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FUNCTORIAL HODGE IDENTITIES AND QUANTIZATION

M. J. SLUPINSKI

Abstract. By a uniform abstract procedure, we obtain integrated forms of
the classical Hodge identities for Riemannian, Kähler and hyper-Kähler man-
ifolds, as well as of the analogous identities for metrics of arbitrary signature.
These identities depend only on the type of geometry and, for each of the three
types of geometry, define a multiplicative functor from the corresponding cate-
gory of real, graded, flat vector bundles to the category of infinite-dimensional
Z2-projective representations of an algebraic structure. We define new mul-
tiplicative numerical invariants of closed Kähler and hyper-Kähler manifolds
which are invariant under deformations of the metric.

Introduction

LetM be an oriented manifold with non-degenerate metric of arbitrary signature.
The fundamental operators acting in ΓM (Λ), the space of real differential forms over
M , are the degree ∂, the Hodge star operator ∗, the exterior derivative d, its formal
adjoint d∗ and the Hodge d’Alembertian � = dd∗ + d∗d. These operators satisfy
curious algebraic relations, first proved for positive-definite metrics by Hodge [H],
Kodaira [K] and Bidal-de Rham [BdR] in the early nineteen-forties. Hodge went
on to prove similar relations for a larger family of operators defined on complex
projective manifolds and from them he deduced many of his now classical results
for these manifolds [H]. A few years later, these relations were given their modern
form and shown to be valid on arbitrary Kähler manifolds by Weil [W1] and, much
more recently, a set of similar relations has been found between certain operators
defined on hyper-Kähler manifolds ([FKS], [V], [Wi]).

In this article we give a uniform, abstract derivation of new sets of relations for
these three types of geometry, and show that the relations we obtain are functorial.
The new relations imply the known relations but are more general in two ways: they
describe Lie group rather than Lie algebra actions on differential operators and are
valid in arbitrary signature. They are functorial in the sense that for each type of
geometry, they define a multiplicative functor from the category of real, flat, graded
vector bundles to the category of infinite-dimensional Z2-projective representations
of an algebraic structure. The point is that the algebraic structure depends only
on the type of geometry and not on the manifold, metric or flat vector bundle.

Each of the three algebraic structures which emerges in this context is a pair
(G, s), where s is a real Lie superalgebra and G is a group of automorphisms of s.
Mathematically, this kind of structure is closely related to the notions of Harish-
Chandra pair and Lie supergroup defined by Bernstein in [B]. In the language of
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physics, representing such a pair can perhaps be thought of in terms of canonical
quantization. In any case, a detailed understanding of the representation theory of
the pairs (G, s) should have many applications in the theory of manifolds with the
corresponding type of geometry as well as providing a unified framework in which to
understand known results. As a step in this direction, we give a proof of the Hodge
index theorem for closed Kähler manifolds which does not use the Hodge-Riemann
bilinear relations, and we define families of new multiplicative numerical invariants
for closed Kähler and hyper-Kähler manifolds.

We now give a more detailed account of the contents of this article. Let T
be an n-dimensional real vector space. By a K-metric gK on T we will mean,
respectively, a metric, a metric with compatible complex structure or a metric
with compatible quaternionic structure on T , depending on whether K = R,C
or H. The group of automorphisms O(T, gK) of a K-metric gK is embedded in
O(T ⊕T ∗) (duality defines a canonical metric on T ⊕T ∗) by the map g 7→ g⊕ gt−1

and O(T, gK)′, its commutant in O(T ⊕ T ∗), acts naturally by composition on
I(T, gK) = HomO(T,gK)(T ∗, T ⊕ T ∗), the space of O(T, gK)-equivariant maps from
T ∗ to T⊕T ∗. Our first main theorem is thatO(T, gK)′ and I(T, gK) are independent
of (T, gK). More precisely (cf. Section 3):

Theorem. I(T, gK) is naturally a K-bimodule, has a natural metric λI(T,gK) and
there is a canonical isometry of K-bimodules iT : K1,1 → I(T, gK) inducing an
isomorphism cT : OK(1, 1)→ O(T, gK)′.

Here, K1,1 denotes K2 with the metric λ
(
(x, y), (x′, y′)

)
= Re

(
1
2 (x̄y′ + ȳx′)

)
and OK(1, 1) is the group of right K-linear isometries of λ. Next, we define
Gr(T, gK) to be the inverse image of O(T, gK)′ under the double covering map
π : Pin(T ⊕ T ∗) → O(T ⊕ T ∗). The map c−1

T ◦ π : Gr(T, gK) → OK(1, 1) is
a double covering map and, together with the Z2-grading induced by inclusion
in C(T ⊕ T ∗), forms a graded double cover (GDC) of OK(1, 1) (cf. [S]). This
GDC is not independent of (T, gK). However, the derivative of c−1

T ◦ π is an iso-
morphism of Lie algebras, so that gr(T, gK) is always canonically isomorphic to
oK(1, 1). For example, if K = C, oK(1, 1) = u(1, 1) ∼= R⊕ sl(2,R) and if K = H,
oK(1, 1) = sp(1, 1) ∼= so(4, 1). These isomorphisms, as we show, are ultimately the
source of the sl(2,R) occurring in classical Hodge-Lefschetz theory (cf. [W2]) and
the so(5,C) introduced by Verbitsky in its analogue for hyper-Kähler manifolds
(cf. [V]). In the physics literature, these sl(2,R) and so(5,C) symmetries follow
via “dimensional reduction” from the symmetries of certain supersymmetric sigma
models (cf. [FKS], [Wi]).

In order to express the multiplicative properties of our constructions we introduce
a product ? in the category of GDCs of OK(1, 1) and a tensor product in the
category of graded representations of GDCs of OK(1, 1) (cf. Section 2). The exterior
algebra Λ(T ∗) is a graded representation of Gr(T, gK) and in these categories one
has isomorphisms (cf. Section 4):

Theorem. Gr(T ⊕ T ′, gK ⊕ g′K) ∼= Gr(T, gK) ? Gr(T ′, g′K) and Λ
(
(T ⊕ T ′)∗

) ∼=
Λ(T ∗)⊗ Λ(T ′∗).

This is the analogue at the level of GDCs of well-known multiplicative properties
of Clifford algebras.

The above theorems are infinitesimal in nature but one can globalize, or “quan-
tize”, them abstractly as follows. Let M be an oriented manifold with K-metric
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gK and suppose that all structures involved in gK are parallel for the Levi-Civita
connection of the underlying metric. By holonomy arguments (cf. Section 5), the
bundles I(T, gK), O(T, gK)′ and Gr(T, gK) are trivialized by their global paral-
lel sections I(M, gK), O(M, gK)′ and Gr(M, gK) respectively. The “quantization”
map Q : ΓM (Hom(T ∗, T ⊕ T ∗)) → Diff1(Λ) is defined as the map that associates
to σ ∈ ΓM (Hom(T ∗, T ⊕ T ∗)), the first-order differential operator whose symbol is
σ (see Section 5 for the details). Restricting to the subspace I(M, gK) of parallel
sections, one obtains a map Q : I(M, gK) → Diff1(Λ), which then extends to an
algebra homomorphism Q : T

(
I(M, gK)

)
→ Diff(Λ) from the tensor algebra on

I(M, gK) to the algebra of differential operators in Λ. If λ−1
I(M,gK) ∈ T 2(I(M, gK))

denotes the dual of the metric λI(M,gK), the main theorem of this paper can be
stated as follows (cf. Section 5):

Theorem. Let M be an oriented manifold with K-metric gK such that all struc-
tures involved in gK are parallel for the Levi-Civita connection. Let ρ : Gr(M, gK)→
GL
(
ΓM (Λ)

)
be the action of Gr(M, gK) in the space of real differential forms over

M .
(i) For g̃ ∈ Gr(M, gK) and g = π(g̃) ∈ O(M, gK)′,

Q(g ◦ s) = (−1)deg(g̃)ρ(g̃) ◦Q(s) ◦ ρ(g̃−1) ∀s ∈ I(M, gK);

(ii) Q(x)Q(y)+Q(y)Q(x) = 1
dimRK λI(M,gK)(x, y)Q(λ−1

I(M,gK)) ∀x, y ∈ I(M, gK).

This theorem implies all classical Hodge identities for Riemannian (K = R),
Kähler (K = C) and hyper-Kähler (K = H) manifolds as well as furnishing ana-
logues in arbitrary signature (see Sections 6, 7 and 8). Moreover, this integrated
form of the classical identities can be interpreted as defining a multiplicative functor
from the category of manifolds with the type of geometric stucture corresponding
to K to the category of Z2-projective representations of an algebraic structure
(OK(1, 1), gK) depending only on K (cf. 5.9 and 5.11). This functor extends to the
category of flat, real graded vector bundles.

Projective representations are not very convenient for practical purposes. How-
ever, if K = C, we give explicit formulae deprojectivising the Z2-projective rep-
resentation of (OC(1, 1), gC) in ΓM (Λ) to a (not always faithful) linear repre-
sentation of

(
U(1) × SL(2,R), gC

)
in ΓM (Λ). This means, for instance, that

each x ∈ U(1) × SL(2,R) defines a multiplicative numerical invariant (M, gC) 7→
Tr(x|H∗(M)) of compact Kähler manifolds. From this point of view, the Hodge in-
dex formula is a consequence of the fact that conjugate group elements have equal
traces (cf. 8.3).

1. Clifford algebras and Pin groups

In this section we first recall the basic properties of Clifford algebras and Pin
groups. This is all standard material, and proofs of the various results can be
found, for example, in [ABS] or [Sch]. We then associate to every real vector space
a Clifford algebra, and prove the basic properties of this association which we will
need in the rest of the paper.

1.1 Definition. Let X be a real, finite-dimensional vector space and B a non-
degenerate symmetric bilinear form on X . The Clifford algebra C(X,B) is the
quotient algebra of the tensor algebra T (X) =

⊕
X⊗k by the two-sided ideal I

generated by elements of the form x ⊗ y + y ⊗ x − 2B(x, y)1, where x, y ∈ X .
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The natural Z2-grading of T (X) factors to a Z2-grading C(X,B) = C+(X,B) ⊕
C−(X,B).

One shows that the composition of natural maps X → T (X) → C(X,B) is
an injection; thus we can consider X as embedded in the Clifford algebra, which
we will do from now on. If {e1, e2, · · · , en} is an orthonormal basis of X , the 2n

elements {1, ei1, ei2 , · · · , eik}1≤i1<···<ik≤n form a basis of C(X,B) and the rules of
calculation are eiej + ejei = 2B(ei, ej).

The Clifford algebra has the following universal property: if A is a real, asso-
ciative algebra with identity, then any linear map f : X → A such that f(x)2 =
B(x, x)1 ∀x ∈ X extends to a unique algebra homomorphism f̃ : C(X,B) → A.
Using the following property and a simple induction argument, one can identify
Clifford algebras in terms of matrix algebras:

1.2 Proposition (cf. [ABS]). If (X1, B1) and (X2, B2) are non-degenerate metric
spaces, there is a natural isomorphism of Z2-graded algebras

C(X1, B1)⊗̂C(X2, B2) ∼= C(X1 ⊕X2, B1 ⊕B2).

The Clifford algebra C(X,B) comes with natural automorphisms and antiauto-
morphisms with which one can construct a non-trivial double cover of O(X,B).

1.3 Definition. (i) The automorphism of T (X) given by x1 ⊗ x2 ⊗ · · · ⊗ xk
7→ (−1)kx1⊗x2⊗· · ·⊗xk preserves the ideal I and so induces an automorphism of
C(X,B), which will be denoted c 7→ cg. Then C(X,B) = C+(X,B)⊕C−(X,B) =
{c ∈ C(X,B) : c = cg} ⊕ {c ∈ C(X,B) : c = −cg} defines the Z2-grading of the
Clifford algebra.

(ii) The antiautomorphism of T (X) given by x1⊗x2⊗· · ·⊗xk 7→ xk⊗· · ·⊗x2⊗x1

preserves the ideal I and so induces an antiautomorphism of C(X,B), which will
be denoted c 7→ cT .

1.4 Definition/Proposition (cf. [ABS]). Let (X,B) be a real, finite-dimensional,
non-degenerate metric space and let C(X,B) be its Clifford algebra. The group
Pin(X,B) is defined by

Pin(X,B) = {c ∈ C(X,B) : c is invertible, ccT = ±1 and cgXc−1 = X},

and π : Pin(X,B)→ GL(X) is defined by π(c)(x) = cgxc−1. Then:
(i) π(c) is an isometry of (X,B).
(ii) The group Pin(X,B) is a disjoint union

Pin(X,B) = Pin+(X,B) ∪ Pin−(X,B)

where
Pin±(X,B) = Pin(X,B) ∩ C±(X,B).

We have det(π(c)) = ±1 iff c ∈ Pin±(X,B).
(iii) If x ∈ X satisfies B(x, x) = ±1, then x ∈ Pin−(X,B) and π(x) ∈ O(X,B)

is the reflection in the hyperplane orthogonal to x.
(iv) The map π : Pin(X,B) → O(X,B) is a non-trivial 2 : 1 covering map of

O(X,B) and π−1(1) = {±1}.
(v) Every element of Pin+(X,B) (resp. Pin−(X,B)) is a product of an even

(resp. odd) number of x satisfying (iii).
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1.4.1 Remark. If g ∈ O(X,B), the action of g on X extends to an automorphism
αg of C(X,B) by the universal property of C(X,B). If ĝ ∈ Pin(X,B) is such that
π(ĝ) = g, then αg(c) = (det g)cĝcĝ−1 for all c ∈ C(X,B).

A finite-dimensional, real vector space X has no preferred non-degenerate sym-
metric bilinear form. However, duality defines the natural quadratic form x⊕α 7→
α(x) on X ⊕X∗ and hence the natural non-degenerate symmetric bilinear form on
X ⊕X∗ given by

BX⊕X∗(x ⊕ α, y ⊕ β) = 1
2 (α(y) + β(x)) ∀x, y ∈ X, ∀α, β ∈ X∗.

1.5 Definition. Let X be a finite-dimensional real vector space. We denote C(X⊕
X∗, BX⊕X∗) by C(X).

1.6 Proposition. If X and X ′ are finite-dimensional real vector spaces, there is
a natural isomorphism of Z2-graded algebras F : C(X)⊗̂C(X ′) → C(X ⊕ X ′). If
{x1, · · · , x2n} and {x′1, · · · , x′2m} are bases of X ⊕X∗ and X ′⊕X ′∗ (considered as
subsets of X ⊕X ′ ⊕ (X ⊕X ′)∗) respectively, F is given by concatenation:

F (xi1xi2 · · ·xir ⊗ x′j1x
′
j2 · · ·x

′
js) = xi1xi2 · · ·xirx′j1x

′
j2 · · ·x

′
js .

Proof. By Proposition 1.2 there is a natural isomorphism of Z2-graded algebras

(1A) C(X)⊗̂C(X ′) ∼= C
(
(X ⊕X∗)⊕ (X ′ ⊕X ′∗), BX⊕X∗ ⊕BX′⊕X′∗

)
.

