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MAPPINGS OF FINITE DISTORTION:
THE SHARP MODULUS OF CONTINUITY

PEKKA KOSKELA AND JANI ONNINEN

ABSTRACT. We establish an essentially sharp modulus of continuity for map-
pings of subexponentially integrable distortion.

1. INTRODUCTION

We consider mappings f € I/Vllocl (Q,R™), where Q C R"™ is a domain. Such
a mapping is said to have finite distortion if the following three conditions are

satisfied:
(1) fe W H(Q,R").

loc
(2) The Jacobian determinant J(z, f) of f is locally integrable.
(3) There is a measurable function Ko = Ko(x) > 1, finite almost everywhere,

such that f satisfies the distortion inequality
(1) [Df(z)|" < Ko(z)J(z, )  ae
Notice that when Ko € L, we recover the class of mappings of bounded distortion,
also called quasiregular mappings. In this case, f is locally Holder continuous with
exponent K, ! and this exponent is sharp. By this we mean that f has such a
representative; this comment also applies to what follows. Recently, (non-constant)
mappings of finite distortion with subexponentially integrable distortion Ko have
been shown to share many of the nice properties of mappings of bounded distortion,
such as being open and discrete [B5], [12], [14]. Here the subexponential integrability
of Ko requires that

exp(A(Ko)) € Llloc(Q)

with A smooth and strictly increasing, with

oo !
(i) / AT(t) dt = o0, and so that
1

(ii) there exists to € (0,00) such that A’(¢)¢ increases to infinity for ¢ > to.

In particular, under this assumption, a mapping f of finite distortion is contin-
uous. The integrability assumption on Ko is sharp as regards continuity (and
openness and discreteness) in the sense that mappings of finite distortion with
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1906 PEKKA KOSKELA AND JANI ONNINEN

exp(B(Ko)) € I//llo .(Q) and without a continuous representative can be constructed
whenever [ BT(t) dt < oo, see [T4].

Let us consider the case exp (AKp) € L}, .(2). By the results in [7], f then has

loc

(locally) a modulus of continuity of the type
[f(z) = f(y)] < C/loglog(R/|z — yl).

It is also known that better bounds can be obtained when the constant A is suffi-
ciently large: given s > 0, the (local) modulus of continuity

|f(z) = f(y)] < C(log(R/|z —y|))~*

holds provided A > A(s,n). This conclusion is established in [6] as a corollary to a
surprising regularity property of mappings with exponentially integrable distortion
that does not hold for small A. In this paper we establish an essentially sharp
modulus of continuity by a different technique.

Theorem 1.1. Let f: Q — R™ be a mapping of finite distortion whose distortion
function Ko satisfies the integrability condition

(2) K = /Bexp(/\Ko(a:)) dx < o0,

where A > 0 and B = B(zo,R) CC Q. Then for every small ¢ > 0 and all
x,y € B(xo, (%)e [—2—K|™=°), we have the estimate

Wn—1
1
(IB J(Zaf) d’z) "
A _e n '
log™ (wn_l‘f_y‘n)

Here wy,_1 is the surface measure of 0B(0,1).

3) |f (@) = f(Y)| < Ck.rna(€)

The following example shows that our modulus of continuity is essentially sharp.

Example 1.2. Let A > 0. Then there exist a continuous mapping f : B(0,1) — R"
of finite distortion such that

(4) / exp (AKo(z, f))dx < oo
B(0,1)
and points z;,y; € B(0,1) so that ; — 0, y; — 0 and
Ahe 1
) o) = Flo) o™ (1) = o0
|z — 5

for every € > 0.

We believe that the claim of Theorem [Tl holds with the exponent A/n, but we
have not been able to verify this.

Theorem [Tl is new even for homeomorphic solutions to the Beltrami equation
in the plane. By the results in [I] and [9], one obtains a logarithmic modulus of
continuity of the type given in Theorem [Tl for solutions to the Beltrami equation
but with a worse exponent.

