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QUADRATIC ITERATIONS TO =
ASSOCIATED WITH ELLIPTIC FUNCTIONS
TO THE CUBIC AND SEPTIC BASE

HENG HUAT CHAN, KOK SENG CHUA, AND PATRICK SOLE

ABSTRACT. In this paper, properties of the functions A4(q), Bgy(q) and Cy(q)
are derived. Specializing at d = 1 and 2, we construct two new quadratic iter-
ations to 7. These are analogues of previous iterations discovered by the Bor-
weins (1987), J. M. Borwein and F. G. Garvan (1997), and H. H. Chan (2002).
Two new transformations of the hypergeometric series 2F1(1/3,1/6;1;2) are
also derived.

1. INTRODUCTION

The famous Jacobi identity states that if

e 2

(1.1) da(q) = D ¢t
n=-—00

(1.2) Isg) = Y ¢,

and

(13) hala) = 3 (D"
then [I, p. 40, Entry 25 (vii)]

(1.4) 03(q) = V1(q) +93(q).

Around 1991, J. M. Borwein and P. B. Borwein discovered the following cubic
analogue of (I4) [6]:

3 3 3
(1.5) a*(q) = b°(q) + ¢*(q),
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where
e 2 2
al)= Y a
m,n=—o0
s 2 2
b(q) _ Z wnfmqn +mn+m ,
and
clq) = Z g(nHL/3) H(n+1/3) (m+1/3) +(m+1/3)*
m,n=—o0

w being a primitive cube root of unity. The Borwein functions a(q),b(g) and c(q)
and the Jacobi theta functions 91 (q),92(¢) and ¥3(q) share many similar features.
For example, if we set

C)
and
3
(1.7) z3(q) = a3i(c]1))’
then [I, p. 125]

(18) ole?) = (@%ﬁﬁ;)

and 2 (3.2)]
3\ 1_\3/1_373(Q) ’

The duplication formula (L&) for a(g) plays an important role in proving the fol-
lowing iteration:

Iteration 1.1. Let {p = %, S0 = %,

1—4/1-352
Spy1 = ———
n+1 1+ /—1—8%7

Then ¢, ! converges quadratically to 7.

and th+1 = (1 + Sn+1)2tn — 2n+15n+1.

In a similar way, the triplication formula (I.9)) leads to
Iteration 1.2. Let tg = %, So = @,

_ -0 ) d t, = (1+2s,)% 37 1(142s,)% — 1
o= L = (2t - 20 )

Then ¢, converges cubically to 7.
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For an excellent account and proofs of Iterations 1.1 and 1.2, see the paper by
J. M. Borwein and F. G. Garvan [g].

Recently, motivated by the approach given in [8], H. H. Chan [I0] devised a
new method for deriving iterations to . He succeeded in proving the following
respective analogues of Iterations 1.1 and 1.2:

1
Iteration 1.3. Let kg = 0 and so = —. Set

V2
1—/1—s2_
Sy = ——t e and  ky = (14 8,)%kn_1 +2"(1 — 5,) 5.
1+,/1—82
Then k! tends to 7 quadratically.

1
Iteration 1.4. Let kg = 0 and sg = 7 Set

32
1_\3/1_5271 1—s3
=— ——— and k,=(14+28,)%n_1+8- 3"2V/3s, n

14+28/1-s3_, 1+ 25y,

Then k! tends to 7 cubically.

Sn

At the end of [10], Chan compared his method with that of Borwein and Garvan.
He remarked that Borwein and Garvan’s method appeared to work only when
N = p, since their function ey, [8, (3.13)] simplifies only in this case. In other
words, for a function of “base p” (or a function associated with the modular group
I'(p)), the only iteration they obtained was a p-th order iteration to w. Chan’s
method, on the other hand, yields (at least theoretically) an N-th order iteration
to 7 for suitably chosen functions of “base p”. Unfortunately, except for those when
N = p, the iterations obtained using Chan’s method for N # p are not as simple
as those of Iterations 1.1-1.4. An example of a quadratic iteration to the septic
base was recently given by Song Heng Chan [I3]. It therefore appears that we
have exhausted all possible simple iterations analogous to Iterations 1.1-1.4 using
the functions motivated by Ramanujan’s theories of elliptic functions to alternative
bases [2], as well as the functions obtained from [§].