The “permutation” isomorphism,

(X ⊕X∗)⊕ (X ′ ⊕X ′∗) ∼= (X ⊕X ′)⊕ (X ⊕X ′)∗,
is clearly an isometry with respect to BX⊕X∗⊕BX′⊕X′∗ and B(X⊕X′)⊕(X⊕X′)∗ , and
hence extends to an isomorphism of the corresponding Clifford algebras. Composing
this isomorphism with (1A) proves the result. �

As for any graded algebra, one has the notion of a graded representation of
C(X):

1.7 Definition. A graded representation (or module) of C(X) in a graded real
vector space (E, εE) is a graded algebra homomorphism ρ : C(X) → End(E).
(The algebra End(E) is graded by f 7→ εE ◦ f ◦ εE.) By the universal property
of Clifford algebras, graded representations in (E, εE) are in bijection with linear
maps f : X ⊕X∗ → End(E) satisfying

∀x ∈ X ⊕X∗, f(x)2 = B(x, x)IdE and εE ◦ ρ(x) ◦ εE = −ρ(x).

1.7.1 Example. The basic example of a graded C(X) module is the exterior
algebra Λ(X∗) graded by the degree εΛ(X∗)(ω) = (−1)kω if ω ∈ Λk(X∗). Indeed, if
we define ρΛ(X∗) : X ⊕X∗ → End(Λ(X∗)) by

ρΛ(X∗)(x)(ω) = ix(ω) if x ∈ X,
ρΛ(X∗)(α)(ω) = α ∧ ω if α ∈ X∗,

one has ρΛ(X∗)(x ⊕ α)2 = BX⊕X∗(x ⊕ α, x ⊕ α)Id, and by the universal prop-
erty of Clifford algebras, ρΛ(X∗) extends to a homomorphism ρΛ(X∗) : C(X) →
End(Λ(X∗)), which is in fact an isomorphism. More generally, if (E, εE) is a
graded vector space, then (Λ(X∗) ⊗ E, εΛ(X∗) ⊗ εE) is a graded C(X) module for
the action c.(ω ⊗ f) = ρΛ(X∗)(c)(ω) ⊗ f and every finite-dimensional real graded
C(X) module is isomorphic to a graded C(X) module of this form ([ABS]).
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Let (E, εE , ρ) and (E′, εE′ , ρ′) be respectively graded C(X) and C(X ′) mod-
ules. The map ρ⊗ρ′ : C(X)⊗̂C(X ′)→ End(E)⊗̂End(E′) given by ρ⊗ρ′(c⊗ c′) =
ρ(c) ⊗ ρ′(c′) is a graded algebra homomorphism. However, one can identify the
graded algebras C(X)⊗̂C(X ′) and C(X ⊕X ′) by 1.5, and also the graded algebras
End(E)⊗̂End(E′) and End(E ⊗ E′) by the map f ⊗ g 7→ f⊗̂g where

(1B) f⊗̂g(e⊗ e′) = (−1)degree(g)degree(e)f(e)⊗ g(e′)

(for homogeneous f ∈ End(E), g ∈ End(E′), e ∈ E and e′ ∈ E′). Hence we obtain
a graded algebra homomorphism from C(X ⊕X ′) to End(E ⊗ E′), i.e., a graded
representation of C(X ⊕X ′) in (E ⊗ E′, εE ⊗ εE′).

1.8 Proposition/Definition. Let (E, ε, ρ) and (E′, ε′, ρ′) be respectively graded
C(X) and C(X ′) modules. There is a unique graded algebra homomorphism ρ⊗̂ρ′ :
C(X ⊕X ′)→ End(E ⊗ E′) such that the following diagram commutes:

C(X)⊗̂C(X ′)
ρ⊗ρ′→ End(E)⊗̂End(E′)

F

y 1B

y
C(X ⊕X ′) ρ⊗̂ρ′→ End(E ⊗ E′).

For x⊕ x′ ⊕ α⊕ α′ ∈ (X ⊕X ′)⊕ (X ⊕X ′)∗ one has:

(1C) ρ⊗̂ρ′(x⊕ x′ ⊕ α⊕ α′)(e⊗ e′) = ρ(x⊕ α)(e)⊗ e′ + (−1)ee⊗ ρ′(x′ ⊕ α′)(e′).
The tensor product (E, ε, ρ) ⊗ (E′, ε′, ρ′) is by definition the graded C(X ⊕ X ′)
module (E ⊗ E′, ε⊗ ε′, ρ⊗̂ρ′).

1.8.1 Example. If X and X ′ are finite-dimensional real vector spaces, concatena-
tion defines a canonical isomorphism of graded vector spaces

Λ(X∗)⊗ Λ(X ′∗) ∼= Λ(X∗ ⊕X ′∗),
which, one can check, is also an isomorphism of graded C(X ⊕X ′) modules.

To complete this section we define the symbol of a graded representation of
C(X), which will be important later on.

1.9 Definition. Let (E, ε, ρ) be a graded representation of C(X). The symbol
map σE : Hom(X∗, X ⊕X∗)→ Hom(X∗, End(E)) is defined by

(1D) σE(f)α = ρ
(
fα
)
∀α ∈ X∗, ∀f ∈ Hom(X∗, X ⊕X∗).

(Here X ⊕ X∗ is regarded as a subset of C(X) and we have written fa for f(a)
whenever f ∈ Hom(A,B) and a ∈ A.) Note that the definition of the covering map
π : Pin(X ⊕X∗)→ O(X ⊕X∗) (cf. 1.4) implies that, for all (g, ĝ) ∈ O(X ⊕X∗)×
Pin(X ⊕X∗) such that π(ĝ) = g,

σE(g ◦ f)α = (−1)gρ(ĝ) ◦ σE(f)α ◦ ρ(ĝ−1).

The symbol map is multiplicative for the tensor product defined in 1.8 above.

1.10 Proposition. For α ∈ X∗, α′ ∈ X ′∗, e ∈ E, e′ ∈ E′, s ∈ Hom(X∗, X ⊕X∗)
and s′ ∈ Hom(X ′∗, X ′ ⊕X ′∗),

σE⊗E
′
(s⊕ s′)α⊕α′(e⊗ e′) = σE(s)α(e)⊗ e′ + (−1)ee⊗ σE′(s′)α′(e′).

Proof. This is a direct consequence of equations (1C) and (1D). �

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FUNCTORIAL HODGE IDENTITIES AND QUANTIZATION 2017

2. Graded representations of graded double covers and

Z2-projective representations

In this section we introduce two (equivalent) categories with multiplication which
will enable us to express concisely the main results of this paper.

2.1 Definition. (a) A graded double cover (GDC) of a group G is a pair (Ĝ, χ),
where π : Ĝ → G is a double covering group of G and χ : G → Z2 (the grading)
is a group homomorphism. Two GDCs (Ĝ1, χ1) and (Ĝ2, χ2) are equivalent if and
only if χ1 = χ2 and Ĝ1 and Ĝ2 are equivalent as double covers. We denote by −1
the non-trivial element of π−1(1), which is necessarily in the centre of Ĝ.

(b) Let (Ĝ, χ) be a GDC of the groupG and let (V, ε) be a graded vector space. A
graded representation of (Ĝ, χ) in (V, ε) is a group homomorphism ρ : Ĝ→ GL(V )
such that

(i) ρ(−1) = −IdV ;

(ii) ε ◦ ρ(g) ◦ ε−1 = χ(π(g))ρ(g) ∀g ∈ Ĝ.
(c) The category Rep(Gr(G)) of graded representations of GDCs of a group G

is defined by
– the objects are pairs (G̃, Ṽ ) where G̃ = (Ĝ, χ) is a GDC of G and Ṽ = (V, ε, ρ)

is a graded representation of G̃;
– a morphism in Mor((G̃, Ṽ ), (G̃′, Ṽ ′)) is a pair of maps ψ ∈ Hom(Ĝ, Ĝ′) and

f ∈ Hom(V, V ′) such that

(i) f ◦ ε = ε′ ◦ f ;

(ii) ψ is an isomorphism of GDCs;

(iii) f ◦ ρ(g) = ρ′(ψ(g)) ◦ f for all g ∈ Ĝ.

2.1.1 Example. The basic non-trivial example of a GDC is (Pin(X,B), det) (cf.
1.4), which is a GDC of the orthogonal group O(X,B). If dimX is even, then
the complex spin representation with either of its natural gradings is a graded
representation of (Pin(X,B), det).

2.2 Definition (cf. [S]). Let (Ĝ1, χ1) and (Ĝ2, χ2) be two GDCs of G and let
Ĝ1×̂Z2Ĝ2 be the group whose underlying set is Ĝ1 × Ĝ2/{(1, 1), (−1,−1)} and
whose multiplication is

[g1, g2][h1, h2] = [g1h1, (−1)∂(χ1(h1))∂(χ2(g2))g2h2].

The product (Ĝ1, χ1) ? (Ĝ2, χ2) is the GDC of G defined by

(Ĝ1, χ1) ? (Ĝ2, χ2) =
(
{[g1, g2] ∈ Ĝ1×̂Z2Ĝ2 : π1(g1) = π2(g2)}, χ1χ2

)
.

In this definition, ∂ : Z2 → {0, 1} is the map ∂(1) = 0 and ∂(−1) = 1. We
will often write (−1)g1g2 for (−1)∂(χ1(g1))∂(χ2(g2)) when it is clear which characters
χ1, χ2 : G → Z2 are involved. For brevity, we will denote the underlying group
of the graded double cover (Ĝ1, χ1) ? (Ĝ2, χ2) also by Ĝ1 ? Ĝ2 even though the
definition of the product in this group depends on the choice of characters χ1 and
χ2.

The product ? is an analogue for GDCs of the graded tensor product for graded
algebras.
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2.3 Proposition. Let (Ĝ, χ), (Ĝ′, χ′) be GDCs of G. Let A, A′ be Z2-graded
algebras and let ρ : Ĝ → A and ρ′ : Ĝ′ → A′ be homomorphisms that preserve
degree such that ρ(−1) = −1 and ρ′(−1) = −1.

Then ρ ⊗ ρ′ : Ĝ×̂Z2Ĝ
′ → A⊗̂A′ given by ρ ⊗ ρ′([g, g′]) = ρ(g)⊗ρ′(g′) is a well-

defined homomorphism that preserves degree and satisfies ρ⊗ ρ′([−1, 1]) = −1.

Proof. Abstract nonsense. �

If (V, ε, ρ) and (V ′, ε′, ρ′) are graded representations of (Ĝ, χ) and (Ĝ′, χ′) re-
spectively, the maps ρ and ρ′ satisfy the hypotheses of Proposition 2.3. Hence
ρ⊗ ρ′ : Ĝ×̂Z2Ĝ

′ → End(V )⊗̂End(V ′) is a homomorphism which, when composed
with the graded algebra isomorphism End(V )⊗̂End(V ′) ∼= End(V ⊗V ′) (cf. equa-
tion (1B)), gives a homomorphism ρ⊗̂ρ′ : Ĝ×̂Z2Ĝ

′ → End(V ⊗ V ′) preserving
gradings and satisfying ρ⊗̂ρ′(−1) = −1.

2.4 Definition. Let G̃ = (Ĝ, χ) and G̃′ = (Ĝ′, χ′) be GDC’s of G and let (V, ε, ρ)
and (V ′, ε′, ρ′) be graded representations of G̃ and G̃′ respectively. The tensor
product

(
G̃, (V, ε, ρ)

)
⊗
(
G̃′, (V ′, ε′, ρ′)

)
is defined by(

G̃, (V, ε, ρ)
)
⊗
(
G̃′, (V ′, ε′, ρ′)

)
=
(
G̃ ? G̃′, (V ⊗ V ′, ε⊗ ε′, ρ ? ρ′)

)
,

where ρ ? ρ′ = (ρ⊗̂ρ′)|Ĝ?Ĝ′ . Explicitly,

ρ ? ρ′([g, g′])(v ⊗ v′) = (−1)∂(χ′(g′))∂(v)ρ(g)(v)⊗ ρ′(g′)(v′)
for g ∈ Ĝ and g′ ∈ Ĝ′ satisfying π(g) = π′(g′).

2.1 Z2-projective representations. Let (V, ε) be a graded vector space. We set

GL±(V ) = {g ∈ GL(V ) : g ◦ ε = ±ε ◦ g},
GL(V, ε) = GL+(V ) ∪GL−(V ),

PGL(V, ε) = GL+(V ) ∪GL−(V )/{±IdV }
and we denote πV : GL(V, ε)→ PGL(V, ε) the projection.

2.5 Definition. A Z2-projective representation of a group G in (V, ε) is a group
homomorphism r : G→ PGL(V, ε).

Given a graded representation
(

(Ĝ, χ), (V, ε, ρ)
)

of the GDC (Ĝ, χ) of G, one
can associate to it the Z2-projective representation [ρ] : G→ PGL(V, ε) given by

[ρ](g) = πV (ρ(ĝ)) where g ∈ G and ĝ ∈ Ĝ lifts g.

Conversely, given a Z2-projective representation G in (V, ε), one can associate to
it the graded representation ((r∗GL(V, ε), ε ◦ r), (V, ε, r̂)) of the GDC (r∗GL(V, ε),
ε ◦ r) of G.

With the appropriate definition of morphisms of Z2-projective representations,
these maps define an equivalence of categories. This equivalence is an equivalence
of categories with multiplication if the product of two Z2-projective representations
(V, ε, r) and (V ′, ε′, r′) is defined as the vector space V ⊗V ′ with the tensor product
grading and the action r⊗̂r′ : G→ PGL(V ⊗ V ′, ε⊗ ε′) given by

r⊗̂r′(g) = [r̂(g)⊗̂r̂′(g)],

where r̂(g) ∈ GL(V, ε) (resp. r̂′(g) ∈ GL(V ′, ε′)) is any element projecting to r(g)
(resp. r′(g)).
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3. K-metrics on T and commuting subgroups of O(T ⊕ T ∗)

In this section we associate to a real, Hermitian or “quaternion Hermitian”
metric space another metric space of the same type, and show that for any two
metric spaces of the same type, the associated spaces are canonically isometric. In
order to be able to treat the three cases in a uniform way, we introduce the following
terminology:

3.1 Definition. Let T be a real vector space and let K be one of the real algebras
R, C or H. A (left) K-metric on T is a non-degenerate symmetric bilinear form g
on T together with a (left) action ρ : K→ End(T ) of K which is compatible with
g in the sense that

(3A) g(ρ(k)t, t′) = g(t, ρ(k̄)t′) ∀ k ∈ K, ∀t, t′ ∈ T.
We use the symbols gK to denote a K-metric (i.e., the couple (g, ρ)) and O(T, gK)
to denote the group of automorphisms of gK (i.e., the group of isometries of g that
commute with ρ). O(T, gK) is an orthogonal, unitary or Sp group depending on
whether K = R,C or H respectively.

3.1.1 Remark. The real dual T ∗ of a K-metric space has a natural K-metric:
the bilinear form is g−1, the dual metric, and the K-action ρ∗ : K → End(T ∗)
is given by ρ∗(k)(α) (t) = α(ρ(k̄)(t)). One checks that the map τg : T → T ∗

given by τg(t) (t′) = g(t, t′) is an isomorphism of the K-metric spaces (T, g, ρ) and
(T ∗, g−1, ρ∗).

