to canonically
write every divisor D on MO’G as a linear combination of boundary divisors with
coeflicients being intersection numbers with specific combinations of F-curves.

We first introduce a number of 1-cycles on Mg . Whenever we refer to a 1-cycle
as being a weighted sum of F-curves, we mean that we divide by the number of
irreducible components making up the cycle. Let us fix distinct a,b € {1,...,6}. By
C¢® (respectively C4?) we denote the weighted sum of F-curves of type (3:1:1: 1)
(resp. (2:2:1:1)) having both points indexed by a and b on the spine. By C$®
we denote the weighted sum of F-curves of type (3:1:1: 1) having neither a nor
b on the spine, while C§? is the weighted sum of F-curves of type (2:2:1: 1) with
a,b on the same tail.

For a,b € {2,...,6}, let C1% be the weighted sum of F-curves of type (2 : 2 :
1:1) having exactly one of the points indexed by elements of {1,a,b} on the spine
while the remaining two points are on one of the attached tails. By Ci? (resp.
C3%%) we denote the weighted sum of F-curves of type (3 : 1: 1 : 1) having only
one of the points (resp. two of the points) indexed by elements of {1, a, b} on the
spine.

It may be of interest to note that C¢® and C$® are the only Ggp-invariant F-
curves (up to rescaling) that properly intersect Ay,. Similarly C1?° is the unique
G1ap-invariant F-curve that properly intersects Aqq,, and C3%° and C1% are the
only Gigp-invariant curves of type (3:1:1:1) that do not intersect Ay at all.
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MORI CONES OF MODULI SPACES OF POINTED CURVES 1189

Throughout this section we use the notation from Definition 1. To simplify
things we set $ob¢ ;= 2942 3 .= yabe 4§ and [+ O := [9¢ 4 Qe = [ob 4 Oab,
for any a,b,c € {1,...,6}. The following lemma describes the intersections of the
previously introduced curves with any divisor.

Lemma 3. If D = Zl§i§6 i — ZijE{Q,...,G} 140145 15 any divisor on MO’G, then
for distinct a,b,c € {1,...,6} we have that

a a ]‘ a ]‘ ab,2 a a ]‘ ab,l a 3 a ]‘ ab,2
Clb'D _—Ib-f—zO b+121 R CQb~D_—Ib—§EQ R C3b~D_— —40 b+—4§1 ,
ab ab ab,2 abc abc

'D_f _() __E ’ 'D_f - I+() —bac——E 5
Ci 2 27t 7 = 3( ) b 9

Cézbc . D= %Iabc + %Oabc + %Eabc7 Cézbc .D= %Iabc + %Oabc + %Eabc.

Proof. This follows from standard intersection calculations as explained in, for ex-
ample, [HMo| or [Fal]. O

The following sufficient criterion for a divisor on My ¢ to be big will prove useful
a number of times:

Lemma 4. Let {i,j,k,l,m,n} be a permutation of {1,...,6}. Then any effective
sum of boundary classes supported on dmn, Oit, 051, Okt; Smni, Omnj and Omnk @5 big.
Moreover, any effective class supported on 61, 0jm,0kn and on all boundaries dqpe
except d;51 is big as well.

Proof. For the first statement it is enough to consider the pull-back of the ample
class (0mn, Omn,Omn) under the birational map (m;, 7k, Tir) : MO’G — MOA X
Mo.4 x Mo whose components forget the marked points (i,5), (j,k) and (i, k)
respectively. To prove the second statement we pull back the class (8, + Okn, di +
Skns 0i1 + 8jm) via the birational map (i, Tjm, Ten) : Mo — Mo x Mo X
Mo.a. O

We have the following canonical presentation of any divisor class on Moﬁz

Proposition 3. Any divisor D on Mo g can be written as

2 1
D = > (5(Cf"D)+£(C5" D) Jow
a,be{l,...,6}
+ Z (1(Clab . D) + i((clab + Clab) . D) + izlab) S1ab
e 6 100t 152 3 135 avr

Proof. We perform two canonical modifications of the expression of any divisor on
Moﬁ in the basis referred to in Lemma 21 In this way we get two presentations for
any divisor on M. The expression from Proposition [ is obtained by taking a
suitable linear combination of them. Note that, if D is an F-divisor, the d,; part
of the expression of D is always effective.

