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HYPERBOLIC MEAN GROWTH
OF BOUNDED HOLOMORPHIC FUNCTIONS
IN THE BALL

E. G. KWON

ABSTRACT. We consider the hyperbolic Hardy class oHP(B), 0 < p < oco. It
consists of ¢ holomorphic in the unit complex ball B for which |¢| < 1 and
sp [ {600,017 do(¢) < o,
0<r<1 JOB
where g denotes the hyperbolic distance of the unit disc. The hyperbolic ver-
sion of the Littlewood-Paley type g-function and the area function are defined
in terms of the invariant gradient of B, and membership of oHP (B) is expressed
by the LP property of the functions. As an application, we can characterize

the boundedness and the compactness of the composition operator Cg, defined
by Cy f = f o ¢, from the Bloch space into the Hardy space H?(B).

1. INTRODUCTION

1.1. Let ¢ be a holomorphic map from the unit ball B = B, of C” into the
unit disc of C and let C4 be the composition operator defined by Cyf = f o ¢.
Then properties of ¢ can be observed either in terms of the hyperbolic growth of
the image ¢(rB) in By or by the operator-theoretic behavior of C4. Moreover,
there should be a relationship between the hyperbolic growth of ¢ and certain

properties of Cy. For example, when n = 1, ¢ is hyperbolically By in the sense of

lim (1 - |z|2)1‘j:¢%)‘|2 = 0 if and only if Cy4 is compact on the little Bloch space

BO ([CM, p. 194])

From the viewpoint of the boundary behavior, there was a branch of the study
of Cy from the Bloch space B into a nice function space. P. Ahern ([A]) observed
that Cyg € BMOA(B) for all ¢ € B and for a monomial ¢. Extensive research
followed. Several examples of homogeneous polynomials and conditions for ¢ were
found to have the same property and, finally, the relation with hyperbolic mean
growth occurred. See [A], [AR]], [AR2], [C1], [C2], [CC], [CK], [CRU], [K3], [Ma],
[RU], [Rus| and [Sta]. The boundedness of Cy : B — BMOA can be characterized
by ¢ € 0BMOA, where pBMOA is the hyperbolic BMOA class ([K5], see [Y3] for
0BMOA(By)). Also, in the same vein, the boundedness of Cy, : B — H?P(B;) was
characterized by ¢ € pHP(B1) when 1 < p < oo ([KI]). Note that functions of the
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1270 E. G. KWON

Hardy space HP and of BMOA should have radial limits almost everywhere but
Bloch functions need not.

1.2. In this paper we define and consider the hyperbolic Hardy class oH?(B),
0 < p < oco. It is defined to consist of holomorphic ¢ in B for which |¢| < 1 and

sp [ 0(6(r€),0)" do(() < .
0<r<1JoB
where ¢ denotes the non-Euclidean hyperbolic distance of By:

1 [1—ZzZw| + |z — w|
, = -1 , ,w € By.
olzw) = g lg o = AvEB

Our objective is to find a hyperbolic version of the area function and the g-
function (of Littlewood-Paley type) which characterize the membership of o H?(B).
This leads us to characterize the boundedness and the compactness of the compo-
sition operator Cy: B — HP(B) in terms of the growth of ¢, extending variable
results to n > 1 and to 0 < p < co. The main result shows that the following are
equivalent:

¢ € oH?(B);
)p_l Vo (2)[?
z)[? (1—Jp(2)[?)?

dr(z) < oo

1 — |2 <log

/1 |v¢rg|2 dr
o I=lo(rQ)F)? 1—r

VeI (AR
/D o T=To(me 471 € L' (0B);

€ LP(9B);

sup {1og :z€D (C)} € LP(0B);

1- |¢
Cyp:B— HQP(B) is bounded;
Cy: B — H?(B) is compact.

Here V is the M-invariant gradient of B, 7 and ¢ are the M-invariant volume
measure on B and the surface measure on 0B respectively, and D, (() is the Koranyi
approach region. These concepts will be explained in Section 2. See Theorem 3.6,
Theorem 4.2, Theorem 5.1, Theorem 5.10, Theorem 6.1, and Theorem 6.2 for precise
results of this paper.

1.3. After introducing some terminology in Section 2, we present and prove our
main results in Section 5. Section 3 is the preparatory section dealing with proper-
ties of the invariant Laplacian, invariant gradient and Green’s theorem. In Section
4, a characterization of M-harmonic Hardy space by an invariant g-function will be
given. In terms of tangential and radial gradients, more of the conditions equivalent
to the membership of pHP(B) will be given in Section 6. Section 7 will close this
paper by posing a general principle on hyperbolic function classes related to compo-
sition operators (defined on the Bloch space) and by giving an example illustrating
our result.
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HYPERBOLIC MEAN GROWTH 1271

2. PRELIMINARIES

2.1. Let B = B,, be the open unit ball of C® and S the boundary of B. The
Hermitian inner product and the associated Euclidean norm of C" are denoted by
(z,w) = Z?:l z;jw; and |z| = y/(z,2). The dot product on C" = R?" is denoted
by z-w = Z?Zl {Rezj Rew; +Imz; Imw,}, z,w € C*. The Mdbius group, i.e.,
the group of biholomorphic self-maps of B, will be denoted by M. Let ., z € B,
denote the self-map of B defined by
w,z w,z
S0(w)_z—<<Z’Z>>z—\/1—|z|2<w—ﬁz) e B
z 1 _ <w, Z> ) )
if z# 0 and po(w) = —w, w € B. It is known that M consists of functions of the
form Uy,, where U denotes a unitary operator on C".

