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ON A MEASURE IN WIENER SPACE AND APPLICATIONS

K. S. RYU AND M. K. IM

Abstract. In this article, we consider a measure in Wiener space, induced
by the sum of measures associated with an uncountable set of positive real
numbers, and investigate the basic properties of this measure. We apply this
measure to the various theories related to Wiener space. In particular, we can
obtain a partial answer to Johnson and Skoug’s open problems, raised in their
1979 paper. Moreover, we can improve and clarify some theories related to
Wiener space.

1. Introduction

In 1923, Wiener showed that one can define a reasonable measure on the space
C0[a, b] of real-valued continuous functions on a closed interval [a, b] that vanish at
a, the so-called Wiener space [14]. Since then, the theory of this measure has been
investigated extensively and applied to various subjects by many mathematicians
and mathematical physicists. So, the various theories related to Wiener space have
been widely and deeply developed, and many papers and books related to this space
have been published. But in the process of studying Wiener space, one frequently
encounters the translation problem, which is one of the difficult problems in the
theory of Wiener space. In 1979, Johnson and Skoug raised some open problems
concerning translation in Wiener space [8, pp. 164-165].

In this article, we will introduce a measure τ̄ in Wiener space, induced by the
sum of measures associated with an uncountable set of positive real numbers, and
investigate the basic properties of this measure. Using the concept of τ̄ , we will
obtain a partial answer to Johnson and Skoug’s open problems, raised in their 1979
paper. Furthermore, we can improve and clarify some theories related to Wiener
space, for example, the relation between the Lebesgue integral and the Wiener
integral, the converse measurability theorem and the theory of the Fourier-Feynman
transform.

This article consists of five sections. In the first section, we will introduce some
notation, definitions and basic facts which are needed to understand the contents
of the next sections. In the second section, we will define a new measure τ̄ in
Wiener space and investigate its basic properties. In the third section, we will treat
the translation problems for τ̄ -measurable sets. Indeed, we will show that if N is
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τ̄ -null, then N + y is τ̄ -null for τ̄ -a.e. y. In the fourth section, we will improve and
clarify the converse measurability theorem and the Wiener integration formulas. In
the last section, we will apply τ̄ -measurability to the theory of Fourier-Feynman
transforms, and improve the results in [4], [9].

2. Preliminaries

The real number system will be denoted by R. For a natural number n, let Rn
denote the set of ordered n-tuples of real numbers, and let mL denote Lebesgue
measure on Rn. Let C+ be the set of all complex numbers z with Re z > 0.

For two real numbers a and b with a < b, let C0[a, b] denote Wiener space, that
is, the space of all real-valued continuous functions on the closed interval [a, b] that
vanish at a. Given x in C0[a, b], we define the supremum norm ‖ · ‖ given by
‖ x ‖ = sup

t∈[a,b]

|x(t)|. Let B denote the set of all Borel subsets of C0[a, b] with

respect to the supremum norm topology and let m1 denote Wiener measure on
B. For a positive real number λ, let mλ be the Borel measure on B given by
mλ(B) = m1(λ−1B) for B in B. For a positive real number λ, let (C0[a, b],Bλ,mλ)
be the completion of (C0[a, b],B,mλ). A subset E of C0[a, b] is said to be scale-
invariant measurable provided E belongs to Bλ for all positive real numbers λ. Let
S be the set of all scale-invariant measurable subsets. A scale-invariant measurable
set N is said to be scale-invariant null provided mλ(N) = 0 for all positive real
numbers λ; let N be the set of all scale-invariant null subsets. A property which
holds for all x in C0[a, b] except for a scale-invariant null subset is said to hold scale-
invariant almost everywhere (briefly, s-a.e.). For more detail about scale-invariant
measurability and scale change in Wiener space, see [7, pp. 67-78]. If two functions
F and G on C0[a, b] are equal s-a.e., we write F ≈ G.

Given a natural number n, let σn be the partition a = t0 < t1 < t2 < · · · <
t2n ≤ b where tk = k

2n (b− a) + a for k = 0, 1, 2, · · · , 2n. Given x in C0[a, b], let

Sσn(x) =
2n∑
k=1

(x(tk)− x(tk−1))2.

For a nonnegative real number λ, let Cλ = {x in C0[a, b] | the limit lim
n→+∞

Sσn(x)

exists and equals λ2(b − a)} and D = {x in C0[a, b] | the limit lim
n→+∞

Sσn(x) does

not exist}. Note that λCµ = Cλµ for all positive real numbers λ and µ, and D and
the Cλ (λ ≥ 0) are all Borel subsets of C0[a, b]. Moreover, we know that C0[a, b] is
the disjoint union of the family {Cλ | λ ≥ 0} and D, mλ(Cλ) = 1 for any positive
real number λ, and mλ(Cµ) = 0 for any distinct positive real numbers λ and µ [7],
[8].

In [7] and [8] we can find the following theorem.

Theorem 2.1. Let λ and µ be positive real numbers and let E be in B√
λ2+µ2 .

Then E + y and E − y are in Bλ for mµ-a.e. y, and mλ(E + y) and mλ(E− y) are
mµ-measurable functions of y. Similarly, E+x and E−x are in Bµ for mλ-a.e. x,
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and mµ(E + x) and mµ(E − x) are mλ-measurable functions of x. Furthermore,∫
C0[a,b]

mλ(E + y) dmµ(y)

=
∫
C0[a,b]

mλ(E − y) dmµ(y)

= mλ ×mµ ({(x, y) | x+ y is in E})
= m√

λ2+µ2 (E)

=
∫
C0[a,b]

mµ(E + x) dmλ(x)

=
∫
C0[a,b]

mµ(E − x) dmλ(x).(2.1)

Given a number p such that 1 ≤ p ≤ +∞, p and p′ will always be related by
1
p + 1

p′ = 1.
Let F be a functional on C0[a, b] such that the integral

J(λ) =
∫
C0[a,b]

F (λ−
1
2 x) dm1(x)(2.2)

exists for almost all positive real λ. If there exists an analytic function J∗(λ) in C+

such that J(λ) = J∗(λ) for almost all positive real λ, then we define this essential
analytic extension J∗ of J to be the analytic Wiener integral of F over C0[a, b] with
parameter λ, and we write∫ anwλ

C0[a,b]

F (x) dm1(x) = J∗(λ)(2.3)

for λ in C+. For λ in C+ and for y in C0[a, b], let

[Tλ(F )](y) ≡
∫ anwλ

C0[a,b]

F (x+ y) dm1(x).(2.4)

We finish this section by stating a lemma and then using this lemma to prove a
theorem. The following lemma follows from [6, Exercise (19.70), p. 339].