We start with a divisor D = Z1§ig6 by — Zj,ke{Q,..A,G} b1k01j5. We replace
each 1; by its average expansion provided by Lemma [ to get that D is linearly
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1190 GAVRIL FARKAS AND ANGELA GIBNEY

equivalent to

3
DI — | Z (1—0(I+O) —b1jk) 51jk
j.ke{2,...,6}

3 1
_Iab _Oab 5(1 )
a,be{l,...,6}
Next, in DT we replace each class 91 by its average formula from Proposition [I]

(1) O1jk = g > b % > bwt % > bian,

a€{l,j,k} abe{l,j,k} or a,b#j,k
be{l,j,k}¢ abe{l,j,k}°

to get that D can also be written as

3 1,
DII = — (I _ _Eljk S1s
j,ke{2,...,6}
3 1 1 2
_Iab _Oab _Eab,2 _ _Eab,l Sub-
AP DR G T R R AL
a,be{l,...,6}
We now write that D = %(%Dl + DI and by using the intersection numbers
computed in Lemma [B] we get exactly the desired expression for D. ([l

To simplify notation we shall rewrite the expression from Proposition [3] as

10 7
(2) 3 D= ng +D" = > (bt Y. Clavdia
a,be{l,...,6} a,be{2,...,6}

Thus Cop = 219 + 1090 4+ 152952 _ 253800 and (o = T+ O — Dby, — 15 We
have already seen that for an F-divisor all the coefficients (,; are > 0. Moreover,
in Proposition Bl we prove that at most one of the coeflicients ¢i;; can be < 0. If
this happens, we replace §1,; by its average expression (Il), spreading the negativity
of (14; among all boundary classes. We show that the resulting expression becomes
effective, thus proving Theorem Bl This procedure gives a decomposition of the
nef cone of Moﬁ into 11 natural subcones: one described by inequalities (145 > 0
for all a,b € {2,...,6}, and the remaining 10 given by inequalities (1;; < 0 for
1,7 € {2,...,6}. More precisely, we have the following result:

Proposition 4. Let D be an F-divisor on Mo with (1;; < 0 for some i,j €
{2,...,6}. Then D is big, and there exists a big effective combination of boundary
classes By, such that

1 4 2
D = By + Y. (E(CIIJ-D)—Fg(Clb-D)) Sub
a€{l,i,j}
bE{l,i,j}“
+ Y G D) (D) b+ Y 2(Ca D) i
~ 5t 52 . 3 ,
a,be{l,i,j} or a,b#1,j
a,be{l,i,j}“

where Cyyp, is an effective sum of F-curves. In particular, Theorem[2 follows.
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Proof. After replacing d1;; by its average expression in (2) we obtain the identity

()

10 2 1
gD = Z (Cab + §C1ij)5ab + Z (Cab — §C1ij)5ab
a€{l,i,j} a,be{1,i,j} or
be{l,i,j}¢ a,be{l,i,j}°
1
+ Z ‘(Cmb + §C1ij)51ab~
a,b#i,j

We set p:= —(I+ O+ X). Since 0 > (155 > 145 — %C’l”j -D = —%p, we obtain
that p > 0. It is rather straightforward to check using Lemma[3] that

2 5 _1is 20 5
(3) Cab"_ §<1ij = §C11” D+ gcgb D+2_7p7 for a € {LZ?]} and b € {]ﬂi?j}ca

9 — 8C1i1 20 A
piclj + _(I+O —blij - blab)a for {a’b} # {Z’]}7

(4) %Clij + Clab = 9 9

while obviously (up — %Clij >0 for a,b € {1,i,5} or a,b € {1,7,5}°. We claim that
(*) is already an effective representation of %D. As it turns out, we can prove a
little more than that.

For a,b € {2,...,6} such that {a,b} # {i,j} we define an effective 1-cycle Cyy,
such that Cyp- D = (I+0O)—b1i; — b14p- By passing to the complement if necessary,
we may assume that {i,j} N {a,b} = 0. We denote by k the remaining marked
point; hence {1,...,6} = {1,,4,k,a,b}. We then take Cqp := (2C3F + C}F + "),
where C” is the F-curve of type (2 :2:1:1) with ¢,5 and a,b respectively sitting
on different tails.

