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HOMOLOGICAL PROPERTIES
OF BALANCED COHEN-MACAULAY ALGEBRAS

IZURU MORI

ABSTRACT. A balanced Cohen-Macaulay algebra is a connected algebra A
having a balanced dualizing complex w4[d] in the sense of Yekutieli (1992) for
some integer d and some graded A-A bimodule w 4. We study some homological
properties of a balanced Cohen-Macaulay algebra. In particular, we will prove
the following theorem:

Theorem 0.1. Let A be a Noetherian balanced Cohen-Macaulay algebra, and
M a nonzero finitely generated graded left A-module. Then:
1. M has a finite resolution of the form
Tm 1
0— @wA(—lmj) — @WA(—llj) —H—> M —0,
j=1 j=1
where H is a finitely generated maximal Cohen-Macaulay graded left
A-module.
2. M has finite injective dimension if and only if M has a finite resolution
of the form

Tm

1
0= Pwal—lm;) =+ = Pwal-l1y)
=1 j=1

ro
— @wA(floj) — M — 0.
j=1
As a corollary, we will have the following characterizations of AS Gorenstein
algebras and AS regular algebras:

Corollary 0.2. Let A be a Noetherian balanced Cohen-Macaulay algebra.
1. A is AS Gorenstein if and only if wa has finite projective dimension as
a graded left A-module.
2. A is AS regular if and only if every finitely generated mazximal Cohen-
Macaulay graded left A-module is free.

1. HYPERHOMOLOGICAL ALGEBRAS

Throughout this paper, we fix a field k. A connected algebra is a graded algebra
of the form A = k& Ay & Ay & ---. The augmentation ideal of A is defined by

m=A; ® As ® ---. In this first section, we will fix terminology and notation,
and collect some elementary results on hyperhomological algebras over connected
algebras.

Let A, B,C be connected algebras. The category of graded left A-modules and
graded left A-module homomorphisms of degree 0 is denoted by GrMod A. For
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1026 IZURU MORI

M,N € GrMod A, the set of graded left A-module homomorphisms M — N of
degree 0 is denoted by Hom 4 (M, N), which has a natural k-vector space structure.
The full subcategory of GrMod A consisting of finitely generated graded left A-
modules is denoted by grmod A. The category of graded right A-modules is denoted
by GrMod A°, where A° is the opposite algebra of A. The category of graded A-B
bimodules is denoted by GrMod(A® B®). In particular, the category of graded A-A
bimodules is denoted by GrMod A¢, where A = A ® A°. The natural restriction
functors are denoted by

ress : GrMod(4 ® B°) — GrMod A

and
resgo : GrMod(A ® B°) — GrMod B°.

We write &k = A/m, viewed as an object in GrMod A, GrMod A°, or GrMod A°¢,
depending on the context.

A graded left A-module M € GrMod A is right bounded (resp. left bounded) if
M; =0 for all i > 0 (resp. 1 < 0), and bounded if it is both right bounded and left
bounded. We say that M is locally finite if the M; are finite dimensional over k for
all i. For each integer n, the shift of M is denoted by M(n) € GrMod A, so that
M(n); = Myy;. For M € GrMod(A ® B°) and N € GrMod(A ® C°), we define

oo
M%(Mv N) = @ EXti‘(M,N(’I’L)),
which has a natural graded B-C' bimodule structure for each ¢. Similarly, for
M € GrMod(B ® A°) and N € GrMod(A ® C°), Tor:*(M, N) has a natural graded
B-C bimodule structure for each i. For M € GrMod(A ® B°), the Matlis dual
of M is defined by M’ = Hom, (M, k), which has a natural graded B-A bimodule
structure. If M is locally finite, then M” 2 M in GrMod(A4 ® B®).

Let X,Y be cochain complexes of graded left A-modules. The ith cohomology
of X is denoted by h*(X). We say that a cochain map f : X — Y is a quasi-
isomorphism if the induced maps hi(f) : h%(X) — h%(Y) are isomorphisms in
GrMod A for all i. The derived category of graded left A-modules is denoted by
D(A), so that a cochain map f : X — Y is a quasi-isomorphism if and only if it
induces an isomorphism f : X — Y in D(A). We define Dy4(A) (resp. Dir(A4)) to
be the full subcategory of D(A) consisting of complexes whose cohomologies are all
finitely generated (resp. locally finite) graded left A-modules.

For X € D(A), we define

sup X = sup{i | h'(X) # 0}
and
inf X = inf{i | h(X) # 0}.

If X =0 in D(A), then we define sup X = —oo and inf X = cc.

A complex X € D(A) is bounded above (resp. bounded below) if sup X < oo
(resp. inf X > —o0), and bounded if it is both bounded above and bounded below.
The full subcategory of D(A) consisting of bounded (resp. bounded above, resp.
bounded below) complexes is denoted by D’(A) (resp. D~ (A), resp. DT (A)).

