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ABSTRACT. Let G be a finite group. It is well known that a Mackey functor
{H — M(H)} is a module over the Burnside ring functor {H — Q(H)}, where
H ranges over the set of all subgroups of G. For a fixed homomorphism w :
G — {—1,1}, the Wall group functor {H — LI (Z[H],w|r)} is not a Mackey
functor if w is nontrivial. In this paper, we show that the Wall group functor is
a module over the Burnside ring functor as well as over the Grothendieck-Witt
ring functor {H — GWq(Z, H)}. In fact, we prove a more general result, that
the functor assigning the equivariant surgery obstruction group on manifolds
with middle-dimensional singular sets to each subgroup of G is a module over
the Burnside ring functor as well as over the special Grothendieck-Witt ring
functor. As an application, we obtain a computable property of the functor
described with an element in the Burnside ring.

1. INTRODUCTION

Dress’ induction theory ([10], [11], [12]) of Mackey functors has been useful
for algebraic computation of Wall’s surgery obstruction groups ([27]) with trivial
orientation homomorphisms and related groups (cf. [6], [13], [14]) as well as for
applications in transformation groups (e.g. [16], [18], [25], [26]). In this paper,
we develop induction theory for surgery obstruction groups appearing in [4], [5]
and [19], which allows nontrivial orientation homomorphisms, and by using this
generalization and [22] Theorem 1.1] we can construct various group actions on
smooth manifolds (e.g. [4], [15], [16], [17], [20], [21], [24]).

Throughout this paper, let G be a finite group, S(G) the set of all subgroups
of G, and R a principal ideal domain (possibly a commutative field). Hence R is
a commutative ring and any finitely generated projective R-module is free over R.
An R-module is always assumed to be finitely generated over R, unless otherwise
stated.

Let GW((R,G) denote the Grothendieck-Witt ring in A. Dress [I1]. It is well
known that the functor H — GW(R, H), H € S(G), with canonical correspon-
dence of morphisms is a Green functor, which is a special case of Theorem
since GWo(R, G) = GW(R, G, 0). Let C(G) denote the set of all cyclic subgroups
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of G. By [11] Theorem 1], the functor H — GWy(R, H) is C(G)-hypercomputable
in the sense of A. Bak [2]. Let w : G — {—1,1} be a homomorphism and n = 2k
an even integer. If w is nontrivial, the Wall group functor H — L"(R[H],w]|)
(27), H € S(G), is not a Mackey functor. Since L (R[G],w) = WQq(A, D) with
A = (R,G,0,0,(—1)* w), Propositions [2.7] and [2.6 imply that the Wall group
functor is a w-Mackey functor in the sense of Definition and a module over
the Burnside ring functor. Furthermore, the Wall group functor is a module over
the functor H — GWy(R, H), which is a special case of Theorem [[2.10. Thus, we
obtain the theorem:

Theorem 1.1. Let w : G — {—1,1} be a homomorphism and n an even inte-
ger. Then the Wall group functor H — LM(R[H],w|g), H € S(G), is C(G)-
hypercomputable.

The main purpose of this paper is to study the induction—restriction theory of
the equivariant surgery obstruction group SWQ, (R, G, @, S,©¢) obtained by Bak
and Morimoto [B], which consists of equivalence classes of special Ad-quadratic R[G]-
modules. This surgery obstruction group is determined by a datum

D= (RvaQa Sa Avwngvp(Q))'

The ingredient A stands for a symmetry, namely either 1 or —1. Let G(2) denote
the subset of G consisting of all elements of order 2. An element g € G(2) is
called \-symmetric or A-quadratic if g = Aw(g)g~* or g = —Aw(g)g~*, respectively.
The ingredients @@ and S are conjugation-invariant subsets of G(2) consisting of
A-quadratic elements and A-symmetric ones, respectively. Let P(S) denote the set
of all subsets of S. In a general case, O¢ stands for a finite G-set and p(? is a
G-map Og — PB(S). In the case where S and O¢ are both empty and A = (—1)*,
the group SWQ,(Z, G, @, S,0¢) coincides with the Bak group Wa(Z[G],TQ, w)
(see [19]); if moreover @ is also empty, then the group is nothing but the Wall group
L (Z|G),w) (see [27]).

In the current section, since the case O = S has interesting applications (e.g.
[, [15], [16]), we let ©¢ and p® be the same as the set S and the map s — {s},
s € S, respectively.

We detail the pairing

SGWy(Z,G, S,8) x SWQy(Z,G,Q,S,5) — SWQy(Z,G, Q, S, S)

in Sections@and M0 and show that SWQ,(Z, G, @, S, S) is a module over the special
Grothendieck-Witt ring SGW(Z, G, S, S), which corrects the invalid description
[15, page 513, lines 9-10] of the pairing.

The groups GW(R, G) and L"(R[G],w) with n = 2k have the hyperelemen-
tary computability. Dress proved this fact by studying the index of the subgroup
I(9x(G),GWy) of GWo(R, @) ([11, Theorem 1]), which we call the Dress index.
The theorem looks technical but is fundamental. It is natural to regard the Burn-
side ring as a generalization of the ring of integers in the theory of transformation
groups. Thus, one expects that some computability of the groups SGWy(Z, G, S, S)
and SWQ,(Z, G, Q, S, S) can be described with an element in the Burnside ring in-
stead of the Dress index. The following theorems are obtained in this respect.

Let 1g(g) denote the unit of the Burnside ring Q(G).
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Theorem 1.2. Let S be a conjugation-invariant subset of G consisting of elements
of order 2, let F be a conjugation-invariant set of subgroups of G such that

SxS8cC UHXH,
HEF

and let 3 be an element of the Burnside ring Q(G) such that
Resflﬁ =low) forany H € F.

If F contains all 2-hyperelementary (resp. cyclic) subgroups of G, then, for an
arbitrary element x € SGWo(R, G, S, S),

(la@) — B’z =0
(resp. (loc) — B)* 3z = 0, where |G| = 28m with m odd).
We say that R is square identical if
(1.1) r?=r mod 2R forallr € R.

Theorem 1.3. Let S, 8 and F be as in the theorem above. Suppose that R is
square identical, and each element of S is A-symmetric. Let @@ be a conjugation-
invariant subset of G consisting of A\-quadratic elements of order 2. If F contains
all 2-hyperelementary (resp. cyclic) subgroups of G, then for an arbitrary element
x of SWQy(R,G,Q, S, S),

(1o — B)*z =0
(resp. (1o — B)* 3z =0, where |G| = 28m with m odd).

Note that the datum D = (R, G, Q, S, \,w, S, p?), where p(?) : § — P(S) is the
“identity map” s +— {s}, yields the datum D = (R, H,QNH,S N H, A\, w|g,SN
H, p®|snp) and determines the group SWQ,(R, H,Q N H,S N H,S N H) for each
subgroup H of G.

Theorem 1.4. Let G be a nonsolvable group and let R, Q@ and S be as in the
previous theorem. Then

SWQy(R,G,Q,S,S) =Y dSWQy(R,H,QNH,SNH,SNH),
H

and the restriction homomorphism

Res : SWQy (R, G, Q,S,S) — EPSWQu(R, H,QNH,SNH, SN H)
H
is injective, where H ranges over the set of all solvable subgroups of G.

Each of Theorems is slightly generalized in Section [[3.

The organization of the paper is as follows. In Section Bl we define a w-Mackey
functor, a Green functor, and a module over a Green functor. In Section Bl we ob-
serve basic properties of ©-positioned R[G]-modules, namely induction-restriction
properties and the Mackey double coset formula. Section [ is devoted to observing
induction-restriction properties of ©-positioned Hermitian R[G]-modules as well as
defining their Grothendieck-Witt rings. In Section Bl we introduce the V-invariant
of O-positioned Hermitian R[G]-modules and define the special Grothendieck-Witt
groups. Similarly to Wall’s surgery theory, R[G]-valued A-Hermitian forms are
indispensable objects to equivariant surgery theory on manifolds with middle-
dimensional singular sets. Section [@ is devoted to observing induction-restriction
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properties of R[G]-valued A-Hermitian modules. Sections [ and Bl are devoted to
defining the Witt groups and the special Witt groups of ©-positioned quadratic
R[G]-modules, respectively. The tensor product of a Hermitian R[G]-module and
a quadratic R[G]-module is introduced in Section [0 and it is discussed with V-
invariants in Section [[0] Section [[1]is devoted to showing that the Grothendieck-
Witt rings and special Grothendieck-Witt rings are Green functors (possibly with-
out unit). In Section[[2we show that the bifunctor assigning the H-surgery obstruc-
tion group to a subgroup H of G is a module over the special Grothendieck-Witt
ring functor. In Section [I3] we present applications relevant to G-surgery.

Acknowledgements. I wish to express my heartfelt gratitude to Anthony Bak for
his numerous valuable suggestions to my research related to K-theory. If it had not
been for his influence, this work would not have been done. In addition, I thank
the referee for his comments on elaborating upon the manuscript.

2. BIFUNCTORS, w-MACKEY FUNCTORS AND GREEN FUNCTORS

Let G denote the category whose objects are subgroups of G and whose mor-
phisms are inclusions jg x : H — K, where H C K C G, conjugations c(g g :
H — gHg™'; a — gag™!, where H C G and g € G, and compositions of those
maps. Let A stand for the category whose objects are abelian groups and whose
morphisms are group homomorphisms. We denote by Z[S(G)] the free abelian
group generated by all elements of S(G); hence each element of Z[S(G)] has the
form )~ ngH with ny € Z. Let Q(G) denote the Burnside ring of G (cf. [7], [§],
9], 23]). In fact, Q(G) is the free abelian group generated by all G-isomorphism
classes [G/H] of finite G-sets G/H with H € S(G). Clearly, one has the canonical
homomorphism from Z[S(G)] to Q(G) such that H — [G/H]. In this paper, we
mean by a bifunctor

L=(L*"L.,):G(G)— A
a pair consisting of a contravariant functor L* : G(G) — A and a covariant functor
L. : G(G) — A such that L.(H) = L*(H), which is written as L(H), for all
H € §(G). If the context is clear, f* and f, stand for L*(f) and L.(f) respectively,
and Res® and Ind% stand for L*(ji i) and L. (jm x ) respectively. Each bifunctor
L= (L*L,):G— A possesses the canonical pairing

(2.1)  Z[S(G)] x L(G) — L(G); (Z ny H, x) — ZnHInde(Resflx),
H H

for ng € Z and z € L(G). It is interesting to look for a sufficient condition so that
the pairing (210) factors through a pairing

(2.2) Q(G) x L(G) — L(G).

If L is a Mackey functor, then, as was seen in [7, Proposition 6.2.3], the pairing (21)
factors through a pairing (ZZ). In the case where the orientation homomorphism
w : G — {=1,1} is not trivial, the Wall group functor H +— L(Z[H],w|g),
H € S§(G), is not a Mackey functor; however, it will turn out that the associated
pairing (Z1]) factors through (Z2).

Let L : G — A be a bifunctor. Note that the kernel of the canonical map
Z[S(@)] — Q(G) is

(H-gHg ' | HeS(G), gz
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If
(23)  L.(nc)L*(n.c) = Ls(Ggng—,c)L" (gng-1,c) (VH € S(G), Vg € G),
then the pairing (21]) factors through (2.2)).

Proposition 2.1. Suppose L.(c(grg-1,4-1)) = L*(c(n,q)) for all H € S(G) and
g € G. Then the equality 23) holds if and only if

(1) L*(c(G,9) L (Gm.c)L" (ju.6) = Lu(ju.c) L™ (ju,c) L™ (cc,q)
for all H € §(G) and g € G.
Proof. By definition, the diagrams

L*(ju,c)

L&) L(H)
L*(C(G,g_l))l lL*(C(gHg—l,g—lﬂ
L&) Ty MeHg™)
and
L(H) L.(ju,c) L(@G)
L*(C<gHg1,g1>)T TL*(%G,gl))

L(gHg™") —— L(G)

L*(ngg—lyc)
commute. By using the hypothesis above, we obtain the commutative diagram

L.(ju,c)L*(ju,c)

L(@) L(G)
L*(‘%G,gl))l TL*(%c,g—l))
L(G) L(G).

