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LIMITS OF INTERPOLATORY PROCESSES

W. R. MADYCH

ABSTRACT. Given N distinct real numbers vq,...,vy and a positive approxi-
mation of the identity ¢, which converges weakly to the Dirac delta measure
as e goes to zero, we investigate the polynomials Pe(z) = 3 ¢, je~*i® which
solve the interpolation problem

/ Pe(2)e pe(@)da = fop, k=1,...,N,

with prescribed data fe1,..., fe,n. More specifically, we are interested in the
behavior of Pe(z) when the data is of the form f. ; = [ f(z)e?*®¢pc(z)dx for
some prescribed function f. One of our results asserts that if f is sufficiently
nice and ¢e has sufficiently well-behaved moments, then P. converges to a
limit P which can be completely characterized. As an application we identify
the limits of certain fundamental interpolatory splines whose knot set is Z\ N/,
where N is an arbitrary finite subset of the integer lattice Z, as their degree
goes to infinity.

1.

Suppose ¢, is a non-negative approximation of the identity. That is, € is a
positive, continuous or discrete, parameter with 0 as accumulation point and ¢, is
a non-negative integrable function on the real line R with the properties (i) for all
values of the parameter ¢,

[Z@@Mm=1

and (ii) for every positive 9,
lim pc(z)dz =0.
e—0 |z|>6

The basic properties of such approximations of the identity ¢. are well known
and are recorded in various texts on mathematical analysis, for example, [7]. In
particular, if f is a bounded measurable function which is continuous at the origin,
then

tim [ f@)oa)do = £0).

Given N distinct real numbers vy, ...,vy, any point (f1,...,fy) in complex
Euclidean N-space C, and any fixed value € of the parameter, there is a unique
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1110 W. R. MADYCH

polynomial
N
(1) P(z) = che_i”j’”
j=1
which satisfies
oo
(2) / P(x)e™ ¢ (x)dx = fr for k=1,...,N.
— 00

The reason why P(z) is uniquely defined is due to the fact that (2] is equivalent to
the system of equations

N
(3) Za;w-cj:fk, k=1,...,N,
=1
where the matrix of coefficients
o0
(@) oy = [ () do
— 00

is strictly positive definite, as can be seen from

w N
Zak,jcjék = / |Z cje”"i%2¢ (z) dx > 0.
T =

Consider the case when the data (f1,..., fn) is of the form

fkf/ F(2)e 26, (x) do

where f(z) is a function in L° which is continuous at 0. The resulting polynomial
P depends on the function f and ¢.. To emphasize this dependence we denote it
by Py.. That is, Py (z) is the unique polynomial of the form () which satisfies

/_Oo Py (2)e™" ¢ () do = /_00 fx)e g (x)dx, k=1,...,N.

We are interested in the behavior of P . as the parameter e goes to 0.
In the case N = 1 this behavior is transparent:

Pro) = ([ Y H e 6u(y) dy} e,

which, because f is bounded and continous at 0, converges to f(0)e~ %1% as e goes
to zero.

In the case N > 1 the situation is more interesting. When € goes to zero the
system of equations @) for the coefficients ¢; of the polynomial Py . reduces to

chzf(o)

That is, when e goes to 0 the matrix of coefficients @) converges to ay; = 1 for
every value of the index (k, j) resulting in a non-invertible matrix of rank 1. The
behavior of Py . is not so evident without further analysis.

In what follows we present some details of such an analysis. The impatient reader
can turn to the statement of Theorem 7 in Section 6 for a succinct summary of one
of the central conclusions.
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LIMITS OF INTERPOLATORY PROCESSES 1111

This investigation was motivated by questions arising from the study of the
behavior of the family of splines of even order with knot set Z \ N, where A/ is a
finite subset of the integer lattice Z, which interpolate the data {(n, f(n))}nez\n
with fixed ordinates { f(n)},,cz\n- In the case N = () such families were first studied
by I. Schoenberg [6], who showed that if the data is sufficiently well behaved, such
splines converge as the order goes to infinity. As an application we include a result
concerning the convergence of such families of interpolants when A # (. See
Theorem 8 in Section 7.

It should be mentioned that, following Schoenberg [6], such convergence, with the
set of knots taken to be a lattice, has been considered by many authors, including [2],
where a general scenario is studied. In [5] such convergence has been investigated
with the set of knots taken from a wider class of numerical sequences, namely the
class of complete interpolating sequences for the classical Paley-Wiener space. The
present application may be viewed as a step toward extending such results still
further, since Z \ V is not a complete interpolating sequence in the classical sense
unless N = ().

The contents of this article are briefly outlined below.

In Section 2 we collect several properties and examples of approximations of the
identity which will be useful in what follows.

In Section 3 we outline some calculations in the case N = 2 and record several
types of results which depend both on the data f and the nature of ¢..

Section 4 is devoted to observations concerning iterative formulas involving N,
the number of frequencies, for the trigonometric polynomials Py .(z) and their
coeflicients.

In Section 5 we record several identities for certain determinants which are useful
in the computations involved in the case of general N. Some of these results may
be of independent interest.

Section 6 contains our main results concerning the behavior of Py (z) as € — 0.
These results involve restrictions on ¢, which are fairly fundamental and enjoyed
by wide classes of approximations of the identity.

In Section 7 we consider classical piecewise polynomial splines of even order with
knots on the set Z\ NV, where N is a finite subset of the integer lattice Z, and study
the behavior of the fundamental interpolants as their degree goes to infinity.

Section 8 is devoted to showing that the restrictions imposed on ¢, in Section
6 are enjoyed by a class of approximations of the identity which includes the case
that arises in Section 7.

2.