The right derived functor of

Hom(—,—): D™ (A® B°) x D" (A® C°) — D(B® C°)
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BALANCED COHEN-MACAULAY ALGEBRAS 1027

is denoted by RHom ,(—, —), and its cohomologies are denoted by
Exty (=, —) = h'(RHomy, (—, —)).
The left derived functor of
—®4—:D(BRA)xD (A C°) — DB ®C(C°)
is denoted by — ®% —, and its cohomologies are denoted by
Tor?,(—, —) = hi(— @5 —).
Let X € D(A). For each integer n, the twist of X is denoted by X[n] € D(A),

so that (X[n])® = X" Note that h'(X) = 0 for all i # n if and only if X =
h™(X)[—n] in D(A). f X e D~ (A® B°) and Y € DT (A ® C°), then

RHom ,(X[n),Y) & RHom (X, Y[-n]) = RHom (X, Y)[~n]

in D(B® C°) for eachn. If X e D~ (B® A°) and Y € D~ (A ® C°), then
(X[ @4 Y = X & (Y[) = (X &5 V)l

in D(B ® C°) for each n.

Definition 1.1. Let A be a connected algebra.

1. A free resolution of X € D~ (A) is a complex F' of free graded left A-modules
such that F' = X in D(A). A complex F of free graded left A-modules is
called minimal if the differentials in Hom 4 (F, k) are all zero.

2. A projective resolution of X € D~ (A) is a complex P of projective graded
left A-modules such that P 2 X in D(A). We define the projective dimension
of X by

pdy(X) = inf(~ inf{i | P #0)),
where the infimum is taken over all projective resolutions P of X.

3. An injective resolution of X € Dt (A) is a complex E of injective graded left
A-modules such that £ = X in D(A). We define the injective dimension of
X by

ida(X) = inf(sup{i | B # 0}),

where the infimum is taken over all injective resolutions E of X.
4. A flat resolution of X € D~ (A) is a complex F of flat graded left A-modules
such that F' = X in D(A). We define the flat dimension of X by

fd(X) = inf(—inf{i | F' #£0}),
where the infimum is taken over all flat resolutions F' of X.

Lemma 1.2. Let A be a connected algebra.
1. For X € D*(A),

ida(X) = sup({sup RHom 4 (M, X)) | M € GrMod A})
= sup({sup RHom , (M, X) | M € grmod A}).
2. For X € D~ (A),
fda(X) = sup({—inf(N @4 X) | N € GrMod A°})
= sup({—inf(N ®% X) | N € grmod A°}).
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1028 IZURU MORI

3. If X € D~ (A) has a minimal free resolution, then
pd 4(X) = sup RHom(X, k) = — inf(k ®% X) = fd4(X).
Proof. These are direct consequences of [, Propositions 1.7, 1.8, 1.9]. O
The following lemma is standard (cf. [8, Lemma 1.8]).
Lemma 1.3. Let A be a connected algebra.
1. f XeD (A® B°) and Y € DY (A ® C°), then
inf RHom 4 (X,Y) > inf Y — sup X.
2. If XeD (B®A°) andY € D~ (A® C°), then
sup(X @5 Y) <sup X 4 supV.
Moreover, if h¥"P X (X), h5*PY(Y) € GrMod A are left bounded, then
sup(X @5 V) =sup X +supY.

2. FOXBY EQUIVALENCE

Definition 2.1. Let A, B be connected algebras, and let m = A>; be the augmen-
tation ideal of A. We define the functor I'y, : D(A ® B°) — D(A ® B°) by

Tw(—) = nlgrolo Hom 4 (A/A>n, —).

The right derived functor of T'y, is denoted by RI';,, and its cohomologies are
denoted by A ‘ A
H (<) = W(RUn(-)) = lim Bxt!y(4/As,, ).
Similarly, we define the functor I'ye : D(B ® A°) — D(B ® A°) by
Fie (=) = nlLrI;oI{()_on(A/Azn, -).

The right derived functor of I'yo is denoted by RI'yo, and its cohomologies are
denoted by A A .
Hpo(—) =h"(Rlywo(—)) = lim Ext%.(A/A>n, —).

n—00

Let us recall the following definition from [13].

Definition 2.2. Let A be a Noetherian connected algebra. A complex D € D?(A®)
is called dualizing if

e resy D € Dilg(A),resAo De D?g(AO),
e ida(D) < 00,id40(D) < 0, and
e the natural morphisms A — RHom 4(D, D) and A — RHom 4,(D, D) are
isomorphisms in D(A°).
A dualizing complex D € D(A°) is called balanced if
o RU'y(D) = RTyo(D) 22 A in D(A®).
By [13, Proposition 3.5], if D is a dualizing complex, then the functor
RHom,(—, D) : D(4) — D(A°)
and the functor
RHom 4. (—, D) : D(A?) — D(A)
define a duality between D?pg(A) and Dé’cg (A°), that is,

RHom 4(X, D) € D},(A°) and RHom »,(RHom 4(X, D), D) = X in D(A)
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BALANCED COHEN-MACAULAY ALGEBRAS 1029

for all X € Dg’cg(A), and
RHom 4, (Y, D) € Dlj’»g(A) and RHom ,(RHom 4,(Y, D), D) 2 Y in D(A°)

forall Y € D? g (A°). In this section, we study another type of equivalence, known
as Foxby equivalence.

Proposition 2.3. Let A, B be Noetherian connected algebras.
1. Let
XeD (B A®), Y DA%, ZcD'(A)
be such that resao X € D} (A°). If either pd . (X) < 0o orida(Z) < oo,
then there is a natural isomorphism

X ®% RHom 4(Y, Z) = RHom 4, (RHom 4.(X,Y), Z)

in D(B).
2. Let
XeD (A®B°), Y DA, ZecD (A)

be such that resa X € Dy (A). If either pd4(X) < oo orida(Z) < oo, then
there is a natural isomorphism

RHom ,(X,Y) ®4 Z = RHom ,(X,Y ®% 2)
in D(B).

