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SYSTEMS OF DIAGONAL DIOPHANTINE INEQUALITIES

ERIC FREEMAN

ABSTRACT. We treat systems of real diagonal forms Fi(x), F2(%),. .., Fr(x)
of degree k, in s variables. We give a lower bound so(R, k), which depends only
on R and k, such that if s > so(R, k) holds, then, under certain conditions on
the forms, and for any positive real number ¢, there is a nonzero integral simul-
taneous solution x € Z° of the system of Diophantine inequalities |F;(x)| < €
for 1 < ¢ < R. In particular, our result is one of the first to treat systems
of inequalities of even degree. The result is an extension of earlier work by
the author on quadratic forms. Also, a restriction in that work is removed,
which enables us to now treat combined systems of Diophantine equations and
inequalities.

1. INTRODUCTION

1.1. Statement of main result. In 1980, Schmidt [17] proved a far-reaching
result about systems of Diophantine inequalities of odd degree. Given any odd
positive integers di,...,dgr, Schmidt showed that there exists a positive integer
s1 = s1(d1,...,dR), depending only on di,...,dg, with the following property:
given any positive integer s > s; and any real forms, or homogeneous polynomials,

G1(x),...,GRr(x), in s variables, of respective degrees ds,...,dr, and given any
positive number ¢, there always exists a nonzero integral vector y € Z* satisfying
the system

(1.1) 1G1(y)l <€ 1G2(y)| <€...,|Gry)l <e

So, in other words, as long as the forms are all of odd degree, and are defined
in enough variables in terms only of the degrees, then there is a nonzero integral
solution of the inequalities ([LT]). Many particular classes of systems of the type
(L)) have been studied.

For Diophantine inequalities of even degree, the situation is much different.
There is no such general result as above for integral solutions of Diophantine in-
equalities of even degree, and in fact there are few results at all for inequalities of
even degree. (However, results are known if one allows solutions in algebraic inte-
gers in purely imaginary number fields. See Theorem 11.1 of [22].) In this article,
we present one of the first results concerning systems of Diophantine inequalities of
even degree, while at the same time removing a restriction from an earlier paper by
the author, on quadratic Diophantine inequalities [10]. We are now able to remove
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the restriction by combining the powerful ideas of Bentkus and Gdétze [3] with the
techniques of Nadesalingam and Pitman [16], and by adapting our previous work
in [I0] and [II] to treat the minor arcs properly.

To state our first result, we require some notation and definitions. We shall be
working with systems of diagonal forms F;(x) given by

(12) Fz(x) = )\“:L'lf + )\12‘%]5 + ...+ )\151']; (1 <1< R)

For systems of forms F; as in (L2)), we define the coefficient matrix of the system
F to be the matrix
(1.3) A= (Nj)i<i<r-
1<5<s

For 1 < j < s, we denote the j** column of A by Aj.

Now suppose that J is a subset of the set of indices {1,2,...,s}. We define A;
to be the submatrix of A consisting of the columns A; with j € J, and we define
r(Ay) to be the rank of the matrix A;. Finally, if x € R® satisfies F;(x) = 0 for

1 <i < R and the matrix
OF;
O0x; ) 1<i<R

1<j<s
is of full rank, then we say that x is a nonsingular solution of the system F.
Now, for integers R and k and any real number u, we define the functions

(1.4)
min (4R* + 4R +1,384log 16R+5) if k=2
mo (R, k,u) = L0828 + uklog(Rlog 2k) if k is odd and &k > 3
k [48k? log 3Rk?] if k>3,
and
(1.5)
5 if k=2
no (Fu) =3 Lin (2k +1,k(logk + loglog k +2) + %glkg’“) if k>3

We can now state our first result.

Theorem 1.1. Suppose that k is an integer with k > 2 and that R is a positive
integer. There are absolute real positive constants Cy and C, for which the following
property holds:

Suppose that £ is an integer satisfying

(1.6) { > max (mo (R,k', C’l) , 10 (k, C’g)) .

Suppose that s is an integer satisfying s > (R. For 1 <i < R, suppose that F;(x)
is a real diagonal form of degree k, as in (L2). Let A be the coefficient matriz of
the system F, as in ([L3)). Assume that the following two conditions are satisfied:

(i) Either k is odd, or there exists a real nonsingular solution y of the system
Fi(y) = Fa(y) = -~ = Fr(y) = 0.
(ii) For every subset J C {1,2,...,s}, one has |J| < s—£(R—r(Ay)).

Fix any positive real number €. Then there is a nonzero integral solution x € Z° of
the system

(1.7) |Fi(x)] <e for 1<i<R.
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SYSTEMS OF DIAGONAL DIOPHANTINE INEQUALITIES 2677

For general even k, Theorem [[LT]is one of the first results of its kind to our knowl-
edge. We note that at least some conditions similar to (i) and (ii) are necessary, as
may be seen by considering the examples given after Theorem 2 of [[7].

For odd k, we note that Theorem[[.1]is not very much of an improvement beyond
that given by Nadesalingam and Pitman [16], and could presumably be obtained
by combining their methods with results of Vaughan [19], [20] and work of Wooley
[23]. We also observe that, following the method of Section 7.2 of [16], we could
remove condition (ii) for odd k if we chose to do so.

As well, our method of proof shows that under the conditions of Theorem [, we
can give a lower bound of the expected order of magnitude, P*~%*, for the number
of solutions of (I in a box of size P, for all sufficiently large P. This was not
previously known, even in the special case of systems of inequalities of odd degree.
We emphasize that when using our methods, condition (ii) is necessary to obtain
this lower bound. Presumably, one could also give an asymptotic formula for the
number of solutions, by combining with the methods of [12].

Note that we have excluded the case k = 1 from the statement of the theorem. In
this case, our knowledge is much better. For k = 1, if one has s > R+ 1, a nonzero
solution of () may be found using a box principle, whether or not condition (ii)
holds. (See the Lemma in [4].) For k = 1, one can also find many solutions of (1)
in a box of size P. (See Lemma 1 of [9].)

1.2. Combined systems of Diophantine equations and inequalities. We
note now that it would actually be fairly routine to give at least one result on
inequalities of even degree; one could simply generalize the work in [I0] by com-
bining those techniques with the methods in [IT]. However, such a generalization
would exclude many important classes of systems of inequalities, for example those
in which some of the forms are integral. We were forced to exclude such systems
in [10] because of the methods we used. In our current work, we are able to treat
these formerly excluded systems. We give some background to more fully explain.

In [10], we considered simultaneous systems of diagonal quadratic Diophantine
inequalities. For a positive integer R, define, for 1 < i < R, the real quadratic
forms

Qi(X) = /\111‘% + /\7,233% + ...+ )\isxi.

It was proved in [10] that for every positive real number €, under certain conditions
on the system of forms Q1, Q2, . .., Qr, there is an integral vector x € Z° \ {0} such
that one has

1Qi(x)] <e (1<i<R).
In that paper, one of the conditions we assumed was the following. (See condition
(iii) of Theorem 3 of [10].)
For each choice of (81, B2,...,3r) € R\ {0}, there is at least
(1.8) one coefficient of 51Q1 + B2Q2 + ... + BrQr that is irrational.
This condition allowed us to use a modification of the remarkable work of Bentkus
and Gotze [3], but excludes certain important systems from consideration. The

restriction (L) rules out systems in which one or more of the forms is an integral
form, and also any system in which any nontrivial linear combination of the forms
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is an integral form. The central new contribution of this paper is in removing the

condition (L3]).
We now state a more technical and more general version of Theorem [T We
require more notation. For a real vector 8 = (31,...,0r) € R and a system G of

forms G1(x), G2(x), ..., Gr(x), we define the form
(,6 . G)(X) = BlGl(X) + ﬁQGQ(X) + ...+ ﬁRGR(X).

Also, for real numbers x, we define
e(z) = ¥,

Theorem 1.2. Suppose that k is an integer with k > 2 and that r and R are
integers with R > 1 and 0 < r < R. Then there are absolute positive real constants
Cy and Cy with the following property:

Define ng (k,u) as in ([LH). Suppose that £ is an integer satisfying

(1.9) > ng (k @) ,
Let s be an integer with s > (R. Also suppose, for 1 < i < R, that
Fi(x) = Aaaf + Aoz + ..+ Nigad

is a diagonal form with real coefficients. Let A be the coefficient matrix of the

system F, as in (L3).
Assume that the following four conditions are satisfied:

(i) Either k is odd, or there exists a real nonsingular solution 'y of the system

Fi(y) = F(y) =+ =Frly) =0.
(ii) For every subset J C {1,2,...,s}, one has |J| < s—£(R—r(Ay)).
(iii) The forms Fy, Fs, ..., F, have integer coefficients; also, if o = (a1, aa,. ..,
aR) € RE and o - F is a rational form, then Qryl = Qpyo =+ =apr =0.

(iv) If r > 1 holds, then there is a positive real constant ¢(F) such that one has

[e%) s q kT
_ x
EOOIED SIS 0] (5 spers Ert
q=1 a:(a1,...,ar,q)=1 j=1lz=1 q i=1
1<a;<q (1<i<r)
Fix any positive real number €. Then there is a nonzero integral solution x € Z° of
the system
Fi(y)=0 for 1<i<r,

1.1
(1.10) |Fi(y)| <e for r+1<i<R.

Moreover, if we define mg (r,k,u) as in (L4) and we assume that the condition

£ > myg (r, k, C’l) holds, then we may omit condition (iv) from our assumptions.

Some discussion of the condition (iii) is warranted here, since it is the most
important distinction between Theorems [[.1] and [T.2 In Theorem [[1], we consider
systems of inequalities (7). Now, if one chooses € < 1, and F}(x), say, is actually
an integral form, then the system (7)) reduces to the system

Fi(y) =0,
|Fi(y)] <e for 2<i<R.
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So, in this case, the system of R inequalities actually reduces to a system of one
equation and R — 1 inequalities. A similar reduction occurs if some nontrivial real
linear combination of the forms Fj, say a3 Fy + asFs + ... + arFR, is an integral
form. In these situations, one might say that there is actually an equation hidden
in the system of inequalities. The condition (iii) ensures that there are actually r
equations in the system and R — r “true” inequalities. It is helpful to ensure that
there are not any more “hidden” equations because it turns out that one requires
more variables to treat the system if there are more equations present. One may
think of Theorem [[.2], more or less, as the sub-case of Theorem [[.1]in which there
are exactly r equations present in a system of R inequalities. We note that the
second clause of condition (iii) is vacuous if » = R holds.

