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ABSTRACT. The continued fraction in the title is perhaps the deepest of Ra-
manujan’s g-continued fractions. We give a new proof of this continued frac-
tion, more elementary and shorter than the only known proof by Andrews,
Berndt, Jacobsen, and Lamphere. On page 45 in his lost notebook, Ramanu-
jan states an asymptotic formula for a continued fraction generalizing that
in the title. The second main goal of this paper is to prove this asymptotic
formula.

1. INTRODUCTION

In his lost notebook [12} p. 45], Ramanujan offers several interesting and deep
theorems about the continued fraction

(%) 1 g g’ 9
(L1) i e _ ; 5
(6% 1= 14+qg—1+¢>—1+¢ — -
where |g| < 1 and where, here, and in the sequel, we use the standard notation
n—1
(a)o := (a;q)o :=1, (@)n :=(a;q)n := H(l —ag"), ifn>1,
k=0
and
(a;q)oo = lim (a’;Q)nv |(J| <L
n—oo

The continued fraction (II)) is due to Ramanujan and is found in his second note-
book [I1] p. 290]. Of the many g-continued fractions found by Ramanujan, (L) is,
by far, the most difficult to prove. Up until the present, the only known proof was
found by Andrews, Berndt, L. Jacobsen, and R. L. Lamphere [6], [8] p. 46, Entry
19] in 1992 and uses a deep theorem of Andrews [I]. The many other g-continued
fractions found by Ramanujan fall under a general hierarchy and have been estab-
lished by several authors by using g¢-difference relations for basic hypergeometric
series. In 1936, A. Selberg [13] was the first mathematician to systematically derive
several g-continued fractions (mostly due to Ramanujan but hidden from the public
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in his notebooks) from general theorems. Ramanujan, himself, in his lost notebook
[12], stated such general theorems, with the most elegant one first established by
Andrews [3]. See [B] for further citations to the literature. One primary purpose of
this paper is to provide a new, short, and more direct proof of (L.1]).

One of the claims made by Ramanujan on page 45 of [12] is an asymptotic
formula for as ¢ — 17. This asymptotic formula and a similar asymptotic
formula for another continued fraction found on the same page were established by
Berndt and Sohn [9], who deduced the results from a general theorem that they
established. The second major purpose of this paper is to prove another asymptotic
formula related to that for (1) found on the same page. In fact, the continued
fraction is slightly more general than (I.I)). Although both (I) and its general-
ization do not converge for ¢ > 1, Ramanujan claims that his asymptotic formula
is valid as ¢ — 1 from both directions. However, the continued fraction satisfies
a simple difference equation, which is given by Ramanujan immediately preceding
the asymptotic formula. Thus, Ramanujan’s asymptotic formula should be more
properly interpreted as an asymptotic formula for solutions of this difference equa-
tion, which does not have a unique solution. Therefore, a sequence of arbitrary
constants arises in Ramanujan’s asymptotic formula.

On page 45 of [12], Ramanujan also claims that, for w = €>™/3 and |q| < 1,
(1.2)

/1 1 1 1 2 (=" (6% 6%
lm (- — —— — | = —w . - ,
n—oo\1 = 14q¢g—1+4¢> = —1+q¢"+a Q-w ) (4:¢°)

where

1— 2 2,
(1.3) P G (E
l—aw (wg;q)oc

Note that, when a = 0 and ¢ is replaced by ¢~ !, the continued fraction on the left
side of (L2) equals
1 1 1 1

1.4 -
(1.4) 1—1+qgt—14+¢g2—14+qg3—"--

3

which, by an equivalence transformation, is equal to the continued fraction in (IIJ).
Because of the appearance of the limiting variable n on the right side of (L2,
Ramanujan’s claim is meaningless as it stands. However, if we let n — oo in each
of the three residue classes modulo 3, then, in each of these three cases, the limit
exists. With this interpretation, the authors established a proof of Ramanujan’s
claim in [7]. In particular, if ¢ > 1, the continued fraction in (TI]) has three
limit points, and so it would not be possible in any way to prescribe values to the
constants mentioned at the close of the previous paragraph.