Proof. By [8, Theorem 1.4] and [6] Proposition 2.1], if X,Y, Z are as above, then
the evaluation morphisms

Oxyz: X @4 RHom , (Y, Z) — RHom ,(RHom 4, (X,Y), Z)
and
wxyz : RHom 4 (X,Y) ®% Z — RHom ,(X,Y ®4 Z)

defined in [3, Notation 4.3] are isomorphisms in D(k). We will leave it to the reader
to check that fxyz and wxyz are in fact induced by maps of complexes of graded
left B-modules. O

Definition 2.4. Let A be a connected algebra. We define f(A) to be the full
subcategory of DY(A) consisting of complexes having finite injective dimension,

and F (A) to be the full subcategory of D°(A) consisting of complexes having finite
flat dimension.

Now Foxby equivalence is stated as follows:

Theorem 2.5. Let A be a Noetherian connected algebra. If D € DP(A®) is a
dualizing complez, then the functors D&% — : D*(A) — D~ (A) and RHom 4 (D, —) :
Db(A) — DT(A) define inverse equivalences between F(A) and T(A). They also
define inverse equivalences between ﬁfg(A) and ffg(A).

Proof. It X € F(A), then
RHom , (M, D ®% X) = RHom 4,(M, D) @5 X
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1030 IZURU MORI

in D(k) for all M € grmod A by Proposition 2:3(2). By Lemma[[2(1) and Lemma
T3(2),
ida(D ®%4 X) = sup{sup RHom 4 (M, D ®4 X) | M € grmod A}

= sup{sup(RHom 4 (M, D) @4 X) | M € grmod A}

< sup{sup RHom 4 (M, D) +sup X | M € grmod A}

= sup{sup RHom 4 (M, D) | M € grmod A} + sup X

=1ida(D) +sup X < oo,
and hence D ®4 X € f(A) Moreover,

RHom , (D, D ®% X) = RHom ,(D, D) % X = X
in D(A) by Proposition 23(2).
If X € Z(A), then
N ®% RHom (D, X) = RHom 4(RHom 4. (N, D), X)

in D(k) for all N € grmod A° by Proposition2.3[1). By Lemma[.2(2) and Lemma
L.3(1),
fd4(RHom 4 (D, X)) = sup{— inf(N ® LaRHom 4 (D, X)) | N € grmod A°}

= sup{— inf(RHom 4, (RHom 4. (N, D), X)) | N € grmod A°}

< sup{sup(RHom 4,(N, D)) —inf X | N € grmod A°}

= sup{sup(RHom 4. (N, D)) | N € grmod A°} — inf X

= idse (D) — inf X < oo,

and hence RHom , (D, X) € F(A). Moreover,
D % RHom (D, X) = RHom 4 (RHom 5, (D, D), X) = X

in D(A) by Proposition[2:3[1); hence the functors D&% — and RHom 4 (D, —) define

inverse equivalences between F(A) and 7 (A).
If X € D (A), then

RHom 4 (D, X) = RHom 4 (D, RHom 4, (RHom 4 (X, D), D))
>~ RHom 4, (RHom 4 (X, D), RHom , (D, D))
=~ RHom 4. (RHom 4 (X, D), A)

in D(A) by [8] Theorem 1.2]. Since RHom ,(X,D) € Dg’cg(Ao), it follows that
RHom 4 (D, X) € D}"g(A), and hence the functors D®% — and RHom , (D, —) define

inverse equivalences between F +q(A) and 7 tq(A). O

I thank the referee for comments on how to improve the above theorem.

3. COHEN-MACAULAY ALGEBRAS

In this section, we define a Cohen-Macaulay algebra and list some elementary
properties of such an algebra.

Definition 3.1. Let A be a connected algebra, and M € GrMod A. We define
e depth M = inf RHom 4 (k, M) = inf{i | Ext}y (k, M) # 0},
o 1dim M = sup RT'w (M) = sup{i | H, (M) # 0}, and
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e led(A) = sup{ldim M | M € GrMod A}.

We say that M is Cohen-Macaulay if depth M = 1dim M < oo, and maximal Cohen-
Macaulay if depth M = 1dim M = 1dim A < co. We say that A is Cohen-Macaulay
on the left if A is Cohen-Macaulay as a graded left A-module.

If A is a connected algebra and M € GrMod A, then
depth M = inf RT (M) = inf{i | H. (M) # 0}
by [II, Chapter 11, Lemma 4.1]. So M is Cohen-Macaulay with depth M = m if
and only if RT'w (M) = H'(M)[—m] # 0 in D(A).

Definition 3.2. Let A be a connected algebra with IdimA = d < oo, and let
m = A>; be the augmentation ideal. A left canonical module wy is a graded A-A
bimodule such that for every M € GrMod A,

RHom , (M, w4) = RTn(M)[~d
in D(A°), that is, there are functorial isomorphisms
Extly (M, w4) 2 HI(M)
in GrMod A° for all :.

If A has a left canonical module wy, then M € GrMod A is Cohen-Macaulay
with depth M = m if and only if RHom ,(M,wa) = Ext4™™(M,wa)[m —d] # 0
in D(A°). In particular, M € GrMod A is maximal Cohen-Macaulay if and only if
RHom 4 (M,w) = Hom 4(M,wa) # 0 in D(A°), that is, Ext’y(M,wa) = 0 for all
i # 0 and Hom , (M,w4) # 0.