We define the divisor class Bi;; by the formula

3 5 Ciij 2p — 8Gij
(6) By = E(2_7 Z | dab — 3 Z dab + — Z ‘51ab)-
ac€{l,i,j} a,be{l,i,j} or a,b#i,j
be{l,i,5}° a,be{l,i,5}°

All the coefficients in this expression are positive while the support of Bi;; is
>_s2{1,i,53 Ds, which is a big divisor (use Lemma H)). O

We shall use Proposition H to classify all fibrations of Mog. We have already
seen that an F-divisor D for which there exists a coefficient (1;; < 0 has to be big;
hence it does not give rise to a fibration. The divisor D is also big when (i, > 0
and (4 > 0 for all @ and b (use the existence of the ample class k1). So we are left
with classifying nontrivial F-divisors D for which all of the coefficients in (@) are
nonnegative and at least one of them is 0. We have three cases to consider:

(1) There are at least two coefficients (145 which are equal to 0, that is, D lies
in the intersection of two of the subcones making up the nef cone of Mg .
Then we show that D is the pull-back of an effective divisor via a fibration
Mo — Mo X Mo obtained by forgetting two disjoint pairs of marked
points.

(2) Thereisan¢ € {1,...,6} such that (;; = 0 for all j # 4. Then D is the pull-
back of an effective divisor via the fibration ; : Moﬁ — M075 forgetting
the i-th marked point.

(3) If neither of the previous situations occurs, then we show that D is big.
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The following observation will come into nearly every argument in the rest of
this section:

Lemma 5. Let D = E?:1 by — Ei,je{Q,...,G} b1:j01i; be a nontrivial F-divisor

on Mg, and {a,b,i,j,m,n} a permutation of {1,...,6}. If Cij = Cap = 0, then
Cmn > 0. Moreover, if (o = Cib = Cim = Gin = 0, then (;; = 0 as well.

Proof. Without loss of generality we may assume that (12 = (34 = (56 = 0, and
we prove that in this case D is trivial. Our assumption implies that C12 - D = 0,
from which we can write that ¢; + bi2; = —(¢1 + ¢2), for all ¢ € {1,2}°. Similarly
cj+bsa; = —(c3+ca), forall j € {3,4}°, and ¢ +bser = —(c5+c6) when k € {5,6}°.
It is easy to see that these relations imply that all the ¢;’s are equal, that is, ¢; = ¢
for ¢ € {1,...,6}, and hence big; = —3c, for each ¢ € {1,2}°. Similarly bss; = —3c
for j € {3,4}¢, and bsgr, = —3c for each k € {5,6}°.

On the other hand, C3? - D = 0, which implies in particular that ¢; +ca — b134 —
bise = 0, thus giving that ¢; = 0 for all ¢ € {1,...,6}. It immediately follows that
the boundary coefficients must vanish too, and hence D is trivial.

For the second part, let us assume that (12 = --- = (35 = 0 and prove that
C16 = 0. Since C1'- D =0 for all i € {2,...,5}, we have that by, = —I' for all
i € {2,...,5}, which yields C{¢ . D = 0. We also know that C3¢- D = 0, which
turns out to be equivalent with 2¢; + I+ O = 0. It follows that 0216 -D =0 as well;
hence (16 = 0. O

We proceed with the classification of all F-divisors on MO’G. The next lemmas
deal with the first two situations:

Lemma 6. Let D = Z?:1 by — Ei,je{Q,...,G} b1ij614; be an F-divisor on Mo
such that two coefficients C1;; vanish, say C1i; = G = 0, where {1,4,j,k,l,m} is
a permutation of {1,...,6}. Then D is the pull-back of an effective divisor via the
fibration ¢ = (75, Th) Moﬁ — MOA X MQA whose components forget the marked
points labelled (i,7) and (k,1) respectively.

Proof. We use the notation from the proof of Propositionl Without loss of general-
ity we may assume that (123 = (145 = 0. From (l) we obtain that p = —(J4+0+X) =
0 and that Ci6 - D = 0, which implies that Ci¢ - D = C}5 - D = 0. Since (123 = 0,
we can also write that p/15 = C1?* - D = 0 and similarly C1*5 - D = 0. Thus
the intersection numbers of D with every component of Ci¢ C1% C1%* and C}*°
respectively has to be 0. This gives rise to 28 relations between the coefficients ¢;
and by;;. By writing out these relations it turns out that () can be rewritten as

D = (a+ 3)(6124 + 6134 + O125 + O135)
+ a(d12 + 613 + 062 + 63 + 0146 + 156 + 016 + 023)
+ B(014 + 015 + 064 + d65 + 126 + 0136 + 016 + 0a5),
where v = 2(c1 + ¢2) > 0 and 3 = 2(¢1 — ¢2) > 0. In order to finish the proof it is
enough to notice that D = « 7}5(d12 + 023 + 013) + B 753(d14 + a5 + d15). O
Remark. Lemma [ also shows that if D is a nontrivial F-divisor on MO’G, then at

most two of the coefficients (14, can vanish.