2. PRELIMINARY RESULTS

For our new proof of (I.1l), we need the following result from Ramanujan’s lost
notebook [12] p. 43], which was first proved by Andrews [4].

Lemma 2.1. Let w = 2™/3. Then

0o —w)"™ n(n+1)/2 wq)n )
Z( ) (Zq?"q“*)n( D _ (W@)oo (4% ¢°)so-

n=0
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We also need an analogue of this result, (Z3]) below, which we will establish with
the same tools as Andrews used to prove Lemma 2.1

Lemma 2.2. For any complex numbers a,b, with b # 0,

1 oo (_1)nanqn(n+1)/2 B 1 e (_1)nanqn(n+1)/2+n

OO e e e 2 @alaa/bn
9 e ( 1 ng2np—n q n(3n—1)/2 _é & (_1)na2nb7nqn(3n+1)/2

anzz:o (@)n(aq/b)n(aq)n anz::o (@)n(aq/b)n(aq)n

Proof. We need a limiting case of Watson’s g-analogue of Whipple’s theorem given
in Andrews’s paper [4, eq. (2.3)],
(o] oo
_1)na2nb—nqn(3n+l)/2 1 (_1 nanqn(n+1)/2
N S ; - e
— (@)n(aq/b)n(aq)n (aq)os == (@)n(aq/b)n

By replacing b by bg and multiplying both sides by (1 — a/b), we obtain

i (_1)na2nb—n(1 _ aqn/b)qn(Bn—l)/Q B 1 i (—1)”@"(1 _ aqn/b)qn(n_H)/Q

= (@)n(aq/b)n(aq)n (aq)os =, (@)n(agq/b)n
or
> —1)na2npngn n@Bn-1)/2 . & (— 1)na2nb—nqn(3n+1)/2
z:: (@)n Ctq/b) (aq)n _Ez:: (Q)n(aq/b)n(aq)n
0 ngngn(tD/2 g yrgngnntl)/24n
nz::O n(aq/b)n b (ag)e &= (q n(GQ/ b)n
Using (222) above, we deduce @21)). O

To maintain the flow of the proof of (I:1]), we place here an application of Lemma
22 which will be needed.
If we set a = w and b = w? in ([2)), we find that, after some simplification,
n n(n+1)/2 0 (_w)nqn(n+1)/2+n

(2.3) i >

o q = (Q)n(qu)n

& 1)» n(?m 1)/ (3n+1)/
:w(w@w{z( e T }

n=0
= w(W)oo {(4¢%)o0 — (¢%5q )oo} ;

by letting N — oo in the g-binomial theorem, as found in [2, pp. 35-36], with ¢
replaced by ¢® and z replaced by ¢ and ¢, respectively, in [2].

By employing an argument similar to that used by Andrews [4] to prove Lemma
23], we can utilize Lemma 22 to prove the following lemma, which we use in [7].

Lemma 2.3. Let w = ¢2™/3. Then

w O (—w)gn(nt1)/2 n n(n+1)/2+n
(24) - {Z (W) +wz = (¢:¢°)

(W@ | = (@n(w? *q)n
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Proof. Letting a = w and b = w? in Lemma 7] we obtain

(2.5) Z

n n(n+1)/2 0 (_w)nqn(n+1)/2+n

>

—= (@ = (@@
X (_1\n,n(3n—1)/2 n n(3n+1)/2
=l z< 2 -
n=0 (q q n=0

From (2:2), we see that

o (_1)nqn(3n+1)/2 1 > (_1)nwnqn(n+1)/2
(2.6 —
) DY 7 oz i o e Dy v w
By combining (2.5)) and (2.6), we find that
w 0 (_w)n n(n+1)/2 n n(n+1)/2+n
(2.7 - — tw
) . Z @) Z )

1 n n(Bn 1)/2

—Z

By letting N — oo in the g-binomial theorem, as found in [2, pp. 35-36], with ¢
replaced by ¢® and z = ¢ in [2], we find that the right side of [Z.7) equals (¢; ¢*) oo,
and so (24) is established. O

3. PROOF OF RAMANUJAN’S CONTINUED FracTION (1))
Lemma 3.1. Let
°° (_1)nanqn(n+1)/2

1) Pt = 2 e,

Then F(a,b) satisfies the recurrence relations,

(3-2) (i) F(a,b) =(1—-a/b)F(a, bQ) (a/b)F(ag, bq),

(3.3 (i) Fla,b) = Flagbg) - = Flag.b).