Definition 3.3 ([12]). Let A be a connected algebra. We say that A is Ext-finite

if the Ext’y(k, k) are finite dimensional over k for all 4.

Since Ext’y(k, k) = Tor’y(k, k) = Ext’.(k, k)’ as graded k-vector spaces, A is
Ext-finite if and only if A° is Ext-finite. In particular, if A is either left Noetherian
or right Noetherian, then A is Ext-finite.

Theorem 3.4. Let A be a connected algebra. If A has a left canonical module,

then A is Cohen-Macaulay on the left. Conversely, if A is an Ext-finite Cohen-

Macaulay algebra on the left such that led(A) < oo, then A has a left canonical
module wa = HE(A)', where d =1dim A < co.

Proof. If A has a left canonical module wy, then

Hi(4Y = Bxtf (4w =TT

wa ifi=d,

in GrMod A°. So A is Cohen-Macaulay on the left with depth A = 1dim A = d < co.
Conversely, suppose that A is an Ext-finite Cohen-Macaulay algebra on the left
with depth A = 1dim A = d < oo. Since RT'n(A) =2 HZ(A)[—d] in D(A®), we have

RHom ; (M, H(A)') 2 Hom 4 (M, RT (A [d])
> RHom (M, RTw(A))[~d]
> R (M) [—d]

in D(A°) for every M € GrMod A by [I2, Theorem 5.1]. So A has a left canonical
module wa = HZ(A). O
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If A is an Ext-finite connected algebra, then k has a finitely generated minimal
free resolution F' in GrMod A°. Since F’ is an injective resolution of k& in GrMod A
and (F')" = (F~%) is a finite direct sum of shifts of A’ that is torsion for each i, it
follows that

k ifi=0,

H&(k)—hi(erw))ﬂh%rm(F'))uhi(F’)ﬂ{0 2o

that is, R[(k) = k in D(A). Using this fact, we can prove the following lemma
(cf. [TT} Chapter 11, Lemma 5.6]):

Lemma 3.5. Let A be a Cohen-Macaulay algebra on the left with 1dim A = d < oo,
and let wa be a left canonical module. Then:
1. led(4) = d < 0. In particular, M € GrMod A is mazimal Cohen-Macaulay
if and only if depth M = d.
2. idA(wA) =d < .
3. If A is Ext-finite, then R yn(wa) = A'[—d] in D(A), that is,

. 0 ifis#d,
H: =
n(wa) {A’ ifi=d,
in GrMod A. In particular, wy is mazimal Cohen-Macaulay as a graded left
A-module.
4. If A is Ext-finite, then RHom 4 (wa,wa) = A in D(A°), that is,
; 0 fi#0
E t’L , g )
Exts (w4, 04) {A ifi=0,
in GrMod A°.

Theorem 3.6. Let A be a Cohen-Macaulay algebra on the left, and let wa be a left
canonical module. If M € GrMod A with 0 < m = depth A — depth M < oo, then
M has a finite resolution of the form

0O-H—-F™1'o5...5F S M—0

in GrMod A, where F~* € GrMod A are free, and H € GrMod A is mazimal Cohen-
Macaulay.

Proof. Let F be a free resolution of M and let H~% be the i-th syzygy of M, that
is,

0—-H "1 F 'S H P50
is an exact sequence in GrMod A for each 7 > 0, where H O = M. By the long exact
sequence of Ext’ (k, —),

depth H™™ = inf RHom 4 (k, H™™)
= inf RHom 4 (k, H~™"') + 1

= inf RHom 4 (k, H°) +m
=depthM +m =d.

So H~™ € GrMod A is maximal Cohen-Macaulay by Lemma [ZH[1). O
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4. BALANCED COHEN-MACAULAY ALGEBRAS

Definition 4.1. Let A be a connected algebra. A graded A-A bimodule wy is
called a dualizing module if

e resywa € grmod A, res g0 wy € grmod A°,

e ida(wa) < 00,idge(wa) < oo, and

e the natural morphisms A — RHom 4 (wa,wa) and A — RHom 4,(wa,wa)

are isomorphisms in D(A*®).
A dualizing module w4 is called balanced if RT'm(wa) = Rl pmo(wa) & A'[—d] in
D(A°) for some integer d.
A connected algebra A is called balanced Cohen-Macaulay if A has a balanced

dualizing module.

Let A be a Noetherian connected algebra. Then a graded A-A bimodule w4 is
a dualizing module if and only if w4 is a dualizing complex, viewed as an object in
D(A®). Moreover, wy is a balanced dualizing module if and only if wa[d] € D(A®) is
a balanced dualizing complex for some integer d. In particular, a balanced dualizing
module w4 is unique up to isomorphisms in GrMod A¢ by [L3].

Definition 4.2. Let A be a connected algebra and M € GrMod A. We say that x
holds for M if Ext’ (k, M) are bounded for all i. We say that A satisfies x on the
left if x holds for all M € grmod A.

We say that A is AS Gorenstein if A satisfies x on both sides and id4(A4) =
idao(A) < oco. We say that A is AS regular if A satisfies x on both sides and
gldim A < oo.