2.2. We let D, V, and A denote respectively the complex gradient of C", the real
gradient of C® = R?” and the Laplacian of C":

0

D= (Dy,Ds,....Dy), D; = — i=1,2,....n,
( 1, /2, ) ) 7 8Zj J n
o 0 o 0
(('9:61’(93/17 ’5‘xn75‘yn)’ =W St

j=1

The Laplace-Beltrami operator associated with the Bergman kernel of B will be
denoted by A:

n

Af(a) = 41 —1al*) > (0jx — ajar) (D;Dif) (a), a€ B, feC*(B).
§k=1
It is known ([H] or [Stoll Proposition 3.1]) that A is M-invariant: A (f o) =
(&f) o1, for all » € M. In particular,

Af(a) = A(f o 9a)(0), a€ B,

for f € C%(B). In a similar way, we will make use of the notation

Df(a)=D(fopa) (0) and Vf(z) =V (f o 0a)(0), a€ B,

~ - 2 2

for f € CY(B). It is easy to see that |Vf|? = Q‘Df‘ + Q‘Df , which equals
2

when f is real-valued and of C1(B). It is M-invariant in the sense that

4 ’5 f
’%(f ow)’ = ’(%f) ow‘ for all » € M and f € C'(B). We will also make use of
the tangential gradient Vp, which satisfies
212
Vef? = [VII” = 2|RfI” — 2|R]|
for f € C*(B), where Rf denotes the radial derivative of f:

Rf(z) = szDjf(z), z € B.
j=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1272 E. G. KWON

2.3. The surface area measure on S normalized to have total mass one will be
denoted by 0. Complex-valued continuous functions f on B satisfying the invariant
mean value property:

/5 fopalr¢)do(¢) = f(a)

for all a € B and all r sufficiently small are called M-harmonic (on B). M-harmonic
functions are real-analytic ([R} Theorem 4.2.5]), and are equivalently characterized
by C2(B) functions f satisfying Af = 0 ([, Theorem 4.2.4]).

Let v be the Lebesgue volume measure of C* = R?" normalized to be v(B) = 1
and let 7 be the M-invariant volume measure of B:
dv(z)

For ¢ € S and 1 < a < 00, D, (¢) denotes the Koranyi approach region defined by

D) = {z € B: 11— (2,01 < S - 12P)}.

Note that Dy (U¢) = UD(() for all unitary operators U of C".

2.4. For a subharmonic function f on B, we let || f||, = lim,_1 My (r, f), where

) = ([ |f<ro|pda<o)1/p.

The M-harmonic Hardy space HP = HP(B), 0 < p < o0, is defined to consist
of those f M-harmonic in B for which | f|lx» = ||f|l < co. The Hardy space
HP(B), 0 < p < o0, is a subspace of HP consisting of holomorphic functions. The
hyperbolic Hardy class pH? = oHP(B) is defined to consist of ¢ : B — B; for
which [|6» = llo(@)ll, < o0, where

1 1
0(0) = 0(6.0) = log 2

The Bloch space B consists of holomorphic functions f in B; for which

sup [ f'(2)] (1 = |2[?) < oc.
z€B1

This is a Banach space, if the norm ||f||z of f € B is defined to be the sum of
|f(0)| and the left side of the above inequality. See [AB|, [ABC|, [BBG|, [CRW],
DI, [G], [RI], [Stoll, [ES], [Zy], [Zhu] for H? theory, [K2], [K4], [Y1], [Y2]| for oH?
and [ACP], [Zhu] for Bloch space.

2.5. Throughout this paper, ¢ always denotes a holomorphic function from B into
By and we set

Vo
1— g2

Other undefined notation and terminology in this paper will follow the books by
W. Rudin [R] and M. Stoll [Stol].

1 ~
AMg) = Aog = 10gW, o] =
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HYPERBOLIC MEAN GROWTH 1273

3. THE INVARIANT LAPLACIAN AND THE INVARIANT GRADIENT

Elementary properties involving A and V are prepared in this section.
The following representation of ‘V f‘ is almost direct and so we omit its proof:

3.1. Proposition. Let Q be an open subset of B. Then for f € C?*(Q) and a €
the following equalities hold:

V@] = i [ 1 oeurd) — H@P do(c)

r—0 72

~ 2
V| = 1 G [ 17 optw) - @l drw)

n

V5@)| =20~ 1aP") 3 (65 — @) {D;7Dxf + D;FDr} (a)

jk=1

(31) V@] = (1~ o) V2 (@)

(32) V@] = 3 As@P ~ Re (F@As@).
3.2. Lemma. If u and v are real-valued and of C*(B), then
(3.3) A(w) = uAv + vAu+2Vu - Vo.
Proof. For u,v € C%(B), elementary calculation gives

A(w) = uAv + vAu + 4(Du, Dv) + 4(Dv, D).

Identifying 2z = (z1,...,2,) € C" with (Rez1,Imz1,...,Rez,,Imz,) € R?" it is
easy to see that V f -V g=4Df - Dg for all real-valued f and g, where - denotes
the dot product of R?". Thus, for a € B,

Re(D(u 0 ¢4)(0), D(v 0 ¢a)(0)) =D(uo ¢a)(0) - D(vopa)0)
1~ ~
=1 Vu(a) - Vu(a)
provided uw and v are real-valued. O

3.3. Lemma. Let Q2 be an open subset of B and 0 < p < oo. Then for f € C%(Q)
and at the points of Q where f is nonzero, we have

(3.4) Rip = oo -2l [BIrP| +2irp-2alsP,

which equals

(3.5) AlflP = pp = DIfP2IVEP + plfIP2fAS

if f is real-valued. Moreover, if Af =0 and 1 < p < oo, then A|f|P > 0 and

(3.6) AlfIP ~ GlfP2 IV 1.
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1274 E. G. KWON

Proof. (3.4) and (3.5) follow by direct calculation. Note that ‘13|f(a)|2‘ <|fl ‘6]“
Thus, if Af = 0, then A|f]2 = 2|Vf|? by (3.2); so
po = DIFP2IVIE < AP <p IfP2IVE, if1<p<2,

and
pIfPTAIVEP < AP < plp = DIFP2VE?, if2<p < oo,
off zeros of f. This gives (3.6). O

3.4. Let 0 < r <1 and let

1 (1 — 2\n—1
GT‘(Z):G(T7Z):_/ a-H dt, zerB,

2n—1
z| r=r

and G(z) = G1(z). Then AG(z) = 0 for all z € B, z # 0. Thus G is M-
superharmonic on B\{0}, G(0) = co and |1}m G(z) = 0. The function
z|—1

G(z,w) = G(pw(2)), z,wéeE B,

is called the (invariant) Green’s function for A. It satisfies G(z,w) = G(w, z) and
A,G(z,w) = 0 on B\{0}. We recall the following Green’s Theorem ([P, Lemma
2.5)):

(3.7) /fr{da{)—f / G(r, z) Af()dT()

for f € C*(B) and 0 < r < 1.