By the discussion above and Theorem [I.T] one would expect an essentially sharp
modulus of continuity even under the weaker assumption that exp A(Ko) € L}, .(2)
with A satisfying (i) and (ii). This is indeed the case, and such a result will be
given in Section 4.
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MAPPINGS OF FINITE DISTORTION 1907

Let us close this introduction by briefly sketching the proof of Theorem [[T]
We mimic the lines of reasoning by Morrey [16] and Reshetnyak [I8] for the case
of mappings of bounded distortion as follows. We prove a decay estimate on the
integrals of the Jacobian of f over balls by establishing a differential inequality
for these integrals. This is done by employing a suitable isoperimetric inequality
established in [17] (also see [§]); the crucial point behind the isoperimetric inequality
is that, under our assumptions, the pointwise Jacobian of f coincides with the
distributional Jacobian. In the (classical) case of mappings of bounded distortion,
the decay estimate on the Jacobian guarantees that f belongs to a Morrey class and
is thus Holder continuous [16], [18], [L0]. In our setting, the decay order is too weak
to imply even continuity for a general mapping. To bypass this difficulty, we insert
the fundamental ideas from our initial proof of continuity in [7] to show that, for
our mappings, the decay order suffices to yield the desired modulus of continuity.

2. ORLICZ SPACES

Theorem [Tl will be obtained as a corollary to a more general result. Let us
replace the assumption exp(AKo) € Lj, () with exp(A(Ko)) € L},.(£2), where A
is an Orlicz function. We call a function A : [0, 00) — [0, c0) infinitely differentiable

on (0,00) and strictly increasing with 4(0) = 0 and tlim A(t) = oo an Orlicz
—00
function. We will assume for all Q' CC 2 that

(6) // exp A(Ko(z)) dx < oo,

> Al(s) 1 [V eseamy dt
[A L
1 B Jo tA=1 (log i7)

for all C,3 > 0. This is condition (i) from the introduction. We wish to warn the
reader that conditions () and (@) do not require Ko even to be locally integrable,
and thus an additional technical assumption has to be imposed on A. To fill up
this gap we assume that A satisfies condition (ii): t.A’(t) increases for large ¢ to
infinity.

S

Proposition 2.1. Assume that A is an Orlicz function satisfying (i) and ().
Then we have the pointwise inequality

8) P(K.J) < J + exp(A(K)) — 1

for all K, J > 0, where the Orlicz function P satisfies the integrability condition

(9) /1°° P(QS) -~

S

and also the technical condition that for every e > 0, we have
(10) (ELP(1) <0 < (T P(D)’
for all t > m(e, A).
We refer to [I4] Lemma 2.1 and Lemma 2.3] for the proof of Proposition 21
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1908 PEKKA KOSKELA AND JANI ONNINEN

Lemma 2.2. Assume that A is an Orlicz function satisfying (i), and let p € [1,00).
Then there exists g7 = tmg(p, A) € (0,00) such that the function

t — t Pexp(A(t))
is increasing on ({7 g, ).

Proof. The claim follows from the identity

S explA(1) = 7 exp(A() [A (1)t ~ 7).

O

Lemma 2.3. Assume that A is an Orlicz function satisfying (i), and let p € [1,00).
Then there exists g7 = tr3(p, A) € (0,00) such that the function

t

t —
A (log t7)
is increasing on (7.3, ©0)-

Proof. Because

%exp (?) 7 = exp (%) t? <%A’(t)t - 1> :

we find a number #y(p, A) such that exp( (¢ )) t~! is increasing for t > 5. We
conclude that

;e (A4 plosn)
A-1(logtr) A-1(plogt)
is increasing on (#p3, 00), where fgg = exp (A(to)/p). O

Lemma 2.4. Assume that A is an Orliczfunction satisfying (i), and let p € [1, 00).
Then there exists 1@ tlﬂl p, A) € (0,00) such that the function

1

t — exp(A(t?))
is convex on (@, 00).

Proof. Because

d 1 1 1 1,1

% exp(A(t7)) = — exp(A(t7))A (t7 )tv
D

it suffices to show that the function

exp(A(t7))
t

t—

is increasing for large values of ¢. This holds by Lemma [Z2] and so the claim
follows. 0
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MAPPINGS OF FINITE DISTORTION 1909

3. ISOPERIMETRIC-TYPE INEQUALITY

A crucial tool in establishing the correct modulus of continuity in our case is
the following integral-type isoperimetric inequality for mappings in the space {f €
WhL(Q,RY) : P(|Df]") € Ll () and J(x, f) > 0 a.e. in Q}.

loc loc

Lemma 3.1. Assume that an Orlicz function P satisfies the divergence condi-
tion @) and the technical condition ([[Q). Let f € VVllo’Cl(Q,R"), n > 2, satisfy
P(IDf|™) € L}, () with J(z,f) > 0 almost everywhere in Q. Then for each

B(zg, R) CC Q, we have

n
n—1

I A e (/ lDf<z>|"1dZ>

B(zo,r)
for almost every 0 < r < R.