Lemma 2.2. Let I be an uncountable set. Let (Ω,M) be a measurable space and
let {µλ | λ is in I} be a collection of nonnegative measures on (Ω,M). For B in
M, let

µ(B) = sup
A

∑
λ∈A

µλ(B)(2.5)

where A ranges over all finite subsets of I. Then µ is a measure on (Ω,M).

Theorem 2.3. Under the assumptions of Lemma 2.2, if f : Ω→ R is nonnegative,
bounded, and M-measurable, then∫

Ω

f(x) dµ(x) = sup
A

∑
λ∈A

∫
Ω

f(x) dµλ(x)(2.6)

where A ranges over all finite subsets of I.
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Proof. For B in M, clearly µ(B) ≥
∑
λ∈A

µλ(B) for any finite subset A of I. So the

inequality ∫
Ω

f(x) dµ(x) ≥ sup
A

∑
λ∈A

∫
Ω

f(x) dµλ(x)(2.7)

holds where A ranges over all finite subsets of I. Hence, we must prove that∫
Ω

f(x) dµ(x) ≤ sup
A

∑
λ∈A

∫
Ω

f(x) dµλ(x)(2.8)

where A ranges over all finite subsets of I. Now, let C be in M with µ(C) finite.
Then there is a sequence 〈λi,C〉 in I such that

µ(C) =
∞∑
i=1

µλi,C (C) and(2.9)

µλ(C) = 0 for λ 6= λi,C (i = 1, 2, · · · ).(2.10)

Let K = {λi,C | i is a natural number}. For B in M, we let

µ1
C(B) =

∑
λ∈K

µλ(B) and(2.11)

µ2
C(B) = sup

A

∑
λ∈A

µλ(B)(2.12)

where A ranges over all finite subsets of I \K. Then by Lemma 2.2, µ1
C and µ2

C are
both measures on (Ω,M) such that µ1

C + µ2
C = µ, µ1

C(C) = µ(C) and µ2
C(C) = 0.

Hence, we have∫
C

f(x) dµ(x) =
∫
C

f(x) dµ1
C(x) +

∫
C

f(x) dµ2
C(x)

=
∫
C

f(x) dµ1
C(x).(2.13)

Since f is bounded measurable, there is an increasing sequence 〈ϕn〉 of nonnegative
simple functions on C such that 〈ϕn〉 converges uniformly to f on C µ1

C -a.e. Then
we can easily check that∫

C

ϕn(x) dµ1
C(x) =

∞∑
i=1

∫
C

ϕn(x) dµλi,C (x).(2.14)

For a natural number n, we let ψn = ϕn − ϕn−1 where ϕ0 is the zero function.
Also, for two natural numbers i and j, we let

ai,j =
∫
C

ψj(x) dµλi,C (x).(2.15)

Let ε be any positive real number and let M ≡ sup
ω∈Ω
|f(ω)|. Since µ(C) =

∞∑
i=1

µλi,C (C)
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is finite, there is a natural number n0 such that, for n ≥ n0,

∞∑
i=n+1

µλi,C (C) <
ε

2(M + 1)
,

and there is a natural number m0 such that, for m ≥ m0,

|f(x)− ϕm(x)| < ε

2(µ(C) + 1)

for µ1
C - a.e. x. Hence, for n ≥ n0 and m ≥ m0,

∣∣∣ n∑
i=1

m∑
j=1

ai,j −
∞∑
i=1

∫
C

f(x) dµλi,C (x)
∣∣∣

≤
∣∣∣ n∑
i=1

∫
C

(ϕm(x)− f(x)) dµλi,C (x)
∣∣∣

+
∣∣∣ ∞∑
i=n+1

∫
C

f(x) dµλi,C (x)
∣∣∣

≤ ε

2(µ(C) + 1)

n∑
i=1

µλi,C (C) +
ε

2(M + 1)
M

< ε.(2.16)

That is, the double series

〈
n∑
i=1

m∑
j=1

ai,j

〉
=

〈
n∑
i=1

∫
C

ϕm(x) dµλi,C (x)

〉

converges absolutely to
∞∑
i=1

∫
C
f(x) dµλi,C (x). Thus, we have

lim
m→∞

lim
n→∞

n∑
i=1

∫
C

ϕm(x) dµλi,C (x)

= lim
n→∞

lim
m→∞

n∑
i=1

∫
C

ϕm(x) dµλi,C (x)

=
∞∑
i=1

∫
C

f(x) dµλi,C (x).(2.17)
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Thus, we have ∫
C

f(x) dµ(x)

(1)
=
∫
C

f(x) dµ1
C(x)

(2)
= lim

m→∞

∫
C

ϕm(x) dµ1
C(x)

(3)
= lim

m→∞
lim
n→∞

n∑
i=1

∫
C

ϕm(x) dµλi,C (x)

(4)
= lim

n→∞
lim
m→∞

n∑
i=1

∫
C

ϕm(x) dµλi,C (x)

(5)
= lim

n→∞

n∑
i=1

∫
C

f(x) dµλi,C (x)

(6)
=
∞∑
i=1

∫
C

f(x) dµλi,C (x).(2.18)

Step (1) follows from the equality (2.13). Steps (2) and (5) result from the domi-
nated convergence theorem. By the equality (2.14), we obtain step (3). From the
equality (2.17), we have step (4). By the definition of series, we have step (6).
Therefore, ∫

Ω

f(x) dµ(x)

= sup
µ(C)<+∞

∫
C

f(x) dµ(x)

= sup
µ(C)<+∞

∞∑
i=1

∫
C

f(x) dµλi,C (x)

≤ sup
µ(C)<+∞

∞∑
i=1

∫
Ω

f(x) dµλi,C (x)

≤ sup
A

∑
λ∈A

∫
Ω

f(x) dµλ(x)(2.19)

where A ranges over all finite subsets of I. Hence, the theorem is proved. �

3. The measure τ̄ and its basic properties

In this section, we will introduce a complete measure τ̄ on the measurable space
(C0[a, b], T ), and we will investigate its basic properties.