As pointed out in Section 1, T ⊕ T ∗ has a natural symmetric non-degenerate
bilinear form given by

B(t⊕ α, t′ ⊕ α′) = 1
2

(
α(t′) + α′(t)

)
,

where α, α′ ∈ T ∗ and t, t′ ∈ T . The associated quadratic form is “duality” in the
sense that B(t⊕α, t⊕α) = α(t). The subspaces T and T ∗ are maximal isotropic and
B is of signature (dimT , dimT ). Denoting by O(T ⊕ T ∗) the group of isometries
of B, there is a natural embedding of GL(T ) in O(T ⊕ T ∗) given in block form by

g 7→
(
g 0
0 gt

−1

)
,

where g ∈ GL(T ) and gt ∈ GL(T ∗) is its transpose.
Now suppose that T has a K-metric gK. The group O(T, gK) is a subgroup of

GL(T ) and hence is naturally embedded in O(T ⊕T ∗) as above. The next theorem
shows that O(T, gK)′, the commutant of O(T, gK) in O(T ⊕ T ∗), is canonically
isomorphic to a fixed matrix group that does not depend on T or gK.

3.2 Definition. Let OK(1, 1) be the group of right K-linear isometries of K2

equipped with the metric λ(
(
x
y

)
,

(
x′

y′

)
) = Re

(
1
2 (x̄y′+ȳx′)

)
. As a group of matrices

acting by left multiplication,

OK(1, 1) =
{(

a b
c d

)
∈M2(K) :

(
c̄ ā
d̄ b̄

)(
a b
c d

)
=
(

0 1
1 0

)}
.

3.3 Theorem. The map cT : OK(1, 1)→ O(T, gK)′ given by

cT (
(
a b
c d

)
) =

(
ρ(a) ρ(b) ◦ τ−1

g

ρ∗(c) ◦ τg ρ∗(d)

)
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is a group isomorphism onto O(T, gK)′. Its restriction to OR(1, 1) is an isomor-
phism onto O(T, g)′.

Proof. Writing x ∈ O(T, gK)′ in block form, x =
(
A B
C D

)
, the fact that x

commutes with O(T, gK) is equivalent to the fact that A ∈ Hom(T, T ), B ∈
Hom(T ∗, T ), C ∈ Hom(T, T ∗) and D ∈ Hom(T ∗, T ∗) are O(T, gK)-equivariant
maps. Since the commutant of O(T, gK) in Hom(T, T ) (resp. Hom(T, T ∗)) is
ρ(K) (resp. ρ∗(K) ◦ τg), we have

x =
(

ρ(a) ρ(b) ◦ τ−1
g

ρ∗(c) ◦ τg ρ∗(d)

)
,

for some a, b, c and d in K. It is easily seen that x ∈ O(T ⊕ T ∗) iff(
ρ(c)∗ ρ(a)∗ ◦ τ−1

g

ρ∗(d)∗ ◦ τg ρ∗(b)∗

)(
ρ(a) ρ(b) ◦ τ−1

g

ρ∗(c) ◦ τg ρ∗(d)

)
=
(

0 τ−1
g

τg 0

)
.

Using ρ(a)∗ = ρ(ā) (cf. (3A)), etc. and multiplying out, this reduces to the 2 × 2
matrix equation (

c̄ ā
d̄ b̄

)(
a b
c d

)
=
(

0 1
1 0

)
.

This is precisely the condition for
(
a b
c d

)
to be in OK(1, 1). �

There is a natural K-metric space of which O(T, gK)′ is the group of automor-
phisms. Consider the vector space I(T, gK) = HomO(T,gK)(T ∗, T⊕T ∗) of O(T, gK)-
equivariant linear maps from T ∗ to T ⊕ T ∗. This has the following properties:

(a) The left actions of K on T ⊕ T ∗ and T ∗ commute with O(T, gK) and hence
induce respectively left and right actions of K on I(T, gK) which commute (if K = R
or C they are the same); explicitly, if we represent f ∈ Hom(T ∗, T ⊕ T ∗) in block

form f =
(
f1

f2

)
with f1 ∈ Hom(T ∗, T ) and f2 ∈ Hom(T ∗, T ∗), then this bimodule

structure is

(3B) (k, f, k′) 7→
(
ρ(k) ◦ f1 ◦ ρ∗(k′)
ρ∗(k) ◦ f2 ◦ ρ∗(k′)

)
.

(b) The group O(T, gK)′ acts naturally by composition on I(T, gK) and com-
mutes with the above right action of K on I(T, gK).

(c) For f, h ∈ I(T, gK), the function

α 7→ B(f(α), h(α))

defines an O(T, gK)-invariant quadratic form on T ∗ and hence, since O(T, gK) acts
irreducibly on T ∗, there is a real number λI(T,gK)(f, h) such that for all α ∈ T ∗,

B(f(α), h(α)) = λI(T,gK)(f, h)g−1(α, α),

where g−1 denotes the metric on T ∗ dual to g. This defines a symmetric bilinear
form λI(T,gK) on I(T, gK) which is clearly invariant under the action of O(T, gK)′

and compatible with the natural left and right K actions on I(T, gK). In particular,
I(T, gK) is a right K-metric space.
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3.4 Theorem. (i) There is a unique O(T, gK)′-invariant symmetric bilinear form
λI(T,gK) on I(T, gK) satisfying

B(f(α), h(α)) = λI(T,gK)(f, h) g−1(α, α) ∀f, h ∈ I(T, gK), ∀α ∈ T ∗.

(ii) The left K-linear map iT : K2 → I(T, gK) given by

iT (
(

1
0

)
) = τ−1

g and iT (
(

0
1

)
) = IdT∗

is right K-linear and an isometry with respect to the metrics λ and λI(T,gK). Its
restriction to R2 is a real linear isomorphism onto I(T, g).

(iii) The natural action of O(T, gK)′ on I(T, gK) defines an isomorphism of
O(T, gK)′ with the group of right K-linear isometries of λI(T,gK) and is compatible
with cT and iT :

iT (g(x)) = cT (g)(iT (x)) if g ∈ OK(1, 1) and x ∈ K2.

Proof. Part (i) follows from the discussion above. To prove part (ii) note first that
I(T, gK) = HomO(T,gK)(T ∗, T⊕T ∗) ∼= HomO(T,gK)(T ∗, T )⊕HomO(T,gK)(T ∗, T ∗) ∼=
τ−1
g ρ(K) ⊕ ρ∗(K) and hence the real dimension of I(T, gK) is 2 dimRK. Thus iT

is an isomorphism of left K-modules.
To prove that iT is also an isomorphism of right K-modules, one has to show

that

iT (
(
k1

k2

)
k) = iT (

(
k1

k2

)
)ρ∗(k) ∀k1, k2, k ∈ K.

In block form, the L.H.S. is
(
ρ(k1k) ◦ τ−1

g

ρ∗(k2k)

)
and the R.H.S. is

(
ρ(k1) ◦ τ−1

g ◦ ρ∗(k)
ρ∗(k2) ◦ ρ∗(k)

)
(cf. 3B). These two quantities are equal since τ−1

g : T ∗ → T is an isomorphism of
K-modules. Part (iii) follows by direct calculation with the explicit formulae for
cT and iT . �

3.5 Proposition. If d̃ : O(T ⊕T ∗)×O(T ′⊕T ′∗)→ O ((T ⊕ T ′)⊕ (T ⊕ T ′)∗) and
d̃1 : Hom(T ∗, T⊕T ∗)×Hom(T ′∗, T ′⊕T ′∗)→ Hom((T ⊕T ′)∗, (T ⊕T ′)⊕(T ⊕T ′)∗)
are the natural embeddings, then for g ∈ OK(1, 1) and x ∈ K2,

d̃(cT (g), cT ′(g)) = cT⊕T ′(g) and d̃1(iT (x), iT ′(x)) = iT⊕T ′(x).

Proof. Straightforward. �

4. Multiplicativity of graded double covers

In this section we associate to a K-metric space (T, gK) a GDC of the matrix
group OK(1, 1), and show that this association is multiplicative in an appropriate
sense.

Recall that the group Pin(T ⊕T ∗, B), is a non-trivial double cover of O(T ⊕T ∗).
The pair (Pin(T ⊕ T ∗, B), det), where det : O(T ⊕ T ∗) → Z2 is the determinant
homomorphism, is a graded double cover (GDC) of O(T ⊕ T ∗) (cf. Definition 2.1),
which we denote by εPin(T ⊕ T ∗, B).

4.1 Definition. Let (T, gK) be a finite-dimensional K-metric space. Define
Gr(T, gK) to be the GDC of O(T, gK)′ given by

Gr(T, gK) =
(
π−1(O(T, gK)′), det|O(T,gK)′

)
.
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This can also be considered as a GDC of the matrix group OK(1, 1) with the
projection c−1

T ◦ π : π−1
(
O(T, gK)′

)
→ OK(1, 1) (cf. 3.3).

4.1.1 Remark. If K = C or K = H, the group O(T, gK)′, respectively isomorphic to
U(1, 1) or Sp(1, 1), is a connected subgroup of O(T⊕T ∗) and hence det|O(T,gK)′ = 1
is the trivial grading.

4.1.2 Remark. A priori, the groups π−1(O(T, gK)′) and π−1(O(T, gK)) commute
only up to sign. If K = R, then they do not commute but π−1(O(T, gK)′) and
π−1(SO(T, gK)) commute (cf. 3.4(ii) in [S]). If K = C or K = H, then O(T, gK)′

is connected and hence, since any point is joined by a continuous path to either 1
or −1, then π−1(O(T, gK)′) and π−1(O(T, gK)) commute. Hence, in all cases,

Gr(T, gK) ⊂ C(T )SO(T,gK),

where C(T )SO(T,gK) denotes the fixed point set of SO(T, gK) acting on C(T ) by α
(cf. 1.4.1).

4.1.3 Remark. By Theorem 3.3, the group O(T, gK)′ is independent of the K-metric
space (T, gK) but, as we shall see later, the same is not true for Gr(T, gK) unless
K = H. However, the map π∗

−1 ◦ cT ∗ : oK(1, 1)→ gr(T, gK) is an isomorphism of
Lie algebras. Hence the Lie algebra of Gr(T, gK) is canonically isomorphic to R if
K = R, to u(1, 1) ∼= R⊕ sl(2,R) if K = C and to sp(1, 1) if K = H.

The main result of this section will be that Gr(T, gK) as a GDC of OK(1, 1)
is multiplicative with respect to direct sums of K-metric spaces. To see this, let
(T, gK) and (T ′, g′K) be K-metric spaces. By definition, the inclusions jT : Pin(T ⊕
T ∗, B) ↪→ C(T ) and jT ′ : Pin(T ′⊕ T ′∗, B′) ↪→ C(T ′) are compatible with gradings
and satisfy jT (−1) = −1 and jT ′(−1) = −1. Hence by Proposition 2.3 we can
define an injective graded homomorphism

jT ⊗ jT ′ : εPin(T ⊕ T ∗, B)×̂Z2
εPin(T ′ ⊕ T ′∗, B′) ↪→ C(T )⊗̂C(T ′).

Composing with the isomorphism of Proposition 1.6 we get an injective graded
homomorphism:

F ◦ jT ⊗ jT ′ : εPin(T ⊕ T ∗, B)×̂Z2
εPin(T ′ ⊕ T ′∗, B′) ↪→ C(T ⊕ T ′).

Recall that, by definition, the underlying group of Gr(T, gK) ? Gr(T ′, g′K) is a
graded subgroup of Pin(T ⊕T ∗, B)×Z2 Pin(T ′⊕T ′∗, B′) and the underlying group
of Gr(T ⊕ T ′, gK ⊕ g′K) is a graded subgroup of C(T ⊕ T ′).

4.2 Theorem. There is a unique isomorphism f : Gr(T, gK) ? Gr(T ′, g′K) →
Gr(T⊕T ′, gK⊕g′K) of GDCs of OK(1, 1) such that the following diagram commutes:

Gr(T, gK) ? Gr(T ′, g′K)
jT⊗jT ′→ C(T )⊗̂C(T ′)

f

y
y F

Gr(T ⊕ T ′, gK ⊕ g′K)
jT⊕T ′→ C(T ⊕ T ′).

Proof. This result is very closely related to the results of Section 2 in [S]. In order
to be able to apply them, we first compose jT ⊗ jT ′ : Pin(T ⊕ T ∗, B)×̂Z2Pin(T ′⊕
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T ′∗, B′) ↪→ C(T )⊗̂C(T ′) with the isomorphism C(T )⊗̂C(T ′) ∼= C
(
(T ⊕T ∗)⊕ (T ′⊕

T ′
∗), B ⊕B′

)
given by equation (1A) to obtain an injective homomorphism:

D = (1A) ◦ jT ⊗ jT ′ : Pin(T ⊕ T ∗, B)×̂Z2Pin(T ′ ⊕ T ′∗, B′)
↪→ C

(
(T ⊕ T ∗)⊕ (T ′ ⊕ T ′∗), B ⊕B′

)
.

By Lemma 2.5 in [S], the image ofD is contained in Pin
(
(T⊕T ∗)⊕(T ′⊕T ′∗), B⊕B′

)
and there is a commutative diagram of graded group homomorphisms:

εPin(T ⊕ T∗, B)×̂Z2
εPin(T ′ ⊕ T ′∗, B′)

D=(1A)◦jT⊗jT ′ //

π×π′

��

Pin
(
(T ⊕ T∗)⊕ (T ′ ⊕ T ′∗), B ⊕ B′

)
π
B⊕B′

��

O(T ⊕ T∗, B)×O(T ′ ⊕ T ′∗, B′)
d // O

(
(T ⊕ T∗)⊕ (T ′ ⊕ T ′∗), B ⊕ B′

)
,

where d : O(T ⊕ T ∗, B) × O(T ′ ⊕ T ′∗, B′) → O
(
(T ⊕ T ∗) ⊕ (T ′ ⊕ T ′∗), B ⊕ B′

)
is

the diagonal injection d(a, b) =
(
a 0
0 b

)
∈ O

(
(T ⊕T ∗)⊕ (T ′⊕T ′∗), B⊕B′

)
. Using

the “permutation” isometry(
(T ⊕ T ∗)⊕ (T ′ ⊕ T ′∗), B ⊕B′

) ∼= ((T ⊕ T ′)⊕ (T ⊕ T ′)∗), BT⊕T ′
)
,

one can identify the GDC εPin
(
(T ⊕ T ∗)⊕ (T ′ ⊕ T ′∗), B ⊕B′

)
of O

(
(T ⊕ T ∗)⊕

(T ′⊕T ′∗), B⊕B′
)

with the GDC εPin
(
(T ⊕T ′)⊕ (T ⊕T ′)∗), BT⊕T ′

)
of O

(
(T ⊕

T ′)⊕ (T ⊕ T ′)∗), BT⊕T ′
)

and this gives the commutative diagram

εPin(T ⊕ T∗, B)×̂Z2
εPin(T ′ ⊕ T ′∗, B′)

D̃=F◦jT⊗jT ′ //

π×π′

��

Pin
(
(T ⊕ T ′)⊕ (T ⊕ T ′)∗), BT⊕T ′

)
πB

T⊕T ′

��

O(T ⊕ T∗, B)×O(T ′ ⊕ T ′∗, B′)
d̃ // O

(
(T ⊕ T ′)⊕ (T ⊕ T ′)∗), BT⊕T ′

)
,

where d̃ is the diagonal embedding d composed with the permutation isometry.
Now let cT : OK(1, 1)→ O(T, gK)′ denote the canonical identification of Theorem
3.3. By Proposition 3.5,

(4A) d̃
(
cT (x), cT ′(x)

)
= cT⊕T ′(x) ∀x ∈ OK(1, 1).