We already noted that if the approximation of the identity ¢. is non-negative,
then the N x N matrix A = (ax,;) with coefficients

o0
(©) an= [ G (o,
— 00
where the real numbers v, ..., vy are distinct, is strictly positive definite. Here we

also note that if, in addition, the moments

(1) m(e) = / ¥ 6 (2)da

—0o0
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1112 W. R. MADYCH

are finite for kK = 0,1,...,2(N — 1), then the N x N matrix M = (M},;) with
coefficients My ; = myyi(€) is also strictly positive definite, because

o N
ZMk,leél = / |Z et 2pe(x)dz > 0.
ol

X k=1

In particular, this implies that the determinant det M is positive.
Consider an approximation of the identity of the form

®) be@) =6 (%)

where ¢ is a non-negative integrable function, ffooo ¢(x)dr =1, and € > 0. In this
case,

9) mi(e) = *my (1),

so that if my(1) is finite for £k = 0,1,...,2(N — 1), then the determinant of the
N x N matrix M = (my;) is simply a constant multiple of ¥V~ namely

(10) det M = c¢eVIV-D

where ¢ = det(my4(1)) is a positive constant. Identities (@) and () imply that
in this case,

(11) det M = ¢ {ma(n_1)(e) }/2.

where ¢ = det(my1(1))/{mav_1)(1)}V/2.
Next observe that if w(z) is a bounded continuous function such that w(0) = 0,
then
o0 (o)
/ w(z) 22NV (2)dr = 2N~V / w(ex) 2N =Y p(z)dz,
— 0 —o0
and, in view of the dominated convergence theorem,

oo
lim w(ex) >NV p(z)dr = 0.
e—0 o
Hence, if ¢. is a non-negative approximation of the identity of the form (&),
may(n—1)(1) is finite, and w(z) is a bounded continuous function such that w(0) = 0,
then
ffooo w(z) >NV (z)dx

(12) 21—1% ffooon(Nfl)qﬁg(x)dx =0

Many important examples of approximations of the identity ¢, are either explic-
itly of the form (B]), such as the Poisson and heat kernels for the upper half-space, or
in many respects behave as though they are, such as certain periodic summability
kernels including those of Féjer and de la Vallée Poussin. A noteworthy property
of such approximations of the identity is that, roughly speaking, the rate of con-
vergence of ffooo f(x)pe(x)dx to f(0) is essentially determined by the smoothness
of f in a neighborhood of 0.

Details concerning approximations of the identity of type (), including the ker-
nels mentioned above, can be found in [7] and many other texts on mathematical
analysis. A source for details on periodic summability kernels is [§].
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LIMITS OF INTERPOLATORY PROCESSES 1113

Examples of “pathological” approximations of the identity whose behavior is
somewhat transparent include the following:

(13) 6u(0) = =2 070 + o0t

where both ¢ and 6 are integrable functions such that

/_Z o(z)dx = /_O:O O(x)dx =1,

o(e€) is an increasing positive function of €, € > 0, and

limo(e) =0.

e—0
For examples of the form ([I3) the rate at which o(e) goes to zero can play a very
significant role in determining the rate at which | fooo f(z)¢e(z)dx converges to f(0),

as can be easily seen from

o0

[ " H@)be(@)dr = £0) + {1 - o(0)} / " w(ex)pla)dz + o(e) / w(a)f(x)de,
where w(x) = f(z) — f(0).

3.

We begin our investigation of Py.(z) with the case N = 2. In this case an
explicit formula for the coefficients of the polynomial

(14) Pre(x) =cen e 4 cg,ge_i””

which satisfies
(15) / Py () ei”"”cﬁe(x) dx = / f(z) ei”"xqbe(a:) dr for k=1,2

can be obtained via Cramer’s rule. This results in
_ O —
1) oy G) — G0 —v)
1—®(y —11)P(v2 — 11)

where -
G(z) = / F(@)c . (z) do

—0o0

and
o .
d(z) = / e e (x) dx .
—00

A similar expression is valid for c¢ ». For efficiency of notation we have chosen not

to explicitly express the dependence of G and ¢ on e.
To see what can happen to cc1 as € goes to zero, assume that the moments

i) = [ oy

—o0

are finite for k¥ = 1 and 2. For simplicity assume that ¢. is a nice approximation
of the identity which behaves like those of the form (). More specifically, assume
there are positive constants rog < r; such that

ma(€) — (ma(e))®

ma(€)

(17) 0<ro< <rp < oo
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1114 W. R. MADYCH

for all positive values of the parameter € and that

o w@)a? pe(@)de
s i () =0

whenever w is a bounded continuous function with w(0) = 0. Also assume that f
is a bounded function which is continuously differentiable in a neighborhood of the

origin.
Write
; x? x?
e =1+izx+ (23)27 +w, (x);
where

w,(x) = (iz)*{cos zx; — 1 +isinzwy}
and x; and xo are appropriately chosen points between 0 and x. Hence

ma(€)
2

(19) ®(2) = 1+ izmy(e) + (iz)? + o(ma(e))

where, as is customary, the notation C' = o(ms(€)) means that

2 @
Thus
(20) D(z)D(—2) =1+ (iz)Q{mg — m%} + o(ma2)

where, for simplicity, the explicit dependence of m; and ms on € has been dropped
from the notation.
Similarly,

G = [ S@on)ds + FO0)izm + (12272}
(21) -
—l—iz/ wi(x) x Pe(z) dz + o(mz)

where wy(z) = f(z) — f(0). Combining (I9) and [I) and, for simplicity, setting
a = v1 and b = vy results in
G(a) — G(b)P(a —b)

= ib(ia — ib) f(0) {mg — m7}

+ (ia — ib) /OO wr(x) {z —mi} oc(z) dz + o(m2) .

— 00

(22)

Writing, for appropriately chosen points x; and z2 between 0 and x,
wr(x) = {Ref'(z1) + ilmf' (z2)}x = {f'(0) + wy (x) }z,
where wy (z) = Re(f'(xz1) — f'(0)) + dIm(f'(xz2) — f(0)), yields
(23)  G(a) = G(b)®(a—b) = {ib f(0) + f'(0)}(ia — ib){ma — mi} + o(ma).

In the last calculation we also used the facts that

/Oo w(z) x ¢ (2)dx < {/jo w(x)2¢6(x)dx}1/2{/jo 2% ¢ (x)da} /2,

—0o0

/ Z rodeyts < { [ Z 22 () dw} 2,
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LIMITS OF INTERPOLATORY PROCESSES 1115

and

my /00 w(x)z ¢e(z)dr < m2{/_0<> w(z)? ¢e()dx}? = o(my) .

Identities (20) and (23) imply
G(a) — G(b)®(a—b) _ {ibf(0) + f'(0)}(ia — ib){ms — m?} + o(m2)
1-®(a—b)®0b—a) —(ia — ib)2{mg — m2} + o(ma2) '
so that, in view of relation (I) together with the substitutions a = 141 and b = vo,
we may write

@ ey = ¢ = L Q) + 2l ©)
0" ' vy —ivy

A similar calculation shows that

(25) i ey — 0 — 1O Fi1/(0)

0 ; Z'Vl - iVQ ’

The limits ¢; and ¢z in (24)) and (25) respectively, it can be verified, are the coeffi-
cients of the polynomial

(26) Py(x) = c1e” ™17 4 g2
which satisfies
(27) P1(0) = £(0) and P}(0) = f'(0).
We summarize the results of the above calculations as follows.

