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ON L? CONTINUITY
OF SINGULAR FOURIER INTEGRAL OPERATORS

ANDREW COMECH AND SCIPIO CUCCAGNA

ABSTRACT. We derive LP continuity of Fourier integral operators with one-
sided fold singularities. The argument is based on interpolation of (asymptotics
of) L? estimates and H! — L! estimates. We derive the latter estimates
elaborating arguments of Seeger, Sogge, and Stein’s 1991 paper.

We apply our results to the study of the LP regularity properties of the
restrictions of solutions to hyperbolic equations onto timelike hypersurfaces
and onto hypersurfaces with characteristic points.

0. INTRODUCTION AND RESULTS

The standard Fourier integral operators § : £(Y) — D’(X) treated by Hérman-
der [Ho71] are associated with (local) symplectomorphisms from T*X to T*Y.
The graph C C (T*X\0) x (T*Y\0) of this symplectomorphism is referred to
as the canonical relation. The continuity of such operators in standard L2-based
Sobolev spaces already follows from [Ho71]. The L? estimates have been obtained
in [SeSoStII]: Let dimX = dimY = n and let § € I*(X,Y,C) be the Fourier
integral operator of order u, with its integral kernel vanishing away from a compact
set in X x Y. Given 1 < p < oo, the mapping

(0.1) F: LB(Y) — L5(X)

is continuous if 4 < @ — o, — B, where a, = (n — 1) ‘% — %‘ This continuity

is obtained by Fefferman-Stein interpolation between L?-L? continuity of Fourier
integral operators of order 0 and H*-L! continuity (where H! is the Hardy space)
of operators of order —(n —1)/2.

In the present paper, we consider singular Fourier integral operators: the associ-
ated canonical relation C is again a smooth Lagrangian submanifold in 7* X x T*Y,
but, contrary to the standard case, the projections 7, : C - T*X, 7g: C = T*Y
are allowed to have singularities.

The simplest singularities are Whitney folds. The L? Sobolev continuity for
operators associated to canonical relations with Whitney folds on both sides was
derived in [MeTa85|. Such operators “lose a sixth of a derivative”, versus operators
associated to (local) symplectomorphisms. LP continuity of such operators was
derived in [SmS094] (for some special cases see [PhSt91] and [Se93]). Even though
there is a certain loss of smoothness near p = 2 (as we pointed out, it is a sixth
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2454 ANDREW COMECH AND SCIPIO CUCCAGNA

of a derivative at p = 2), for p outside the interval 3/2 < p < 3 Fourier integral
operators with two-sided fold singularities have the same continuity as operators
associated to symplectomorphisms. In particular, operators of order —(n—1)/2 are
continuous from H!' to L'. We are going to generalize these results for operators
with higher order singularities.

First, let us formulate the following straightforward generalization of [SeSoSt91]
to singular Fourier integral operators, which motivates our paper. Let X =Y = R",
and let § : Cg5,,(Y) — C°°(X) be a Fourier integral operator associated to a
singular canonical relation C. We assume that § has the form as in [SeSoSt91]:

02)  Fu(z)= // (@O ey (2 ¢ yhuly)dedy,  x,y, & €R™

Theorem 1. Let§ € I_WT_l(X, Y,C), where X =Y =R", n > 1. We assume that
§ is of the form (0.2) and that b(x, &, y) vanishes for all z, y away from a compact
set in X X Y. If the projection wr : C — T*Y has at most fold singularities, then
the following action is continuous:

3F: HY(Y) — L'(X).
Here H' is the Hardy space.

Proof. We follow [SeSoSt91]. Let ag(y) be an atom supported in a box Q C Y with
the sidelength r, so that |Q| = ", |laq|lLe < ™™, |lag|lzr < 1. Let Ng C X be
the exceptional set associated with Q (as in [SeSoSt91]; see also Section 4 below),
INg| < constr. We need to prove the uniform boundedness for

ISaqllLr @y = lI8aqllLiveg) + ISaQll L@ \wo)-

For the first term, we employ Cauchy-Schwarz:
1 1
(0.3) IBaqllLivg) < Wal? - [8aqlize < INgl? - llagler - [8llLr— L2

We take p = pn, = 5227; then |lag]/Lrm < r~z. Since mg is a Whitney fold, § is
bounded from LP" to L?, see [GrSe94]. We conclude that (0.3) is bounded uniformly
inr.

The argument used in [SeSoSt9T] to prove the boundedness of [|Faq||L1 & \ny)
can be repeated verbatim. O

Remark 0.1. The lesson here is that off the exceptional set the regularity properties
of the projections from C are not important. The L? — L2-estimates used in
[SeSoSt91] at the exceptional set can and will be replaced by some estimates which
are not so sensitive to the regularity of the projections.

We will characterize the singularities of the projections from the canonical re-
lation in terms of the type conditions. Let M and N be smooth manifolds of the
same dimension and let 7 : M — N be a smooth map. Let X' be the critical variety
of the map

(0.4) Y ={pe M| detdr|, = 0}.
Here drr denotes the Jacobi matrix of 7 (in certain local coordinates).

Definition 0.1. Assume that 7 drops rank simply by 1:
dimkerdr < 1, d(det dm)|,, # 0.
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We will say that at a point p € X the map 7 : M — N is of type k if it is the
smallest integer such that

(0.5) VE(detdr)|, # 0,

where V' is an arbitrary smooth vector field over M which generates ker dr:

V|, € kerdm, V], # 0.
If p is a regular point of 7, so that det dr|, # 0, then k£ = 0.

Remark 0.2. If 7 is of type at most 1 at the critical points, then it is a Whitney
fold.

Definition 0.2. Let V C C*(I'(T'M)) be a module over C*°(M) which is also a
subalgebra of the Lie algebra of smooth vector fields over M. We will say that at
a point p € M the map w : M — N is of type w relative to V if w is the smallest
integer such that

(0.6) ViVa. .. Viy(detdr)| #0, VieV.
If p is a regular point of 7, so that det dr|, # 0, then w = 0.

Conditions related to Definition 0.2 appeared in [Se98] and in [GrSe98]. For
example, if the projection from the canonical relation 7y, : C — T*X has a strong
Morin Sy, -singularity, in the sense of [GrSe98] (where such singularities are denoted
by Sfrk), then in our terminology 7y, is of type at most 1 relative to kerd(mx o).

We consider Fourier integral operators of the form

(0.7) Ju(z) = / / SOV, 0, y)uly) db dy,

with a non-degenerate phase function ® € C°(X x RN x Y) of degree 1 in 0,

and with a symbol b € S{((X x RN x Y) of order d, which vanishes away from a
N—n

compact set in X x Y. We assume that dim X = dimY =n, so that § € It = .
We will assume that one of the projections from the associated canonical relation

C = {(l’, qu)(xa 9; y))v (yv _dyq)(xa 9; y)) | @G(xv 07 y) = O}
(specifically, 77, : C — T*X) is a Whitney fold, and denote by X' C C the common

critical variety of 7y, wg:

(0.8) Y ={peC| detdrr|, =0, detdrg|, =0}.

Remark 0.3. If either of the projections from the canonical relation is a Whitney
fold (or, more generally, if either of them has a Morin S, -singularity), then both
projections from the canonical relation drop rank simply by 1:

(0.9) dim ker dm,, < 1, d(det dmy)|,, # 0, where a = L, R.

Theorem 2 (Main result). Let § € I*(X,Y,C), where dim X = dimY =n > 2,
and assume that the integral kernel of § vanishes away from a compact set in X XY
We also assume that the projections C — X, C — Y are submersions.