One might question if, in condition (iii), the term a - F could be replaced by
the term a,11Fr41 + apqoFrqo + ... + arFR, to give a slightly weaker condition
asserting that r equations are “hidden” in the system. It turns out that one can
not, as may be seen by considering the example

Fi(x) = 2% 4325 +azah +auah +... 4+ aa?,
F(x) = <2+\/§) x’f+(3+\/§) x’§+(a3+\/§) zh
+(a4+\/§)x§+...+ (as+\/§)a:§,

where as, ay, ..., as are any integers. Here, for r = 1 and R = 2, condition (iii) does
not hold, since (1/\/5) (Fy — Fy) is an integral form, and thus the system (T10) is
equivalent in this case, for small €, to the system

Fi(x) = == (Fo(x) = Fy(x)) = 0

on the other hand, for any nonzero real number as, the form as F5 is not a rational

form since the ratio ((3 + \/5) / (2 + \/5)) is irrational; so this system does not

satisfy the suggested replacement condition. So the putative replacement condition
is not strong enough.

We now discuss condition (iv). The term & is the so-called singular series,
and condition (iv) simply states that it is bounded below by a positive constant,
a necessary precondition when using the Hardy-Littlewood method. As the last
sentence of Theorem states, we could have omitted the condition from our
assumptions in favor of a lower bound for £. However, since the consideration of
the singular series is not our central focus in this work, we have chosen to include
condition (iv) so that our result can be improved immediately and transparently
if improvements arise concerning the singular series and the p-adic problem. This
should certainly be possible in the case k = 2, for example. Also, we wish to clearly

indicate that the condition ¢ > my (r, k, C‘l) is needed only because of the p-adic

problem.

1.3. Related results. We now compare our work with other results. For even k,
Theorem [T Tlis an analogue of a result of Davenport and Lewis, concerning systems
of Diophantine equations of even degree. (See Theorem 2 of [7].) They assume that
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a system of diagonal equations

Fi(x) = F3(x) =--- = Fr(x) =0,
of even degree k, with k > 2, has a real nonsingular solution and also that for
1 < 5§ < R, every set of S independent integral linear combinations of Fi,..., Fgr
contains at least
(1.11) [48RSK? log (3RK?)]

variables that appear explicitly. Under these conditions, the system of equations
has a nonzero integral solution. We note that if one replaces the quantity in (LIT)
by S¢, and restricts to integral forms, then one can show that their second condition
is equivalent to condition (ii) of Theorem 1]

Nadesalingam and Pitman [I6] proved that any R real diagonal Diophantine
inequalities of odd degree k, with k > 13, in s variables with

s > 3R*k*log (3Rk)

have a nonzero solution. We note that they do not require any condition that is
similar to condition (ii) of Theorem[TIl Also, we observe that they could certainly
have used their methods to obtain similar results, although with a different lower
bound for s, in the cases k < 13, but in order to streamline the presentation they
did not do so.

Finally, we note that Briidern and Cook [5] have given a result on systems of
diagonal Diophantine inequalities of odd degree. Under certain conditions on the
coefficient matrix of the system, they show that there is a nonzero solution of
the system of inequalities. They require an assumption similar to condition (ii)
of Theorem [Tl and also a condition that is stronger than (I.§). The number of

variables they require is on the order of Rng (k:, C’g) We also note that they can

find a lower bound of the expected order of magnitude for the number of solutions
of their system in a box of size P for a sequence of positive P tending to infinity,
although not for all large P, as our treatment provides.

1.4. Methods used. The general strategy of the proof is to combine the method
of Bentkus and Gotze [3], which is very effective for Diophantine inequalities, with
the techniques that Nadesalingam and Pitman [16] use to treat combined sys-
tems of Diophantine equations and inequalities. We remark that the techniques of
Nadesalingam and Pitman are themselves a combination of the Hardy-Littlewood
method and the Davenport-Heilbronn method. Using the techniques of Nade-
salingam and Pitman allows us to treat those systems of inequalities that contain
“hidden” equations. For those who are familiar with their argument, we note that
we do not have a so-called residual set in our proof, as in their paper.

One other crucial result is needed, and this involves showing that, on the minor
arcs, our exponential sums are smaller than the trivial bound. In previous work
on these types of problems, including [10], [IT], and essentially also [3], such a
result was achieved by splitting the minor arcs into two regions and handling each
separately. In this paper, we handle both of these regions together, which is not
only cleaner, but also seems to be necessary here.

I would like to thank Scott Parsell for showing me how to improve Lemma
I would also like to thank Michael Knapp and Professor Wooley for indicating to
me how to prove part of Lemma
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2. DEDUCTION OF THEOREM [I.1l FROM THEOREM

The bulk of this paper is dedicated to proving Theorem In this section,
however, we demonstrate how Theorem implies Theorem [[LI] To this end, we
consider a system F of real diagonal forms Fy, I%, ..., Fg as in Theorem [[.1]

We give a definition first. Suppose that G1,Gs,...,Gr and Hy, Hs, ..., Hg are
two systems of forms. If there exists a set of R linearly independent real vectors
81,89, ---,8Br € R% such that

Hi(x)=p8,-G for 1<i<R,

then we say that the system H is equivalent to the system G, which we denote by
G ~ H. It is easy to check that this is in fact an equivalence relation. We observe
as well that if G is, in particular, a system of diagonal forms, and G ~ H holds,
then H is also a system of diagonal forms.

For any system of forms G, we define z(G) to be the number of forms among
G1,Go,...,GR that are integral, that is, whose coefficients are all integers. Now
for our system of forms F, we define

r=rF)= IélE)F(Z(G)

In other words, r(F) is simply the maximum number of forms that are integral in
any system G equivalent to F. We clearly have 0 < r < R.

Now suppose that G is a system equivalent to F and that G has r integral forms.
So there exist R real linearly independent vectors 31, 3s,..., 3 € Rf such that
G, =0, -F for 1 <i < R, and also the system G contains r integral forms. By
relabeling if necessary, we may assume that G1,Go, ..., G, are integral forms. We
now show that conditions (i)-(iv) of Theorem hold for this system G. Then
we will apply Theorem to G, and we will see that the nonzero solution of the
system G is also, under certain conditions, a solution of the system F.

Since F is equivalent to G, if the coefficient matrix of F' is A, then the coefficient
matrix of G is T'A for the nonsingular R x R matrix T" with rows 3;. Thus, for any
subset J C {1,2,...,s}, we have
(2.1) r((TA)y)=r(TA;)=r(Ay).

The system F has a nonsingular solution x if and only if there is a subset J of

{1,2,...,s} with |J] = R satisfying r(4;) = R and H xj # 0. Thus the existence
j€J

of a real nonsingular solution for G follows from the fexistence of such a solution for

F. So condition (i) holds for G. By ([Z1I), it is easy to see that condition (ii) holds

for the coefficient matrix of G, because it holds for the coefficient matrix of F.

Now we turn to showing that condition (iii) of Theorem [ holds for the system
G. To this end, suppose that o’ = (o, b, ...,ay) € R is a real vector such that
a'- G is a rational form. We need to show that o)., = aj. 5 =--- = a; = 0 holds.
This holds vacuously if r = R. For r < R, clearing denominators, we see that there
is a nonzero integer n such that, defining a = na’, we have

a-G=nd-GeZx|.

Since n is nonzero, to prove that o], = o), = --- = o’ = 0 holds, it is enough
to prove that we have a, 11 = a0 = -+ = ar = 0.

So suppose that this is not the case. Letting e, es, ..., er be the standard unit
basis for R®, we then have that e, es,...,e,,a are r + 1 linearly independent
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vectors in RE. We may thus extend this set to a basis, say ~1,7q,--.,vYgr of
RE with v, = e; for 1 < i < r, and Yr4+1 = «@. Then the system of forms
Y1 -G, v - G,...,vg - G is equivalent to G, and thus in turn to F. But its first
r + 1 forms are integral. This contradicts the definition of r(F'), and thus we must
in fact have
Qpi1 = Qpyg =+ =ar =0.

Thus condition (iii) holds for G.

Now, since ¢ satisfies ([L6), we have £ > my (R, k, C‘l), and thus we certainly

have £ > mg (r, k, C~’1), whence by the final sentence of Theorem [, condition (iv)
is unnecessary. Since we have also seen that conditions (i)-(iii) of Theorem[T 2 hold,
we may apply Theorem[L2 to the system G.

Before doing so, we give some more notation. For a vector x = (21, 22,...,%s) €
R?*, define

[x| = max |z;].

For an R x s matrix M = (m;;)1<i<r, we define
1<5<s

0] = v .
1<5<s
We note that the notation differs slightly from that used by some other authors,
for example Nadesalingam and Pitman [I6]. Similarly, for a system F as in (2,
we define
IFl = max |Xi;].
1<j<s
Defining the matrix T as above, we certainly have det(T) # 0 and ||T|| # 0;
so we may apply Theorem to the system G with € replaced by the quantity
(Idet(T)le) / (R®|T||"~"). We obtain a nonzero integral solution x € Z* of the
system
| det(T)|e
RE||T||R-
By Cramer’s rule and Hadamard’s rule, it follows that x is also a solution of the

system ([L7)), whence Theorem [I] follows.
We now turn to the proof of Theorem[I.Z] which comprises the rest of the paper.

1G4(x)| < (1<i<R).

3. INITIAL REDUCTIONS

In this section, we reduce the problem of proving Theorem [[2 to the consider-
ation of a system of forms as in Theorem [[LZ, but under a few more restrictions.
This will make our application of the Hardy-Littlewood method easier. We first
note that by considering the forms ¢ ' F}, it is enough to consider only the case

e=1.
We can also assume that we have
|F[| > 1.

If this were not the case, then (1,0,0,...,0) would be a solution of the system
(CIT) and we would be done.
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We now quote a lemma, which seems to have been first used in this field by Low,
Pitman and Wolff. (See Lemma 1 of [I3].) It is actually a special case of a result
on matroids, apparently due originally to Edmonds [8]. A proof can also be found
in Aigner. (See Proposition 6.45 of [1].)

Lemma 3.1. Let A be an Rx s matrix over a field K and let w be a positive integer.
The matriz A has an R x Rw partitionable submatriz (that is, A includes w disjoint
Rx R submatrices that are nonsingular over K ) if and only if the following condition
is satisfied:

(3.1) |[J| <s—w(R—r(Ay)) for all subsets J C {1,2,...,s}.

To be clear, by including w disjoint R x R nonsingular submatrices, we mean
that there is some permutation of the columns so that the first R columns form a
nonsingular matrix, as do the second R columns, and so on.