Lemma 7. Let D be an F-divisor such that there exists i € {1,...,6} with (;; =0
for all j # i. Then D is the pull-back of an effective divisor under the projection
™+ Moe — Mo,s dropping the i-th marked point.
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Proof. Clearly we can assume that ¢ = 1. The hypothesis ¢1; =0 for j € {2,...,6}
is equivalent to Cllj - D = 021]‘ -D =0 for all j € {2,...,6}. This gives that
bii; = —I'% for all 4,5 € {2,...,6}. It also follows that 2¢c; + I + O = 0 and
I+0+X=0. Then (2) reads

2 i * 2 i
DE( ' Z g‘[j((sij—’—(slij):ﬂ—l(l 4 Z gfjéij).
i,7€{2,...,6} i,j€{2,...,6}

O

Proof of Theorem [3| Part 2. We start with a nontrivial F-divisor D on MO’G with
Crap > 0 for all a,b € {2,...,6} and such that at most one coefficient (145 is equal
to 0, say (123 = 0. Moreover, we can assume that for each ¢ there is a j # ¢ such
that ¢;; # 0. Then we show that D is big. Note that the case (1,5 > 0 for all
a,be {2,...,6} is similar (and simpler).

Lemma Bllimits the number of coefficients ¢;; that can vanish, and a case by case
analysis shows that we can always find sufficiently many boundaries d;; on which
D is supported. Then we apply Lemma Hl to conclude that D is big. O

5. THE MORI CONE OF M,

In this section we show that NE;(M,) is spanned by F-curves for all g < 13.
To prove this, it is enough to show that every Sy-invariant extremal ray on M(hg is
generated by an F-curve (cf. [GKM]|, Theorem 0.3). We achieve this inductively by
writing every nontrivial S,-invariant nef divisor on My , as a sum Kz, , 225 asds,
where 0 < ag < 1for all S. We also notice that for any g > 14 there are Sy-invariant
F-divisors on M, not of this form, thus hinting that the nature of M, changes in
a subtle way when g = 14. Finally we present a combinatorial set-up enabling us
to compute Mori cones of moduli spaces of 1- and 2-pointed curves of genus g < 8.
It is clear that in the same way at least a couple of other cases can be settled as
well. .

We start by setting some notation. We denote My, := Mo,n /Sn and we iden-
tify divisors on Mom with S,-invariant divisors on Mo,n- The spaces Mom are
interesting for their own sake. For instance, Mo}gngQ is isomorphic to the closure
in M, of the locus of hyperelliptic curves of genus g. For 2 < i < [n/2], we set
Bi =3 scq1,...g3 05 When i = n/2 we define B; := ) Jgcq1,.... 4} Is-

|S|=i |S|=i,1€S .

Keel and McKernan proved the following results about the Mori theory of My ,,

(cf. [KMcK], Theorem 1.3):

Proposition 5. (1) The effective cone NE' (Mo,n) is generated by the classes
of the divisors B; for 2 <i < |n/2]. Any nontrivial nef divisor on Mgy, is
big.

(2) For n < 7 the cone of curves NE1(Moy.,,) is generated by F-curves. We

also have that for n <11 the cone NE1(My.,,) is spanned by F-curves.

Remark. The previous result combined with Theorem 0.3 from [GKM] gives that
NE1(Myg,,) is spanned by F-curves whenever g +n < 7. We also obtain that for
g < 11 every F-divisor on M is nef. We shall extend this result for all g < 13.
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We recall that for any S C {1,...,n} such that |S|,|S°| > 2, there is an isomor-

phism
¢ Mo s1+1 X Mo se|+1 — As € Mo

given by attaching a rational (|.S|+ 1)-pointed curve to a rational (|S¢| + 1)-pointed
curve at a point x. It turns out that ¢ induces an isomorphism between Mori
cones NEi(Ag) = Wl(ﬁmspﬂ) X Wl(MO"SUHI) (cf. [KMcK], Lemma 3.8).
Moreover, if m; : Ag — MO,\S\H and 72 : Ag — Mg |ge|4+1 are the two projections,
then