Definition 3.1. For B in B, we let

τ(B) = sup
A

∑
λ∈A

mλ(B)(3.1)

where A ranges over all finite subsets of positive real numbers.

From Lemma 2.2, we know that τ is a Borel measure on Wiener space.
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Remark 3.2. (1) For B in B and for a positive real number λ,

τ(B) = τ(λB).(3.2)

(2) For a Borel subset B of Cλ,

τ(B) = mλ(B).(3.3)

(3) τ is not σ-finite.
(4) If E is a Borel subset of Rn and a = t0 < t1 < t2 < · · · < tn ≤ b, letting

B = {x in C0[a, b] | (x(t1), x(t2), · · · , x(tn)) belongs to E}, by the classical Wiener
integration formula [7, Theorem 3.3.5, p. 44], B is a Borel subset of C0[a, b] and
τ(B) is either zero or infinite.

(5) Let f ∈ L2[a, b] and let PWZ(f) = {x in C0[a, b] | the Paley-Wiener-
Zygmund integral

∫ b
a f(t) d̃x(t) exists}. Then λPWZ(f)c is a Borel subset of

C0[a, b] and m1(λPWZ(f)c) = 0 for nonnegative real numbers λ. So, we have
τ̄(PWZ(f)c) = 0.

Definition 3.3. Let (C0[a, b], T , τ̄) be the completion of the measure space (C0[a, b],
B, τ). A property that holds for all x in C0[a, b] except for a τ̄ -null set is said to
hold τ̄ -almost everywhere (briefly, τ̄ -a.e.). If two functionals F and G on C0[a, b]

are equal τ̄ -a.e., we write F
τ̄≈ G.

Remark 3.4. (1) The relation
τ̄≈ is an equivalence relation on the class of all τ̄ -

measurable Wiener functionals.
(2) τ̄ is not σ-finite.
(3) If N is τ̄ -null, then N is in N .
(4) The set T is a subset of S.
(5) For E in S, let µ(E) = sup

A

∑
λ∈A

mλ(E) where A ranges over all finite subsets

of positive real numbers. Then by Lemma 2.2, µ is a measure on (C0[a, b],S) and
the measure space (C0[a, b],S, µ) is a complete measure space.

Now we will show the relationships between the σ-algebras B, T ,S and Bλ where
λ is a positive real number.

The next lemma follows from [3], [7], [8].

Lemma 3.5. For an arbitrary function f : (0,+∞)→ [0, 1], there is a set E in S
such that f(λ) = mλ(E) for positive real numbers λ.

The following lemma was established in [13].

Lemma 3.6. For B in B, mλ(B) is a Borel measurable function of λ.

By Definition 3.3, for E in T , we can write E = B ∪ N such that B is in B,
N is τ̄ -null and B ∩ N = ∅. Then, by Lemma 3.6, mλ(E) = mλ(B) is a Borel
measurable function of λ. Hence, we have the following.

Corollary 3.7. For E in T , mλ(E) is a Borel measurable function of λ.

Theorem 3.8. B ⊂
6=
T ⊂
6=
S ⊂
6=
Bλ holds for all positive real numbers λ.

Proof. From [7] and [8] one can find that B ⊂
6=
S ⊂
6=
Bλ is true for all positive real

numbers λ. Since it is trivial that B ⊂ T ⊂ S, it remains to show that B 6= T and
T 6= S. Let t be fixed with a < t ≤ b and let P : C0[a, b] → R be a function with
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P (x) = x(t). Let N be a Lebesgue null subset of R but not a Borel measurable
subset. Then there is a Borel measurable subset N∗ of R such that N ⊂ N∗

and mL(N∗) = 0. For any positive real number λ, λ−1N∗ is a Borel measurable
subset with mL(λ−1N∗) = 0. Hence, by the classical Wiener integration formula,
we know that mλ(P−1(N∗)) = m1(λ−1P−1(N∗)) = m1(P−1(λ−1N∗)) = 0; that
is, P−1(N∗) is τ -null. Since P−1(N) ⊂ P−1(N∗), P−1(N) is in T . But, by the
converse measurability theorem [5], [7], we know that P−1(N) is not in B, which
implies that T 6= B. Now, if K is a non-measurable subset of (0,+∞), letting
F =

⋃
λ∈KCλ, mλ(F ) is not a measurable function of λ. So by Corollary 2.7, F is

not in T . Trivially, F is in S, which implies that T 6= S, as desired. �

Remark 3.9 (The generalized Radon-Nikodým theorem [10], [11]). Let I be an
arbitrary subset of positive real numbers. For B in B, let

τI(B) = sup
A

∑
λ∈A

mλ(B)(3.4)

where A ranges over all finite subsets of I. Then by Lemma 1.2, τI is a measure on
(C0[a, b],B) and τI is absolutely continuous with respect to τ . Moreover, for B in
B with τ(B) finite,

τI(B) =
∫
B

χM (x) dτ(x)(3.5)

where M =
⋃
λ∈ICλ and χM is a characteristic function associated with a set

M . Here, χM may be not measurable, but for a set B in B with τ(B) finite, the
restriction of χM to B is measurable. Similarly, equation (3.5) also holds with τ
and τI replaced by τ̄ and τ̄I , respectively [11].