Clearly, every AS regular algebra is AS Gorenstein. By [B] Theorem 1.2], if A
is a Noetherian AS Gorenstein algebra, then A has a balanced dualizing complex
Aq(=1)[d] for some graded algebra automorphism a of A, some integer [, and d =
ida(A) = idao(A). So A,(—1) is a balanced dualizing module and A is balanced
Cohen-Macaulay. In fact, let A be a Noetherian Cohen-Macaulay algebra on the
left. Then A is balanced Cohen-Macaulay if and only if A is a graded quotient
algebra of a Noetherian AS Gorenstein algebra, by [7, Theorem 1.6].

The following characterization of a balanced Cohen-Macaulay algebra is imme-
diate from [I2] Theorem 6.3].

Theorem 4.3. Let A be a Noetherian connected algebra. Then A is balanced
Cohen-Macaulay if and only if A is Cohen-Macaulay satisfying x on both sides.
If A is a Noetherian balanced Cohen-Macaulay algebra, then a balanced dualizing
module is given by wa = HA(A) = HZ,(A) in GrMod A, where d = 1dimg A =
ldim 40 A < 00. In particular, wa is a left and right canonical module.

Definition 4.4. Let A be a balanced Cohen-Macaulay algebra and wa a bal-
anced dualizing module. If M € GrMod A, then we define MT = Hom ,(M,wa) €
GrMod A°. Similarly, if N € GrMod A°, then we define NT = Hom 4,(N,wa) €
GrMod A. We say that M € GrMod A is totally wa-reflexive if Ext’y (M,wa) =
Ext’y (MT,wa) =0 for all i # 0 and Mt = M in GrMod A.

Let A be an abelian category and B C A a full subcategory. A B-resolution of
an object M € A is an exact sequence

.o Bt ... B LB M0
in A, where B~* € B for all i > 0.
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Definition 4.5. We define H to be the full subcategory of GrMod A consisting
of totally wa-reflexive modules, and Hy, to be the full subcategory of grmod A

consisting of totally w 4-reflexive modules.
For M € GrMod A, we define

Hdim M = inf(— inf{i | H' #0}),
where the infimum is taken over all H-resolutions H of X, and
hdim M = inf(— inf{i | H' #0}),
where the infimum is taken over all H y4-resolutions H of X.
Lemma 4.6. Let A be a Noetherian balanced Cohen-Macaulay algebra and wa a

balanced dualizing module. For M € grmod A, the following are equivalent:
1. M € Hyg;
2. Exty(M,wa) =0 for all i # 0;
3. M is either a maximal Cohen-Macaulay module or the zero module.
Proof. (1) = (2): By definition.

(2) = (3): Suppose that Exty (M,w4) = 0 for all ¢ # 0. If Hom 4 (M,wa) # 0,
then M € grmod A is maximal Cohen-Macaulay. Since ws € D’(A¢) is a dualizing
complex, if Hom 4 (M,w4) = 0, then M = RHom 4, (RHom 4 (M,wa),wa) = 0.

(3) = (1): If M € grmod A is maximal Cohen-Macaulay, then Ext’y (M,w4) =0
for all i # 0, that is, RHom ,(M,w4) = Hom ,(M,wa) = MT in D(A°). Since
wa € D(A®) is a dualizing complex,

RHom ,,(M",wa) 2 RHom 4, (RHom 4 (M, wa),wa) = M
in D(A). Tt follows that Ext’y. (M, wa) = 0 for all i # 0, and
M = Hom 4o (MT,wa) = M
in GrMod A. Clearly, 0 € Hy,. O

In particular, if A is a Noetherian balanced Cohen-Macaulay algebra and w4 is
a balanced dualizing module, then hdim A = hdimw4 = 0.

Let A be a left Noetherian connected algebra and M € grmod A. If A satisfies
x on the left and pd(M) < oo, then Joérgensen proved the Auslander-Buchsbaum
formula

pd(M) + depth M = depth A

in [6 Theorem 3.2] (he actually proved the formula for X € DS’C ,(A), using the
obvious definition of depth X). The following theorem can be regarded as a version
of the Auslander-Buchsbaum formula for hdim.

Theorem 4.7. Let A be a Noetherian balanced Cohen-Macaulay algebra and wy a
balanced dualizing module. If 0 # M € grmod A, then

hdim M = sup RHom 4 (M,w4) = depth A — depth M < depth A < 0.
In particular, if pd(M) < oo, then hdim M = pd(M).
Proof. Let d = depth A =1dim A < co. For M € GrMod A,
sup RHom 4 (M,wa) = sup Rl (M)’ [—d] = d — inf RT'w(M) = d — depth M < d.

We will now prove that hdim M = sup RHom 4(M,w,4) using induction on m =
sup RHom 4 (M,w4). If m = 0, then M is maximal Cohen-Macaulay; so hdim M =
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0 by Lemma Suppose that m > 1. Let F — M — 0 be a finitely generated
minimal free resolution, and 0 — N — F% — M — 0 be an exact sequence in
GrMod A. Since Mfﬁl (F° wy) = 0 for all i > 1, from the long exact sequence of
Ext’ (—,w4), we have an epimorphism Hom , (N, w4) — Ext! (M, w,) and isomor-
phisms Ext’ (N, wa) 2 Ext™™ (M, w4) for alli > 1. So sup RHom 4 (N,wa) = m—1.
By induction, hdim M < hdim N + 1 = sup RHom 4 (N,w4) + 1 = m.