The underlying group of the GDC Gr(T, gK) ? Gr(T ′, g′K) is by definition{
[g, g′] ∈ εPin(T ⊕ T ∗, B)×̂Z2

εPin(T ′ ⊕ T ′∗, B′) : c−1
T ◦ π(g) = c−1

T ′ ◦ π′(g′)
}

with double covering projection c−1
T ◦π = c−1

T ′ ◦π′. On the other hand, the underlying
group of the GDC Gr(T ⊕T ′, gK⊕g′K) is by definition π−1

BT⊕T ′

(
O(T ⊕T ′, gK⊕g′K)′

)
with double covering projection c−1

T⊕T ′ ◦ πBT⊕T ′ . We now show that the restriction
of D̃ to the underlying group of Gr(T, gK) ? Gr(T ′, g′K) is a group isomorphism
onto the underlying group of Gr(T ⊕ T ′, gK ⊕ g′K) which commutes with covering
projections, and therefore, since D̃ preserves gradings, defines an isomorphism of
GDCs of OK(1, 1).
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If [g, g′] ∈ Gr(T, gK) ? Gr(T ′, g′K), we have

πBT⊕T ′ ◦ D̃([g, g′]) = d̃ ◦ (π × π′)([g, g′])
= d̃(π(g), π′(g′))

= d̃(cT (x), cT ′(x))

(where x = c−1
T (π(g)) = c−1

T ′ (π
′(g′)) ∈ OK(1, 1))

= cT⊕T ′(x) (by (4A)).

Thus πBT⊕T ′ ◦ D̃([g, g′]) ∈ O(T ⊕T ′, gK⊕ g′K)′ and D̃ maps Gr(T, gK)?Gr(T ′, g′K)
into Gr(T ⊕ T ′, gK ⊕ g′K). Furthermore, c−1

T⊕T ′ ◦ πBT⊕T ′ ◦ D̃ = c−1
T ◦ π and hence

D̃ : Gr(T, gK) ? Gr(T ′, g′K) → Gr(T ⊕ T ′, gK ⊕ g′K) commutes with the covering
projections. �

If (T, gK) is a K-metric space, Gr(T, gK) is a graded subgroup of C(T ), and
hence a graded C(T ) module restricts to a graded representation of Gr(T, gK) in
the sense of Definition 2.1(c). The tensor product of restrictions is isomorphic to
the restriction of the tensor product:

4.5 Corollary. Let (E, ε, ρ) and (E′, ε′, ρ′) be graded representations of C(T ) and
C(T ′) respectively. Let (E ⊗ E′, ε ⊗ ε′, ρ⊗̂ρ′) be the tensor product C(T ⊕ T ′)
representation. The pair (f, IdE⊗E′) is an isomorphism

(Gr(T, gK), (E, ε, ρ|Gr(T,gK)))⊗ (Gr(T ′, g′K), (E′, ε′, ρ′|Gr(T ′,g′K)))
∼=
(
Gr(T ⊕ T ′, gK ⊕ g′K), (E ⊗ E′, ε⊗ ε′, ρ⊗̂ρ′|Gr(T⊕T ′,gK⊕g′K))

)
of graded representations of GDCs of OK(1, 1).

Proof. This follows directly from Definitions 1.8(b), 2.4 and the commutative dia-
gram

Gr(T, gK) ? Gr(T ′, g′K)
jT⊗jT ′//

f

��

C(T )⊗̂C(T ′)
ρ⊗ρ′

//

F

��

End(E)⊗̂End(E′)

1B

��

Gr(T ⊕ T ′, gK ⊕ g′K)
jT⊕T ′

// C(T ⊕ T ′) ρ⊗ρ′
// End(E)⊗̂End(E′)

(cf. 4.3 and 1.8(a)). �

5. Manifolds with K-metrics

In this section we globalize the main results of Sections 3 and 4, introduce the
quantization map and derive a universal, multiplicative form of Hodge identities.

Let M be a connected n-manifold with tangent bundle T → M and cotangent
bundle T ∗ →M . Let gK = (g, ρ) be a K-metric, i.e., g is a non-degenerate metric
(of arbitrary signature (r, s)), ρ : K→ Γ

(
End(T )

)
is a real algebra homomorphism

and g and ρ are pointwise compatible in the sense of Definition 3.1.
At each point m ∈ M we can form the group O(Tm ⊕ T ∗m), its subgroups

O(Tm, gKm) and O(Tm, gKm)′, and the algebra C(Tm) and its subgroups Pin(Tm⊕
T ∗m) and Gr(Tm, gKm). As m varies in M , these spaces fit together to form
fibre bundles over M , which we denote in the obvious way O(T ⊕ T ∗) → M ,
etc. The bundles O(T ⊕ T ∗) and C(T ) are bundles associated to the principal
GL(n) bundle of linear frames in T , whereas the bundles O(T, gK) ⊆ O(T ⊕ T ∗),
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O(T, gK)′ ⊆ O(T ⊕ T ∗) and Gr(T, gK) ⊆ C(T ), whose definition depends on the
metric, are associated to OK(M), the principal bundle of K-orthonormal frames
over M .

Now suppose that ∇ is a linear connection in T which preserves the K-metric
gK, i.e., ∇ preserves g and ρ. We will also denote by ∇ the canonically associated
linear connections in T ⊕ T ∗, End(T ⊕ T ∗) and C(T ). Since ∇ preserves gK, it is
clear that parallel transport in End(T⊕T ∗) preserves the sub-bundles O(T, gK) and
O(T, gK)′, and that parallel transport in C(T ) preserves the sub-bundle Gr(T, gK).

5.1 Proposition. Let O(M, gK)′, I(M, gK) and Gr(M, gK) denote the parallel
sections of O(T, gK)′, HomO(T,gK)(T ∗, T ⊕ T ∗) and Gr(T, gK) respectively.

(i) The map cM : OK(1, 1)→ O(M, gK)′ defined by

cM (
(
a b
c d

)
) =

(
ρ(a) ρ(b) ◦ τ−1

g

ρ∗(c) ◦ τg ρ∗(d)

)
is a group isomorphism. For all m ∈ M , the evaluation map O(M, gK)′ →
O(Tm, gKm)′ is a group isomorphism.

(ii) The left K-linear map iM : K2 → I(M, gK) given by

iM (
(

1
0

)
) = τ−1

g and iM (
(

0
1

)
) = IdT∗

is an isomorphism of K-bimodules. If λI(M,gK) denotes the metric iM ∗λ on
I(M, gK), then for all m ∈ M , the evaluation map I(M, gK) → I(Tm, gKm) is
an isometry with respect to λI(M,gK) and λI(Tm,gKm), and an isomorphism of K-
bimodules.

(iii) If K = R and M is orientable, then for all m ∈ M the evaluation map
Gr(M, gK)→ Gr(Tm, gKm) is a group isomorphism.

(iv) If K = C or K = H, then for all m ∈M the evaluation map Gr(M, gK)→
Gr(Tm, gKm) is a group isomorphism.

(v) There is a unique group homomorphism dM : O(M, gK)′ → Z2 such that
dM (s) = det s(m) ∀m ∈ M, ∀s ∈ O(M, gK)′, where det : O(T ⊕ T ∗) → Z2 is the
determinant.

Proof. Since for all k ∈ K, ρ(k), ρ∗(k), τg and τ−1
g are parallel, the image of cM

is contained in O(M, gK)′ and by Theorem 3.3, for all m ∈ M,x ∈ OK(1, 1),
cM (x)(m) = cTm(x). The map cTm : OK(1, 1) → O(Tm, gKm)′ is a group iso-
morphism by Theorem 3.3, which means that for any y ∈ O(Tm, gKm)′ there is a
parallel section cM ◦ c−1

Tm
(y) of O(T, gK)′ taking the value y at m. This proves part

(i). The proof of part (ii), which we omit, is analogous.
By 4.1.2 we have

Gr(T, gK) ⊆
(
C(T )

)SO(T,gK)
.

If K = R and M is orientable, or if K = C or H, ∇ reduces to an SO(r, s)-
connection and standard properties of holonomy imply that

(
C(T )

)SO(T,gK) is
trivialized by its global parallel sections. The sub-bundle Gr(T, gK) is stable under
parallel transport and hence also trivialized by its global parallel sections. This
proves parts (iii) and (iv).

Finally, to prove part (v) note that since det : O(T⊕T ∗)→ Z2 and s ∈ O(M, gK)′

are parallel, we have det s(m) = det s(m′) ∀m,m′ ∈M . �
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The upshot of this theorem is that one can associate to any (orientable) manifold
with K-metric (M, gK) a group O(M, gK)′, a K-bimodule I(M, gK) with right K-
metric λI(M,gK) and a GDC Gr(M, gK) of O(M, gK)′. Furthermore, O(M, gK)′

and (I(M, gK), λI(M,gK)) are canonically isomorphic to the model spaces OK(1, 1)
and (K2, λ) so that Gr(M, gK) can be considered as a GDC of the matrix group
OK(1, 1).

From now on we assume that M is orientable if K = R.
Let (M, gK,∇) and (M ′, g′K,∇′) be manifolds with K-metrics and compatible

connections, and let π : M ×M ′ → M and π′ : M ×M ′ → M ′be the projections.
The canonical isomorphism

π∗TM ⊕ π′∗TM ′ ∼= T (M ×M ′)
defines a K-metric g̃K = π∗gK ⊕ π′∗g′K and compatible connection ∇̃ = π∗∇ ⊕
π′∗∇′ in T (M × M ′). Extending the pointwise isomorphisms Gr(TmM, gKm) ?
Gr(Tm′M ′, gK

′
m) ∼= Gr(T(m,m′)M ×M ′, g̃K) given by Theorem 4.2, we get

5.2 Proposition. There is a unique group homomorphism

Φ : Gr(M, gK) ? Gr(M ′, gK
′)→ Gr(M ×M ′, g̃K)

such that the following diagram commutes:

Gr(M, gK) ? Gr(M ′, g′K)
π∗jTM⊗π′∗jTM′ //

Φ

��

Γ
(
π∗C(TM)⊗̂π′∗C(TM ′)

)
1.6

��

Gr(M ×M ′, g̃K)
jT (M×M′)

// Γ (C(T (M ×M ′)))

The map F is compatible with gradings and covering projections and hence defines
an isomorphism of GDCs of OK(1, 1).

Proof. This is straightforward. �

5.1 C(T ) modules and quantization.

5.3 Definition. Let M be a manifold and ∇ a connection in TM .
(a) A graded C(T ) module (over (M,∇)) is a graded real vector bundle (E, ε)

overM with a graded connection∇E , and a linear bundle map R : C(T )→ End(E)
such that:

(i) For all m ∈M , (Em, εm, Rm) is a graded C(Tm) module.
(ii) For X ∈ Γ(T ), c ∈ Γ(C(T )) and e ∈ Γ(E),

∇EX(R(c)(e)) = R(∇Xc)(e) +R(c)
(
∇EXe

)
.

(b) Let σE : Γ
(
Hom(T ∗, T ⊕ T ∗)

)
→ Γ

(
Hom(T ∗, End(E))

)
be the symbol map

(cf. 1.10) and let Diffk(E) be the space of kth order differential operators in E.
The quantization map QE : Γ(Hom(T ∗, T ⊕ T ∗)

)
→ Diff1(E) is defined by

QE(s) =
a=n∑
a=1

σE(s)εa ◦ ∇Eea ,

where s ∈ Γ
(
Hom(T ∗, T⊕T ∗)

)
, {E, · · · , en} is a local basis of T and {ε1, · · · , εn} is

the dual (i.e., εa(eb) = δab ) local basis of T ∗. Note that the QE(s) are odd operators
in that QE(s)Γ(E±) ⊆ Γ(E∓).
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5.3.1 Remark. If we regard σE(s) ∈ Γ
(
Hom(T ∗, End(E)

)
as an element of

Γ
(
Hom(T ∗⊗E,E)

)
via the natural identification Hom(T ∗, End(E)) ∼= Hom(T ∗⊗

E,E) and ∇E : Γ(E) → Γ
(
T ∗ ⊗ E

)
is the covariant derivative, we have QE(s) =

σE(s) ◦∇E and thus QE(s) is globally well defined independently of any choices of
local bases.

5.4 Proposition. If g̃ ∈ Γ
(
Pin(T ⊕ T ∗)

)
is parallel and if π(g̃) = g, then

QE(g ◦ s) = (−1)gR(g̃) ◦QE(s) ◦R(g̃−1) ∀s ∈ Γ
(
Hom(T ∗, T ⊕ T ∗)

)
.

In particular, if M has a ∇-parallel K-metric, g̃ ∈ Gr(M, gK) and π(g̃) = g ∈
O(M, gK)′, then

QE(g ◦ s) = (−1)gR(g̃) ◦QE(s) ◦R(g̃−1) ∀s ∈ I(M, gK).

Proof. We have

QE(g ◦ s) =
a=n∑
a=1

σE(g ◦ s)εa ◦ ∇Eea

=
a=n∑
a=1

(−1)gR(g̃) ◦ σE(s)εa ◦R(g̃−1) ◦ ∇Eea (by 1.10)

=
a=n∑
a=1

(−1)gR(g̃) ◦ σE(s)εa ◦ ∇Eea ◦R(g̃−1) (by 5.3(ii))

= (−1)gR(g̃) ◦QE(s) ◦R(g̃−1).

�

The map QE : I(M, gK)→ Diff1(E) extends to a unique algebra homomorphism
QE : T (I(M, gK))→ Diff(E) from the real tensor algebra of I(M, gK) to the algebra
of all differential operators in E by the formula

QE(h1 ⊗ h2 ⊗ · · · ⊗ hk) = QE(h1) ◦QE(h2) ◦ · · · ◦QE(hk).

By Proposition 5.4, the extended map satisfies

QE(g(t)) = (−1)gkR(g̃) ◦QE(t) ◦R(g̃−1)

if
t ∈ T k(I(M, gK)), g̃ ∈ Gr(M, gK) and π(g̃) = g.

Hence, even O(M, gK)′-invariant elements of T (I(M, gK)) get mapped to
Gr(M, gK)-invariant differential operators in Diff (E). The eigenspaces of such an
operator (if it has any) have a natural Gr(M, gK) action.