For E in T with τ̄ (E) positive, there is a positive real number λ0 such that
mλ0(E) is positive. Letting F = E ∩ Cλ0 , F is in T with F ⊂ E and 0 <
τ̄(F ) = mλ0(E) ≤ 1; that is, τ̄ has the finite subset property [11, p. 68]. Let
R = {A×B | A,B are in T }. For A×B in R, we let α(A×B) = τ̄(A) τ̄ (B). Then
α is countably additive on a semi-algebra R. Since τ̄ has the finite subset property,
by [11, Exercise 6, p. 323], there is an unique extension τ̄ × τ̄ of α on the smallest
σ-algebra T ⊗ T containing R. Here we will establish the integration formula for
the product measure τ̄ × τ̄ , which plays a very important role in this article.

Theorem 3.10. Let f : C0[a, b] × C0[a, b] → R be nonnegative τ̄ × τ̄ -measurable.
Then ∫

C0[a,b]×C0[a,b]

f(x, y) dτ̄ × τ̄ (x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

f(x, y) dmλ ×mµ(x, y)(3.6)

where A and B range over all finite subsets of positive real numbers.

Proof. Trivially, we have τ̄ × τ̄ (E) ≥
∑
λ∈A

∑
µ∈B

mλ ×mµ(E) for all τ̄ × τ̄ -measurable

subsets E and for any finite subsets A and B of positive real numbers. Hence, we
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have

∫
C0[a,b]×C0[a,b]

f(x, y) dτ̄ × τ̄ (x, y)

≥ sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

f(x, y) dmλ ×mµ(x, y).(3.7)

If

sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

f(x, y) dmλ ×mµ(x, y) = +∞,

then (3.6) clearly holds. Now, we suppose that

sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

f(x, y) dmλ ×mµ(x, y)

is finite. Letting

T = {(λ, µ) |
∫
C0[a,b]×C0[a,b]

f(x, y) dmλ ×mµ(x, y) is positive},

we see that T is countable, say T = {(λi, µi) | i is a natural number}. Let L =⋃∞
i=1 Cλi × Cµi and let M = C0[a, b] × C0[a, b] \ L. Then L and M are all Borel

subsets, and L ∩M = ∅. Hence, we have

∫
C0[a,b]×C0[a,b]

f(x, y) dτ̄ × τ̄(x, y)

=
∫
L

f(x, y) dτ̄ × τ̄ (x, y) +
∫
M

f(x, y) dτ̄ × τ̄ (x, y)

=
∞∑
i=1

∫
Cλi×Cµi

f(x, y) dmλi ×mµi(x, y) +
∫
M

f(x, y) dτ̄ × τ̄(x, y).(3.8)

If we prove that
∫
M
f(x, y) dτ̄ × τ̄(x, y) = 0, then equality (3.6) holds. Let B be a

τ̄× τ̄ -measurable subset of M with τ̄× τ̄(B) finite. Then there is a disjoint sequence

〈Gn〉 in R such that B ⊂
⋃∞
n=1Gn ⊂ M and

∞∑
n=1

τ̄ × τ̄ (Gn) < τ̄ × τ̄ (B) + 1. Put

Gn = En × Fn for each natural number n. Then there is a subsequence 〈Gni〉
of 〈Gn〉 such that τ̄ (Eni) and τ̄ (Fni) are all finite for all natural numbers i and
τ̄× τ̄(B \

⋃∞
n=1Gni) = 0. Then for each natural number ni, there are two sequences

〈λni,j 〉 and 〈µni,j 〉 such that τ̄ (Eni) =
∞∑
j=1

mλni,j
(Eni) and τ̄ (Fni) =

∞∑
j=1

mµni,j
(Fni).
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Then

(3.9) ∫
B

f(x, y) dτ̄ × τ̄ (x, y)

=
∫
B∩(∪∞i=1Eni×Fni )

f(x, y) dτ̄ × τ̄(x, y)

+
∫
B\(∪∞i=1Eni×Fni )

f(x, y) dτ̄ × τ̄(x, y)

≤
∞∑
i=1

∫
Eni×Fni

f(x, y) dτ̄ × τ̄(x, y)

≤
∞∑
i=1

∞∑
j=1

∞∑
k=1

(λni,j ,µni,k ) 6∈T

∫
Cλni,j

×Cµni,k

f(x, y) dmλni,j
×mµni,k

(x, y)

= 0.

Hence,
∫
M
f(x, y)dτ̄ × τ̄(x, y) = sup

D

∫
D
f(x, y)dτ̄ × τ̄ (x, y) = 0, as desired where D

ranges over all measurable subsets of M with τ̄ × τ̄ (D) finite. �
Example 3.11. In general, Theorem 3.10 does not hold. Let (R,M) be a Lebesgue
measurable space. For a positive real number λ, let µλ be the Dirac measure on
(R,M). For a positive real number λ with λ 6= 1, let νλ be the zero measure on
(R,M), and let ν1 be the usual Lebesgue measure on (R,M). For E in M, let

µ(E) = sup
A

∑
λ∈A

µλ(E) and(3.10)

ν(E) = sup
A

∑
λ∈A

νλ(E)(3.11)

where A ranges over all finite subsets of R. Then µ is the counting measure on
(R,M) and ν is the Lebesgue measure on (R,M). Let ∆ = {(x, x) | x is in R}.
Then ∆ is measurable in the product space R× R, and∫ ∫

R×R

χ∆(x, y) dµ× ν(x, y) = +∞,

but
sup
A

sup
B

∑
t∈A

∑
s∈B

∫
R

∫
R
χ∆(x, y)dνs(y) dµt(x) = 0

where A and B range over all finite subsets of R.