L*(nggfl,G)L*(nggfl,G)
Thus ([23) holds if and only if
L*(ngg—l,G)L*(ngg—l,G) = L*(C(G,g—l))L*(ngg—l,G)L*(ngg—l,G)L*(C(G,g—l))a
namely
L*(C(G,gfl))L*(nggfl,G)L*(nggfl,G) = L*(ngg*1,G)L*(nggfl,G)L*(C(G,gfl))'
This concludes the proposition. O

Let w: G — {—1,1} be a homomorphism. We introduce a slight generalization
of a Mackey functor (cf. [2], [7]).

Definition 2.2. A bifunctor M = (M*, M,) from G to A is called a w-Mackey
functor if the following conditions (1)—(3) are fulfilled:

(1) M*(C(H,g)) = M*(C(gHg—l,g—l)) for all H € S(G) and g € G,

(2) M*(c(mn)) = wh)idyrmy (hence My (cim,ny) = w(h)idargy) for all H €
S(G) and h € H,

(3) M*(jx.¢) © M.(jm,c) coincides with

@ M*(jKﬁgHg_l,K) © (w(g)M* (C(Hﬂg_lKg,g))) © M*(jHﬁg_lKg,H)
KgHEK\G/H
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for any H, K € S(G).

A w-Mackey functor for trivial w is an ordinary Mackey functor. We will see
that if w is nontrivial, then the Wall group functor H — L"(Z[H],w|g) is not an
ordinary Mackey functor but a w-Mackey functor (cf. Propositions [6.6] 6.8
[2.4, and [[2.6). The next proposition is clear by definition.

Proposition 2.3. If M = (M*, M,) is a w-Mackey functor, then L = (L*, L.),
given so that L(H) = M(H), L*(ju,x) = M*(jux), L:(ju,x) = M.(jux),
L*(e(H,g)) = w(g)M*(c(H, g)) and L.(c(H,g)) = w(g)M.(c(H,g)) for all H C K
and g € G, is a Mackey functor.

In the case above, we say that L is the Mackey functor associated with M.
We use the term “Frobenius pairing” in a sense slightly more general than [7],
where relevant bifunctors were assumed to be Mackey functors.

Definition 2.4. Let L, M and N be bifunctors from G to A. A pairing Lx M — N
is a family of biadditive maps

L(H) x M(H) — N(H); (v,y) — z -y,

where H runs over S(G). Such a pairing is called a Frobenius pairing if the following
conditions (1)—(3) are satisfied for any morphism f: H — K in G:

(1) N*(f)(@ - y) = (L*(f)z) - (M*(f)y) for all w € L(K), y € M(K),

(2) 2 Mo(£)(y) = No(FI(L*(F)(@) ) for all & € L(K), y € M(H),

(3) Lu(f)(x) - y = Nu(f)(z - M*(f)(y)) for all z € L(H), y € M(K).

Each of (2), (3) is referred to as the Frobenius reciprocity law.

Let us recall the definition of a Green functor.

Definition 2.5. A Mackey functor M = (M,,M*) : G — A is called a Green
functor if each M(H), H € S(G), is a ring with unit and the associated pairing
M x M — M is a Frobenius pairing. If the existence of the unit in M(H) is not
guaranteed, then M is referred as a Green functor, possibly without unit.

The Burnside ring functor H — Q(G) is a Green functor. Let U : G — A be
a Green functor. We mean by a U-module L (or a module L over U) a bifunctor
L : G — A equipped with a Frobenius pairing U x L — L.

Proposition 2.6. A w-Mackey functor M is a module over the Burnside ring
functor.

Proof. Let L be the Mackey functor associated with M in Proposition B-3. By [7]
Proposition 6.2.3], L is a module over the Burnside ring functor. Hence, L satisfies
the equality (1) in Proposition 21} By using the relations between M and L in
Proposition 23], we can check that M satisfies the equality (1) in Proposition 2.1]
and furthermore that M is a module over the Burnside ring functor. O

Proposition 2.7. A module over a Green functor is a module over the Burnside
ring functor.

Proof. Let L = (L*,L,) : G — A be a module over a Green functor U = (U*,U.) :
G — A. Then the associated pairing

Q(H) x L(H) — L(H)
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can be defined so that a -2 = (a- 1yg)) - for a € Q(H) and x € L(H), where
Ly (ay is the identity element of U(H). It is straightforward to check the Frobenius
reciprocity laws of the pairing. O

3. ©-POSITIONED R[G]-MODULES

Let © be a finite G-set. A pair (M, a) consisting of an R[G]-module M and a
G-map a : © — M is called a ©-positioned R[G]-module. Let H and K be finite
groups and ¢ : H — K a homomorphism. For a finite H-set X, we define the
K-set K xp,, X as the quotient set of K x X with respect to the equivalence
relation ~ generated by (ke(h),z) ~ (k,hz), h € H. The set K xp, X is also
denoted by K x, X or K x g X if the context is clear. For an R[H|-module M, the
R[K]-module R[K]| ®pg(m),, M is defined as follows. Let F(R[K] x M) denote the
R-free module with basis R[K] x M which may not be finitely generated over R.

Let T denote the R-submodule generated by all elements of the form

r(a,z) — (ra,z), r(a,z)— (a,rz),

(a‘ + bv :L') - (avx) - (bv l‘), (a,x + y) - (avx) - (avy)a or

(aw(h)v :L') - (aa h{E),
where r ranges over R, a and b over R[K],  and y over M, and h over H. Then
R[K] ®R[#1,, M is defined to be the quotient module F(R[K] x M)/T, which will
also be denoted by R[K] ®, M or R[K]| ®gig) M. The element of the module
represented by (a,z) € F(R[K] x M) is denoted by a ®g(y,, «, which will also
be written as a @, ¥, a @gg) = or a ® w if the context is clear. The K-action on
R[K] @ Ri#1,, M is given by (k,a @ga,, ) — (ka) @g[a),e -

Let Oy be a finite H-set, O a finite K-set, and ¥ : O — Ok a p-equivariant
map, namely

Y(ht) = p(h)p(t) (h € H, t€On).
Let ¢ stand for the pair (¢, ).

For a ©g-positioned R[K]-module N = (N, (), we define the ©g-positioned
R[H]-module ¢#*N = (p# N,1)#3) so that the underlying R-module of p#N is
the same as N but the H-action on ¢# N is given by (h,z) — @(h)x for h € H,
T € "N, and Y#3: Oy — ¢* N is given by v#3(t) = 3(1(t)) for t € O .
Proposition 3.1. Let ¢ : H — K and ¢ : O — Ok be as above and let N; =
(Ni,B:), i = 1, 2, be Ok-positioned R[K|-modules. Then ¢#*Ni @r ¢* Ny =
@” (N1®rN3); namely, (07 N1@gre# No, ¥ 31 @Y 32) is canonically isomorphic
to (% (N1 @ Na), ¥# (01 @R f2)).

Proof. By definition, the underlying R-modules of ¢ N1 @g ¢# Ny and ¢7 (N1 @
N3) are N7 ®pg Na. One can check without difficulties that the K-actions of the
two modules coincide. Moreover, we have

(V761 @R V7 B2)(t) = Br(¥(t) @r Ba(v(t)) = &7 (51 @R B2)(t)
forallt € O. O
To the contrary, for a © g-positioned R[H]-module M = (M, «), we define the

O -positioned R[K]-module ¢y M = (p4M,pya) by oM = R[K] @gjm),, M
and

bpa(t) = > {k@ya(t') | [kt] € K xg,,Op such that ky(t') =t} fort € Ok.
[k.t/]
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The K-equivariance of the map 4o holds because, for a € K and t € O,

Yyalat) = > {k @, ot’) | ky(t') = at}

[k,t/]EKXHM,@H

- 3 {k@yalt') | a ky(t) =t}

[k,t/]EKXHM,@H

= > {ak’ @, a(t) | K(t) =t}

lak’ V€KX 1 ,,OH

—a > (K @, alt') | Ky(t) =t}

lak’ W€ KX 1,,OH
=a > {F ®p alt') | KY(t) =t}
[k',t']EKXHM,@H

= apppal(t).

Proposition 3.2. Let H be a subgroup of G, M = (M, «) a © g-positioned R[H |-
module, g an element of G, and v : Oy — Ogpy—1 a cy g-equivariant bijection.
Then the diagram

e
G)_(]Hg*1 C(va)#M
P o fol
#
C(gHg‘%g‘l)M

commutes, where fo : c(H,g)#M — C?;Hg—l g_l)M is the R[gH g~ *]-isomorphism
such that

fole @ H csr.) )=z forxe M.

Proof. Let t be an element of ©y. Then by definition we have yua(y(t)) =
€ ®@H,c ., (t) and wil#a(w(t)) = a(t), which concludes the proposition. O

Proposition 3.3. Let (H,Opy), (K,Ok), and ¢ = (p,9) be as above. Then for a
O g -positioned R[H]-module (M, a) and a O k-positioned R[K]-module (N, [3), the
Frobenius reciprocity law holds; namely, the following diagram commutes:

(Yup)®rP
o (RIK] ®ga),p M) ®r N

f
\w#(amm l

R[K]| @), (M @r ¢*N),

Ox

where [ is the canonical isomorphism such that f((k @, 2) ®y) =k ®, (@ k™ 1y)
forke K,z € M andy € N.

The commutability above is referred to as (Yxa) ®r 3 = g (a @g Y7 3).
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Proof. The proof runs as follows:

(pa)@rB)() = Y {k@yalt) | k() =t} ® 6(1)

[kt €EKXgOH

= Y Aoy o) @B(1) | k(t) =t}

[k‘,t’]EKXH@H

= Y Akeyalt) @kBW(H)) | k) =t}

[k‘,t’]EKXH@H

LS (ke al) @ ) | k) =1}

[k,t’]EKXHeH

= > {k®, (a(t) © WFB)()) | ky(t') =t}
[kt |EKXuOx
= > {k @y (@@ ¢#B)(t') | kp(t') = t}
[kt EKXxpOx
= Yy (@ @r Y7 P)(1).
O

Let H be a subgroup of G and g an element of G. Let ¢y : H — gHg™!
stand for the conjugation map by g, i.e., ¢z g (h) = ghg™! for h € H. Let Z be a
finite G-set, Oy an H-invariant subset of Z, and © g, a gH g~ '-invariant subset
of Z such that Oy = Oyp4-1. Then the left translation by g, namely the map
Uir,g) : O — Ogpg-1; t — gt, is a c g g)-equivariant bijection. Let ¢z ) denote
the pair (c(H,9),(H,g))- If the context is clear, then we abuse C(H.g) 4 for K(H,g)#,
and c (H.9) for K(Hg

In the special case where g € H, the conjugation map c¢(g,g) is a map from H to
itself. Note that the map

fricgy M — M; €®cyy ,, T — gz
is an R[H]-isomorphism. In addition, the map
fa: C#H’g)M — M; z+— g 'z
is an R[H]-isomorphism.

Proposition 3.4. Let H be a subgroup of G and Oy a finite H-set. Then for any
Oy -positioned R[H]-module (M,«) and g € H, the following diagrams commute:

on £(H,g) po C(H,g)#M
\ lfl
M,
gy #
On C(H’g)M
i -
M
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where f1 and fo are the R[H]-isomorphisms given above.
These commutabilities are referred to as Z(Hy)#a =« (or C(H,g) 4O = a) and

E#H = (or c?H o= ), respectively.