The basic O(M, gK)′-invariant is the metric λI(M,gK). Its dual λ−1
I(M,gK) is an

invariant element of S2(I(M, gK)) ⊂ T (I(M, gK)) and one easily sees that λ−1
I(M,gK)

equals
2(τ−1

g ⊗ IdT∗ + IdT∗ ⊗ τ−1
g ) if K = R,

2
(
τ−1
g ⊗ IdT∗ + IdT∗ ⊗ τ−1

g + τ−1
g ◦ ρ∗(i)

⊗ ρ∗(i) + ρ∗(i)⊗ τ−1
g ◦ ρ∗(i)

)
if K = C
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and

2
(
τ−1
g ⊗ IdT∗ + IdT∗ ⊗ τ−1

g + τ−1
g ◦ ρ∗(i)⊗ ρ∗(i) + ρ∗(i)⊗ τ−1

g ◦ ρ∗(i) + τ−1
g ◦ ρ∗(j)

⊗ ρ∗(j) + ρ∗(j)⊗ τ−1
g ◦ ρ∗(j) + τ−1

g ◦ ρ∗(k)

⊗ ρ∗(k) + ρ∗(k)⊗ τ−1
g ◦ ρ∗(k)

)
if K = H.

This implies the first part of the

5.5 Corollary. (i) The differential operator QE(λ−1
I(M,gK)) commutes with the ac-

tion of Gr(M, gK) on Γ(E).
(ii) The principal symbol of QE(λ−1

I(M,gK)) at α ∈ T ∗ is 2 dimRK g−1(α, α)IdE .

Proof. Let us first prove (ii) when K = R. The principal symbol of QE(λ−1
I(M,gK))

at α ∈ T ∗ is

2σE(τ−1
g )α ◦ σE(IdT∗)α + 2σE(IdT∗)α ◦ σE(τ−1

g )α,

which by definition is equal to

2R(τ−1
g (α)) ◦R(IdT∗(α)) + 2R(IdT∗(α)) ◦R(τ−1

g (α)).

Since R defines a C(T ) module, this is

4B(τ−1
g (α), IdT∗(α))IdE = 4B(τ−1

g (α), α)IdE ,

which reduces to 2g−1(α, α)IdE using the definitions of B and τg (cf. 3.4). This
proves (ii) if K = R and the proof of the other cases is similar; one usesB(τ−1

g (α), α)
= B(τ−1

g ρ∗(i)(α), ρ∗(i)α) = B(τ−1
g ρ∗(j)(α), ρ∗(j)α), etc. �

Now consider the restriction of QE to S2(I(M, gK)), the real dimRK (2 dimRK+
1)-dimensional space of symmetric two tensors on I(M, gK).

5.6 Theorem. Suppose there exists a nonzero λI(M,gK)-isotropic vector z ∈ I(M,

gK) such that QE(z ⊗ z) = Q(z)2 = 0. Then:
(i) The image of QE : S2(I(M, gK))→ Diff(E) is one-dimensional and spanned

by QE(λ−1
I(M,gK)).

(ii) If x, y ∈ I(M, gK), then

QE(x)QE(y) +QE(y)QE(x) =
1

dimRK
λI(M,gK)(x, y) QE(λ−1

I(M,gK)).

(iii) If x ∈ I(M, gK), then QE(x) ◦QE(λ−1
I(M,gK)) = QE(λ−1

I(M,gK)) ◦QE(x).

Proof. The map QE : S2(I(M, gK)) → Diff(E) is O(M, gK)′-equivariant in the
sense of Proposition 5.4 and the group O(M, gK)′ acts transitively on the space
of nonzero λI(M,gK)-isotropic vectors in I(M, gK). Hence QE(z)2 = 0 implies that
QE(x ⊗ x) = QE(x)2 = 0 for all λI(M,gK)-isotropic vectors x in I(M, gK).

The kernel of QE in S2(I(M, gK)) therefore contains all sums of squares of
isotropic vectors. This latter space is of real codimension one in S2(I(M, gK)) and
hence the real codimension of KerQE is at most one. Since QE(λ−1

I(M,gK)) is nonzero
by Corollary 5.5, KerQE is of codimension exactly one and this proves part (i).

Now if we take x, y ∈ I(M, gK), then x⊗ y+ y⊗x ∈ S2(I(M, gK)) and applying
Q we get

QE(x)QE(y) +QE(y)QE(x) = f(x, y)QE(λ−1
I(M,gK))
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for some number f(x, y) which clearly defines a bilinear form on I(M, gK). Taking
g ∈ O(M, gK)′ and g̃ ∈ Gr(M, gK) such that π(g̃) = g we have

f(g ◦ x, g ◦ y)QE(λ−1
I(M,gK)) = QE(g ◦ x)QE(g ◦ y) +QE(g ◦ y)QE(g ◦ x)

= R(g̃) ◦
(
QE(x)QE(y) +QE(y)QE(x)

)
◦R(g̃)−1 (by 5.4)

= f(x, y)R(g̃) ◦QE(λ−1
I(M,gK)) ◦R(g̃)−1

= f(x, y)QE(λ−1
I(M,gK)),

and hence f(g ◦x, g ◦y) = f(x, y). Since an O(M, gK)′-invariant symmetric bilinear
form on I(M, gK) is proportional to λI(M,gK), this means that f = kλI(M,gK). By
the proof of Corollary 5.5,

QE(λ−1
I(M,gK)) = 2 dimRK

(
QE(IdT∗)QE(τ−1

g ) +QE(τ−1
g )QE(IdT∗)

)
and hence f(IdT∗ , τ−1

g ) = 1
2 dimRK . Since λI(M,gK)(IdT∗ , τ−1

g ) = 1
2 (by 3.4(ii)), this

proves (ii).
To prove (iii) let x ∈ I(M, gK) be an isotropic vector and choose y ∈ I(M, gK)

such that λ−1
I(M,gK)(x, y) 6= 0. Multiplying (ii) on the left and on the right by QE(x)

and using QE(x)2 = 0 we see easily that QE(x) ◦QE(λ−1
I(M,gK)) = QE(λ−1

I(M,gK)) ◦
QE(x). Every element of I(M, gK) is a linear combination of isotropic vectors. So
the same equation is valid for arbitrary x in I(M, gK). �

5.6.1 Remark. As we shall see later, Theorem 5.4(ii) and Theorem 5.6 imply all
classical Hodge type identities for Riemannian (K = R), Kähler (K = C) and
hyper-Kähler (K = H) manifolds.

5.7 Definition. Let M be a manifold and ∇ a connection in TM . A graded C(T )
module (E, ε, ρ,∇E) is said to be flat if QE(IdT∗)2 = 0.

5.7.1 Proposition. Let M be an oriented manifold and ∇ a torsion free connection
in TM . Let (V, εV ,∇V ) be a graded vector bundle with graded flat connection ∇V .
Then (Λ(T ∗)⊗ V, εΛ ⊗ εV , ρΛ(T∗) ⊗ IdV ,∇Λ(T∗) ⊗∇V ) is a flat C(T ) module.

Proof. By 1.10 and 5.3, σΛ(T∗)⊗V (Id∗T ) : Γ(T ∗ ⊗ Λ(T ∗)⊗ V )→ Γ(Λ(T ∗)⊗ V ) and
the differential operator QΛ(T∗)⊗V (IdT∗) are given by σΛ(T∗)⊗V (Id∗T )(α⊗ω⊗ v) =
α ∧ ω ⊗ v and

QΛ(T∗)⊗V (IdT∗)(ω ⊗ v) =
a=n∑
a=1

εa ∧ (∇Λ(T∗)
ea ω ⊗ v + ω ⊗∇Veav).

Hence QE(IdT∗) is the exterior covariant derivative operator since ∇ is torsion free
and QE(IdT∗)2 = 0 since ∇V is flat. �

5.7.2 Remark. One can show conversely that if (E, ε,R) is a graded flat C(T )
module over (M,∇), then ∇ is torsion free and (E, ε,R) is of the form given in
5.7.1 up to isomorphism.

By Proposition 5.1, for any orientable manifold M with K-metric gK and com-
patible connection ∇, (I(M, gK), λI(M,gK)) is canonically isometric to (K2, λ) and
the groupO(M, gK)′ is canonically isomorphic to the matrix groupOK(1, 1). Hence,
roughly speaking, Theorem 5.4(ii) and Theorem 5.6 can be interpreted as defining
a “representation” of the action of OK(1, 1)) on (K2, λ) in the space of smooth
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sections of E, a flat graded C(T ) module E over (M, gK,∇). Let us now make this
idea more precise.

5.8 Definition. Let gK be the real Lie superalgebra whose centre and even part
is Rλ−1 and whose odd part is K2 with bracket [x, y] = 1

dimRK λ(x, y)λ−1. The
group OK(1, 1) acts naturally by automorphisms on gK. A Z2-projective represen-
tation of the pair (OK(1, 1), gK) in a graded vector space (V, ε) is a Z2-projective
representation A of OK(1, 1) in (V, ε) (cf. 2.5) together with a Lie superalgebra
representation B : gK → End(V ) satisfying the compatibility condition

B(g(s)) = (−1)deg(s)deg(Â(g))Â(g) ◦B(s) ◦ Â(g)
−1

∀s ∈ gK, ∀g ∈ OK(1, 1),

where Â(g) is any element of GL+(V ) ∪GL−(V ) lifting A(g).

One can now interpret Theorem 5.4(ii) and Theorem 5.6 as defining a Z2-
projective representation of an algebraic structure depending only on K and not
on (M, gK,∇) or (E, ε, ρ,∇E).

5.9 Theorem/Definition. Let (M, gK,∇) be an orientable manifold with non-
degenerate K-metric gK (of arbitrary signature) and Levi-Civita connection ∇, and
let (E, ε, ρ,∇E) be a flat graded C(T ) module. Let [ρ] : OK(1, 1)→ GL+

(
Γ(E)

)
∪

GL−
(
Γ(E)

)
/{±Id} be the homomorphism obtained by factoring ρ : Gr(M, gK) →

GL
(
Γ(E)

)
through the double covering map Gr(M, gK) → OK(1, 1). Let QE ′ :

gK → End
(
Γ(E)

)
be defined by QE

′(λ−1) = QE(λ−1
I(M,gK)) and QE

′(s) = QE ◦
iM (s) if s ∈ K2.

Then (Γ(E), ε, [ρ], QE ′) is a Z2-projective representation of
(
OK(1, 1), gK

)
. This

representation will be called the associated Hodge representation.

5.9.1 Remark. The vector space Γ(E) is a nuclear Fréchet space for the topology
given by uniform convergence of all derivatives on compact subsets in all local
trivializations and the operators QE ◦ iM (x) (x ∈ K2) and ρ(g) (g ∈ Gr(M, gK))
are continuous since they are differential operators. We will refer to nuclear Fréchet
(NF) Hodge representations when we need to take this topology into account.

5.2 Multiplicative properties of Hodge representations. Let (M, gK,∇) and
(M ′, g′K,∇′) be two manifolds with K-metrics and compatible connections, let
(E, ε, ρ,∇E) and (E′, ε′, ρ′,∇E′) be respectively graded C(T ) and C(T ′) modules
and let π : M×M ′→M , π′ : M×M ′ →M ′ be the projections. Since T (M×M ′) ∼=
π∗TM ⊕ π′∗TM ′, it is clear that (π∗E ⊗ π′∗E′, π∗ε⊗π′∗ε′, π∗ρ⊗̂π′∗ρ′, π∗∇E ⊗
π′
∗∇E′) is a C

(
T (M ×M ′)

)
module over (M ×M ′, π∗gK ⊕ π′∗g′K,∇ ⊕ ∇′). For

brevity, we will denote this C
(
T (M ×M ′)

)
module by (Ẽ, ε̃, ρ̃,∇Ẽ).

It is well known that the map Ψ : Γ(E)⊗alg Γ(E′)→ Γ(π∗E⊗π′∗E′) defined by

Ψ(e⊗ e′) = π∗e⊗ π′∗e′

has dense image, say S, and by completion extends to an isomorphism of nuclear
Fréchet spaces Ψ̄ : Γ(E)⊗̄Γ(E′)→ Γ(π∗E⊗ π′∗E′). By Theorem 5.2 and Corollary
4.5, the restriction of Ψ defines an isomorphism

(Γ(E), ε, ρ)⊗alg (Γ(E′), ε′, ρ′) ∼= (S, ε̃, ρ̃)

of Z2-projective representations of OK(1, 1).
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5.10 Lemma. For x ∈ K2, e ∈ Γ(E) and e′ ∈ Γ(E′),

QẼ
′
(x)(π∗e⊗ π′∗e′) = π∗QE

′
(x)(e) ⊗ π′∗e′ + (−1)eπ∗e⊗ π′∗QE′

′
(x)(e′),(5B)

QẼ
′2

(x)(π∗e⊗ π′∗e′) = π∗QE
′
(x)2(e)⊗ π′∗e′ + π∗e⊗ π′∗QE′

′
(x)2(e′).(5C)

Proof. The first equation is a direct calculation following from 1.10.1, the corre-
sponding result for symbols, and Proposition 3.5. Squaring (5B), cross-terms cancel
and we get the second equation. �

If (E, ε, ρ,∇E) and (E′, ε′, ρ′,∇E′) are flat, then the C
(
T (M × M ′)

)
module

(Ẽ, ε̃, ρ̃,∇Ẽ) is also flat since, by equation (5C), QẼ
′2

= 0 on a dense subset of
Γ(Ẽ). Moreover, equation (5B) then implies that Ψ defines an isomorphism

(Γ(E), ε, QE
′
)⊗alg (Γ(E′), ε′, QE

′ ′
) ∼= (S, ε̃, QẼ

′
)

of representations of the Lie superalgebra gK. By completion:

5.11 Theorem. The map Ψ̄ : Γ(E)⊗̄Γ(E′)→ Γ(π∗E ⊗ π′∗E′) is an isomorphism
of the NF-representations of

(
OK(1, 1), gK

)
:

Ψ̄ : (Γ(E), ε, [ρ], QE
′
) ⊗̄ (Γ(E′), ε′, [ρ′], QE

′ ′
) ∼= (Γ(Ẽ), ε̃, [ρ̃], QẼ

′
).

6. Explicit formulae for elements of Gr(T, gK)

Let (T, gK) be a K-metric space of real dimension mdimRK. Choose a K-linear
orthogonal (i.e., g(Ii, Ij) = ±δij) basis {I1, I2, · · · , Im}, and let {E1, E2, · · · , Em}
be the g-dual basis (i.e., Ei = τg(Ii)) of T ∗. Then

T =
i=m⊕
i=1

ρ(K)Ii

is an orthogonal decomposition into K-metric spaces. Hence, by Theorem 4.5, the
restriction of the concatenation isomorphism

C(ρ(K)I1)⊗̂ · · · ⊗̂C(ρ(K)Im) ∼= C(T )

defines an isomorphism of GDCs of OK(1, 1):

(6A) Gr(ρ(K)I1, gK|ρ(K)I1 ) ? · · · ? Gr(ρ(K)Im, gK|ρ(K)Im) ∼= Gr(T, gK).

This isomorphism reduces the problem of finding explicit formulae for elements of
Gr(T, gK) in the general case to the same problem in the one K-dimensional case.
In this chapter we will give a complete description of Gr(T, gK) when K = R and
K = C, and a partial description when K = H (cf. Remark 6.4.3 below).