4. Translation in Wiener space

It is a well-known fact that if X is an infinite-dimensional vector space, there is
no nonzero quasi-invariant measure µ on (X,BR) where R is a linear subspace of
the dual space of X and BR is the smallest σ-algebra on X in which every f in R
is measurable; that is, there is no nonzero measure µ such that µ(N) = 0 implies
µ(N + y) = 0 for all y in X [15, Corollary 1, p. 142]. Since the Wiener space
C0[a, b] with the supremum norm is a real separable infinite-dimensional Banach
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space, there is no nonzero quasi-invariant measure on Wiener space C0[a, b]. It is
natural to wonder how many y in C0[a, b] exist such that τ̄ (N) = 0 but τ̄(N+y) 6= 0.

Actually, Cameron showed in [2] that there is an m1-measurable set E such that
E + y is not m1-measurable for m1-a.e. y, and Johnson and Skoug, in their 1979
paper [8], raised the following open problems.

(1) Let E be in S. Is it true that E + y is in S for s-a.e. y?
(2) Let N be in N . Is N + y in N true for s-a.e. y?

Theorem 4.1. Let N be τ̄-null. Then N + y and N − y are τ̄-null for τ̄ -a.e. y.

Proof. Let N be τ̄ -null. Consider a function Φ : C0[a, b]× C0[a, b] → C0[a, b] such
that Φ(x, y) = x− y. Since N is τ̄ -null, there is a Borel set N∗ in C0[a, b] such that
N ⊂ N∗ and τ(N∗) = 0. Because Φ is continuous, Φ−1(N∗) is also a Borel subset
of C0[a, b]× C0[a, b]. Hence, by Theorem 2.1 and Theorem 3.10,∫

C0[a,b]×C0[a,b]

χΦ−1(N∗)(x, y) dτ̄ × τ̄ (x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

χΦ−1(N∗)(x, y)dmλ ×mµ(x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

χN∗+y(x) dmλ ×mµ(x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]

χN∗(z) dm√
λ2+µ2(z)

= 0(4.1)

where A and B range over all finite subsets of positive real numbers. Hence, τ̄ ×
τ̄(Φ−1(N∗)) = 0. By [12, Lemma 17, p. 306] for τ̄ -a.e. y,

τ̄ ([Φ−1(N∗)]y) = τ̄(N∗ + y) = 0

where [A]y means the y cross section of a set A. Since N ⊂ N∗, we have that
τ̄(N + y) = 0 for τ̄ -a.e. y. Similarly, it follows that N − y is τ̄ -null for τ̄ -a.e. y,
which concludes the proof of Theorem 4.1. �

Theorem 4.2. If E is in T , then E + y and E − y are in T for τ̄-a.e. y.

Proof. Let E be in T . Then there are two sets B and N such that B is in B, N
is τ̄ -null, B ∩ N = ∅ and E = B ∪N . Trivially, B + y and B − y are in B for all
y in C0[a, b], and by Theorem 4.1, N + y and N − y are τ̄ -null for τ̄ -a.e. y. Hence
E + y = (B + y) ∪ (N + y) and E − y = (B − y) ∪ (N − y) are in T for τ̄ -a.e. y, as
desired. �

Theorem 4.3. If f is a T -measurable function, then, for τ̄ -a.e. y, f(x + y) and
f(x− y) are T -measurable functions of x.

Proof. Let f be T -measurable. Then there is a sequence 〈ϕn〉 of T -simple functions
with τ̄(Kc

1) = 0 where K1 ≡ {x in C0[a, b] | the limit lim
n→∞

ϕn(x) exists and equals

f(x)}. Let Φ : C0[a, b]×C0[a, b]→ C0[a, b] be a function with Φ(x, y) = x−y. By a
method similar to that used in the proof of Theorem 4.1, we can show that Φ−1(Kc

1)
is τ̄ × τ̄ -null, and so for τ̄ -a.e. y, [Φ−1(Kc

1)]y is τ̄ -null. Since if ϕn is T -simple then
there is a τ̄ -measurable subset K2 of C0[a, b] such that τ̄ (K2) = 0 and ϕn(x+ y) is
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also T -simple for y in K2 and [Φ−1(Kc
1)]y = {x in C0[a, b] | the limit lim

n→∞
ϕn(x+y)

exists and equals f(x + y)}c, it follows that f(x + y) is a T -measurable function
of x for y in K1 ∩Kc

2 , and τ̄ (Kc
1 ∪K2) = 0. By a method similar to that used in

the proof of this theorem, it is not hard to prove that for τ̄ -a.e. y, f(x − y) is a
τ̄ -measurable function of x, which concludes the proof of Theorem 4.3. �

Theorem 4.4. Let f : C0[a, b] → R be nonnegative and τ̄-measurable. Then∫
C0[a,b]×C0[a,b] f(x+ y) dτ̄ × τ̄(x, y) is either zero or infinite.

Proof. From Theorem 2.1 and Theorem 3.10, we have∫
C0[a,b]×C0[a,b]

f(x+ y) dτ̄ × τ̄(x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]×C0[a,b]

f(x+ y) dmλ ×mµ(x, y)

= sup
A

sup
B

∑
λ∈A

∑
µ∈B

∫
C0[a,b]

f(z) dm√
λ2+µ2(z)(4.2)

where A and B range over all finite subsets of positive real numbers.
If
∫
C0[a,b] f(z) dm√

λ2
0+µ2

0
(z) is positive for some positive real numbers λ0 and

µ0, then for all (λ, µ) in K = {(λ, µ) |
√
λ2 + µ2 =

√
λ2

0 + µ2
0, λ > 0 and µ > 0}

the integral
∫
C0[a,b]

f(z) dm√
λ2+µ2(z) is positive and K is uncountable; so∫

C0[a,b]×C0[a,b]

f(x+ y) dτ̄ × τ̄(x, y)

is infinite. �

5. The converse measurability theorem

and the Wiener integration formula

In this section, we will treat the converse measurability theorem and the Wiener
integration formula in the light of τ̄ -measurability.

Throughout this section, we adopt the following notation:
(1) Let

−→
t = (t1, t2, · · · , tn) be a vector in Rn with a = t0 < t1 < t2 < · · · < tn

≤ b.
(2) Let P−→

t
: C0[a, b]→ Rn be a function with P−→

t
(x) = (x(t1), x(t2), · · · , x(tn)).