Note that the condition B1]) is exactly condition (ii) of Theorem [[.2 in the case
w = {. Thus we may apply the lemma to the coefficient matrix A of the system F,
with the choice w = £. Therefore, A has an R x R/ partitionable submatrix. By
relabeling variables if necessary, we may write

(3.2) A= [ Ay Ay .. Ap MNRy1 MeRy2 - As },
where A, is an R x R submatrix for 1 < v < ¢ and where
(3.3) A, =|det(A,)] #0 for 1<wv <4

Now consider the system F in the case that k is odd. We show that F has a real
nonsingular solution. Since A has the form (3.2)), and (33) holds, one can see that
F is equivalent to a system G with coefficient matrix B such that the left-hand
R x 2R submatrix of B has the form

here I is the R x R identity matrix, and Bs is a nonsingular R x R matrix. We can
find real numbers zg41, 2R4t2,- - ., 22k satisfying

ZR+1 -1

ZR+2 -1

By . =

29R -1
Now let z; =1 for 1 < j < R, and let z; = 0 for j > 2R. Then for 1 < j < s,
define x; = z;/k, which is always real, since k is odd. Setting x = (21, 22,...,Zs),

one can observe that G;(x) =0 for 1 <14 < R. Now the left-hand R x R matrix of

0G;
( z) has determinant kx5~ ... 2%! which is nonzero. Thus the
Ox; J1<i<R
1<5<s

system G has a real nonsingular solution, whence, as in Section [Z the system F
does as well.

Thus, whether k is odd or even, we know that there is a nonsingular solution of
the system

Fi(x)=0 (1<i<R).

We now show that there is a real nonsingular solution whose components are all
positive. As noted above, there is a subset J = {j1,Jo,...,jr} C {1,2,...,s} with
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|J] = R and a real vector x € R® such that we have det(A;) # 0 and H z; # 0.

jeJ
Now, for 1 <1i < R, we define the linear form
(34) Li(y) = Li(y1,y2, -, ys) = 3 Aijy;.
j=1
On setting z; = xf for 1 < j < s, we see that there is a real vector z = (21,...,2;) €
R? such that z; # 0 holds for j € J, and we have
(3.5) Li(z)=0 for 1<i<R.

Now, if k is even, our choice of z ensures that we have z; > 0 for 1 < j <s. If
k is odd, then for each j, we may if necessary replace z; by —z;, and replace the
coefficients A;; by —A;; for 1 < ¢ < R, and consider the resulting system. In this
manner, we may ensure that we have a solution z of (5] with z; > 0for 1 <j <s
and z; > 0 for j € J. Note that conditions (ii) and (iii) of Theorem and
conditions (B2)) and (B3) are unaffected. Condition (iv) is also unaffected, since

q kT
the sum Z e <x_ Z )\ijai> is always real for odd k with A;; € Z, which may be
z=1 4=
seen by substituting —z for x in the sum.

Now suppose that z;, = 0 for some jo satisfying 1 < jo < s. We clearly have
Jo ¢ J. Since we have assumed ||F|| > 1, and thus certainly have ||F|| # 0, we may
fix a positive real number v with

|det(Ay)| minje s ||

= TSR
Since A is nonsingular, there is a real vector w = (w1, ..., wg) such that we have
Agw = —vAj,.

By Cramer’s rule and Hadamard’s rule, we certainly have
RF|F|fy _ 1

lw;| < Taet(A)] < 55116151|zj| for 1<i<R.
Now define
zj, +w; forj=g¢€J
g=4 "5 fori=lo
Zj for j ¢ JU {4jo}.
Writing z’ = (21, 25, . .., 2.), we have

Li(z)=Li(z)=0 for 1<i<R.

Also, we have z; > 0 for j € J U {jo}. All of the other components of z’ are
equal to the respective components of z; so we have replaced our real nonsingular
solution by a real nonsingular solution that has one more positive component and

that still satisfies the condition z; > 0 for j € J. Repeating this process as many as

(s — R) times, we can find a nonsingular real solution z = (z1,...,2s) with z; > 0
for1<j<s.

Thus, scaling if necessary, we may choose a real number § and real numbers
21, %9,...,2s that satisfy

(3.6)
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To sum up, in this section, we have demonstrated that to prove Theorem [[[2] it
is enough to consider a system of forms Fy, F3, ..., Fr as in Theorem[[.2 with the
added assumptions that ||F|| > 1 holds, that the coefficient matrix A of the system
satisfies the conditions (B:2) and (B.3]), and that there is a real vector z satisfying
(3:6). In sections[d —[Q, we prove Theorem [[.2l under these additional assumptions.

4. THE DAVENPORT-HEILBRONN METHOD: THE SETUP

Now we proceed with the proof of Theorem[I.2] under the additional assumptions
we made above. We shall essentially use the Hardy-Littlewood method, in an
involved form. We combine the methods of Bentkus and Gotze [3] with those of
Nadesalingam and Pitman [16].

We note that throughout the paper, implicit constants in the notation o() and
O() and < and > may depend on R, s, k, d, ¢, the coefficients of the forms Fi, ...,
Fr, and the real vector z.

We consider the number of solutions of the system

Fi(y)=0 for 1<i<r,

4.1
(4.1) |Fi(y)] <1 for r+1<i<R.

In the usual fashion, we use a real-valued, even kernel function K : R — R to give
a lower bound for the number of integral solutions of the system (£1]) in a certain
range. Define such a function K, for any real number «, by

(4.2) K(a) = <$nﬂa>2

T

By Lemma 14.1 of [2], for any real number w, the function K satisfies the identity

(4.3) M@z/meK@w:{lo if |ul =1

e —|u| i Ju| < 1.
The function K satisfies, for real numbers 3, the bound
(4.4) K ()] < min(1,18]72).
We will also use the identity

1 1 if n=0
(4.5) /Oe(a”>d0‘:{ 0 if nez\{0}.

Now for positive real numbers P and @ satisfying Q < P, we define the so-called
Q-smooth numbers to be the set

A(P,Q) = {x € Z with 1 <z < P such that plzr = p < Q}.

Fix a positive real number 7, to be chosen later, so that it will satisfy the require-
ments of Lemmas and Then for real numbers a and P with P > 1, we
define the exponential sum g(a) over the smooth numbers by

(4.6) g(a) =g(a, P) = Z e (axk) .
zE€A(P,P™M)

Also, for 1 < j < s, and real vectors a € R®, we define the linear forms
R

(4.7) Aj(a) = Z Aija;  and AY)(a) = Z Aijoy.
i=1

i=1
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Then we also define, for o € R® and real numbers P with P > 1, and for 1 < j<s,
the functions

(4.8) gj(@) = gj(a, P) = g (Aj(a), P).
We define as well
W =1[0,1]" x RE~",

Now let //(P) be the number of solutions of the system @) with z; € A (P, P")
for 1 < j <s. By using the property (E3) of the function K(«) and the identity
({3), one can see that we have

R R
N(P) > Z / e (Z aiFi(x)> ( H K(aﬁ) do;
z;eA(P,P) YW \i=1 i=r+1
1<j<s

observe that this last remark is justified by the fact that the integral converges
absolutely, which follows from (@4)), whence we may write the integral as a product
of R integrals. By pulling the sums into the integral, we may rewrite the above
bound in the form

i=r+1

s R
(4.9) N(P) > /W_r[gj<a) I] &()de

Thus, to prove Theorem it is enough to show that the right-hand side of ({.9)
is at least 2.

To this end, we give a dissection of the region of integration W into three subsets.
Roughly speaking, we expect that the main contribution to the integral in ([.9)
comes from the region where the first » components of a are “close” to rational
numbers with small denominators and the last R — r components of a are very
small in absolute value. We will show that the contribution to the integral in (9)
from this region, the so-called major arcs, is positive and “large”, and we will also
show that the contribution to the integral from the other regions is smaller, and
thus the integral over all of W is positive.

For notational ease, we set

1
4.10 B=——.
( ) 4R+1)
We now define, for positive integers ¢ and integral vectors a = (a1, az,...,a,) €
Z", and real numbers P with P > 2, the region M(q,a), or M(q, a, P), by

M(g.a) = {ae 1) x [~(logP)? P (log P)P PTH "

o — a_H < (logP)PP " for1<i< r};
q
(4.11)

here ||z|| denotes the distance from the real number x to the nearest integer. We
define the major arcs to be the region

(4.12) M=mP)= | U MaPp),

1<¢<(log P)B a (mod q)
(a1,...,ar,q)=1
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where by a (mod ¢) we mean that a runs over vectors a € Z" such that one has
1<a; <gforl<i<r.

In section[H, we will prove the existence of a function T'(P), with T'(P) > 1 and
limp_,o T(P) = oo, and satisfying a certain property. The function will depend on
B and the coefficients of the forms F;. We define the minor arcs to be the region

(413) m=m(P) = ([0.1)" x [-T(P), T(P)]*~") \ M(P).
Finally, we define the trivial arcs to be the set
(4.14) t=t(P)={aeW:|ao>T(P)}.

5. AN ANALOGUE OF WEYL’S INEQUALITY

In this section, we give an analogue of Weyl’s inequality. For any real number T’
with T' > 1, define the region

(5.1) mr =mp(P) = ([0,1]" x [-T,T1%7) \ M(P).
We now state the central lemma of this section.

Lemma 5.1. Fiz a positive real number T with T > 1. Define the forms F;(x) as
in (L2) for 1 <i < R, the region mp(P) as above, and g;(a, P) for 1 < j < s as in
(ER). Suppose that the coefficient matriz A associated with the system F has rank
R. Suppose also that the irrationality condition (iii) of Theorem [L4 holds. Then
one has

[ 1gi(c, P)|

P—oo aemp(P) Ps

S
Observe that trivially one has H lgj (e, P)| < P?; so we are only seeking a slight
j=1
improvement over the trivial bound. We also note that the central ideas of the proof
stem from the work of Bentkus and Gétze [3].

In order to prove Lemma [5.1 we first need to give another lemma, which is
essentially a combination of two analogues of Weyl’s inequality for exponential
sums over smooth numbers. We first quote these two analogues, essentially due to
Vaughan and Wooley, as they are presented in [5] as Lemmas 3 and 4, respectively.

Lemma 5.2. Let « and P be real numbers with P > 2. Define g(a)) = g(a, P) as in
(ED). Fiz a positive real number €. Then for sufficiently small n, there is a positive
real number «y that depends only on k such that either one has |g(a, P)| < P*™7, or
there are relatively prime integers a and q with ¢ > 1 that satisfy

—1/(2k
g(a, P) < ¢°P (q + P*|ga — al) /@R (log P)3.

Lemma 5.3. Let o and P be real numbers with P > 3. Define g(a) = g(o, P) as
in ([EB) with 0 < n < 1/2. Fiz positive real numbers A and €. Suppose that a and
q are relatively prime integers with 1 < ¢ < (log P)* and |qa — a| < (log P)AP~*.
Then one has

—1/k
9(a, P) <ac ¢°P (q + PFlga — al) /x|
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We now state the combination of these lemmas.