Proof. The commutabilities follow from the equalities

Fibusg 4ol = > {rlghg™ e, o) | ghg™(g) = 1)
lghg= ¥ |€H X pr.c gy ) On
N 2 {f1(e ®e(y,, a(ht)) | ght’ =t}

[ghg_l ’tI]EHXH>u(H,g) Oy

- 2 {f1(e @cn,y t”)) | gt” =1t}

[e,t”]EHXH)C(H)g) Oy

= Z {ga(t") | gt =t}

[€7t”]€H><H,c(H’g)9H
= > {at) | gt" =t}
[e’tII]EHXH’U(H,g) Oy

= a(t),

and
Fotly gyo(t)) = fo(olliar g (1)
= f2(algt))
=g 'a(gt)
= a(t),
fort € ©g. O

Let Z be a finite G-set. Let S(G) and PB(Z) denote the set of all subgroups
of G and the set of all subsets of Z, respectively. We regard S(G) as a G-set
by conjugation, and §(Z) has the canonical G-action. Let © : S(G) — PB(G);
H +— O, be a G-map. We say that © is intersection preserving if

(31) OgNOKg =0Oyqk forall H,KES(G)

Let H C K be subgroups of G. Then (&) implies Oy C Og. Thus, the
inclusion map jg x : H — K is automatically associated with the inclusion map
Jou.ex : On — O, and hence yields the pair j g = (ju, K, jou,0x)

Usually, we use Indg for JHK 4> J01.0x 4 and jH’K#, and Resg for jﬁK,
ng’@K and jﬁK, if the context is clear.

Next, let g be an element of G. Since © is a G-map, ©
any subgroup H of G.

gHg—1 = 9O g holds for

Proposition 3.5. Let © : S(G) — PB(Z) be an intersection-preserving G-map.
Then for arbitrary subgroups H and K of G, each ©p-positioned R[H]|-module
M = (M, a) satisfies the Mackey double coset formula. Namely,

Resﬁ(lndg )= @ IndgmgHg71C(ng—lKg’g)#Rengg_1KgM.
KgHEK\G/H
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More precisely, the following diagram commutes:

On 4 Drgrner\ou MK, g, H)

w
Resg Indg «

Res$ (Ind$ M),

where

M(K,g,H) = Ind {51 C(HNg-1 Ko,0) #ResgngflKgM
= R[K] ®R[KﬁgHg—1] (R[K N gHgil] ®R[Hﬁg—1Kg],c(ng71Kg1g> Resgﬁg—lKgM)a
Res% (Ind§ M) = Res% (R[G] ®pra) M),

’)/ = @ IndgﬂgHg*1(g(Hﬁg_lKg,g)#(Resgﬂg—lKga))a
KgHeK\G/H

and w is the R[K]-isomorphism such that

wk® (a D 11mg 1) =kg® (¢ 'ag)r forke K,ac KNgHg ', v € M.

~1Kg,9)

Proof. Let « : ©g — M be an H-map, and let {¢1,...,9¢} be a complete set of
representatives of K\G/H. For t € O, we have

(Resglndga) (t)
=3 {g®a(t) | [g.t' € G xp O, gt' =1}

4
=3 {gg;®@a(t) | (99,1 € Kg;H xu On, g € K, gg;t’' =t}
j=1
Y4
=>> {ggi@alt) | [g9;.t] € Kg; X Hng; kg, O 9 € Ky gyt =t}
j=1

4
=3 > {99 ®alt) | 1995t € Kgj X g1 g, Oring- g,
=1

ge K, ggit' =t} in Res&Ind§M
and

(Indﬁmnggj—lK(ngjlng,gj)#Renggj—lnga)(t)

- Z{g ® E(Hﬂgj_lng,gj)#ReSgﬂglegja(tl) |
lg,t] € K X Ky Hg:! @ngngj_l, gt' =t}

— Z{g ® (e®@alg; ') | [g.t] € K X kg Hg OKrg, Ho gt =t}
=Y {g@e®alt”) | l99.t"] € K9 X pny-11q, Oring g, 997" =}
=) {995 @ a(t”) [ 1995,1") € Kgj X grg—11cg; Oring-1cq, 991" = 1}

The proposition follows immediately from these equalities. ([
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4. POSITIONED HERMITIAN R[G]-MODULES

In this section we introduce the Grothendieck-Witt rings of ©-positioned Her-
mitian R[G]-modules.

Definition 4.1. Let M be an R[G]-module. A map B : M x M — R is called a
Hermitian form on M if the following conditions (1)—(3) are satisfied:

(1) B is R-bilinear,

(2) B is G-invariant, namely B(gz, gy) = B(z,y),

(3) B is symmetric, namely B(z,y) = B(y, ),
for all z, y € M and g € G. A couple (M, B) consisting of an R[G]-module M and
a Hermitian form B on M is called a Hermitian R[G]-module (or simply Hermitian
module).

A Hermitian R[G]-module (M, B) such that M is a free R-module is said to be
nonsingular if the associated map

M — M# = Hompg(M, R); x — B(z,—)
is bijective.
Let H and K be finite groups and ¢ : H — K a monomorphism. A Hermitian
R[K]-module (N, B) yields a Hermitian R[H]-module (¢# N, »# B) in a canonical
way. By definition ¢# N is nothing but N as an R-module. The map ¢#B :

©# N x p#* N — R is also the same as B : N x N — R. Clearly, ©* B is R-bilinear
and symmetric. It is obvious that if B is nonsingular, then so is ¢# B. Since

¢* B(hz, hy) = B(p(h)z, ¢(h)y) = B(z,y)
for h € H, z, y € p* N, it follows that ©# B is H-invariant.

Proposition 4.2. Let ¢ : H — K be a monomorphism and let (N;, B;), i = 1, 2,
be Hermitian R[K|-modules. Then

(¢* N1 @ ©% Na, % By @ o7 Ba) = (97 (N1 ®r N2), 9™ (B1 ® By)).

This proposition is obviously true.
Let (M, B) be a Hermitian R[H]-module. Then, by definition,

M = R[K] @Rim),, M.
We define the R-bilinear form

oy B opM X oM — R,
so that

uB(a®p 2,b @y Y) = Sap(m) vp(n Bz, 0 (@ b)y),

for a, b € K and z, y € M, where 6,p(m)ppry = 1 if ap(H) = bp(H), and
dap(H)be(H) = 0 otherwise. It is clear that ¢4 B is K-invariant and symmetric. If
B is nonsingular, then so is ¢4 B.
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Proposition 4.3. Let H be a subgroup of G, B a Hermitian form on an R[H]-
module M, and g an element of G. Then the diagram
C(t,9) p M X C(11,g) y M

C(va)#B
fox fo

Clgtg—1g- 1T M X Cgrg-1,g-1)FM R

C(gHyflyyfl)#B
commutes, where fy is the canonical R[gHg~]-isomorphism (cf. Proposition[33).
The proof is straightforward.

Proposition 4.4. Let ¢ : H — K be a monomorphism, and let B and B’ be
Hermitian forms on an R[H]-module M and an R[K]-module N, respectively. Then
the following diagram commutes:

M1><M1

¢4 BRRrB’
Ixf

M2 X M2 Rv
o4 (BOre™ B’)

where My = (R[K] Qg M) @r N, My = R[K] ®p[n),, (M @r ¢*N), and f is
the canonical isomorphism (cf. Proposition [Z.3).

Proof. The commutability follows from
4B @R B'((a®p x) @ u, (b®y y) ®v) = pBla @, 7, (b @, y)) B (u, v)
= Sagp () bo(e) B2, 0~ (@™ 10)y) B (u, )
and
p#(BOR"B)(a®, (r@a u),b®y (y® b 'v))

= Sap(m) bp(t) (B ®r 97 B)(z @ a” u, 07 (a7 'b) (y @ b~ 1))
= ag(t) (1) B(z, 07 (@7 0)y) B (a™ M, p(~ (a7 '0))b ™ 0)
= Sap(m) bp(en) B2, 7 (a7 b)y) B'(a” w0 o)
= Sag (i) o (1) B(2, 0 (a7 '0)y) B' (u, v),

fora,be K, z,ye M, and u, v € N. (I

Proposition 4.5. Let H be a subgroup of G and (M, B) a Hermitian R[H]-module.
Then for any g € H, the following diagrams commute:

C,g) y M X C(i1,g) y M

c(H,9) 4B
lefll \
M x M R

B )
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# #
Cer,g) M X (o, )M
C?&H Q)B
f2><f2l \
M x M R,

B

where f1 and f2 are the canonical isomorphisms (cf. Proposition[3.4)).
Proof. The commutability of the first diagram follows from
C(t.g) 4 Ble @z, e ®y) = B(z,y)
and
B(file® ), file @y)) = Blgz,gy) = B(z,y).
The commutability of the second diagram follows from
¢, % Bl,y) = B(z,y)
and

B(f2(x), f2(y)) = B(g~'w, 97 'y) = B(x,y).
O

Proposition 4.6. For any subgroups H and K of G, each Hermitian R[H|-module
(M, B) satisfies the Mackey double coset formula. Namely,

G1.. 1K K H
ResgIndy B = @ IndegHg—lC(ngflKg,g)#ReSHng—lKgB.
KgHEK\G/H

More precisely, the following diagram commutes:

(@KgH M(KvgvH)) X (@KgHM(KvaH))

K H
Ind C(ng,lK%g)#Res B

wXw

G1. 1K G1. 1K
Res7ZIndy M x ReswIndgy M
K H K H Res$Ind% B

where KgH runs over K\G/H,
K
M(K,g,H) =Indgn, g1 ¢(HAg-1 Kg.g) #Resgmg_lKgM,
and w is the canonical isomorphism (cf. Proposition [31).

Proof. For u, v € R[K] ®gxngHg1] C(Hng—lehg)#Rengg—lKgM with u = a ®

(e®x) and v = b® (e ® x) respectively, where a, b € K, z, y € ResgmgflKgM, we
have

IndﬁﬁgHg‘l C(Hﬁg‘lKg,g)#Rengg—lKgB(ua v)
= Sa(KngHg~1) (KngHg~)C(HNg~1 Kg,9) 4 RESHng-1 1o Ble ® 7,07 b(e ® 1)

= Sa(KngHg—1)b(KngHg-1)B(, g 'a " bgy)
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and
Res$Ind% B(ag ® x,bg @ y) = Sagi byt B(z, (ag) " tbgy)
= Sagr.pgrr B(z, 9" a " bgy)
= Ou(KngHg—1),b(KngHg—1) B(T, g ta" bgy).
Thus we obtain the proposition. (]

Definition 4.7. Let © be a finite G-set. A triple (M, B, «) consisting of a Her-
mitian R[G]-module (M, B) and a G-map o : © — M is called a ©-positioned
Hermitian R[G)-module (or simply ©-positioned Hermitian module).

Let H(R, G, ©) stand for the family of all ©-positioned Hermitian R[G]-modules
(M, B, «) such that M is an R-free R[G]-module and B : M x M — R is nonsingular.
We say that o is totally isotropic (resp. trivial) if B(Im(«),Im(a)) = 0 (resp.
Im(a) = 0). We set

H(R,G,0)"° = {(M,B,a) € H(R,G,0) | a is totally isotropic},
H(R,G,0)"™ = {(M, B,a) € H(R,G,0) | a is trivial}.
Let
KHo(R,G,0), KHo(R,G,0)" and KHy(R,G)
denote the Grothendieck groups of H(R, G, 0), H(R,G,0)"*° and H(R, G, )",
respectively, under orthogonal sum.

Let M = (M, B,«) be an object in H(R,G,0). An R-direct summand, R[G]-
submodule U of M is called a Quillen submodule of M if U C U+ and Im(a) C U
both hold, where

Ut ={ze M| B(z,y) =0 (Ve U)}.
In this case, (M,U) is called a Quillen pair. If M € H(R,G,0) admits a Quillen
submodule, then M belongs to H(R,G,0)"° by definition. For a Quillen pair
(M,U), we have the well-defined map

BY:U/UxU"/U — R; B (x+U,y+U) = B(z,y) (z, yeU™").

Proposition 4.8. Let (M,U), where M = (M, B,«), be a Quillen pair. Then
UL/U is an R-free R|G]-module and B+ is a nonsingular Hermitian form on
UL/U.

Proof. Since U is an R-direct summand of M, M factors to M = U & N as R-
modules. It follows that U and N both are R-free, and so are U# = Hompg(U, R)
and M/U. Thus, the exact sequence

0—UL)U — M/U—U* —0

splits via R-homomorhisms, and hence UL /U is an R-direct summand of M/U. In
particular, U+ /U is R-free.