Let H — M — 0 be an Hg4-resolution of minimal length, and 0 — N — H® —
M — 0 an exact sequence in GrMod A. By a similar argument, we can show that
sup RHom 4 (N,wa) =m — 1, and

hdim M = hdim N + 1 = sup RHom 4 (N,w4) + 1 = m.
Since A satisfies x on the left by Theorem [£3] if pd(M) < oo, then
pd(M) = depth A — depth M = hdim A
by the classical Auslander-Buchsbaum formula. O

Corollary 4.8. Let A be a Noetherian balanced Cohen-Macaulay algebra. Then
every finitely generated maximal Cohen-Macaulay module having finite projective
dimension is free.

Proof. If M € grmod A is maximal Cohen-Macaulay having finite projective di-
mension, then pd(M) = hdim M = 0 by Lemma [£:6] and Theorem [L7 so M is
free. O

5. MAXIMAL COHEN-MACAULAY APPROXIMATIONS

In this section, we will prove the theorem proposed in the abstract, using maximal
Cohen-Macaulay approximations and Foxby equivalence.

Throughout this section, we assume that A is a Noetherian balanced Cohen-
Macaulay algebra with ldimg4 A = Idimgo A = d < 00, and that w4 is a balanced
dualizing module.

Let A be an abelian category and B C A a full subcategory. We define B to be
the full subcategory of A consisting of objects M € A having B-resolutions of finite
length.

A full additive subcategory B C A is called additively closed if B is closed under
finite direct sums in A and closed under direct summands in A. A full additive
subcategory C C B C A is called a cogenerator for B if for every object M € B,
there is an exact sequence

0—-M-—-C—->B—0
in A, where C € C and B € B.

Theorem 5.1 ([2, Theorem 1.1]). Let A be an abelian category, B C A an addi-
tively closed subcategory that is closed under extensions in A, and C C B C A an
additively closed subcategory that is a cogenerator for B. For every M € B\; there
are eract sequences

O—>C'\M—>BM—>M—>O

and
0—M—CM - BM 0

in A, where By, BM € B and GM,GM eC.
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Using Theorem [5.], we will prove maximal Cohen-Macaulay approximations for
Noetherian balanced Cohen-Macaulay algebras (cf. [2 Example 3]).

Definition 5.2. We define J to be the full subcategory of H consisting of all
modules M € H having finite injective dimension.

Proposition 5.3. For every M € grmod A, there are exact sequences
0— jM — Hy — M — 0

and ~
0—-M—JM - HM 0

in GrMod A, where Hpyr, HM € Hyy and fM,jM € jfg.

Proof. We will apply Theorem bIlto A = grmod A, B = Hy,, and C = Jy4. By
Theorem B, H;, = grmod A.

Clearly, H¢q and J¢4 are closed under finite direct sums in grmod A. Let M €
grmod A, and let N € grmod A be a direct summand of M. If M € Hyg4, then
Ext’ (N,wa) C Exty(M,wa) = 0 for all i # 0; so N € Hy, by Lemma L6l If
M € Jyg4, then

id(N) = sup{sup RHom 4(L, N) | L € grmod A}

< sup{sup RHom 4 (L, M) | L € grmod A}

=id(M) < oo
by Lemma [L2(1); so N € Jy,. It follows that Hy, and Jy4 are additively closed
in grmod A. Let

0—-L—-M-—>N—-0

be an exact sequence in grmod A. If L, N € Hyy, then Ext’y (M,w4) = 0 for all
i # 0 from the long exact sequence of Ext% (—,wa4), and so M € H;, by Lemma
B8, hence Hyg4 is closed under extensions.

Finally, we will prove that J;4 is a cogenerator for Hy,. Let 0 # M € Hy,.
Since Mt = Hom 4 (M, w4) € grmod A°, there is an exact sequence

0>N—->F—->M =0

in grmod A°, where F' € grmod A° is free. Since F, M' € grmod A° are maximal
Cohen-Macaulay, it follows that M 1T = M in grmod A by Lemma 6. So there is
an exact sequence

0— MT=M-—F - Nt = BExtho(MT,ws) =0

in grmod A. Since F' = Hom 4,(F,w,) is a finite direct sum of shifts of wa in
grmod A, it follows that F'T € Jy,. Since M, F'T € H;,,, it follows that Ext’ (NT,w,)
=0 for all ¢ > 2 from the long exact sequence of Ext’y(—,wa). Since F' € grmod A°
is maximal Cohen-Macaulay, we have FT = F in grmod A° by Lemma So
there is an exact sequence
0 — Hom 4 (NT,ws) — FIT = F — MT — Exth (NT,wa) — Ext}y(F',wa) =0

in grmod A°. Tt follows that Hom 4, (N, w4) = N in grmod A° and Ext’ (NT,w,) =
0; so NT € Hgy by Lemma This shows that Jr, is a cogenerator for H¢,. O

Now we will return to Foxby equivalence discussed in section 2, and apply it to
Noetherian balanced Cohen-Macaulay algebras.
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Lemma 5.4. Let 0 # X € Z(A). If RHom ,(wa, X) € F(A) has a minimal free
resolution, then

pd(RHom(wy, X)) = fd(RHom(w4, X)) = depth A — depth X.
Proof. Since X € f(A)7
k &% RHom ,(wa, X) = RHom ,(RHom 4, (k, w4, X)
~ RHom , (k|d], X)
= RHom 4 (k, X)[d
in D(k) by Proposition E3(1). If RHom 4(wa,X) € F(A) has a minimal free
resolution, then, by Lemmal[l2(3),
pd(RHom , (w4, X)) = fd(RHom, (w4, X))
— ~inf(k @4 RHom (w4, X))
— — inf(RHom 5 (k, X)[d)
= —inf(RHom, (k, X)) +d
= depth A — depth X. O
Proposition 5.5. If M € grmod A has finite injective dimension, then
RHom 4 (wa, M) = Hom 4 (wa, M)

in Dyy(A); that is, Ext’y (wa, M) =0 for all i # 0, and Hom 4 (wa, M) € grmod A.
Moreover, if M # 0, then

pd(Hom 4 (wa, M)) = depth A — depth M = hdim M.

