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DISTRIBUTIONS OF CORANK 1
AND THEIR CHARACTERISTIC VECTOR FIELDS

B. JAKUBCZYK AND M. ZHITOMIRSKII

ABSTRACT. We prove that any 1-parameter family of corank 1 distributions (or
Pfaff equations) on a compact manifold M™ is trivializable, i.e., transformable
to a constant family by a family of diffeomorphisms, if all distributions of the
family have the same characteristic line field. The characteristic line field is a
field of tangent lines which is invariantly assigned to a corank one distribution.
It is defined on M™, if n = 2k, or on a subset of M" called the Martinet
hypersurface, if n = 2k + 1. Our second main result states that if two corank
one distributions have the same characteristic line field and are close to each
other, then they are equivalent via a diffeomorphism. This holds under a weak
assumption on the singularities of the distributions. The second result implies
that the abnormal curves of a distribution determine the equivalence class of
the distribution, among distributions close to a given one.

0. INTRODUCTION

The well-known Gray theorem [G] states that any 1-parameter family of contact
structures on a compact manifold M2**! is trivializable, i.e., transformable to a
constant family by a family of diffeomorphisms. Our first main result generalizes
this theorem to the case of “singular contact structures”, for which the contact
condition is satisfied on a dense subset of M, and to corank one distributions
on manifolds of even dimension. In these cases the family of distributions has to
preserve, when the parameter changes, a characteristic line field. The characteristic
line field is a field of tangent lines which is invariantly assigned to a corank one
distribution (it is defined on M™ if n = 2k, or on a hypersurface of M™ if n = 2k+1).

Our second main result states that if two corank one distributions have the same
characteristic line field and are close to each other, then they are equivalent via a
diffeomorphism. It means, in particular, that the characteristic line field contains
complete information about the geometry of singularities of the distribution. Our
results hold under a weak assumption on the distributions, called condition (A),
saying that the depth of a characteristic ideal of the distribution is nondegenerate
at singular points of the characteristic line field.
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2858 B. JAKUBCZYK AND M. ZHITOMIRSKII

Let us state our second result in the simple case where the characteristic line field
does not have singularities. Assume n = 2k > 4 and consider a smooth differential
1-form w on M™. Let (w A (dw)*~1)(p) # 0 for all p € M™. Such a form w defines
the distribution A = kerw, called the quasi-contact structure defined by w. Then
dw(p), restricted to the distribution A(p) = kerw(p), is of maximal possible rank
2k — 2 and has 1-dimensional kernel. We define the characteristic line at p by

L, = ker dw(p) |A(p)-

The characteristic line field L = L(w) is the field of characteristic lines p — L,
on M. The following fact is a special case of our Theorem 1.2, the case where
singularities are absent. (It is also a special case of a theorem in [MZh], Appendix
A, concerning corank 1 distributions of constant class.)

Theorem 0.1. Let A be the quasi-contact structure on a compact orientable man-
ifold M?* defined by a 1-form w, and let & be a 1-form such that L(®) = L(w). If
@ is sufficiently C2-close to w, then there exists a diffeomorphism of M** sending
A =kerd to A.

If a compact orientable manifold M?* admits a quasi-contact structure defined
by a global 1-form w, then its characteristic line field is generated by a nonvanish-
ing global vector field and the Euler characteristic of M2* is equal to zero. Thus
a manifold M?* with nonzero Euler characteristic admits only corank one distri-
butions with singular characteristic line field. Even if M?* admits a quasi-contact
structure, singularities may appear naturally when restricting a corank one distri-
bution to a submanifold of even dimension. Therefore, it is natural to ask whether
Theorem 0.1 holds in the presence of singularities. Theorem 1.2 in Section 1 gives
a positive answer under assumption (A), saying that the singularities of the char-
acteristic vector field have a natural depth (and codimension, in the analytic case).
This assumption excludes singularities of infinite codimension.

To state a similar result in the case n = 2k + 1, we introduce the set of points
where w does not satisfy the contact condition:

S={pe M (wA(dw)")(p) = 0}.

This set is called the Martinet hypersurface. The Martinet hypersurface is the set
of zeros of the function
H=wA (dw)k /9,

where  is a volume form. If S is empty, i.e., w is a contact 1-form on M2+,
then A = kerw is globally equivalent to any distribution A sufficiently close to
A. This follows from the theorem of Gray mentioned above. Assume now that
S is nonempty. We shall call A = kerw a Martinet distribution if it satisfies the
following two conditions:

(a) dH(p) # 0 for all p € S (then S is smooth), and

(b) Ag = kerwg is a quasi-contact structure on S, where wg is the pullback of
w to S.

At each point of S we can define the characteristic line

Lp = ker du)s(p)|kerws(;ﬂ)’ pe S.

The characteristic line field L = L(w) for a Martinet distribution A is the field of
tangent lines p — L, on S. It has no singularities. The following fact is a special
case of our Theorem 1.4.
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Theorem 0.2. Let A = kerw be a Martinet distribution on a compact orientable
manifold M?*+1 . If the Martinet hypersurfaces and the characteristic line fields of
A and A = ker® are the same and & is sufficiently C®-close to w, then there exists
a diffeomorphism of the manifold sending A to A.

Martinet distributions form a restrictive class of corank one distributions (L may
have singularities). In particular, any Martinet distribution on M? has the Martinet
hypersurface S, which consists of two-dimensional tori (each connected component
of S has zero Euler characteristic, since S admits a 1-dimensional foliation defined
by L). Our Theorem 1.4 will generalize Theorem 0.2 to the case of general corank
one distributions and Pfaff equations on M2F+1,

The appearance of the characteristic line field L as one of the main invariants
of corank one distributions A has the following history. The first to study L was
J. Martinet in [Mar] for the simplest occurring singularities of A on R?"*! (when
L has no singularities). J. Martinet also started to study typical singularities of
L in the 3-dimensional case. These singularities were roughly classified in [JP],
where the existence of a modulus in the classification of characteristic line fields
was shown. It was proved in [Zhl] by obtaining a normal form for A that this
modulus is the only invariant of A. This gave the complete local classification of
germs of generic 2-distributions on 3-manifolds, with the characteristic line field as
the complete invariant.

In the book [Zh2] the second author gave a classification of finitely determined
singularities of corank one distributions and Pfaff equations on manifolds of any
dimension. In this case again the characteristic line field L is a complete invariant.
This justifies, to a large extent, making the following

Conjecture. In the space of germs at 0 € R™ of corank one distributions on R™,
there is an exceptional set of infinite codimension such that for any two distributions
Ag and A1 away from this set, with the same characteristic line field L, there exists
a local diffeomorphism @ : (R™,0) — (R™,0) reducing Ay to Ap.

In a weaker form, with n = 3, this conjecture has already appeared in [JP| and in
a letter from J. Martinet to the second author (in 1989). In this case the conjecture
can be deduced from the results in [JZh2], [JZhI]. The exceptional set consists of
germs that do not satisfy the assumption (A) or that do not have the property of
zeros (see Section 1). In [JZh2] we proved that away from the exceptional set the
restriction of the distribution to the Martinet hypersurface is a complete invariant
for any n = 2k + 1. If £ = 1, then the restriction can be identified with the
characteristic line field.

The results of the present paper concern global corank one distributions close to
a fixed distribution. They also deal with families of distributions. In this setting we
eliminate some of the difficulties in the above conjecture which are due to non-close
germs and the necessity of preserving a fixed point (the source of the germ).

Our transition to the global approach was inspired by the results in [Gol|] and
IMZhLl Appendix A]. In [Gol] it is proved that a family of Engel structures F; on
a 4-manifold is trivializable provided that the characteristic line field of E; does
not depend on ¢. The result in Appendix A of [MZh] states that two close global
corank one distributions of any constant class (in the Cartan-Frobenius sense) are
diffeomorphic provided that they have diffeomorphic characteristic foliations. This
is a generalization of the Gray theorem. All these results apply to objects without
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2860 B. JAKUBCZYK AND M. ZHITOMIRSKII

singularities, whereas in the present paper we allow any singularities except certain
ones of infinite codimension, excluded by the assumption (A). The presence of
singularities leads to the main difficulties in our proofs. In Section 2 we explain
that the assumption (A) is natural and give examples showing that it cannot be
weakened.

In [JZh1] and [JZh2] we obtained local realization theorems (for germs at a fixed
point), theorems characterizing the set of all possible characteristic line fields if n =
3. Combined with the reduction theorems, they lead to a number of applications
including classification results. In this paper we leave aside the difficult task of
obtaining global realization theorems. The absence of such theorems restricts, at
present, the possibility of drawing immediate interesting conclusions concerning
global classification of corank one distributions.

Note that the assumption of closeness which appears in Theorems 0.1 and 0.2
(and later in Theorems 1.2 and 1.4) is essential for our results. Already two contact
structures that are far from each other are, in general, not equivalent. A classifica-
tion of contact structures is known only on certain 3-dimensional manifolds, see e.g.
[TEG]. We hope that our results can be used in global contact or quasi-contact ge-
ometry for studying singularities of 1-forms which appear when two global contact
(or quasi-contact) structures are joined by a path.

There are natural consequences of our results concerning characteristic curves of
a distribution, also called singular curves or abnormal curves in sub-Riemannian
geometry, and the geometry of distributions (cf. [A], [BH], [LS], [Mon]). These
curves coincide in our case with the integral curves of the characteristic line field.

Under the assumptions of Theorems 0.1 and 0.2, as well as those of Theorems
1.2 and 1.4 in Section 1, the singular curves of a corank 1 distribution determine
the equivalence class of the distribution, among distributions close to a given one
in the C* topology.