In this article, we introduce three new functions:

(110) Ad(q): Z q2(m2+mn+dn2)’
m,ne”

(111) Bd(q) — Z (_]_)m—nqm2+mn+dn27
m,ne”

and

(1.12) Calq) = Z q2((m+1/2)2+(m+1/2)n+dn2).
m,ne’

Note that when d = 1, we are working with the function a(g?), which is associated
with the cubic base. Surprisingly, in this case, we are able to obtain an analogue
of Iterations 1.1-1.4, namely,
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Iteration 1.5. Let ko = 0 and yo = 8/9. Set

(6y2_1 — 5Yn—1+ \V/Un-1(4 — yn_1))

n = 2
Y Qy%—l —6yp—1+1

and

Yn—1(1 — yn—1)
kn =2"V3¥———cor——"+ (4 — 3yn—1)kn_1.
V3 Ty, + ( Yn—1)kn—1

Then k,, ! tends to 7 quadratically.

Note that this is a quadratic iteration in the cubic base. For d = 2, we have the
following quadratic iteration associated with the septic base:

Iteration 1.6. Let yg = %, ko = 0. Let

202 | = Yn—1+ \/4yn—1 —3y2_,

T4+y2_,

Yn =

Set

2" Yn-1(1 = yn—1)
Wﬁ\/(yn_l +1)(4 = 3yn—1)(W2_1 — 3Yn—1+4)

+ (2 = Yn—1)*kn_1.
Then k,; ! tends to m quadratically.

ki =

In Section 2, we quote several identities satisfied by A4(q), Ba(q) and Cy(q), and
we prove that
(1.13) A3(q) = Bi(a) + C3(q)-

The special case of (II3) when d = 2 is proved in [I1] using the existence of a
unique 7-modular lattice of dimension 4 over Z. Note that (LI3) is an analogue of

() and (3.
In Section 3, we set d = 2. Motivated by (L6l) and (L), we define
(1.14) Y(q) := Ba(q)/A2(q)-
We then establish a duplication formula satisfied by Y (¢q), which is given by
_ 2Y%(q) — Y(q) + V4Y (q) — 3Y?(q)
1+Y2(q) '

We end the section by deriving Iteration 1.6.
In Section 4, we set d = 1 and establish the duplication formula

(1.15) Y(¢%)

_ o [ 6Y%(a) = 5Y(q) + VY(g)(4 - 3Y(q))
(1.16) Vi) =2 < 9Y2(q) — 6)(q) + 1 ) ’
where
_ B9
(1.17) V(@) = 3

We then prove several identities which eventually lead to Iteration 1.5. We also es-
tablish two transformation formulas for the hypergeometric series o F1(1/3,1/6; 1; z).
In Section 5, we give another proof of the transformation formulas established in
Section 4, using one of C. W. Borchardt’s mean iterations studied by the Borweins
and Garvan [5], [7].
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QUADRATIC ITERATIONS TO = 1509

2. IDENTITIES SATISFIED BY Ay, Bq AND Cy

Let ¥;(q),i = 2,3, 4, be defined as in (LI)-(L3). We have

Lemma 2.1.

oo

(21) Ad(q) _ Z q2(m2+mn+dn2) _ 03(q2)193(q8d72) + 192((]2)192((]&172)7

m,n=—o0

(22)  Bala)= Y (=L)"Y = 04(q)da(q* ),
m,n=—oo

and

(23) Cd(q) — Z q2((M+1/2)2+(m+1/2)n+dn2)
m,n=—oo

= 92(¢*)93(¢** %) + 93(¢*)02(¢> ).