We refer to [I7] for the proof of Lemma Bl Actually, Lemma BTl is the simple
case of our more general result in [I7], because we can integrate by parts against
the Jacobian under the assumptions of Lemma [3.Il This means that

(12) /Q (@) (x, f) do = /Q F @ frooo fot s fots oo f) da

for all test functions ¢ € C§°(€2) and each index i =1,...,n.

We close this section by giving a simple proof for a weaker version of the
isoperimetric-type inequality. This is weaker in two senses. The power of |Df|
will be larger than n — 1, and the constant somewhat larger. This weaker version is
shown below to yield a version of Theorem [LT] with % replaced by #})(n), where

pe(n—1,n).

Lemma 3.2. Under the assumptions of Lemma[3, for all p € (n —1,n) we have

n

(13) /B(xo,r) I )= < 2B 9B . (ﬁB(W) |Df(z)|1’dz>

for almost every 0 < r < R. The constant A,(n) is given by the formula

(14) Ay(n) = (wnl) ’ (/ sin®1 () d@) o
Wn—2 0
Because
p—1
< <T—
m < Ap(n) *ﬂp—n—i—l

(see [10, Lemma 3.10.1]), (I3) is weaker than (III).

Proof. Let j € {1,2,3,...}. Choose a mollifier n € C§°(B(0,1)) and let n;(z) =
J"n(jz) and @; = 1; * XB(zo,r—1/5)- Then @; € C5°(Q) when j is sufficiently large,
and sup{|Vyp;(z)| : z € Q} <j.

Because p > n — 1, the mapping f is continuous on 0B(zg,r) for almost every
r € (0, R). Fix such an r and pick a € 9B(xg,r). By [3] or [2, Theorem 1.1], we
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1910 PEKKA KOSKELA AND JANI ONNINEN

know that we can integrate by parts against the Jacobian, and so

‘/ 0,(2)J(x, f) do / /amo,r FU@)T (@ 05, for oo f) d

(15) il /8 S B@ = @D i

for almost every r € (0, R). Lettmg j — oo and using the monotone convergence
theorem and the Lebesgue differentiation theorem, we conclude that

(16) /B TS de S osel1,0B(zo,) / IDf ()" de

9B (zo,r)

IN

for almost every r € (0, R). Here we used the standard notation

osc(f1,0B(xo,7)) = sup fi(z)— inf fi(z).
8B (x0,r) 0B(zo,T)

The oscillation lemma ([I0, Lemma 3.10.1]) tells us that

1
P

(17) osc(f1,0B(zg,r)) < Ay(n)r <]{93( : |Vf1|p> 7

where the constant A,(n) is given by the formula (I3)). Combining the inequality
([I6) with the oscillation lemma and using Holder’s inequality, we conclude that

n

(18) /B(zo,r) J(Z, f) de = \1/(‘%|83(x0, T)lﬁ (JZ?;B(IO,T’) |Df(2)|p dz) p

for almost every 0 < r < R, as desired. (]

4. PROOF OF THEOREM [L.1]

The elements in the Sobolev space I/Vllocl (Q) are equivalence classes of functions
that agree almost everywhere in 2. In order to study the fine properties of a
function u € WloC (Q), it is convenient to use the representative %, defined by the
formula

a(z) = lim sup][ u(z) dz.
B(z,r)

r—0

If f e Wo'(Q,R"), then we set f = (f1, ..., fn). It is well known that if v : R — R

loc

is locally integrable, then

lim |v(z) —v(z)|dz =0
=0 JB(a,r)

for almost all x € R™, and thus f = f almost everywhere in €.

Let A be an Orlicz function satisfying the integrability condition (@), n €
{2,3,4,...}, K > 0 and 8 > 0. We introduce the strictly increasing function
a(r) = aa,k,n,p(r) defined for 0 < ™ < w"—lfl by the formula

ds
sA—1 (log o )

(19) QA K n3(r) =sup {t € (0, g) : /:/2
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Now we can formulate our main theorem. After stating the result, we show that
this technical version easily yields Theorem [T} for a slightly simpler version, see
Remark 4.4 below.