Proof. (1) We first show that (1 — a/b)F(a,bq) = F(a,b) — (a/b)F(ag,bq). To that

end,

., . B ., 00 ( 1)nanqn(n+1)/2
(1~ a/b)F(a,bg) = (1 /b);) PieTO

G "q q”("“)“( — aq" /b)
Z:O Tnag/b)n
00 " qn(n+1 a qn(nJrl)/2
;::O nlag/b)n b g (@)n afJ/b)

(a,b) — (a/b) (aq, bq).
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(ii) Next, we consider F'(a,b) — F(ag, bq). Accordingly,

(=Drarg" R S (=) (ag)ng I
(@)n(aq/b)n _nz::() (@)n(agq/b)n
(=D"arg""tD2(1 — ¢")
(q)n(agq/b)n
(=1)"anginth/2
(Q)nfl(a(J/b)n

F(a,b) — F(aq,bq) =

1
Qi

_ Z qn(n+1)/2
T alp - o
aq
=——_F b).
= ag/b (ag, b)
(]
We are now ready to prove (II)).
Theorem 3.2. For|q| < 1,
(@®¢%) _ 1 g ¢’ q°
(6% 1= 14qg—1+¢>—1+¢ =
Proof. By replacing a by aq in (3.2) and (8.3)), we obtain
(34) F(aq,b) = (1 — aq/b)F(aq,bq) + (aq/b)F(aq®, bg),
2
. F = Flag®,bg) — ———_F(aq?,b).
(3.5) (ag,b) = F(ag”,bq) — =y (ag®,b)
Solving [B4) for F(ag,bq) and substituting the resulting equality in (33)), we find
that
1—aq aq/b 9
3.6 F(a,b ,0) — ————F bq).
(3.6) (a,b) = T—aq/b F(aq,b) - T aq/b (ag®,bq)
Solving ([BA) for F(aq?,bq) and substituting the result in (38]), we deduce that
1—aq—agq/b aq/b aq? 9
F(a,b) = —————F b) — F b).

Hence, from the last equality and iteration, we find that

(1 —aq/b)F(a,b) ag®>  F(ag®,b)

aq
B0 " Fagn T T V@) Flagh)
Cl2 3 1
= (1 —ag — ag/t) - 1 Faq.b)
(1— aq%)m
= (1 —aq — aq/b)
a2q3 1 a2q5 1
b 1—ag®—ag®/b— b (1—aq3/b)%
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We now specialize the iterative process above by setting @ = w and b = w?. Then
the last equalities, upon simplification, reduce to

(3.8)
(1 - w?q)F(w,w?) 9 7
I 5 =1—-wqg—wq— 5
(wg,w?) (1— w2g?) F(wg,w?)
F(wg?, w?)
3 5
=l+q- ] 1 2 2
1_wq2_w2q2 - (1 2 3)F(wq ,W)
_ w23\ @ )
T Fwe, )
3 5 7
g q ‘<
1—|—q2—1—qu3—¢qu3—(1 24)F(wq,w)
_2ghy I\ )
T Pwd,w?)
3 5 7
g q q

On the other hand, by B3) and (Z3)), we obtain

wq
1—w?q

F(wq,0*) = F(w,w?) - F(wg,w?q)

= W(WQ)OO{(Q; q3)oo - (q2; q3)oo}v
and from Lemma [2.1] we see that
F(wvwz) = (Wq)oo(qQ;qB)oo-
Hence,
(1-w?qF(w,w?) _ 9(wg)o(¢? ¢°)
F(wg,w?) (W@)oo{(d% %) oo — (6:¢)c}
_ q
1= (4:6%)oc /(4% 6% )
By (B38) and (39), we conclude that, after some manipulation,

(¢*¢%)0e 1 q ¢ 7

(6% 1—1+qg—14+¢ —14¢ —
This completes the proof, except that it remains to show that the iterative process
in () does indeed converge and that it converges to (¢%; ¢%)oo/(¢; ¢%)oo-