1. STATEMENT OF RESULTS

We will deal with Pfaff equations, which are more general objects than (coori-
ented) corank one distributions. Let M™ denote a compact, orientable, Hausdorff
manifold of dimension n > 3. By definition, a Pfaff equation is a set of differential
1-forms on M™ generated, as a module over the ring of functions, by a single 1-form
w. In other words, a Pfaff equation is a 1-form on M™ defined up to multiplica-
tion by a nonvanishing function. We denote the Pfaff equation by P = (w). If w
vanishes at no points of M™, then (w) can be identified with the field of kernels of
w—a coorientable hyperplane field in TM™. In general, a Pfaff equation is a more
general object, since we do not exclude the possibility of w vanishing at some points
of the manifold.

All objects in this paper will belong to a fixed category which is either C'*° or
real analytic C¥.

The case n = 2k. To any Pfaff equation P, and in particular to any cooriented
corank one distribution, one can associate the characteristic line field.

Definition 1.1. If n is even, n = 2k, then any vector field X defined by the relation

X|Q=wA (dw)1,
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where () is any volume form, and w any generator of P, is called a characteristic
vector field of P. The line field on M™ generated by X, i.e., the mapping

p— Ly = {aX(p), a € R} C T,M*",

is called the characteristic line field. The characteristic line field will be denoted
by L or L(w) or L(P). The set {p € M?* : X(p) = 0} is called the set of singular
points of L and denoted by Sing(L).

It is easy to check that any two characteristic vector fields differ by multipli-
cation by a nonvanishing function, and consequently the characteristic line field is
invariantly related to the Pfaff equation P, i.e., the choice of the generator w of P
and the volume form € is irrelevant. Note that if (w A (dw)k~1)(p) # 0, then the
definitions of L, and L coincide with those given in the introduction.

In the presence of singularities we need an invariant that describes a “degree of
degeneration” of singular points of a characteristic vector field X (for n odd it was
introduced in [JZh2]). First we define an invariant that is slightly stronger than
the set Sing(L).

Let p € Sing(L). The local characteristic ideal I, at a point p € M?* of a Pfaff
equation P is the ideal I,(X) in the ring of function germs at p, generated by the
coefficients aq,...,a, of a characteristic vector field X of P, in some coordinate
system near p. It is easy to see that the ideal I, is invariantly related to the germ
at p of P = (w) (the choices of a characteristic vector field and of a local coordinate
system are irrelevant). The germ at p of the set Sing(L) is the zero set of I,.

Definition 1.2. If n = 2k and p € Sing(L), then we define d,(P) = d,(X) as
dp(P) = depth I,(X).
Recall that the depth of a proper ideal I C R of a ring R is the maximal length

of a regular sequence of elements in I. A sequence a1, ..., a, € I is called regular if
a1 is not a zero divisor in R and, for any i = 2,...,r, the element a; is not a zero
divisor in the quotient ring R/(a1,...,a;—1), where (a1, ...,a;—1) denotes the ideal

generated by ai,...,a;—1. By definition, depth R = o0.

Remark. In the analytic category, d,(P) is equal to the codimension in C™ of the
germ at p of the set of complex zeros of the ideal I, (i.e., the zero level set of
the ideal generated by the complexification of the generators of I, in some local
coordinates). This follows from the fact that the complexification does not change
the depth of an ideal of analytic function germs (cf. e.g. [El]) and from the equality
of the depth(I) and the codimension of the analytic set of zeros of I for any ideal
I of holomorphic function germs.

We introduce the following crucial condition:
(A) d,(P) > 3 for any point p € Sing(L).

This condition is rather weak, in particular generic, as will be explained in Section
2

The following theorems hold in the categories C*° and C%, with M a compact
orientable manifold.

Theorem 1.1. Let P;, t € [0,1], be a family of Pfaff equations on M?** k > 2,
that satisfies the following conditions.
(a) All P, define the same characteristic line field L = L(P;).
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(b) All Py satisfy condition (A).
Then there exists a family ®; of diffeomorphisms of M** sending P; to Py.

Theorem 1.2. Let Py = (wo) and P, = (w1) be Pfaff equations on M?*, k > 2, that
have the same characteristic line field L = L(Py) = L(Py). Assume that condition
(A) holds for Py. Then there exists a diffeomorphism ® sending Py to Py provided
that wy is sufficiently close to wq in the C*° topology.

In the above theorems as well as in Theorems 1.3 and 1.4 below, all objects are
in the same category C'*° or C%, including regularity with respect to the parameter
t. The diffeomorphism in Theorem 1.2 can be taken C'*°-close to the identity.

Remark (Closeness of w;y to wp)). In many cases one can present a number r < 0o
(depending on Py) such that the closeness in the C*° topology in Theorem 1.2 can
be replaced by closeness in the C” topology. See Theorem 0.1 and Theorem B.2 in
Appendix B.

The case n = 2k + 1. The most basic invariant of a Pfaff equation P = (w) on
M?k+1 s the set
S={peM™!: (WA (dw)*)(p) = 0},
called the Martinet hypersurface, which consists of points at which w is not a contact
form. This set, invariantly related to P, is the zero level of the function

H=wA (dw)k/Q,

where (2 is a volume form.

The ideal (H) of the ring of functions on M?**! generated by H, is also invari-
antly related to P. It is called the Martinet ideal.

The characteristic line field of P = (w) on M?*+1 is defined on the set S.

Definition 1.3. Any vector field X on M?2*+! satisfying the relation
X|Q=wA (dw)* ' AdH mod (H),

where w is any generator of P, and H is any generator of the Martinet ideal, will
be called a characteristic vector field of P. The line field on S = {H = 0} defined
by the relation

p—?Lp:{aX(p),GER}, pES,
is called the characteristic line field of P. It will be denoted by L or L(w) or L(P).
The set of singular points of L is defined as Sing(L) = {p € M***1 . H(p) =
0, X(p) =0}.

Above and in the rest of the paper the equality of two objects (vector fields,
differential forms) mod (H) means that their difference is divisible over H in the
space of objects of the same category. To check that the line field defined above is
tangent to S, note that the definition of X implies that X |dH = 0 at any point
of S = {H = 0} and that X vanishes at any point of S at which the 1-form dH
vanishes. Thus X (p) € T},S at any point p € S at which S is a smooth hypersurface,
and X vanishes at all other points. It is easy to check that the characteristic line field
is invariantly related to P, i.e., the choices of the generator w of P, the generator
H of the Martinet ideal, and the volume form €2 are irrelevant.

Note that in the case of the Martinet singularity (p € S and (w A (dw)¥~1 A
dH)(p) # 0) the definitions of L, and L coincide with those given in the introduc-
tion.
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In order to deal with deeper singularities of P, namely those allowing singular
points of L, we introduce our invariant d,(P) in the case of odd n as follows.

Let p € Sing(L). The local characteristic ideal I, at a point p € MZF+1 of a
Pfaff equation P is the ideal I,,(H, X) in the ring of function germs at p generated
by the germ H), of a generator of the Martinet ideal and the coefficients aq,...,ay,
of a characteristic vector field X of P, in some coordinate system near p. The ideal
I, is invariantly related to the germ at p of P = (w) (the choices of a characteristic
vector field, a generator of the Martinet ideal, and of a local coordinate system are
irrelevant). The germ at p of the set Sing(L) is the zero set of I,,.

Definition 1.4. If n = 2k + 1 and p € Sing(L), then we define
dp(P) = dp(H, X)

as the maximal length of a regular sequence in the characteristic ideal I,(H, X),
starting with the germ H,, as the first element.

Remarks. (a) In Noetherian rings all maximal regular sequences in I are of the
same finite length. Moreover, any regular sequence can be completed to a maximal
regular sequence. This implies that in the analytic category, independently of the
parity of n, we have
d,(P) = depth(Ip).

(b) Similarly to the case n = 2k, in the analytic category, d,(P) is equal to the codi-
mension in C™ of the germ at p of the set of complex zeros of the complexification
of the ideal I,.

To formulate our reduction theorem for the most general case, we need two prop-
erties of the Martinet ideal (H): the property of zeros and the extension property.

Definition 1.5. The Martinet ideal (H) has the property of zeros if for any p €
S = {H = 0} the ideal in the ring of all function germs at p generated by the germ
H,, of H at p coincides with the ideal in the same ring consisting of function germs
vanishing on the germ at p of the set S = {H = 0}.

The property of zeros allows us to identify the Martinet hypersurface S = {H =
0} with the Martinet ideal. In the case of germs this follows from the definition.
Examples where the property of zeros is violated at a point p include:

(a) H, = H?Hs,, where Hy, Hy are function germs and H;(p) = 0;

(b) H, is equivalent to 72 = 2% + - - - + 22;

(c) Hp is a flat germ (i.e., the Taylor series of H at p is zero);

(d) Hy is a zero divisor in the ring of all germs at p.

In case (c) the property of zeros is violated, since H, = r~2H, is smooth and
has the same germ of zeros as H, but H, ¢ (H,). Note that (d) is a particular case
of (c).

The local version of the property of zeros (Definition 1.5) implies the global
version: if a function f on M vanishes on the set S = {H = 0}, then f belongs to
the ideal (H). This follows from the fact that division by H or by the germ H,, is

unique (by (d) the germ H, is not a zero divisor).n

'In the C*°-category the global and local versions of the property of zeros are equivalent (this
follows from the partition of unity). In the real analytic category they are equivalent provided
that the sheaf of functions vanishing on S = {H = 0} is coherent. In the proof “global implies

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2864 B. JAKUBCZYK AND M. ZHITOMIRSKII

We also need the extension property of the Martinet hypersurface S = {H = 0}.
Denote by C*°(M) the Fréchet space of smooth functions on M, equipped with
the topology of convergence together with all derivatives. Let C°°(M,.S) denote
its closed subspace of functions that vanish on S. We define the space of smooth
functions on S as the quotient Fréchet space C>(S) = C>*(M)/C>(M,S5).

Definition 1.6. We say that S has the extension property if there exists a continu-
ous linear operator A : C°(S) — C* (M) such that \(f)|s = f for all f € C*(S).