Theorem 4.1. Assume that an Orlicz function A satisfies (i) and (ii). Let f :
Q — R™ be a mapping of finite distortion whose distortion function satisfies the
integrability condition

(20) K = /Bexp(A(Ko(x))) dx < oo,

where B = B(xg, R) CC Q. Then, for all small € > 0, we have

F@) = fw)| < Cax(n,B)exp (6_1)/1% dt

2a=(Jz—y|) tATL (logC’Am(e) nk )
(21) X (/B J(z, f) dz)_

Wy —1t™
whenever x,y € B(xo,a (R/4)).

We will split the proof of Theorem E.T] into two parts, Lemma and Lemma
E3. Before we go to the proof of Theorem [1] let us show how Theorem [Tl follows
from Theorem EIF Let A(f) = M, A > 0 and s(r) = (5)°[2£ e

2 Wn—1

First we

observe that

/r/2 dt i
s tA-1 (log nkK ) n’

Wn 11"

and 80 a4, g n 2 /n(r) > s(r) for all r < ¢ w”—l_{l Furthermore,

R
dt
exp (6 - 1)/
251 (lz—y]) LA (1og Can(€) 55 )

%(176)

log (CA,n(G)w,”Ti—i{RO
CA,n(€) K 1
log (G2 [ )

and so Theorem [1.7] follows.
Lemma 4.2. Under the hypothesis of Theorem we have
n [R/2 dt

/ < CA,K(”)/ J(z, f)dz

o tA-l <log nk ) B(zo,R)

wn—1t"™

(22) | - i)

whenever x,y € B(xo,r) C B(xo, R/2).

Proof. Combining the distortion inequality | D f(z)|" < Ko(z)J(x, f) with Propo-
sition [ZZI] we obtain that P(|Df|") € L},.(Q2), where [* F;(j) = oo and for every

loc 1

€ > 0, the function t — t*~1P(t) is increasing for all t > 5q](A; €). Using Proposi-
tion 2.6 in [14] and Proposition 2.4 in [14], we conclude that the coordinate functions
of f are weakly monotone (see [7, Definition 1.5]). This is based on the fact that

J(-, f) coincides with the distributional Jacobian, i.e., (I2) holds. Let p = n — 3,

r < R/2 and x,y € B(xo,r). Then |Df| € L} (). Using Lemma 7.2 in [7], which

loc
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1912 PEKKA KOSKELA AND JANI ONNINEN

holds for mappings whose coordinate functions are weakly monotone, we have the
estimate

(23) C(n,p)t = <]£B<xo,t) o7 )

for almost every ¢t € [r, R]. Write By = B(zo,s) and A; = Bsi, \ Bai-1,, for all
i€{1,2,...}. Define

6= {1 e 2. /8  ep(A(Ko(e) do < 2flr /A ep(A(Ko(r))) dr

for all i € {1,2,..} N [1,log, £] = I. Because 2r < R, we see that I # (). Using
Fubini’s theorem, we conclude that

21‘71
|G| > 5"

for all 4 € I. Combining the distortion inequality and Hélder’s inequality with the
inequality (23), we have that

(24) W < (de |Ko(x) —) B ]éB J(x, f) da

for almost every ¢t € [r, R]. By Lemma [2.2] we find a number g3 nLip,.A) such

that the function ¢ — ¢t~ 75 exp A(t) is increasing on (tg, o0). Let t € [r, R] be
such that faBt exp(A(Ko(x))) dx < oo, and pick 7 so that

exp A(t) = ]{93 exp(A(Ko(x))) dx.

Write A = max{, #g}. Then we estimate

y 1 ya
Ko(z)|n72dx < Ko(z)|»7» dx
]t[aB,,| o(@) = 0By aBm{\Ko\>A}| o()
+ / |Ko(z)|77 da
8B.N{|Ko|<A}
)\"37’ P P
< nop < Q\T-p.
S I ]{)Bt exp(A(Ko(x))) dz + A7» < 2X
It follows that
(25) T IOE < oo [ s p)as,
t OB,
and thus
M < Clp.n, A)A~! (log ( ][ exp(A(Ko(a:)))da:>)
oB:
(26) ></ J(z, f) dx
oB:

for almost every t € [r, R]. Fix ¢ € I. For almost every t € G;, we have that

(27) M < C(p,n, A)A™? <10g <L>> /aB,, J(z, f)dz.