Lemma 5.4. Define v = v(k) as in Lemma [Z4. Fiz positive real numbers 6 and
B’. Suppose that P is a real number with P > 3, and that u is a real number with

(5.3) 4 > max ((log P8, P_V) .
Define g(a) = g(a, P) as in ([E8), with n sufficiently small, and suppose that one
has
(5.4) l9(a P)] = uP.
Then there exists a positive integer g and an integer a with (a,q) =1 and
q KB’ k0 ufk*ke and |qo — al <B' k0 ,ufk*kGP*k.

Proof. Tt is clearly enough to assume that we have § < 1/2. We apply Lemma
with the choice € = 0/ (2k). By (G3) and (@.4)), there exist relatively prime integers
a and g with ¢ > 1 such that one has

uP < |g(a, P)| < ¢”/CH p (¢ + P*lga— al)—l/(Qk)

It follows that
¢ < = (log P)**  and P*¥|ga — a| < ¢ %  (log P)S*.
By (5:3) and the condition 6 < 1/2, we certainly have

2k(B’+3) 4k(B'+3)
—i—e

q < (logP)" 10 and |ga—a| < (logP)” =0 P

Now we may apply Lemma B3, for large P, choosing A = 5k (B’ +3) /(1 — 0),
say, and ¢ = 0/ (2k). We obtain

(log P)3.

—k

~1/k
p<q”® (¢+ Prlga —a]) .

It follows that one has
q< "% and P*lga —a| < p k2.
Thus, since i < 1 must hold, we have
g 0 < R and  jga — af < p Rt ECER) pk o mkok0 pok
Thus the proof of Lemma [5.4] is complete. O

Now we are able to give the proof of Lemma [5.1]

Proof. Suppose for the sake of contradiction that the condition (5.2) does not hold.
Then there exist a positive real number €, an increasing sequence of positive real
numbers P, with lim, . P, = 00, and a sequence of real vectors o, € mrp(P,)
with

s
H lgj(ctn, Py)| > €Py.
j=1
We may clearly assume that we have € < 1. By trivial estimates, we have

lgj(an, Pp)| > €P, for 1<j<s.

Now we apply Lemma [5.4] to the sums g;(an, P,) = g (Aj(ay), Py) for all suffi-
ciently large choices of n. For sufficiently large n, we have the bounds ¢ > P,7 and
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e > (log P,)™!, and also P, > 3. Thus we may apply Lemma [5.4] with 4 = € and
0 = 1/k and B’ = 1. Therefore, there are constants ¢; and ¢y that depend only on
k such that for large n and for 1 < j < s, there are integers ¢,; and a,; that satisfy

(5.5) 1< gnj <cre ™1 and  |Aj(Q)gnj — anj| < coe "EPE.
It follows from these bounds and the definition (51I) of mp (P, ) that we have
|an;| < coe ¥ PR 4 e FTIRT||F|

for all j with 1 < j <'s, and all large n.
For fixed € and T, we thus have that |a,;| and g¢,; are uniformly bounded. So
there are only finitely many possible (2s)-tuples

(qnh dn2;---,qns, Anl, An2, . . . ,Clns).
Therefore one such (2s)-tuple, say (¢1,-.-,¢s,a1,---,as), occurs infinitely often.
Thus there is some subsequence, say {7, }, with
(@15 -+ -5 Qs Qg 15+ - -5 Qins) = (q1s -, sy Qs - - -5 )

for all m € Z*.

Since the sequence {as, } is contained within the compact set [0,1]"
[~T,T)E=" there is a further subsequence {a,, } and a vector ag € [0,1]"
[T, T)%=" such that

X
X

lim a,, = ap.

m— 00
Our goal in the remainder of the lemma is to show that for sufficiently large values
of m, we have a,,,, € M(P,, ), which contradicts our original assumption.

By (B3) and the defining property of the subsequence {7, }, we have

(5.6) |Aj(n,, )qj — aj| < coe FTIPE for 1<j<s andforall meZ".

Nm

Taking the limit of both sides of (56) as m goes to infinity, we obtain

(5.7) Aj(ag) = Y ofor 1< Jj<s.

q;j
Because condition (iii) of Theorem holds, denoting ag = (a1, @02, - - ., oRr) We
must have
(5-8) Ao(r41) = AXo(r42) = *°* = QOR-
Therefore we have

@

Ay)(ao) =21 for 1<j<s.
qj
Now, by (£8) and (E1), we have
a; a; o

(5.9) 1A (@, — o)l = |Aj(an,) = =L+ = = Aj(ag)| < coe "R E

q; q;
for 1 < j < s and for all m € Z*. Now, because A has full rank, we may assume
by relabeling variables if necessary that the submatrix A;, defined as in ([3:2)), is
nonsingular. Because of this and because the bound ([5.9) holds, in particular,
for 1 < j < R, we must have |a,,, —ao| < 03(F)6_k_1Pn_7f for some constant
c3 = c3(F) and for all m € ZT. Therefore, by (5.8)), we must have

(5.10) o, €10,1]7 x [—cBe*HP;j,cBe*HP,;f}R’T for meZ".
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If r = 0 holds, then for m sufficiently large, one must have av,,,, € M(P,,,.). But this
contradicts our original assumption that the sequence o, satisfies o, € mp(FR,),
whence the equality (5.2) must hold.

So we may assume for the remainder of the proof that 0 < r < R holds. Then,
using (£.6) and (5.10), for m € Z* and for 1 < j < s, we have

R
(5.11) (A (0n,) = 2| = [Ajlem,) = L = 3T Njan,q| < IR
9 CE R S

Since A; is nonsingular, there is an r x r submatrix, say Ag, of A; that is nonsingu-
lar. We assume for ease of notation that Ag is the upper left-hand r x r submatrix
of A1, noting that the other cases all follow in the same fashion as this case. For

any real vector a = (a1, ..., aR), write &' = (a1, ..., a,). By (B11), we have
al/(h Wm1
az/qz W2
Aga%m = . + . )
ar/Qr Wy
for some real vector Wy, = (W1, ..., Wy ) With [w,| < e_k_lP,;f. Since we have
assumed that Ap is nonsingular, we may use Cramer’s rule to find b = (by,...,b,)
with
al/Ql
a2/Q2
Alb = i
ar/Qr

Since Al has integral entries, one may see that b; has the form b; = d;/q for
1 < i < r, where d; is an integer, and ¢ is a positive integer that satisfies

(5.12) qd<(q1q2---qr)det (Ag) < C4(F)€_r(k+1),
where the last bound follows from (G.H).

We may assume, by reducing if necessary, that we have (dy,ds,...,d,,q) = 1.
By Cramer’s rule again, we may find v,,, € R” with Al'v,, = w,,, where we have
(5.13) Vin| < es(F)e 1P ",

Write d = (dy, ..., d,), and if d; = 0 for some i, define d; to be ¢ instead. Then we
have
ay, =id+v, (modl) for meZ".

Now fix any choice of m large enough so that we have
(5.14) (log Py,.)? > max (c3(F), ca(F), c5(F)) e "*+D),
Then by (&I0) we have

ay,, €[0,1]" x [~(log P, )P P, ¥, (log P, )P P, *

for this choice of m. Now write d = (d1,ds,...,d,0,0,...,0), where there are R—r
zeros here, and define V,,, similarly. Then, setting

]Rfr

u="v,, + (0,0, .. .,O,C)an(r_,_l), . ,OznmR),

we have
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where (di,da, . ..,d,,q) =1 and where, by combining (5.14) with (5I0), (E12) and
(BEI13), we have
1<q<(logP,, )’ and |u|l<(logP,, )BP "

m m T, *

Thus, recalling definition (EETT), we have a,,, € M (q,d, P,,,) for our particular
choice of m and, in fact, recalling [EI2)), we also have av,,,, € M(P,,,). As in the
case r = 0, this is a contradiction, whence the equality (2.2]) must in fact hold. This
completes the proof of Lemma B.T1 O

At this point, we make an observation about the lemma for those familiar with
earlier arguments of this type. We note that in previous work by the author ([10],
[11]), the analogue of our Lemma 5.1l was proved with two different methods, for
two subregions of the region mp(P). If we were to proceed by analogy with earlier
arguments, we would instead have to treat a region mp 1, (P), say, in place of mp(P),
for positive real numbers Ty with Ty < T'. The new region would be defined by

mT,TO(P) = mT(P) n {OL : |OL| > T()}.

Essentially by combining the arguments used for each region in previous proofs, we
are able to dispense with the requirement || > Tp.
Having done most of the work, we can now give a lemma that essentially says
S

that H lgj (o, P)| is small for a« € m. The idea of using such a lemma is due
j=1
originally to Bentkus and Gotze [3].

Lemma 5.5. Define the forms F;(x) as in (.2) for 1 <i < R and the exponential
sums gj(a, P) for 1 < j <s as in (@), with n sufficiently small. Suppose that the
coefficient matriz A associated with the system F has rank R. Suppose also that
the irrationality condition (iii) of Theorem [I.2 holds. Then there exists a function
T(P) that depends only on B,n and the coefficients of the forms Fy, Fy,..., Fg,
that satisfies T(P) > 1 and

(5.15) lim T(P) = oo,

P—o00

and such that if we define m(P) as in ([EIJ) with this choice of T(P), then one has

sup H lgj(c, P)| = o (P?).
()LEm(P)j:1

Proof. The lemma is very similar to Lemma 6 of [T10] and Lemma 4 of [IT], and the
proof follows in a similar fashion. O

We note that this lemma (and Lemmals.Tl) holds for any positive choice of B, but
that the function above that is o (P*) depends on B. We have stated this lemma
in a general fashion in the hopes that it may be useful for future workers.

We observe that one could ensure that the function that is o (P*) depends only
on B, n and 2R — r of the coefficients. This follows, with some effort, after finding
a subset J C {1,2,...,s} with |J| = 2R — r such that the conditions A;(a) € Q
for j € J, taken together, imply that a,11 = --- = ag = 0. This can be proved,
although our method of proof, at least, is not straightforward.
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In the remainder of the paper, we fix a function T'(P) that satisfies the conclu-
sions of the above lemma. We note that this is the special function we referred to
above in section @ and is used to define the minor arcs and trivial arcs.

We observe at this point that we could obtain corresponding results which are
very similar to Lemmas [5.1] and 5 if the exponential sums g; were replaced by
exponential sums over a complete interval. The only major change needed would
be to use Lemma 2 of [11] in place of our Lemma[5.4

6. THE MINOR ARCS

In this section, our goal is to show that the contribution from the minor arcs
to the integral in (9) is o (P*~7*). We first give a lemma, which is essentially a
restatement of results due to Vaughan [19], [20], and results due to Wooley [23].