The extension property automatically holds in the C* category, since it holds
for any analytic subset S of M (see [BS] for a more general extension theorem). It
also holds if we assume that (H) has, locally around any point p € S, a generator
that is analytic in some coordinate system.

The following theorems hold in the categories C*° and C%, with M compact and
orientable.

Theorem 1.3. Let P;, t € [0,1], be a family of Pfaff equations on M*+1 k> 1,
that satisfies the following conditions.

(a) All P; have the same Martinet hypersurface S, which has the extension prop-
erty, and their Martinet ideals have the property of zeros (and consequently are the
same).

(b) All P; define the same characteristic line field L = L(P;).

(c) All P, satisfy condition (A).

Then there exists a family ®, of diffeomorphisms of M2**1 sending P, to Py.

Remark. Recall that the extension property of S holds automatically in the C%
category. We conjecture that in the C'°° category the extension property in Theorem
1.3 also can be omitted. Our proofs show that this is so if the family P; has a
generator w; that is polynomial in ¢.

Theorem 1.4. Let Py = (wg) and P, = (w1) be Pfaff equations on M?*+1 k> 1,
which have the same Martinet hypersurface S = S(Po) = S(P1) and the same
characteristic line field L = L(Py) = L(P1). Assume that the Martinet ideal of
Py has the property of zeros and Py satisfies condition (A). Then there exists a
diffeomorphism ® sending Py to Py, provided that wy is sufficiently close to wg in
the C'*° topology.

Remark (Closeness of w; to wg). As in the even-dimensional case, often one can
present a number r < oo (depending on FPp) such that the closeness in the C*°
topology in Theorem 1.4 can be replaced by closeness in the C" topology. See
Theorem 0.2 and Theorem B.2 in Appendix B.

The contents of the further sections. In Section 2 we explain why the condition
(A) is natural and give examples showing that it cannot be weakened. The conse-
quences of condition (A) are explained in Section 3 and Appendix A: the condition
(A) implies certain global division properties of a characteristic vector field. Sec-
tion 4 contains auxiliary algebraic statements, which also will be used throughout
the proofs. Using the division properties and these algebraic statements, we prove
Theorems 1.1 and 1.3 in Sections 5 and 7, respectively. The proofs of these the-
orems are based on the homotopy method, according to which it suffices to prove

local” one should use Cartan’s Theorem A in [C], which says that any local section of a coherent
analytic module belongs to the module generated by global sections.
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the solvability of the equation

dw
(HE) thwt + htwt =+ d_tt =0

with respect to a family of vector fields Z; and a family of functions h; (here Lzw
denotes the Lie derivative of w along Z). Then the family ®, of diffeomorphisms
obtained by integrating the family of vector fields Z;,

dd, )
L= Z,(® O = id
dt t( t)ﬂ 0 ? I

transforms the Pfaff equations (w;) into (wp):
‘bf wi = Prwo,

where ¢, = exp(— fot iLsds) and h; = hy; o ®;. In what follows the equation (HE)
will be called the homotopy equation or homological equation.

Theorems 1.2 and 1.4 are proved in Sections 6 and 8 by reduction to Theorems
1.1 and 1.3. In these sections we show that if Pfaff equations Py and P; satisfy the
assumptions of Theorem 1.2 or 1.4, then there exist generators wy of Py and w;
of P; such that the path of Pfaff equations P, generated by w; = wo + t(w1 — wo)
satisfies the assumptions of Theorem 1.1 or Theorem 1.3.

In Appendix B we present certain topological properties of linear operators re-
lated to the Martinet ideal and the characteristic ideal. We also show a way of
transition from the assumption of C*°-closeness of wi to wg in Theorems 1.2 and
1.4 to the C"-closeness with a certain r < co. In the simplest cases this way leads
to Theorems 0.1 and 0.2 in the Introduction.

2. NECESSITY OF CONDITION (A)

In this section we explain why the condition
(A) dy(P) =3
is natural, and we give examples showing that this condition cannot be weakened:
if depth d,(P) = 2, then our theorems are not true anymore.

Fix a point p € M™ and denote by J;; the space of i-jets of 1-forms at p. The
condition that p is a singular point of the characteristic line field L, i.e. p € Sing(L),
is the condition

(@ A (dw) ") (p) = 0,
if n = 2k, and
(WA (dw))(p) =0, (WA (dw)* ! AdH)(p) =0,

if n = 2k 4+ 1. It involves the i-jet at p of a generator w of P, where ¢ = 1 if
n is even and ¢ = 2 if n is odd. This condition distinguishes a certain subset
of J;;—the space of i-jets of w at p. It is not difficult to see that for any parity
of n this subset is a stratified submanifold of codimension 3 (see [Mar], [Zh2], or
[JZh2] for more details). Consequently, for generic w the set Sing(L) is either
empty or a submanifold of M™ of codimension 3. In the real analytic category (and
conjecturally, in the smooth category too) the set of 1-forms w violating (A) has
infinite codimension in the space of all 1-forms on M™; see [JZh2], Proposition 3.4
and Theorem A2 (Appendix 2).

The following examples show that the condition (A) cannot be replaced by the
condition d,(P) > 2. In these examples dim M = 4 and dim M = 5. They can be
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extended to higher dimensions. We have not found an example in the 3-dimensional
case, but we believe that such an example exists.

Example 1. Consider the family of Pfaff equations on the 4-torus T* generated
by 1-forms
wy = dfy + (sin O3 sin 04 + t)dbs.

The characteristic vector field X; is the same for all ¢:

X = Xo =cosly sint%,aie3 — cos B3 sin94a—&1.

The set S of singular points of X is the union of 8 disjoint 2-dimensional tori (4
of them are described by the equations 03,04 € {7/2, —7/2}, and the other 4 by the
equations 03,6, € {0, —7}). The codimension of S is 2; therefore depth I, = 2. The
restriction of (w;) to any of these 2-dimensional tori is a Pfaff equation generated
by a 1-form a; = dby + (6 + t)dfaz, where 6 € {0,+1} depending on the torus.
This Pfaff equation can be identified with the vector field V; : (§ +1¢)9/0601 — 0/06
defined up to multiplication by a nonvanishing function. It follows that the phase
portrait of V; on the torus is invariantly related to (w;). It is well known that
the equivalence of the phase portraits of Vi, and V;, with a fixed ¢ implies ¢t; = t5
provided that tq is close to t1; see [Arll] (the parameter ¢ corresponds to the rotation
number). Therefore the parameter ¢ of the family P; is a modulus (a parameter
varying continuously and distinguishing nonequivalent Pfaff equations).

Example 2. Consider the family of Pfaff equations on the 5-torus

Ts(glv 92; d)la ¢)27 ¢3)
generated by 1-forms

w = (A(01,02) + Bi(61, 02, ¢2)) dpr + C(61,62)dpa + dos,

where
A(0;,02) = 3(sin by + sin by),

Bi(01,602) = tsinga (1 — cos(fy — 62)),
C(61,02) = cos by + cosbs.

A simple calculation gives that wy A (dw;)? = sin(6; —602)-Q; -, where € is a volume
form and @, is a family of nonvanishing functions on 7, if t € [—1,1]. Therefore
the Martinet ideal is the same for all ¢; it is generated by the function sin(6; — 6s).
The Martinet hypersurface consists of two disjoint 4-tori:

S=T}uTy, Ti={02=01}, Ty=1{0=0 +nr}

Since the function B; vanishes on the torus 77, the restriction of (w;) to T} does
not depend on t. The restriction of (w;) to the torus Ty (1, ¢2, ¢3,601) depends on
t; it is the Pfaff equation (ay), where (o) = 2t sin ¢odd; + dgs. The characteristic
vector field of (w;) restricted to Ty is the characteristic vector field of (). Tt is
2t cos p20/001. Assume that ¢t # 0. Then the characteristic line field does not
depend on t. The set of its singular points is the union of two disjoint 3-tori T3,
given by the equations ¢ = £ /2. The restriction of (w;) to T3 (or, the same, the
restriction of (a¢) to T%) is the Pfaff equation of the form (8;), B = 2tdddy + dos,
d € {—1,1}. Consider the vector field V; : —9/0¢1 + 2t60/Jp3 on the 2-torus
T? = T?(¢1,¢3). It is easy to see that the Pfaff equations (3;,) and (3;,) on the
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3-torus are equivalent if and only if the phase portraits of V;, and V;, on the 2-
torus are equivalent. As in the previous example, this is so if and only if t; = to
provided that ¢ is close to t;. Therefore the parameter ¢ of the family (w;) of Pfaff
equations is a modulus, although these Pfaff equations have the same Martinet ideal
(satisfying the property of zeros) and the same characteristic line field. The reason
for that is the violation of the assumption (A)—the depth of the characteristic ideal
is equal to 2 instead of 3.

3. CONDITION (A) AND DIVISION PROPERTIES

In this section we explain implications of condition (A) which will be essential in
further proofs. The main implications are the following global division properties
of a characteristic vector field X. As before, we work in the C'*° and C* categories.

Proposition 3.1.a. If a Pfaff equation P = (w) satisfies condition (A), then any
characteristic vector field X of P has the following division properties.
(i) If n is even, then for any vector field Y and any r-form v on M™ with
r=n—1orr=n—2 the equality
X|lv=0 implies v=2X]|pu,
for an (r + 1)-form u on M™, and the equality
XANY =0 implies Y =fX
for a function f on M™.
(ii) If n is odd, then for any vector field Y on M™ and any (n — 1)-form v on
M™ the equality
X|v=0 mod (H) implies v=X]|p mod (H),
for an n-form u on M™, and the equality
XAY =0 mod (H) implies Y = fXmod (H)

for a function f on M™. Here (H) is the Martinet ideal of P, and we assume that
(H) has the property of zeros.

This proposition is a corollary of a general theorem in [DJ] on division properties
of the interior product with a section X of a vector bundle (see Appendix A for the
proof).