(3) For a positive real number λ, let

Wn(λ,
−→
t ,−→u ) =

[
(2πλ)n

n∏
i=1

(ti − ti−1)
]− 1

2
exp

{
− 1

2λ

n∑
i=1

(ui − ui−1)2

ti − ti−1

}
.

Theorem 5.1 (The converse measurability theorem). Let E be a subset of Rn.The
following statements are equivalent:

(1) E is Lebesgue measurable.
(2) P−1

−→
t

(E) is τ̄-measurable.
(3) For any positive real number λ, P−1

−→
t

(E) is mλ-measurable, that is, P−1
−→
t

(E)
is in S.

Proof. Let E be a Lebesgue measurable set in Rn. Then we can write E = B ∪N
where B is a Borel measurable set in Rn, N is a Lebesgue null set and B ∩N = ∅.
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Since P−→
t

is continuous, P−1
−→
t

(B) is Borel measurable. Also, there is a Borel null
subset N∗ of Rn such that N ⊂ N∗. Then, for any positive real number λ,

mλ(P−1
−→
t

(N∗)) = m1(λ−1P−1
−→
t

(N∗)) = m1(P−1
−→
t

(λ−1N∗))

=
∫
Rn
χλ−1N∗(u1, u2, · · · , un) Wn(1,

−→
t ,−→u ) dmL(−→u )

= 0,(5.1)

which implies that P−1
−→
t

(N∗) is τ -null. Since P−1
−→
t

(N) ⊂ P−1
−→
t

(N∗) and P−1
−→
t

(E) =
P−1
−→
t

(B)∪P−1
−→
t

(N), P−1
−→
t

(E) is τ̄ -measurable. Hence (1) implies (2). It is clear that
(2) implies (3). By the classical converse measurability theorem [5], we know that
(3) implies (1). �

Theorem 5.2 (The Wiener integration formula). Let f : Rn → R be a function.
Then the following statements are equivalent:

(1) f is Lebesgue measurable.
(2) f ◦ P−→

t
is τ̄-measurable.

(3) f ◦ P−→
t

is S-measurable.
Furthermore, if any one of the conditions (1), (2), or (3) holds, then for any

positive real number λ,∫
C0[a,b]

f ◦ P−→
t

(x) dm1(x) =
∫
Cλ

f ◦ P−→
t

(λx) dmλ(x)

=
∫
Rn
f(u) Wn(1,

−→
t ,−→u ) dmL(−→u )

=
∫
Rn
f(λ−

1
2−→u ) Wn(λ,

−→
t ,−→u ) dmL(−→u )(5.2)

where if any one of the four integrals in equation (5.2) is defined, whether finite or
infinite, then each of the other three integrals is also defined and equality holds.

Proof. Let E be a Lebesgue measurable set in Rn and let f(−→u ) = χE(−→u ). Then we
can write E = B∪N where B is a Borel subset of Rn, N is a Lebesgue null set and
B∩N = ∅. By the proof of Theorem 5.1, P−1

−→
t

(N) is τ̄ -null. Since P−1
−→
t

(B) is Borel,
trivially, f ◦P−→t (x) = χP−1

−→
t

(B)(x) +χP−1
−→
t

(N)(x) is τ̄ -measurable. We assume that f

is simple, say f =
n∑
i=1

aiχEi where the ai (i = 1, 2, · · · , n) are real numbers and the

Ei (i = 1, 2, · · · , n) are pairwise disjoint Lebesgue measurable sets in Rn. Then

clearly f ◦ P−→t (x) =
n∑
i=1

aiχP−1
−→
t

(Ei)
(x) is τ̄ -measurable. Now, let f be an arbitrary

measurable function on Rn. Then there is a sequence 〈ϕn〉 of simple functions such
that 〈ϕn〉 converges to f , mL-a.e. Let K ≡ {−→u in Rn | the limit lim

n→∞
ϕn(−→u ) exists

and lim
n→∞

ϕn(−→u ) = f(−→u )}. Then Kc is Lebesgue null and {x in C0[a, b] | the limit

lim
n→∞

ϕn ◦ P−→t (x) exists and lim
n→∞

ϕn ◦ P−→t (x) = f ◦ P−→
t

(x)} = P−1
−→
t

(Kc). By the

proof of Theorem 5.1, P−1
−→
t

(Kc) is τ̄ -null. So for all natural numbers n, ϕn ◦ P−→t is
τ̄ -measurable and P−1

−→
t

(K) is τ̄ -null. Hence f ◦ P−→t is τ̄ -measurable. So the proof
of “(1) implies (2)” is finished. It is trivial that (2) implies (3) by Theorem 3.8. To
prove that (3) implies (1), we assume that f ◦ P−→t is S-measurable. Then, for any
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Borel subset B of R, (f ◦ P−→
t

)−1(B) = P−1
−→
t

(f−1(B)) is m1-measurable. Hence, by
the converse measurability theorem [5], f−1(B) is Lebesgue measurable, as desired.
By the classical Wiener integration formula [7] and the change of variables, we can
show that the equalities in (5.2) hold. �

Remark 5.3. Let M(τ̄) be the set of all τ̄ -measurable functions F of the form
F = g ◦P−→t on C0[a, b] where g is a complex-valued function on Rn, and letM(mL)
be the set of all mL-measurable functions on Rn. For F in M(τ̄ ) let

[F ]τ̄ = {G in M(τ̄ ) | G τ̄≈ F},

and for f in M(mL) let

[f ]mL = {g in M(mL) | g = f mL-a.e.}.

Let T : M(mL) → M(τ̄ ) be a function with T (f) = f ◦ P−→
t

. By the elementary
theory of measure, one can check easily that the following statements hold.

(1) T is bijective.

(2) If f = g mL-a.e. in M(mL), then T (f)
τ̄≈ T (g); that is, if [f ]mL = [g]mL ,

then [T (f)]τ̄ = [T (g)]τ̄ .