W1t 121y
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Integrating this estimate over the set G; with respect to t, we arrive at

o8 @ -fwr [ — (1:2 oy <00 A [ depas

Wn 11"

By Lemma 3] we fix tg = tgg(n, A) > 1 so that the function h : t —
-1
[tA—l (log (t%))] is decreasing on (0, 12:%3') Then t — h(ﬁ /9Ly s de-

creasing on (0, 7/52K) 5 (0, R). Combining this with the estimate |G;| > Z"r,
& ’ Wn—1 5

we conclude that

3 5 2'r dt
) — n C ,nv_A J{E, dx.
(29)  1f@) - () /M (k)g)s (o) [ )

Wn 11"

Because

/2"% dt B 27 %3r ds
. K\ o : N
2i—23p tA,1 <10g %) 2i—1p (S 4 21727') A*l (log <wn_1(s+2i2r)n>)

/2i237' l dS
2 ﬁﬁ:{[fK> ’

(30) 3
i—1p SA—I (10g R

Y

we obtain the estimate

ZiT dt
W / | _ < Clp,n, A) / J(z, f) dr.
20y g (log M) A

Summing over the set I, we arrive at

g

(31  |f(2) -

R R/2
@) i@ - [ (dt, K)gc@,n,A) [ s
TotAL logm R

Wn 11"

nkK
In the case t € (0, n/mm), we have that
i _ 3
n R n K
tA-1 <log EZ%{E) 23 tA-1 <log fE:{[:‘_)

1 1
TAA (log o 25)

W 11"

(33)

Here we used the fact that the function s — =55 is increasing on (3 00)-
Furthermore,

tA—! <1og mﬁé)

Wn—1 nkK nk

(34) sup : <t"<R" (S —) < Cax(n),
tA-1 <log n i ) Wn—1173] Wn—1

Wp—1t"
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and so also in the case R"™ > " > wfiK we have the inequality

Kt"> > Cla e (n)tA~! <10g tﬁzg]nK> |

n—1 Wp_1t™

(35) tA™? (log

Combining the inequality ([B2) with the estimates (33) and (3H), we complete the
proof of Lemma E.2. O

Inequality 22) together with the following lemma gives us the desired modulus
of continuity.

Lemma 4.3. Under the hypothesis of Theorem[{.1} for every small € > 0, we have

R dt
/ J(z, f)de < 2exp (e—n)/
Bzor) 2 A1 (log Canle) 7255 )
(36) ></ J(z, f)dx
B(zo,R)

whenever r € (0, R/2).

Proof. Using Proposition 2.1], we see that the assumptions of Lemma [31] are ful-

filled, and so
“(f s
OB(x,s)

for almost every 0 < s < R and all p > n — 1. To get the sharp estimate, we
will later take p = n — 1; the general value of p allows us to show that already
Lemma, [3.2] is sufficient to establish a logarithmic modulus of continuity. Write
B, = B(xo,r). Fixe € (0,1),p€ [n—1,n), and i € {1,2,3,...}. We denote the
interval (RQ’Ei,RQ’E(Fl)) by A; . and the annulus Bry ci-1) \ Bro-ei by Aj..
Using Fubini’s theorem, we observe that for every & > 0, the set

(%)  Ei= {teAi,e: | i< SED [ s dx}

has a positive measure.
Choosing r € A; ¢ so that r lies in the set E; and so that the inequality (37)
holds, we obtain the estimate

(37) /B( )J(x, fdz < (n *”'—wl/wn,l)f1 |0B(xg, 1)

n

(L o)

n n

n—1_p

/ J(z, f)dz < /J(x,f)dxg(nn—\l/m)ﬂaBr
B B,

R2—€i

IN

L (14+5\7
(n »~y/@n 1) 1(@) 0B,

n

% ( / IDs@ dx)
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By Lemma 24 we can fix #tg— = fgg(p/(n — p), A) € (0,00) so that the function

t—expA (t P ) is convex on (fg7, 00). We set

- [Eol). Kol)> tgz
(39) o) {m Kole) < g

Combining the distortion inequality |Df(z)|* < Ko(x)J(z, f) with Hélder’s in-
equality, we find that

/B _
(40) X (/A |f<0|nfp> ' /A J(z, f)dz.

i€

n

n
n—1_p

148\
J(z, fde < (n wn1) 1<m) |0B,

R2—€i

Jensen’s inequality applied to the convex function (#g7,00) — (0,00) : 7 —

n—p

exp A (T En ) yields

J

—1 1+(5 % n—p
J(x, fde < (n»/wn 1) (m) |Ase| P

x|0B, |7 175 A7} log][
A

and computations show that

J

R2—€t

epr(f%o>> /. s

ie

n—p

1+6\7r /2" —1\ 7 ‘ N
J(x, fide < ( + > < > R27° A ] !

n 2¢ —1

A <1Og( oxp A(tpgnK 2 1)))

wnian27en(i71) (2671 —

R2—€t

(41) ></A‘ J(x, f)dx.