First, the continued fraction in (ITJ) is equivalent to a continued fraction of the
form

(3.9)

(3.10)

C1 Co C3
T+ 1+1 4
where, for n > 3,
Cp = _q2n73(1 +qn72)71(1 4 qnfl)fll
By Worpitzky’s theorem [0, p. 35], the continued fractions (LI and (B.8) therefore
converge. Second,

F(qufl w2)
1 —w?q")———= =1+ 0(q"),
(1 -wq") Flogh,w?) +O(q")
as n — oo, which is sufficient to show that the continued fraction (B8) converges
to what is claimed in (BI0). O
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Theorem B 2] can, in fact, be generalized, as we demonstrate in the next corollary.
However, in contrast to Theorem [3.2] it does not seem possible to find a product
representation for the continued fraction.

Corollary 3.3. Let |q| < 1 and suppose that a is any complex number such that
1+ ag™ # 0 for any positive integer n. Then, if F(a,b) is defined by (B.1)),
(3.11) a’q F(awq, w?) B a’q a?¢? a’q®

' (1 - aw?q)F(aw,w?) 1+aq — 1+aq® — 1+agd —

Proof. In (371), replace a by aw and set b = w?. Then take the reciprocal of both
sides and multiply both sides of the resulting equality by a?q. Equality (3.11)) then
immediately follows. O

Representations for the Rogers—Ramanujan continued fraction and the general-
ized Rogers—Ramanujan continued fraction also follow from (B.7]).

Corollary 3.4. Let |q| < 1 and suppose that a is any complex number such that
14 aq™ # 0 for any positive integer n. Then
00 (_a)nqn(n+3)/2

D

(3 12) n—0 (Q)n(_a(J)n+1 _ 1 a2q3 a2q5 a2q7
' i(_a)nqnmﬂw 1+ 1+ 1+ e
=0 (@)n(—aq)n
Proof. In ([B), set b = —1. Taking the reciprocal of both sides, we complete the
proof. O

To obtain from (312) the generalized Rogers—Ramanujan continued fraction in
its usual form, replace a® by a?/q and then replace ¢ by q. The Rogers—Ramanujan
continued fraction is the special case a = 1 of the latter result.

4. AN AsyMPTOTIC EXPANSION

In [9], Berndt and Sohn established an asymptotic expansion, as ¢ — 17, for the
continued fraction (II); this asymptotic series is found on page 45 in Ramanujan’s
lost notebook [I2]. Elsewhere on page 45, Ramanujan gives an asymptotic expan-
sion for a continued fraction which generalizes that of (L), but as we remarked
in the Introduction, Ramanujan evidently derived his result from a recurrence re-
lation, (2] below, satisfied by the continued fraction. Since Ramanujan claims
that his asymptotic formula is valid for both positive and negative values of =z,
where ¢ = e, his assertion must be interpreted as an asymptotic expansion for
solutions of (£2). Because ([£2]) does not have a unique solution, his asymptotic
series includes a sequence ¢q, @1, ¢2, ... of arbitrary constants. In this section, we
establish this unusual asymptotic series claimed by Ramanujan.

Theorem 4.1. Let

1 1
(4.1) U= T 00 De — 14 ed2e — .
Then
(4.2) uy + =1+eM

Ux—1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2404 G. E. ANDREWS, B. C. BERNDT, J. SOHN, A. J. YEE, AND A. ZAHARESCU

and, as r — 0,

(4.3)
S - A1 o+ (7 = 1) = $Ado + §2%05)
u>\1—1_)\¢0+x< 2 + (1= Ado)? )
s [AA+1D)(A+2) ¢2+A(A2—1)(A2—4)<%_%+%)
A A1 1 2

where ¢g, @1, ¢, ... are independent of \.
Proof. From (1),

1 1 1
UN—1 = 1—|—e)‘x _ 1+e()\+1)z _ 1+6(A+2)x + .
Hence,
1 1
o \zx _ — Az _
u>\71_1+e 1+ethe — 14 e 2z + .. bre "

which proves ([f2).