If iy, : C— T*X is a Whitney fold and if mg : C — T*Y 1is of type at most k,
and of type at most w < k relative to ker d(mwy o wg), then the action

(0.10) F:IN(Y) = I5(X),  pe(l(w+2)/(w+1)U(3,00),

is continuous if u < o — ayp, — 3, where o, = (n — 1)

_1
3

S
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2456 ANDREW COMECH AND SCIPIO CUCCAGNA

For p between z—ﬁ and 3, the estimates are obtained by interpolating (0.10) with
the Sobolev L? estimates,
(0.11) i Li(Y) - L37M71/(4+2k—1)(X)-

More precisely, the action
(0.12) §: LE(Y) = Lp(X),  pe((w+2)/(w+1),2)U(2,3),

is continuous if p < o —ap — B — 0p(1, k), where

wil _wd2) k(w4 2)/(w+1) <p<2,
5p(1,]€) _ w pw ) 2k+1 / )

3 k
5—1)m7 2<p<3.

The LP continuity of Fourier integral operators with 7y, being of type at most k
and mr a Whitney fold is obtained from (0.10) and (0.12) by duality.

Remark 0.4. The asymmetry of the boundary points p = (w+2)/(w+1) and p = 3
is caused by different assumptions on 7y, and 7g.

According to [SeSoSt9I1], the estimate (0.10) of Theorem 2 is sharp for elliptic
Fourier integral operators with the maximal singular support (when the natural
projection C — X x Y has full rank 2n — 1 somewhere). We expect that (0.12) is
almost sharp and remains true if p = a—a,—5—9,(1, k), for (w+2)/(w+1) < p < 3.
At the boundary points p = (w + 2)/(w + 1) and p = 3 the continuity is probably
not sharp; see [Se93] and [Ch95] for the case k = w = 1.

Theorem 2 overlaps with already known results: For k = 1 the sharp result is
in [SmSa94]; for n = 2 and C being a conormal bundle, the optimal results are in
[Se98]. The L?-continuity (0.11) follows from [Co99].

We need to mention that the vector fields in the kernel of a differential of a map
constitute a subalgebra:

Lemma 0.1. Let M and N be smooth manifolds and let w : M — N be a smooth
map. Then the vector space V = {V € C®(I'(T'M)) | V € kerdn} is a subalgebra
of the Lie algebra of smooth vector fields over M.

Proof. Let Vi, Vo € V. Then, for any f € C*°(N), we have Vi (n* f) = Va(x*f) =0,
and hence dr([V1,Va]) f = [V1, Va]m* f = 0. O

Remark 0.5. If m: M — N is a submersion, then kerdmr C T'M is a vector bundle
over M.

Remark 0.6. If my o mp is a submersion, then, since kerd(ny o mg) — C is a
vector bundle, any vector field V € T'(TsC), V € kerdng C kerd(ny o wr)l|,,, can
be extended to a smooth vector field V on an open neighborhood in C so that
V € kerd(my o mg). Since the type of 7p is at most k, V*(det drr) # 0, and we
conclude that the type of mr with respect to ker d(my omg) is smaller than the type
of mr: w < k. It is convenient to think of w as of “weak type”.

Lemma 0.2. If at a point p € M the map 7 : M — N is of type w relative to the
subalgebra V C C*(I'(T'M)), then there is a smooth vector field W € V such that

W (det dr)|, # 0.
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ON L? CONTINUITY OF SINGULAR FOURIER INTEGRAL OPERATORS 2457

Proof. We define a tensor t: V ®@ceo(pr) -+ @coo(ar) V — R by the relation

t(Vi,..., Vi) = Vi ... Viy(det dr)| .

The tensor t is defined up to a nonzero factor, which depends on the local coordi-
nates where det dr is evaluated. The consistency of this definition follows from the
identity

tV, oo, @Viy o Vi) = o)t (Va, .o, Vi oo, Vi), YV, eV, VpeC®(M),

which is due to the assumption that Vi ...V, _1(detdn)|, =0, for any V; € V.
The following identity implies that t is symmetric:

tVi, o Vi) = tVis o Vi, Vi oo Vi) = Vi [V, Vi - Vi (det drr) |, = 0

w—1

Now assume that V1,...,V,, € V are such that V; ...V, (detdr)|, # 0. Since tis
symmetric, there is a linear combination W = Z;.Uzl a;V; €V, for some scalars aj,
such that (W, ..., W) # 0 (hint: use induction in w). This proves the lemma. O

In Section 1, we reduce the Fourier integral operators of the form (0.7) to a more
convenient form (similar to (0.2)). The scheme of the proof and the partitions of §
into pieces are described in Section 2. The estimates on the pieces of § are obtained
in Sections 3 and 4.

In Section 5, we will apply Theorem 2 to the study of the LP regularity properties
of the restrictions of solutions to hyperbolic equations onto timelike hypersurfaces
(“trace regularity”). In Section 6, we consider the case when the hypersurfaces
have characteristic points.

1. REDUCTION TO A MODEL CASE

Since the discussion is local, we replace both X and Y by R™. We consider a
Lagrangian in the cotangent of R™ x R™ parameterized by a non-degenerate phase
function ®(z,6,y), with § € RY:

Yp = {(m,@,y) | ‘I)g(l‘,e,y) = 0} - C= {J),(I)x,y, _‘I)y | (a:,@,y) € E‘I’}'

Let II be the natural projection II : 3¢ — R™ x R™. By Theorem 3.1.4 of [Ho71],
p- 137, we have
(1.1) N —rank ®gg(x0, 00, y0) = 2n—rankdﬂ|(m’901

vo)’

we denote this number by m, 1 < m < n.

Following [Ho7Il], p. 142, we reparameterize the Lagrangian with a new non-
degenerate phase function ¥(z,7,y) with 7 € R™. From the above we conclude
that W/ _(zo, 70,%0) = 0 if (20, 70, y0) and (xo, 8o, yo) correspond to the same point
in C.

Lemma 1.1. Assume that Ty oy is a submersion. Then, in an open neighborhood
of (xo,70,Y0), the condition V. (x,7,y) = 0 is equivalent to ©’ = G(z”,1,y), where
(2',2") € R™ x R"™™ are some local coordinates in an open neighborhood of x.
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2458 ANDREW COMECH AND SCIPIO CUCCAGNA

Proof. Consider the map g : R™ x R™ x R" — R™, (z,7,y) — ¥ (x,7,y). Since
¥ is non-degenerate, g is of rank m, so that its derivative (X,T,Y) — ¥, X +
V.. T+ V.Y is surjective. At (zo,70,%0), where ¥, =0, we have

(1.2) dg|(w0170’y0> (X, TY)— U X +T.,Y, rank d9|(x0,70,y0> =m.
We claim that near (xg, 70, yo) the following map is surjective:
(1.3) T.R"> X +— ¥, . X.

It is enough to consider the point (xg,70,y0) itself. If X — ¥, X had rank less
than m, then we could pick o € T R™, a # 0, such that (a, ¥,,X) = 0 for any
X € T,,R". We notice that (X,T,Y) € T(zy,7,y0) 2w if and only if

(1.4) VX + ¥, Y =0.

Due to the assumption that 7y o mg is a submersion, for any ¥ € T, R"™ there
exists Z = (X, T,Y) € T(3,,79,y0)2w- Then (1.4) would imply that (o, ¥, Y) =0
for any Y, and hence (a,do(Z)) = 0 for any Z € T(4, 7y.yo)Xw. Then (1.2) would

have rank less than m, which is a contradiction. Hence (1.3) is surjective, and we
conclude that ¥, is of rank m. This proves the lemma. O

Remark 1.1. Since ¥(z, T,y) is homogeneous in 7 of degree 1, ¥, (x,7,y) is homo-
geneous in 7 of degree 0, and so is G(z”, 7, y).