Nag /it = (M) (=ve) + (m2)" (= ¢2)
(cf. [KMcK], Lemma 4.5). Since the tautological classes v, are nef (cf. [Kap]), it
follows that Ag has anti-nef normal bundle, that is, C'- Ag < 0 for every irreducible
curve C' C Ag. We shall often use certain maps between moduli spaces which we
call boundary restrictions:

Definition 2. For m,n > 3 and n,,,...,n,,, > 1 such that n =n,, +---+ng,, ,
we define the map v : Mo,m — Mo,n which takes a rational m-pointed curve
(C,z1,...,2m) to arational n-pointed curve by attaching a fixed rational (n,, +1)-
pointed curve at each point z; for 1 < i < m.

Note that if n;, = 1 for some 4, then this amounts to not having attached any-
thing at ;. Moreover, any composition of boundary restrictions will be homotopic
to a single boundary restriction; in particular, they will induce the same map in
homology. We make the following simple observation:

Proposition 6. Given integers g,n with g+n > 8, to conclude that NE1(M, ) is
generated by F-curves it suffices to prove that for all F-divisors D on Mo g1n/S,
and for all boundary restrictions v : Mo,k — Moygﬂw where 8 < k < g+ n, the
pull-back v*(D) is a nonnegative combination of boundary divisors.

Proof. We apply [GKM], Theorem 0.3. We start with an F-divisor D on Mg g4,/
Sy, and we want to show that D is nef. Since D is a nonnegative combination of
boundary divisors, we only have to show that C'- D > 0 for all irreducible curves
in a boundary divisor Ag = Mg 511 X Mg |sc|41. By hypothesis D\Mo,\sm and
D31, seps, are both effective combinations of boundary; hence we have to test
the nefness of D only against curves sitting in the boundary of M g+, and of
MOJSCH_D and we can descend all the way to a moduli space Mo,n with n < 7.
Since in this range the F-curves generate NE(My,) (cf. Proposition Hl), the
conclusion follows. (]

Let us consider a boundary restriction v : Mo,m — Mo,n given by the partition
(Nays -+ s Na,,) of n, where we assume that n,; > 2 < j € {1,...,7}. We also
denote by A := {zy41,...,2m} the set of remaining marked points; hence n, = 1
forally € A. For 2 <i<m—2and for S C {x1,...,2,} we define

st = Z 5T~

TC{1,.mm},|T|=i
Tn{z1,...,zr}=5

The adjunction formula for a bounday restriction v : Mo,m — Mo,n reads

(6) v (Kar, ) = Ky, + ) Ve

Ny >2
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The next statement describes the effect a boundary restriction has on homology.

Proposition 7. Let D = ZEZQQJ r;B; be a divisor on Mo,n- If v: Mo,m — Mo,n
is a boundary restriction, then

v'D = Z ¢’ BY,
Sc{z1,...,xzr}
[SI<[r/2],i=]S]
where
S ._ (m—i)(m—1-)(pesmn.) +i(i = D) sese ™)
C =T es eS| T (m—1)(m—2) .

Proof. We start with the case when only one n, is > 2. We obtain that v*(B;) =
B + Bf . 11— (7i)y;, where (7i) = 1 if i = n, and 0 otherwise. By iteration, in
the case when Ng; > 2 for 1 < j < r, we can write that

v*(B;) = Z Bf—zxesnm"‘\s\ N Z Ya-

SC{z1,mz0} o€ {@1,smr}
Ne=1

To read this formula correctly, when ¢ = n/2 the first sum is taken only over the
subsets S C {x1,...,2,} containing x;, that is, we do not count both S and S°.
Moreover, we make the convention that BjS = 0 whenever j < [S| or j > m — 1.
Now, replacing each v, by its average formula from Lemma [I, we get the desired
formula. O

We have already seen that NE1(M, ) is spanned by F-curves whenever g+n <
7. We now present an entirely combinatorial computation of NEq(Mg ) which can
serve as a model for other cases when g + n is rather small.

Proposition 8. Every F-divisor on Mo g/Se is linearly equivalent to an effective
combination of boundary divisors. It follows that NE1(Mg2) is generated by F-
curves.