Theorem 1. Suppose ¢, is an approrimation of the identity which enjoys properties
([ and @R), f is a bounded function which is continuously differentiable in a
neighborhood of the origin, and Py, is the polynomial ([4) which satisfies (I5).
Then

1irr(1) Py (x) = Py(z)
where Pr(x) is the unique polynomial ([26) which enjoys property (ZI).

It should be clear from (22)) that if ¢, satisfies the hypotheses of the theorem but
f fails to be continuously differentiable in a neighborhood of the origin, then Py,
may fail to converge. For example, take ¢.(x) = ¢(x/€)/e where ¢(x) = 1 when
|z] < 1/2 and 0 otherwise. Then, if f(x) = |z|*{z/|x|} in a neighborhood of the
origin, using (22)), for sufficiently small € we get
. . €/2
Gla) = GOl —b) = [ faf*Hida +of)

€ —€/2

so that

e (a4 2)2% 4 o(e?) /€2
1T T ib — ia) /6 + o(2) /€2
which “blows up” as e - 0if 0 < a < 1.

On the other hand, if ¢. does not satisfy (1) and/or (I8), then other interesting
phenomena can occur. For example, consider ¢, of the form (I3]) where o(€) con-
verges to zero “slowly” as € goes to 0. Specifically, since we are interested in Py
with f continuous at the origin, assume that

(28) max(e,w(e)) = o(o(€)) as e =0,

= 0(€a—1)7
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1116 W. R. MADYCH

where w(e€) = sup|, <. | f(x) — f(0)]. Also assume that

(29) /0; ] $(x) dr < o0
Using the fact that (29) implies that [~ |z|¢(z/e)/edz = O(e) and
[, w(la]) dla/e)/e dr = Ofmax(e,w(e))), we may write
B(0(-2) =1+ 0(0) [ {wlo) + u-.(0))6(a) s + o(o(0)
and
Gla) ~ G180 —) = o(0) [ warso) (e (a) = FO)o(a)da + oloe),

12T

— 1. The last two identities imply that

_ ffooo{ei(yl_l’?)’” — 1}H{e™2® f(z) — £(0)} 0(z) dx
2 [% {1 —cos((r1 — o))} 0(x) da '

The last ratio is finite whenever the denominator is not 0, which is necessarily the
case if, for example, 0 is non-negative. A similar formula holds for c; = lim._.¢ cc 2:
simply interchange 11 and v, in the right-hand side of (3U). Let P be the corre-
sponding trigonometric polynomial, namely

where w,(z) =€

(30) 1irr(1) Ce1 =01

(31) P(z) = cie” ™% 4 cpe ™27,
Then the results of the above calculation may be summarized as follows.

Theorem 2. Suppose the approzimation of the identity ¢. is of the form (I3B), ¢
satisfies (29), and o(¢) satisfies lim._.ge/o(e) = 0. If Py (x) is the polynomial (I4)
which satisfies ([[B)), then

hII(l) Pt (x) = P(x),

where P(x) is the trigonometric polynomial [BI)) whose coefficients are determined
by (BO), whenever f is a bounded function which is continuous at 0 and whose
modulus of continuity at zero, w(e) = sup, <, |f(z) — f(0)], satifies w(e) = o(o(e)).

Remark 3.1. In what follows we will use the mean value theorem and its variants
in various calculations. For example, for a complex-valued function f of the real
variable x we have

(32) f(@) = £(0) = {Ref'(z1) + iImf’(22) }x

for appropriately chosen x; and x5 between 0 and x. As is evident from the outline
of the calculation preceding the statement of Theorem 1 (see the derivations of
identities (I9) and (Z3))), the use of such explicit notation is rather cumbersome.
For simplicity, in what follows we will express relations such as (82) above as

(33) fl@) = £(0) = f(@)x

with the understanding that the real and imaginary parts must be treated sepa-
rately, namely, f/(Z) = Ref’(z1) + i{Imf’(x2).
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LIMITS OF INTERPOLATORY PROCESSES 1117

4.

In view of the observations made in the previous section, it is natural to con-
jecture that if f is sufficiently smooth in a neighborhood of the origin and ¢, is
sufficiently well behaved, then the polynomials Py . converge as € goes to 0 in the
case when more that two frequencies are involved. It also seems reasonable, par-
ticularly in view of Theorem 1, that an argument involving induction on N, the
number of frequencies v1, ..., vy, may come into play.

With this in mind we temporarily modify our notation to take into account the
dependence of Ps. on the number of frequencies involved. Thus, (i) let v1,10,...
be a sequence of distinct real numbers; (ii) for N = 1,2,... define Ps. n(z) to be
the trigonometric polynomial () with frequencies v, ..., vy; (iii) let Ax = (ak,)
be the N x N matrix with coefficients

o0
ag, = (v — 1) :/ elve—r)e ¢c(x)de, k,i1=1,...,N;
—o0
(iv) let ¢y be the column vector whose terms (c1,...,cn) are the coefficients of
Pt e n(z); (v) let fn be the column vector whose terms (f1,..., fnv) are given by
fe =75 f(@) €% ¢(x) da; and (vi) set A (z) = e~***. Then

ANCN = fN

A c o AN anN C . fN
N+1CN+1 — a}ﬂv 1 CN41 = fN+1

where ay = fy with the particular choice f(z) = Ay, (), ajy is the conjugate
transpose of ay, and c is the column vector consisting of the first NV components
of CN+1-

To better understand the relationship between these quantities, re-express the
last displayed identity as

and

Anyc+cypiay = fy,
ayc+oenyt = [,

which can be easily solved for ¢ and cy41 to yield

—1
_ Iny1i—ajyAy iy

34 ¢ =
(34) N+t 1-— af\,AJ_\,laN
and
- N1 — a?vAX/lfN} 1
35 c=A 'y — Atay.
(35) NN { 1—a}‘VAf\,1aN NN