By [HoT1l|, Lemma 1.1 proves that (locally) § has the form

(1.5)Fu(z // W' =G T (2, 7, y)uy) dr dy, r,yeR" 1€eR™,

where G(z”,7,y) is homogeneous in 7 of degree 0. We will denote the order of the
symbol by d: bz, 7,y) € S{o(R™ x R™ x R™), so that § € 157 (X,Y, C).
The canonical relation C C T*X x T*Y is parameterized by (z”, 7, y):

(1.6) {(0-(G(2",7,y),7), 2" 7, (B G(z",7,y),7)); (y; (0,G(z",7,y), 7))}
Representing the projections 7y, and 7g as

A7) mos @ry) = 0G( m ). 7), 2 7 (DGl ). 7))
18)  wr: (@ 7my) = (45 (9,GE" T y), 7)),

we conclude that the determinants of the Jacobi matrices of both 7, and wg are pro-
portional to det 9, 0, (G (2", 7,y), ). We multiply this expression by |7|~(»=™),
to make it homogeneous of degree 0 in 7, and denote it by h(z”, 1, y):

(19) h(xuv T, y) = |7_|7(n7m) det az”,‘ray<G(x/,ﬂ T, y)v T>'

We need to reformulate the type conditions which enter Theorem 2 in terms
of the phase in (1.5). From the explicit form (1.8) for mr we see that 7y o 7g :
(2", T, y) — vy, and therefore

(1.10) ker d(my o mr) = span(Qy, 0 ).

Now, for example, the condition that g is of type 1 relative to ker d(my owg) (this
corresponds to w = 1 in Theorem 2) can be expressed as dy h(z”, 7,y) # 0.

According to (1.10), ker d(my o wg) is a vector bundle over C, which is a conse-
quence of 1y o mg being a submersion (see Remark 0.5).
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2. SCHEME OF THE PROOF

Let b(z,7,y) € S~ (R" x R™ x R™), so that § € I~ 51(X,Y,C). Let us
localize the integral kernel of § with respect to the values of |7| and h(z”,7,y) =
|7|~ (=) det O, -0, (G(2", T, y), T):

(2.1) 3hu(z) = / e =G TY) Ty (g 7, y)ﬁ('—f\')ﬁ(ﬁ_lh)U(y) dr dy,

n

R™ XR™
— S "o e TIN5/%—
en)  Fuw = [ ey o) aray,
R™ XR™

where 8 € Cogn([5,2]), B € Cpp([—2,2]) satisty 3, D jeN B(E2779¢) + B(t) = 1.
We use the following decompositions of §:

§=%+ > > 2w
A=2L,IeN 4 o-i jeg  E
2ho (X)<h<sup |h|
+ > > &
A=2L1eN 4 o5 jez,
fio (X) Sh<2ho(X)
We have used dyadic partitions with respect to the magnitude of momenta,
|7T| =~ A = 2!, [ € N, and with respect to the distance from the critical variety

(which is the set X C C where the projections from C are singular): |h| ~ =277,
j € Z. Fo corresponds to the part of §F with |7| < 2; it is an infinitely smoothing

operator. The cut-off value #,(\) is chosen to be fi,(\) = AT TR (asin [C0o99]). The
second summation in (2.3) contains only one operator g% for each particular value
of A = 2! (there is only one value of i = 277, j € Z, such that f,(\) < /i < 2h,(N)).

In (2.3), we separate the terms into groups with a fixed value of & =277, j € Z:

(2.4) 5= > B+ >
A: o (N) <R <27, (X) A B>2R,(N)
where A takes values A = 2!, [ € N. Since #,(\) = A~ 77| the first sum in the
right-hand side of (2.4) only contains finitely many terms (at most three). We have
(2.5) F=%0+ > 3"  where h=277 j€Z
h<sup |h|

According to the results of [GrSe94], [Cu97], and [Co99|, we know the following

L?-continuity of Fourier integral operators 3?, 3§ (the argument for 44 is the same,
independent of the sign):

Proposition 2.1. Let § € I°(X,Y, C). Assume that one of the projections 7, Tr
from C is a Whitney fold, while the other is of type at most k. Then

(2.6) 137 L2 r2 < const A2,
(2.7) 18701 22— r2 < const AZh3 T2k

Using standard orthogonality arguments for the operators §% with different val-
ues of A, as in [Se93|, we obtain
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2460 ANDREW COMECH AND SCIPIO CUCCAGNA

Corollary. For § € I°(X,Y, C), with C as in Proposition 2.1,
(2.8) 3" 22— 2 < consth™2.

Now we would like to establish the H* — L' continuity of these operators.

n—1

Proposition 2.2. Let § € I7 "z (X,Y,C). Assume that g : C — T*Y 1is of
type at most k, and of type at most w < k relative to kerd(my omg). Then for any
atom aq supported in a box Q with the sidelength r there is the following bound on

Sf\iaQ and giaQ:

(2.9) I§haqllt, [§raqllp: < consth.

We will prove this proposition in Section 3.

This estimate does not contain any improvement for the situations when A is
very large or instead very small compared to r~!, thus giving the same bounds on
all the terms in

(2100 [§"aqllz = > IBraale+ > D I3 aqllw:

A Tip (A) <h<275 (N) A i>2h,(\) E

Remark 2.1. If we took § € I*(X,Y,C) with C as in Theorem 2 with p < —"T_l,
then the summation in (2.10) would converge (due to the extra negative power
of A in each term), yielding the estimate ||§"||u1_1 < [|§"aql/z1 < const hiw.
The Fefferman-Stein interpolation of this estimate with the L? — L? estimate

(2.8) would show that the estimates ||§"| 1»—1», where § € I*(X,Y, C) with u <
(n—1) |+ - %‘, decrease together with 2 if 1 < p < ”“w”—ﬁ,
sharp version of the result stated in Theorem 2.

> thus proving an almost

To enable the summation in (2.10), we need to consider several different cases.
First, let us consider the case when r > 1.

n

Proposition 2.3. Let§e€ I~ ey (X,Y,C). Assume that both 7, : C — T*X and
nr: C— T*Y are of finite type, and that at least one of them is a Whitney fold.
Then

(2.11) I8%a0 L, IT%agn < constA™2F%  when r> 1.

Proof. Since the integral kernel of § is compactly supported,

I8Racll . < const [[FRaql| . < const llaglzs B3] . o

Due to Proposition 2.1, HS?HLQHLQ < const \~ "z A3 < const )\’%Jr%, while

llagllzz <72 < 1. This proves (2.11). 0

Now we assume that » < 1.
The summation in (2.10) when A < r~! is performed in the same way as in
[SeSoSta1]:

Proposition 2.4. Under the assumptions of Proposition 2.2, if we further assume
that the atom aq is sgpported in a box Q with the sidelength r so small that A < r~ 1,
then both Fhag and Fhaq are bounded by (2.9) with an extra factor Ar:

(2.12) I§racllL:, |1§haglL < const Arfiw.
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Proof. Let us denote the integral kernel of §% by K@ (z,7,y):
(213)  K{(z,7y) = @m0 1) (%) B h(z", 7, y)).
We fix some point § € Q. Since [aq(y)dy = 0, we can write
Shoa() = [ (K3 ) - Ko 7.0)] aqlu)dr dy
(2.14) / dto; (/K,\xTy—i— y—9)t)ag(y )drdy)
= )\r/{/ dty Y AL, K, 19+ (y — y)t)}aQ(y)dey.

The expression in the curly brackets can be treated as an integral kernel of
another Fourier integral operator of the same order p associated to C. Let us
mention that |y%g| < const and that the increase in the order of the symbol
due to the derivative 9, is compensated by A~!. When the derivative 9, acts
on B(h~th(z",7,y)) (which is hidden inside K%), the contribution is bounded by
const ™! and is also compensated by A~!. The integration in ¢ is irrelevant. O

Proposition 2.4 means that the sum of all the terms in (2.10) with A < r~! can
be estimated by the same quantity as individual terms with A ~ 7=, so that we
do not have to think about them.

Proposition 2.5. Let § € "z (X,Y,C). Assume that both 7, : C — T*X and
mr: C— T*Y are of finite type, and that at least one of them is a Whitney fold.
Then

(2.15)  [|§haqllz1, |I§5aq| 1 < const ﬁ*%()\r)*% when A1 <7 <1,

We will prove (2.15) in Section 4.
Now let us summarize how Propositions 2.3, 2.4, and 2.5 to enable the summation
n (2.10).