Lemma 6.1. Suppose that k is an integer with k > 2. Define g(«) as in (E0),
with n sufficiently small. Then there is an absolute positive constant C' such that
if t is a real number satisfying either

C'kloglogk

() 2 min (2 K(og -+ oglog +2) + <

) for k>3,
or

(i) t>4 for k=2,
then one has

(6.1) /0 lg(a)|* <, P7F.

We observe that one could certainly improve on the lemma in certain cases, but
we choose to use only the above bounds for our results.

Proof. If the first bound of condition (i) holds, then the result is Lemma 6 of [I1],
which is essentially due to Vaughan [19], [20]. If on the other hand, the second
bound of condition (i) holds, then we may essentially quote Lemma 7 of [IT], which
itself follows almost immediately from work of Wooley [23]. We note that the 3 in
Lemma 7 of [IT] has been replaced by a 2 here; I am grateful to Scott Parsell for
showing me the technique one uses to make this improvement.

In the case in which (ii) holds, we give a proof for completeness. Define

e=t—4.

We need only prove that one has

1
/ lg(@)[*da < P>,
0

Clearly, we may assume that € < 1 holds. For convenience, we write
2
G=-.

€
Define

N = {a € 0,1 : |g(a)| > P(logP)_G}.
Also, for positive integers m, define

N, = {a eN:27mlp< lg(a)| < 27mP} .
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Now for o € M,,,, we apply Lemma 5.4 with the choice B’ = G. Thus, for large
P and any positive real number 4, there exist coprime integers a and ¢ with ¢ > 1,
and

q <K 2m(2+9) and

o — 2‘ < g~ lom(+d) p-2,
q
Thus we have

q
/ g(a)[*ida < Y (2P g2 pt  pRhegmmlen2),

q&2m(2+9) a=1

It follows for § < €/2 that

(6.2) / lg(@)[**eda < PPHe Yy " ammlem20) « prte,
n

m=0

On the other hand, one has

(6.3) / |g<a>|4+fda<<< sup |g<a>|6> / 19(0)|*da.
[0,1\? a€l0,1\M [0,1]

But / |g(@)|*da is less than or equal to the number of solutions of the equation
[0,1]

2 2 2 2

with 1 < z; < P for 1 <i < 4. This is bounded by a constant multiple of P? log P,
a well-known result, which can be proved by elementary means. Thus from (G.3))
and the definition of 9%, we have

/[ | lg(a)|**“da < (P(log P)*G)€ P?log P < P**¢(log P)™",
0,1\ N

by our choice of G. Combining this bound with (E2) completes the proof of Lemma
0.1l [l

We note that (6-1]) is an example of what one might call an “exact Hua inequal-
ity”. In most work using the Hardy-Littlewood method, one uses bounds of the
type (EI) where one only needs to show that for any e > 0, the left side of (E1I)
can be bounded by P!~**¢, Dispensing with this € is crucial for our work. The use
of such an inequality stems from the work of Bentkus and Gétze [3].

For the remainder of the paper, we now fix a choice of 7 so that Lemmas and
hold for this choice. Now we turn to what is essentially our analogue of Hua’s

inequality. It is very similar to Lemma 8 of [10].

Lemma 6.2. There is an absolute positive real constant Cy with the following

property:
Assume that the forms Fy, Fs, ..., Fr are as in Theorem [[2, with coefficient
matriz A satisfying B2) and B3). Assume that £ is a positive inleger salisfying

£>5 for k=2, and

£ > min (2’C + 1, k(logk + loglog k + 2) + %) for k>3.
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Define the exponential sums g;(a, P) as in (&38), and define the function K as in
([E2). Let d(P) be a nonnegative real-valued function, and let n be any subset of the
region
0 ={a e W with |a] > d(P)}.
Also, define
S
hin, P) = sup P~ [ T lg; (e, P)|.

aen j=1

Then there is a positive real number v that depends only on k such that one has

s R
/ngj(a,P)l I 1K (e)lde < (h(n, P))” min (1,d(P)~") P>~ ¥,

j=1 1=r+1

Proof. Observe first that for any real number € with 0 < € < 1, one has

s R
/ T1 los(e P)| ] 1K (@s)ldex
niy

i=r+1
s € s R
< [swllm@rl] [Tllsteri I] K@l
N =1 ¥ j=1 i=r+1
J J
It follows from trivial estimates that one has
s R
[Tlste.p)l T] IK(a)lda
nj=1 i=r+1
- (R R
< (it PP (P [Tl lgsle P [] K (alder
0 5=1 i=r+1

We may certainly choose a positive real number € so that we have
(6.4) (l—e€)>4 if k=2

Defining €’ as in LemmaB.I and choosing C5 to be sufficiently large, we may ensure
that we have
C'kloglogk

¢>min (28 + 1,k (logk + loglog k + 2) +
log k

+ 1) if k>3.
Thus we may choose a positive real number ¢, small enough (in terms only of £ and
(') so that we have

C'kloglogk
log k

In each of the cases, we denote our particular choice of € by v. Now one can join
the proof of Lemma 8 of [I0] after equation (66), and then follow the remainder of
that proof with only slight adjustments. The bounds (£.4) and (G5) are the crucial
bounds that we need to apply Lemma We omit the details. (]

(6.5) £(1—¢€) > min (2’2 k (logk + loglog k + 2) + ) if k> 3.

Now we can wrap up our work on the minor arcs. We have the following lemma.
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Lemma 6.3. Suppose that we are in the setting of Theorem and that the
coefficient matriz A of the system F satisfies the conditions (B2) and B3). Choose
a function T'(P) as in Lemma (5.0]). Define the exponential sums g;(cor) as in ([ES),
with n sufficiently small, the region m as in [LI3), and the function K as in ([E2).
Then one has

s R
/ H'g](a)| H |K(ai)|da:0(PS—Rk) .
mi=1 i=r+1

Proof. We simply apply Lemmal6.2 with the choices n = m and d(P) = 0. We have
h(m, P) = o(1) by Lemma B.5. Thus the proof of Lemma B3]is complete. O

7. THE TRIVIAL ARCS

In this section we show that the contribution from the trivial arcs to the integral
in (E3) is o (P*~f*), which is now easy to do, having done the necessary work
above. We have the following lemma.

Lemma 7.1. Suppose that we are in the setting of Theorem [ILZ and that the
coefficient matriz A of the system F satisfies (32) and B3). Choose a function
T(P) as in Lemma (B.8). Define the exponential sums gj(a) as in ([L8) with n
sufficiently small, the region t as in [EI4), and the function K as in [@2). Then

one has
s R
/ [Tloi(e)l T IK(ai)lda = o (P=5*).
tj:l i=r+1

Proof. We apply Lemma with the choices n = t and d(P) = T(P). We have
h(m, P) = O(1) by trivial estimates. Thus we obtain

s R
/ T lsi()l TT 1K (a)lder < (T(P))~ P5—R*,
ti=1 i=r+1

which by (BI5) of Lemma is o (Ps~%*%). Thus the proof of Lemma [71] is
complete. O
8. THE MAJOR ARCS
We now treat the major arcs. Our goal is to show that for large P we have
s R
/ [Toi@ [ E(e)da >p =7
M i=r41

8.1. Approximation on the major arcs. We start our treatment of the major
arcs by approximating the functions g;(a) by auxiliary functions. We need some
notation before we do so. We define Dickman’s function p by the conditions

plu) =0 for w <0,

plu) =1 for0 <u<1,
(8.1) up'(u) = —p(u—1) for u > 1,

p is continuous for u > 0,

p is differentiable for u > 1.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2696 ERIC FREEMAN

Also, for real numbers 3, define the function

1 P log
i 1/k)-1,( o~
(8.2) w(p) - /0 x P <k;logP> e(Bx)dx.
For real vectors B € R”, define A;(8) as in @), and write
(8.3) w;j(B) =w (A;(B)) for 1<j<s.

Also, for integers ¢ and a with ¢ > 1, define
4q k
ax
(8.4) S(g,a) = e <—> :
r=1 q

We now collect some results, given by Briidern and Cook [5], in the following
lemma.

Lemma 8.1. Define g(a) as in @) and w(B) as in BD). Suppose that a and q
are integers with ¢ > 1, and that B is a real number. Then one has

s (245) =0 slaae()+0 (s o+ P18 )

and

w(f) < min (P, |B|_1/k) :

Proof. The first result is simply equation (29) of [5]. The second result is essentially
the third centered equation on page 135 of [5]. O

We note that, as remarked by Briidern and Cook, a and ¢ are not required to
be relatively prime. We now state the central lemma of the section, which is very
similar to Lemma 4.4 of [16].

Lemma 8.2. Suppose that we are in the setting of Theorem [ILZ and that the
coefficient matriz A of the system F satisfies B2) and B3), and that there is a
real vector z satisfying [B.6). Define the so-called singular series & by

6=1 if r=0, and

(8.5) S = i DO H S (q,A§.'“>(a)) for 1<r<R,
j=1

g=1 a (mod q)
(a1,...,ar,q)=1

and the singular integral Z(P) by

s R
(8.6) (P) = /R e (H K(@)) .
j=1

i=r+1

Fiz any positive real number e. Then if P is a sufficiently large positive real number,
we have

s R
/ [l ( II K(ai)> da — GZ(P)
M\

1=r+1

< ps—hk ((bgP)QB(R—H)—l + (log P>B(2—(e/k)+e)> .
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Proof. There are three steps of the proof. One first approximates each function
g;() by terms of the form ¢~ *$ (q7 A§»T)(a)) w;(3) on each of the major arcs, then

one extends the integration over each major arc to all of R®, and then one extends
the sum over ¢ to all positive integers q. The argument closely follows the proof
of Lemma 4.4 of [I6]. One major difference involves the use of the approximations
given in Lemma8Jl. Since we are using exponential sums over smooth numbers, we
need to use these approximations instead of more standard results for exponential
sums over complete intervals. Finally, we observe that the only condition we really
need on £ for the purposes of this lemma is the bound ¢ > 2k + 1. O

Now we turn to consideration of the singular series & and the singular integral
Z(P). In particular, we shall show that we have & > 1 and also that we have
Z(P) > P*~F* for sufficiently large P. We first treat the singular series.

8.2. The singular series. We give some definitions. Suppose that Gy, G, ..., G,
are r integral diagonal forms in s variables with coefficient matrix B, with entries
d;;. In Section [82] we consider integral forms, and of course we assume that r > 1
holds throughout this section.
We then define the singular series G(G) associated with this system of r forms
by
o0 S
(8.7) 6=6G) =) > ¢ [[5@M@),
g=1 a (mod q) j=1
(a1,...,ar,q)=1

where we set

T
M;j(a) = Zdijai for 1<j<s.

i=1
We return to the notation of the rest of the paper for a moment. Observe
that the definition of & given here coincides with the definition (B3] in the case
r = R. Moreover, in general, when 1 < r < R holds, the first singular series is
exactly the latter singular series, where the latter is associated with the first » forms
Fy, ..., F,. Note also that the first singular series is independent of the R — r forms

Fr+1a"'7FR~

Suppose that p is a prime and n is a positive integer. Then we say that an
integral vector x = (21,2, ...,%) is a solution of rank r (mod p) of the system
of congruences
(8.8) Gi(x) =Ga(x)=--- =G, (x) =0 (mod p"™)

if there is a subset J C {1,2,...,s} with |J| = r such that one has p { det(B;) and

pt H xj. Also, for any prime p and any positive integer n, we define M (p™, G) to
j€J
be the number of solutions x (mod p™) of the system ().