(3) If T (f)
τ̄≈ T (g), then f = g mL-a.e.; that is, if [T (f)]τ̄ = [T (g)]τ̄ , then

[f ]mL = [g]mL .

Remark 5.4. Let p be a given real number with 1 ≤ p < +∞ and let λ be a positive
real number. Let Lp(τ̄ , λ) be the space of functions F of the form F = g ◦ P−→

t
on

C0[a, b] where g is a complex-valued function on Rn such that F is in M(τ̄ ) and
[
∫
C0[a,b]

|F |p dmλ]
1
p =‖ F ‖Lp(τ̄ ,λ) is finite. Let µλ be a measure on Rn such that the

Radon-Nikodým derivative dµλ
dmL

exists and dµλ
dmL

(−→u ) = Wn(λ,
−→
t ,−→u ). Let Lp(µλ)

be the space of Lebesgue measurable functions f on Rn such that ‖ f ‖Lp(µλ)=
[
∫
Rn |f(u1, · · · , un)|p dµλ(u1, · · · , un)]

1
p is finite. Let Mλ : Rn → Rn be a function

with Mλ(−→u ) = λ−→u (that is, Mλ(u1, u2, · · · , un) = (λu1, λu2, · · · , λun)), and let
∼
Mλ : C0[a, b] → C0[a, b] be a function with

∼
Mλ(x) = λx. Let Gλ be an operator

from Lp(µ1) into Lp(µλ−2) given by Gλ(f) = f ◦Mλ, let Hλ be an operator from

Lp(τ̄ , 1) into Lp(τ̄ , λ−1) given by Hλ(F ) = F ◦
∼
Mλ, let T be an operator from

Lp(µ1) into Lp(τ̄ , 1) with T (f) = f ◦ P−→
t

, and let
∼
T be an operator from Lp(µλ−2)

into Lp(τ̄ , λ−1) with
∼
T (f) = f ◦ P−→t . Then, by the elementary theory of measure,

we can find that the following statements hold.

(1) The operators Gλ, Hλ, T and
∼
T are all well defined, and their semi-operator

norms are equal to one.
(2) f = g µ1-a.e. if and only if f = g µλ-a.e.

(3) f = g µ1-a.e. if and only if T (f)
τ̄≈ T (g) .

(4) f = g µλ-a.e. if and only if
∼
T (f)

τ̄≈
∼
T (g) .
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(5) Hλ ◦ T =
∼
T ◦Gλ; that is, the diagram

Lp(µ1) T−−−−→ Lp(τ̄ , 1)

Gλ

y yHλ
Lp(µλ−2)

∼
T−−−−→ Lp(τ̄ , λ−1)

commutes.

6. Fourier-Feynman transform and τ̄-measurability

Brue, in his Ph.D. thesis [1], written under the direction of Cameron, introduced
the concept of a Fourier-Feynman transform. Since then, Fourier-Feynman trans-
forms have been studied by Cameron, Storvick, Johnson, Skoug, Park, and many
others; see [7, p. 636] for additional references. Because of measurability problems,
all of the functions F on C0[a, b] and all of the functions f on Rn considered in
[4], [9] were assumed to be Borel measurable; also see [8, pp. 170-171] for further
discussion. In this section we will extend various results in [4], [9], in particular,
Theorem 0.1, Theorem 1.1, and Theorem 2.1 of [9], to the case where the functions
F on C0[a, b] are τ̄ -measurable and the functions f on Rn are Lebesgue measurable.

Definition 6.1. Let p be a given number with 1 < p ≤ 2. Let Hn (n = 1, 2, . . . )
and H be τ̄ -measurable functions on C0[a, b]. We say that H is the τ̄ -limit in the
mean of order p′ of Hn over C0[a, b] provided that for each ρ > 0,

lim
n→∞

∫
C0[a,b]

|Hn(ρy)−H(ρy)|p′ dm1(y) = 0.(6.1)

Then we write

lim
n→∞

(W p′

τ )Hn
τ̄≈ H(6.2)

and we call H the τ̄ -limit in the mean of order p′ of Hn over C0[a, b]. A similar def-
inition is understood when n is replaced by a continuously varying parameter. Let
q be a nonzero real number. We define the Lp-analytic Fourier-Feynman transform
of F , denoted by T̂ (p)

q (F ), by the formula

T̂ (p)
q (F )(y) ≡ lim

λ→−iq
λ∈C+

(W p′

τ )Tλ(F )(y)(6.3)

for 1 < p ≤ 2 whenever this limit exists. We define the L1-analytic Fourier-
Feynman transform of F , which we denote by T̂

(1)
q (F ), as the functional (if it

exists) on C0[a, b] such that

T̂ (1)
q (F )(y) ≡ lim

λ→−iq
λ∈C+

Tλ(F )(y)(6.4)

for τ̄ -a.e. y.

Definition 6.2. Let n be a natural number and let a = t0 < t1 < t2 < · · · < tn ≤ b.
For 1 ≤ p ≤ 2, let A(p)

n be the space of functions F of the form

F (x) = f(x(t1), x(t2), · · · , x(tn))(6.5)

τ̄ -a.e. where f is an element of Lp(Rn).
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Let p be a real number with 1 ≤ p ≤ 2, and let q be a nonzero real number.
Let M(τ̄ ) be the space of all τ̄ -measurable functionals on C0[a, b] and let MF(τ̄)
be the space of all τ̄ -measurable functionals F on C0[a, b] such that there exists
a Fourier-Feynman transform T̂

(p)
q (F ) of F . Then, by the Minkowski inequality,

linearity of Tλ and the properties of limit, we can easily check that T̂ (p)
q is a linear

transformation from MF(τ̄) into M(τ̄).
From Definitions 6.1 and 6.2, we can prove the next theorem, which is the coun-

terpart to Theorem 0.1 in [9].