Corollary. Let § € I_%(X, Y,C). Assume that 7y : C — T*X is a Whitney
fold and that wgr : C — T*Y is of type at most k, and of type at most w < k
relative to ker d(my o wg). Then, for " defined as above,

(2.16) 13 11—z < Chiw €
for any e > 0.

Proof of the Corollary. Consider an atom ag supported in a cube Q with a side of
length 7. We need to show that the L'-norm of §"aq is bounded by (2.16). We
have

I8"aqllr < > IBhagllze+ > > Ixaql,  A=2Y.

X Fio () <h< 20 (N) X E>2h,(\) *

We use Propositions 2.2 and 2.5. If r < 1, we apply the estimate (2.11) for the
terms with A < 7! and the weighted geometric mean of (2.9) and (2.15) for the
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terms with A™! < r, and obtain

(2.17) ||§"aq||zr < const Z Bw Ar + Z Bw— (Ar) 9O | < kv,

A=2' leN A=2!,leN
A<r~1 A>rT1
for any € > 0.
If r > 1, the weighted geometric mean of (2.9) and (2.11) leads to the same
bound. O

The Fefferman-Stein interpolation theorem applied to (2.16) and (2.8) yields the
following;:

Corollary. If§e€ I *(X,Y,C), ap = (n— 1)|% - %|, 1 <p<2, and " is defined
as above, then

_ 1
7

1_g(1—2
(2.18) 18" o e < R (=)=
for any e > 0.

Ifp < Z—ﬁ (so that = (1— 1%) - % > 0), then in (2.17) we can take e small enough

for the exponent in (2.18) to be positive. Then the series Y-, oy I8 2o — L7,

fi= 27! 1 € Z, converges, and hence ||F||z»—1» is bounded. This proves Theorem
w—+2

2 for 1 <p < {=5. The continuity of § in L” for 3 < p < oo is obtained by duality

from the case with w = 1.

3. ASYMPTOTICS FOR H!-L! ESTIMATES

In this section, we are going to prove Proposition 2.2. We denote the integral
kernels of §%, % by K%(z, 7,y) and K(z,7,y). We will decompose and bound these
kernels following the discussion on pp. 238-241 in [SeSoSf91]. For a particular A,
we introduce unit vectors 7{, with 1 <v < NV =~ )\mT_l, equidistributed on
the unit sphere in the 7-space R™, so that |7} — T§l| > const A3 for v # .

We introduce a corresponding partition of unity:

N()\_1/2)
(3.1) 1= > XX,
v=1
where the functions xX are homogeneous of degree 0 and supported in the spherical
angles 2§ with the span ~ A~1/2, centered at TX:

(3.2) X5(7) #0 only if ‘% — 7| < const A2,

We assume that |02 xX(7)| < const At |T|—\a|.
We introduce Si’” by

(3.3) 3 () = / KM (2,7, y)u(y) dr dy,

where K2 (2, 7,y) = x{ (1) - K}(x,7,7).
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Let Ry \- {z| (& = G" 7%, y), )] < XY |2/ = G, 74,y)| < A2
with ‘Ry A- 1‘ < const A7l - AT, We set XRY |, (z) to be the characteristic

function of RY yA-1
Let ag be an atom supported in a box Q with sidelength r:

A

Q - ) aQ||Le > R ) aQliLr = 1, aq =U.
We consider

Faol) =3 [ xmy, @RY e v)ag () dr dy
(3.4)
+3 [0y, @)Y @ req(w)dr dy

We need to know the L'-norm of this expression.
(i) The L'-norm of first term in the right-hand side is bounded by

Z/ XRY | x) ‘Kf’y(fﬂaT,y)aQ(y)‘ dx dr dy
(3.5) "

co= Y [ s, @ 8T8 " 7.)) g () e ar .

o In (3.5), we have already applied the bound CA~™%" on the symbol b(z, T,y) at
7| ~ A
o Due to the support properties of Yr» - (x), the integration in &’ (with z” fixed)

o Summation in v converges, since Y xX(7) = 1.

o If the projection 7g is of type w = 1 relative to ker d(my omg), then the integration
in 7 and z” contributes % - \™, where % appears due to the support properties of
B(h~1h) (recall that, according to (1.10), w is equal to 1 if dy» h # 0).

More generally, assume that at a point p € C the projection mg is of type at
most w € N relative to kerd(my o wg). We define 7 = T € R™, so that the
region of integration in " and 7 is bounded uniformly in A. Note that dx” dr =
A"dz"” dT. According to Lemma 0.2 and to (1.10), we may choose new coordinates,
z=(21,...,2n), 2 = 2(2",T), such that 9 h # 0 in an open neighborhood of p.
The expression 9% h is homogeneous of degree zero in A, so that |0 h| > const > 0
uniformly in A, /. Therefore (see Lemma 3.1 at the end of this section),

(3.6) /dzn B(h~'h) < const B

The integration in z1,..., 2,1 converges since the support of (3.5) in (2,7 = )

(and hence in {zl, ..., 2n}) is bounded uniformly in A, . We conclude that the
integration in " and 7 contributes const N
o Finally, we integrate in y (using the bound [ |ag(y)|dy < const)

Taking the product of all of the above factors, we obtain const v, proving (2.9).
(1) For the L'-norm of the second term in the right-hand side of (3.4) we have:
o In each v-term, we can integrate by parts as in [SeSoSt91] (we need the assumption
% > A~2 to obtain an analogue of the inequalities (3.19) in [SeSoSt91]; the argument
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is the same as theirs), getting the factor
B (XU -Gy, TP + N = G )
The integration of this expression with respect to 2’ contributes the same factor
A3 as above. The rest of the analysis is the same as for the first term in the
right-hand side of (3.4), and we obtain the same bound (2.9).

We conclude that, for any atom aq, |[|§iaq|r: < const #iw. This completes the
proof of Proposition 2.2.

Let us recall how from [9% h| > const > 0 one may obtain the bound (3.6):

Lemma 3.1. Let h € C*(R) be a function such that [h(")(t)| > 3 > 0 fort in some
interval I C R. Then the set I" = {t € I | |h(t)| < K} consists of at most 2*~!
1
intervals 1", possibly with joint ends, of total measure |I| < 20~ (2w!/3)% b .
This lemma is well-known; see, e.g., [Ch95]. Instead of giving a proof, let us

simply note that the mentioned intervals are those where the derivatives h/, h”,
..., K"~ do not change signs.

4. STRONGER ASYMPTOTICS FOR H! — L! ESTIMATES

In this section, we will prove Proposition 2.5: Given an atom aqg supported in a
cube Q with the side r, |Q| = ™, with A=! < r <1, we want to prove (2.15):

n—1

||3§aQHL1 §consth_%()\r)_ E

We introduce unit vectors 77, 1 < p < N (r%) = r’M/T_l, equidistributed over the
unit sphere in the T-space R™:
|7 — 77| > constr'/? i p#£ .
We introduce a corresponding partition of unity, as in (3.1):

N(rl/2)
L= > X2,
p=1
where x?(7) is homogeneous of degree 0 in 7 and supported in the spherical angle
Qf with the span ~ r'/2 centered at 7.
The set of the exceptional values of & which correspond to a particular value of
y and to a particular direction 7¢ in 7-space is given by

(4'1) RZ,T’ - {J) | |<J)/ - G(x/lvaay)vaH s, |J)/ - G(xllvaay” < rl/Q }a

so that [Rf | < const r™2". We then define

m—41

(4.2) 6= U Ry s with  [NV§| < constr 2
yeQ

The bound on |V, 6| is valid since the range of change of y is bounded by r; hence
N, 6 is not much different from any individual R ,. Note that in the terminology
of [SeSoSt91] the exceptional set associated with the atom aq is given by

No =JN%.
P
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We set XN (x) to be the characteristic function of the set N5, and split

Shea) = 3 [ wg @K@ mp)agly) drdy
(4.3) g
+ 33 [0 g @KL (@7 e (w) dr d.