We also need a division property with parameters. In the next and all further
statements in this section a l-parameter family of functions, differential forms or
vector fields on M is assumed to be regular in t, i.e., depending on t analytically
(in the C*¥ category) or smoothly (in the C™ category).

Proposition 3.1.b. Proposition 3.1.a holds with the forms v, u, vector field Y,
and function f replaced by families ve, py, Yz, fr, t € [0,1], provided that in the
odd-dimensional case either the set S = {H = 0} has the extension property (see
Section 1) or the families vy and Yz depend on t polynomially.

This proposition is also proved in Appendix A, using the already mentioned
general theorem on division properties.

Remark. Proposition 3.1 also holds for germs at a fixed point.

Another implication of condition (A) concerns the structure of the set Sing(L)
of singular points of the characteristic foliation L: it cannot be too degenerate.
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Proposition 3.2. If a Pfaff equation (w) satisfies condition (A) and in the odd-
dimensional case the Martinet ideal of (w) has the property of zeros, then any
characteristic vector field X of (w), the Martinet hypersurface S and the set Sing(L)
of singular points of the characteristic foliation have the following properties.

(i) If n = 2k, then the set M™\ Sing(L) of points where X does not vanish (i.e.
(w) 1is quasi-contact) is dense in M™.

(i) If n = 2k + 1, then the set M™\ S (i.e., the set of points at which w is
contact) is dense in M™. Equivalently, any generator H of the Martinet ideal is
not a zero divisor.

(i11) If n = 2k + 1, then the set S\ Sing(L) is dense in S.

Proof. Statement (i) follows from the observation that if w is not quasi-contact
at any point of an open set, then any characteristic vector field X vanishes on
this set (vanishes on a connected component of M™, in the analytic category).
Consequently, given a point p in this set, the characteristic ideal I, at p generated
by the coefficients of X is trivial and contains no non-zero-divisor. This contradicts
assumption (A).

Statement (ii) is a simple implication of the property of zeros of the Martinet
ideal; see Definition 1.5 and the examples following it.

To prove (iii), assume that there exists a neighbourhood U in M™ of a point p € S
such that a characteristic vector field X vanishes at any point of the set U N S. By
the property of zeros of the Martinet ideal we obtain that X, = 0mod(H,), where
the subscript indicates the germ at p. This contradicts assumption (A) at the point
p. The proof is complete. ([l

Propositions 3.1 and 3.2 imply the possibility of choosing the same characteristic
vector field for all Pfaff equations with the same characteristic foliation.

Proposition 3.3. Let P, = (wy), t € [0,1], be a family of Pfaff equations on
M™ satisfying the assumptions of Theorem 1.1, if n = 2k, or of Theorem 1.3, if
n =2k + 1. Then for any family X; of characteristic vector fields of (w¢) we have

X, = Ry X, if n=2k, or

X, =R Xy mod (H), if n=2k+1,
where Ry, t € [0, 1], is a family of positive-valued functions and Xo is X; witht = 0.

Proof. Let n = 2k. The equality L(w;) = L(wp) implies that (X: A Xo)(p) = 0 for
all p € M™. By Proposition 3.1.b we obtain that X; = R; X, where R; is a family
of functions. Proposition 3.1.b also implies that for any fixed ¢ we have Xy = Q: X4,
where Q) is a function on M™. This leads to the relation (1 — R:Q:)Xo = 0. By
Proposition 3.2, Xy does not vanish on a dense subset of M™; thus R;Q; = 1. This
implies that R; is a family of nonvanishing functions. This family is positive valued,
since for any p € M™ the function R:(p) is continuous in ¢ and Ro(p) = 1.

In the case of n = 2k 4+ 1 the equality L(w:) = L(wo) gives (X A Xo)(p) = 0
for all p € S. From the property of zeros of the Martinet ideal we deduce that
Xi A Xo = O0mod(H). Using Proposition 3.1.b, we see that X; = R;Xomod(H ),
for a family of functions R,. Similarly, we have X¢ = Q;X; mod(H) for any fixed t,
where the Q; are functions. Therefore, (1 — R:Q+)Xo = 0mod(H). By Proposition
3.2, RiQ¢ = 1 on S, and so R; is nonvanishing on S. From the fact that R;(p) is
continuous in ¢ and from Ryp(p) = 1, we deduce that R; is positive valued on S,
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for any t € [0,1]. Finally, adding to R; the function CH? with a sufficiently large
constant C, we obtain R; positive valued on M. O

Condition (A) implies one more division property that we need in our proofs.
Its proof is postponed to Section 4.

Proposition 3.4. Let P, = (wy), t € [0,1], be a family of Pfaff equations on M?*
satisfying the assumptions of Theorem 1.1, and let B; be a family of 1-forms such
that wy A By = 0. Then [y = hywy for some family hy of functions.

Note that this statement is trivial if w; is a family of nonvanishing 1-forms, but
we do not assume this in our theorems.

4. AUXILIARY ALGEBRAIC LEMMAS

To prove the solvability of the homotopy equation in the proofs of Theorems 1.1
and 1.3, we will also use the following simple algebraic facts.

Recall that a 1-form a on M™, n > 3, is called contact (quasi-contact) at p €
M™ if n = 2k + 1 (respectively, n = 2k) and (a A (da)*)(p) # 0 (respectively,
(a A (da)*=1)(p) # 0).

Lemma 4.1. Let o and X be 1-forms on M?**. If a is quasi-contact at p and
(AN @A (da)*=2) (p) =0, then (A A a)(p) = 0.

Lemma 4.2. Let o be a 1-form on M?***1. If « is a contact at p and X is a 1-form
such that (AN a A (da)*1) (p) =0 and (A A (da)¥) (p) = 0, then A(p) = 0.

The facts stated in these lemmas are invariant with respect to multiplication of
a by a nonvanishing function, i.e., they are properties of the Pfaff equation («).
These properties can be easily checked in the Darboux coordinates in which the
Pfaff equation takes the form (dz + z1dy; + - - - + z,dy,.), where r = k — 1 if n = 2k,
and r =k if n =2k + 1.

Lemma 4.3. Let a be a 1-form on M?**+1 that is not contact at p, but ap) # 0.
If X is a 1-form such that (A A a A (da)*=1)(p) = 0, then (A A (da))(p) = 0.

Proof. We take a nonzero vector v € T, M?**1 such that v]a = v]da = 0. (The
existence of such a vector follows from the assumption that « is not contact at p.)
Then the relation assumed in the lemma implies that the form (v|\) - a A (da)k~t
vanishes at p. It follows that if (o A (da)*~1)(p) # 0, then (v]\)(p) = 0, and
consequently (A A (da)*)(p) = 0. On the other hand, if (a A (da)¥~1)(p) = 0, then
the assumption a(p) # 0 implies that (da)*(p) = 0, and then again (A (da)¥)(p) =
0. ]

Lemma 4.4. If Q is a volume form on M™, X\ is a 1-form, 7 is an (n — 2)-form
and X is a vector field defined by the relation X | Q@ =AA~, then X | A=0.

Proof. To prove this statement, note that the definition of X implies X | (AAYy) =0,
and consequently (X |A)-v £ (X |v) AX=0. It follows that (X | A)- (AAy) =0.
Since X vanishes exactly at points at which the form A A~ vanishes, we obtain that
X | A=0. O

Finally, we need the following general properties of a characteristic vector field.
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Lemma 4.5. If X is a characteristic vector field of a Pfaff equation (w) on M?*,
then
X|lw=0 and (X|dw)Aw=0.

Proof. The first relation follows from the definition of X and Lemma 4.4. The
definition of X implies that X |(w A (dw)*~1) = 0, which, together with X |w = 0,
gives (X |dw) Aw A (dw)*=2 = 0 if k > 1. Now the second relation in Lemma 4.5
follows from Lemma 4.1 at points where w is quasi-contact. At all other points the
field X vanishes, and there is nothing to prove. O

Lemma 4.6. If X is a characteristic vector field of a Pfaff equation (w) on M?2k+1
whose Martinet ideal has the property of zeros, and H is a generator of this ideal,
then

X|w=0 mod (H), X|dH =0 mod (H), (X|dw)ANw =0 mod (H).

Proof. Due to the property of zeros of (H), it suffices to prove the three relations
at any point p of the Martinet hypersurface S such that X(p) # 0. The relation
(X |dH)(p) = 0 follows immediately from the definition of X. To see the other two
relations, note that S is regular in a neighbourhood of a point p such that X (p) # 0.
The definition of the characteristic vector field X in the case n = 2k+1 implies that
the vector field X|gs on S is, in a neighbourhood of such a point p, a characteristic
vector field of the Pfaff equation (w|g) on S (which is quasi-contact at p). Thus
the remaining two relations follow from Lemma 4.5. The proof is complete. U

Proof of Proposition 3.4. Let X; be the characteristic vector field of (w;) defined
by X:|Q = w; A (dw)*~ 1. Since X; (and so w;) does not vanish on a dense sub-
set of M™, the condition w; A By = 0 and Lemma 4.5 imply that X;|8; = 0 and
X (ﬂt A (dwt)k_l) = 0. From Proposition 3.3 we have the equality X; = R;Xo,
with R; nonvanishing; thus X | (ﬂt A (dwt)k_l) = 0. Therefore the division prop-
erty in Proposition 3.1.b implies the following relation: 3; A (dw;)*~t = X | ¢ =
(9¢/Re) Xt | Q, where  is a volume form, g; is a family of functions and u; = g:€2.
Taking h: = g+/ R, we can rewrite this relation in the form

(Bi — hywy) A (dwi)®~1 = 0.