To prove (E3), we shall use the recurrence relation (&Z) and the method of
successive approximations. We restrict our attention to solutions of (4.2]) which
have asymptotic expansions of the form

ux = co(A) + c1(N)z + co(N)a® + -+,

an assumption evidently also made by Ramanujan. We first calculate co(A). Now,
from (2, the constant terms yield

1
CO()\) + m = 2.
Set
co(A) =1+ f(N).
Then )
LN+ o = 2
or
(4.4) FNA+fA=1)) = f(A-1).
Next put
O = o
NPV
Then, from [E4), we easily deduce that
(4.5) gA) —gA—1)=1.

This is an inhomogeneous linear recurrence relation which has the characteristic
root 1. Thus, the general homogeneous solution is

g\ =c-1* =c
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Since 1 is the characteristic root, a particular inhomogeneous solution has the form
kX. Hence, from (Z5),

EX—k(A—-1)=1.
Hence, k = 1, and the general solution for the linear recurrence relation [H) is
g(A) = ¢+ A. Thus,

1
F =5 and @()=1+—
Ramanujan sets ¢ = —1/¢p. Thus,
1 Po
4.6 A)=14+4+—-—=1—- ———.
9 e TR
For our second approximation, from (£.2)), we have
1
=2+ Az,

o) +ae+ o T
(coN) +eaN)z)(coA—1) +ca(A—1)z)+1 =2+ Az)(coA— 1) + c1 (A — 1)z).
Equate coefficients of x to obtain
(4.7) co(A=1)er(A) +eco(N)er(A = 1) =2¢1 (A = 1) + Acg(A = 1).
From ({8) and (1), we have
(I =goN)er(A) (1= doA — do)er(A—1) A1 = ¢oA)

(48) 1+¢0_¢0)\ + 1_¢0>\ = 1_¢0>\+¢0 +201(/\—1)
Now
49 a0 (IR ) oo (A,

Thus, from @3] and @3,
(410)  e(N) (i) fe(—1) (—1 + doA ¢o> A1 - 60N

L+ ¢o — oA 1= goA C 1—dor+ o
Set
(4.11) i) = (1 = goA)er ().
Then, from I0) and @I,

AO)  AG=D L=
L+do— oA 1—goh  1—doA+do

Multiply both sides by (1 — ¢oA)(1 + ¢do — o) to deduce that
(4.12) (1= @A) f1(A) = (1+ o — doA) f1(A = 1) = AL — doN)*.
Set
(4.13) g1(A) = (1 = ¢oA) f1(A).
Hence, from (£12) and {I13),
(4.14) 010 = g1 — 1) = A(1 = GoN)2,
which has the characteristic root 1, and so the general homogeneous solution is

¢1'1)\:¢17
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for an arbitrary constant ¢;. Since 1 is a homogeneous solution, a particular solution
for the recurrence relation ({.I4) has the form

(4.15) g1(\) = fid + A2+ f30° + faAt,
Substitute ([IH) into (@Id) to find that
fi—fot f3— fi+ N2f2 —3fs +4f1) + A2(3f3 — 6f1) + A\ (414)
= (1= 260X + ¢3A2),
Equate coefficients of like powers of A to deduce that

11 1 1., 2 1, 1.,
fi=5-3%, fa=g5-¢0+ %, fs=-3%+5¢% and fi= ¢
Substitute these values into (ZIH) to find that

1 1 1 1 2 1 . 1
91(A) = (5 - §¢0> A+ (5 —¢o + qug) N+ <—§¢0 + §¢(2)> NP Z‘b(z)

1 N2-1 2 . 2 1 1
= 5(>\ +1)(1 = 2do)\ + ¢aA?) + 5~ §¢0A3 + gM’o + Zz)gx* - Z¢3A2
_1 a4 02— 1) (L= Zagy 4 Loan2
— 5O D= oo+ 02 = 1) (5 = 3300 + 108

by elementary algebra. Hence, the general solution for the recurrence relation (£.14)
is
1

416) ot 3O DN+ 02— 1) (5 - T+ 103N

From ({L1T]), (A13), and (@I10),

91(A) 1
= =—-(A+1
T —oonp 2D
as claimed by Ramanujan.