Proof. Let us denote by X := Mg/Se and by 2,y € {1,...,8} the marked points
on which Sg fails to act. We identify divisors on X with Sg-invariant divisors on
Mys. A basis for Pic(X) is given by the following collection of divisor classes:

0z1 := Z Oza, 5y1 = Z 5ya7

aFx,y aFxT,y
Op2 1= Z Ozabs 5y2 = Z 5yab7
a,be{z,y}e a,be{z,y}e
0 1= Z dab, 03 := Z dabes
a,be{z,y}e ab,c€{m,y}e
5:cy1 = Z 5axy7 5:53/2 =04 := Z 5:cyab7
aFtw,y a,be{z,y}e
513 = 6y3 = Z 5mabc~
a,b,ce{x,y}°

There is a 10-th Sg-invariant divisor class on MO’G, namely 6.,, which can be
expressed in this basis using our average formula from Proposition [T}

1 4 3 1 2 2 1
(7) Ozy = = (001 + y1) + —=(0p2 + 0y2) + =023 — =03 — = 0py1 — =0 2.

6 15 20 5 3 5727 15
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We now start with an arbitrary F-divisor on X:
D= bx15x1 + by15y1 + bx25x2 + by25y2 + bx35:c3 + bxyléacyl
(8)
+ byy20zy2 + bada + b3ds.

The coefficients of D are subject to 28 F-inequalities coming from all equiva-
lence classes of partitions of {1,...,8} into four subsets modulo the Sg action. By
(3z,2y,2, 1), for instance, we shall denote a partition of type (3 : 2 : 2 : 1) such
that x is contained in the subset with 3 elements and y is part of one of the subsets
with 2 elements. The proof that D is linearly equivalent to an effective boundary
consists of two parts and is similar to the proof of Theorem

(1) If by > 0, then all coefficients in (B) are nonnegative.

(ii) If by < 0, then we substitute d; using () and we call the resulting divisor
class Dy = D. We then take the linear combination D’ := 5D + Dy = 6D and show
that the resulting expression,

5 5
D' = (6bx1 + §b2)5;c1 + (6by1 + Ebg)éyl + (Gbe + 4b2)(5x2 + (Gbyg + (52)(5y2

9
(9) + (6bx3 + Zbg)éxg + (6bxy1 — 10b2)(5xy1 + (6bxy2 — 6[)2)5“]2
+ (6b3 — 3()2)53 — 15()25;53/,

is effective. We present step (ii), step (i) being similar, only simpler.

We thus assume that by < 0, and we show that all coefficients in (J) are non-
negative. We start with the ;o coefficient, whose nonnegativity follows from the
F-inequality corresponding to the partition (24,2, 2,2). The fact that the d3 coef-
ficient is > 0 comes by using (24,2, 2,2) and (44y,2,1,1).

The other inequalities are slightly more involved. We first prove that b,; > 0 by
combining (5y,15,1,1),(4y,2,1,,1) and (3,3, 15, 1,). By symmetry we also obtain
that byl Z 0.

Next, by adding together (4,,2,,1,1), (4y,24,1,1),(3,3,14,1y), (32,24,2,1) and
(3y,24,2,1), we find that

4(byo + byz) + 2by > 3(by1 + by1) >0,
and since we have assumed by < 0, we get that byo + by2 > 0. Now (3;,3,,1,1)
gives that 2b,3 + by > bz + by > 0; thus we also have that by3 > 0. We can now
prove that the remaining coefficients in () are nonnegative as well.

We start with the d,3 coefficient, which is nonnegative because 2b,3+ b2 > 0 and
bgs > 0. To deal with the 0,0 coefficient we combine (4,,2,,1,1), (5y, 14, 1,1) with
byz > 0. By symmetry, the d o coefficient is also > 0. For the d,1 coefficient we use
that 6;1 > 0 together with (5y,15,1,1). Again, by symmetry, the 6, coefficient is
also > 0.

We are left with the d,,; coefficient, whose nonnegativity follows from by < 0
together with (4,24,,1,1) and (2,,2,2,2). Note that we only used 10 of the 28
F-inequalities. ([l

We use Proposition Bl to compute the Mori cones of MgJ when g < 8:
Proposition 9. The cone NE1(M,1) is generated by F-curves for all g < 8.

Proof. Since the case g < 6 is settled by Proposition Bl we only need to deal with
M7, and Mg;. We only present the g = 8 case, g = 7 being similar. According
to Proposition ] it suffices to show that for any F-divisor D on Mg g/Ss we have
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that (i) D is linearly equivalent to an effective sum of boundaries, and (ii) for a
boundary restriction v : MQS — MOQ, v*(D) is linearly equivalent to an effective
sum of boundaries.