Theorem 6.3. Let q be a nonzero real number and let 1 ≤ p ≤ 2 be given. Let
F1 and F2 be τ̄ -measurable on C0[a, b] such that F1

τ̄≈ F2. Then the following
statements hold.

(1) F1(·+ y)
τ̄≈ F2(·+ y) for τ̄ -a.e. y.

(2) If, for τ̄-a.e. y, Tλ(F1)(y) exists for λ in C+, then, for τ̄ -a.e. y, Tλ(F2)(y)

exists for λ in C+ and Tλ(F1)
τ̄≈ Tλ(F2).

(3) If T̂ (p)
q (F1) exists, then T̂

(p)
q (F2) exists and T̂ (p)

q (F1)
τ̄≈ T̂ (p)

q (F2).

Proof. Let F = F1 − F2 and N = {x in C0[a, b] | F (x) 6= 0}. Then N is τ̄ -
null. By Theorem 4.1, for τ̄ -a.e. y, N − y = {x− y in C0[a, b] | F (x) 6= 0} = {z in
C0[a, b] | F (z+y) 6= 0} is τ̄ -null; hence we have proved statement (1). By statement
(1) in this theorem, for τ̄ -a.e. y and for all positive real number λ,

∫
C0[a,b]

F1(λ−
1
2x+ y) dm1(x) =

∫
C0[a,b]

F2(λ−
1
2x+ y) dm1(x).(6.6)

Defining N1 = {y in C0[a, b] | Tλ(F1)(y) does not exist for λ in C+} and N2 = {y
in C0[a, b] | Tλ(F1)(y) exists but the equality (6.6) fails}, we see that N1 ∪ N2 is
τ̄ -null and for y in (N1∪N2)c the equality (6.6) holds, which implies that for τ̄ -a.e.

y, Tλ(F2)(y) exists for λ in C+ and Tλ(F1)
τ̄≈ Tλ(F2), as desired.

To prove statement (3), we will need to consider two cases: (a) p = 1 and (b)
1 < p ≤ 2.

(a) Let N3 = {y in C0[a, b] | Tλ(F1)(y) 6= Tλ(F2)(y) for λ in C+} and N4 = {y
in C0[a, b] | T̂ (1)

q (F1)(y) does not exist}. Then N3 ∪ N4 is τ̄ -null and, for y in
(N3 ∪N4)c,

(6.7) T̂ (1)
q (F1)(y) = lim

λ→−iq
λ∈C+

Tλ(F1)(y) = lim
λ→−iq
λ∈C+

Tλ(F2)(y) = T̂ (1)
q (F2)(y),

which implies that the L1-Fourier-Feynman transform T̂
(1)
q (F2)(y) of F2 exists τ̄ -

a.e. y and T̂
(1)
q (F1)

τ̄≈ T̂ (1)
q (F2).

(b) Let N5 = {y in C0[a, b] | T̂ (p)
q (F1)(y) is not well-defined}. Then N3 ∪ N5 is

τ̄ -null. Letting T̂
(p)
q (F2)(y) = T̂

(p)
q (F1)(y) on (N3 ∪ N5)c and T̂

(p)
q (F2)(y) = 0 on
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N3 ∪N5, we get T̂ (p)
q (F1)

τ̄≈ T̂ (p)
q (F2) and, for all positive real numbers ρ,

lim
λ→−iq
λ∈C+

∫
C0[a,b]

| (Tλ(F2)− T̂ (p)
q (F2))(ρy) |p

′
dm1(y)

= lim
λ→−iq
λ∈C+

∫
C0[a,b]\(N3∪N5)

| Tλ(F2)(ρy)− T̂ (p)
q (F2)(ρy) |p′ dm1(y)

= lim
λ→−iq
λ∈C+

∫
C0[a,b]\(N3∪N5)

| Tλ(F1)(ρy)− T̂ (p)
q (F2)(ρy) |p′ dm1(y)

= lim
λ→−iq
λ∈C+

∫
C0[a,b]

| Tλ(F1)(ρy)− T̂ (p)
q (F2)(ρy) |p

′
dm1(y)

= 0.(6.8)

Hence, we have

T̂ (p)
q (F2)

τ̄≈ lim
λ→−iq
λ∈C+

(W p′

τ )Tλ(F2),(6.9)

as desired. �
Using Theorem 6.3, we can improve Theorems 1.1 and 1.2 in [9] as follows.

Theorem 6.4. Let 1 ≤ p ≤ 2 and let q be a non-zero real number. Let F in A(p)

n

be given by (6.5). Then:
(1) The Lp-analytic Fourier-Feynman transform of F , namely T̂

(p)
q (F ), exists,

is in A(p)

n and is given by the formula

T̂ (p)
q (F )

τ̄≈ (K−iqf).(6.10)

(2) For each ρ > 0,

(6.11) lim
λ→−iq
λ∈C+

∫
C0[a,b]

| Tλ̄Tλ(F )(ρy)− F (ρy) |p dm1(y) = 0.

(3) Tλ̄ Tλ(F )→ F τ̄ -a.e. as λ→ −iq through C+.

Proof. Using the above Theorem 5.2 and Lemmas 1.1–1.3 in [9], we can prove
statements (1) and (2) by the same method as in the proofs of Lemmas 1.1–1.3
in [9] if we replace Borel measurability by Lebesgue measurability and the concept
of s-a.e. by the concept of τ̄ -a.e. By statement (1) in this theorem, we know that
Tλ(F ) and Tλ̄ Tλ(F ) are in A(p)

n for λ in C+, and by Theorem 5.2, Tλ(F ) and
Tλ̄ Tλ(F ) are all τ̄ -measurable. Hence, putting N = {y in C0[a, b] | the limit

lim
λ→−iq
λ∈C+

Tλ̄ Tλ(F )(y) does not converge to F (y)}, we see that N is τ̄ -measurable. By

statement (3) in Lemma 1.3 in [9], we know that ρN is m1-null for all positive real
numbers ρ. Therefore, N is τ̄ -null, as desired. �
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