Proof. The identity (ZI) can be found, for example, in [12, p. 1738]. For the proofs
of the subsequent identities, we will need the following simple identity, namely, for
any odd integer n,

oo

(2.4) ST (—1ymgtmtE)” <o,

m=—0o0

This identity follows immediately from [15 p. 464].
Next, note that

o0

Bulq) = Z (_1)m—nqm2+mn+dn2

m,n=—o0
o0
= Y (-1mingmt R with D =4d - 1,

m,n=—o0

= 3 Y YT (et
e "
= D0 (g 3T (Y
o e
= .
D DN R D C VAt
o "=
= 3 P YT (Fyme Y by @3,
n_ even e
= 94(q")4(q).
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Finally, rewrite Cy(q) as

oo

n\2, D, 2
Culq) = Z g2((m+%) +&n?)

m,n=—o00

Z ny2, D2 Z n\2, D, 2
— qQ((m+2)+4n)+ qQ((m+2)+4n)
m,n=—o0 m,n=—o0
n even n odd

= D2(¢*)03(¢* 72) + 93(¢*) 92 (> ?).
U
Our next task is to establish relations between A4(q), Ba(q), and Cy(q). We have

Lemma 2.2.
(1) Aa(¢®) = Bala) + Ca(q?).
(i) A3(q) = Bi(a) + Ci(q).
Proof. From (1) and 23]), we find, after some simplification, that
Aa(d®) = Ca(d®) = (P3(g") — D2(g")(W3(¢" %) = ¥a2(¢"*7"))
= 94(q)94(q"" ") = Balg).

This completes the proof of (i).
Next, by ([21]) and ([23)), we find that

(2.5) A3(q) = Ci(q) = (93(¢>2) = 95(¢*72)) (93(¢%) — 95(¢%))-
On the other hand,
(2.6) 93(q") = 93(q") = (9s(q*) — P2(q")) (F3(q") + Va(q"))

= 93(q)Y4(q) = ¥3(¢?),

where the last equality follows from a well-known identity (see, for example, [I] p.

40, Entry 25(iii)]). Substituting ([26]) into (ZH) completes the proof of (ii). O
Lemma 2.3.

(o) R ,
(27) Ad(Q) + Bd(q2) ) Z q2(dm +2mn-+4n ).

m,n=—o0

Proof. We have

oo

Aa(q) + Ba(g®) = Z (1+ (—1)m*n)q2(m2+mn+dn2)

m,n=—o0

00 9 , ,
=92 Z + Z q2(m +mn+dn®)
m,n=—o00 m,n=—o00

m,n both even m,n both odd

oo 0o oo 0o 0o
=2 E E + § _ § E q2(m2+mn+dn2)
n=—00 m=—o00 m,n=—o00 n=—00m=—o00
m even m,n both odd n odd m even
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From (24)), we deduce that

[e e} [e ) oo

DD DD DY A

m,n=—00 n=-—00 Mm=—00
m,n both odd n odd m even

_ i i (_1)mq2(m2+mn+dn2)

n=-—00 M=—00
n odd

LSS Capea
n=-—00 M=—00
n odd

3. THE CASE d = 2 AND ITERATION 1.6

We now specialize our results in the previous section to the case d = 2. Set
A(q) = A2(q), B(q) = Ba(q) and C(g) = Ca(q). We have

Corollary 3.1.
(1) A%(q) = B*(q) + C*(q)-
(i) A(q) =2A(¢%) — B(*).
(iii) B(q) = A(¢?) — C(q*).
Now, let Y (¢q) be given as in ([.14). From Corollary B1|(ii), we find that
Alq) 2
=2-Y .
g 2T
From Corollary BI1iii), we deduce that
A(¢®) _ Cla?)