Now we shall define the concept of a normalized system of forms. We follow
Low, Pitman and Wolff [I3] closely, but we need a slightly more general notion.
We essentially want to define a notion of a system such that a related system,
which results after setting all but some subset of ¢r of the variables equal to zero,
is normalized in the original sense of Low, Pitman and Wolff.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2698 ERIC FREEMAN

Suppose that the coefficient matrix B contains ¢ disjoint nonsingular r x r subma-
trices By, Ba, ..., Bt. To be clear, by this we mean that there is some permutation
of the columns of B so that the first » columns form a nonsingular submatrix, the
second 7 columns form a nonsingular submatrix, and so on, through the t*" set of
r columns. We define

A =A(G) =[] Idet (B,)].

Now let j = (j1,j2, . - ., jir) be the ordered (¢r)-tuple such that the particular matrix
[B1Bs ... By is the submatrix of B consisting of the columns of B indexed in order
by ji,J42,-.,jtr; that is, we define j so that for 1 < v < tand 1 < h < r, the
jf}]E‘Tfl)Jrh column of B is the A" column of B,. Observe that the definition of A
depends on j. Also set
J={j1,d25 - Jur}-
Suppose that p is a prime dividing A. Here we define, following [13] closely,

a p-operation on the forms Gi,...,G, as a transformation that produces integral
forms Hy, ..., H,, and has the following steps:

(i) Pre-multiply B by an integral unimodular matrix U with entries in the set
{0,1,...,p—1}
(ii) Next, multiply at most tr — r of the columns of UBj by p* and multiply
any of the columns of UBy,, . 1\ by pk:
(iii) Then divide g of the rows by p, where we have 1 < g < r.

As discussed in [13], step (i) corresponds to adding linear combinations of some
of the forms to one or more of the other forms. Step (ii), on the other hand,
corresponds to writing x; = py; in each column j that one multiplies by p¥, and
then trying to solve the new inequalities in the variables y;. Step (iil) corresponds
to dividing g of the r equations by p. One can check, as in [I3], that a p-operation
is possible for all primes p that divide A.

Note that for the resulting system H, we have

A(H) = p"A(G)

for some integer m. We say that such a p-operation is permissible if one has
m < 0.

Observe that, upon performing permissible p-operations for any of the primes
p dividing A(G), we can find a system H that can be obtained from the original
system G via a finite sequence of permissible p-operations and such that A(H) is
minimal. If G is a system of r integral forms as above, such that A(G) cannot be
reduced by any permissible p-operations, then we say that G is a (j, t)-normalized
system. Finally, if G is a system of r integral forms in exactly ¢r variables, then
we simply say that G is a normalized system. We note that, in this case, our
definition clearly agrees with the definition given for a normalized system in [I3].

We make one other observation. Suppose that, as above, the coefficient matrix
B of a system G, in s variables with coefficients d;;, contains ¢ disjoint nonsingular
r X r submatrices By, Ba, ..., By, and define j and J as above. Then, we define the
system G* in tr variables, by defining, for y € Z!" and for 1 <4 < r, the forms

tr
(8.9) Gi(y) =Y dij.yl,-
n=1
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Note that this is simply the system obtained by setting all variables with indices
j ¢ J equal to 0, and subsequently reordering the variables. Observe that the
coefficient matrix B*, say, of the system G* has the form

B*=[B By ... B ].

Suppose now that a system H can be obtained from the system G after a finite
sequence of permissible p-operations, and suppose that H is (j, ¢)-normalized. Then
consider the system H*, defined as in ([83). We can see that the same p-operations
(restricted to the columns j € J) allow one to obtain H* from the system G*; after
all, the variables of G* are a subset of those that appear in G. Each operation is
certainly still permissible, since the definition of A involves only the columns j € J.
If one could reduce A (H*) via a permissible p-operation, then we could simply
extend step (ii) and multiply all of the columns of UBy; .. \s by p¥. This would
give a permissible p-operation for the system H, which contradicts our assumption
that H is (j, ¢)-normalized. So if H is (j, ¢)-normalized, then it follows that H* is
normalized, and moreover, if H results from G after a finite sequence of permissible
p-operations, then H* results from G* from the same sequence of p-operations.

We can now state the following lemma, which is a step towards bounding the
singular series below. We do slightly more than we need to, in the hope that it will
be useful for future workers. For this reason, we state the lemma in a self-contained
manner.

Lemma 8.3. Suppose that v, k and s are positive integers with k > 2, and suppose
for 1 <i <r that

Di(X) = dﬂl‘lf + ding +...+ disxl;

is an integral diagonal form of degree k. Suppose that s satisfies s > tr, where t is
an integer satisfying

t>2k+1.
Suppose that the coefficient matriz C of the system D contains t disjoint nonsingular
r X r submatrices Cq,Ca, ..., Cy, and define

AD) = ] laet(c,)].
v=1

Also, define the singular series S(D) as in [81). Suppose that the following prop-
erty, which we denote by P(t,k,r), holds:
Given any system of r integral diagonal forms G1,Go,...,G, of degree k in
tr variables, with coefficient matriz B which consists of t disjoint nonsingular
r X r submatrices and such that the system G is normalized, then for every
prime p and every positive integer n, there is a solution x of rank r (mod p)
of the system of congruences

G1(X) = Ga(x) = -+ = G,(x) =0 (mod p").
Then the series (D) converges absolutely and one has
S6(D) >»p 1.
If one also has
t>kr+k—+1,
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then there exists a constant c(k,r,s) that depends only on k, r, and s, such that
one has

S(D) > c(k,r,s) (A(D)) .

Proof. We first give some more notation. For any prime p, define v = ~(k,p) by
choosing 7 to satisfy p”||k, and setting

1 if 7=0
y=< 741 if 7>0andp>2
T7+2 if 7>0andp=2.

Also, for any prime p, we define

. M(p",D)
(8.10) xo(p) = lim TG
As in Chapter 5 of [6], and using also Lemma 2.10 of [15], one may see that this limit
exists, that &(D) converges absolutely, and that &(D) is equal to an absolutely
convergent product, that is, we have

(8.11) D) =[] xo®)

(We note that it is in this argument that one uses the condition ¢ > 2k + 1, and
that the rate at which the product converges depends on D.)

Now define D* as in (BH), and define j and J as in the discussion above. We
may find a (j, t)-normalized system G, which can be obtained from D after a finite
sequence of permissible p-operations. As we have noted above, G* is then a nor-
malized system, which one obtains from D* after (essentially) the same permissible
p-operations.

Since property P(t,k,r) holds, there is, for all p and n, a solution w of rank r
(mod p) of the system of congruences G*(w) =0 (mod p"). By the way G* was
defined, one can see that if y = (y1,92,...,ys) is defined by

o W if jed
YTV 0 i je,

then we have that y is a solution of rank r (mod p) of the system of congruences
G(y) =0 (mod p™). In particular, this holds for n = v. We may thus apply Lemma
6 of [13] to the system G, whence we have

(8.12) M (p",G) > pt =) for n > 4.

From this fact we will deduce a lower bound for M (p", D).
To this end, suppose for some positive integer n that y € Z° is a solution of the
congruences

Gi(y) =Ga(y) = =Gr(y) =0 (mod p").

Recall that the system G resulted from D after a finite sequence of permissible g-
operations. Let H be a system such that G arises from H after a single permissible
g-operation. Let I be the subset of {1,2,...,s} consisting of the columns affected
by step (ii) of this g-operation, that is, let I consist of the indices such that the
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corresponding columns in step (ii) are multiplied by ¢®. Then define the vector

x = (21, x2,...,25) by setting
S qy; if jel
ISy i el
We show that one has
(8.13) Hi(x)=Hy(x)=---=H.(x) =0 (mod p").

To see this, let H® and H be the systems that result after steps (i) and (ii)
of the g-operation, respectively. We certainly have H() (y) =0 (mod p"); indeed,
some of these forms are congruent to 0 (mod p™q). Then observe that we have
H (y) = HY (x), whence H?(x) = 0 (mod p") holds. Since the matrix U is
unimodular, so that in particular its determinant is not divisible by p, one has that
(B:13) holds. Thus any solution y of G(y) =0 (mod p") gives rise to a solution x
of H(x) =0 (mod p"). If ¢ # p holds, we therefore have

M(p",H) > M (p",G).

If ¢ = p holds, we might have some reduction in the number of solutions, because
multiplication by p in Z/p"Z has kernel of size p, but we certainly have
M (p", G
M (p", H) > M
pS—'I"

So, by repeating this analysis for each permissible g-operation, one can see that
if G is a (j,t)-normalized system arising from the system F after a finite sequence
of permissible g-operations, then one has

M (p", G)

n
M (p",D) > (1)

it " AD).

Now the limit yg(p) exists; this follows in much the same way as the corresponding
fact for D. It follows that we have

(8.14) XD(p)Z;fn(i(?z) if p™|A(D).

It follows from (8IZ) and the definition of xg(p) that for all primes p we have
19 () 2 oD e
Since the product HXD (p) is absolutely convergent, there is a constant ¢(D),

P
which may depend on D, such that we have
H xp(p) > 5.
p>c(D)

Thus, using also (815, we have

1 1 _ _
6D) > 5 [[ xww =5 ][ » (r+ord, (ADN)(s—)
p<c(D) p<c(D)
1
- r—s —y(s=)
2 5 (AD)) II r " >p1
p<c(D)
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Now suppose that we have t > kr 4+ k + 1. One can prove as in chapter 5 of [6]
that for primes p, one has

(o]

(8.16) xn(p) =1+ 5",
n=1

where for positive integers n, we define

Sy =p > 150" M).

a (mod p”) j=1
(a1,...,ar,p)=1

Now suppose that pt A(D). Suppose for 1 < v < t that C, consists of the
columns jy,, jug, - - -5 Ju,., in that order. Then for a satisfying (a1,...,a,,p) = 1,
there must exist some j € {ju,,...,Ju,} such that p + M;(a), since we have p {
det(C,). Thus for any prime p with p{ A(D), and any positive integer n, by the
standard estimate S (p",a) < p"1=(/E) which holds for (a,p) =1, we have

S (pn) < p—ns Z pns—(nt/k) < pn(r—(t/k)).

a (mod p™)
(a1,...,ar,p)=1

Combining this last bound with (816) and using ¢ > kr + k + 1 yields

oo
xp(p) — 1< pm R « p==/B for pt A(D).

n=1

So there is a constant C' that depends only on k,r and ¢ such that one has
(8.17) Ixp(p) —1] < Cp~ =% for ptA(D).