6.1 The explicit description of Gr(T, gR) in C(T ). Let T be a one-dimensional
R-metric space and let g be the metric. Recall that

O(T, g)′ =
{(

λIdT 0
0 1

λIdT∗

)
: λ ∈ R∗

}
∪

{(
0 µτ−1

g
1
µτg 0

)
: µ ∈ R∗

}
.

Let I ∈ T be a unit vector (i.e., of length sign(g) = ±1) and let E = τg(I) ∈ T ∗
be its g-dual. Considering T ⊕ T ∗ as a subset of the Clifford algebra C(T ) we have
the relations

(6B) E2 = I2 = 0 and EI + IE = sign(g).
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If λ ∈ R∗, the vectors |λ|− 1
2 (λE−I) and −E+I satisfy

(
|λ|− 1

2 (λE−I)
)2 = sign(g)

and
(
−E + I

)2 = −sign(g), and hence are in Pin−(T ⊕ T ∗). Their product
|λ|− 1

2 (λEI + IE) is therefore in Pin+(T ⊕ T ∗).

6.1 Proposition. (a) The map χT : SO(1, 1)→ Pin+(T ⊕ T ∗) given by

χT (
(
λ 0
0 1

λ

)
) = sign(g)|λ|− 1

2
(
λEI + IE

)
is a group homomorphism and satisfies

π ◦ χT (
(
λ 0
0 1

λ

)
) =

(
1
λIdT 0

0 λIdT∗

)
∈ O(T, g)′.

(b) σT = −E + I satisfies

π(σT ) =
(

0 τ−1
g

τg 0

)
∈ O(T, g)′.

(c) We have the following relations:

σ2
T = −sign(g) and σ χT

(
λ 0
0 1

λ

)
σ−1 =

λ

|λ| χT (
(

1
λ 0
0 λ

)
).

6.1.1 Corollary. The group Gr(T, g) is generated by −1,the image of χT (even
graded) and σT (odd graded) subject to the relations 6.1(c).

Proof. These results all follow by direct calculation using the Clifford algebra rela-
tions (6B). We prove part (b) as an example. For this, one has to show that

(−1)(−E + I)E(−E + I)−1 = I and (−1)(−E + I)I(−E + I)−1 = E

and this is immediate. �

Now let (T, g) be a metric space of signature (r, s) and let {I1, · · · , Ir+s} be
a g-orthogonal basis of T such that g(Ii, Ij) = ±δij for 1 ≤ i ≤ r + s. Let
{E1, E2, · · · , En} be the g-dual basis of T ∗. For 1 ≤ i ≤ n and λ ∈ R∗ we set

χTi(
(
λ 0
0 1

λ

)
) = sign(gi)|λ|−

1
2
(
λEiIi + IiEi

)
and σTi = −Ei + Ii,

where Ti is the subspace of T spanned by Ei and gi = g|Ti .

6.2 Theorem. (a) The map χT : SO(1, 1)→ Pin+(T ⊕ T ∗, B) given by

χT = χT1χT2 · · ·χTn
is a group homomorphism and satisfies

π ◦ χT (
(
λ 0
0 1

λ

)
) =

(
1
λIdT 0

0 λIdT∗

)
∈ O(T, g)′.

(b) χT is independent of the choice of orthogonal basis {I1, · · · , In} of T .
(c) σT = σT1σT2 · · ·σTn is in Pin+(T ⊕ T ∗) if n is even, in Pin−(T ⊕ T ∗) if n

is odd and satisfies

π(σT ) =
(

0 τ−1
g

τg 0

)
∈ O(T, g)′.

(d) σT depends only on the orientation of the orthogonal basis {I1, · · · , In}.
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(e) We have the following relations:

σ2
T = (−1)

1
2 (r−s)(r−s+1) and σ χT (

(
λ 0
0 1

λ

)
)σ−1 = (

λ

|λ| )
nχT (

(
1
λ 0
0 λ

)
).

(f) Let (T, g) and (T ′, g′) be metric spaces and let (T ⊕ T ′, g ⊕ g′) be the direct
sum. Then under the isomorphism C(T )⊗̂C(T ′) ∼= C(T ⊕ T ′) of Proposition 1.6,

χT (
(
λ 0
0 1

λ

)
)⊗ χT ′(

(
λ 0
0 1

λ

)
) is mapped to χT⊕T ′(

(
λ 0
0 1

λ

)
) and, if T and T ′ are

oriented, σT ⊗ σT ′ is mapped to σT⊕T∗ (where T ⊕ T ∗ is given the direct sum
orientation).

Proof. Parts (a), (c), (e) and (f) all follow directly from the properties of the
concatenation isomorphism (6A) and 6.1. We postpone the proofs of (b) and (d)
until later (cf. Proposition 6.5). �

6.2.1 Corollary. The group Gr(T, g) is generated by −1 (even graded), the image
of χT (even graded) and σT (odd graded iff T is odd-dimensional) subject to the
relations 6.2(e). By 6.2(e), the isomorphism class of Gr(T, g) depends only on
r − smod 4 and four distinct cases occur.

6.2 The explicit description of Gr(T, gC) in C(T ). Let (T, gC) be a real, two-
dimensional C-metric space, i.e., gC = (g, ρ) where g is a (necessarily definite)
metric and ρ : C → End(T ) is a real algebra homomorphism. The action ρ is
completely determined by ρ(i) = J, which is a g-isometric complex structure on T .
Note that by Definition 3.2, ρ∗(i) = J t

−1 ∈ End(T ∗).
By Theorem 3.3 the map cT : OC(1, 1)→ O(T, gC)′ given by

cT

((
a b
c d

))
=
(

ρ(a) ρ(b)τ−1
g

ρ∗(c)τg ρ∗(d)

)
is a group isomorphism. The group OC(1, 1) is not simple: defining r : U(1) →
OC(1, 1) and s : SL(2,R)→ OC(1, 1) by

r(eiθ) =
(
eiθ 0
0 eiθ

)
and s

((
a b
c d

))
=
(
a ib
−ic d

)
,

one checks that p = r × s : U(1)× SL(2,R)→ OC(1, 1) is a double covering map.
We now show that Gr(T, gC) as a GDC of OC(1, 1) is isomorphic to this double
cover. (Recall that Gr(T, gC) is trivially graded by 4.1.1.)

If I ∈ T is a unit vector, then {I, I ′ = J(I)} is an orthogonal basis of T . Let
{E,E′ = J t

−1(E)} be the g-dual basis of T ∗. Then the following relations hold in
C(T ):

(6C) IE + EI = I ′E′ + E′I ′ = sign(g) and xy + yx = 0

for all other choices of x, y ∈ {I, I ′, E,E′}.

6.3 Theorem. (a) The maps R̃ : U(1) → C(T ) and S̃ : SL(2,R) → C(T ) given
by

R̃(eiθ) = 1 + sign(g)sin θ
(
E′I − EI ′

)
+ (cos θ − 1)

(
EI ′E′I + E′IEI ′

)
,

S̃(
(
a b
c d

)
) = 1 + (a− 1)I ′IEE′ + sign(g)

(
bI ′I + cEE′

)
+ (d− 1)EE′I ′I

take values in Pin+(T⊕T ∗) and are group homomorphisms with commuting images.
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(b) R̃(−1)S̃(
(
−1 0
0 −1

)
) = −1.

(c) Setting c̃T = R̃× S̃, the following diagram commutes

U(1)× SL(2,R) c̃T→ Gr(T, gC)

p

y
y π

OC(1, 1) cT→ O(T, gC)′

and c̃T is an isomorphism.

Proof. We set α = E′I − EI ′, β = EI ′E′I + E′IEI ′, ε = EE′ and ι = I ′I. Then
the maps R̃ and S̃ can be written as

R̃(eiθ) = 1 + sign(g)sin θα+ (cos θ − 1)β,

S̃(
(
a b
c d

)
) = 1 + (a− 1)ιε + sign(g)(bι+ cε) + (d− 1)ει.

It is easily checked that all products of elements in {α, β} with elements in {ε, ι}
are 0. Hence the images of R̃ and S̃ commute.

Using the Clifford algebra relations (6C), one verifies that

αT = −α, α2 = −β, αβ = βα = α and β2 = β,

that εT = −ε, ιT = −ι and that the following multiplication table holds:

ε ι ει ιε
ε 0 ει 0 ε
ι ιε 0 ι 0
ει ε 0 ει 0
ιε 0 ι 0 ιε

From these relations it follows easily that

R̃(eiθ)
(
R̃(eiθ)

)T = S̃(
(
a b
c d

)
)
(
S̃(
(
a b
c d

)
)
)T = 1

and hence that the images of R̃ and S̃ are in Pin(T ⊕ T ∗) (cf. 1.4), and, in fact,
in Pin+(T ⊕ T ∗) since they are connected and contain the identity. Similarly, one
checks that R̃ and S̃ are group homomorphisms and this proves part (a). Part (b)
is immediate.

To prove the first part of (c) one has to show that π ◦ c̃T = cT ◦ p, i.e.,

π ◦ c̃T (eiθ,
(
a b
c d

)
)

=
(
cos θIdT + sin θJ 0

0 cos θIdT∗ + sin θJ t
−1

)(
aIdT bJ ◦ τ−1

g

−cJ t−1 ◦ τg dIdT∗

)
.

(6D)

For this, it is sufficient to prove the equality of both sides evaluated on the basis
vectors {I, I ′, E,E′} of T ⊕ T ∗. As an example, consider the case of the vector I
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and suppose eiθ = 1 for simplicity. Evaluating the L.H.S. on I we get(
1 + (a− 1)ιε+ sign(g)(bι+ cε) + (d− 1)ει

)
I
(
1 + (d− 1)ιε

− sign(g)(bι+ cε) + (a− 1)ει
)

=
(
1 + (a− 1)ιε+ sign(g)cε

)
I
(
1− sign(g)cε+ (a− 1)ει

)
,

the equality following from ιI = Iι = 0. Now, since εIε = EE′IEE′ = EE′2IE = 0,
this reduces to

I + (a− 1)(ιεI + Iει) + sign(g)c(εI − Iε).
But ιεI + Iει = I ′IEE′I + IEE′I ′I = IE(I ′E′ + E′I ′)I = sign(g)IEI = I and
εI− Iε = EE′I− IEE′ = −(EI+ IE)E′ = −sign(g)E′. Substituting in the above
and simplifying this gives

π ◦ c̃T (1,
(
a b
c d

)
)(I) = aI − cE′ = aIdT (I)− cJ t−1 ◦ τg(I),

which is the R.H.S. of (6D) evaluated on I when eiθ = 1. The general case is
analogous.

The map c̃T is an isomorphism since π ◦ c̃T is surjective and −1 ∈ Im c̃T . �

6.3.1 Remark. One can extend R̃ : U(1) → C(T ) and S̃ : SL(2,R) → C(T )
holomorphically to homomorphisms R̃c : C∗ → C(T ) ⊗ C and S̃c : SL(2,C) →
C(T )⊗C. To define R̃c we set

R̃c(z) = 1 + sign(g)
1
2i

(z − 1
z

)α+
(1

2
(z +

1
z

)− 1
)
β ∀z ∈ C∗,

and to define S̃c we simply replace the real parameters in the formula for S̃ by
complex parameters. The map c̃T c = R̃c× S̃c : C∗×SL(2,C)→ C(T )⊗C is then
a holomorphic extension of c̃T .

6.3.2 Corollary. Considering (T, gC) as a two-dimensional R-metric space, one
can define the map χT : SO(1, 1)→ Pin+(T ⊕T ∗) and the element σT ∈ Pin+(T ⊕
T ∗) as in Theorem 6.2. Then

χT (
(
λ 0
0 1

λ

)
) = c̃T (

λ

|λ| ,
( 1
|λ| 0
0 |λ|

)
)

σT = sign(g) c̃T (i,
(

0 −1
1 0

)
).

Proof. Exercise. �

Now let (T, gC) be an arbitrary C-metric space of signature (2r, 2s) and let
{I1, I ′1, · · · , Ir+s, I ′r+s} be a g-orthogonal basis of T such that I ′i = J(Ii) and
g(Ii, Ii) = g(I ′i, I

′
i) = ±1 for 1 ≤ i ≤ r + s. Let {E1, E

′
1, · · · , Er+s, E′r+s} be

the g-dual basis of T ∗. The restriction of gC to the real, two-dimensional subspace
Ti = 〈Ii, I ′i〉 of T defines a C-metric on Ti and hence one can define the correspond-
ing homomorphisms ˜cTi : U(1) × SL(2,R) → C(T ) by the formulae of Theorem
6.3.

6.4 Theorem. (a) The map c̃T : U(1)× SL(2,R)→ C(T ) given by

c̃T = ˜cT1 ˜cT2 · · · ˜cTr+s
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is a group homomorphism whose image is contained in Gr(T, gC) and the following
diagram commutes:

U(1)× SL(2,R)
c̃T //

p

��

Gr(T, gC)

π

��

OC(1, 1)
cT // O(T, gC)′.

(b) The map c̃T is independent of the choice of g-orthogonal basis {I1, I ′1, · · · ,
Ir+s, I

′
r+s} of T .

(c) c̃T (−1,
(
−1 0
0 −1

)
) = (−1)r+s.

(d) If r + s is odd, the map c̃T is an isomorphism of U(1) × SL(2,R) onto
Gr(T, gC).

(e) If r + s is even, the map c̃T factors through the projection p : U(1) ×
SL(2,R)→ OC(1, 1) and trivializes the GDC c−1

T ◦ π : Gr(T, gC)→ OC(1, 1).
(f) Let (T, gC) and (T ′, g′C) be C-metric spaces and let (T ⊕ T ′, gC ⊕ g′C) be the

direct sum. Then under the isomorphism C(T )⊗̂C(T ′) ∼= C(T ⊕T ′) of Proposition
1.6, c̃T (x) ⊗ ˜cT ′(x) is mapped to ˜cT⊕T ′(x) for all x ∈ U(1)× SL(2,R).

Proof. Everything except (b) follows directly from the properties of the concate-
nation isomorphism (6A) and Theorem 6.3. To prove (b) note that two homo-
morphisms f, g : U(1) × SL(2,R) → Gr(T, gC) such that π ◦ f = π ◦ g = cT ◦ p
differ by a homomorphism d : U(1)× SL(2,R)→ Z2 which can only be the trivial
homomorphism. �
6.4.1 Corollary. Considering (T, gC) as a (2r+ 2s)-dimensional R-metric space,
one can define the map χT : SO(1, 1) → Pin+(T ⊕ T ∗) and the element σT ∈
Pin+(T ⊕ T ∗) as in Theorem 6.2. Then

χT (
(
λ 0
0 1

λ

)
) = c̃T (

λ

|λ| ,
( 1
|λ| 0
0 |λ|

)
),

σT = (−1)s c̃T (i,
(

0 −1
1 0

)
).

Proof. This follows from 6.3.1. �
We now give two formulae which will be useful later.

6.4.2 Proposition. If c̃T ∗ : R⊕ sl(2,R)→ C(T ) is the derivative at the identity
of c̃T , then

c̃T ∗(
(

0 1
0 0

)
) =

i=r+s∑
i=1

sign(gi)I ′iIi and c̃T ∗(
(

0 0
1 0

)
) =

i=r+s∑
i=1

sign(gi)EiE′i.