3.5. Lemma. If1 < p < 0o and f is (complez-valued) M-harmonic on B, then
68) (18000 ~ 110 = [ 6m2AlrEP ),

If0<p < oo and é: B — By is holomorphic, then

39 [(eere0dn@ - ooy = [ GrBKo sy () drie),

Proof. In [Stol], (3.8) is proved when f is real-valued M-harmonic on B. By
applying a C%(B) function f. = fy = (|f]* + e)p/2 , 0 < e < 1, which is bounded

2
if 2 < p < oo and dominated by C <‘ARef‘ ) if 1 <p <2, and

using the limiting argument ¢ — 1 as in [Stoll Proof of Theorem 6.18], we have
(3.8). The same idea is applicable in proving (3.9) as follows.
Fixpandm 0<p<oo,0<r<1. Let

1
)\E(z):bgl—i—:zj?’ z€B,0<e<1.

Then (A 0 ¢)P € C?*(B), (Ac 0 )P | (Ao ¢)P as € | 0 monotonically, and
A0 @) = p(Ae 0 0P %o {(p — DS + A 0 0}.
Also,
Ao @) 20, Ao >0

and

A(Xc 0 ¢)? — (Ao @)
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HYPERBOLIC MEAN GROWTH 1275

pointwise almost everywhere in B.
If 1 <p < oo, then

A0 9)” < pPl3fP(Ac 0 9)P!
because |¢|> < A o ¢, so that (A o ¢)? is uniformly bounded on rB. Since G(r, 2)
is 7 integrable on rB and (\. o ¢)? € C?(B), we have

/S (Ao 8P (r0) do(C) — (Ao $)P(0)
i { [ Ovoor o dntc) - o ¢>p<o>}

e—0

(3.10) —gll% ; G(r,2)A(Ac 0 $)P(2) dr(2)
— [ G A0 00 dr(2)
rB

- / G(r.2)A(No ¢ (2) dr(2).
rB

This gives (3.9) for 1 <p < 0.
Next, if 0 < p < 1, then

B1) AOcod) < PO < plaFRosy ! < SRR 6).
By Fatow’s lemma and Green’s theorem,
/ G(r,z) AXo ¢)P(2) dr(z)
/ G(r, 2)liminf A(\. 0 9)"(2) dr(2)
(3.12) <hmmf/ G(r,2)A(\c 0 §)P(2) dr(2)
—tin { [0 o 0r(0) do(0) - (000
= [(ho0r (0 dotc) = (o)

(3.11) and (3.12) show that A(A.0¢)? is dominated by an L (rB, G(r, -) dr) function
p~LA(Ao@)P. Thus, by the dominated convergence theorem, process (3.10) is valid
in this case also. This gives (3.9) for 0 < p < 1. d

For the case of real HP, the first half, (3.13) and (3.14) of the following theorem
appeared in [Sta2).

3.6. Theorem. If1 < p < oo, then f € HP if and only if

(313) Ja-Eprier2 o] ae) <«
In this case,
(314) 11 = 1507 + [ G AlFGIP dr(e).
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If 0 < p < oo and ¢ : B — By is holomorphic, then ¢ € oHP(B) if and only if

(3.15) /B(l — 2" (Ao ¢(2))P 7 [6(2)]? dr(2) < oo
In this case,
(3.16) [Aedl) = [Aoa(0) + /B G(2) A(Xo §)P(2) dr(2).

Proof. Letting r — 1, the monotone convergence theorem gives (3.14) and (3.16)
from (3.8) and (3.9) respectively. Noting that
L (1—[=»)"

(3.17) G(z) =log =k ifn=1, G(z)~ TR
(which follows easily via L'Hospital’s rule), (3.13) follows from (3.6) and (3.14). By
(3.6), (3.19) follows. Since

pPhod ol < Aog) < pP(Aogp Mol if 1<p<oo,

P’ (A od) P < Aod) < pog)” Mo if 0<p<l,
(3.15) follows from (3.16) and (3.17). O

, ifn>2

4. AREA FUNCTION, g-FUNCTION AND THE MAXIMAL FUNCTION

In this section, we introduce a well-known characterization of M-harmonic Hardy
space in terms of the maximal function, the invariant area function, and the invari-
ant g-function.

For u € C1(B) and 1 < a < oo, we let

Mou(C) :=sup {|u(2)];z € Da(Q)}, (¢ €S
L Vu(r¢) 2 V2
3u(C) = (/O Mdr) L ces:

1—r

1/2
ﬁau(g):z/ Su(x)Pdr(z)| . ces.
Do (€)

A, and g are M-invariant in the sense that g, 09 = guoy and gauow = (/Tau) o
for all ¥ € M.

4.1. Theorem. For M-harmonic u and 1 < p < oo, the following four statements
are equivalent:

u = P[f] for some f € LP(S); Myu € LP(S); Aqu € LP(S);  Gu € LP(S),

where P[f] is the invariant Poisson integral of f:

_ 22 n
PG = [ (s £0) dof), =< B

In [ABC| Theorem 4.13], the first three statements of Theorem 4.1 are proved
to be equivalent. So we prove the following to fulfill the proof of Theorem 4.1.

4.2. Theorem. For each p:1 < p < o0,

lullrr ~ Gullze(s)
for all w € H? with u(0) = 0.
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See |Zy] for a one-variable version of this result. See [S] also. We will prove
Theorem 4.2 by a sequence of lemmas, which will also be helpful in proving our
main result in Section 5.

For z € B and 0 < § < 1, let us denote, as in [Stol], E(z,d) = ¢.(6B) in the
sequel.

4.3. Lemma. For each o : 2 < a < 00, there is §4 : 0 < 64 < 1 such that
(4.1) E(r(,da) C Da(¢), (€S,

forallr:0<r < 1. For general o : 1 < o < 00, there are 6, : 0 < §o < 1 and
To 10 < 1o <1 such that (4.1) holds for all v : 1y <1 < 1.