Since Ax,lfN and AJ_VlaN are the coefficients of Py n(x) and Py, n(x) respec-
tively with z = vy41, formulas B4) and (B3) may be viewed as a recursive rela-
tionship for the coefficents of Pf . ny1(z) in terms of those of Py . n(x). Indeed,
using the notation

o= [ " f(@)a(@) be(a) d,

formulas (34)) and (B3) may be expressed as

<f - Pf,E,N7)\Z>€

36 Py = Pre
(36) 't e, N+1(2) fe.N () + (As — Pr..eN» As)e

{Ae(x) = Pr. e N ()}
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1118 W. R. MADYCH

where z = vy 1.
Now, if P n(z) denotes the unique polynomial of the form (Il) which satisfies
pk) (0) = F*)(0) for k=0,...,N — 1, then it is not difficult to see that
JO(0) = Pl )y (0)
(37) Pronti1(z) = Pron(z) + —5 e
AM(0) = BT v (0)

where z = vyy1. Formulas (36) and (B7) seem to justify an inductive type argu-
ment. Unfortunately we were unable to make efficient use of such recursive type
relationships. For example, such relationships do not readily yield a clue as to the
“correct” set of restrictions needed on ¢, in order to obtain an appropriate result.
We found a more direct approach to be more efficient. Nevertheless, these identities
are useful, if for nothing more than providing a hint as to the importance of the
role played by A.(z) and Py, e n(x), which in turn provided the basis to our direct

{A:(z) = Pr.on(2)}

approach.
5.
In what follows all indices such as j, k, and [ take on the values 1,..., N unless
specifically indicated otherwise. The values v1,...,vyN are distinct real numbers.

Pt o(x), € > 0, and Pro(x) are trigonometric polynomials of type ). Py.(z) is
the unique polynomial which satisfies (B). Pfo(x) is defined only if f is sufficiently
smooth, in which case it is the unique polynomial which satisfies P}ﬁ)) (0) = f%*)(0),
k=0,...,N —1. Also, let

() = / " e g (@) da

—o0
In the preceding section we noted the importance of the role played by Py, ()
and Py, o(x). The coefficients of these polynomials are given by

- det(P(ux — 1))

38 = )
(38) I = qet(® (v, — 1))
and
V(—iul, e — z'uN)
39 =
( ) 0.7 V(—il/h ey —iVN)
respectively, where uy, = z if k = j and vy, otherwise. V(vy,...,vy) is the Vander-

monde determinant:
V(vr,...,on) = det((0) ) = [J(vk — 1) -
k>l

We would like to ensure that under suitable restrictions on ¢, the coefficients c._;
converge to cp; as € — 0.
To this end, consider the N x N matrix

D(ug —v1) Pug —wv2) -+ P(ur —uN)

D(ug — 1) .
(40) (@(uk — Ul)) = .

@(uN—vl) @(UN—’UN)
parametrized by the 2N variables uq,...,uy and v1,...,vy where ®(z) is an an-

alytic function of z. We can obtain a useful identity for the determinant of this
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LIMITS OF INTERPOLATORY PROCESSES 1119

matrix by observing that (i) if we fix 2N — 1 of the variables, then this determi-
nant is analytic in the remaining variable, and (ii) if uy = u; for k # [, then this
determinant must be 0. For example, if we take the “remaining” variable to be
u1, then the determinant as an analytic function of u; has zeros us, ..., uy. These
observations allow us to conclude that

(41) det(D(up — w)) = {H(uk — ) (v — vl)} U(uy,... , un;vL, ..., 0N)

k>1

where, as indicated, ¥ is a function of the 2N variables u1,...,uy and vy,...,vN.
This, of course, is very encouraging, since it seems to indicate that, with appropriate
cancellations, the ratio ([B8]) looks pretty much like (39) if the factors involving ¥
cooperate as € — 0.

Investigation of the nature of ¥ in formula [@Il) leads to consideration of certain
divided differences of ®(z). Because of the cumbersome nature of the expressions
involved, it eventually becomes apparent that it may be more efficient to formulate
the results in terms of the more general matrix (F(ug,v;)) in lieu of (®(ur — v1)).
The details are outlined in what follows.

We begin by reviewing some definitions and facts concerning divided differences
which are useful in understanding the nature of ¥ in identity (&I).

The divided difference of y1, . .., yn with respect to the distinct points z1,...,zN
is denoted by

(42) [Y1y.-- YN} T1ye v, TN
and defined inductively by
[y1; 1] = 11
and
[Y1y- s UNH1; TLye ey TN41]
_ [Y2, - s UNH1; T2y e ooy EN41] — [Y1y - -+ YN T1ye -+, TN .
IN+1 — 21

This particular notation, which is useful in the definitions below, follows that used
in []; properties of divided differences are recorded in various texts on numerical

analysis, for example [3]. Note that [y1,...,yn; Z1,...,2n] is a divided difference
of order N — 1.
For a function G(u) of one variable, the divided difference G([u1,...,un]) is
defined in terms of (A2) as
(43) G(lu, ... unml) = [G(wa), ..., Glun); v, .. un] .
For a function F'(u,v) of two variables we have
F([u, ... ,upm],v) = [F(ur,v),..., Flup,v); ur, ..., up]
and
F(u,[v1,...,oN]) = [F(u,v1),...,F(u,on); v1,...,0N] .
The divided difference F'([u1,...,up], [v1,...,vn]) can be defined in terms of the
previous expressions and ([@2) by the formula
(44) F([Ul,...,uM],[1)1,...,1)]\/[])
= [F(u1,[v1,. -, UN])y -y Flun, [v1, ..., oN]); w1, ..o upr) -
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1120 W. R. MADYCH

Note that F([u1,...,un], [v1,...,vN]), which may be viewed as some sort of mixed
divided difference of order M — 1 4+ N — 1, is well defined because

[F(u1, [v1y- -y ON])s s F(unr, [V1, ..o, ON])5 01, - o, up)

= [F([Ul,...,’U,M],’Ul),...,F([Ul,...,’LLM],’UN);Ul,...,’UN] .

If wy,...,up and vy,...,vy are real and F is a sufficiently smooth real-valued
function, then, for appropriately chosen @ and © which are in the convex hull of
ui,...,upy and vy,...,vy respectively, an iteration of a standard identity for di-
vided differences, for examples see [3| Corollary 3.4.2], results in

F([ul,...,uM], [1)1,...,1)]\]])

1 oMt
:7< ) [F('U:,’Ul),.-.,F(U,UN);U17...,UN]|u=a

(M —1)! \ du
_ 1 M1 F (u,v1) OM1F(u,on)|
= (M_ 1)' aqul u:a7 ) a’ll,Mil uza,'Ul,...,UN
N—-1 M-—1
- o () (35) o
(N —1)! (M —1)! \dv u .