Proof. We prove only the first formula. Differentiating 6.4(a) at the identity gives

c̃T ∗(
(

0 1
0 0

)
) =

i=r+s∑
i=1

˜cTi∗(
(

0 1
0 0

)
).

By definition,

˜cTi∗(
(

0 1
0 0

)
) =

d

dt
|t=0 ˜cTi(exp(t

(
0 1
0 0

)
)) =

d

dt
|t=0 ˜cTi(

(
1 t
0 1

)
)
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and using the explicit formula of 6.3(a), this is clearly sign(gi)I ′iIi. �

6.4.3 Remark. Let (T, gH = (g, ρ)) be an H-metric space. As is well known, the
group OH(1, 1) (=Sp(1, 1)) is isomorphic to the universal cover of SO+(4, 1) and
hence the GDC (trivially graded by 4.1.1) Gr(T, gH)→ OH(1, 1) is necessarily (and
canonically) isomorphic to the trivial double cover OH(1, 1)×Z2 → OH(1, 1). The
author was not able to find a simple explicit formula for the canonical isomorphism
Φ : OH(1, 1)× Z2 → Gr(T, gH); but, using the results of section 6.2, one can give
explicit formulae for some of the elements of Gr(T, gH) as follows.

If q ∈ H is an imaginary unit quaternion, ρ(q) is a g-isometric complex structure
and hence defines a C-metric gCq on T and a subgroup Gr(T, gCq) of Gr(T, gH).
The elements of Gr(T, gCq) can then be described explicitly by Theorem 6.4. How-
ever, it is not true that every element of Gr(T, gH) is in a subgroup of this form.

At the Lie algebra level, Φ∗ : oH(1, 1)→ gr(T, gH) is given by Φ∗ = π∗
−1 ◦ cT ∗

(cf. 4.1.3). The map cT ∗ can be calculated by Theorem 3.3 and the formula for
π∗
−1 is well known so that one can calculate Φ∗ explicitly. We will not do this,

since the result will not be used in this paper. In [V], Verbitski gives an explicit
isomorphism of so(4, 1) with gr(T, gH).

6.3 The explicit description of Gr(T, gR) in the exterior algebra repre-
sentation. As seen in Section 1, the map ρΛ(T∗) : T ⊕ T ∗ → End(Λ(T ∗)) given
by

ρΛ(T∗)(t)(ω) = it(ω) if t ∈ T,
ρΛ(T∗)(α)(ω) = eα(ω) if α ∈ T ∗,

extends to an algebra isomorphism

ρΛ(T∗) : C(T )→ End(Λ(T ∗))

and (Λ(T ∗), εΛ(T∗), ρΛ(T∗)) is a graded C(T ) module. The next proposition identi-
fies the generators of Gr(T, gR) in the exterior algebra representation in terms of
more familiar operators. We write 1Λ for the identity of the exterior algebra Λ(T ∗).

6.5 Proposition. (i) If ω ∈ Λk(T ∗), then

ρΛ(T∗) ◦ χT (
(
λ 0
0 1

λ

)
)(ω) =

λk

|λ|n2
(ω).

(ii) If T is oriented, let {I1, · · · , In} be a positively oriented orthonormal basis,
let {E1, · · · , En} be the g-dual basis, let ∗ ∈ End

(
Λ(T ∗)

)
be the Hodge star operator

and let σT ∈ C(T ) be defined by σT = (−E1 + I1)(−E2 + I2) · · · (−En + In) as in
Theorem 6.2(c). If ω ∈ Λk(T ∗), then

ρΛ(T∗)(σT )(ω) = (−1)(n+k
2 )(k−1) ∗ ω.

Proof. We set ea = ρΛ(T∗)(Ea) and ia = ρΛ(T∗)(Ia). Then E1 ∧ E2 ∧ · · · ∧ Ek =
e1e2 · · · ek(1Λ) and it is sufficient to prove (i) and (ii) for ω = E1 ∧ · · · ∧ Ek.

By definition,

ρΛ(T∗) ◦ χT (
(
λ 0
0 1

λ

)
)(E1 ∧ · · · ∧ Ek)

= (−1)s|λ|−n2
(
λe1i1 + i1e1

)
· · ·
(
λenin + inen

)
e1e2 · · · ek(1Λ).
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A short calculation using the equations ia(1Λ) = 0, eaeb + ebea = iaib + ibia = 0
and eaib + ibea = g(Ia, Ib)δab shows that

iaea
(
e1 · · · ek(1Λ)

)
=

{
0 if a ∈ {1, 2, · · · , k},
g(Ia, Ia)e1 · · · ek(1Λ) if a 6∈ {1, 2, · · · , k}

and that

eaia
(
e1 · · · ek(1Λ)

)
=

{
g(Ia, Ia)e1 · · · ek(1Λ) if a ∈ {1, 2, · · · , k},
0 if a 6∈ {1, 2, · · · , k}.

Hence the above expression becomes

= (−1)s|λ|−n2
(
λe1i1 + i1e1

)
· · ·
(
λekik + ikek

) a=n∏
a=k+1

(
g(Ia, Ia)

)
e1e2 · · · ek(1Λ)

= (−1)s|λ|−n2 λk
a=n∏
a=1

(
g(Ia, Ia)

)
e1e2 · · · ek(1Λ)

= |λ|− n2 λke1e2 · · · ek(1) = |λ|− n2 λk(E1 ∧ · · · ∧ Ek).

This proves part (i).
To prove part (ii), recall first that the Hodge star ∗β of a k-form β is the unique

(n− k)-form such that for all α ∈ Λk(T ∗),

α ∧ ∗β = (α, β)Λk(T∗)E1 ∧ · · · ∧ En,

where ( , )Λk(T∗) is the symmetric bilinear form on Λk(T ∗) given by

(α1 ∧ · · · ∧ αk, β1 ∧ · · · ∧ βk)Λk(T∗) = det [g(αi, βj)].

It is easy to see that

∗(E1 ∧ · · · ∧ Ek) =
a=k∏
a=1

(
g(Ia, Ia)

)
Ek+1 ∧ · · · ∧ En.

On the other hand,

ρΛ(T∗)(σ)(E1 ∧ · · · ∧ Ek) = (−e1 + i1) · · · (−en + in)e1 · · · ek(1Λ)

= (−e1 + i1) · · · (−ek + ik)(−ek+1)(−ek+2) · · · (−en)e1 · · · ek(1Λ)

= (−1)(n−k)(k+1)(−e1 + i1) · · · (−ek + ik)e1 · · · en(1Λ)

= (−1)(n−k)(k+1)i1 · · · ike1 · · · en(1Λ)

= (−1)(n−k)(k+1)(−1)
1
2 k(k−1)i1 · · · ikek · · · e1ek+1ek+2 · · · en(1Λ)

= (−1)(n−k)(k+1)+ 1
2k(k−1)

a=k∏
a=1

(
g(Ia, Ia)

)
ek+1ek+2 · · · en(1Λ)

= (−1)(n+k
2 )(k−1)

a=k∏
a=1

(
g(Ia, Ia)

)
ek+1ek+2 · · · en(1Λ).

Comparing with the formula for ∗(E1 ∧ · · · ∧ Ek) above, this proves part (ii). �

6.5.1 Remark. From the formula in 6.5(ii) it is easy to see that there does not exist
g ∈ Pin(T ⊕ T ∗) such that ρΛ(T∗)(g) = ∗.
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6.5.2 Remark. If ( , )Λ(T∗) denotes the orthogonal sum of the symmetric bilinear
forms on the Λk(T ∗), we have

(ea(ω), η)Λ(T∗) = (ω, ia(η))Λ(T∗)

for ω, η ∈ Λ(T ∗) and a = 1, 2, · · · , n. Thus, if t ∈ T , the operators it and eτg(t) are
mutual adjoints with respect to the bilinear form ( , )Λ(T∗).

6.4 The explicit description of Gr(T, gC) in the exterior algebra repre-
sentation. Let (T, gC) be a C-metric space. In this section we identify the image
of ρΛ(T∗) ◦ c̃T : U(1) × SL(2,R) → End(Λ(T ∗)) in terms of more familiar oper-
ators (where possible). We will show that the formulae defining ρΛ(T∗) ◦ c̃T give
an explicit parametrization of the connected Lie subgroup of End(Λ(T ∗)) which
integrates the classical Hodge-Lefschetz sl(2,R). To ease notation we write c̃Λ for
ρΛ(T∗) ◦ c̃T .

6.6 Proposition. If α1, · · · , αk ∈ T ∗, then

c̃Λ(eiθ)(α1∧· · ·∧αk) =
(
cos θα1 +sin θJ t

−1(α1)
)
∧· · ·∧

(
cos θαk+sin θJ t

−1(αk)
)
;

i.e., c̃Λ(eiθ) is the unique automorphism of the exterior algebra Λ(T ∗) extending
cos θ IdT∗ + sin θ J t

−1 ∈ GL(T ∗). If ω ∈ Λp,q, then c̃Λ(eiθ) (ω) = eiθ(q−p)ω.

Proof. By Corollary 6.4(a),

c̃Λ(eiθ) ◦ eα ◦ c̃Λ(e−iθ) = ecos θα+sin θJt−1α

for all α in T ∗. Hence, since α1 ∧ · · · ∧ αk = eα1 · · · eαk(1Λ), we have

c̃Λ(eiθ)(α1 ∧ · · · ∧ αk) = c̃Λ(eiθ)eα1 · · · eαk(1Λ)

=
i=k∏
i=1

(
c̃Λ(eiθ)eαi c̃Λ(e−iθ)

)
c̃Λ(eiθ)(1Λ)

=
i=k∏
i=1

(
ecos θαi+sin θJt−1αi

)
c̃Λ(eiθ)(1Λ).

By 6.4(a), one has c̃Λ(eiθ) = ρΛ(T∗) ◦ ˜cT1(eiθ) · · · ρΛ(T∗) ◦ ˜cTr+s(eiθ) and by 6.3(a),

ρΛ(T∗) ◦ ˜cTi(e
iθ) = 1 + sign(gi)sin θ(eE′iiIi − eEiiI′i)

+ (cos θ − 1)(eEiiI′ieE′iiIi + eE′iiIieEiiI′i).

The last factor in each term of this expression (except the first) is of the form it for
some t in T . Since it(1Λ) = 0, this shows that ρΛ(T∗) ◦ ˜cTi(eiθ)(1Λ) = 1Λ. Hence
c̃Λ(eiθ)(1Λ) = 1Λ and the proposition is proved. �

Most of the operators in the image of SL(2,R) under c̃Λ do not appear in the
literature, at least not to the author’s knowledge. However, the image of sl(2,R)
under the derivative of c̃Λ is the classical Hodge-Lefschetz sl(2,R) acting in the
exterior algebra.

6.7 Proposition. Let Ω =
∑i=r+s
i=1 sign(gi)Ei ∧ E′i be the canonical symplectic

form on T , let L : Λ → Λ be exterior multiplication by Ω and let L∗ : Λ → Λ be
the adjoint of L with respect to the symmetric bilinear form ( , )Λ(T∗) (cf. 6.5.2).
Then

c̃Λ∗(
(

0 0
1 0

)
) = L and c̃Λ∗(

(
0 1
0 0

)
) = L∗.
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Proof. Clearly, c̃Λ∗ = ρΛ(T∗) ◦ c̃T ∗. By 6.4.2,

ρΛ(T∗) ◦ c̃T ∗(
(

0 0
1 0

)
) =

i=r+s∑
i=1

sign(gi)ρΛ(T∗)(EiE′i)

=
i=r+s∑
i=1

sign(gi)eEieE′i ,

and this operator is exterior multiplication by Ω.
The second identity follows immediately by taking the adjoint of the first with

respect to ( , )Λ(T∗), and then applying 6.5.2 and 6.4.2. �

6.8 Proposition.

c̃Λ(1,
(

1
x 0
0 x

)
) (ω) =

xk

xr+s
ω ∀ω ∈ Λk(T ∗), ∀x ∈ R∗.

Proof. If x > 0, c̃Λ(1,
(

1
x 0
0 x

)
) = χΛ(

(
x 0
0 1

x

)
) by 6.3.1, and the result follows

from 6.5.
If x < 0, then

c̃Λ(1,
(

1
x 0
0 x

)
) (ω) = c̃Λ(−1,

(
1 0
0 1

)
) ◦ c̃Λ(−1,

(
−1 0
0 −1

)
) ◦ c̃Λ(1,

( 1
|x| 0
0 |x|

)
) (ω)

= (−1)k(−1)r+s
|x|k

|x|r+s
ω

by Proposition 6.6, Theorem 6.4(b) and the first part. �

7. The Hodge representation of

(
OR(1, 1), gR

)
for manifolds with metric

Let (M, g,∇) be an oriented manifold with metric g of signature (r, s), and associ-
ated Levi-Civita connection∇. In this section we calculate explicitly the Hodge rep-
resentation of

(
OR(1, 1), gR

)
associated to the C(T ) module (Λ(T ∗), εΛ, ρΛ(T∗),∇Λ).

Recall that, by 5.7.1, this C(T ) module is flat and Q(IdT∗) = d is the exterior de-
rivative.

The first ingredient in the Hodge representation is the Z2-projective action of
OR(1, 1) obtained by projectivizing the action of Gr(M, g). By Propositions 6.2
and 6.5, the action of Gr(M, g) in Γ(Λ(T ∗)) is generated by the operators χM,λ

(λ ∈ R) and ΣM where if ω ∈ Λk(T ∗),

(7A) χM,λ(ω) = (
λk

|λ|n2
)(ω) and ΣM (ω) = (−1)(n+ k

2 )(k−1) ∗ ω.

These operators satisfy the relations

(7B) ΣM ◦ χM,λ ◦ Σ−1
M = (

λ

|λ| )
nχM, 1

λ
and Σ2

M = (−1)
1
2 (r−s)(r−s+1).

The second ingredient in the Hodge representation is the quantization map Q :
I(M, g)→ Diff1(Λ). The symbol map

σΛ : I(M, g)→ Γ
(
Hom(T ∗ ⊗ Λ(T ∗),Λ(T ∗))

)
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is easily seen to be

σΛ(τ−1
g )(α⊗ ω) = iτ−1

g (α)ω and σΛ(IdT∗)(α ⊗ ω) = α ∧ ω.

By 6.5.2, the adjoint (with respect to the bilinear form on Λ(T ∗)) of exterior mul-
tiplication by α is iτ−1

g (α) and since ∇ is the Levi-Civita connection, we have
Q(τ−1

g ) = −Q(IdT∗)∗ = −d∗, where d∗ is the formal adjoint (with respect to
the integrated bilinear form) of the exterior derivative. Hence:

7.1 Proposition. The maps Q : I(M, g) → Diff1(Λ) and Q′ : gR → Diff1(Λ) are
given by

Q(IdT∗) = d, Q(τ−1
g ) = −d∗; Q′(

(
0
1

)
) = d, Q′(

(
1
0

)
) = −d∗,

and Q′(λ−1) = −2�, where � = dd∗ + d∗d is the Hodge d’Alembertian.