@ =" ~ Al

2 2(,2) _ R2(52
_ Alg®)  VA%(¢?) — B*(¢?) by Corollary B11(i)

(3.1)

Ag) A(g)
_ A(QQ) 2(,2
=T (- VIV)
1
:mo—vl—YQ(QQ)), by B.1).

Solving for Y (¢?), we obtain the duplication formula (TI5).
We are now ready to establish Iteration 1.6. It is well known that A(q) satisfies

the relation [14] p. 205, (5)]
VRA(eT™VT) = Aem VT,

Following the method illustrated in [10], define

N(o— n/7
P —2\/EM’
ﬂ_AQ(efTr n/7) 7143(677“/”/7)
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where

fla) == 112,

As in [T0], we find that

(3.2) e (%) +K@r) =0

and, for any positive integer IV,

2y = 2 (q) | 2 [T (o ,
(33)  K(N?r)=m?(q) <A2(e_” m)\/;mN( M)+ K( )) :

where AlQ)
my(q) = A(q?\’)'

Now set N = 2. In order to derive Iteration 1.6, we need to convert the derivative
ma with respect to ¢ to a derivative with respect to Y3 := Ya(q) = Y (¢?). As such,
we set

dYs
F(q) :=q—
(9) = a3
and we find from @3] and FI)) that
2
(3.4) IC(227“) = _7\/2(2 —Ya(e " r/7))F(ef7r 7’/7)
A2(677r r/?) 7

+ (2= Ya(e TVIT)K(r).

It remains now to evaluate F'(g), which we will complete in a few steps. First,
we observe that

(3.5) 2% (70 (77) = B*(¢°)(A(¢®) — B(¢?)),

where
e .
77(7_) — q1/12 H(l _ q2k), q= e
k=1

Identity (B.5) is obtained from the two representations of the theta series associated
with the lattice A2 (see [T} Section 5.1]). Dividing by A3(¢?), we find that

() A¥a) (7).

Y21 —-Ys) =2 =
20N =2 T me) TR A
By (&) and the identity (see, for example, [T2, Lemma 2.2])
A%(q) n*(77) n'(r)
- - =49 + 183+ -,
3 (T)n? (77) n*(r) n*(77)
we find that
3.6 Y2(1—Ya) = 2(2 — Va)3 X
(3.6) 2(1-Y2) =2(2-Y2)"—= "
where
(3.7) x = x(q) = z(1 — ),
with .
Lo 1)
x  x(q) 7nA(77)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



QUADRATIC ITERATIONS TO = 1513

Solving for x yields

Y22(Y2 - 1)
3V, —4)(Y7 — 3Y2 +4)

(3.8) X=T7

Differentiating (B.8)) with respect to g, we find that
dx 14 Yy (5Yy —4)(Y2 —2)?  dYs

Tag = BV, —42(YF —3Ya + 42 dg
On the other hand, from (B.7), we find that

(3.9)

dx _
qdq_

using the identity [12, (2.23)]

(3.10) (1= 20)q5] =201 - 2004,

Since

we deduce from (FI0) that

d
(3.11) qd—); = 242(q)x\/1 — 4x.
Substituting (B-I1) into (B:9) and simplifying using (B.8)), we conclude that
dYs 9 Y2(1—-Y3)
12 F =qg——=A = 2 (Yo +1)(4—3Y5) (Y2 — 3Ys + 4).
(312)  Fla) = 07" = 220 g g (% + (= 3%2)0F — 3, +4)

Now, substituting (BI2) into (B4), and setting r = 1, k, = K(4") and y, =
Y'g(e_27L71”/‘ﬁ), we deduce that

2" Y 1(1 = yn—1) 2
2 Jnm i It Sy +1)(4 = 3y, =3y, 4
N AT \/(y 1+ 1)(4 = 3yn-1)(yn_1 — 3Yn-1+4)

+ (2 - ynfl)anfL

kn =

To complete our proof, it remains to compute kg and yo.