Proof. Let w € 6B and let z = ¢,¢(w). Then by [R], Theorem 2.2.5 (2)] and by the
fact that ¢,¢(¢) = —(,

1—(2,¢) =1-(ore(w),()
=1 —{prc(w), pr¢ 0 @r¢(w))
(1 —r2)(1 = (w, prc(C)))

(1= (w, ()1 = {r¢, e (C))
(1—r0+wd)
1—r{w, ()

Thus,
(1—r)d+w(]))

R s
10+ w0 =] e
(L+7)(1 = [w]?) ’
which is at most . 5
+r
R
Hence
1=zl < 5 (=12
when o > 2 by taking § = d, = %;2) This proves (4.1).
For general a : 1 < a < oo, by taking ¢ : QT’Q < o < Z—_ﬂ and r = r, that
satisfy the equation % = %, (4.1) also holds for all 7 : 7o, <7 < 1. O

4.4. Lemma. For 0 < p < o0 and for a : 1 < a < 00, Aqu € LP(S) implies
Gu € LP(S). In particular, for each a: 2 < a < 00, there is a positive constant Cy,
such that

(4.2) 9u(¢) < Ca Aqu(C), CE€S,

for all M harmonic u.

Proof. Fix ¢ € S. Note that if w € E(r(,0), then w = ¢,¢(z) for some z : |z| < 4.
So,

1—|w]? =

(12— ) o (1 146,
1= (5P S“‘7”)<1—|z|>§1—5“‘7”)'
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By the symmetry w € E(r¢,d) < r( € E(w,d),

1-9
—— (1= < (- |wP).
(=) < (- fuP?)
Thus,
=204+ (14 9)|w] 20+ (1 —0)|w|
01(w) == - <r< 1535 = da(w),

whence it is not difficult to see that

1
/0 (1 — T)_lXE(TC’(;)(’w) dr
(4.3) 52 (w)
< / (1—r)"tdr < Cs,

max{d; (w),0}

where in the sequel Xg(w) = 1if w € E and is 0 otherwise.
On the other hand, if v is M-harmonic, then

(4.4) [Vu(r¢)[* < Cs / [Vu(w)? dr(w)

E(r¢,0)
(see [Stoll Proposition 10.6]). Now, let § = J, be that of (4.1). Then by (4.1) and
(4.3),

1
J. 2 —r) ! Vu(w)|? dr(w) dr
acr <c [a-n meﬂv()'d()d
(4.5) <C oo [Vu(w)| </0 (1—=7)"" Xgire,o)(w) dr> dr(w)

sC/ Vu(w)Pdr(w) = C Au(C)?,
DU( (C)

where C' = Cs = C,. This proves (4.2).
If 1 < o <2, then by the second part of Lemma 4.3,

EAOQS(AMO—TY”§UWOPdT+CEiw@V,

so that Aqu € LP(S) implies g, € LP(S). O

4.5. Lemma. Letl <p< oo and 1 < a < oco. If u € HP, then

(4.6) /g/})a(g)£|u|pma(g) < O (/S |u|pda—|u|p(0)>.

Proof. Note that
€ Da(Q) = 1= (.0l < F(1—1?)
= 1-00 < N-(mQl+1-r) < (a+1)(1-1)
= (€ Q(n,V(a+1)(1—r1)),

and since
o (Qun e+ =r)) ~ (1 =7)"
(IR} Proposition 5.1.4]), by (3.17) we have

/SXDQ(O(z) do(C) < Cu (1 —|2))" < Ca G(2).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HYPERBOLIC MEAN GROWTH 1279

Therefore it follows by (3.14) that

// AlulP drdo(¢)
:/A|u {/XD () do <)}dT<z>

c. /B G(2) A (=) dr(2)
<o ([ 1 do = 1))

4.6. Lemma. For eachp:1 <p < oo and a:1 < a < oo, there is a constant
C = Cp o such that

(4.7) [Aaullos) < Cllufwe
for all u € HP.

IN

O

Proof. Let u € HP and fix o : 1 < v < 00. Since
Au=0 < KReu:O:AImu,

with the help of Minkowski’s inequality we may assume in proving (4.7) that «
is real and nonconstant. Since D, C Dg if a < 3, we also may assume that
2 < a < 0o. We divide the proof into three cases with regard to the magnitude of
p and abbreviate Cp, o by C.

Case 1. First, suppose 1 < p < 2. Then, by Lemma 2, on the set where u is not
Z€rO0,

Alul? = p(p — 1)[ulP~2

Since u is real-analytic ([R] Theorem 4.2.5]), the zero set of u is of volume measure

zero. So,
. P/2
(Aau(C)) <C (/ lu>~PAlulP dT)
Da(¢)

p/2
< C (Mau(¢))Pe P72 </ EluV’dr) :
Da(¢)

Thus, Holder’s inequality, the complex maximal theorem ([R} Theorem 5.4.10]),
and Lemma 4.5 give

[3 (Aau)” do < C [3 (Mou(¢)P* P72 < /D Q(OMMT)W do(C)
<C ( /S (M, u)? do) . ( /S /D a(oﬁlulpdrda@))

< CullZm "7 (Jul,, — Ju(0)7)*/?
< Cfull%

whence follows the desired inequality (4.7).

2
Vu‘.

p/2
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Case 2. Next, we suppose 4 < p < co. Let h be a nonnegative polynomial with

IhllLacsy < 1, 2.1 1, 1<qg<2,
p q
and let H = P[h]: H(z) = [ P(z,¢)h(¢) do(C).

Since
2€Da(Q) = 1= (20| < F(1-|zP)

(4.8) . 1 _ 1 (a
(I —[z2)m+t 1=z

it follows that

1/2
Au(e) = { /D PR dr(z)}

(4.9) .
< (5){ La-1reofuran)

whence by (3.17),

/Sh (Zxau)Q do
<c [wof [ 0= P ofue)R an) oo

(4.10) B
e / (1= o) H (=) [Fule) P du(z)
B

<C /B G(2) (H&ﬁ) (2) dr(2).