Equations 5.6(ii) and 5.4(ii) can now be written as

(a) Q′(x)Q′(y) +Q′(y)Q′(x) = −2λ(x, y)� ∀x, y ∈ R2;

(b) Q′(g(x)) = (−1)g̃ρΛ(g̃) ◦Q′(x) ◦ ρΛ(g̃−1) ∀x ∈ R2, ∀(g, g̃) ∈ OR(1, 1)

×Gr(M, g) s.t π(g̃) = g.

The equations (a) describe all anticommutators of the differential operators d and
d∗, i.e., d2 = d∗2 = 0 and � = dd∗ + d∗d. The equations (b) reduce to:

7.1.1 Proposition.

(i) λd = χM,λ ◦ d ◦ χ−1
M,λ; (ii) − d∗ = (−1)nΣM ◦ d ◦ Σ−1

M ;

(iii)
1
λ
d∗ = χM,λ ◦ d∗ ◦ χ−1

M,λ; (iv) − d = (−1)nΣM ◦ d∗ ◦ Σ−1
M .

Proof. We prove (ii) as an example. If x =
(

0
1

)
and g̃ = σM , then g =

(
0 1
1 0

)
(by

Proposition 6.2), (−1)g = (−1)n (by Proposition 6.2) and ρΛ(σM ) = ΣM . Hence
Q′(x) = Q(iM ((g(x))) = −d∗, and by substituting in (b) we get

−d∗ = (−1)nΣM ◦ d ◦ Σ−1
M .

�

Rewriting the identities of 7.1.1 in terms of the degree operator and the Hodge
star operator, we obtain the classical Hodge identities in signature (r, s):

7.1.2 Corollary. Let ∂ : Γ(Λ(T ∗)) → Γ(Λ(T ∗)) be the degree operator ∂(ω) =
(−1)kω if ω ∈ Γ(Λk(T ∗)), and let ∗ be the Hodge star operator. Then, if ω ∈
Γ(Λk(T ∗)), we have

(i) [∂, d] = d; (ii) d∗(ω) = (−1)1+r+(r+s)k ∗ ◦d ◦ ∗(ω);

(iii) [∂, d∗] = −d∗; (iv) d(ω) = (−1)r+(r+s)k ∗ ◦d∗ ◦ ∗(ω).

Proof. We leave the details to the reader. �

If the metric g is positive definite and M is compact, � is elliptic and the
natural injection Ker�→ H(M) is an isomorphism onto the de Rham cohomology
H(M). Since � commutes with the action of Gr(M, g) on Γ(Λ(T ∗)), this defines
an action of Gr(M, g) on H(M). The next proposition calculates the characters of
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this representation in terms of invariants of M . We write Kerk(�) for the harmonic
forms of degree k.

7.2 Proposition. (i) If bk =dimHk(M) denotes the kth Betti number of M , then

Tr χM,λ|Ker � =
k=n∑
k=0

(
λk

|λ|n2 )bk.

(ii) TrΣM |Ker � =

{
0 if n 6= 0 (mod 4),
(−1)

n
4 sign(M) if n = 0 (mod 4).

Proof. Part (i) is immediate since bk =dim Ker k(�) by classical Hodge theory.
To prove part (ii) note first that if n = 1 or n = 2 (mod 4), then Σ2

M = −1 and
hence TrΣM |Ker � = 0. If n = 3 (mod 4), then χ−1 ◦ΣM ◦χ−1

−1 = −ΣM and hence
TrΣM |Ker � = 0.

If n = 0 (mod 4), then, since ΣM maps k-forms to (n − k)-forms and Σ2
M = 1,

we have
TrΣM |Ker � = TrΣM |Ker n2 �.

But ΣM = (−1)(n+n
4 )(n2−1)∗ = (−1)

n
4 ∗ on n

2 -forms and so

TrΣM |Ker n2 � = (−1)
n
4 Tr ∗ |

Ker
n
2 �.

As is well known, sign(M) = Tr ∗ |
Ker

n
2 � (see, for example, chapter V in [P]), and

part (ii) is proved. �

7.2.1 Remark. Restricting the isomorphism of Theorem 5.11 to kernels of Laplacians
we get

H∗(M)⊗H∗(M ′) ∼= H∗(M ×M ′)
as graded representations of GDCs of OR(1, 1). Under this isomorphism, by 6.2(f),

χM,λ⊗̂χM ′,λ = χM×M ′,λ and ΣM ⊗̂ΣM ′ = ΣM×M ′ ,

and taking traces, we recover the well-known results that the Euler characteristic
and signature are multiplicative for products of compact oriented manifolds.

8. The Hodge representation of

(
OC(1, 1), gC

)
for manifolds of Kähler type

Let (M, gC) be a manifold with non-degenerate C-metric gC (of arbitrary sig-
nature) and suppose that the Levi-Civita connection is compatible with gC. In
other words, M is a manifold with non-degenerate metric g and parallel (for the
Levi-Civita connection) isometric almost complex structure J . In this section we
calculate explicitly the Hodge representation of

(
OC(1, 1), gC

)
associated to the flat

C(T ) module (Γ
(
Λ(T ∗)

)
, εΛ, ρΛ(T∗),∇Λ).

The first ingredient of the Hodge representation is the Z2-projective action of
OC(1, 1) obtained by projectivizing the action of Gr(M, gC) in Γ

(
Λ(T ∗)

)
. Al-

though Gr(M, gC) as a GDC of OC(1, 1) depends non-trivially on (M, gC), one
can nevertheless, using Theorem 6.4, deprojectivize these representations to lin-
ear representations of a fixed GDC of OC(1, 1) in Γ

(
Λ(T ∗)

)
. Consider the map

˜cM : U(1)× SL(2,R)→ Γ
(
Gr(T, gC)

)
given by

˜cM (X)(m) = ˜cTm(X) ∀m ∈M, ∀X ∈ U(1)× SL(2,R).
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By standard holonomy considerations, this map takes values in the parallel sections
of Gr(T, gC) → M and hence defines a homomorphism ˜cM : U(1) × SL(2,R) →
Gr(M, gC). By 6.4(d) and 6.4(e), this is an isomorphism if the complex dimen-
sion of M is odd and factors through U(1) × SL(2,R) → OC(1, 1) to trivialize
Gr(M, gC) → OC(1, 1) if the complex dimension of M is even. By 6.4(f), this
deprojectivization process is compatible with tensor products. We write ˜cM,Λ for
ρΛ(T∗) ◦ ˜cM .

The second ingredient of the Hodge representation is the quantization map Q :
I(M, gC) → Diff1(Λ). In terms of the basis IdT∗ , τ−1

g , J ◦ τ−1
g , J t

−1 of I(M, gC),
we have already seen that

Q(IdT∗) = d and Q(τ−1
g ) = −d∗.

Recall (see [W2]) that A. Weil defines the operator dc ∈ Diff1(Λ) by

dc = C−1 ◦ d ◦ C,

where C : Λ→ Λ is the bundle map

C =
∑
a,b

ia−bPa,b

and Pa,b : Λ→ Λa,b is projection onto the forms of type (a, b). According to 6.6,

C−1 = ˜cM,Λ(ei
π
2 )

and hence dc = ˜cM,Λ(ei
π
2 ) ◦ d ◦ ˜cM,Λ(e−i

π
2 ). But by Theorem 6.4(a)

π ◦ ˜cM (ei
π
2 ) = cM ◦ p(ei

π
2 ) =

(
J 0
0 J t

−1

)
,

and hence by Proposition 5.4,

dc = Q(
(
J 0
0 J t

−1

)
◦ IdT∗) = Q(J t−1).

Similarly, one calculates Q(J ◦τ−1
g ) and this proves the first part of the next propo-

sition.

8.1 Proposition. (i) The maps Q : I(M, gC)→ Diff1(Λ) and Q′ : gC → Diff1(Λ)
are given by

Q(IdT∗) = d, Q(τ−1
g ) = −d∗;

Q(J ◦ τ−1
g ) = −dc∗, Q(J t−1) = dc;

Q′(
(

0
1

)
) = d, Q′(

(
1
0

)
) = −d∗;

Q′(
(
i
0

)
) = −dc∗, Q′(

(
0
i

)
) = dc,

and Q′(λ−1) = −4�, where � = dd∗ + d∗d is the Hodge d’Alembertian.

Proof. By substituting x = IdT∗ and y = τ−1
g in Theorem 6.4 we get

−� =
1
2
λI(M,gC)(IdT∗ , τ−1

g )Q(λ−1
I(M,gC)),

and λI(M,gC)(IdT∗ , τ−1
g ) = λ(

(
0
1

)
),
(

1
0

)
) = 1

2 by 3.4(ii) and 5.1(ii). �
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Equations 5.6(ii) and 5.4(ii) can now be written as
(a) Q′(x)Q′(y) +Q′(y)Q′(x) = −2λ(x, y)� ∀x, y ∈ C2.
(b) Q′(p(g)(z)) = ˜cM,Λ(g) ◦Q′(z) ◦ ˜cM,Λ(g)−1 ∀z ∈ C2, ∀g ∈ U(1)× SL(2,R).

They imply all classical Hodge-Lefschetz identities in the following way.
Equation (a) describes all anticommutators of the differential operators d, d∗, dc

and dc∗. For example, if x =
(
i
0

)
, y =

(
0
i

)
, then λ(x, y) = 1

2 , Q′(x) = −dc∗,

Q′(y) = dc and (a) is the classical identity

dcdc∗ + dc∗dc = � .
Equation (b) is an integrated version of the Hodge-Lefschetz identities of the

form −dc∗ = [L∗, d], etc. To see this, by differentiating (b) we get

(c) Q′(p∗(X)(z)) = [ ˜cM,Λ∗(X), Q′(z) ] ∀X ∈ R⊕ sl(2,R), ∀z ∈ C2.

For example, if z =
(

0
1

)
and X =

(
0 1
0 0

)
, then Q′(z) = d, p∗(X) =

(
0 i
0 0

)
,

p∗(X)(z) =
(
i
0

)
, Q′(p∗(X)(z)) = −dc∗ and ˜cM,Λ∗(X) = L∗ (cf. 6.7) and hence (c)

reduces to the classical identity

−dc∗ = [L∗, d].

8.1 A proof of the Hodge Index Theorem. Now suppose that M is com-
pact and that g is positive definite. The action of Gr(M, gC) commutes with the
Hodge Laplacian � and therefore acts on its kernel which we can identify with the
cohomology H∗(M) of M by classical Hodge theory. The group homomorphism

˜cM,Λ : U(1)×SL(2,R)→ Γ
(
End(Λ)

)
extends (cf. 6.3.1) to a group homomorphism

˜cM,Λc : C∗ × SL(2,C)→ Γ
(
End(Λ⊗C)

)
whose image consists of parallel sections

and commutes with �. This gives a representation

˜cM,Λc : C∗ × SL(2,C)→ GL
(
Ker �⊗C

)
.

Recall from 6.4.1 that

(8A) ΣM = ˜cM,Λ

(
ei
π
2 ,

(
0 −1
1 0

))
and from Proposition 7.2 that

(8B) TrΣM |Ker � =

{
0 if n 6= 0 (mod 4),
(−1)

n
4 sign(M) if n = 0 (mod 4).

8.2 Theorem (Hodge Index Theorem). Let M be a compact Kähler manifold of
real dimension 2m. Then

sign(M) =
∑
p,q

(−1)php,q,

where hp,q =dimHp,q.

Proof. The eigenvalues of
(

0 −1
1 0

)
are i and −i. Hence

(
ei
π
2 ,

(
0 −1
1 0

))
and(

ei
π
2 , (
(
i 0
0 −i

))
are conjugate in C∗ × SL(2,C) and have the same trace in a

representation of C∗ × SL(2,C).
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By holomorphic extension of Proposition 6.8,

˜cM,Λc

(
1,
(
i 0
0 −i

))
(ω) =

(−i)p+q
(−i)m ω ∀ω ∈ Λp,q

and hence by 6.6,

˜cM,Λc

(
ei
π
2 ,

(
i 0
0 −i

))
(ω) =

(−i)p+q
(−i)m ei

π
2 (q−p)ω = im(−1)pω ∀ω ∈ Λp,q.

Taking the trace on Ker � and using equation (8A) above we get

TrΣM |Ker � = im
∑
p,q

(−1)php,q.

The result now follows from equation (8B) above. �

8.2 Multiplicative numerical invariants for compact Kähler and hyper-
Kähler manifolds. For compact Kähler manifolds, restricting the isomorphism
of Theorem 5.11 to kernels of Laplacians we get

Ker�M ⊗R Ker�M ′ ∼= Ker�M×M ′
as representations of U(1) × SL(2,R). Hence every element x ∈ U(1) × SL(2,R)
gives rise to a (real) multiplicative invariant of compact Kähler manifolds (M, gC) 7→
Tr ˜cM,Λ(x)|Ker � since ˜cM,Λ(x)⊗̂ ˜cM ′,Λ(x) = ˜cM×M ′,Λ(x) (cf. 6.4(f)). Complexify-
ing, every element x ∈ C∗ × SL(2,C) gives rise to a (complex) multiplicative
invariant of compact Kähler manifolds. If x is in a compact subgroup, this number
is invariant under smooth deformations of the Kähler metric since the representa-
tion theory of compact groups is discrete. In general, Tr ˜cM,Λ(g)|Ker � will not be
a simple combination of the Hodge numbers hp,q.

If K = H and (M, gH) is a compact hyper-Kähler manifold, by 6.4.3 there is a
canonical isomorphism ΦM : Sp(1, 1)×Z2 → Gr(M, gH) commuting with covering
maps. Hence the Z2-projective representation of Sp(1, 1) in Γ

(
Λ(T ∗)

)
can be de-

projectivized to a linear representation of Sp(1, 1) in Γ
(
Λ(T ∗)

)
. Furthermore, this

deprojectivization process is compatible with tensor products since ΦM is unique.
Restricting the isomorphism of Theorem 5.11 to kernels of Laplacians we get

Ker�M ⊗R Ker�M ′ ∼= Ker�M×M ′
as representations of Sp(1, 1). Hence every element of Sp(1, 1) (or complexifying, of
Spin(5,C)) gives rise to a multiplicative invariant of compact hyper-Kähler mani-
folds.
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vetica, vol. 19, 1946, 1-49. MR 8:93b

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=29:5250
http://www.ams.org/mathscinet-getitem?mr=8:93b


2046 M. J. SLUPINSKI

[FKS] Figueroa-O’Farrill, J., Köhl, C. and Spence, B. — Supersymmetry and the cohomology of
(hyper)Kähler manifolds, Nuclear Phys. B, vol 503(3), 1997, pp. 614-626. MR 98k:53062

[H] Hodge, W.V.D. — The theory and application of harmonic integrals. – Cambridge Univer-
sity Press, 1941. MR 2:296d; MR 90g:58001 (reprint)

[Ho] Howe, R. — Dual pairs in physics: harmonic oscillators, photons, electrons and singletons,
in ‘Applications of group theory in physics and mathematical physics’ (Chicago, 1982),
Lectures in Appl. Math, 21. – Amer. Math. Soc., Providence, R.I., 1985, pp. 179-207 . MR
86i:22036
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