By B2), ko = (1) = 0. To compute yo, note that 2(e=™/VT) = 1/2 [12}, proof
of (1.9)]. Hence x(e~™/V7) = 1/4, and, solving the equation (3.0), we deduce that

We end this section by giving another proof of the key identity (3:5). The second
proof connects our work with Ramanujan’s modular equations of degree 7.

First, we observe that (3.5)) is equivalent to

(3.13) 4’ (r)n*(77) = B(@)(B(q) — A(g))?,  g=e™".
This follows from the identity
2B%(¢*)(A(¢%) — B(¢*)) = B(a)(Alq) — B(q))*,

which is a consequence of the duplication formula ([CTH).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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By using the identities [1, p. 122, Entry 10(i), (vii), p. 123, Entry 10(iii), p.
124, Entry 12 (ii)], we may write (3.I3) (with ¢ replaced by ,/q) in the form
(314 2/ -a)1-p)(ap)"/

= Juo—va) 1=V (@) +1- (- VB - va)

where a = a(q) and 8 = a(q"), a(q) being given as in (L.G). Now, from [Il pp.
316-317], it is known that, with t = (3)"/8,

Va =1 —t+3)(t(2 =3t + 222 4 (1 = t)(t(1 — t + 26°)(2 — t 4 12)) /2

and
VB =1 =t +82) (2 — 3t +267)2 — (1 = t)(t(1 — t + 2¢%)(2 — t + ))V/2.
Note that
(1 —vVa) (1 —/B) =1+2(t(2 — 3t + 2t2))/%t — 2(¢(2 — 3t + 2t2))"/?
—2(4(2 — 3t + 2¢%)) /2% 4 14)1/2,
Hence,

§ = \/(1—\/5)(1—\/B):l—t+t2—\/t(2—3t+2t2).

Hence the proof of (BI3)) is reduced to showing the algebraic expression
2t(1 — 1)t = 6(6 — 1 — t2),

which is straightforward.

4. CASE d =1 AND A QUADRATIC ITERATION TO T

In this section, we construct an iteration to 7 arising from the case d = 1, or in
other words, the cubic base. Set A(q) = A1(q),B(q) = Bi(q) and C(q) = C1(q).
From Lemma[2.2, we have

Corollary 4.1.
(i) A%(q) = B*(q) + C*(a).
(i) B(a) = A(¢?) —C(¢*).

We need a third relation which plays the role of Corollary [A1{ii). The third
relation, unlike that of the case d = 2, turns out to be another quadratic relation.

Lemma 4.2.
A%(q) = 4A4%(¢%) — 3B%(¢?).

Proof. To prove Lemma [£2], we first replace ¢ by /7 and observe that by [I}, p.
122, Entry 10(i),(vi), p. 123, Entry 11(i), (iii)], it suffices to verify that

(4.1) (\/(1 +Va) (14 7) +2V5)* = 4(1 +5)% = 3(1 = Va)(1 = 7),
where o = a(q), v = a(q¢®), and
(4.2) st = ay.

The definition of s is motivated by the definition of ¢ in the previous section and
the following modular equation of degree 3 [1I p. 230, Entry 5(ii)]:

(4.3) (N + {1 —a)(1 =y}/* = 1.
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The modular equation (@3)) also shows that

{1-a)@ =7} =01-29"

Solving for a and [ yields
(4.4) Va=+s(1—-s+Vs?2—s+1),

and

(4.5) VI=Vs(s—1+s2—s+1).
Using ([E4) and ([@5), we find that

(1+vVa)(1+7) = (Vs +Vs2—s+1)%
and the left-hand side of (£1]) becomes

(4.6) $2+8s+1+6ysvs2—s+1.
Substituting (@4) and (@3) into the right-hand side of (#1l), we obtain the same
expression ({.6) and complete the proof of Lemma [£.2] O
Dividing the identity in Lemma @2 by .A?(¢?), we find that

A2(q)
A%(¢?)
where Y(q) is given by ([.I7). Now, substituting (L.I7) into Corollary [B:I|(ii), we
deduce that ) )

@) = 1—s5m (1= VI= V@)

(9) =39 (%)

and solving for )(¢?) gives the duplication formula (ICI6).