(1) Let us start with the L'-norm of the second part of the right-hand side:
o In each v, p-term, we integrate by parts, getting the factor similar to (3.7). Since
we are off the exceptional set N, this factor is bounded by

(4.4) (14 X' = G(2", 72, y),T)* + A2’ — G(2”, Tf,y)|2)7N < const (Ar) V.
o Due to the factor (4.4), integration in 2’ would contribute A~ g
o The symbol b(z,7,y) is bounded by const AT
o Due to the support properties, summations in p and v converge uniformly in A,
h.
o As in Section 3, the integration in 7 and z” contributes fiw - A™.
o The integration in y converges, since for atoms we have [ |ag(y)|dy < 1.

The product of all the above terms yields the bound

< const fw (/\r)fN/ .
Ll

> [0 - g @)K (@, pao(w) dr dy

(#7) Now we need to bound the L!-norm of the first term in the right-hand side of
(4.3). First, we apply the Cauchy-Schwarz inequality to the summation in p:

1
2) 2
L

Now we apply the Cauchy-Schwarz inequality to the integration in the x variable,
bounding the above by

Jorsar)

> [ g @Kl e rag(w) dr dy
14 L;

e s

p

[ s @t K, pao (v dr dy

1

[

2

[ g @nt oKl e rag(w) dr dy

1>

(4.5)
13 2 13
< [Z ‘Ng‘ [Z /Xﬁ(T)Kf(x,T, y)aq (y) dr dy ]
p i p L3
Due to (4.2), the first factor is bounded by
_ 1
2 m—1 m+41_1 1
(4.6) Z |./\/’6|] < const[r~ "7 7" ]% = constr?.
L »
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1
2 2
L?‘|

Getting rid of 2’-dependence of the symbol b, we substitute

bz, 7.y) = / € b (a7, y)de,

We can focus on the second factor:

(4.7) [Z X2(r) K (w7, y)aq(y) dr dy

where b has infinite rate of decay for large £’ since b is compactly supported in z.
We then rewrite (4.7) as

’/ m’ £ bg/ 2" T, y)e z(xLG(x”,r,y)J)g(%)5(ﬁ*1h)aQ(y) dr dyd{’

By the Minkowski inequality this is bounded by

[

.lz

p

7]

i E/ ( )bf/(i[,‘ T, y) z(z'fG(z”,‘r,y),ﬂﬂ(T)6(ﬁ71h)aQ(y) dey

The integration in £’ converges, so we may focus on

>

'—G(z" Ty),T T —
[tie e et o w05 o nyag o) dr dy

1
2 2
Lin .

~ . " T
[ xaibe e w55 s tao ) ay

7]

X2 (T)ber (2", 7, y)e z<G(I”’T’y)’7>ﬂ(7)5(’771}1)61(2(y)dy

ber (2", myy)e O T 5

7 —1 =\ Ty),T T -
/bg/(l‘”,T,y)e (GG, >6(%)ﬂ(h lh)a’Q(y) dy

By Plancherel’s theorem this is the same as
1
2] 2
= [Z / dz" dr ] :
P
We interchange integration (in z”, 7) and summation (in p) and bound the above
with
7| 213
V da" dr zp:(xﬁ(f))2 B h)ag (y) dy ]
213
<C l / dz" dr ] )
We used the fact that the p-partition of the sphere is locally finite, so that for each
direction in the 7-space we have Zp(xf(T))z < C?, with C independent of 7.
Thus, we need to know the L?-norm of the expression
48) Bl = [ myeierrmn gl
n (z”,7).

)B(H™ h)aq (y) dy
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Let us rewrite (4.8) using the rescaling 7 = 7/\:

I)f?,f’ (xllv 7—)

(4.9)= / AT (W b (2 AT y) ) e MO T DD (T B haq (y) dy
= B;i,fl aQ (:L‘”, T).

Note that )\%Bg/(x” ,AT,y) is bounded uniformly in A (together with its deriva-
tives in 7). There is no A in G(2”,7,y), since G is homogeneous in 7 of degree
0. Therefore, Big,aQ (2", T) is an oscillatory integral operator (which we denote

by Bf\ié/) associated to a one-sided Whitney fold and with a symbol of magnitude
m—1

A~7z , which acts on the atom ag. The integral kernel of B;\/L’E, is localized by
B(A~1h) to the variety where the magnitude of the determinants of the Jacobi
matrices of the projections from the canonical relation are of magnitude h ~ h.
Therefore, according to [Co99], the L?(y) — L?(2”,T) norm of BY ., is bounded

m—1

by A7z

A" 3h72; the L2-norm of aq is 7~ %. This gives

n m

"B;i,f,aQ||L2 <constr—z - A"

A 33,
Finally, the rescaling to 7 = AT contributes A% to the L? norm:

[/ dx"dr|]f\i7§,(a:",7-)‘2} =\% U dx" dT | B gag (", T)|*| .
R R

n—m yRmM n—myRmM

Therefore, the L2-norm (4.8) in (z”,7) is bounded by
(4.10) HBKL,E/GQ ||L2 < constr™¥ - ATATIAI.
The product of two factors, (4.6) and (4.10), gives the bound
rE o E NIRRT = (M) T AR
n (4.5), which yields the estimate (2.15).

5. TRACE REGULARITY OF SOLUTIONS
TO HYPERBOLIC DIFFERENTIAL EQUATIONS

We use Theorem 2 stated in the Introduction to derive a general result on the
LP smoothness of restrictions of solutions to hyperbolic equations onto hypersur-
faces, which incorporates the results obtained in [SeSoSt9T] (LP estimates; spacelike
hypersurfaces) and [Ta98] (curved timelike hypersurfaces).

We follow Chapter 5 of the book of Duistermaat [Ds95]. Let 2 be a paracompact
C°° manifold of dimension n + 1, n > 2, and let P(z, D) be a properly supported
pseudodifferential operator of order 2 on 2 with a principal symbol p(z, () which
is smooth, real-valued, and homogeneous of degree 2 on T*Q\0. The characteristic
set of the operator P is a closed conic subset of T*Q\0 defined by

(5.1) Char P = {(2,¢) e T*Q\0 | p(2,¢) = 0}.

We assume that P is hyperbolic, so that on each fiber T7(2 the principal symbol
p(z, () defines a real quadratic form Q,(, ) of Lorentz signature (1,n):

62 frGreT  9.Gr) = 3¢+ )~ b= 0) — b= )
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A smooth hypersurface ¥ C Q is called spacelike with respect to P at a point z € X
if p(z,d¢) > 0, where ¢ € C°°(Q2) vanishes simply on X. ¥ is called timelike with
respect to P at z if instead p(z,d¢) < 0. If p(z,d¢) = 0, ¥ is called characteristic
at z. X is called spacelike if it is spacelike at each point. Similarly one defines
timelike and characteristic hypersurfaces.

The derivative of f € C°°(€) in the normal direction at z € ¥ is defined with
the aid of the quadratic form Q. (, ) by

where ¢ € C°(§2) vanishes simply on X. At non-characteristic points z € 3, where
Q.(d¢,d¢) # 0, we normalize ., f, dividing it by |Q.(d¢,dd)|*/?, to make the
directional derivative independent of the choice of ¢ (up to a sign).

The Hamiltonian vector field H, € C*°(I'(T(T*Q))) associated to p(z,() is de-
fined by the relation inty, o = —dp, where o € A2(T*Q) is the canonical symplectic
form on T*Q and int is the interior multiplication. Given the coordinates z on €2,
in the induced coordinates (z, () on T2 we have o = d{ A dz and

Hp = p(('zv C)az - pz('zv C)aC
The null bicharacteristics v : R — T*Q of P are defined as the integral curves of
the Hamiltonian vector field H,,, corresponding to the value p = 0:

(5.4) Y(s) = Hyp(y(s)),  ~7(0) € Char P.