Let us show that this relation implies 5; — hiw; = 0. We know that (8 —hiwy) Awy =
0, since B; Aw; = 0. Fix t and a point p at which w; is quasi-contact. At this point
wy does not vanish; therefore (8; — hiwt)(p) = rwe(p), with the scalar r depending
on t and p. Then the displayed relation implies that 7(w; A (dw;)*~1)(p) = 0 and
consequently » = 0. So, (8; — hiw;)(p) = 0 if p is a point at which w; is quasi-
contact. By Proposition 3.2, (i) the set of such points is dense, and so §; = hw; at
any point of the manifold. The proof is complete. (I

Now we are ready to prove the solvability of the homotopy equation (HE) and
our main theorems.

5. PROOF OF THEOREM 1.1

Solvability of the homotopy equation (HE) in Section 1 is equivalent to solvability
of
(51) (th Wt +

deoy

dt ) A we N\ (dwt)k_Q = 07
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with respect to a family Z; of vector fields. Namely, equation (5.1) is obtained from
the homotopy equation by external multiplication by w; A (dw;)*~2. Conversely, if
(5.1) is solvable then, using the fact that the set of quasi-contact points of (w;) is
dense in M™ (Proposition 3.2,(i)), we get from (5.1) by Lemma 4.1 that (Lz,w; +
(dwy/dt)) Awy = 0. Therefore, by Proposition 3.4 we get L z,w;+ (dwy/dt)+hiw = 0,
for a family of functions h;, which is the homotopy equation (HE).

A solution Z; of equation (5.1) will be constructed within the set of families Z;
satisfying
Condition (5.2) implies that Lz,wr = Z; | dw, and the equation (5.1) can be
rewritten in the form
dw _
d_tt /\wt A\ (dwt)k 2 = 0.

In order to solve equation (5.3) we fix a volume form 2 and define a family X; of
characteristic vector fields of (w;) by the relation X; | Q = w; A (dw¢)*~!. Lemma
4.5 and Proposition 3.3 imply the relations Xo|wy = 0, Xo](dw:/dt) = 0 and
(Xo|dwt) Awr = 0. Thus

(5.3) Zi| (we A (dwe) 1) + (k= 1)

d
Xo|vy =0, where v, = <% Aws A (dwt)k2> .

Therefore, by the division property in Proposition 3.1.b, we have
(5.4) ve = Xo | fit,

with some family fi; of (n — 1)-forms of the same regularity with respect to t as in
wt. Using Proposition 3.3 again, we obtain

(5.5) ve=Xt |

for some, regular in ¢, family of (n — 1)-forms u;. This relation allows to rewrite
equation (5.3) in the form

Ze | (X ] Q)+ (k=1)X¢ e = 0.
The latter equation has a solution Z; defined by the relation

It now remains to check that the constructed solution Z; satisfies relation (5.2).
The equality (5.2) is equivalent to the relation p: A wy = 0. From (5.5) and the
definition of v, we have (X; | ut) A wy = 0. By Lemma 4.5, X, |w; = 0; therefore
X; ] (e Awy) = 0. Thus the n-form p; A wy vanishes at any point at which X,
does not vanish. By Proposition 3.2, (i) the set of such points is everywhere dense;
therefore py A wy = 0 and (5.2) holds. This completes the proof of Theorem 1.1.

6. PROOF OF THEOREM 1.2

We will use the following proposition (its proof is postponed to the end of this
section).

Proposition 6.1. Assume that Py = (wg) satisfies condition (A) and
(6.1) w1 A (dwl)kil =wg N\ (dwO)kil.
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Then for the path wy = (1 — t)wp + twr we have

(6.2) wi A (dw;)* 71 = Ay wo A (dwo)FL,

where Ay is a family of functions, polynomial in t.

Proof of Theorem 1.2. The equality L(wp) = L(wy) implies Xo A X3 = 0, where
Xo and X, are characteristic vector fields of Py and P;. Condition (A) satisfied

for (wp) enables us to use the second division property in Proposition 3.1.a, (i) to
deduce that X; = RX( and, equivalently,

(6.3) w1 A (dw1)*t = Rwo A (dwo)* 1,

where R is a smooth or analytic function. In fact, R is positive valued, which will
follow from the closeness of wi to wy. Therefore, assuming R > 0, we choose the
generator

(I)l = Rl/kwl,

and we have

(6.4) &1 A (din )P = wo A (dwo)*
Let
(6.5) wr=(1—t)wo +td;.

To prove Theorem 1.2 it is sufficient to show that the family of Pfaff equations (w;)
satisfies the assumptions of Theorem 1.1.

The equality (6.4) allows us to use Proposition 6.1 to conclude that the relation
(6.2) holds for the path (6.5). It is clear that (6.2) implies that the family (w;)
satisfies the assumptions (a) and (b) of Theorem 1.1 provided that the functions
A; in (6.2), t € [0,1], vanish at no point of M™. This will follow from the assump-
tion on the C'*°-closeness of w; to wy and Theorem B1 in Appendix B. Define a
characteristic vector field X; of (w;) by the relation X;|Q = w; A (dw;)*~1, where
Q2 is a volume form. By (6.2) we have X; = A;Xo. The C*°-closeness of w; to wp
implies the C*°-closeness of X;,t € [0, 1], to Xo. By Theorem B1 the C'*°-closeness
of X; to Xo in the equality X; = A; X, implies that the function A;,t € [0,1], is
C*>-close to 1. Consequently, A; vanishes at no point of the manifold. The proof
of Theorem 1.2 is complete. O

Proof of Proposition 6.1. Using (6.1), we may assume that the characteristic vector
fields X and X7 of (wp) and (w1), respectively, are equal. We shall prove that

(6.6) Xo | (we A (dwp)* 1) =0.

Having (6.6), we can use assumption (A) and the division property in Proposition
3.1.b (with polynomial dependence in t), which gives wy A (dw;)*~! = X¢ | s, where
pt is a volume form. Let wg A (dwo)® = Xo|Q, e = A:Q. Then we get (6.2).

To prove (6.6), we note that by Lemma 4.5 we have

(6.7) Xo|wo = Xo w1 =0;

therefore Xo|w; = 0. Tt follows that in order to prove (6.6) it suffices to prove the
equality

(68) (X()J dwt) Nwy = 0.

It is enough to prove the equality (6.8) at any point p such that Xo(p) # 0. At
such a point wo(p) # 0 and, since Xo = X7, wi(p) # 0. From Lemma 4.5 we have
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(Xo|dw;) Nw; = 0, i = 0,1. Thus, there are functions hy and hy, defined in a
neighbourhood of p, such that in this neighbourhood we have

(69) X()J dwo = hou)o, X()J dw1 = hlwl.
We will prove below that
(6.10) hy = hg.

Then from (6.9) we get Xo|dw; = hwy, where h = hg = hy, and so (6.8) holds.

We will show that (6.10) follows from (6.1). We take the Lie derivative of both
parts in (6.1) along the vector field Xy. Using the formula Lxn = d(X |n) + X |dn
for the Lie derivative, we obtain

LXO (wo A (d(UQ)kil) =d (XOJ (wo A (dwo)kil)) + XQJ (dwo)k
=0+ k(XQJ dwo) A (d(UQ)k71 = khowg A (dwO)kil,
and similarly
LXO (w1 A (dwl)k_l) = khiwi A (dwl)k_l.
Comparing these equalities and using (6.1) again, we get the required relation (6.10)

(since wo A (dwp)*~1 = wy A (dw1)k~! does not vanish on a dense subset of M).
Proposition 6.1 is proved. (]

7. PROOF OF THEOREM 1.3

Since the Martinet hypersurfaces of P, = (w;) are the same for all ¢, the Martinet
ideals are the same by the property of zeros. Thus we can fix a generator H of these
ideals. The following two propositions will hold under the assumptions of Theorem
1.3. In the propositions all families are regular with respect to ¢ (smooth in the
C™ category and analytic in the C* category).

Proposition 7.1. There exists a family of vector fields Y; satisfying the relation
d
(7.1) (Lytwt + %) Awi A (dwy)* 1 =0 mod (H).

Proposition 7.2. Let p; be a family of 1-forms such that
(7.2) e Awi A (dw)* "1 =0 mod (H).
Then the equation
(7.3) Lz,wi + hywy =
has a solution (Zy, ht).
The solvability of the homotopy equation (HE) in Section 1 is a direct corollary

of these propositions. Namely, we take p; = —Ly,w; — dw/dt, and then the pair
(Zs, he), with Zy = Z; + Y2, solves the homotopy equation (HE).

Proof of Proposition 7.1. We fix a volume form ) and define a family X; of char-
acteristic vector fields of (w;) by the relation X;|Q = w; A (dw;)*~* A dH. From
Proposition 3.3 we have

Xt = RtXO mod (H),
where R; is a family of nonvanishing functions, regular in ¢ (of the same regularity
in ¢t as in the family w;). By Lemma 4.6 we have X;|w; = 0 mod (H) and
(Xt|dwt) ANwy = O0mod (H). We may replace X; with Xy in these equalities. In
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particular, we get Xo|w; = Omod (H), which implies Xg|(dw:/dt) = Omod (H).
Taking all these equalities into account, we see that

d
(7.4) Xo| (% A wg A (dwt)kl) =0 mod (H).
This equality and Proposition 3.1.b imply that
dwt

% A we N\ (dwt)k_l = X() J (ftQ) mod (H),

where f; is a family of functions, regular in t. Replacing Xy with R; ' X; and using
the definition of X;, we see that we can rewrite this relation in the form

% Awi A (dwe) ™ = grwi A (dw)* P AdH  mod (H),
where g = f;/R;. This allows us to rewrite equation (7.1) in the form
(7.5) (Ly,w; — gidH) Awi A (dwy)* ™1 =0 mod (H).