Since the last integrand is nonnegative,

/B G(2) (H&ﬁ) (z) dr(z) = lim | G(r,2) (H&ﬁ) (2) dr(z)

r—1 rB
by the monotonicity, and by (3.3),
HAu? = A(Hu?) —2VH - Vu?,

so that
/B G(z) (HA?) () dr(2)
(4.11) . . = Il
< |lim /TBG(T, VA(Hu?)dr| + Q/BG ‘VHHVuQ‘ dr
= (I) + (IT)

Now since H is a bounded function and u is dominated by the radial maximal
function of u, an LP(S) function ([Rl Theorem 5.4.10]), (3.7) and the dominated
convergence theorem give that

lim [ G(r, YA(Hu?) dr = lim | Hu®(r¢) do — Hu?(0)
r— rB r— S

= / hu?(¢) do — Hu?(0).
S
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Hence, by Holder’s inequality with pairing (%, q),

(I) = /S hu?(¢) da—HuQ(O)‘
(4.12) . </5 h%) 1/q </5 |u|pd0>z/p
< lulle-

On the other hand, by a simple calculation,
(4.2) and by Case 1 we just verified

%uQ(z)‘ = 2|u(z)] ‘ﬁu(z)‘ So by

Igzllze < ClAaH e < ClH]|zo < Cllhllze <C, 1<q<2,
whence it follows by (3.17) that

(II) < 4/BG WH} |l ‘%} dr

=1 [ a) [ 10l [F00)| [Futre)] ao() an
1/2

< 4/S(Mmdu)(<) (/019(7“) WH(TO‘Q‘”)
1/2

(4.13) y ( /0 o) ‘%(rg)f dr) do(0)

<o ([ Otumrao) v ([atao) v ([ao) "

< Cllullyer [ H| 2o lIgull e
< Cllufl#r 1gullze,

where M, ,qu denotes the radial maximal function of © and
T2n71

G(r)y= ZnWG(T).

Gathering up from (4.10) to (4.13),
[ 1A do < € (ulf + e 12120)

for all nonnegative polynomials h with
+

PllLacsy < 1, =1, 1<qg<2.

1
q

[N

Since polynomials (of z; and Z;, 1 < j < n) are dense in C(S) and C(S) is dense
in L9(S) in this case, we obtain

(4.14) [Aaullie < C (lullfe + llullre |3ulLr)

for all nonconstant real v € HP. Now by using the arithmetic-geometric mean
inequality we conclude (4.7) from (4.14).
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Case 3. It now remains to verify the lemma for 2 < p < 4. Given «, we define
the operator T, on L?(S) into the set of measurable functions as

1/2
T f(¢) = < /D PP d7> |

Then T, is subadditive by a simple application of Minkowski’s inequality. If u €
HP(B), 2 < p < 4, then u = P[f] for some f € LP(S) ([Rl Theorem 4.3.3]), so that
Aqu =T, f, whence (4.7) becomes

(4.15) [Tafllzr < CIP[f]llne = C| fllLe,

where the last equality comes from [Rl Theorem 5.4.8 or Theorem 5.4.9], or [Stol]
Proposition 5.6]. But we already proved that (4.15) holds for p = 2 and p = 4
respectively in Case 1 and Case 2. This means that the operator T, is simulta-
neously of type (2,2) and of type (4,4), whence, by the interpolation theorem of
Marcinkiewicz ([Zy]), the operator is of type (p,p), 2 < p < 4. This in turn means
that (4.15) holds for 2 < p < 4, and gives that, with P[f] = u

lAaullzr = | Tafllze < Cllf e = Cllullze = Cllullseo.

Now, by Lemma 4.4 and Lemma 4.6 we have
(4.16) [gullze < Cpllulle-
So to prove Theorem 4.2 it remains to show
4.7. Lemma. For each p:1 < p < oo, there is a constant C' = C,, such that
(4.17) lulle < Cllgullze
for all w € HP with u(0) = 0.

Proof. With the help of Minkowski’s inequality and a simple inequality: A'+ Bt <
C(A+ B)',0 < t < oo, we may assume u to be real. If f is a polynomial and
F = P[f], then by (3.7),

/Fu r¢) do( ):/ G(r, ) A(Fu) dr

for all » : 0 < r < 1. Thus, by (3.3) and Hélder’s inequality,

/ Fu(r¢) do(()
S

< C/ G(r VF‘ ‘Vu‘ dr

(4.18)

IN

C/S/O (=) [VFGO)| [Fu(ro)| drdo(¢)

Cllgrllce Igullza

IN

where %—I— % =1. But
F(Qu(¢) = lim F(rQ)u(r¢)

almost everywhere (|R) Theorem 5.4.8]), F' is bounded and u is dominated by
the radial maximal function of w (|Rl Theorem 5.4.10]), so that the dominated
convergence theorem guarantees that

lim [ Fu(r{)do(¢ /fuda

r—1 S
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By (4.16)
lgrllr < CIF|l1e < Cf]lLe-

‘/Sfuda < Clfller NGulzo

for every polynomial f. Therefore we have

Hence (4.18) gives

lullze = Nullra < Cllgullza-

5. HYPERBOLIC HARDY CLASSES AND BLOCH TO HP PULLBACKS

As was expected from Section 1.2, we prove our main theorem, Theorem 5.1, in
this section. It characterizes the membership of oHP?(B) in terms of the hyperbolic
area function and the g-function. It also shows that the hyperbolic Hardy class
characterizes the Bloch-HP(B) pullback problem: For which ¢ : B — B; does go ¢
belong to H?(B) for all g € B? The problem was naturally called for as explained
in Section 1.1.

For ¢ : B — Bj holomorphic and 1 < a < oo, let us denote the hyperbolic
version of the g-function, the area function and the maximal function as follows:

17 2
Q%(C):/O 7|¢1(r_<1| dr, ¢€S;

0Aod() = /D B arta), ces

oMad(C) = sup {1og ze Da<<>} . ces.

1
1—|¢(2)?
Recall that qg = l‘j—i‘lQ. We pay attention to the difference of a half-power in
the above definition when compared to the case of the (M-harmonic) invariant
g-function gy and the area function A, f of Section 4. The following is the main
theorem of this paper.

5.1. Theorem. Let 0 <p<oo andl < a,B <oo. If ¢ : B — By is holomorphic,
then the following are equivalent:

(5.1) ¢ € oH(B);

(5.2) oMp ¢(¢) € LP(5);

(5.3) 0Aat € LP(S);

(5.4) 94 € LP(S);

(5.5) fope H*(B) forall fecB(B).