Now, because Z C’p_l_(l/ k) converges, there is a constant C that depends only
P
on k,r and t such that one has 1 — C’pilf(l/k) >0 for p > C and

H (1 — C’p_l_(l/k)) > %

p>C

Now for all p we have xp(p) > 0 from ([BI5); so by (8IT) we have

HXD(p) = HXD(p) H xp(p) H xp(p)
P c ¢

p<C p> p>C
p|A(D) ptA(D)
> [Txw® [T we II (1-cp-0m)
p<C p>C p>C
p|A(D) ptA(D)
1
> 5 [[xo® [[ xo®)
pgé p>C’
p|A(D)
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It follows from (BIH) that we have

1
- —y(s—7) —(y+ord,(A(D)))(s—7)
JJEEN2) > ; 11 »7 I1 »© )
P p<C p|A(D)
pfA(D)
> o)« I e
p<C p|A(D)
>>k,7",s ( )2(7"75) )
This completes the proof of Lemma [R.3] O

Now we give another lemma that builds on the above lemma and completes the
treatment of the singular series for the cases k > 3. As in the case of LemmaR.3], we
do slightly more than what we will need, and we state the lemma in a self-contained
fashion.

Lemma 8.4. Suppose that v, k, and s are positive integers, and suppose for 1 <
i <7 that

E(X) = /\zll‘lf + )\igl‘g + ...+ )\isl‘g
is an integral diagonal form of degree k. Suppose that the coefficient matriz A of

the system F contains £ disjoint nonsingular r X r submatrices Agr), Ag"), e ,Ay),
where £ is a positive integer satisfying

£>2k+ 1.

¢
Define A = H ‘det (AW)‘. Define & = &(F) as in (8). Finally, suppose that
=1

v=
one of the two following statements holds.

(i) k is odd, and k > 3 holds, and one has £ > kmg, where mq is the least
positive integer m such that one has

2m=2 > min {m2(2k)r, (37‘](32)7"} .
(ii) k > 3 holds, and one has
> k [48k*log 3rk?] .
Then one has
S(F) >r 1.
Moreover, if
L>kr+k+1
holds, then there exists a positive real constant c(k,r,s) that depends only
on k,r and s such that one has
S(F) > c(k,r, s)A™3.
Moreover, we note that if k is odd with k > 3, then there exists an absolute positive
real constant C such that condition (i) holds if one has

rklog 2k

1 log 2k).
Z Tog2 + Cklog(rlog2k)
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Proof. The last statement of the lemma can be checked with a straightforward
computation.

Thus to prove the lemma, we need only check that the condition P(¢,k,r) of
Lemma 83 holds for our choices of £. So suppose that G is a normalized system in
¢r variables. For the case in which condition (i) holds, we may apply Theorem 1(ii)
of [13] to see that for any positive integer n, the system G(x) =0 (mod p") has a
solution x of rank r (mod p). On the other hand, for the case in which condition
(ii) holds, we may apply Theorem 3(i) of [13].

Thus in either case, the condition P (¢, k,) of Lemmal[8:3 holds, whence Lemma
follows.

O

Now we give a lemma to treat the singular series in the case k = 2. We observe
that one could surely obtain a result that is better for large r, but we choose not
to pursue this here.

Lemma 8.5. Suppose that r and s are positive integers, and suppose for 1 <i <r
that

Fz(x) = /\7,13?% + )\iQJ)% + ...+ )\isxg

is an integral diagonal quadratic form. Suppose that the coefficient matriz A, defined
as in (L), contains £ disjoint nonsingular r X r submatrices, where £ is an integer
satisfying

¢ > min (4r® + 4r + 1,384 log 167 + 5) .

Define & = S(F) as in (8X). Then one has
G(F) >r 1.

Proof. If the first bound for ¢ holds, then it follows that any nontrivial complex
linear combination of the forms Fi,..., F, has rank at least 47> + 4r + 1. By the
theorem in [1§], the singular series & is positive and depends only on the forms
F1,Fs,...,F.. One can readily check that the singular series & is defined in [I§]
in the same manner as we have defined it.

Suppose instead that the second bound for ¢ holds. We give a sketch of the
proof in this case. We first seek an analogue of Lemma 12 of [13] for the case
kE = 2, with m > [192log 167 + 2]. For primes p with p < 82, say, it is easy to
check that Lemma 5 of [7] provides an analogue of the desired type. To obtain
an appropriate analogue of Lemma 12 of [13] for primes p > 872, one applies an
adaptation of Theorem 2 of [14], with, say, ¢ = 4; one can check that if one assumes
that the matrix of coefficients contains ¢ + 1 nonsingular r X r submatrices, rather
than assuming that the matrix is highly nonsingular, then the result still holds.
(This can be seen by noting that the inequality ¢;(B) > ¢i, which would still hold,
is the key condition needed on page 339 of [14].)

In either case, we have an analogue of Lemma 12 of [I3], and thus we can show
that condition P (¢, k,r) holds, as in the proof of Theorem 1(ii) of [13]. O

Michael Knapp and Professor Wooley provided me with a proof of a result closely
related to the second part of the above lemma, for which I am grateful.
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8.3. The singular integral. Recall that in (86]) we defined the singular integral
Z(P) by

s R
)= [ (M@ | 1 &) as.
R\ j=1 i=r+1

Our goal in this section is to demonstrate that for large positive P we have the
bound

(8.18) I(P) >p Pk,

Instead of using the traditional approach which uses Fourier’s Integral Theorem,
we use a method given by Schmidt [I8]. Below we follow parts of [I8] very closely.
Much as in [I8], for any positive real number T" and any real numbers « and g,

we define
L sin (a1 1) ?

and

_ 1
(819) wr(p) ={ TOTD R =T

From (Z3), one may readily deduce the following identity, which holds for all real
numbers (3, namely,

(8.20) Pr(6) :/Re(aﬁ)KT(a)da.

We now define

(8:21) Ir(P) = /R A ITw® (Hm(m)) ( 11 K(@-)) .

i=r+1

By (4) and a similar bound for K7 («), the integral converges absolutely for each
choice of P and T.
We shall see that for fixed P, we have Tlim Zr(P) =ZI(P), and we will also show

that for large T', we have Zr(P) > P~ F% These two facts together establish the
bound (BI8). To prove the first fact, we give a bound for the difference Zr(P) —
Z(P).

Lemma 8.6. Suppose that T' and P are positive real numbers with T > 1 and
P > 1. Suppose that R, r, k and s are integers with R>1,0<r < R and k > 2.
Suppose for 1 <i < R that

Fz(x) = )\111}% —+ )\Q(E% + ...+ )\isx§

is a real diagonal form of degree k and that for 1 < i < r, the form F; is integral.
Assume that one has ||F|| > 1. Suppose also that the coefficient matriz A of the
system F is as in (3:2) and satisfies [B:3), where one has

£>k+1
Define Z(P) and Zp(P) as in 88) and B21), respectively. Then one has

¢ ¢
I(P) — Ir(P) < T~k ps—Hk <||F||2R [T 2% + PR R0/ I Avl/k> .

v=1 v=1
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We note that the implicit constant in Vinogradov’s notation here depends at most
on R,r, k and s and, in particular, does not depend on the coefficients of F.

Proof. Observe first that, in the case r = 0, we have Z(P) = Zp(P). So we can
assume that we have r > 1. It follows from the definitions (8.6]) and (82I) that we
have

S

7P)~zr(P) < | ([ Is(8)

Jj=1

1- HKT(@‘)

( I |K<ﬂi>|> aB.

1=r+1

From the penultimate centered equation on page 305 of [I8], one has

1—HKT Bi) < T2 Juax |ﬂz|2 < T~ 2|ﬁ|2 for |8 < T,
=1

™
and for |3| > T, one clearly has H K7 (f;) < 1. Combining these bounds with the

i=1
estimate for w(B) given in Lemma BT, and the bound @4)) for K («), one has

I(P) - Ir(P) < T‘QPS‘RK/ Hmm(P A ( )I‘”’“) 181*dB

|BI<T _
(8.22 +P% RZ/ mln P Aj(B))7Y*) dg.
) WH [A5(8) /")
Consider the first integral on the right-hand side of (8222). By Holder’s inequality,
one has
RE
/ 1B [ min (P, |Aj(5)|—1/k) s
Bl<T =1
vR Y 1/¢
< H / [ win (P, |Aj(ﬁ)|—1/k) o,
v=1 5|<T j=(v—1)R+1
(8.23)

For a fixed choice of v with 1 < v < ¢, one makes the change of variable v =
(71,---,7r) = Uy(B) given by v; = Ay_1)r4;(8) for 1 < j < R, and obtains

vR

4
2 in (P,[A;(8) V%) d
|8 T min(Pass) ") a8

j=(v—1)R+1

R ¢
<ot [ U7 )2 [ min (P, 77%) .
S— | j[[l (7l ™)

If v = U,(B), then one has

v =[U.(8)] < RI[F|-|8],
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and by Cramer’s rule and Hadamard’s inequality, one has

| < RRCLEI
(8:24) 181 =07 ()] < .
v
It follows that we have
vR Y
[oase T min(Page) ) ds
18I<T j=(v—1)R+1
R ¢
(8.25) <r o FPe [ (72 [ L min (P.Jay=7%) .
[YI<R|F|T j=1
But one has
R ¢
/ [y 2 T min (P, /%) dy
[vI<R|F|T =1
[R||F||T] R P
< Z n2/ H min (P, |'yj|*1/k) dvy
n=1 n—1<]y|<n =1
[R||F|IT7] n ‘ R-1 ,n ’
< Z n? </ min (P, 'y*l/k) d’y> / min (P, 'y*l/k) dry
n=1 0 n—1
[R||F|T]
< Z n2PU=RE=1) mip (Pe_k7 (n— 1)_%> ,
n=1
whence we have
R ¢
/ 72 T L i (P2 =7%)
[¥I<R|F|T j=1
[R|F|T]
< pU—h@®-1) | pt—k 4 Z n2—/k)
n=1
[RIF|T]
< PRU=k) | p(t=k)(R-1) Z = (1/k)
n=1
< PROH) (|70,
since we have ¢ > k + 1 and |F||T > 1.
Thus, by (822)), 823) and (B25), we have
¢
I(P) — Ip(P) < |[F|PRT 1k ps= R TT A%/
v=1
Re
+ PS*RZ/ [ min (P, |Aj(,(3)|*1/k) dB.
|BI=T j=1
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By Holder’s inequality and a change of variable as above, we have

14
I(P) - Ip(P) < |[F|PRT-kps—RRTT A%
v=1
R 1/¢

‘
¢
+ psR I I A;l/ | | min (P, |'yj|*1/k) dry ,
v=1 [v|>cr, T

j=1

where cp , is a positive constant which by (8.24) we may define by

CFo = RE/2|F||B-1°

It follows that one has

R ¢
/ [ [ min (P, |’7j|_1/k) dy
|7|ZCF,1)T j=1
[e%S) 0 R-1 0 4
< (/ min (P, |'y|*1/k) d’y) / min (P, |'y|*1/k) dry
0 cr,oT

< P(Z—k)(R—l)(cF UT)l—(é/k)
< ‘P(lflc)RféJrkAquf(l/k)”FH(RE)/kal/k7

since we have ¢ > k 4+ 1. Combining the last two bounds completes the proof of
Lemma [8.6 O

Now we prove a lemma which states that for T" and P sufficiently large, the
quantity Zp(P) is bounded below.