It is obvious that B~ is R-bilinear, G-invariant and symmetric. So, it suffices to
prove that B+ is nonsingular. Since B is nonsingular, we can take an R-basis

{ulv'"7umay17"'7yn7v1a"'7vm}

of M so that {u1,...,u;} is an R-basis of U, y; € UL, and B(v;,u;) = &;; and
B(vi,yj) = 0, where §; ; = 1 if ¢ = j and 0; ; = 0 otherwise. Let V' denote the R-
submodule of M generated by {v1,...,vn}. There exist elements z1, ..., z, of M
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such that B(z;,u;) =0, B(z,y;) = 6;; and B(z;,v;) = 0. Write z; as z; = y} + v}
with y; € Ut and v} € V. Then
B(yi,y;) = B(y; +vi,y;) = Blzi, y;) = 0i 5.
This shows that B+ : U+ /U x U+ /U — R is nonsingular. ]
By the proposition, a Quillen pair (M, U) induces an object (U* /U, B+, triv) of
H(R,G,©), where triv : © — UL /U is the trivial map.
We define the Grothendieck-Witt groups
GWy(R,G,0), GWo(R,G,0)"  GWy(R,q)
by
GWo(R,G,0) = KHy(R, G, 0)/(M] — [U*+ /U, B+, triv]),
GWy(R, G, 0)"° = KHy(R, G,0)"°/([M] — [U*+ /U, B*, triv]),
GWo(R, G) = KHo(R, G)/{{M] — [U*/U, B, triv]),
where (M, U) ranges over all Quillen pairs in H(R,G,0), H(R,G,0)"s° and
H(R,G,0)"V, respectively. By definition, there are canonical homomorphisms
GWy(R,G) — GWy(R, G, 0)"°
and _
GWy(R,G,0)™™° — GW,(R, G, 0).
Proposition 4.9. The homomorphisms
GWy(R,G) — GWy(R,G,0)"° and GWo(R,G,0)"*° — GWy(R, G, O)
are both injective. Moreover, the homomorphism GWo(R,G) — GWq(R, G, ©)¢1°

is an isomorphism.

Proof. Consider the homomorphism
GWy(R,G,0) - GWy(R,G)
assigning [M, B, triv] to [M, B, a]. Since the composition
GWy(R,G) — GWo(R,G,0)"° — GW,(R,G,0) — GWo(R,G)
is the identity map, the homomorphisms
GWy(R,G) — GWo(R,G,0)"° and GWy(R,G) — GW((R, G, ©)

are injective.

Let M = (M, B,a) be a O-positioned R[G]-Hermitian module such that « is
totally isotropic. Then, let L denote the R[G]-submodule of M generated by a(©),
and set

U={zxe M |rzeL forsomer € R with r # 0}.
Then B(U,U) =0, and U is an R-direct summand, R[G]-submodule of M. Thus,
we have

[M,B,a] = [U+/U, B*, triv] in GWy(R,G,0)"".
This implies that the canonical homomorphism GWq(R, G) — GWy(R, G, ©)%
is surjective. O

For ©-positioned Hermitian R[G]-modules My = (M1, By, 1) and My = (Mo,
Bs, a2), we define the tensor product My ® g M2 over R as the ©-positioned Her-
mitian R[G]-module (M; ® p M2, B1 @ B2, 01 Qr 2).
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Proposition 4.10. Let © be a finite G-set. Then GWo(R,G,0) and GWo (R, G)
(= GWo(R, G,0)"%°) are commutative rings under the multiplication induced from
the tensor product over R. Moreover, the rings GWo(R,G,0) and GWo (R, G) pos-
sess units. Actually, the units of GWo(R, G, 0) and GWo (R, G) are the equivalence
classes of

(RRB:RxR—R,a:0—R) and (R,B:Rx R — R, triv: © — R),

respectively, where G acts trivially on R, B is the map defined by B(r1,m2) = rire
forri, 12 € R, and « is the map defined by a(t) =1 fort € ©.

5. THE SPECIAL GROTHENDIECK-WITT RINGS
Let S be a conjugation-invariant subset of
G2)={geGlg’=e, g#e}

and let P(S) denote the set of all subsets of S. Then the G-action on S by conju-
gation yields a G-action on B(S). Let © be a finite G-set and p® : @ — P(S) a

G-map.
For a G-map o« : © — M, where M is an R[G]-module, we define the map
Ay :S— M by
(5.1) Aa(s)=> {at) [te®, PP ()55} (s€8).
t

Proposition 5.1. The map A, above is a G-map, namely Ao (gsg™!) = gAu(s)
forge G and s € S.

Proof. The proof runs as follows:

9Aa(s) =gy {a(t) [ t€ O, p(t) 55}
- Zt{a(gt) | teo, pd(t) > s}
- zt;{a(t') g1t €0, PP (g71t) 35}
- z::{a(t') |t €0, p? )3 gsg"}

= Aalgsg™).

Let M = (M, B, a) be an object in H(R, G, ©). We introduce a map
VM : M — Map(S, R/2R),

which plays a key role in this paper. Define Vp(x)(s) € R/2R for x € M and
s €S by

(5.2) Vm(z)(s) = B(Ay(s) — z, sz).

Proposition 5.2. The map Vp : M — Map(S, R/2R) is a Z[G]-homomorphism.
Namely, the following hold:

(1) Var(z +9)(s) = Var(@)(s) + Var)(s) (@, y€ M, s € 8),

(2) Var(g2)(s) = Var(a)(g~'sg) (v €M, s€S).

If R is square identical, Vs : M — Map(S, R/2R) is an R|G]|-homomorphism.
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Proof. The formula (1) is obtained as follows:
Vm(z +y)(s) = B(Aa(s) = (z +y), s(x
= Vm(2)(s) + Vm(y)(s)
= Vm(z)(s) + Vm(y)(s) -
= Vm(z)(s) + Vm(y)(s)
The formula (2) holds because

Vm(gz)(s) = B(A () gz, sgx)
B(g~ ( ) — 2,97 s9z)
B(Aa(g™tsg) —a,9™ ' sgx)
= Va(z)(9 'sg) in R/2R.
The last assertion in the proposition is true since
Vum(rz)(s) = B(As(s) — ra, srz)
= B(Au(s), srz) — B(rz, srx)

y))
(B

(2, sy) + B(y, sz))
in R/2R.

+
+

We have established the proposition above. O

Let SH(R,G, S,0), SH(R,G, S,0)"° and SH(R, G, S,0)" denote the fam-
ily consisting of objects M with Vp = 0 of H(R,G,0), H(R,G,0)"° and
H(R,G,0)", respectively. We denote the Grothendieck groups of these under
orthogonal sum by

KSHy(R, G, S,0), KSHy(R,G,S,0)"° and KSHy(R,G,S),
respectively. Moreover, we define the special Grothendieck-Witt groups
SGWy(R,G, S,0), SGWy(R,G,S,0)"°  SGWy(R,G,S)
by
SGWy (R, G, S,0) = KSHy(R, G, S,0)/(IM] — [U* /U, B+, triv]),
SGW((R, G, S,0)" % = KSHy(R, G, S, )" /(IM] — [U* /U, B*, triv]),
SGW((R, G, S) = KSHy(R, G, S)/(IM] — [U* /U, B+, triv]),

where (M,U) ranges over all Quillen pairs in SH(R, G, S,0), SH(R, G, S, )%
and SH(R, G, S,0)", respectively. Here we remark that if M € SH(R,G, S,0)
admits a Quillen submodule, then M belongs to SH(R, G, S, 0)%%°. By definition,
there are canonical homomorphisms

SGWy(R, G, S) — SGW, (R, G, S,0)°

and

SGW(R, G, S, 0)" — SGW(R, G, S, ©).
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Proposition 5.3. The homomorphism SGWq(R,G,S) — SGWy(R,G, S, ©)¥is0
is surjective, and the homomorphism SGWq(R,G,S,0) % — SGWy(R, G, S,0)
18 injective.

Proof. The proof of the surjectivity of SGWo(R, G, S) — SGWq (R, G, S, 0)" is
the same as that of GW(R,G) — GW((R, G, 0)"° (see Proposition FLJ).

Let M be an object of SH(R, G, S, ©)%1%° such that [M] = 0in SGW,(R, G, S, ©).
Then there exist objects M’ = (M', B', o), M1 = (My, By, o) with a Quillen sub-
module Uy, and My = (Ma, Ba, a2) with a Quillen submodule U; of SH(R, G, S, 0)
such that

MaM &M, & (Ui /Us, By, triv) 2 M’ & My & (Ui /Uy, Bf, triv).

By definition, both M; and M5 belong to SH(R, G, S,0)%*°. The object M’ above
may be replaced by

M'= (M B, d)o (M, -B ~d).
Then M" has the Quillen submodule

U'={(z,z) e M'&M' | z € M'},
and hence belongs to SH(R, G, S, 0)¥5° which lets us conclude that

[M] =0 in SGW¢(R, G, S,0)"=°,
([

Proposition 5.4. If, for each s € S, there is at most one element t € © such that
p3)(t) 3 s, then SGW((R, G, S,0), SGWo(R, G, S,0)"° and SGW,(R, G, S) are
commutative rings, possibly without unit. If R is square identical, and for each s € S
there exists exactly one element t € © such that p®(t) > s, then SGWo(R, G, S, ©)
is a commutative ring with unit.
Proof. Let My = (M1, By,01) and My = (Ms, B, a2) be objects of H(R, G, 0)
and SH(R, G, S, 0), respectively. Then
vM1®RIM2 (xl & 1‘2)(8) = B1 ®r B2(AQI®RO¢2 (S) — T & T2, S(xl & xQ))

= B1 ®@p Ba2(Aq, (5) ® Ag, (5) — 71 @ T2, 571 @ 572)

= B1(Aq, (8), 871)Ba(A, (8), sx2) — Bi(x1, st1)Ba(x2, s22)

=B (Aal (S) — 1, Sml)BQ(Aaz (S)a sz)

+ Bi(x1,871)B2(An, (s) — T2, s2)

= Vot (1)) BBy (), 522) + B, 501) Vs (22)5)

=V, (21)(8)B2(Aq,(8), s22) in R/2R.
By using this and Proposition (1), we can show that the product M1 ® g Mo
belongs to SH(R, G, S,0) if M, does. Therefore, the special Grothendieck-Witt
groups are commutative rings.

Next we shall prove the last claim in the proposition. Let (R, B, «) denote the
object in H(R, G, ©) such that G acts trivially on R, B(r1,72) = r172 (r1, r2 € R)
and a(t) = 1 (t € ©). Then, the associated V : M — Map(S, R/2R) is trivial,
since

V(z)(s) =Bl —rsr)=r—7r>=0 in R/2R.
Thus, (R, B, a) belongs to SH(R, G, S, ©), and therefore we can now conclude that
the ring SGWo(R, G, S, ©) possesses a unit. O
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Proposition 5.5. The group SGWy (R, G, S) is a module over the ring GWo (R, G).

Proof. Let M1 = (M, By, triv) and My = (May, Bo, triv) be arbitrary objects of
H(R,G,0)"Y and SH(R, G, S, 0)"1V respectively. Then, as in the proof of Propo-
sition B4l we have

Vi, oM, (21 @ 22)(s) = Vi, (71)(5) B2 (Ao, (5), s72) + Bi(21, 571) Vi, (72)(5).

Since Aq,(s) =0 and Vg, (z2)(s) =0, Var, oM, vanishes. Thus M1 ® M2 belongs
to SH(R, G, S, 0)'r. O

6. R[G]-VALUED A-HERMITIAN FORMS

Let A stand for 1 or —1 and let w : G — {—1,1} be a homomorphism. The
group ring A = R[G] is equipped with the anti-involution — defined by

S rg=3 wlgryg™ (ry € R).

geG geG

Definition 6.1. Let M be an R[G]-module. A map B : M x M — R[G] is called
an R[G]-valued A-Hermitian form (or \-Hermitian form) on M if the following
conditions (1)—(3) are satisfied:

(1) B is R-bilinear,

(2) Blax,by) = bB(y, x)a,

(3) B(x,y) = AB(y,z),
for all x, y € M, a, b € R[G].