To prove (i) we define Y := My, /S,—1 and denote by z the marked point
on which S,_1 does not act. A basis for Pic(Y) is given by the classes (5;{96}’1
for ¢ = 1,...,n — 3. In this case the S,_j-invariant boundary classes on Mo,n
are independent, which considerably reduces the combinatorial complexity of the
problem. We write (uniquely) the class of any F-divisor D on Y in this basis,
and the positivity of the coefficients follows in a straightforward way from the F-
inequalities. We omit the details.

For (ii) it is enough to notice that for any boundary restriction v : Mo}g — Mo}g
the pull-back v*(D) is an F-divisor on Mo,s /Se. So by Proposition[Jit is equivalent
to an effective sum of boundary classes. O

We are now going to prove that N E; (Mo,n) is spanned by F-curves for all n < 13.
We use our Theorem Pl to give a Mori-theoretic sufficient condition for an extremal
ray on Ho,n to be generated by an F-curve. The next theorem is an improvement
of [KMcK], Theorem 1.2. We recall that A denotes the total boundary in Mg,.

Theorem 4. Let R be an extremal ray in NE1(Mo,,). If there exists a nonempty
effective Q-divisor G on My ,, such that A—G is also effective and (K37, ,+G)-R<
0, then R is contractible and it is spanned by an F'-curve. '

Proof. We follow the same lines as in [KMcK]. Let us write G = ) 4 asAg, with
0 < ag < 1. We claim that the ray R descends to some boundary divisor. Suppose
this is not the case; hence R-Ag > 0 for all S and R- KMO,” < 0. Since there exists

an ample divisor on Mo,n having the same support as A, namely the tautological
divisor k1, we find that R is generated by a contractible curve C. We denote by
f: Mo, — Y the contraction. The curve C' does not come from the boundary.
Hence fj is finite, and we can apply [KMcK], Proposition 2.5, to conclude that
the exceptional locus Exc(f) is a curve. On the other hand, using the deformation-
theoretic bound for the dimension of the Hilbert scheme (cf. [K], Theorem 1.14)

dimcHilb(Mo,n) > —Kg7, -C+n—-6>1 (forn>7),

we conclude that C' deforms inside M ,,, which contradicts that Exc(f) is a curve.
This argument breaks down for n < 6, but in that case we can directly invoke
Theorem [Z and finish the proof. Thus in any case we may assume that R is con-
tained in some boundary divisor Az, and since Wl(AT) = NE, (MO,\T\JA) X
NE, (H07|TG|+1), we may as well assume that, say, R C NE; (M07‘T‘+1).

If m := |T| + 1, we denote by v : Mo,m — Mo,n the corresponding boundary
restriction and by x the point of attachment of the fixed (|7°¢| + 1)-pointed rational
curve. We replace G by the effective divisor G’ :== G + (1 — ar)Ar. The boundary
Ar has anti-nef normal bundle; hence (K37, +G') - R <0.

By adjunction, v* (Kﬁo,n) = K7y, + Yo, while according to Proposition [1 we
have that v*(G’) = G — ., where G is an effective divisor such that Avryn — G is

effective too. Thus (K37, +G)-R < 0, that is, we have exactly the initial situation
on a lower-dimensional moduli space, and the conclusion follows inductively. O
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Now we show that for n < 13 every extremal ray on Mo,n satisfies the conditions
from Theorem @l We start with an extremal ray R C NE; (Mo,n) and denote
by E a supporting nef divisor of R. Proposition gives that E is big, that is,
E € int(ﬁl(ﬁom)). Since K37, = E ( (n—j)/(n — 1) — 2)B;, clearly
— K3z, . is not effective for n > 7. Followmg Keel and McKernan, we intersect the
line segment in N.S(Mj ,,) joining —K73z, , and E with the boundary of NE' (Mo n)
to get a symmetric boundary class Ap such that A\E = K7 Mo, _+Ap for some A > 0.
We can write Ag = Zz 5 r;B;, where r; > 0 (cf. Proposmon ). That Ag is on
an extremal face of the cone means r; = 0 for at least one ¢ with 2 < ¢ < [n/2]. If
we can prove that r; < 1 for all 4, then Theorem H gives that R is generated by an
F-curve.