This may be summarized for future use as

F([u1,...,upml, [v1,...,0N])

(45) - a7 (ag)N <8%>MF (t2)

For complex-valued F', identity (@) is valid for the real and complex part of F' with
possibly different choices of (u,?) respectively. However, as indicated by Remark
B, we will retain the symbolic notation (@) for complex-valued F with the un-
derstanding that possibly different choices of (@, ?) may be necessary for the real
and imaginary parts respectively.

Given a function F(u,v) and collections U = {uq,...,un} and V = {vy,...,
N}, let (F(uk,v)) be the N x N matrix

(u,0)=(2,0)

F(uy,v1) F(ui,ve) -+ F(ui,un)
F(UQ,’Ul)
(F(ug, o)) = | .
Fun,v1) F(un,u2) -+ F(un,vn)
and let (F'([Ug],[Vi])) be the N x N matrix consisting of divided differences

F([th],1])  F(U:1],[V2]) -+ F([Ui], [VN])
F([Us], 1]) -
(), i) = |
F([Un],W1]) F(UN],[V2]) -+ F(U~],[VN])
where Uy, = {u1,...,ux} and Vi = {v1,...,v5} for k=1,..., N. In other words,

(F (U], VD)) = (F([u, - s ukl, [or, - o)) -
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Theorem 3.

(46) det(F(ug,v)) = {H(Uk —up)(vk — Ul)} det(F([Ux], [Vi])) -

k>1

Proof. First, for simplicity, write F = (F(ux, v;)). Next, subtract the first column
of F from the succeeding N — 1 columns of F' and call the resulting matrix F. Now

for k =2,...,N and call the result F[!.

multiply the kth column of F by

Ve — V1
Note that
det F = det F
and
F = Fll diag(1l,va — v1,...,vNy — v1)
where diag(ay,...,an) denotes the N x N matrix with diagonal (ai,...,an) and

with zeros off the diagonal. The last two identities imply that

N
(47) detF = {H(vk - vl)} det FIUI

k=2
Next subtract the second column of FI! from each of the succeeding N —2 columns,
call the result FI!I, multiply the kth column of F[U by for k =3,...,N,

Ve — V2
and call the final result F[2. As above, note that

det FIU = det F[

and
Fl = pl diag(1,1,v3 —va,..., N — v1);

so it is clear that

N
(48) det FItI = {H(vk - vz)} det FI2I

k=3
If necessary, continue in this way to get FI ... FIN=1 The kth column of FIN—1
consists of divided differences of order k—1 with respect to vy, ..., v;. The relations

(D) and [{R) may be extended to

N
(49) det FIn=1 = { II - vn)} det F["

k=n-+1

forn=1,...,N—1.
Next, apply the same procedure to the rows of FIN=1. Namely, subtract the
first row of FIV=1 from the succeeding N — 1 rows of FIN =1 and call the resulting

matrix ﬁ[N_l], multiply the kth row of Fln—1] by for k=2,..., N and call

U — U1
the result FILV=1 Note that

det FIV =1 — det FIV-1

and
FIV-1 = diag(1,ug — u1,...,un — uy) F[l’N*l]7
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so that
N
(50) det FIN-1 = {H(uk —ul)}det FlN-1
k=2
Continue in this way to get FIZN-1  FIN-1LN-1] where
N
(51) det FIn—1N =1 — { H (v — vn)} det RN =1
k=n-+1

forn=1,...,N — 1. The kth row of FIN-1N=1l consists of divided differences of
order k — 1 of the first k rows of FIN~1 with respect to u, ..., ug.
Clearly FIN=LN=1] — (F([U,], [Vi])), and relations (@T) through (&) imply that

det (F(ur, vr)) = {H(Uk — ur) (v — vz)} det ((F([Ux], V)

k>l
which is the desired result. U

Suppose in the N x N matrix ( F(uk, v;)) we replace the pth column by

and call the result F(U,V;G(U),p). Then a procedure similar to that used in
the proof of Theorem [3 allows us to obtain a formula for the determinant of
F(U,V;G(U),p) as a product involving (ur — u;), (vg — v;), and a determinant
containing divided differences of F'(u,v) and G(u). Since we will use the formula
in what follows, we will record it in the case p = 1.

Theorem 4.
N

(52)  detF(U,V;GU), 1) = [Jlux —w) ] (e —w) > G(U)Sn

k>l E>1>1 n=1
where

(1) Uk = {ul, . ,uk},
(ii) S, is a sum of terms of the form

N—
(53) + [[ F(U,], Vi

(iii) k1,...,kn—1 is a permutation of the terms {1,...,N}\ {n}, and
(iv) Vi, = {va,..., v, } wherely,...,IN_1 is a permutation of the set {2,..., N}.

Note that G([Uy]) is a divided difference of G(u) of order n — 1, while F([Uy,],
[Vi,]) is a mixed divided difference of F'(u,v) of order k; —1 in u and of order I; — 2
in v. Also note that the second product on the right-hand side of (E2) contains
exactly N(N —1)/2 - (N —1) = (N — 1)(IN — 2)/2 terms; so in the case when
N = 2 we take this product to be equal to 1.

The formulas in the cases p = 2,..., N are, of course, completely analogous.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



LIMITS OF INTERPOLATORY PROCESSES 1123

6.

We use the notation established in the previous sections.
Recall that my(€) denotes the kth moment of ¢.(x), see (@). The analogues of
properties (I7) and (I8) in the general case are

< det(meii-2(c))

- )N/2

(54) 0<ro
mQ(N—l)(E

<r <o

where g < r; are constants which are independent of ¢ and

oo 2(N—1)
(55) lim Jo @) olr)dr
e—0 ma(n—1)(€)
We recall, see Section 2, that these properties are quite natural and are enjoyed by
a large class of approximations of the identity. For more examples, see Section 8.
For simplicity in what follows, we will often use the symbol < to denote the
relationship between det(my4;—2(€)) and mQ(N,l)(e)N/2 described by (B4). Thus,

for example, we may write det(mg11—2(€)) X mon_1)(€) N/2 a5 an abbreviation for
63).