Let B : M x M — R[G] be a A-Hermitian form. For z, y € M, B(z,y) can
be written as ) o B(x,y)qg9 with B(z,y); € R. Define the R-homomorphism
¢: R[G] — R by

geG

(6.1) € Z reg | =7re (14 € R).
geG

Lemma 6.2. B(z,y), = e(B(z,g7'y)) for all z, y € M and g € G, and conse-
quently

B(x,y) = Z E(B(xvg_ly))g'

geG

Proof. By definition, we have B(x,y). = e¢(B(xz,y)). By observing the coefficients
of g in B(z,y) and
9B(z,g7'y) =D B(x,g"'y)ngh,
heG
we have B(z,g 'y)e = B(z,y),. Thus, B(z,y), = e(B(z,g7'y)). O

Lemma 6.3. Let M be as above. Then the composition co B: M x M — R is a
A-symmetric, (G,w)-invariant, R-bilinear form on M. Namely, the following hold:
(1) e(B(x +a/,ry)) = re(B(x,y)) +r=(B(',y)),
(2) e(B(z,y)) = Ae(B(y, 7)),
(3) =(Blgr, gy)) = w(9)=(B(x,y)),
foranyr e R, x, 2, ye M and g € G.
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Proof. (1) The proof is straightforward.
(2) The equality follows from B(z,y) = AB(y, ).
(3) By comparing the coefficients of e in B(x, gy) and w(g)B(g~ 'z, y):

B(z,9y) = Y B(x,9y)nh,
heG

w(g)B(g~ 'z, y) = > wlg)Blg ™"z, y)nh,
heG

we have €(B(z, gy)) = w(g)e(B(g~1z,y)), which is equivalent to the equality (3).

O

An R[G]-valued A-Hermitian form B on an R[G]-projective module M is said to
be nonsingular if the associated map

M — HomR[G] (Ma R[G])a L B({E, _)
is bijective.
Lemma 6.4. Let B be an R[G]-valued \-Hermitian form on an R[G|-projective

module M. Then B is nonsingular if and only if the induced R-bilinear formeoB :
M x M — R is nonsingular.

Let H and K be finite groups with homomorphisms wy : H — {—1,1} and
wg : K — {—=1,1}, respectively. Let ¢ : H — K be a monomorphism such that
wg o = wy. Let N be an R[K]-module and B : N x N — R[K] a A-Hermitian
form. We define the map ¢# B : ¢# N x ¢# N — R[H] by

(6.2) *B(x,y) = > _ e(B(z,o(h) 'y)h (x, y € p*N).
heH

It immediately follows that ¢ B is an R[H]-valued A-Hermitian form on ¢# N. If
B is nonsingular, then so is ¢* B. Next let M be a stably free R[H]-module. Then

oM = RIK] ®r(m),, M

is clearly a stably R[K]-free module. Let B : M x M — R[H]| be a A-Hermitian
form. We define the R-bilinear map ¢4 B : oxM x oM — R[K] so that

(6.3) ppB(a®yx,b@,y) = Z Wi ()80 (1) k- 10p(m)E (B, 0~ a k™ b)y))k,
kK

fora,be K, z,y e M.
Lemma 6.5. Let o4 B be as above. Then
ppBla®, 2,0®,y) = by (B(z,y))a,

fora, be K, z,y € M; and pxB is an R[K]-valued A-Hermitian form on ouM,
where ¢’ : R[H] — R[K] is the ring homomorphism canonically induced by ¢ : H —
K. If B is nonsingular, then so is o4 B.
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Proof. The formula in the lemma is true because

p4Ba®, 1,0 @ y) = > Wi (a)dup () k-16p(me(B(x, 0~ (@™ kT b)y))k

kEK
= b( Z 5¢(H),a—1k—1bcp(H)€(B(xv ¢_1(a_1k_1b)y))b_lka)a
keK
=b( > SptmaromeBla e (K y)k)a
k€K
11 _ _
= b (Y Sy o e(Bla o (K )y)e ™ (K))a
KeK
= b (B(z,y))a.
One can check the latter claim in the lemma by using this formula. O

Proposition 6.6. Let H be a subgroup of G, B an R[H]-valued A-Hermitian form
on an R[H]-module M, and g an element of G. Provided wy = Wgpg—1 © C(f,q),
the diagram

C(H.9) y M X C(r1,9) y M

c(H,9) 4 B
fox fo

C(gHg*%g*l)#M x C(gHg*%g*l)#M RlgHg™]

#
Clgrg=1,4-1)" B

commutes, where fo is the canonical R[gH g~ 1]-isomorphism (cf. Proposition [33).

The proof of the proposition is straightforward.
Given a datum D = (R, G, w, \) as above, we obtain the datum

DH = (R,H,w|H,)\)
for each subgroup H of G.

Proposition 6.7. Let H be a subgroup of G and B : M x M — R[H] a A-Hermitian
form on an R[H]-module M. Then for each g € H, the following diagrams com-
mute:

C(H.9) 4y M X C(m,9) y M

C(H,g) B
lefll \

M x M R[H],
w(g)B

cf M xct, M

H,g) (H,g) 4 B
(&
f2><f2l K
M x M R[H],
w(g)B

where f1 and fo are the canonical isomorphisms (cf. Proposition[3.]).
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Proof. The commutability of the first diagram follows from

(c(rg) xB)e@z,e®y) = > e(Blw,g~'h ™ gy))h

heH

and
B(fi(e®z), fi(e ®y)) = Blgz, gy)

= > e(Blgz, b 'gy))h

= w(g) Y e(Blx,g 'h""gy)h.

heH

The commutability of the second diagram follows from

(C(H,g)#B)(xay) = Z 5(B(x,gh_1g_1y))h

heH

and
B(fa(x), f2(y)) = Blg~ 'z, 9~ 'y)

=Y e(Blg'e,h g y)h

heH

heH

w(g) Y e(B(w,g~"h~ gy))h.

2363

O

Proposition 6.8. For any subgroups H and K of G, each R[H|-valued A-Hermitian
form B : M x M — R[H] on an R[H]-module M satisfies the w-Mackey double

coset formula. Namely,

(Res@Ind% B) o (w x w)

K H
= Z w(g)Idg g g1 CHNg— K g.9) 4 RES g1 14 B):

KgHeK\G/H

where w 1s the canonical isomorphism (cf. Proposition [3.0). Particularly, in the

case w(G) = {1}, B satisfies the Mackey double coset formula.

Proof. 1t suffices to prove that

(Res?(Inng)(ag ®x,bg ®y)

= w(g)(IndgﬂgHg*1C(Hﬂg_lKg,g)#ResgﬂgflKgB)(a & (6 o2y l'), b & (6 & y))

forany g € G,a,be K, x,y € ResgmgflKgM. This equality holds because

(Resﬁlnng) (ag®@z,bg ®@y)

= Z w(ag)(sagH,k_lbgHg(B(xv (ag)ilkilbgy))k

keK

keK
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and
(IndX rgrrg-1 (NG~ Kg.9) g RES g1 5 B) (0 © (¢ @ 2),0® (e @ y))
= Z w(a)da(kngHg1),k~1b(KNgHg—1)
kEK
: (C(Hﬂg“Kg,g)#RenggflKgB)(e ®x, a_lk_lb(e ®@y))k

= > w(a)bu(kngHg—1) k- 1b(xngrg-1 ) B, g (a7 kT b)gy)k.
keK

7. POSITIONED QUADRATIC R[G]-MODULES

In this paper A stands for either 1 or —1. Let w : G — {—1,1} be a group
homomorphism. Set

G*(2) = {g € G(2) | w(g) = \},
G2)={g€G2) | w(g) = -}

Clearly we have g = \g for g € G*(2) and g = —\g for g € G=*(2). Let S and Q be
conjugation-invariant subsets of G*(2) and G~*(2), respectively. We shall define
the Witt group of ©-positioned quadratic R[G]-modules, which is the Wall group
(cf. [27]) in the case where @, S and © are the empty set, and the Bak group (cf.
[1], [19]) in the case where S and © are the empty set. The datum

AZ(R,G,Q,S,)\,M)

is relevant to the group. Define R-submodules A; = A;(G, S; R), Ay = A4(G, S; R)
and A = A(G, Q; R) of A := R[G] as follows:

As = R[S] (=(s| s € S)r),

Ag=R[GNS](=(g] g€ G~ 9G)R),

A={(x—-X T |z€Ar+{9]|g€Q)r.
This module A is called the form parameter generated by Q.

Definition 7.1. A map q: M — A,;/A is called an A-quadratic form (or quadratic
form) on M with respect to B if the following conditions (1)—(3) are fulfilled:

(1) q(gz) = gq(z)g and q(rz) = r?q(z) in A;/A = A/(A + Ay),

(2) a(z +y) — q(x) —q(y) = B(x,y) in Ag/A = A/(A+ Ay),

(3) q(z) + Aq(z) = Bz, x) in Ag = A/A,,
forall z, y € M, g € G, r € R, where ¢(x) € A, is a lifting of ¢(x).

A triple (M, B, q) consisting of an R[G]-module M, an R[G]-valued A-Hermitian
form B on M and an A-quadratic form ¢ on M with respect to B, is called an
A-quadratic R|G]-module (or A-quadratic R[G]-module).

Let © be a finite G-set. A quadruple (M, B, g, «) consisting of an A-quadratic
R[G]-module (M, B,q) and a G-map « : © — M is called a O-positioned A-
quadratic R[G]-module (or O©-positioned A-quadratic R[G]-module).

Let Q(A,0) (or Q(R,G,Q, S, 0)) denote the family of all ©-positioned A-quad-
ratic R[G]-modules (M, B, q, ) such that M is a stably free R[G]-module and B is
nonsingular.
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Let M = (M, B, q,a) € Q(A,0). The map « is said to be totally isotropic (resp.
trivial) if B(Im(a), Im(«)) = 0 and ¢(Im(e)) = 0 (resp. Im(a) = 0). Set
Q(A,0)"° = {(M, B,q,a) € Q(A, O) | a is totally isotropic},
Q(A,0)"™ = {(M, B,q,a) € Q(A,0) | a is trivial}.

Let KQy(4,0), KQy(A,0)" s and KQ,(A) denote the Grothendieck groups of
Q(A,0), Q(A,0)"° and Q(A, ©)"1V, respectively, under orthogonal sum.

A stably R[G]-free, R[G]-direct summand L of M is called a Lagrangian sub-
module of M if B(L,L) =0, ¢(L) =0, L+ = L and Im(«a) C L, where

Lt ={zx e M| B(z,y) =0 (Vy € L)}.

If M has a Lagrangian submodule, then M is called a null module. The groups
defined by

WQq(4,0) = KQy(4, 0)/(null modules in Q(A4, 0)),
WQ,(4, Q)tise = KQ, (A4, @)t'iso/<null modules in Q(A, @)‘“‘is">7
WQ,(A) = KQu(A)/(null modules in Q(A, ©)™")

are called the Witt groups of ©-positioned A-quadratic R[G]-modules. If the context
is clear, those Witt groups are also denoted by

WQO(R7 G7 Qa Sa C—))a WQO(R7 G7 Qa Sa C—))t_isoa WQO(R7 G7 Qa 5)7

respectively.

8. THE SPECIAL WITT GROUPS

Let A = (R,G,Q, S, \,w) be as in the previous section, © a finite G-set and
p? 0 — P(S) a G-map (cf. Section B). Let M = (M, B, q, ) be a O-positioned
A-quadratic R[G]-module, where o : © — M. The associated map Vy : M —
Map(S, R/2R) is defined by

(8.1) Vm(z)(s) = e(B(An(s) — z, sx)),

for x € M and s € S, where A, : S — M is the map defined by (&1I).
If M € Q(A,©) satisfies Vas = 0, then we call M a special ©-positioned A-
quadratic R[G]-module (or a special O-positioned A-quadratic R|G]-module). Set

SQ(A,0)={M € Q(A,0) | Vy =0},
SQ(A,0)"° = M € Q(A,0)"° | Vpr =0},
SQ(A,0)" = (M € Q(A,0)" | Vpr = 0}.