The projections of the bicharacteristics onto €2 under the natural projection mq :
T*Q — Q are called the rays of P.

Due to the assumption that P is hyperbolic, so that p(z, () defines a quadratic
form of signature (1,n), one readily checks that P is strictly hyperbolic with respect
to any spacelike hypersurface 3, which means that all bicharacteristic curves of P
are transversal to 3 and for every (y,n) € T*X the equations

(5.5) Py, Q) =0, (s =mn
have exactly two distinct roots ¢ € T,7€2.
We consider the Cauchy problem
Pu =0,
(5.6) uls = f,
s = 9,

where S <3 Q is a spacelike hypersurface and d, is the derivative in the direction
normal to S. We make the following assumptions about P and S (see [Ds95]):

(1) Every ray intersects S at most once.

(2) No ray starting on S stays in a compact subset of .

(8) For every pair of compact subsets Ko C S, K C € there is a compact subset
K' C Q such that if I is an interval on a ray with one end point in Ky and the
other in K, then I C K'.

(4) For every compact subset K C ) there is a compact subset Ko C S such that
every ray starting in K only hits S in K.

One immediately checks that all these assumptions are satisfied for the wave
operator P = —9? 4+ V2 over ) = R x R™ and with the initial data on S = (0 x R™).

We denote by p the parametrix p : (f, g) — u of the Cauchy problem (5.6). For
convenience we will assume that u|, = f =0, so that p: Jpu — u.
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The assumptions (1)-(4) lead to the following two results:

Lemma 5.1 [Ds95]. The parametriz p : Oy,qu — u is a Fourier integral operator
from I‘li(Q, S, Co) associated to the canonical relation

(5.7) Co=A{(2,¢), w5(y,m} CT* QX TS,

where z € Q, y € S, and (z,(), (y,n) € Char P lie on the same null bicharacteristic.
The map & : TEQ — T*S is induced by the inclusion vg : S — §. The immersed
Co is an embedded closed submanifold of (T*Q x T*S)\0.

The restriction ps; : C*(Q) — C*(X) is a Fourier integral operator ps; €
I3(2, 9, Ry) associated to the canonical relation

(5-8) Ry = {15(2,0), (2,Q)} C T"E x Ty 0,
where (z,() € T5Q and the map § : T5Q — T*X is induced by the inclusion
13 Y — Q.

One can readily verify that Ry, x Cy and T*X x diag(T*Q x T*Q) x T*S intersect
transversally in T*X x T*Q x T*Q x T*S. Therefore, the composition ps op defines
a Fourier integral operator:

Lemma 5.2 [Ds95]. The composition ps; op : Opgu — uly is a Fourier integral
operator from I-1(%, S, C) associated to the canonical relation

(5.9) C =Rz oCo={15(2,(), w5y, m)} C TS x T*5,
where z € ¥,y € S, and (z,(), (y,n) € Char P lie on the same null bicharacteristic.

Since the rays are transversal to S and, due to the assumption (1) after (5.6), the
condition mq((s)) € S defines s implicitly as a smooth function of the initial data,
it follows that v(0) = (z,¢) € T¥Q. We conclude that the point (y,n) = v(s) € T§Q
depends smoothly on (z,({) € Chary, P:

(5.10)  (2,¢) = (y,m) = (4(2,€), 1(2,C),  §&7n € C™(Charg P, Charg P),

where Chary, P = Char PNT%Q and Charg P = Char PNT§Q. Therefore, we may
parameterize C by Chary, P. Let ¢ € C*°(Q) be a smooth function which vanishes
simply on X. Since d¢|, # 0 and d¢p reavo 7 0 are linearly independent, the set
Chars P = {(#,0) € T*Q | ¢(2) =0, p(z,{) = 0} is a smooth submanifold of T*Q
of codimension 2, which we identify with C:

(5.11) Chary P — C.

The glancing variety G C C is defined by
(5.12) G=CnZ, where Z={(2,()eT*Q| {p,¢} =0},
with {p, ¢} = H,¢ being the Poisson bracket determined by the canonical symplec-
tic structure on 7*). The glancing variety G consists of the points (z, () € Chary P
such that the corresponding bicharacteristics are tangent to T30 = {(z,() €
T*Q | ¢(2) =0}:
(H;D(b)(za ¢) ={p,¢}(2,¢) = 0.
The corresponding ray mqo(7y(s)) in the direction d(mq)..¢)(Hp) € T.Q is tangent
to X C Q:
((mQ)«Hp)p(2) = (Hpo)(z,¢) = {p. ¢}(2,¢) = 0.
We do not distinguish between ¢ € C*°(Q2) and its pull-back 78¢ onto T*Q.
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Let us consider the projections from C:
7 : Chars P — T*%, (z,() —15(2,Q);

mr: Charg P — TS, (2,¢) —15(9(2, (), 1(2,()).

(5.13)

Geometrically, the singular part of 77, represented by ¢ — (|, 5, is the projection
from the characteristic cone Char, P onto the hyper’splane T7%. If ¥ is timelike,
then 7p|. is a Whitney fold; if ¥ is spacelike, then 7y, is a diffeomorphism. The
singular component of 7 is represented by z — (z, () € S, which is the projection
from ¥ onto S in the direction of the ray from z € ¥ which corresponds to ( €
Char, P.

In order to characterize the singularities of the projections 7, and wg with the
aid of Definitions 0.1 and 0.2, we need to compute the determinants of their Jacobi
matrices dny,, drg.

Lemma 5.3. Up to nonzero factors (which depend on the choice of local coordi-
nates), both detdry, and detdrg are equal to {p, p}|.-

Corollary. The critical variety of both wp and wg coincides with the glancing
variety G C C.

Proof of the Lemma. According to [HoT71], it suffices to show that the determinant
of the Jacobi matrix of 7z : Chars P 3 (2,() = 15(2,¢) = (2,(|,.5) is equal to
{p, ¢}|, up to a nonzero factor.

We first give an informal argument. It suffices to consider the restriction mz|, :
Char, P — T;%, ¢ = (|, . If we identify the tangent and cotangent fibers,
we could say that the differential of this map is the orthogonal projection from
T¢(Char, P) onto T¢(T;Y) = TFY = T.%, and the determinant of the matrix of
this projection is the dot product of the normals: p¢ - ¢. = H,¢ = {p, ¢}.

Let us give a rigorous proof. The differential of the map % : T9Q — T*X,
(2,0) = (2,Cl..y), is given by diy; = (Z,2) — (Z,Z],.y), where Z € T.% and
Z € T7Q. The kernel of di} is generated by (0,d¢), which is the coordinate
representation of (the negative of) the Hamiltonian vector field of ¢:

H¢ = ¢<8Z - ¢Zag = —¢Za< S F(T(T*Q)).

Since Hy # 0 on ¥ and H, ¢ T(T*Y), we can introduce a 1-form 6 € AY(TEQ)
such that §(Hy) =1, 0], .y, = 0. Let 3 € A**(T*X) be a volume form on T*X.
The wedge product of § with the lift of 3 onto A?"(T%) defines the volume form
dvolrzq on Ty

dvolrzo = (15)"B A0 € AT TEQ).

Alternatively, we can represent d volrzq by a A dp, where a € A?"(T%Q). Since
dp|,c = 0, the restriction of & onto vectors from T'C is nonzero and can be consid-
ered as a volume form dvolc on C.

Let us evaluate both sides of the identity

aNdp=(%)"BAO

on X1 A---AXop A H¢ € /\2n+1(T(Z7<)(TZ*JQ)), where X; € T(Z7<)C C T(z,() (TX*JQ)
From dp(X;) = 0 we see that the left-hand side is equal to (X1 A+ - - A X2, )dp(Hy).
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Since Hy € ker dig, the interior multiplication int(Hg)((2%)*5) = 0, and therefore
(R BAO) XL A A Xop ANHp) = (05) B(X1 A+ AN Xoy,)0(Hp). We thus have
a(Xi A A Xop)dp(Hg) = B(des (X1) A - Adesy (Xon)).