Letting § — 0, using the elementary inequalities ealog?2 < 2%¢ — 1 < ea2?¢ log 2 for
all €,a > 0 and the fact that ¢ < 1, we conclude that

ne

/ J(x, f)de < 2TPRZ_“'A_l <1og Cnk )
B

n9—en(i—1)
i Wp_1R™2 €

(42) y /A ) deldd

Here and also in what follows, we denote the constant exp A(fg7(p/(n — p),.A)) by
C. At this point we would like to warn the reader that the constant C tends to
infinity if we let p — n.

Next we introduce two auxiliary functions. We set

— R27¢
Ui,e(x):/B J(xaf)dxﬂ‘xl&%l/f‘ J(z, f)dz

R2—€t
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1916 PEKKA KOSKELA AND JANI ONNINEN

and
(o)
Ue = Z Ui e (T)X[R2—<i,R2—<i-) (@)
i=1

for every x € R. Using the inequality (@2]), we see that

2% i q— CnK e
(43)  wie(z) < [TRQ AT <log Wann2m(i1)€> +x— R2 ’} u; ()

for all z € A; . Combining the inequality R2—¢(i=1) _ R9~¢ < R2~“2¢ with the
fact that

wanC;;Iin(il)e)} - < [-A_l (log M)} !

(notice that B, — 0 as € — 0), we conclude with

(44) ui,e(x) S (271) =+ 2B66> {EA_l <10g %) U;}e(fﬁ)

Wp_1X"€

[A—laog - B.

€wn_1R™

forall z € A, ..
Fix 6 € (0, R/10°) and define

T ne - 1
(45) 'Ue,é(x) = exp <—/ |: (2_ + QB€€> f,.Ail <10g CnK ) :| dt)
5 n anﬁne

for all z € (0, R). Using the inequality ([@4), we see that

(46) %(Ue,aue)(a:) = ve,s(2) [ - <<% + QBEG> zA! (log %))

ue(r) + u’e(x)] >0

for all z € (8, R)NU;2, A, and so the continuous function ve su. is nondecreasing
on (6, R). Let 2r € (6, R — §). Choosing 4, € N so that r € [R27r, R27<(r=1)) we
find that

(47) vus(r) [

Since the Jacobian of f is nonnegative almost everywhere, this yields the estimate

R—4 ne
/B J(x, fide < 2exp[—/2r [(27+2Bee>t

27 €2r

= 1
(48) x A1 <log anIt(n )] dt] / J(z, f)dz.
n—117€ Br_s

Letting § — 0 and using the estimate ¢ < 1, we find that

Iz, f)do < 2v.5(R — 6) / J(x, f) da.

Br-s

ne

R b
/BTJ(x,f)dx < 2exp[—/2r {(271 +2B66>t

(49) x A~ <10g OnK )}ldt} /B J(z, f)dx

Wp—1t"e
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for all 0 < r < R/2. Choosing p = n — 1, the constant C depends only on A and n.
on=1

Furthermore, using the fact that =—— + 2B — % as € — (0, we obtain the desired
inequality (B8).

Now we complete the proof of the entire theorem as follows.

Given z € B(wo, o (£)), we consider the ball B(zg,r), r = a;}n}ﬁﬂm — Zp|). By
Lemma 42 we have the estimate

n

(50) |f(z) = f(zo)] < Cax(n,B) < /B ( J(z, f) dz)

z0,T)

Using Lemma 3] we further obtain the estimate

" dt
J(z,f)dz < 2exp | (e—n)
B(zo,r) 2r tA-1 (1og Can (¢€) wnn_lft” )
(51) ></ J(z, f)dx.
B(Io,R)
Combining the inequality (B0) with the estimate (&l), we finally obtain the desired
modulus of continuity (21]). O

Remark 4.4. The integral in (2I) of Theorem [41] can be taken from |z — y| to R
when |z — y| is sufficiently small. To see this, notice that the ratio of this integral,
taken from |z — y| to a~1(|z — y|), with the corresponding integral from |z — y| to
R, tends to zero when |z — y| tends to zero. Thus the small error made in changing
the limits can be imbedded in the estimate by changing the € in front of the integral
in (ZI)) to 2e. We leave the details to the reader.