In the case n = 1, the equivalences between (5.3), (5.4) and (5.5) have been obtained
in [PX], Theorem 1.1].

The proof of (5.1) = (5.2) follows from the following complex hyperbolic
maximal theorem:
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5.2. Lemma. Let 0 < p < o0 and 1 < a < c0. If ¢ : B — By is holomorphic,
then oMy € LP(S) if and only if ¢ € oHP(B). In fact,

50 [ @07 ©drt©) < Coptim [ (05— ) dot0)

Proof. Let u = Aog = —log(1—|¢|?). Note that oM, ¢(¢) = sup{u(z) : 2 € Da(¢)}
= Myu(¢). Fix r: 0 < r < 1 for a moment. Since u, = Ao ¢, is M-subharmonic
in B and of C(B),
ur(z) < Pluy(z), z€ B.

Thus,

Maur(z) < Mo(Plur])(2), =€ B.
Denoting Mu, the (Hardy-Littlewood) maximal function of u,, by [Rl, Theorem
5.4.5] and [R] Theorem 5.2.6] we therefore have

[S (Mou,)? do < [3 (Mo Plu,])P do < Cqp [3 (Mu,)? do
<Cu, [3 () dr < Copsup [ (1) do (0

s
for 1 < p < co. Letting  — 1, we have the conclusion for p > 1. For 0 < p < 1,
applying the above process with an M-subharmonic function (A o ¢T)1/ noe L"P,
np > 1, instead of u,, = A o ¢,., we have the same result. O

In the process of our proof, we need some lemmas as in Section 4. First we will
make use of a subharmonicity involved with ¢:

5.3. Lemma. Let 0 < 6 < 1 and E(a,0) = po(0B),a € B. Let ¢ : B — By be
holomorphic. Then

(57) B@F <G [ (aw) dr(w)
E(a,d)
Proof. Fix a € B. For f: B — Bj holomorphic let F' = f o ¢, for a moment. For
r:0<r<li,
SOr
D; (F o) Z DyF(rC) C) 2k ()
and
9 (¢re)y,

azj (0) 55_]k + T Cj Ck)

where s = V1 — 2 ([Rl p. 48]). Since Hy(z) := (1 — (2,a))2DyF(z) is holomorphic
for each k, by considering the power series expansion of holomorphic functions and
orthogonality of {¢*} (|Rl, Proposition 1.4.8, Proposition 1.4.9])

[5 (1= (r¢, a))? Dy (F o ,c) (0) do(C)
/ Hy (1) {—séw — cjck} do ()

g v

:DjF(o){—erHsn}

=m0 { s +
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Since

S 7"2

1-r?=s?=s——> 2 <s—
1+s — 1+sn

)

it follows that

(1=P)IDF0) < {5+ b DiFo)

[ 0= ca)™ Dy (Foere) (0) do(0).
from which it follows that
(=PI, FOF < [ 105 (Fop0) OF]1 = {a.r0)|* do(0)
for j =1,2,...,n, whence
a=rPpro) < [ [BRCO[ 11 - (@)t dofo)
Since Alg[2+2 = EED% 412X |6]2, by letting f = ¢+!, we have

(1= r*)Alg(a) |¢(a)]* < /Sﬁlqbo%(?f)l2 |60 @a(rQ)*' 1 = {a,rO)|* do(C)

for 1 =0,1,2,.... Since |f(a)| < 1, by using the geometric series expansion we have

(1 - r)2(3(a)? < / 180 0alrQ) 11— {0, 7Q)[* do(0),
S

which is equivalent to

(5.8)

O / 6 0arOR o)
S

¢
(I —=lal?)? = Js (1 =lpa (rQ)|*)?
Now, integrating (5.8) with respect to 2n7?"~1(1 — 72)~"~1 dr over the interval
(0,6) and noting that 1 — |¢g(w)|? > %(1 — |a]?) for all w : |w| < § < 1, we

obtain
|6(a)|? / |6 0 a(w)]?
— < C — 2 dr(w
G-fa?? = 9 Jyp O Tpatwye T
1 -
< C 7/ d(w)|? dr(w).
TA1aP Sy PN )
This completes the proof. O

If we replace (4.4) by (5.7), then the proof of Lemma 4.4 still holds with ¢g, and
0A,¢ in place of g, and A,u respectively. Hence, we have

5.4. Lemma. Let ¢ : B — By be holomorphic. For 0 < p < oo and fora:1<
a < 00, pAag € LP(S) implies oGy € LP(S). In particular, for each o : 2 < o < 00,
there is a positive constant C, such that

(5.9) 094(0) < Ca0Aad((), CES.
It is easy to see that the proof of Lemma 4.5 holds with u = — log(1 — |¢|?) with
¢ € oH?(B):
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5.5. Lemma. Let 0 <p<oo and 1 < a <oco. Ifu= Ao ¢ = —log(l — |p|*) with
¢ € oHP(B), then

(5.10) /S/Da(c)ﬁwl”drda(() < C, (/S |u|pda—|u|p(0)).

5.6. We now proceed with the proof that (5.2) implies (5.3). The proof below runs
in a parallel line with the proof of Lemma 4.6, and here we make use of Theorem
4.2, the main result of Section 4.

Proof of (5.2) = (5.3). We will show that for 0 < p < oo and 1 < o < o0, there
is a constant C' = Cl,p such that

(5.11) leAadllzr < Clle(d)llp
for all f € pHP(B). It is sufficient to assume that 2 < o < co. We divide into two
cases.

Case 1. 0 < p < 1. Let ¢ € pHP(B). Since A\(¢) > |¢|?, it follows that

@) PANG)” = pAG)' M@ 2101 {A@) + (0 = DI6*} = pI6f
almost everywhere (off the zeros of ¢), where A(¢) = —log(1 — |¢|?). So

/S(gﬁm)p do — /S</DQ(C) |;5(z)|2d7(z)>p do(©)

p/2
1 1=p(2) AN o ¢)P(2) dr(z o
SE/S</DQ(O(>\O¢) (=) A0 ¢)<)d<>) o (¢)

p/2
1 I-p A(\o @)P(2)dr(z o
SF/S(QMW) “)</DQ<C>A“ ¢><>d<>) dor ().