Theorem 5. If ¢. enjoys properties (B4) and (BA), then

(56) det(®(up —vy)) = {H(uk — ) (vg — vl)} c {det (q)(k+l—2) (0)) + 5}

k>l

where

1 N—1

L \N(V-1)/2 "2
(57 S = (1) IT ¢

k=0

and S, which depends on U = {u1,...,un}, V. ={v1,...,un}, and ¢., satisfies
(58) S = 0({m2(N—1)(€)}N/2) as € —0.

Proof. Application of Theorem [J with F(u,v) = ®(u — v) and the use of identity
(HB) to re-express the divided differences as derivatives result in

det(q)(uk — ’Ul)) = {H(uk — ) (v — ’Ul)} c det ((I)(k+l—2) (Zk,l)>

k>1

where the constant ¢ is given by (E7) and the zj; denote appropriately chosen pairs
of real numbers; see Remark [31] and the remark immediately succeeding identity
(EB). Now, if we write

3™ (2) = 2™ (0) + Qu(2),
where
Q(2) = 21 (2) — 2 (0),

the last determinant may be re-expressed as
det (@412 (21,1)) = det (2+1-2(0)) + 5

where S is a finite sum of terms of the form

n N
(59) T = H ij“rlj*Q(zkj,lj) H @(kj+lj72) (0)
j=1 j=n+1
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where k1,...,kny and [y, ...,Iy are permutations of 1,..., N. Note that in the last
identity (i) the integer parameter n satisfies 1 < n < N; (ii) the second product
might contain no terms, in which case it should be interpreted simply as 1; and (iii)
the first product always contains at least one non-trivial term.

To complete the proof it suffices to show that

T
(60) lim =0.
=0 {my(n_1)(e) }V/2

To this end, first consider the second product on the right-hand side of identity

(B9), and write

N o] P2
H (I)(kj+lj—2) H / |x|k +z‘—2 bel(z)dz < {/ xQ(N—l)qu(x)dx}

j=n+1 j=n+1

where py = {z] waa (ke + 1 — )} J{2(N - 1)}
Next, note that at most one of the terms in the first product can have k; +1; =
2N. If none of the terms have this property, let

w,(x) = [ — 1|
and write
Hm arta)| S TL [ wn @lal 5 20,0
j=177°
n oo 1/q;
STt @ortr) 4 fmaosn ()
=1 >
where
(kj +1;—2) p /{2(N = 1)}
j=1
and

/g =1—Ak; +1; = 2}/{2(N - 1)}.
If one of the terms has this property, without loss of generality we may take
k1 4+l = 2N and compute as above to get

n
H iy +1;—2(2k;.1;)
=1

S /Oo wZN,N(x)xQ(N_1)¢€(x)dx

— 00

AT oo >¢e<x>dx)1/qj fmav—1) (O}

j=2 =0

where p; = {Z?ZQ(kj +1; - 2)} /{2(N — 1)} and the ¢; are as above.
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It follows that if one of the terms k; +[; = 2N, then

112 [ o @™V u(a)da

- & 1/q5
X H (/ w‘z’{,m ($)¢E($)da:> {mQ(N71)(€)}N/271;
joz oo
otherwise
= > 1/q;
IT| < H (/ w;’ij)l] ($)¢e(x)dx> {mQ(N_l)(E)}N/Q ’
jm1 N oo
where 1/q; =1 —{k; +1; — 2}/{2(N — 1)}. Either case implies identity @0). O

We can now determine the limits considered at the beginning of Section 5. Recall
the notation agreed to there, particularly the meaning of N, Py .(z) and Py o(x).

Corollary 1. If f(x) = e~"*® for some real number o and ¢ enjoys properties

B2 and @A), then
(61) lim Py.(z) = Pro(x).

Proof. If

N

—ivET

Py = Zc@ke K
k=1

then for € > 0,
S det F(U,V;G(U), k)
kT T et F(U,V)
where F(u,v) = ®(u—v), G(u) = ®(u—a), and U =V = {v1,...,vn}. Note that
F(U,V;GU), k) is (®P(vx — 1)) with the kth column replaced with

@(Vl — Oé)

‘I)(Z/N — Oé)
The formula for ¢ i, see (B9), may be simplified to
Vi —
Cok = H - - .
Rt 2 Rl 7"
{3:3#k}
To see that
(62) 1iIr(1) Ce.k = Co.k)
use Theorem (B)) and the abbreviation W = det(®*+1=2)(0)) to re-express c. x as
ooy — Wil = p)vs =)}y e {1 + 37

7 {Iess(wr = m)?} e {1+ 57}
where pp = a and p; = v; for j € {1,..., N}\ {k}. S2 depends on the parameters

v1,...,vN and €, while, in addition to these parameters, S1 also depends on «. In
both cases, k =1 and 2,

Sk = 0({m2(N,1)(e)}N/2) as € — 0.
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This behavior of S1 and S2, together with the fact that W is a constant multiple
of det(my4i—2(€)) and thus
W =W (e) < {ma_1) ()},

allows us to deduce (62) from the last expressions for ¢, and co .
The identity (£2) is, of course, equivalent to (E1).
O

In view of the above corollary and the fact that Py.(z) is linear in f, it is
tempting to use the representation

(o)
f@ =5 [ e i
™ — 00
to conclude that (61)) is valid for all sufficiently well-behaved f. However, to avoid
the usual difficulties presented by the interchange of limiting procedures, we base
our conclusion on the following theorem.

Theorem 6. Suppose f is a bounded measurable function on R which is N —1 times
continuously differentiable in a neighborhood of the origin and f(0) = f'(0) =--- =

FN=D(0) = 0. If ¢ enjoys properties (54) and (B5), then
(63) lim Py, (2) = 0
for all x.

Proof. As in the proof of the corollary, we have

N

—ivET

Py = Zc@ke K
k=1

and for € > 0,
S det F(U,V;G(U), k)
KT T det(®(u; — vi)
where F(u,v) = ®(u—v) and U =V = {vy,...,vn}; but here

Gl = [ 1),y

To prove the theorem, it suffices to show that

(64) lim cep =0,

since the validity of the result for values of the subscript & other than one follows
by permutation of indices.
To verify (64)), use Theorem [ to write

N

detF(U,V;G(U),1) = H(uk —uy) H (v — vp) Z G Y(z,)8,

k>l E>I>1 n=1
where S,, is a sum of terms of the form

N-1 q>(kj—lj—3)(zkj,lj)
(kj — D)1, —2)!