Therefore, up to a nonzero factor which depends on the choice of local coordinates,

det drp, is equal to
dvolps(drp(X1) A -+ Ndrp(Xay))  dB(d&(X1) A+ A dis(Xan))

dVOlC(Xl/\"'/\XQn) dOé(Xl/\/\X2n) p( ¢)

O
Lemma 5.4. If ¥ is spacelike, then both w, and wr are (local) diffeomorphisms.
Proof. If ¥ is spacelike at z € 3, then Q,(d¢,d¢) > 0, and hence

does not vanish when ¢ € Char, P. This becomes transparent in the local coordi-
nates where Q. (, ) = diag(1,—1,...,—1). O

Therefore, if ¥ is spacelike, the Fourier integral operator ps; o p is associated to
a local graph, and the smoothness of u|, = (px o p)g follows from the L? estimates
for Fourier integral operators associated to local diffeomorphisms [SeSoSt91].

Lemma 5.5. The map O,y op : Oyqu — Oy u is a Fourier integral operator from
I19(%, S, C) associated to the same canonical relation as Rs o p, with the symbol
vanishing (simply) on the critical variety of the projections from C.

Proof. Let ® € C®(Q x RY x §) be the phase function of the Fourier integral
operator p. Using a usual representation of p by the Fourier integral operator, we
compute that d,, op is a Fourier integral operator associated to the same canonical
relation as Ry o p, with its leading symbol proportional to Q.(d¢,d.®(z,0,vy)),
z € X. According to (5.7), if (z,d.®(2,0,y),y, —dy®(z,6,y)) is a point on Cy, then
¢ =d,®(z,0,y) € Char, P. Given z € X, we have

Q. (do, d-®(2,0,y)) = Q=(do, () = —Hyp(2,()/2 = {p, 0}(2,0)/2,

which vanishes on the glancing set G. O
Lemma 5.6. If X is timelike, then 7 is a Whitney fold.

Proof. Taking any smooth projection of the vector field Hy onto T'C, we obtain
a smooth vector field over C which we denote K; € I'(T'C). Since Hyp|, =
—{p, ¢#}|s =0, we know that Hy|, € T'C, and therefore K|, = Hy and Ky, does
not vanish on G.

Since the kernel of d(:%) is generated by Hy = (0, —d¢) € T(T*Q), the kernel of
the differential of 77, = 1§, is nontrivial on G (where Hy, € T'C) and is generated
by K1| = He. Up to a nonzero factor det dry, is equal to {p, ¢}(z, () = 29.(d¢, ),
while K|, = Hy. We compute at (z,() € G:

Ki{p, ¢} (2,¢) = Ho{p, }(2,¢) = 2(=0:0,)Q.(d¢, () = —2Q.(d¢, do),

and, since ¥ is timelike, Q. (d¢,d¢) < 0 on X. This proves that 7y, is of type one
and hence is a Whitney fold. O

We use the following straightforward classification of glancing points (a similar
definition is in [MeSj78|):
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Definition 5.1. We will say that a point (z,{) € G is a glancing point of type
k € N if it is the smallest integer such that

(5.14) Hy ™ o(2,0) = {p,{p, . AP, ¢} }}(2,Q) # 0.
k+1

This definition does not depend on the choice of ¢. Type 1 corresponds to simple
glancing.

Lemma 5.7. If (z,{) € G is a glancing point of type k, then the projection wg is
also of type k at that point.

Proof. Taking any smooth projection of the vector field Hp|. onto the fibers of T'C,
we obtain a smooth vector field Kr € T'(T'C). Since Hp|, € T'C, we know that
Kr|s = Hp|s and that Kr does not vanish on G.

Let us show that Kg|, € kerdrg. The vector field H,, is tangent to the bichar-
acteristics, so that dy(H),) = di(H,) = 0; therefore,

drn(Kn)lo = d o (3 1)) (Hy) =0,

where § @7 : Chary, P — Charg P is the blow-off along the bicharacteristic defined
in (5.10).

We need a smooth vector field Kr over T*Q such that Kg|. = Kr € I'(T'C)

and Kg|, = H,. To construct it, we extend K to a smooth vector field K over
T*Q and define

P + ¢*)H, + {p. $}*Kr
p? + ¢% + {p, $}?

Since KR|Z = H,, and since {p, ¢} = Hp¢ vanishes simply on Z C T*(Q, there is a
smooth vector field W over T*() such that
Kg = Hy, + (Hp¢)W.

The type of mr at a point (2,{) € G C C is defined as the smallest integer &
such that K detdrg| ., # 0 (see Definition 0.1). The determinant of the Jacobi
matrix of wp is equal to H,¢, up to a factor p € C*°(C), ¢|, # 0, which depends on
the local coordinates. We fix the local coordinates and the corresponding factor ¢,
which we extend to a smooth function ¢ € C*°(T*(2). Since Kg|. = Kr € I'(T'C),
we have K},(pHp¢)|. = KL(9Hpd|.) = K}, det dmg. Therefore,

KR|Z = Hp, KR|(T*SZ)\Z =

J
K} detdnp = (Hy + (Hy))W)' (pHpd) = oHI o+ Y anHJ'0,

m=1

where a,, € C®(T*Q) are certain combinations of H,, and W acting on ¢ and .
According to Definition 5.1, if (z,¢) € G is a glancing point of type k, then at that
point H'¢ =0 for 1 <m <k, and therefore

Kfdetdrrl ., = o(z OH ., 1<j<k
Since ¢|, # 0, we conclude that 7g is of type k at (z, ¢). O

We apply Theorem 2 from the Introduction to the operator psy o p, and use
Lemmas 5.6 and 5.7, which characterize the singularities of the projections from
the associated canonical relation C. This gives the following result:
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Theorem 5.1. Let P be a properly supported hyperbolic pseudodifferential operator
with real and homogeneous principal symbol, let S — Q be a smooth hypersurface
which is spacelike with respect to P, and let the assumptions (1)-(4) after (5.6)
be satisfied. Let X — Q be a smooth timelike hypersurface and let O be an open
bounded subset of Q@ such that ONX # (). Assume that the glancing points (z,() € G,
z2€ONY, are of type at most k.

If u is a solution to the Cauchy problem (5.6) with the initial data (f,g) on S,
then for 1 < p < ™2 and 3 < p < oo the LP-regularity of the restriction ul,, is the

k1
same as if X were spacelike [SeSoSt91] :
(5.15) lulslzs._.. orm) < C (Ifllszes) + gl _ycs))
herel<p<’,§—ﬁ or 3 <p<oo, (mdap:(n—l)%—%.

The estimates on |lul,|

L, (0ns) for Z—ﬁ <p<2and2<p<3 are obtained

a—a

by interpolating between (5.15) and the Sobolev estimates,

(5.16) llell a1/ a1y onsmy < C (1flmacs) + gl ma-1(s)) -
The normal derivative has the optimal regularity for any p > 1, p < co:
(5.17) 10usllzs_onm) < C (I zis) + 9lez_s))

The constants in (5.15)-(5.17) depend on p, n, the coefficients of P(z,D), and
the geometric data: Q, S, X, and O.

The regularity (5.17) of the normal derivative of u at ¥ follows from Lemma 5.5
and the estimates on singular Fourier integral operators with the damping factor
[C098]. Under extra conditions on ¥, the boundary value p = Z—ﬁ in (5.15) could
be improved (up to p = %; see Theorem 2 in the Introduction).

6. REGULARITY OF RESTRICTIONS OF SOLUTIONS
ONTO HYPERSURFACES WITH CHARACTERISTIC POINTS

Let the hypersurface ¥ C € be characteristic at certain points: p(z,d¢) = 0.
Our methods are applicable if ¥ is curved (has simple contact with the rays of P):

(6.1) H¢ = {p,{p,¢}} # 0.