Remark 4.5. If we use the inequality (I3]) instead of the isoperimetric inequality
() in the proof of Lemma A3, then under the assumptions of Lemma [E3] for
every small € > 0, we have

1 R dt
/ J(x, f)de < 2exp (e— ) /
B(zo.r) An—c() ) Jor g1 (1OgCA,n(€)wL)

n—1t"

(52) X/B( . J(x, f)dx

whenever r € (0, R/2). The constant A,_.(n) is given by the formula ([4). This
results in the claim of Theorem ETl with € — 1 replaced by € — ﬁ—(n)’ which is
weaker than our claim. However, in the setting of Theorem[I1] this weaker estimate
still gives us a logarithmic modulus of continuity, this time with the exponent
A
n2A,_.(n) — €
5. CONSTRUCTION OF EXAMPLE [[2

We close this paper by showing that the modulus of continuity that we gave
above in Section 4 cannot be substantially improved on. To see that Example Bl
qualifies for that purpose, make a change of variables to reduce the integrand to
the form given in Theorem B I] and notice that the role of a~! is not significant
when |z — y| is small; see Remark @4l Example is contained as a special case
in Example B.11.
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Example 5.1. Assume that an Orlicz function A satisfies (i). Then there exist a
continuous mapping of finite distortion f: B(0,1) — R™ such that

(53) / exp(A(Ko(z, 1)) d < oo
B(0,1)

and points z;,y; € B(0,1) so that ; — 0, y; — 0, and
1/2 ds

— 00

(54) |f(z;) — f(yj)lexp /lxy SAA( n 10g1)

1+e€

for every € > 0.

Let r € (0,1). Given a ball B ={z € R"” : |z —a| < r} and € > 0, we consider
the radial stretching

r—a
(55) 9() :a‘H'mPrﬂx—aDa
where
" d
SRy g—
tosA (2 10gt)

for all t € (0,r). We may calculate the Jacobian of g by using the familiar formula

|z —al

prllz—a)\""!
(56) Hang) = st = a (22 )
(see the equations (5.43) and (5.44) in [I0]). The distortion function is
_ IDg@) _ pollo —al)
J(x,9) |z —alp.(|z - al)

(see the formula (5.49) in [I0]). Here we used the assumption |z — a| < 1. Using
polar coordinates, we compute the integral of the Jacobian as

68 [ Jwgyde =2t [ = 2l

(57) Ko(z,g)

T
= |BI.

n 0

Combining the equation (57) with the fact that
w1
prt) A (116 log %)

?

we see that

(59) /B exp(A(Ko(z, g))) dz = /B (%)T da.

We will now glue together several versions of g with variable €, r, and a. Let €; = =

i=2,3,... Forall i =2,3,4... we choose r; € (0,277 so that fB(O,v",',) || " e da <

27" Let a; = (27772,0, ...,0) for i > 4, set B; = B(a;,r;), and define G = |J,-, B:.
Define the mapping f : B(0,1) — R"™ by setting

W p o fe e a) wroeB,
x for x € B(0,1) \ G.
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On account of the formula (BY), we find that

X K, - .

(61) [ es(Atotw. ) < IERRE

We also have the trivial estimate

(62) j/ exp(A(Ko(z, f))) < exp(A(1))[B(0,1)].
B(0,1\G

Thus (B3) holds.
To verify that J(-, f) € L*(B(0,1)), we use the equation (58],

(63) /GJ(x,f) dr < 30 |B <o,

i=1

and the trivial estimate
(64) [ awn=IB0.D\Gl
B(0,1)\G

Let us now explain how to choose the points z;,y;. Set z; = a;. If y; € B;, then

|f(@i) = f(ya)l = ripr,(

z; — yil)

1+4¢€;

. T ds
=riexp|— [ 7 -
lzi—yil s.A log <

Using the changes of variable A(t) = 75 log %, k=1,2, we see that

1+e€; 142¢;

ri ds 1/2 ds
73 €Xp —/ > 1 exp —/
lei—yi| s A—1 ( n 1og%) lei—yil s A1 ( % log %)

when y; is chosen to be sufficiently close to x;. The claim follows by noting that

—1 n ]. —1 n ].
log— | < —log -
A <1—|—e og5>_A (1—|—26i Ogs)
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