It is clear that (7.5) holds if Y; satisfies the relations
(7.6) Y |dw, =0, Yi]w=gH,

since in this case

Ly,wy = d(Y; Jw) = d(g:H) = g«dH  mod (H).
Since (H) is the Martinet ideal of (w;), we have
(7.7) wi A (dwy)® = S;HQ

for a family S; of nonvanishing functions which has the same regularity in ¢ as in
wy (this follows from the regularity of the left-hand side and the fact that division
by H is a continuous linear operator in the space of smooth functions, see Theorem
B1 in Appendix B). Let us show that (7.6) holds for the family Y; defined by
(7.8) Y, | Q= %(dwt)’“.
t

In fact, applying Y; | to (7.8), we get g;(Y; |dws)A(dw;)*~1 = 0. This relation implies
Y: | dwy = 0 (at points where g:(p) = 0 we have Y;(p) = 0, and at other points we
can use Lemma 4.2 with A = (Y; |dw;) and the fact that contact points are dense).
We have shown the first equality in (7.6). In order to prove the second one we
apply Y;| to (7.7) and, using (7.8), we obtain that (V; | w; — g:H) - (dw;)* = 0. This
implies that Y; | w; — g:H = 0 at points where the form (dw;)* does not vanish, in
particular, at points where w; is contact. By Proposition 3.2, (ii) the set of such
points is everywhere dense; therefore Y; |w; — gtH = 0 everywhere, and so (7.6)
holds. Proposition 7.1 is proved. O

Proof of Proposition 7.2. By Lemma 4.2, (i) and the fact that the set of contact
points is dense in M™ (Proposition 3.2, (ii)), the equation (7.3) reduces to the
following two equations:

(79) (thwt) /\wt A (dwt)k_l = Ut A Wi A\ (dwt)k_l,

(710) (thwt + htwt) A\ (dwt)k = Mt N (dwt)k

(with unknown Z; and h;), obtained from (7.3) by external multiplication by the
forms wy A (dwy)*~' and (dw;)*, respectively.
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To solve equation (7.9) we use assumption (7.2). By this assumption
(711) 1253 A we N (dwt)kfl = Hl/t

for some family v; of 2k-forms, regular in ¢ by Theorem B1 in Appendix B. This
permits us to find an explicit solution Z; of (7.9). Namely, since H is a generator of
the Martinet ideal of (w;), we have relation (7.7), i.e., w; A (dw;)® = HS,S), where
S; is a family of nonvanishing functions, regular in ¢. Let us show that the family
of vector fields Z; defined by the relation

k
(7.12) Zy | Q= =1

St
is a solution of the equation (7.9). Relation (7.11) and the fact that H is not a zero
divisor imply that vy A wy = 0. This and (7.12) imply that

Ztht = 0.

Consequently, Lz,w; = Z; | dw; and
1
(713) (thwt) Awi A\ (dwt)kfl = (ZtJ dwt) Awi N\ (dwt)kfl = EZtJ (wt A (dwt)k) .
Now (7.9) follows from equalities (7.7) and (7.11)—(7.13).
To prove Proposition 7.2 it remains to solve equation (7.10) with respect to hy.
Since Z;|w; = 0, then (Lz,wi) A (dw)® = (k + 1)71Z;](dw;)**1 = 0, and the
equation (7.10) takes the form

htwt N (dwt)k = Ut A (dwt)k.

Due to relation (7.7), to prove that this equation has a solution h; it suffices to
prove that uy A (dw;)® = HCyQ, where C; is a family of functions, regular in t. We
shall first prove that

(7.14) (e A (dwi)¥) (p) =0, for peS.

This follows from relation (7.2). Namely, since w; is not contact at a point p € S,
thus (7.14) follows from (7.2) by Lemma 4.3, provided that w:(p) # 0. Since the
set of points of S at which w, vanishes is a subset of the set Sing(L), the set of
points p € S where w(p) # 0 is dense in S by Proposition 3.2, (iii). Therefore
(7.14) holds at all points p € S. By the property of zeros of the ideal (H) we obtain
wi A (dwi)* = HCyQ. Since p; and w; are regular in ¢, we deduce from Theorem B1
in Appendix B that C; is regular in ¢. Proposition 7.2 is proved. (]

We have completed the proof of Theorem 1.3. Note that the extension property
of S was used only when referring to Proposition 3.1.b., and therefore it is not
needed if w; is polynomial in ¢ (cf. the remark after Theorem 1.3).

8. PROOF OF THEOREM 1.4

Since the Martinet hypersurfaces for Py = (wp) and P; = (w1) are the same and
the Martinet ideals have the property of zeros, they are equal and we can choose
a common generator H which will be used throughout the proofs. The following
proposition holds under the assumptions of Theorem 1.4 and will enable us to
reduce the problem to Theorem 1.3.
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Proposition 8.1. Assume that
w1 A (dw))* P ANdH = wo A (dwo)* P AdH  mod (H).
Then, for the path wy = (1 — t)wp + twr we have

(8.1) wi A (dw)* P ANdH = Bywo A (dwo)* * AdH — mod (H),
and
(8.2) w A (dwy)® = Cywo A (dwo)F,

where By and Cy are families of functions, polynomial in t.

Proof of Theorem 1.4. Let Xy and X; be characteristic vector fields of Py and
P, defined via the same volume form and the same generator H of the Martinet
ideal. Since L(wi) = L(wp), then X1 A X9 = Omod (H). From condition (A)
and the division property in Proposition 3.1.a we obtain X; = RX,mod (H) or,
equivalently,

(8.3) w1 A (dw))" P NdH = Rwg A (dwo)* ' AdH  mod (H),

where R is a smooth or analytic function. We will later show, using closeness of w;
to wg, that R is positive valued. Therefore, we can change the generator of P; for

(8.4) o1 = RY*uy,

and we get

(8.5) 1 A (din)* P ANdH = wo A (dwo)* * AdH  mod (H).
Let

(8.6) wr=(1—t)wo+tws.

To prove Theorem 1.4 it is enough to show that the family of Pfaff equations (w;)
satisfies the assumptions of Theorem 1.3. Note that we do not need the extension
property of S, since the family w; in (8.6) is polynomial (in fact, affine) in ¢, and
in this case Theorem 1.3 was proved without using this assumption.

The equality (8.5) enables us to use Proposition 8.1. It is clear that relations
(8.1) and (8.2) imply that the family (w:) satisfies the assumptions (a), (b) and
(¢c) of Theorem 1.3 provided that the functions B; do not vanish on S (then the
characteristic line field does not change) and C; do not vanish on M™ (then the
Martinet ideal does not change), for ¢ € [0, 1].

The fact that B; and C; do not vanish follows from the C°°-closeness of wi to
wo and Theorem B1 in Appendix B. Since w; is C*°-close to wy, then the vector
field X; is C*° close to Xy. The relation X; = RXy mod (H) and continuity of
the inverse to the operator Lx g in Theorem B1 imply that there exists a function
R that is C°-close to 1 and equal to R at any point of the Martinet hypersurface
S. By the property of zeros of the Martinet ideal, R = Rmod (H). We may
replace R by R in (8.3) and in the definition (8.4) of &;. Then wy,t € [0,1], is
C*>-close to wy. Define a family of characteristic vector fields X; by the relation
X1 = wi A (dwy)* 1 AdH. Then X;,t € [0,1], is C*®-close to Xo. The equality
(8.1) is equivalent to X; = By Xomod (H). We again use continuity of the inverse
to the operator Ly m in Theorem B1. By this theorem there exists a function Bt
that is C*°-close to 1 and equal to B; at any point of S. Therefore B; > 0 at any
point of S.
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To prove that C; vanishes at no points of M™, we also use the C'°°-closeness of
wi,t € 10,1], to wo shown above. Let w; A (dw;)* = Q.H(), where Q is a volume
form. Relation (8.2) implies that Q; = CtQo. The C*°-closeness of w; to wy implies
the C*°-closeness of the function HQ; to HQy. By continuity of the inverse to the
operator f — fH (Theorem B1) we get the C*°-closeness of @Q; to Q. Since Qo
is a nonvanishing function, then C; is C*°-close to 1. The proof of Theorem 1.4 is
complete. O

Proof of Proposition 8.1. It is enough to prove the equalities
(8.7) Xo | (weA(dwy) " AdH) =0 mod (H),

(8.8) Xo | (we A (dwy)¥) =0 mod (H).

Namely, equality (8.7) and condition (A) allow us to use the division properties in
Proposition 3.1.b to conclude that w; A (dwi)*~! A dH = B;X|Qmod (H), and
so the validity of relation (8.1), where B; is a family of functions, polynomial in
t. Equality (8.8) implies that w; A (dw¢)* vanishes at those points of S at which
X does not vanish. By Proposition 3.2, (iii) the set of such points is dense in S;
therefore wy A (dw;)* vanishes at all points of S. By the property of zeros of the
Martinet ideal we have w; A (dw;)¥ = 0mod (H), and consequently (8.2) holds for
some family of functions C}, polynomial in ¢.

In order to prove (8.7) and (8.8) we use the assumption of Proposition 8.1 and
choose characteristic vector fields Xy and X; of (wp) and (w1) equal modulo (H).
By Lemma 4.6 we have

XoJwi =0 mod (H), Xo|dH =0 mod (H),

for ¢ = 0,1, and therefore Xo|w; = Omod (H). It follows that in order to prove
(8.7) and (8.8) it suffices to prove the equality

(8.9) (Xo|dwt) Awr =0 mod (H).

Due to the property of zeros of the Martinet ideal, it suffices to prove this equality
for any point p € S such that Xo(p) # 0. At such points the 1-form dH does not
vanish and S is smooth. Since X; = Xy mod (H), using Lemma 4.6 we obtain

(Xonu)o) Nwo = (X()del) Awi =0

in a neighbourhood of p in S. Since Xo(p) # 0, then wo(p) # 0 and wy(p) # 0, and
therefore these relations imply the equalities

(810) X()J dwo = howo, X()J dw1 = hlwl,

which hold in a neighbourhood U of p in S. Here hy and h; are functions defined in
this neighbourhood. We will show that hg = hy; then (8.10) implies that X |dw; =
howt, and (8.9) holds in the neighbourhood U.