Here we used (@3) and the remark which immediately succeeds it, to re-express the
divided differences in formulas (52) and (B3) as derivatives. Also note that here (i)

j=1
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Uk ={v1,...,v}, (ii) k1,...,kn_1 is a permutation of the terms {1,..., N}\ {n},
(iii) Vi; = {ve,...,w; }, wherely,...,Ix_1 is a permutation of the terms {2,..., N'},
and (iv) z, and z;1;, forn=1,...,N and j =1,..., N — 1, denote appropriately
chosen pairs of real numbers, see Remark [3.1]

Since det(® (v — l/l)) =< {man—1)(€)}/2, to see (64) it suffices to show that

(65  G"U(z H kil (2 1) = o({mav—1)()}V/?) as e — 0

forn=1,...,N.
To see (63), first note that

G(n—l)(zn) :/ (ix)"_l f(z) eiz"x¢e(x) de
and |f(7)| < w(z) 2|~ where w(z) is a bounded continuous function such that
w(0) = 0. Indeed,
w(x) < RefN (@) +iTm fONY (@,)[ /(N = 1)!

for some z1 and x4 between 0 and x when z is in a sufficiently small neighborhood
of the origin. Thus

GV (z,)] < / ) w(@)|z N2 g (2) da,

—0o0

which, if n=1,...N — 1, is

[ wtorawmay [ o)

where
1 . 1 1 and 1 N+n-2
—+-=1land - = ———— .
poq ¢ 2N-1)
Next, using an argument similar to that used in the proof of Theorem Bl note
that

N-1 N-1l o0
IT %59 < [] / |2 [F9 73 g (2) dar < {may—1)(e)}/ N2
j=1 j=1 77"

where

S TR L EE N B LTS N

or, more simply,
r=(N-12-n+1.
Since the exponents in the last two strings of inequalities satisfy
1 r N
PREETISE RE
it follows that if n =1,... N — 1, then

N—

G (2 H s =l=3) (24, 1,) / {w(@)Pe(@) dz} P {mogn_1y () )2,
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and if n = N, then

N-1
G("_l)(zn) H ‘I)(kj_lj_3)(zkj,lj)
j=1

- /oo w(x)|$|2(N_1)¢€(x)dx {mZ(N—l)(€)}N/2_1 .

—0Q0

Either case implies (G5l). O

The following statement, which is the main result in this section, is an immediate
consequence of Theorem [ and the facts that (i) the mapping f — Py, is linear in

fand (if) if f = Y0, cke ™%, then Py, = f.

Theorem 7. Suppose f is a bounded measurable function on R which is N —1 times
continuously differentiable in a meighborhood of the origin. If ¢. enjoys properties

B2) and [BH), then
(66) lim P () = Profe)

for all .

For the sake of completeness we remark that there is nothing special about the
origin. The above results are valid mutatis mutandis with 0 replaced by any fixed
point xg.

7.

Suppose N' = {v1,...,vn} is a finite subset of the integer lattice Z and S is a
piecewise polynomial spline of order 2k with knot set X = Z\ N. We are interested
in the behavior of S when S|y remains fixed and the order 2k goes to co.

As indicated in the introduction, such phenomena have been investigated earlier
in the cases when the set of knots is a lattice or even a more general complete in-
terpolating sequence for the classical Paley-Wiener space. X is not such a sequence
when N # (.

Specifically, we are interested in Ly, o (), indexed by n in X, the uniquely defined
splines of order 2k of no greater than polynomial growth which satisfy

1 if m=n,
(67) Lok (m) = { 0 ifmeX\{n}.
L, 21, may be succinctly described as the tempered distribution which satisfies
d2k
T Ln2k(2) = > ad(z—1)
lex

and enjoys property ([@Z). In the above expression, §(z) represents the unit Dirac
measure at the origin. The fact that L, o exists and is unique is well known; for
examples, see [1].

Past work shows that it may be useful to consider the Fourier transform IA/mgk )
of Ly, 2r(x). The normalization of the Fourier transform used here gives

fe= [ " f@) e d
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as the Fourier transform of an integrable function f. For the basic properties of
Fourier transforms and tempered distributions, see, for example, [7].

Proposition 1.

—2k
(63) B = (77 = Pusld)) s
where
(69) Por(§) = Y ce it
v;eN
satisfies
(70) T Bl e"itdr =0 for v; e N.

0 2jmoo €= 2w

Proof. The properties of L,, ox(z) imply that its Fourier transform is a distribution
of the form

Ln2k(€) = P(&)IEI72*

where P(§) is a smooth 27 periodic function which satisfies both

2
/ P(£)e™ dé =0 for veEN
0
and
L[~ “ok imé 40 _ ) 1 ifm=mn,
%/WP(&‘)IH ¢ df{ 0 ifmeX\{n}
Since the left-hand side of the last identity can be re-expressed as

1 2

P Y le—2mj| 7 3 emede,

27
0 oo

these identities imply

PE) Y je—2mj| == Y e,

j=—o00 vi €N
and the conclusion of the proposition follows. O
Let
oo
(71) g€ —m) =cex(€—m)/ § D [€—2mj| e
j=—00

where 0 < € < 1, x(«) is the indicator function of the interval [—m, 7], and ¢ is a
constant chosen so that [~ ¢(z)dz = 1. It should be clear that relation (Z0) is
equivalent to

(72) / Pon(€)e™ € e (€)de = / eI (6)de

for v; e N, e=1/(2k), and k=1,2,....
Hence if ¢.(§), e = 1/(2k), is an approximation of the identity which enjoys prop-
erties (B4l) and (BH), then in view of the results in the previous section the nature
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of P, (&) as k — oo should be clear. Indeed, in the next section we show the
following:

Proposition 2. The function ¢.(§) defined by [[1)), with € > 0, is an approximation
of the identity as € — 0 which for every integer N enjoys properties [B4) and (B3).

As a corollary of this we have the following result concerning the nature of
Ly or(z) as k — oo.

Theorem 8.

(73) lim Ly op(z) = (—1)" ™ N
k—oo

m(x —n) T — v

Vj eEN
uniformly in x € R.

Proof. Let x(&) be the indicator function of the interval [—m, 7], and note that

lim |€|_2k
koo 3000 € = 2mj| 2k

in LY(R). In view of ([2), Proposition 2] Theorem [7} and the remark immediately
succeeding the statement of Theorem [7]

khj{.lo Pn,k(g) = Pn(g)

=x(§)

where P, () is the unique trigonometric polynomial of the form (69) which satisfies

l .
(74) PO (n) = %6*2”5 le=n = (—in)!(=1)" for 1=0,...,N — 1.