To calculate the coefficient of 22, write uy = co(A) + ¢1(A)x + c2(A)x?. Then,

from (£2),
1 2.2

co(A) + 1Nz + ca( M)z +CO(/\—l)—i—cl(/\—1)134'02(/\_1)1"2 T

¢1+ (N =1) (5 = 3o + 1051°)
(1 — goA)? ’

C1 ()\) =

or

(4.17)  (coN) + 1Nz + c2(VN)z?) - (co(N — 1) + cr(A — Dz + ca( A — 1)2?) + 1

2

= (2—|-/\a:—|— ) (coA—1) +c1(A— D)z + c2(A — 1)2?).

Equate coefficients of 22 to deduce that

CO()\)CQ()\ — 1) +c1 (/\)(31 (/\ — 1) + CQ(/\)C()()\ — 1)
=2c(A=1)+ Aer(A—1) + )\;CO(A - 1),

or

(4.18) CQ()\)CQ(/\—1)+CQ()\—1)(C()(/\)—2) = co(/\—l)%Q—H:l()\—l)/\—cl()\)cl()\—l).
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Recall that

_1—(,250)\—(,250 _—1+¢0>\_¢0
(4.19) co(A) = T on and  co(A) —2= T o
Set
(4.20) c2(A)(1 = @A) = f2(N).
Now from ({IR), (@19), and @20),
(4.21)
1 — doA —1+ ¢oA—do f2(\) (A1)
TG —gon T AT )T T T T g —don | 1—don
N 1= -1 —aWa (- 1)
T 2T+4g0—dor R '
Set
(4.22) 92(A) = fo(A)(1 = goA) = c2(A)(1 — goA)*.

Then, after multiplying both sides of [2ZI) by (1 — ¢oA)(1 + ¢do — PoA) and using
(E22), we find that

(4.23) g2(A) —g2(A—1)
= (1= oA (1 + ¢o — o) (

Recall that

A2 1 — oA

7m +FAxer(A=1)—caa(N)er (A — 1)> .

__ 9N
(4.24) ) = T2
with
(425) @) = 50+ D= doN)+ (02— 1) (% ~ ago+ isﬁ%ﬁ) + 1.

The right-hand side of (#23) is not a polynomial in A. However, by making a
judicious change of variable, we will be able to determine the general solution of
the recurrence relation (Z23). Now multiply both sides of 23] by (1 — ¢oA)(1 +
¢0 - (bo)\) Then

(4.26)
g2(M) (1 = @oA)(1 + do — doA) — g2(A = 1)(1 = ¢oA)(1 + do — do )

(1 — o N)2(1 + do — po)? (A—Qi +Aet(A=1) —e1(Ner (A — 1))
2 1+ do — doX
= %2(1 — oA (1 + do — doA) + Acr (A — 1)(1 — doA)2(1 + do — doA)?
—c1(N)er(A = 1)(1 = goA)*(1 4 do — o)
= 21— 0001+ 00— 60X) A= 60N (A — 1) — s Ngn (A= 1),
where we have used () in the last step. Set
(4.27) ha(\) = g2(A)(1 — do).
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Then we can rewrite ([@20]) as

(4.28)  ha(M)(1 = do + o) — ha(X = 1)(1 — ¢oA)
A2 .
:7(1 — 0N’ (14 g0 — doA) + A(1 = oA >g1(A — 1) — g1 (\)gr (A = 1).
We see that the general solution of
ha(A)(1 = oA + do) — ha(A = 1)(1 — ¢oA) =0
is
C(l — (b()/\)7

where ¢ is a constant, since the characteristic root for the corresponding homoge-
neous recurrence relation, ga(A) — g2(A — 1) = 0, equals 1.

Note from [ZR) that ¢g;(A) is a polynomial of degree 4 in A, and so the right-

hand side of ([E28) is a polynomial of degree 8 in A. For a particular solution to
the recurrence relation (4.28), let

8
(4.29) ha(A) = gi\'.
i=0
Then the general solution is
8
(4.30) (1= goA) + Y giX'
i=0

8
= (4 90)(1 = do)) + godor + g\’

i=1
8 .
= (c+g0)(1 = ¢oA) + (godo + g A+ D _ giX’
i—2
8 .
= g2(1— God) + giA+ Y gi)',
i—2

where ¢2 = ¢+ go and g7 = go¢o + g1. From this observation, we do not need to
consider the constant term, and so we only need to find a particular solution of the
form