Hoélder’s inequality gives

/S (gﬁaqs)p do
< { /S (eMat)” da}l_p{ /S / B orEa) da(@}p.

Hence by Lemma 5.2 and Lemma 5.5,
~ \P
[ (e320)" dr <€, Ix0 0l < Cylleo ol

This gives (5.11).
Case 2. 1 < p < oo. To prove (5.11) we consider fsh (ggaqb) do for all

nonnegative polynomials A with ||h]|Le < 1, % + % = 1. Let h be such a polynomial
and H = P[h].
By (4.8) it follows that

0Aad(C) = /D B dr(s)

«

(5)" [a=1DPEOBEE ),

IN
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whence by (3.17),

[ (o) i
< c/ {/ (1= |2))"1P(z,¢) ‘(;5 \ du(z)}da(g)
< 0/3(1 2 H(2)Au(z) du(z)

<c /B 6() (HAu) () dr(2),

where we let X o ¢ = u for simplicity.
Since the last integrand is nonnegative,

/B G(2) (Hﬁu) (z) dr(z) = lim | G(r,2) (Hﬁu) (2) dr(z)

r—1 rB

by the monotonicity. Since AH = 0, by (3,3), HAu = K(Hu) —2VH - Vu. Hence,

/G (HAw) (2) dr(2)

hm/ G(r,-)A(H u)dr

r—1

+2/G‘VHHVu‘ dr

IN

Now since Hu € C?(B), we can apply (3.7), and since H is a bounded func-
tion and w is dominated by its radial maximal function, an LP(S) function by the

hypothesis, the dominated convergence theorem gives
G(r,") A (H u)dr = hm H(r{) (r¢) do(¢) — H(0)u(0)

= [ 1 u(c)do ~ HHO)u(0).

lim
r—1 rB

Hence by Hélder’s inequality,

(1) = © - H<o>u<o>'

< [Ihllzallully < flullp-

On the other hand, simple calculations give

[Vu(z)| = [F(ro 9)(2)| = 210(2)1 [d2)|
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and |¢| < A\(¢)'/2, whence it follows that

(I1) <4 /B G 6|V H] (3| dr

<o [ 125 [ w0900 160l (0

1/2

~ 2
1 ‘VH‘ 1 |$|2 1/2
gc/M,ﬂadul/2 / L ar / L dr do
S 0 1 -7 0 1 - T
1/2p 1/q 1/2p
<o ([ tarar) ([ ayao) ([ (@ ao)
S S S

by an application of Holder’s inequality with indices (2p, 2p, ¢). Therefore by (5.6)
and Theorem 4.2, we obtain

~ 11/2 ~ 11/2
(I1) < Cllully 1 Hgllggsll 5" < Cllully?logoll 1

Gathering up,

[ 1 (e2a6) do < © (ul+ 1l el )
S

for all nonnegative polynomials h with ||h||Lqg) < 1, ]—1) +
Therefore, by (5.9) and the density argument, we obtain

= T/
loAaslis < € (Jully + ulli loAadl1?)
Now by use of the arithmetic-geometric mean inequality we conclude that
leAadlZ, < Cllull, = Clixo gl
provided ¢ € pHP?(B), where C = C}, o. This gives (5.11). O

%:1, 1< g < oo.

5.7. Proof of (5.3) = (5.4) follows from Lemma 5.4.

5.8. Proof of (5.4) = (5.5): Suppose (5.4). If 1 < p < oo, then by Theorem

4.1 it suffices to show that grop € L?P(S) for all f € B(Bi1). But, ||0fos| e is

easily seen to be bounded by || f||5 Hg'gv(leL/p2 If 0 < p <1, then by [AB] (or [KL])

it suffices to show that

L(/Ol(l —r)IWfoqb)(rC)ler)p do(¢) < oo

for all f € B(B,). Using the inequality [Vé(r¢)| > 2(1—12)|Ve(r¢)| (which is valid
when ¢ is holomorphic), the left-hand side integral is bounded by a constant times

2 ~
I1£115 1legs|z-

5.9. Proof of (5.5) = (5.1): Suppose (5.5). Then by the closed graph theo-
rem, the composition operator C, maps B(Bi) boundedly into H?P(B). For each
nonnegative integer k, let v, be the Rademacher functions (see [D] or [Zy]):

Y (t) = signsin(2"17t), t€0,1].
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Consider for each non-dyadic ¢ € [0, 1] the function
o0 k
fi(z) = Z () 2>, 2 € By.
0
Noting that
oo K oo
(L= [2DIFE)] < A=z D28 71 < 20 =2 ) I#f* < 2,
0 0

it follows that f; € B, || ft|]|z < 4. So by the assumption,

[t o @llaze = lICsfillaz < Cllfills <C

for all non-dyadic ¢ € [0,1] and so for almost every ¢ € [0, 1].
On integrating the 2p power of each side of the above inequality with respect to
t, we have by the monotone convergence theorem,

1
. 2
¢ >t [ [ 1fio6t0l® o) ar

By changing the order of the integration, the last integral equals

LAlihmmmW

Thus, by [Zyl Theorem V-8.4]), we have

¢ >t [ @wm ) o (c).

On the other hand, it is quite elementary to see that

0 . 0 91k
Sl 2 3 T g
k=0 k=1

2p
dt do(Q).

ST L= e(rQ)
Therefore, we have

. 1 p/2
o >0 > i f1on (rprgm) @0
This gives (5.1).

We close this section by showing that the boundedness of our Cy4 is equivalent
to its compactness. See [Zha| for the result when n = 1 and 1 < p < oo. Also,
recently in [PX], Theorem 2.3] the result has been established for the case n =1
and 0 < p < o0.

5.10. Theorem. The composition operator Cy : B — HP is bounded if and only if
Cy is compact.

Proof. Suppose that C4 : B — H? is bounded. Then fo ¢ € H? for all f € B and
|p(¢)] :== | lim ¢(r¢)| exists and is less than 1 for almost every ¢ € S.