To prove that hg = h; on U C S, we restrict the relation assumed in Proposition
8.1 to the tangent bundle of U. We obtain (w1 A dwi)|y = (wo A (dwo)*~1)|r and
take the Lie derivative of this relation along the restriction Xo|s of Xo to S (recall
that Xy is tangent to S). As in the proof of Proposition 6.1, we obtain the required
equality hg = hy. Proposition 8.1 is proved. O
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APPENDIX A. DIVISION PROPERTIES

In this Appendix we present a general theorem on division properties of the
exterior (respectively, interior) product with a section X of a vector bundle. This
theorem is proved in [DJ| and implies our Propositions 3.1.a and 3.1.b. Our results
hold in the categories C*, where s = oo or s = w.

Let M be a paracompact differential manifold. Consider a vector bundle E over
M of rank m and denote by E* its dual bundle. Let A, = A,(F) denote the rth
exterior power of K, r =0,1,...,m, with Ag = M xR and A; = E. We denote by
A.(M; E) the linear space of sections of A, (smooth or real analytic, depending on
the category).

Any section a of E defines the linear operator of exterior multiplication by «,
which gives the complex

(A.1) 0—A(M) = A (M;E)— -+ — A (M E),
with the operator 0y = 0% : Ap(M; E) — Apy1(M; E) defined by 92(v) := a A~.
Consider a section X of the dual bundle E*. This section defines the operator
of the interior product with X, X| : A,(M;E) — A._1(M;E). Given a local
basis e, ..., e, of E, the operator of the interior product with X is defined on the
elements of a local basis of A, by
m
XJ (eil VACERIVAN eim) = Z(—l)j71<X, 61'].> TRVAREE éij e Neg,
j=1
where ¢;; means absence of e;; and (,-) denotes the duality product between E*
and E. Clearly, (X |)? = 0; so the operator X | defines the complex
(A.2) 0= An(M;E) > Ay 1i(ME) — - = A(M; E) - Ag(M; E).
Let S be a closed subset of M. Denote by A, (M, S; E) C A.(M; E) the subspace
of sections of A,(M; E) vanishing at all points of S, and let
AT(S;E) = AT(M§E)/A7"(M5 S, E)
denote the quotient space.
Any element « of A1(S; E) defines the unique operator
O Ap(S;E) — Apya(S; E)
(the quotient of the operator of exterior multiplication), which gives the complex

(A-3) 0 — Ao(S) = AL (S; ) — -+ o A(S: E).

Given a section X of E*, the operator X | defines the following complex on the
quotient spaces:

(A.4) 0= An(S;E) = Ap—1(S5E) — -+ = A1(S; E) — Ao(S; E).
We define the invariant d,(X) = depth(l,), where I, is the ideal of function
germs at p € M generated by the coefficients ay, ..., a, of X in a local basis of E*

(cf. Definition 1.2 in Section 1). Similarly, given a pair (H, X) of a function H and
a section X of E* on M, we define d,(H, X) as the maximal length of a regular
sequence of function germs that begins with the germ H, of H at p and has further
elements in I, (cf. Definition 1.4). Analogously we define the invariants d,(«) and
dy(H, ).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DISTRIBUTIONS OF CORANK 1 2879

Statements (i) and (ii) of the following theorem hold in the C*° and C* cate-
gories, for 0 < g <n-—1.

Theorem A. (i) If a satisfies the condition d,(o) > q+ 1 for all p € M such
that a(p) = 0, then the complex (A.1) is exact up to Ay(M;E). Similarly, if
dp(X) > q+1 for all p € M such that X (p) = 0, then the complexr (A.2) is exact
up to Ap—q(M; E).

(ii) Let H be a function on M such that the ideal (H) has the property of zeros,
and let S = {H = 0}. If a is a section of E on M such that (H,«) satisfies
dp(H,a) > g+ 2 for all p € S such that a(p) = 0, then the complex (A.3) is exact
up to Ay(S; E). Similarly, if X is a section of E* on M and dp(H,X) > q+2 for
all p € S such that X (p) = 0, then the complex (A.4) is exact up to Ap—q(S; E).

(i11) If the assumptions of (i) hold, then, in the C* category, the complex (A.1)
splits up to Ag—1(M; E) and the complex (A.2) splits up to Ap—_gr1(M; E). If the
assumptions of (ii) hold and S has the extension property, then the complex (A.3)
splits up to Aq—1(S; E) and the complex (A.4) splits up to Ay—q41(S; E). Here
the corresponding spaces are equipped with the C* topology and are considered as
Fréchet spaces (quotient Fréchet spaces).

Above, a complex 0 — Ly, — -+ — Lp_g41 — Lpyy—q — -+ defined by the
operators 0; : Ly — L;_1 is called exact up to Ly,—q if Im0;11 = ker0; for i =
m,m—1,...,m—gq, and it splits up to L,,—4+1 if the L; are linear topological spaces,
Im 9; are closed subspaces of L;_; and each 0; : L; — L;_; has a continuous right
inverse K; defined on Im9;, for alli=m,m—1,...,m—q+ 1.

The above theorem follows from Theorems 2.1 and 2.2 in [DJ]. In the local
case (of germs) statements (i) and (ii) follow from a well-known algebraic result on
exactness of the Koszul complex, cf. e.g. [E] or [JZh2], Appendix 1.

Proof of Proposition 3.1.a. In the even-dimensional case the first implication fol-
lows trivially from statement (i) in Theorem A if we take the bundle E equal to the
cotangent bundle £ = T*M, the dual E* = T'M, and consider the complex (A.2).
(A-(M, E) is identified with the space of differential r-forms on M.) The second
implication follows analogously from the same statement by taking £ = T'M and
the complex (A.1).

In the odd-dimensional case the first implication follows in a similar way from
statement (ii) in Theorem A concerning the complex (A.4). This is because the
property of zeros of (H) allows us to identify the elements of A,(S; E) with the
equivalence classes of differential r-forms modulo (H) (cf. our convention on no-
tation mod (H) presented after Definition 1.3). The second implication follows
analogously from statement (ii) in Theorem A concerning the complex (A.3). O

Proof of Proposition 3.1.b. The existence of u; and f; for any fixed ¢ follows from
Proposition 3.1.a. We have to show the regularity of these families in . We shall
prove the regularity of u; (the proof of regularity of f; is analogous). If v; depends
on t polynomially, then Proposition 3.1 allows us to construct p; polynomial in ¢,
and the regularity follows trivially. In the general case our arguments are different
for the categories C* and C°.

In the C¥ category we use the following fact: if a sequence ag,...,a, of real
analytic function germs at p € M is regular in the ring of analytic function germs
at p, then it is regular when considered as a sequence in the ring of real analytic
function germs of the variables (z,t) € M x R at (p,to), for any to € [0, 1]. Using
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local coordinates, this fact can be easily proved for the case of formal power series
using the definition of regular sequence in the ring of formal power series of the
variables x1,...,2,,t. Then, using the fact that the ring of formal power series
is faithfully flat over the ring of convergent series (see Malgrange [Mlg], Chapter
3), we see that it also holds for converging series and so for germs of analytic
functions. Using the above fact we see that the assumption (A) holds over the
manifold M = M x I, where I is an open interval containing [0,1] on which the
analytic family 14 is well defined by analytic extension. Thus we can use Theorem
A over the manifold M, i.e., for the bundles E = T*M and E* = TM pulled back
to M by the canonical projection M x I — M.

In the C*° category, in the even-dimensional case the smooth dependence of
ue on t follows from statement (iii) in Theorem A. By this statement there exists
a continuous right inverse operator K to the linear operator X | : A, 1(M; E) —
A (M; E), for r = n—1and r = n—2, and we can define u; = Kvy. Here E = T*M
and A, (M; E) = A.(M), the space of differential r-forms on M.

In the C*° category, in the odd-dimensional case we also use statement (iii) of
Theorem A and the extension property of S. Namely, for F = T*M we define
ue = AKuw|g, where K : A,,_1(S; E) — A, (S; E) is the continuous right inverse
operator to X | : Ap(S;E) — Ap—1(S; E), and A : Ap(S;E) — A(M;E) is a
continuous linear operator of extension. ([

APPENDIX B. CONTINUITY OF DIVISION

Continuity of division in the cases presented below is needed in the main proofs
and will be proved separately. Let C*° (M) and Vect™ (M) be the spaces of smooth
functions and smooth vector fields on M, with the C*° topology. Let C*°(M,S)
and Vect™ (M, S) be the subspaces of functions (vector fields) on M vanishing on
the Martinet hypersurface S C M. The quotient Fréchet spaces

C*(S)=C®(M)/C*(M,S), Vect™(S;TM)="Vect™(M)/Vect™(M,S)

can be identified with the space of smooth functions on S and the space of smooth
sections of the tangent bundle T'M restricted to S, respectively.

Given a Pfaff equation on M?* and a characteristic vector field X, we consider
the linear operator

Ly : C®(M) — Vect™®(M),  Lx(f)= fX.

For a Pfaff equation on M?¥*1  a characteristic vector field X and a generator H
of the Martinet ideal we consider the linear operators

Ly : C*(M)—C=(M), Lu(f)=H/,
and
Lxpg: C°(S) = Vect™(S;TM), Lxu([f])=[fX],
where [ - | denotes the equivalence class in the corresponding quotient space.
Theorem B1. If the characteristic vector field X satisfies condition (A) and in the
odd-dimensional case the Martinet ideal (H) has the property of zeros, then each

of the linear operators Lx, Ly and Lx g 1is injective, has closed image, and has
continuous inverse defined on the image.
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Proof. By the Banach open mapping theorem in Fréchet spaces it suffices to prove
that each of the operators Lx, Ly, and Lx g is injective and has closed image.