Lemma 8.7. Suppose that we are in the setting of Theorem [LZA and that the
coefficient matriz A of the system F satisfies B2) and B3), and that there is a
real vector z satisfying B8). Suppose also that one has |F|| > 1. Define Ay as in
B3). Suppose that T and P are real numbers satisfying T > 1 and

12 1/k
(8.26) P> (5 RR2R||F||2RmaX(A12,1)> :

where § is as in B6). Define Zp(P) as in (BZI). Then there is a constant ¢y =
c1(F,k,R,r,s,0,2) that does not depend on T or P such that one has

Zr(P) > ¢, Ps~ Bk,

Proof. Recalling the definition (83) of w;(8), we can write the absolutely conver-
gent integral Zp(P) in the form

1 / / 1/k—1 u ( log x; )
J— T1To: - Ts A
ks RE [prk]s( 12 ) ]1_[ p klOgP Z

r R
< [[KrB:) [] K(8:)dxdp.
i=1 i=r+1
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Using the identities (820) and ([@3]), and recalling the definition [B4) of L;(x),
we can rewrite Zp(P) as

1

s r R
ks wy ceeag) R los 7, (L (x i(x X.

i=r+1

Zr(P) is certainly larger than the corresponding integral over the smaller region

5Pk ’
[T’Pk] , noting from Lemma 12.1(i) of [21I], and (&), that the function p
is always nonnegative. For P satisfying (BR2M), one certainly has P > (6/ 2)_1/ k
SP*k
whence for z; satisfying 5 <z; < P*_ it follows from (8I) that one has
log z;
=1.
p (k‘logP)
So we have
1 T R
Ir(P) > F /[,spk k]s(xle )R (H 1/)T(Li(X))> ( H w(Li(x))> dx.
5P i=1 i=r+1

Now define Rpr to be the region
min (1, Ai/R)

P 1"
x € {—,P } D Li(x)] < aT

5 for1<i<7r and

L;(x <lmin 1,A1/R forr+1<i<Ryp.
3 1

It follows from the definitions (8:19) and (@3)) of 1 («) and ¥ (), respectively, that

we have
(8.27) Ir(P) > P***T"u, (Rpr),

where s denotes s-dimensional Euclidean measure.
We now make the linear change of variable w = V(x) given by

_f Lj(x) for 1<j<R
Wi = xj for R+1<j<s.

Since A; is nonzero, we can see that we have
(8.28) ts (Rpr) >¥ pis (Spr)
where we define Sp 1 to be the region V(R pr). Note that Sp r is the set of w € R?

S Pk °
such that there exists an x € [T, Pk] with w = V(x) and such that one has

min (1, A}/R) min (17 A}/R)
— —

Now we give a lemma, which is essentially due to Nadesalingam and Pitman.
(See [16], Lemma 5.2.)

lw;| < for 1 <i<r and |w| < forr+1<i<R.
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Lemma 8.8. Let R and s be positive integers satisfying s > R. Let
A= (Nji<i<r

1<j<s

be a real R x s matriz. For 1 < i < R, we define the linear forms L;(y) = Z Aij ;-
j=1

Let Ay denote the absolute value of the determinant of the left-hand RX R submatriz
of A. Suppose that we have Ay > 0. Additionally, suppose that Q) is a real number

satisfying
(8.29) Q > 65" R2E || A|IPRAT2.
Suppose also that wy, ..., wr are real numbers satisfying

1/R
|w1|§_§, for 1<i<R.

Let So = So(ws, ..., wr) be the set of all real vectors (Yri1,--.,ys) € [-Q,Q]*~F
for which there exist real numbers yi,...,yr € [—Q, Q] with w; = L;(y) for 1 <
i < R.

Then Sy has (s — R)-dimensional measure satisfying

ts—r(So) >4 Q°F,

where the implicit constant in Vinogradov’s notation depends on s and R and the
entries of A.

Proof. We apply the lemma of Nadesalingam and Pitman to the R linear forms
Mi(y),..., Mg(y) defined by M;(y) = Al_l/RLi(y) for 1 < ¢ < R, in order to
relax the requirement A; > 1 of their lemma. We note that there is a slight
difference between the definition of ||A|| that we use and the definition they use,
which accounts for the change in the condition (829). Here we have also implicitly
used the last equation on page 704 of [15] to show that the term H(L) in the lemma
of Nadesalingam and Pitman is positive. O

Now we return to the proof of Lemma B and apply LemmaRR By (824) and
the assumption T > 1, we may apply the lemma, with the choice Q = (5Pk) /2,

for any w = (w1, wa, ..., wr) with
(8.30)

min (1, A}/R) min (1, Ai/R)
lw;| < 3—Tf0r1 <i<r and |w]< fforr—l—l <i<R.
We obtain

ps—r(So(wi,...,wgr)) >¥Fs prs—R)

Now, for any choice of (Yr+1,Yr+2,---,Ys) € So(wi, ..., wr), there exist real num-
bers y1,...,yr € [-Q, Q] with L;(y) = w; for 1 <i < R. Defining z as in (3.0]), we
have

L; (sz—i—y) =w; for 1<i<R.
By (3:6) and our choice of @, we also have

1
Pkz 4y e {ng,%éPk} C [ng,Pk} .
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Recalling the definition of Sp, we see that we have
s (SP,T) >F5 TﬁTPk(SiR).

Combining with (B:27) and (8:28), we see that there is a positive real constant
ca=ca(F,k,R,r,s,0,2) such that one has

(8.31) Ir(P) > ¢ P51,
This completes the proof of Lemma 871 O
Combining Lemmas and [8.7] yields the following lower bound for Z(P).

Lemma 8.9. Suppose that we are in the setting of Theorem [LQ and that the
coefficient matriz A of the system F satisfies B2) and B3), and that there is a
real vector z satisfying (3.6]). Assume also that we have |F|| > 1. Define Z(P) as
in [BB). Then there is a constant cs = c3(F,k, R,r,s,0,2z) such that for P > cs,
one has

Z(P) > psFk,

Here the implicit constant in Vinogradov’s notation may depend on ¥, k, s, R, 7,6
and the special real vector z, but it does not depend on P.

8.4. Completion of the treatment of the major arcs. We wrap up our work
on the major arcs with the following lemma.

Lemma 8.10. Suppose that we are in the setting of Theorem [LZA and that the
coefficient matriz A of the system F satisfies [B2) and B3), and that there is a
real vector z satisfying BB). Assume also that we have |F|| > 1. Then there are
constants ¢4 and cs, which may depend on F,k,s, R,r,§ and z, but which do not
depend on P, such that for real numbers P satisfying P > ¢4, one has

s R
/M [[oi(e) [ K(ada > csp=*.

1=r+1

Proof. Choose ¢ = 1/(2k) and apply Lemma B2. Since we have ¢ > 2k + 1 and by
the definition (@I0) of B, we obtain

s R

(8.32) / H g;i(a) H K(a;)da — GI(P) < P5~Ek (log p)~ Y/ GkER+D)

M L .
j=1 i=r+1

Since condition (iv) of Theorem holds, one has & > 1. By Lemma [B.9] there
are constants cs and cg that do not depend on P such that one has

(8.33) Z(P) > cgP*~1F for P >cs.
Lemma B0 follows from (832)) and (833)) and the bound & > 1. O

9. COMPLETION OF THE PROOF OF THEOREM

In this section, we gather together all of our results in order to complete the
proof of Theorem

We recall that we demonstrated in Section [3 that we may assume that we have
e = 1, that we have ||F|| > 1, that the coefficient matrix A of the system F satisfies
(B2) and (B3), and that there is a real vector z satisfying (B0)).
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We first observe how one proves the last sentence of Theorem [[.2] namely that
if we have r > 1, and we define mg (r, k, C’l> as in (C4) and assume that we have

£ > myg (r,k,C&), then we have & >y 1. For k£ > 3, one simply applies Lemma
B4, noting that we certainly have £ > 2k + 1 for a sufficiently large choice of the
constant C. For k = 2, we may apply Lemma B3 Thus we have & > 1.

Now we turn to the central result of Theorem Recall from ({9) that we
have

s R
(9.1) N(P)Z/anj(a) I E(e)de,

i=r+1
where N (P) was defined to be the number of solutions of the system (EII) with
xj € A(P,P") for 1 <j<s.
We first choose a function T'(P) as in Lemma EIl We can now treat the minor
arcs and trivial arcs. By Lemmas and [Tl one obtains

s R
(9.2) / T o5l T 15 (0s)ldax = o (P~ 7).
mUt =1 i=r+1

We now consider the major arcs. By Lemma BT, we have

s R
/M H gi(ev) H K(o)do > ey PS—BF

1=r+1

for P > ¢4, where ¢4 and c5 are constants that do not depend on P. Together with
(@2), it follows for sufficiently large P that one has

S R
/ [T 11 K(op)do > 2 =Tk,
Wiy 2

i=r+1
By (@), for sufficiently large P, we have
N(P) >p psp P~

This establishes Theorem [T.2]

As a final observation, we note that we have obtained a lower bound of the
expected order of magnitude for the number of solutions of our system in a box
of size P, for all sufficiently large positive P. Recall that we assumed that we
have € = 1, that we have ||F|| > 1, that the coefficient matrix A of the system F
satisfies (B2) and (B3), and that there is a real vector z satisfying (B6). Using
standard techniques, one can check that under the conditions of either Theorem 1]
or Theorem[l.2] without any of these simplifying assumptions, the same lower bound
holds for sufficiently large P. We note that in this case, P must be sufficiently large
also in terms of €, and the implicit constant in the lower bound for N'(P) depends
on e.
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