Let {fn} C B be such that || f,||z < 1. We are going to show that {C,;f,} has a
convergent subsequence in HP(B). Since

1
[ ()] < 1FO)] + [1fnllB 10g1_—|2|, z € By,
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{fn} forms a normal family, so that there is a subsequence of {f,} that converges
uniformly on compact subsets of By to a holomorphic function f. Passing to the
subsequence, we may assume that the sequence { f,, } itself converges to f. f belongs
to B with ||f||s < 1 because

[F/(IA = [21*) = lim [£},(2)|(1 = [2]*) < 1.

On the other hand, by (5.5) == (5.4) of Theorem 5.1, gg, € LP/%(S). In
particular, ggs(¢) < oo a.e. ¢ € S. Since

(5.12) V(= Do) < s = flis |8 <2 ).

the dominated convergence theorem gives lim gs, —)06(¢) =0 a.e. ¢ € 5. Also,

by (5.12), g(f,—f)os is dominated by 2{9%}1/2, which is an LP(S) function. So,
the dominated convergence theorem again gives

(5.13) Jim /S (50— pros(O) do(C) = 0.

n—oo

Using [KTl, Theorem 5.1] when 0 < p < 1 and using Theorem 4.1 when 1 < p < o0,

/ |(fn = f) o d(C) = (fu — [) 0 9(0)]” do(¢) < Cp/ {301, 100(Q)}" do(C),
S s
whence

lim [ |(fn = f) 0 ¢(Q)Pdo(¢) = 0

n—00

by (5.13). Therefore, Cy f,, — Cyf in HP(B). O

6. MORE EQUIVALENT RESULTS

As shown in (3.1), the magnitude of the invariant gradient may be estimated
only by the tangential gradient V. It is a general principle that the behavior
along the tangential direction is twice better than along the radial direction. So
our case is as follows:

6.1. Theorem. For ¢ : B — By holomorphic and 0 < p < o0, 1 < a < o0, each
of the following are equivalent:

(6.1) ¢ € oH?(B);

(6.2) /01 % dr € LP(S);
(6.3) /01(1 —T)% dr € LP(S);
(6.4) /01(1 —r)% dr € I7(S).

Proof. By (3.1), (6.2) is the same as (5.4). So, by Theorem 5.1, (6.1) < (6.2)
follows.
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To prove (6.1) <= (6.3), we make use of the following well-known fact for
holomorphic f in B:

1/2

(6.5) f € H?(B) < </0 (1—r)|Vf(rg)|2dr> € LP(9).

See [AB] or [KIJ] for example.
Suppose (6.1). Then by Theorem 5.1, go ¢ € H?P for all g € B. On the other
hand, there are Bloch functions g; and g such that

1
91(2)] + 192 (2)| = I € By

(IRUL Proposition 5.4]). Thus,

! / ]‘
l91 0 ¢(2)] + lga 0 0(2)| = TR € B.

But by (6.5),

/0 (1= 1)|V(g; 0 Q)P dr € L(S), j=1,2

Therefore, it follows that

([0t
< /S { / o) (éggoqsuwwo) dry do(C)

( / (1= 1)1V 0 ) rO)? dr)pda«)

because [V(g; 0 )| = |9} 0 9] V4]
Conversely, suppose (6.3). Since
V9|
1—1¢]

V(goo)| < IVo|lg' ool < llglls

for g € B, it follows that

/0 (1= 1)[V(g 0 $)(rC)? dr € IP(S).

Therefore, by (6.5), go¢ € H?P(B) for all g € B. This implies (6.1) by Theorem 5.1.
(6.1) <= (6.4) follows exactly in the same way as (6.1) <= (6.3) just proven. O

In the same way we directly get

6.2. Theorem. For ¢ : B — By holomorphic and 0 < p < 00, 1 < a < o0, each
of the following are equivalent to ¢ € oHP(B):

|22 O
(6.6) [ G ) € S
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IS\ C R,

(67) L T p ) € V)
e RSP

(6.8) /Da(()(l ) = |¢(z)|2)2d (z) € LP(9).

7. CHARACTERIZING THE BOUNDEDNESS OF THE COMPOSITION OPERATORS
ON BLOCH SPACE

7.1. Let Y be a complete holomorphic function space defined in terms of |f| or
|€f| Let o(Y) be the hyperbolic counterpart of ¥ in the sense that it consists of
those bounded functions ¢, |¢| < 1, whose membership is defined via o(¢,0) (or
A(¢)) and ¢ in place of Euclidean distance |f(z)| and |V f| respectively that is used
in the definition of the membership “f € Y”. Then there is a general phenomenon
stating

(7.1) Cy maps B boundedly into Y <<= ¢ € o(Y).

Examples of classes o(Y') are pHP(B1), 1 < p < oo, pBMOA(B), oLip,(B1),
and pLipf (B1). By [K1], [K5], [Y4], and [KC], (7.1) is known to be true for these
classes. Theorem 5.1 states that (7.1) is true with Y = H?(B),0 < p < o0, also.

7.2. An Example. Consider the function

&l

= 27
1— 235

F(z) z = (21, 22) € Ba.

The composition operator induced by F was first considered in [CK], and the
authors there proved quite complexly that F' takes Bloch functions to H? for all
p:0 < p<oo. Inview of Theorem 5.1, this fact can be verified by showing that
F € N HP?(B2). Noting that |F(¢)| = |}LII%F(7“C)| < 1 almost every ¢ € S, it is

P
sufficient to prove that [ (1og ;> do(¢) < oo for all p. But the following
process is almost direct:

T=TFOP
p h S P 1/p
) "< (E ]
2\ P 1p N - )
{/s <%) dU} / _ 21:% {/31 (|11 _|w|2|) k dyl}
{/01(1 — 7~2)2kp(1 _ p2yl—k Tdr}yp

1 \Y? > 1
(kp+2> SCzl:k1+1/p<oo

|F|2k
k

IN
il

-z -[e

=

C

=

IN

C

forallp:p>1.

It was not known whether F' had the Bloch-BMO pullback property ([CK]).
Concerning this problem, it was mentioned in [CK] that previously known methods
(used by P. Ahern and W. Rudin) do not work for this F'. See Remark (a) and (b)
of [CK]. We resolve this problem in the sequel to this paper, [K3].
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