We are now ready to derive the quadratic iteration. Following the argument as
in the previous section, we find that if

1 \/% Ale=™Vn/3)
Kpi=———— 24| =0——=,
WAQ(G—TI' n/3) 3A3(e—m/n/3)

(4.7) =4-3Y(¢"),

then
, _
(48)  Kaldr) =mi(e V) <7/ s T/3>+KA<7~>>,
./42(@77‘- T ) 2
where

Simplifying (48] using (47, we find that

(49)  Ka(4r) = —3\/§7A2(fiq) 7t (4= 322V Kar),

where
Vela) = V) and F(g) =22,
We first establish the identity
(4.10) 16n°(r)n’ (37) = B2(q) (BX(q) — A%(q))".

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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Replacing ¢ by /g, we see that (ZI0) is equivalent to

2
(A1) 4s(1—s)' = (1= Va)(1 = ) (L= Va)(1 = v3) — (1 +5)2)7,
where s is given by [@2)). Using (@4)) and (), we show that both sides of (I
are equal and complete the proof.
It is known from [9) (2,1), (2.2), (2.3)] that if x3(¢?) is given by (L), where
g = €™, then

(4.12) x(q) == z3(¢*)(1 — z3(¢%)) = 27%(2()37) - i;

where the last equality follows from (EI0). Using (I6]), we find that

2(0)(1 —
(4.13) x(q) = % y?iqi(;%?;z)gg)).

Differentiating ([4.13)) with respect to ¢ and using the fact that [9]

d(Eg 2
23 _ 9
L A% (@)x(q),
we deduce that
2Y2(q9)(V2(g) — 1)
(4.14) Flg) = q—— = A*(q) :
dg 4 —3Y:(q)
Substituting (@I4)) into (9), and setting r = 1, k, = K4(4") and y, =
Vs, (6_2”7177/\/5), we deduce that

ynfl(]- _ynfl)
kn, =2"V3F—m———= 4 —3yn_1)kn_1.
\/_ m +( Y 1) 1

Now, again kg = K4(1) = 0. It is also known [10| Proof of Iteration 5.1] that
x(e*’r/‘/g) = 1/4. Solving for yo using [EI3), we deduce that yo = 8/9. Together
with the duplication formula (II6), we obtain Iteration 1.5.

We end this section with two apparently new transformation formulas for the

hypergeometric series
L < (3), (), =
2F1 <§7 6’ ].,Z) = Z 7m’
n=0
where (a), = (a)(a+1)---(a+n —1). First, let 0 < ¢ < 1 and recall from [2]
Lemma 2.6] or [9, (4.3)], and [4] p. 178] (due to Kummer), that

419 A = 2P (3 i) = oF (5 g1
From (BI2), we find that
(116) x(0) = 25x(a)(1 - x(0)),
where
x(q) =1-Y(q).

Using the new variable x(q), we write (£I3)) as

— x(a2))2x(q?
(4.17) x(q) = %(1(1 +(§X)()qa )(3 )

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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and (A7) as

Alg)
(4.18) A(qQ) 1+3X( )
Now, by ([#I5) and (EI0),
(419) A = oF (i )0 - x(@) ).
On the other hand,
— x(a2))2x (g2
o et SR

Finally, using (E18) and replacing x(¢?) by u, we deduce the transformation formula

(4.21) o Fy (1 L. 27ﬂ> =1+ 3usFy <1,1-1-§(1—u)u2>.

376" (1+3u)3 364
The formula (@2]]) is only valid when 0 < w < 1/9. Note that the formula is not
valid beyond the given range, since u = 1/9 satisfies the equation

1— 2

grL=wu

(14 3u)?

and that 2 Fy(a,b;c; z) is divergent at z = 1.
u

If we now replace u by we immediately obtain the following companion

of (@ZI):

11 u?(1—u) T—3u _ (11 27 ,
4.22 A=, =127 = i) 12501 —u)?) .
(422 1(3’6’ ’ (4—3u)3> 2 ? <3 gl “)>

This is valid for 0 < u < 1/3.