To achieve this we write out all F-inequalities for the nef divisor K37, =+ Ap:
We define the function f(a,b,c,d) to be 2 minus the number of variables equal to
1. For any partition (a, b, ¢, d) of n into positive integers we consider the associated
F-curve given by a boundary restriction v : Mo 4 — Mg.,. Then, using (),

(K3, +Ap) - v(Mo,a)
= f(a,b,¢,d) + ragp + Tage + Tatd —Ta — 76 — Te — 74 > 0.

Theorem 5. Forn < 13 any nontrivial nef divisor on Mo,n is of the form K7, +

Ap, with 0 < Ag < A. It follows that NE1(M,) is generated by F-curves for all
g <13.

Proof. We start with the nef divisor K37+ Ap, where Ag = ZLWQJ r;Bj, where
r; > 0 for all j and there is 2 < ¢ < Ln/2J such that r; = 0. By using all F-
inequalities that the coefficients r; are subject to, we conclude that r; < 1. We
carry this out only for n = 13, the case n = 12 being entirely similar. We list all
F-inequalities for n = 13:

1)3ro >r3+1, (2)2r3 =21y, (3) ra+2ra>27r3+75, (4) 12 +2r5 > 14 + 76,
5)ro+re >rs, (6) 1+2rs4+1ry>2r0+715, (1) 1+714+715 > 190 476,

8) 1+rs+rs>ro+ry, (9) 1+73+2r6>ro+2r5, (10) 14 214 > 2r3,

].].) 147 > 13, (12) 14 3r5 > 3ry, (13) 24 3ry > 3rg + g,

14) 24144 2r5 > 2ro + 13 + 18, (15) 2+ 2rg > 2rs + 15,

16) 24+17r5+1r6 =19 + 213, (17) 241754 2rg > 1o+ 13 4 21y,

and finally (18) 24 3rg > 3r3 + 4.

~~ o~ o~ o~ o~ o~

From (1) we see that 7, > 0. We have four cases:

(i) r3 = 0. Then from (2) we have r4 = 0, while from (6) we get 5 < 1 and
ro < 1/2. Assume now that rg > 1. Then (3) and (7) combined give 15 = ro and
r¢ = 1. From (13) we get that ro < 1/3, while (4) gives that ro > 1/3, hence
rg =15 = 1/3. Thus either r; < 1 for all j, or else Ag = %(BQ + Bs) + Bg.

(ii) 74 = 0. Use (10), (13) and (3) to get that r3 < 1/2,7r; < 2/3 and r5 < 2/3.
We assume again that ¢ > 1. Then (3) and (7) are compatible only when 73 = 15
and r3 = 0, that is, we are back to case (i).

(iii) 75 = 0. Inequality (12) yields r4 < 1/3, while from (13) we get that ro < 1.
Moreover, if 73 = 1, then 76 = 0,74 = 1/3 and r3 = 1/3. So in this way we get our
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second exceptional case, A = By + %(Bg + B4). On the other hand, if ro < 1,
then from (4) we have that rg < 1, and finally from (10) we obtain that r3 < 5/6.
(iv) r¢ = 0. From (18) we have that rs < 2/3, while (5) and (15) give that r5 < 2/3
and ro < 1. Moreover, ro = 1 implies 75 = 0; so we are back to case (iii). Then we
use (12), which gives r4 < 1. If r4 = 1, from (18) we have r3 < 1/3, while from (2)
we have r3 > 1/2, a contradiction, and so this last case does not occur. O

Remark. For n < 11 every nontrivial F-class on Mo,n is of the form Ky7 —+ Ag,
where Ag is a pure boundary, that is, Ag = . r;B; where 0 < r; < 1 (cf. [KMcK],

Corollary 5.3). The previous proof shows that on My 13 there are exactly two F-
classes not of this form:

1 1
KWO,l:} + g(BQ + B5) + Bg and KMD,lS + By + g(Bg + B4).

On M{)Jg there is just one such class, namely K3z, ., t (B2 + Bs)/3 + Bg. For

n > 14 it is no longer true that any nontrivial F-divisor on My , is numerically
equivalent to K37+ Ag, where Ap = >, 7 B; with 0 < r; < 1. When n = 14,
for instance, the F-class

1
KWO,M + g(BQ + B5) + Bg + r7B7,
where 77 € [1,4/3], is not of this form.
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