The corresponding Grothendieck groups are denoted by

KSQy(4,0), KSQy(4,0)"™, KSQy(A)
respectively, or by
KSQu(R,G,Q,S,0), KSQu(R,G,Q,S,0)"° KSQ,(R,G,Q,S)

respectively. Further, define the special Witt groups
SWQ,(4,0) (=5SWQy(R,G,Q,5,0)),
SWQy(4,0)"™ (= SWQ(R,G,Q,S,0)7),
SWQy(4) (=5SWQy(R,G,Q,59))
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by
SWQ,(4,0) = KSQy(A, ©)/(null modules in SQ(A, 0)),
SWQ, (4, ©)"° = KSQ, (A, ©)"° /(null modules in SQ(A, ©)%1°),
SWQ, (A) = KSQy(A)/ (null modules in SQ(A, ©)™),

respectively.

9. TENSOR PRODUCTS OF HERMITIAN MODULES AND QUADRATIC MODULES

Let A = (R,G,Q,S,\,w) be as in Section [, and © a finite G-set. Let M =
(M, B, q) be an A-quadratic R[G]-module. By definition, B is a map M x M — R[G]
and ¢ is a map M — A,/A. We write G as a disjoint union of the form

G={}IIGR)ICIC,

where C' is a subset of G consisting of elements of order > 3 and C~! = {g~! |g €
C}. Set

Q(G) = {e}U(GM2) N S)U(G2)~Q)UC.
Let R, stand for the R-module defined by

R/1=MNR (9=e¢),
o )R (g€ @),
* | R/2R (9 € GTA(2)),
R (otherwise),

for each g € G. Then ¢(z), © € M, can be regarded as the formal sum

Z q(x)g9

9eQ(G)

with ¢(z)4 € Ry; namely, ¢ : M — Ag/A can be regarded as the map

M— P Ry z— (q(x),).
9€Q(G)

We set q(x)y = Aw(g)g(z),— for g € G with ¢g=! € Q(G). This definition is
compatible with the ambiguity of choice of Q(G), because

q()g9 = Mw(g)q(x)g9~" mod A.

Let My = (M1, By, 1) and My = (M, Ba, g2, a2) be objects in H(R, G, S, O)
and Q(A, ©), respectively. We define an object M- M in Q(A, ©) as the product
of M1 and M, as follows. For the sake of convenience, M = (M, B, ¢, &) stands for
M, - M, for a while.

First, M is defined as the R-module M; ® g M> with the G-action: (g,z ® y) —
(92)® (gy), where g € G, x € M, and y € Ms. Since M; is R-free and M, is stably
R[G]-free, M is stably R[G]-free.

Second, B: M x M — RG] is defined as the R-bilinear form such that

Bz@y,a' @y) =) Bi(z,g "a)e(Ba(y, 9 "v))g.
geG
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The equality B(u,v) = AB(v,u) (u, v € M) holds since

Blz®y,2 ®y) =Y Bilx,g 2 )e(Bay,97'y))g
geG

=" ABi(g7' 2)e(Bag ™Y )9
geG

— /\Z 9)B1 (2, gx)e(Ba(y', 9y))g
geG

=AY Bi(a,g2)e(Ba(y' gy))g "
geG

=AY Bi(a',gz)e(Ba(y', 9y))g "
9eG
=AB(@' ®y,z®y).

The equality B(au, bv) = bB(u,v)a (a, b € G, u, v € M) holds because

Bla(z ®y),b(z' @ y')) = > Bi(az,g~ba’)e(Ba(ay, g~ 'by'))g
geG
=b > Bi(az,h™'a")e(Ba(ay, h'y)h
heG

=b Z w(a)By(z,a  h™ 2 )e(Ba(y,a *h ™ y'))h
hedG
=b Y w(a)Bi(z, (ha)~'a)e(Ba(y. (ha)~'y))h
heG
=b Z a)Bi(z, k2" )e(Ba(y, bty ) ka™!
keG
=bBrxoy,ry)a
Thus, B is an R[G]-valued A-Hermitian form on M. Note that By and € o By
are both nonsingular. So, By ® (¢ o Ba) is nonsingular, which implies that B is
nonsingular.

Third, we describe the definition of ¢ : M — A,/A. Let F(M; x Ms) denote
the R-free module with basis {(z,y) | z € M1, y € My} (although it may not be
finitely generated), T the subset of F(M; x M) consisting of all elements of the
form

r(x,y) - (rx,y), T(l’,y) - (x,ry),
(z+2'y) = (z,y) — (¢,y), or (z,y+y)—(z,9)— (2,9,
where r ranges over R, x and 2’ over My, y and y’ over My; and let [ | : F(M; x
Ms) — My ® Ms denote the canonical map.

Lemma 9.1. Let f be a map from F(My x M) to Ag/A = AJ(As + A). If the
following conditions (1)—(3) are fulfilled for all v € R, u, v € F(My x Ms) and
tefT:
(1) f(ru) =2 f(u),
(2) f(U+v) fw) + f(v) + B([ul, [v]),
(3) f(t) =0,
then f factors through My @ My — Ag/A.
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The proof is elementary, and we omit it.
Define a map f: F(My x M) — Ag/A = A/(As + A) by

FOQ riway) =Y > riBi(wig ' w)ax(vi)eg + Y ririBlx @ ys, 15 @ yy),

i i geQ(Q) i<j

for finitely many distinct (z;,y;) with «; € My, y; € Ma, where r; € R.
By definition, we have f(ru) =72 f(u) for all r € R and u € F(M; x Ms).
Note that for u =Y, 7(z;,y;) and v =Y. ri(x;, y;), we have

Flutv)=>" " (ri+7)*Bi(zi, g 2:)a2(yi)eg
i geQ(G)

+ Z(m + T;)(Tj + ’I“;)B(J?z R Yi, T & yj).

i<j
Thus, we have

flu+v) = flu) = f(v)

= Z Z 2riri B1 (i, 9~ i) g2 (Yi) g9 + Z(T’ﬂ’; +7i15) B2 © yi, 15 ® ).
i geQ(G) i<j

On the other hand, in A;/A we have

B rimi @y, » rimi @y) = Y ririB(w; @ yi, v @ yi)
i i i

+ ) (v Bl @ ys, w5 @ ) + 17 By ® gy, 05 @ i)
1<J

= rriBla @ yi, x; @ y)
i

+ Z(Tﬂ“;B(xi @ yi, x; @y;) + iy Bz @ yi, x5 @ y5)).
i<j

Moreover, in A/(As + A) we have

B(z; ® yi, v @ yi) = Z Bi(wi, g~ wi)e(Ba(yi, 97 'yi))g
geG

= Y Bilwig 'wi)26(yi)e9.
9€2(@)

Thus we obtain f(u +v) — f(u) — f(v) = B([u], [v]) in As/A.

It is clear that f(t) =0 for allt € T

Since the conditions (1)—(3) in Lemma are satisfied, we obtain the map
q: M — Ay/A by q([u]) = f(u) for v € F(My x My). Immediately we have
q(r[u]) = r?q([u]) and q([u + v]) — q([u]) — q([v]) = B([u], [v]) for r € R and u,
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v € F(M; x My). For g € G and u = (x,y), we have

q(glu]) = f(gz, gy)

= Y Bilgz,h ' gx)q2(gy)nh
heQ(G)

= > w(@)Bi(z,97 h " g2)ga(y)y-1ngh
heQ(G)

= > w(g)Bi(z, k' 2)ga(y)rghkg "
heQ(G)

9 Z Bz, k™ 2)ga (y)ekg
heQ(G)

=gf(z®y)g

= 9q([u])g,

where k = g~ 'hg. Thus, q(gz) = gq(z)g for all g € G and 2z € M.
Next we check the property (3) in Definition [[1l For u = (z,y) we have
g([u)) + M([u) = > Bilz.g 'w)(a2(y),9 + A\2(),9)
9€(G)

= Z Bi(z,97'2)Ba(y, ) g9
g€G

= B([u],[u]) in A, = A/A,,

which shows that q(z) + Aq(z) = B(z, 2) for all z € M.

Putting all together, we see that the current triple (M, B, q) is an A-quadratic
R[G]-module.

Defining oo : © — M by a(t) = a1(t) ® as(t) for t € ©, we establish M - My
(=M = (M, B,q,q)) from M; = (M;, B1,a1) and Mo = (M3, Ba, g2, a2).

Theorem 9.2. Let A= (R,G,Q,S,\,w) and © be as above. Then
WQu(4,0), WQy(A,0)"° and WQ,(A)
are modules over GWo(R, G, S,0), and WQ,(A) is one over GW(R, G, S) by the
pairing
(My,M3) — M, - M.

10. TENSOR PRODUCTS AND V-INVARIANTS

In this section we invoke that R is square identical. Let @, S, w, A and ©
be as in Section [ and let p» : ® — PB(S) be a G-map such that for every
s € S, there exists exactly one t € © with p(®(t) = s. Hence, by Proposition [5.4]
SGWy(R, G, S, 0) is a commutative ring with unit.

Proposition 10.1. Let My = (M1, Bi,a1) and My = (Ma, Ba, g2, a2) be objects
in SH(R,G,S,0) and SQ(A, O), respectively. Then M = M- M+, = (M, B, q, «)
defined in the previous section lies in SQ(A, O).
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Proof. Tt was already shown that M = M - M5 belongs to Q(A, ©). Therefore, it
suffices to show that Vs = 0. By definition, we have
VM (z @ y)(s) =e(B(Aals) —z @y, s(x@y)))
=e(B(Ay, (5) ® Ap,(8) — 2Ry, sz ® sy))
= e(B(Au, (5) ® Ay, (8), 87 ® sy)) — e(B(z ® y, sz ® sy))
= B1(Aq, (5), sv)e(B2(Aa, (5), 5y)) — Bi(x, sz)e(Ba(y, sy))
= B1(Aq,(s) =z, s)e(B2(Aay (5), 5))
+ Bi(z, sz)e(B2(Aay (s) — ¥, sy))
=V, (2)(s)e(B2(Aay(s), sy)) + Bi(x, s2) Vi, (y)(s)
=0 in R/2R
forx € My, y € My, and s € S. By using Proposition[5.2] (1), we have Vps = 0. O
The next theorem follows.
Theorem 10.2. Let A= (R,G,Q,S,\,w) and © be as above. Then
SWQ,(A4,0), SWQ,(A,0)"° and SWQ,(A)
are modules over SGWy (R, G, S, 0O).

11. THE MACKEY AND GREEN STRUCTURES OF GW AND SGW

Let S be a conjugation-invariant subset of G(2), and set
Sgy=HnNS

for each H € S(G). Let Z(© be a finite G-set and let B(Z(?) stand for the set of
all subsets of Z(9). Let S(G) — P(Z); H — ZI(L?), be an intersection-preserving
G-map (see [B)), where S(G) is the set of all subgroups of G on which G acts by
conjugation.

Define Oy by

Op =Sy 112,
It immediately follows that the map H — Oy is intersection preserving. Define
P+ O — B(S) by

@ ) {tH (t€Su),
po-{4 G

Then, obviously, for each s € Sy, there exists exactly one t € Oy with s € p(z) (t).
In this case, GWo (R, H,©p) is a commutative ring with unit for each subgroup H
of G, and so is SGW(R, H, Sy, Op) if R is square identical.

Now let ¢ : H — K be a morphism in G, namely one of an inclusion map, a
conjugation map, or a composition of such maps. Then we have the associated -
equivariant map ¢ : O — O . Actually, if ¢ is the inclusion map ju x : H — K,
then Sy C Sk and Zg,)) C Z}?), and therefore the associated ¢ : Oy — O is the
inclusion map; if ¢ is the conjugation map c(g,g) : H — gH g™, then the associated
YO — Oypg1 = gOy is the left translation {(g, 4 by g. Since the G-action
on S is given by conjugation, £(g,, 4)|s, is the conjugation c g 4|5, by g. Thus,
there are canonical correspondences

GWO(RaHa ®H) i GWO(R7 Ka G)K)7 [M,B,Oé] — [QO#M) @#Baw#a]
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and

GWO(R7 Ka ®K) - GWO(R7 H7@H)7 [N,B7Oé] = [QO#N7 w#Baw#a]
Lemma 11.1. Vo p = 0 for any morphism ¢ : H — K in G and any object
M= (M,B,«a) in SH(R,H,Op).