Proof. Suppose that M € grmod A has finite injective dimension. Since wa and
Ext’ (wa, M) € GrMod A are left bounded for all ¢ by [Il, Proposition 3.1(1)], it
follows that
sup(RHom 4 (wa, M)) = supwa + sup(RHom 4 (w4, M))

= sup(wa @5 RHom 4(wa, M))

=supM =0
by Lemma [[3(2). So RHom ,(wa, M) = Hom,(wa, M) in D(A). Since M €
Zt4(A), by Theorem 25 RHom 4(wa, M) = Hom 4 (wa, M) € Fry(A) has a mini-
mal free resolution. By Lemma [5.4] and Theorem E.7]

pd(Hom 4 (wa, M)) = depth A — depth M = hdim M. O

Corollary 5.6. Fvery finitely generated mazimal Cohen-Macaulay module having
finite injective dimension is a finite direct sum of shifts of wa.

Proof. Let M € grmod A be maximal Cohen-Macaulay having finite injective di-

mension. By Proposition B.5, RHom 4 (wa, M) = Hom 4 (wa, M) in D(A). Since
wa ®% Hom 4 (wa, M) = wa @4 RHom 4 (wa, M) = M

in D(A) by Theorem [2.5] wy ® 4 Hom 4 (wa, M) = M in GrMod A. By Proposition

B.5, pd(Hom 4 (wa, M)) = depth A — depth M = 0. So Hom 4 (w4, M) € grmod A

is finitely generated free; hence M = wa ® 4 Hom 4 (wa, M) € grmod A is a finite

direct sum of shifts of w4. O
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Remark 5.7. It would be much nicer if we could prove the dual statement of Propo-
sition[.Hl as in the commutative case [l Corollary 3.6], namely, A has the following
property (P): “if M € grmod A has finite flat dimension, then wa @5 M = ws®@4 M
in Dygy(A), so that wa ®4 M € grmod A has finite injective dimension.” This prop-
erty (P) implies an important property of wa discussed in [7] and [9], namely, “if
x € A is regular on A, then z is regular on w4 from both sides.” In fact, suppose
that A has the property (P). Let € A be a homogeneous regular element on A of
degree [, and let

0— A(-l) HA—M—0

be an exact sequence in GrMod A. Since M € grmod A has finite flat dimension, it
follows that Tor{! (w4, M) = 0 by the property (P). So

0—>WA(—Z)1>WA—>WA®AM—>O

is an exact sequence in GrMod A. It follows that z is regular on w4 from the right.
By symmetry, x is regular on w4 from the left.

Let M € grmod A. By Theorem[38 M has a finite resolution of the form

Tm—1 70
0—H— @ A(—lm,lj)—>~-~—>@A(—loj) - M —0
j=1 j=1

in GrMod A, where H € Hy, and m = depth A — depth M = hdim M < oco. It
is well known that M has finite projective dimension if and only if M has a finite
resolution of the form

Tm Tm—1 o
0= D A(=lmj) = B Al=lm-1 ;) = - = P A(=lo)) = M =0
j=1 j=1 j=1

in GrMod A4, where m = pd(M) = hdim M < co. The following theorem can be
compared with these facts.
Theorem 5.8. Let M € grmod A. Then:

1. M has a finite resolution of the form

Tm

1
0— @wA(—lmj) — = @wA(—llj) —H—->M-—0
j=1 j=1
in GrMod A, where H € Hyg;

2. M has finite injective dimension if and only if M has a finite resolution of
the form

(x) 0= Pwal-lms) = — @WA(—ZU) — P wal-loy) = M -0

j=1
in GrMod A, where m = hdim M < co.

Proof. (1): By Proposition [5.3] there is an exact sequence

0—=J—H—>M-=0

in GrMod A, where H € Hy, and Je ffg. Since every J € Jy4 is a finite direct
sum of shifts of w4 or the zero module by Corollary [5.6, J has a finite resolution
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of the form

Tm 1
OA@wA( lmj) — H@wA(—llj)—nfﬁ 0,
j=1 j=1

in GrMod A, hence the result.

(2): Suppose that M € grmod A has finite injective dimension. By Proposition
B3, Hom 4(wa, M) € grmod A, and pd(Hom 4 (w4, M)) = hdimM = m < co. So
RHom 4 (wa, M) = Hom 4 (wa, M) € ch (A) has a finitely generated minimal free
resolution F' of length m. By Theorem

wa ®a F 2wy @5 RHom 4 (wa, M) = M

in D(A). So wa ®4 F is a resolution of the form ().
Conversely, if M has a resolution of the form (&), then clearly id(M) < co. O

As corollaries, we have the following characterizations of AS Gorenstein algebras
and AS regular algebras.