4 —3u’

5. BORCHARDT’S ITERATION REVISITED

The last transformation formula [22) can also be derived from one of C. W.
Borchardt’s mean iteration formulas [3], considered in [5]. We now describe a second
proof of ([22) (which certainly gives a second proof of ([ZI))), using an explicit
description of this mean iteration.

Once again, let 0 < ¢ < 1. Recall from Lemma 2] that if we set a,, := a,(q) =
A2(¢¥") and by, := by (q) = B2(¢2"""), then

an + 3b
(5.1) Unt1 = %.
From Corollary EIlii), we find that

V b, = Van+2 —\/ Ant2 — bn+17

which yields

(5.2) 1/ \/a"+2 - a"” ~1.
n+1 n+1 n+1

From (5.2), we deduce that

(5 3) / n+1 \/an+2 \/an+2 o
n+1 n+1
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Adding (5:2) and (&.3) and simplifying, we deduce that
(54) bn+1 + bn = 2\/ an+2bn.
Using (B.1) twice and squaring, we find from (5.4)) that

anby, — b2
— " =0.
4

Solving (5.) for by,+1 and determining the square root using the expansions of A(q)
and B(q), we deduce that

(55) bi+1 - bn+1bn -

b b
(5.6) buys = 2 2 =
Note that the iteration
(ab) - a+3b b+ Vab
’ 4 7 2

gives the iteration considered by the Borweins [5].

It is known [5] (1.3)] that the sequences {a,} and {b,} have a common limit,
B(ao, bo), when 0 < ¢ < 1. This common limit is the analogue of Gauss’ AGM and
satisfies (by observing that B(ag,bp) = B(a1,b1)) the transformation formula [5]
(1.10)]

(5.7) B(z) = 1 —ngB (2(1@ ;;)) :

where B(z) = B(1, z). On the other hand, from our parametrization above, we find
that, for 0 < ¢ < 1,

B(A%(q), B*(¢%)) = B(A*(¢*), B*(¢")) = --- = B(A*(0), B(0)) = 1.
Hence,

L = L1 (1 -x(@)*x(e?)))
S (1. 54)) Bl <2F1 (3’ N (S =k )) ’
by (£20). Next, note that by (7)), we may write
B*(¢?) _ B*(q?) A%(¢?) _ 1-x(¢?)

5.9 = = )
59 2~ FP) X 1157
Substituting (£:9) into (5:8)) and replacing x(g?) by , we deduce that, for 0 < z <
1/9,
1 11 1-2)22\\’
(5.10 —_— = <2F1 (—,—;1;277;>)
) B (1 22) 376" (1+32)°

1—=x
14 3x

(5.11) B(11, = (2F1 (% %;1;2{(1 —x)a:2>)2,

Replacing z by in (5I0), we deduce that
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valid for 2/3 < z < 1. Using (5.11]) in (5.7 and taking the positive square root, we

obtain
11 272(1—x)? 1+ 3z 11, 27 9
o Pk 2, Y = 21250 =
2 1(3767 ’ (1+3$)3 4 2141 3;67 74( $)l‘ )

valid for 2/3 < = < 1. Replacing x by 1 — z yields (£.22)).
The Borweins and Garvan [7, Theorem 5| obtained the identity (5.11]) without
stating the range for which it is valid.

6. CONCLUSION

We have seen that functions such as A4(q), Ba(q) and Cy(q) possess many inter-
esting properties. In the cases d = 1 and d = 2, we have shown that they are good
candidates for furthering the study of Ramanujan’s elliptic functions to alternative
bases. Using other values of d, we will probably encounter new functions analogous
to those studied in this article.
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