We may conclude that i—/n72k(£) converges to
L (&) = {e7™ = Pa(O)}x(&)
in L*(R), and hence L,, ox(x) converges uniformly to L, (z) as k — oo, where
sinmz -1 —1)%i¢c;
) =S (e 55
Vj eN J
and the ¢; are the coefficients of P, (). The last identity may be re-expressed as

sin Q(x)
@ —m IL, cnle— 1)

L,(x) =

where @ is a polynomial of degree no greater than N. That @ is a constant follows
from the fact that |z|"Y L, () is square integrable, because (74) implies the square
integrability of ESP({), l =0,...,N. That this constant has the desired value
follows from the fact that L, (n) = 1. O

8.

In Section 2 we described a wide class of approximations of the identity which
enjoy properties (B4) and (B5). The objective of this section is to extend this class
and, in the process, provide a proof for Proposition [Z1
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To this end, consider the ¢, defined by (Il). Namely,

[e e}

(75) be(w—m) =cox(x—m)/ § Y |lz—2mj|7 V3,

j=—o00

where 0 < € < 1, x(«) is the indicator function of the interval [—m, 7], and ¢ is a
constant chosen so that [~ ¢¢(x)dz = 1.

Clearly ¢.(x) is a non-negative, even function of = with support in the interval
[—7,7]. To see that ¢.(z) is indeed an approximation of the identity, it suffices to

show that
)

(76) 1irr(1) ¢c(z —m)dr =0 forall 0<d <.
€e— 0

To see (Z6l), for simplicity set ¢ = 1/€ and observe that

1S Y le—2mj ™y =27/ 1+ D {lal/e—2mj[}?
Jj=—o0 JEZ\{0}
from which it should be clear that for 0 < z <,

g+1
¢1/q($ - 77) = | zd bq(m)

where 0 < 1y < bg(z) < r1 < 0o with both 7y and 71 independent of ¢ and z. Hence

T—0 T—0 q
+1 T—0
/0 b1/q(x — m)dr <1q (jrq+1 /0 2ldr = { - } ,

which implies the desired limit ([Z6]).
To verify that the ¢.(z) of (75 also enjoys properties (54)) and (B3)), it may be
illuminating to consider a wider class of which (7)) is a member.

Proposition 3. Suppose ¢.(x) = be(x)1).(x) where both b.(x) and Y.(x) are non-
negative and satisfy

(i) 0 < rg <be(x) <1y < oo with both 1o and r1 independent of € and x;
(ii) for some positive integer N,

o0
0< o < / 2" € pe(ex)de <y < o0
—o0

forn=0,1,...,2(N — 1), where both r, 0 and r, 1 are independent of €;
(iii) for the same N as above

o N
/ |3 Gt Pee(en)dn > sofl€1]2 + - + €n[?}

T k=1
where s is a positive constant independent of € and &1, ..., &N.
Then
(o]
(77) cnroe” < / || ¢pe(x)dx < cprie™ for n=0,1,...,2(N — 1),
—o0

and if My = (myy1—2) is the N X N matriz with coefficients

o0
ml+k—2:/ "2 (z)dw,
— 00
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where k and | are integers in the range 1,..., N, then
(78) {Toso}N NIN=1) < et My < CNIN-D
where C' is a constant which depends only on ro1,...,To(N=1),1-

Proof. If one writes

o0 o0

/ || e (z)dx = / |ex|"be(€x) € e (ex)d,
— 00 — 00

it is clear that (77)) is an immediate consequence of items (i) and (ii) above. Simi-

larly, if one writes

(79)  det (/OO xk+l2¢e(x)dx> = NV=D (et (/OO xk+l2bg(ex)e¢e(ex)dx>

and uses (i) and (ii) to estimate the terms in the last determinant, the right-hand
inequality in ([Z8) should be clear. The left-hand inequality of (78) is only slightly
more opaque.

To see the left-hand inequality of ([8), call the terms in the second determinant
in identity (9) by, and write

w N
> bbb = / 1> & Poc(en)e (ex)dn
k,l

T k=1

o N
> 7“0/ 1> &t e (ex)da > roso{|G* + -+ [En [P}

T k=1
This implies that the smallest eigenvalue of the strictly positive definite matrix
(br,1) is bounded below by r¢so. Since the determinant of an N x N strictly positive
definite matrix is bounded below by the Nth power of its smallest eigenvalue, it
follows that

det(bg,) > {roso}?,

which, in view of ([9)), implies the left-hand inequality in (78). d

Corollary 2. If ¢.(x) is an approzimation of the identity of the form ¢.(x) =
be(x)e(x), where both be(z) and (x) satisfy conditions in Proposition (B)), then
de(x) enjoys properties (B4) and (B5).

Proof of Proposition[d. The argument consists of showing that the hypotheses of
Proposition [ are satisfied.

To see that the ¢, defined by ([Z8) enjoys the properties of ¢. in Proposition B
the changes of variable z — 7a and ¢ = 1/e imply that it suffices to consider

(80) P1/4(x) = aq(z) q(1 — |2)%
where 0 < 19 < aq4(z) < 71 < 0o with both 79 and r independent of ¢ and z. For
any real number v the notation w4 has the usual meaning, namely, uy = u if u >0
and u4 = 0 otherwise.

To see that 1y /4(x) = q(1 — |#])% enjoys conditions (ii) and (iii) of the Proposi-

tion, write
e} q 1
|l abaiade =2 o (0 —ajeris =200 [ -0y
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and
1
r nr 1 'T 1
0 I'(n+q+2) Flg+1) (g+1)---(g+n+1)
where I'(z) denotes the classical Gamma function. The last two identities imply
o n!
z|™1/q} 1, (x/q)dx = 2 ,
J sttt =2 e
which allows us to conclude that, for sufficiently large g,
n! e
(51) o < [ IV le/a)do < 2.
—0o0
Inequalities (BI)) show that property (ii) of the Proposition is valid for all n.
The fact that property (iii) is valid for all N follows from the fact that

{1/a} v1jq(x/q) = (1 = |zl/q)} = (1 —Ja))+
for all ¢ > 1. Simply write

o N
[ 1Y et P~ jal )t do

T k=1

o N
> [ 1Yt P fal)s do 2 sofleal + o 4 e}

X k=1
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