Proof. For the proof, we may suppose that ¢ = ju K or ¢(g,qg). Forany z = k @, v
€ pupM with k € K, x € M and s € Sk, we have

Vo, m(k®yx)(s) = o3 B(Ay,als) —k @y z,s(k @, x))
= 4 BBy pals), sk @y 2)) — Bk @ 5k ®,2) in BJ2R.
By definition, we have
PuB(Ay,als) s(k @y 1)) = o B(Ay,a(s) k @y x)
= puB(Wua(s), k ®, x)
= Z {ouBla®y, a(s), k@, 1) | 8 € Sy, ap(s)a™t = s}

la,s'|EKXH,,OH

= Y BapmweunBlals) o a R)a) | 8 € Su. (s') = a” sa)

la,s'|EKXH,,OH

= > {0p(m).a-1ho(m Bla(s'), 07 (a7 k)z) | 8" € Su, o(s') = a” 'sa}
la,s']EKXH,,OH

= Z {B(a(s"),z) | 8" € Su, p(s") =k~ tsk}

k,s"|€EK X H,,OH

= Z {B(a(s"),s"z) | " € Sy, p(s") =k 'sk}

k,s"|€EK X H,,On

= Z {B(z,5"2) | 8" € Su, (s") =k 'sk}

(ks €K X 11,,O 11
0 (otherwise).
On the other hand,
puB((k @y x),5(k @, 7)) = 9 B(k ®, x, sk @, )
= Orp(),shp(en) B, 07! (k7' sk)z)
B {B(x,apl(klsk)x) (if k~'sk € p(H)),
0 (otherwise).
This gives us Vo, m(2)(s) =0 for all 2 € px M and s € Ok. O

Proposition 11.2. Let Sy, Zy and O be as above. Then, the Grothendieck- Witt
ring functor H — GWy(R,H,Og), H € S(G), is a Mackey functor, and so is the
special Grothendieck-Witt ring functor SGWo(R, H, Sy,0x), H € S(GQ).

Proof. This follows from Propositions3.2 B4 B8] B3] Ehland 6] and Lemma [TT11.
U

Theorem 11.3. Let Sy, Zy and Oy be as above. Then, the Grothendieck- Witt
ring functor H — GWo(R, H,On), H € S(G), is a Green functor, and the special
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Grothendieck-Witt ring functor H — SGWo(R, H, Si,Op), H € S(G), is a Green
functor, possibly without unit. If R is square identical, then the functor H —
SGWy(R,H,Sy,0On), H € S(G), is a Green functor.

Proof. The theorem follows from Propositions B.1] B.3] E.2, [4.4], and5.4. O

Theorem 11.4. The special Grothendieck- Witt group functor
H— SGW()(R, H, SH)
is a module over the Grothendieck-Witt ring functor H — GWo(R, H, S).

Proof. By Proposition 8] SGW(R, H, Sg) is a module over GWo(R, H). The
required properties for a Frobenius pairing follow from Propositions 3.1} B3,
and (41 O

12. THE PAIRING SGWq x SWQ, — SWQ,

Let S C G(2), Su, ZI(L?), Oy, pg) be as in Section [[dl, where H € S(G). Let
w : G — {—1,1} be a homomorphism and let A stand for either 1 or —1. In the
current section we invoke

S c G2).
Let Q be a conjugation-invariant subset of G=*(2). We set Qg = HNQ, Ay =
R[H], and Ay = (R, H,Qu, Su, \,w|g) for H € S(G).
Let ¢ : H — K, where H, K € §(G), be a monomorphism such that w|x o ¢ =

wlh, ¢(Qu) C @k, and ¢(Sk) C Sk.
Let N = (N, B,q) be an Ag-quadratic R[K]-module. We can write ¢(z) as
2 geo(x) 4(2)g9, where Q(K) = K N Q(G) and q(z), € Ry. We define ©q :

"M — (An)q/Au = RH]/(R[SH] + Au) by

eta(z) = D q@)pmh

heQ(H)
for x € #* M, where Ay is the smallest form parameter of R[H] including Q.

Lemma 12.1. The ¢¥q above is an Ap-quadratic form on # N with respect to
#B
P B.

Proof. The proof is straightforward, as follows: For ¢ € H and = € ¢# N, we have

eFalgr) = > qlgr)pmh
heQ(H)

> ale(9)r)pmh

heQ(H)

= > w(@@)a(®@)eg) 1 eme)h
heQ(H)

=g( Y. a(@)pg-1n99 "hg)7
heQ(H)

= g™ q(2)7.
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For =, y € ¢ N, we have

#a(z) — (@) = D (0@ +Y)pm) — 6@)pn) = AW)pm)h

heQ(H)

B($7 y)(p(h)h

eFqz+y) —¢

|
(]

in Ag/(Ag + (Am)s).
For x € ¢# N, we have

ptq(@) + Mpta(z) = Y (a(@)pmh + Ag(@) o h)
heQ(H)

= Z (q(2) pnyh + Aw(h)q(z) pmyh ™)
heQ(H)

= Z (Q(l‘)go(h)h+Q($)¢(h)—1h_l)
heQ(H)
= ¢*B(x,x) in Ag/(An)s.

O

Proposition 12.2. Let ¢ : H — K, Ag and Ax be as above, and let M1 =
(M, B1) and My = (Ms, Ba, g2) be a Hermitian R[K]-module and an Ak -quadratic
module, respectively. Then (o7 My) - (¢# M3) = p# (M - M3).

Proof. Let x, ' € My and y, ¥’ € Ms. Then

B(p#Mrtp#Mz (.23 ® Y, J?l ® y/) = Z Bl (J?, @(h)_lx/)E(BQ(?% @(h)_ly/))h
heH

= Btp#(Mle)(x ® y7 ‘T’J ® y/)
In addition,

_ -1

Qo pim(@®Y) = Y Bilz,oh) " 2)q2(y)pnh
heQ(H)

= Qo# (M, -M,) (T @ Y).

We have established the proposition. O
Now let M = (M, B, q) be an Ag-quadratic R[H]-module such that M is stably

R[H]-free and B is nonsingular. Let {g1, ..., ge} be a complete set of representatives

of K/p(H), where g; are elements in K. We define pxq : pxM — (Ax)q/A =
A /(Ax + (Ax)s) by

14 14
P4 (Zgi ®y xz> = Zgw(q(mi))EJr > gi0 (Bi,x;)) T

i=1 1<i<j<t
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Lemma 12.3. The ¢4q above is a quadratic form on wuM with respect to 4 B.
Namely, the following hold:

(1) paq(ru) = r*pyq(u),

(2) pq(u+v) — pgpq(u) — orq(v) = pxB(u,v),
(3) waq(u) + Appq(u) = puB(u,u) in Ak /(Ak)s,
(

4) pya(ku) = kpgq(u)k,
forallr e R,u,vepuM, ke K.

Proof. The equality (1) holds clearly.
The proof of (2) runs as follows:

oy (Z 9i ®p i+ > 9 Oy yz> —puq (Z 9i @y a:i) —puq (Z 9i ®, yz>
i i A i

= Zgz q(zi + i) — pla(:) — pla(y:))T

+ Y gie(Blai+yix; +y;) — Blzi,x;) — By yy) G
1<i<j<£

—Zgzw (@ y)) T+ > 959 (B(zi,9;)) T

1<i#j<t
‘ ‘
=opuB Zgi Ry Ti, Zgj Ry Yj
i=1 j=1

The equality (3) holds because

—_~— —

04#4(9i ®p ) + Appq(gi ®y T)
— gip(q(2))7i + Agip(a(x))T
= gip(B(x,))gi
= SD#B(gi Ry T, gi Sy {E)

For k € K, we can write kg; in the form g,(;@(h;) with h; € H. Then

0#4(k(9i @y 7)) = 24(go(i) @p hiT)
= 9o(1)P(2(hiT))Ts (i)
= 9o(iyp(h:)p(4(2))go (i p(hi)
= kgip(q(x))gik
= ko4q(gi ®y x)%

The equation (4) follows from this and (2) above. O
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Proposition 12.4. Let H be a subgroup of G, ¢ : M — (Awu)q/Ay an Agn-
quadratic form on M, and g an element of G. Then the diagram

C(,g) 4 M

C(H,g) 49

C(gHg—l,g‘l)#JM (Agrg—1)q/Ngrg—

ClgHg—1 ,9_1)#(1

commutes, where fy is the canonical R[gH g~ ']-isomorphism (cf. Proposition[3.3).
The proof of the proposition is straightforward.

Proposition 12.5. Let H be a subgroup of G and ¢ : M — (An)q/Ag an Ap-
quadratic form on M. Then for each g € H, the following diagrams commute:

C(H.9) 4 M
fll/ m
M (Ar)q/AH,
w(g)q
#
(.9 M ,
C qq
f2l/ \
An)o/A
M w(9)q (An)q/ A,

where f1 and fa are the canonical isomorphisms (cf. Proposition[37).
The proposition follows straightforwardly from the definition.

Proposition 12.6. For any subgroups H and K of G, each Apg-quadratic form
q: M — (Am)q/An satisfies the w-Mackey double coset formula. Namely,

G, 1G K H
(ResgIndfq) ow = Z w(g)IndegHg_lC(Hnqug’g)#Resngfl Kqds
KgHEK\G/H

where w 1s the canonical isomorphism (cf. Proposition [3.8). Particularly, in the
case w(G) = {1}, q satisfies the Mackey double coset formula.

Proof. 1t suffices to prove that

(ResIndfq)(ag ® ) = w(g)(Indf g rrg—1 €1 Kg.9) s RESHng—1 10y @) (0 (€@ 7))
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forany g€ G,ac€ K, x € ResgmgflKgM. This is valid because

(ResgIndfjq)(ag @ ) = Y (Indfq)(ag ® z)ik
keQ(K)

= Y (agq(x)ag)ik

keQ(K)

and
(IndgﬂgHg—lC(Hﬂg*IKg,g)#ReSgﬁgflKgq) (a b2 (6 ® x))

= Z (a(C(HﬂgflKg,g)#ResgﬂgflKgq)(e®x)a)kk
keQ(K)

= > (ag(Resfin, 1x,0)()g~ " @)k
keQ(K)

=w(g) Y (agq(x)ag)k.

keQ(K)

O

Proposition 12.7. Let Ay and Oy be as above for each H € S(G). Then the
Witt group functor H — WQu(An,On), H € S(G), and the special Witt group
functor H — SWQ,(Am,On), H € S(G), are both w-Mackey functors, and hence
modules over the Burnside ring functor H — Q(G), H € S(G).

Proof. The claim for the Witt group functor follows from Propositions 3.2 [3.4, B5]
66, 67, 68 24 25 and

Let M = (M, B,q,a) be a Oy-positioned Ap-quadratic R[H]-module. By
Lemmal63, e o B: M x M — R is a A-symmetric, (H,w|y)-invariant, R-bilinear
form. For a morphism ¢ : H — K in G, the same argument as the proof of
Lemma [TT.T] shows that if Vs = 0 (see (81))), then V,,ar = 0. (In fact, consider
the case where R is replaced by R/2R.) Thus, the claim for the special Witt group
functor also follows. O

In the remainder of this section, let ¢ : H — K be a morphism in G.

Proposition 12.8. Let M1 = (M1, B1,a1) and My = (Ma, B, g2, a2) be objects
in H(R,K,Ok) and Q(An,Op), respectively. Let

fi My @R oM — pu(p? My @p M)

denote the canonical isomorphism, namely f(x ® (k ®,y)) =k ®, (k™ 'z ®y) for
ke K,z € My, andy € Ms. Then the diagram

M3 X M3

Ixt B1®Rrypy B2

M4 X M4 AK
0u (¥ B1®rB2)
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where M3z = (M1 XRr (R[K] ®R[H],<p Mg)) and My = R[K] ®R[H],<p (go#Ml XRr Mg),
and the diagram

My ®r (R[K] ®pm),p M2)

B1®Rrp#q2

R[K] ®gim),, (7 My @r M) ” (Ax)q/AK
p# (" B1®Rq2)

commute.