8
(4.31) ha(N) =) el
i=1
By (@31), (@28), and (E2H), we have the system of equations

2
¢l +e1—ext+e3—es+es—es+er—eg =0,

2
A(—¢1 — §¢0¢1 + 2e2 + dpea — ez — poes + dey + poes — Hes — does
+ 6es + poes — Ter — dpoer + 8eg + ¢poes) = 0,
1 ¢ &

1
)\2(—1 —5 ot ¢1 +2¢001 + 5¢(2)¢1 — ¢oez + 3es + 3does — Beq — 4goeq

+ 10e5 4 Sppes — 15eg — 6¢peg + 21er + Toger — 28eg — S(boeg) =0,
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. 1 7 3
)\3(_5 + ¢ + 1¢;o - FO - —¢70¢1 P2p1 — 2¢0e3 + dey + 6pey

- 1065 — 10¢pes + 20eg + 15¢ppes — 3ber — 21¢pper + Hbeg + 28(;5068) =0,

1 5 2942 2
/\4(14—%—3—20—% ¢O+ ¢0¢1 3poes + Ses + 10¢oes

— 1566 — 20¢066 + 3567 + 35¢067 — 7068 — 56¢068) = O7

5 0 O O
- - + 2+ 22— dgges +
A 3 12 2 4 0és + bes

+ 15¢ges — 21er — 3bgpper + Hbeg + 70¢068) =0,

25¢5 | 103 ¢0

A ( %6 "6 8 5¢oes + Ter + 21doer — 28es — 56¢ppes) = 0,
7 ¢0 ¢g
(=3} = = — 6oer + Ses + 2860es) = 0,
and
s, 0
)\ (1_6 — 7¢068) = O

If we solve this system of equations by using Mathematica, we find that

1
e = Eo(ﬂ — 53 + 1409, — 420¢2), eg = 560 —— (315 — 343¢¢ + 1543 — 2100001 ),
1 1
es = 35(9 = 2700 + 13¢5 — 12¢1), es= — a7 %0 (80 — 108¢0 + 217 — 2461),
= 980 4543 28 4543
€5 180( (/50 ®o); 6= 360( B0 — 45¢y),
_ 114§ _
1= g5 and e =g

From the equalities above, (@31), [@30), (@:27), and ([@22), the coefficient of 22,

after rearrangement, is equal to

AAF DO +2) AN -1 -4 (4_15 Ago | 2 1+12>¢0>

12 (= Ao0)?
A -1, 1 ?
T ———— 1—=X )
as claimed by Ramanujan. O
Ramanujan claims that if z < 0, the coefficients ¢q, ¢1, P2, 3, ... are arbitrary,
but that if > 0, then ¢; = ¢ = ¢p3 = --- =0 and

(%) .
b0 = _3(3@1/3@4?(96)7
'(3)
where G(z) has the asymptotic expansion, as x — 0%,

G(z) ~ asx® + asz* + aga® + -+,
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with the coefficients a, given by

_ AL+ 1)
SCEVE R

Here ((s) denotes Riemann’s zeta function, and L(s,x) denotes the Dirichlet L-

n

function associated with the character y(n) = ( 3 ) , where (%) denotes the Legendre
symbol. By rearrangement, Ramanujan is asserting that

1 1

4.32 — ~—,
(4-32) 1—ux  ¢o

as z — 0T. Note that, when A = 0, the continued fraction in () is equal to
1/(1 —wp), with ¢ = e~®. In this case, the asymptotic formula (@32) is identical to
the aforementioned asymptotic formula also found on page 45 of [I2] and proved
by Berndt and Sohn in [9]. However, if A > 0, the method of proof used in [9] does
not generalize, and so in this particular situation we cannot verify Ramanujan’s
claim. Note that if we set ¢ = e™® and a = e~ ** in Corollary 323 the continued
fraction there is equivalent to the continued fraction e **uy, where uy is defined
by (@3). As remarked at the beginning of this section, the constants ¢g, ¢1, P2, . . .
are indeed arbitrary when x < 0, because ([@2) does not have a unique solution.
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