Corollary 5.9. Let A be a Noetherian balanced Cohen-Macaulay algebra. Then
the following are equivalent:

1. A is AS Gorenstein;

2. id4(A) < oo

3. pdy(wa) < oo;

4. for every M € grmod A, id(M) < oo if and only if pd(M) < oo.

Proof. (4) = (3): Suppose that A has the property (4). Since idg(wa) < oo, it
follows that pd(wa) < co.

(3) = (2): If pd4(wa) < 00, then wy is free by Corollary 8. Since ida(wa) <
00, it follows that id4(A4) < co.

(2) = (1): This follows from [8, Corollary 4.6].
(1) = (4): If Ais AS Gorenstein, then wyq = A(—1) in GrMod A for some integer
I by [5l Theorem 1.2]. The result follows from Theorem (.8 O

Remark 5.10. The direction (1) = (4) of the above corollary was proved by Zhang,
using a spectral sequence [IT], Chapter 1, Proposition 6.7].

Corollary 5.11. Let A be a Noetherian balanced Cohen-Macaulay algebra. Then
the following are equivalent:

1. A is AS regular;

every H € Hyqy has finite projective dimension;

every nonzero H € Hyq is free;

every H € Hyy has finite injective dimension;

every nonzero H € Hyy is a finite direct sum of shifts of wa.

Proof. (2) < (3) by Corollary 4.8 and (4) < (5) by Corollary[5.6

If A is AS regular, then clearly every M € GrMod A has finite projective dimen-
sion and finite injective dimension; so (1) = (2), (4).

If every H € Hyq has finite projective dimension, then every M € grmod A
has finite projective dimension by Theorem [5.8} so (2) = (1). Similarly, if every
H € Hj4 has finite injective dimension, then every M € grmod A has finite injective
dimension by Theorem BE&; so (4) = (1). O

ANl
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6. AN APPLICATION TO THE INTERSECTION MULTIPLICITY
We will end the paper by an application of Theorem to the intersection
multiplicity discussed in [10].
Definition 6.1. For V € GrMod k locally finite, we define the Hilbert series of V'
by

Hy(t)= Y dimg Vit' € Z[t, ¢ ]].
1=—00
If Hy (t) is a rational function over C, then we define GKdim V' to be the order of
the pole of Hy (t) at t = 1, and we define the multiplicity of V' by

e(V) = lim(1 - £)GRAMV e (),

For X € lef (k), we define the Hilbert series of X by

[e e}

Hx(t) = Y (=1)"Hpix)(t) € Z[[t,t7'].

Let A be a Cohen-Macaulay algebra on the left and w4 a left canonical module.
If M € grmod A has a finite w4-resolution of the form

() 0= @ wal—tmg) = -+ — @ wal—log) = M — 0

j=1 j=1
in GrMod A, then the w4-characteristic polynomial of M is defined by
ra(t) = (1) e e Zft t7].
i=0 j=1

Note that if M has a finite w4-resolution of the form (&), then

Har(t) = S-S Ho iy () = SO0 S 89 Ho (1) = rag () Hoo (1),
i=0 j=1 i=0 j=1

Definition 6.2 ([9], [10]). Let A be a connected algebra, and let M € GrMod A
be locally finite. We say that M is rational if

o RI'w(M) € ID?f(A%
e Hy(t) and Hpr,, (t) are both rational functions over C;
e Hy(t) = Hgr,, (m)(t) as rational functions over C.

We say that A is universally rational, if every M € grmod A is rational.

Lemma 6.3. Let A be a universally rational, Noetherian balanced Cohen-Macaulay
algebra, and M, N € grmod A. If N has finite injective dimension, then

Hppiom , (v,n)(t) = Har (¢ ) Hy () /Ha(t™").

Proof. Since N € grmod A has finite injective dimension, N has a finite wa-
resolution of the form

by Theorem B.8.
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Since A is universally rational, Noetherian balanced Cohen-Macaulay, we have
Hy, (t) = Hpr, (ay-a(t) = (1) Hgr, a)(t™") = (=1)Ha(t ™).

So

n Ti
Hpptom , .3 () = Y (=1 Hrptom , (Mo (—1,)) (1)
i=0 j=1

3

= (_1)iZtIUHRHo_mA(M,wA)(t)
=0 =1

TN (t)HRr,, vy [—a)(t)
= (=1)*Hgr,, ()t H)rn(t)
(1) Hp (¢ ") Hy (t)/ Ho o (1)
= Hy(t ) Hn (t)/Ha(t™"). O

Let A be a connected algebra. For M, N € grmod A, we define the intersection
multiplicity of M and N by

M-N=(-1 GKdlmNZ )¢ dimy, Ext’y (M, N).

It is well defined if Ext’y(M, N) = 0 for all i >> 0, and dimy, Ext’ (M, N) < oo for
all ¢ > 0. We can then prove a version of Serre’s multiplicity conjectures as in [I0].

Theorem 6.4. Let A be a universally rational, Noetherian balanced Cohen-Macaul-
ay algebra, and M, N € grmod A. Suppose that N has finite injective dimension,
and M - N is well defined. Then

1. (Dimension) GKdim M 4+ GKdim N < GKdim A.
2. (Vanishing) If GKdim M + GKdim N < GKdim 4, then M - N = 0.
3. (Positivity) If GKdim M + GKdim N = GKdim A, then

M-N=e(M)e(N)/e(A) >0

Proof. Using Lemma B3, exactly the same proof as in [10, Theorem 3.9] goes
through. O
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