Proof. Let k, k' € K, z, ¥’ € My, and y, vy € M.
The commutability By ® (p4Ba) = pu((¢¥ B1) ® Bz) via f holds because

Bi®(pyBa)(z @ (k @y y), 2" @ (K @p y'))

=Y Bi(x,g '2)e(pyBa(k @y, 9 (K @4 )))g
geK

= > w(k)Sup(m).g- 1o Bi(z, g 2 )e(Baly, o (k™ g7 K )y')g
geEK

and

007 B1) @ Bo)(k @y (ke @y), K @, (K 2’ @)

= > w(k)dkp(my g twp
geK

e (@B B) (@ y) ¢ (kg R (K @) g

= > w(k)dkp(my g 1wpm
geK

-Bi(k~ Y, (kg K T e e (Ba(y, o L (g K)Y))g

= w(k)Oup ) .g- 1w pen Bk Tz kT g e (Bay, o (kg R )Y ))g
geEK

= Z (k)19 1k oy B, g~ 12" )e(Ba(y, 0~ (kg K )y'))g.
geEK
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The commutability By ® (p4q2) = p4((¢* B1) ® g2) via f follows from

B @ (p4a)(z @ (k@py)) = > Bilz,g ' 2)puaa(k ®p y)gg
9E€QUK)

Y Bilz,g @) (kp(a2(y)k)gg

geEQ(K)

Z B (1[,', gilx)w(qQ (y))k_lgkw(k)g
9€Q(K)

= Z Bi(z,97'2)q2(y) g1 (=1 gy w(k)g
9EQ(K)Nkp(H)k—1

=k Z Bi(z, ka 'k 2)g2(y)p-1(aya | K
agk=1Q(K)kNp(H)

Z Bi(z,ko(b) 'k 2) g2 (v)op(d) | k
beQ(H)

Il
=

and

u (97 B1) ® q2)(k @y (k™ 2 @ y)) = ko((¢7 B1) © g2 (k™ 'z @ y))k

= ko Z ©* By(k™ Yz, h kT ) e (y)nh | K
heQ(H)
=kp| D Bk 'me(h) 'k a)ga(y)nh | F

heQ(H)

=kp| Y Bilwke(h) 'k 2)ga(y)nh | .
heQ(H)

O

Proposition 12.9. Let My = (M1, B1, 1) and Mo = (Ms, Ba, g2, 2) be objects
in H(R,H,Oy) and Q(Ak,Ok), respectively. Let

f' e (M) @r My — pu(My @g o7 My)

denote the canonical isomorphism, namely f'((k ®y z) ® y) = k @, (x @ k~'y) for
ke K,z € My, andy € Ms. Then the diagram

M3 X M3
oy p#B1®Rr B2
X
M4 X M4 ” AK
p#(B1®Rre™ B2)
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where M3 = (R[K] ®R[H],<p Ml) Qr My and My = R[K] ®R[H],LP (Ml Xr (p#Mg),
and the diagram

(R[K] ®@g#],p M1) @r Mo

puB1®Rq2

R[K] @), (M1 @r ©% Ms) ” (Ax)q/AK
p#(B1®Rr$™ q2)

commute.

Proof. Let k, k' € K, z, ¥’ € My, and y, vy € M.
The commutability (¢4 B1) ® By = ¢4 (B1 ® (¢ Ba)) via f’ holds because
(psB1) @ Ba((k ©p 7) ®y, (K ®,2') @)

= (esB1)((k @, 2), g7 (K ®, 2'))e(Ba(y, 97'Y))g
geEK

= Z k()91 ko Br(x, o (k™ g™ k)2 )e(Ba(y, g~ 'y'))g
geK

and
0u(B1® (0*B2))(k @y (x @ k7ly) K @4 (a/ @ k' 'y))

= wlk)kp(y.g 1w

geK
€ (31 ® (" Ba)(x @k ty, o (kg ) (2 @ k"fly'))) g

_ Z 6}6(‘9 —1kl<p(H)Bl(£L'7(pfl(]gflgflk/) ) (BQ(k y,k 1 71 l))g
geK

= Z 5k¢(H),gflk/¢(H)B1($7<P_1(k_19_1k1)$/)5(32(y79_13/))9-
geK
The commutability (pxB1) ® 2 = pu(B1 @ (¢7q2)) via f’ follows from

(p#B) @ @a((k@p2)@y) = Y (ppB)(k @p 2,97 (k @y 2))q2(y) g9
9€Q(K)

Z Skp(H).g- k() Br(@, 0 (K~ g™ k)2)g2(y) 09
geEQ(K)

— > Bila,e Mg R))g2(y)eg

g€Q(kp(H)k—1)

=k Z Bi(z,h ' 2) g2 () kpmyk-10(h)k ™!
heQ(H)

=k Z kE)Bi(x,h™ x)(h(k' y)«p(h)@(h)k !
heQ(H)

=ky Z Bl(m,h_lm)qg(k_ly)<p(h)h k
heQ(H)
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and
p(B1 @ (97 q2))(k @y (x @ k1Y) = kp(B1 @ (97 go)(x @ k™ 'y) )k

=ke Z Bi(z,h '2)g2 (k™ y) oy | .
heQ(H)

O

Let ¢ : ©g — Ok denote the map associated with .

Theorem 12.10. Let Ay and ©p be as above for each H € S(G). Then the
w-Mackey functor H — WQu(An,On), H € S(G), is a module over the Green
functor H — GWy(R,H,Og), H € S(G). If R is square identical, then the w-
Mackey functor H — SWQu(An,On), H € S(G), is a module over the Green
functor H — SGWy(R, H,Sy,0n), H € S(G).

Proof. By Proposition 3.3 we have a1 ® (Yga2) = Yu((¥#a1) ® az) via f in
Proposition TZ8l By Proposition B3 we have (xa1) ® ag = by (a1 @ 9p#ag) via f’
in Proposition TZ9. The theorem follows from Propositions [22] [2Z8 andT291 O

13. APPLICATIONS OF INDUCTION AND RESTRICTION

Let Z° be a finite G-set, and let S(G) — P(ZY); H — Zg,)) be an intersection-
preserving G-map. Let S be a conjugation-invariant subset of G(2). We set Sy =

HNS and Oy = Sy 11 2. Define pi¥) : © — P(Sk) by

(2)(t): {t} (tESH)v
0= ez

Further, let F be a conjugation-invariant subset of S(G) such that
(13.1) O¢ x 0 = | J 0n x o,
HeF

and let 5 be an element in the Burnside ring Q(G) such that

Resgﬁ = lgu) forany H € F.
Theorem 13.1. Let x be an arbitrary element in SGWo(R, G, S,0¢). If F con-
tains all 2-hyperelementary (resp. cyclic) subgroups of G, then (1g(g) — B)2x =0
(resp. (o) — B)* 3z = 0, where k is the integer such that |G| = 28m with an
odd integer m).

For the proof, we recall two lemmas.

Lemma 13.2 (A. Dress [L1} Theorems 1 and 3]). For a set H of subgroups of G,
the restriction homomorphism

Res : GWo(Z,G) — @D GW,(Z, H)
HeH

has the following properties.
(1) If H contains all 2-hyperelementary subgroups of G, then Res is injective.
(2) If H contains all cyclic subgroups of G, then the kernel of Res is annihilated
by 4.
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For a subgroup H of G, we denote by x g the homomorphism Q(G) — Z such
that xx ([X]) = | X | for every finite G-set X.

Lemma 13.3 ([I5, Proposition 6.3]). Let = be an element of Q(G) such that
xm(r) =0 mod 2 for all H € S(G). Then 2%t lies in 2Q(G), where k is the
integer such that |G| = 28m with an odd integer m.

Proof of Theorem [I31l. Let H be a 2-hyperelementary subgroup of G.
First consider the case where F contains all 2-hyperelementary subgroups of G.
Then, it is obvious that Resg(lg(g) — ) = 0. Since the Green functor GW(Z, —)

is a module over the Green functor Q(—), Resg((lg(g) - B)GW(Z,G)) = 0.
Next, consider the case where F contains all cyclic subgroups of G. Then

XK(lﬂ(G) — 6) =0 mod?2

for any subgroup K of H, and hence Resg(lg(g) — 8)%+2 lies in 4Q(H). So, we
can write Res% (1o(g) — 3)2*+2 = 4y for some y € Q(H). Clearly, Resfiy = 0 for all
cyclic subgroups of H. Thus by (2) of Dress’ Lemma, yGW(Z, H) is annihilated
by 4, and hence Resg((lg(g) — B)***2GW(Z,G)) = 0. By (1) of Dress’ Lemma,
we obtain

(1-B)GWo(Z,G) =0 or (lgg) —B)*"GW,(Z,G) = 0.

Since the canonical map GWy(Z,G) — GW(R, G) is an Q(G)-homomorphism of
a ring with unit, it follows that

(1 - ﬂ)GWo(R, G) =0 or (19(@) - 5)2k+2GW0(R, G) =0.

Noting that the Mackey functor SGWy (R, —, S_) is a module over the Green functor
GWy (R, —), we obtain

(1= B)SGWo(R,G,S) =0 or (1o — B)*T2SGW,(R,G,S) = 0.
Recall Proposition [5.3], namely the fact that the canonical homomorphism
SGWy(R, G, S) — SGWy(R, G, S,0¢)"

is surjective. In addition, the homomorphism is an Q(G)-homomorphism. Hence,
we conclude that

(1-B)SGWo(R, G, S,00)"° =0 or (Igq) —B)*F2SCGWo(R, G, S,0¢)"™ = 0.

On the other hand, it is easy to check that (1 — 3)SGWq (R, G, S, O¢) is contained
in (the image by the canonical map from) SGWo (R, G, S,0q)"*°.
Putting all together, we establish that

(1 - 6)QSGWO(R5 Ga Sa G)G) =0 or (1Q(G) - ﬁ)2k+3SGWO(Ra Ga Sa G)G) = 0.
0

Proof of Theorem Here Z(© is the empty set. Since H — SGW(R,H,Sy,SH)
is a Mackey functor, it is a module over the Burnside ring functor H — Q(H) by
[, Proposition 6.2.3]. For each subgroup H of G we have

@HX@HZ(SQH)X(SQH)Z(SXS)Q(HXH).
Thus (I31) is fulfilled, and Theorem follows from Theorem [I311 d
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Now let w : G — {—1,1} be a homomorphism, A = 1 or —1, and let @ be a
conjugation-invariant subset of G=*(2). Suppose S C G*(2). For each H € S(G),
we set Ay = R[H],Qu =HNQ, and Ay = (R, H,Qu, Sy, \,w|x).

Theorem 13.4. Suppose R is square identical. Let x be an arbitrary element of
the special Witt group SWQy(Ag,©¢). If F contains all 2-hyperelementary (resp.
cyclic) subgroups of G, then (1gq) — B)2x =0 (resp. (1o — B3)2k+32 =0, where
|G| = 2Fm with m odd).

Proof. The theorem follows from Proposition [[2.10] and Theorem [T3.1] O
Proof of Theorem [[LA Theorem [[3lfollows from Theorem 3.4l O

Theorem 13.5. Suppose that R is square identical, F contains any cyclic subgroup
of G, and 3 has the form

8= nulG/H),
HeF
with ng € Z for some lower closed subset F of 8(G); namely, any subgroup H of
G lies in F whenever K € F and H C K. Then
SWQO(R7 G7Q555 C—)G Z Ind SWQO R H QH7SH;®H)
HeF
and the restriction homomorphism
Res : SWQy(R, G,Q, 5,0¢) — @) SWQy(R, H,Qu, S, On)
HeF
18 injective.
Proof. By hypothesis, we can write
(Lo — B9 = [G/G) = Y mulG/H]
HeF

with my € Z. For an arbitrary element x € SWQ, (R, G, Q, S,0¢), Theorem 134
implies that

x = Z mg|G/H] -z = Z mynd$ (ResGx).
HeF HEF

Moreover, if Resgm =0 for every H € F , then we conclude that z = 0. O

Proof of Theorem [I.7} Since G is a nonsolvable group, there exists an idempotent
0 € Q(G) such that xx(8) = 0 for any nonsolvable subgroup K of G and x g (8) =1
for any solvable subgroup H of G. This element (§ has the form 8 =), nu|[G/H]
with ng € Z, where H runs over the set of all solvable subgroups of G. Thus,
Theorem 4 follows from Theorem O
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