If (6.1) holds, then wg : C — T*S is of type 1 and hence a Whitney fold.

At points z where ¥ is characteristic, the map nr|,,. ., : Char, P — T}X is
the projection from the characteristic cone Char, P in the direction of one of the
null covectors which form Char, P. This projection has a singularity of infinite
type (the Jacobi matrix vanishes identically in the direction of the kernel of the
projection), but we will prove that the second derivative of det dr, in a direction
transversal to the kernel is different from zero. In terms of Definition 0.2, the map
71, is of type w = 2 relative to ker d(ws o 71,), where 7y is the natural projection
T — X.

The projection mrgomgr : C — S may fail to be a submersion at the characteristic
points (where p(z,d¢) = 0). This is illustrated by the example p(z,() = 7% — €2,
(=(r,6) eRxR", ¥ = {(t,x) € RxR" | t = 1 —|z|?}, when the projections from
Y onto S along the rays of P are not surjective at the points ¢t = 3/4, |z| = 1/2.
At the same time, since ms o 7w, : Chary, P — X is a submersion, we can apply the
reduction from Section 1 to the adjoint of ps; o p. Then Proposition 2.2 and hence
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the part of Theorem 2 with p < 2 become applicable to the operator (ps op)*. This
yields the smoothness of u|,, in L? for p > 2:

Theorem 6.1. Let P be a properly supported hyperbolic pseudodifferential operator
with real and homogeneous principal symbol, let S — § be a smooth hypersurface
which is spacelike with respect to P, and let the assumptions (1)-(4) after (5.6)
be satisfied. Let ¥ — € be a smooth curved hypersurface, and let O be an open
bounded subset of Q such that ONY # 0. We allow that ¥ be characteristic with
respect to P at some points in O NX.

If w is a solution to the Cauchy problem (5.6) with the initial data (f,g) on S,
then for p > 4 the LP-reqularity of the restriction uly is the same as if ¥ were
spacelike [SeSoSt91]:

(6.2) s )

For 2 < p < 4, the regularity (not sharp) is obtained by interpolating (6.2) with
the Sobolev L? estimate,

(6.3) 1l ll ot orgy < C (I 1mes) + 9lle-1cs))
The normal derivative has the optimal reqularity for any p > 2:
(6.4) 10usilzy_ors) < C (1]

The constants in (6.2)-(6.4) depend on p, n, the coefficients of P(z, D), and the
geometric data: 2, S, %, and O.

e o < C (Ifllzas) + gl

a—a

L ro(s) + H9||L§,1<5)) :

a—1

Proof. We already know that mr is a Whitney fold. We now need to consider the
properties of the map 7y,.

Lemma 6.1. If ¥ is characteristic at the point z. € X, then the critical variety of

the projections from C is given by NI 3 C C.

Proof. Let ¥ be characteristic at z.:

(6.5) p(2e, dp) = Q. (d¢, dg) = 0,

and let {. € Char,, P be such that (z.,(.) € C is a critical point of 7;, and 7g:

(6.6)  plzc,Cc) =9z (s Ge) =0, {p, #}(zc, Cc) = 29:.(do, () = 0.

From (6.5) and (6.6) we conclude that (. is parallel to d¢|_ :

(6.7) Ce = c(z¢,Ce)dd).., -

This is transparent in the local coordinates where Q. (, ) = diag(l,—1,...,—1).
d

Lemma 6.2. The type of 7, relative to kerd(my o wy,) is at most 2.

Proof. Instead of giving a coordinate-independent argument, let us give an il-
lustrative proof in the local coordinates (z,(), ¢ = ({p,{) € R x R™, where
p(2¢,¢) = & — |¢|%. Let (2, () be a critical point of 77,. We only need to consider
the case when ¥ is characteristic at the point z. (otherwise 7, is at most a Whitney
fold). We rotate the axes ¢;, i = 1,...,n, so that (. = (A, \,0,...,0) € R x R",
where A = |(.o] = [C.|-

Let V be a vector field on Char,_ P defined by

(6.8) V= C18<2 - Cgacl, ¢ € Char,, P.
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One immediately checks that indeed Vp(z., () = 0. We also have V' € ker d(rsomp).
We claim that there exists a smooth continuation of V' onto an open neighborhood
O of (z.,(.) in C, which we denote by W, such that

W|Charzc =V, W € ker d(ﬂ'z o 7TL)-

P

Indeed, since 7s; o 71y, : Chary P — X is a submersion, then kerd(ms o 7,) — C
is a vector bundle (see Lemma 0.2), and V' € kerd(ns o mp) can be extended from
Char, P C C onto an open neighborhood of (z.,(.) in C.

We want to prove that W?2 det drp, ...y # 0. According to Lemma 5.3, det dmr,
equals {p, ¢}|., up to a nonzero factor. Therefore, we need to show that at the
point (2., (.) we have W{p,¢} = 0, W?{p, ¢} # 0. According to Lemma 6.1, if
¥ is characteristic at z. and if (z., () is a critical point, then d¢|, = c ¢ =
c 1\ ), 0,...,0), and we obtain

(6.9) {p.¢}.. =29..(d¢, ) = 2¢71Q. (¢, () = 2¢ Ao — C).

Let us notice that the critical variety at z. is given by the line (; = (3. The first
derivative of {p, ¢} by the vector field W is equal to W{p, ¢} = V{p, ¢} = 2¢ 1 \(a,
which vanishes at ( = (. = (A, A\,0,...,0). The second derivative of {p, ¢} by W is

(6.10) W{p,o}.. =V (2c7'N(2) = 2¢7 A,
which does not vanish at ¢ = (., and hence at (z., (.) the map 7y, is of type w = 2
relative to kerd(my; o 7p,). O

We need to overcome one more hindrance before Theorem 6.1 is proved: If
is characteristic at z., then 7y, is of infinite type at critical points (z., (.). Indeed,
both Hyp(z,¢() = —29.(d¢,¢) and Hﬁp(z,() = —29,(d¢,d¢) vanish at (zc, (),
while Hép(z, ¢) =0 for { > 2. To be able to apply the analogue of Theorem 2 with
k = oo to the operator pyx; op, we need the following analogue of the estimates (2.6),
(2.7) in Proposition 2.1:

5 ——h _
Lemma 6.3. Let (psop)y, (psop), be constructed from ps op € I71(%,S,C)
according to (2.1), (2.2). Then

| (ps 0 p) || L2—p> < const A" - A2,
—t
l(ps o p)\|lL2—r2 < const AL ATRE,

This result follows from [Co99], except that since 7y, is of infinite type at some
points, we need to check directly that my, satisfies the “convexity assumption” from
[Co99):

(6.11) |TL(2,¢1) — 7Lz, ()| > ch|¢1 — ol

where 71 is between det dr| , . | and detdr]|, ., while the constant ¢ > 0 depends
on the choice of local coordinates where det dry, is evaluated. The inequality (6.11)
is important for the van der Corput type estimates (stationary phase estimates for
oscillatory integral operators with singular phase functions).

Let us show that 7z, : Chary P — T*¥ satisfies (6.11). For a given point z € ¥
we choose some local coordinates so that Char, P is the union of standard cones
Ci = {(£[¢],¢) | ¢ € R}, and then 7|, : Char, P — T;X is the orthogonal
projection from C_ U C,. We may restrict our attention to C;. Let s; and s2 be
the unit normals to C at (1 and (o2, and let v be the unit normal to ¥ at z. Since
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C is convex, the orthogonal projection II from C in the direction v satisfies the
inequality

(6.12) [TI(¢1) — TI(C2) | = A|G1 — G2l

where h is a number between v -s; and v - s3. The dot product v - s; is proportional
to the determinant of the Jacobi matrix of II at ¢;, and hence (6.12) is equivalent

to the “convexity” condition (6.11). O
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