The injectivity of the operators Lx, Ly and Lx g follows from Proposition 3.2,
(i), (ii), (iii), respectively. The closedness of the image of the operator Ly follows
from the global property of zeros implied by Definition 1.5—by this property the
image of Ly coincides with the closed subspace C*° (M, S) C C*°(M) of functions
vanishing on S.

To prove the closedness of the image of the operators Lx and Lx g, we use
Proposition 3.1. By Proposition 3.1, (i) the image of Lx coincides with the kernel
of the continuous operator Vect™ (M) — I'™°(A2T M) defined by Y — X AY, where
I'>°(A2TM) is the space of smooth sections of the skew-symmetric product of the
tangent bundle T M, with the C*° topology. Similarly, by Proposition 3.1, (ii) the
image of Ly g coincides with the kernel of the continuous operator Vect™(S) —
[ (A2(S;TM)) given by [Y] — [X A Y], where I™°(A%(S;TM)) is the space of
smooth sections over S of the skew-symmetric product of the tangent bundle T'M
(with the C*° topology) and | - | denotes the equivalence class in the corresponding
quotient space. The kernel of this operator is a closed subspace of Vect®> (S; TM) =
Vect™®(M)/Vect>(M,S). The proof is complete. O

It is natural to ask if it is possible to replace the C°°-closeness of wi to wq in
Theorems 1.2 and 1.4 by C"-closeness with some r. Any attempt at answering
this question requires modification of Theorem B1, which was used in the proofs
of Theorems 1.2 and 1.4. Proving Theorem 1.2, we had to show that the function
Ay, t €]0,1], does not vanish at any point of M. In the proof of Theorem 1.4 we
had to show that the functions By, t € [0,1], do not vanish at points of S and the
functions Ct, t € [0, 1], do not vanish at points of M. The C*°-closeness of wy to wy
given as an assumption in Theorems 1.2 and 1.4 and the continuity of the inverse
to the operators Lx, Ly and Lx g allowed us to obtain the C'*°-closeness of Ay,
B; and C; to 1. Of course, to conclude that these functions do not vanish, their
CP-closeness to 1 would be enough.

We introduce the following topological characteristic of a linear injective operator
L:C®(M)— C>®(M)or L:C>®(M)— Vect®(M) or L : C°(S) — Vect™(95).
Denote by m € {0,1,2,...;00} the minimal m such that for any s > 0 the con-
vergence to 0 of the sequence of sections L(f,) in the C*T™ topology implies the
convergence to 0 of the sequence of functions f,, in the C* topology. This means
that the inverse to L behaves not worse than a linear differential operator of order
m. Note that by Theorem Bl we have m(Lx), m(Lg), and m(Lx, u) < 0.

In many cases the numbers m(Lx), m(Ly) and m(Lx ) are finite and can be
found or estimated from above, see examples below. Tracing the construction of
the functions A;, By and Cy in the proofs of Theorems 1.2 and 1.4, it is easy to
check that if these numbers are finite, then:

1. the C-closeness of A; to 1 holds provided that the 1-form w; is close to wq
in the C" topology with r = 2m(Lx) + 2;

2. the C°-closeness of B; to 1 holds provided that the 1-form w; is close to wo
in the C" topology with r = 2m(Lx i) + 2;

3. the C%closeness of C; to 1 holds provided that the 1-form w; is close to wy
in the C" topology with r = m(Lx, ) + m(Lu) + 2.

Therefore in Theorems 1.2 and 1.4 the C*°-closeness of wy to wy can be replaced
by the closeness in a weaker topology, and we obtain the following result.
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Theorem B2. In Theorem 1.2 the C*°-closeness of w1 to wg can be replaced by
the C"-closeness with r = 2m(Lx) + 2. In Theorem 1.4 the C*°-closeness of wy to
wo can be replaced by the C"-closeness with

r=max (2m(Lx ) +2,m(Lx u) +m(Ly)+2).

Examples (n = 2k). 1. If X has no singular points, then it is clear that m(Lx) =
0. Therefore the C*°-closeness of w; to wy in Theorem 1.2 can be replaced by
C?-closeness. We obtain Theorem 0.1.

2. If the 1-jet of X vanishes at no points of the manifold, then it is easy to prove
that m(Lx) < 1. Therefore the C°°-closeness of wy to wg in Theorem 1.2 can be
replaced by C*-closeness.

Examples (n = 2k 4+ 1). 1. If (wg) is a Martinet distribution, i.e., dH(p) # 0
and X (p) # 0 for any p € S = {H = 0}, then it is easy to prove that m(Ly) <1
and m(Lx ) = 0. Therefore the C'*°-closeness of wy to wp in Theorem 1.4 can be
replaced by C3-closeness. We obtain Theorem 0.2.

2. Assume that dH(p) # 0 for any p € S = {H = 0}. Then the restriction of
X to S is a smooth vector field X|s on S. Assume that the 1-jet of Xg does not
vanish. In this case m(Ly) < 1 and m(Lx, g) < 1. Therefore the C*-closeness of
w1 to wp in Theorem 1.4 can be replaced by C*-closeness.

ACKNOWLEDGMENTS

While working on this paper we have profited from discussions with several
colleagues. We are especially thankful for helpful advice obtained from Pawet
Domanski, Jean-Paul Gauthier, Pierre Milman and Richard Montgomery.

REFERENCES

[A] A. Agrachev, Methods of Control Theory in Nonholonomic Geometry, Proc. Internat.
Congress of Math., Ziirich 1994, Vol. 2, pp. 1473-1483, Birkh&user, Basel, 1995. MR
97£:58051

[Arll] V. I. Arnold and Yu. S. Ilyashenko, Ordinary Differential Equations, in Encyclopaedia of
Math. Sci. Vol. 1, Dynamical Systems 1, Springer-Verlag (1986). MR [87e:34049; MR
8Yg:58U60

[BS] E. Bierstone and G. W. Schwarz, Continuous linear division and extension of C*° functions,
Duke Math. Journal 50 (1983), 233-271. MR [86b:32010

[BH] R. L. Bryant and L. Hsu, Rigidity of integral curves of rank 2 distributions, Inventiones
Math. 114 (1993), 435-461. MR [94j:58003

C] H. Cartan, Variétés analytiques réelles et variétés analytiques complexes, Bull. Soc. Math.
de France 85 (1957), 77-99. MR [20:1339

[DJ] P. Domainiski and B. Jakubczyk, Linear continuous division for exterior and interior prod-
ucts (accepted to Proc. Amer. Math. Soc.).

[E] D. Eisenbud, Commutative Algebra, Springer-Verlag, New York 1994. MR 97a:13001

[Gol] A. Golubev, On the global stability of maximally nonholonomic two-plane fields in four
dimensions, Internat. Math. Res. Notices, 11, 523 - 529, 1997. MR 98g:57043

[G] J. W. Gray, Some global properties of contact structures, Annals of Math. 69, (1959),
421-450. MR 122:3016

[JP]  B. Jakubczyk and F. Przytycki, On J. Martinet’s conjecture, Bull. Polish Acad. Sci. Math.
27 (1979), No. 9, 731-735. MR [82e:58003

[JZh1] B. Jakubczyk and M. Zhitomirskii, Odd-dimensional Pfaffian equations; reduction to the
hypersurface of singular points, Comptes Rendus Acad. Sci. Paris, Série I t. 325 (1997),
423-428. MR 199e:58003

[JZh2] B. Jakubczyk and M. Zhitomirskii, Local reduction theorems and invariants for singular
contact structures, Ann. Inst. Fourier, 51 (2001), 237-295. MR [2002c:58001

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=97f:58051
http://www.ams.org/mathscinet-getitem?mr=87e:34049
http://www.ams.org/mathscinet-getitem?mr=89g:58060
http://www.ams.org/mathscinet-getitem?mr=86b:32010
http://www.ams.org/mathscinet-getitem?mr=94j:58003
http://www.ams.org/mathscinet-getitem?mr=20:1339
http://www.ams.org/mathscinet-getitem?mr=97a:13001
http://www.ams.org/mathscinet-getitem?mr=98g:57043
http://www.ams.org/mathscinet-getitem?mr=22:3016
http://www.ams.org/mathscinet-getitem?mr=82e:58003
http://www.ams.org/mathscinet-getitem?mr=99e:58003
http://www.ams.org/mathscinet-getitem?mr=2002c:58001

DISTRIBUTIONS OF CORANK 1 2883

[LS] W. Liu and H. Sussmann, Shortest paths for sub-Riemannian metrics on rank-two distri-
butions, Mem. Amer. Math. Soc., Vol. 118 (1995), No. 564. MR 96¢:53061

[Mlg] B. Malgrange, Ideals of differentiable functions, Oxford University Press, 1966. MR
35:3446

[Mar] J. Martinet, Sur les singularités des formes différentielles, Ann. Inst. Fourier, Vol. 20, No.1
(1970), 95-178. MR 44:3333

[Mon| R. Montgomery, A survey on singular curves in sub-Riemannian geometry, J. Dynamical
and Control Systems, Vol.1, No.1 (1995), 49-90. MR [95m:53060

[MZh] R. Montgomery and M. Zhitomirskii, Geometric approach to Goursat flags, Annales de
UInstitut Henri Poincaré, Analyse Nonlineaire, Vol. 18, No. 4 (2001), 459-493. MR
2002d:58004

[Ru] J. M. Ruiz, The Basic Theory of Power Series, Advanced Lectures in Mathematics, Vieveg,
Wiesbaden, 1993. MR 94i:13012

[TEG] C. B. Thomas, Y. Eliashberg, and E. Giroux, 3-dimensional contact geometry, in “Con-
tact and Symplectic Geometry”, Publ. Newton Institute 8, Cambridge University Press,
Cambridge, 1996, 48-65. MR [98b:53026

[Zhl] M. Zhitomirskii, Singularities and normal forms of odd-dimensional Pfaff equations. Func-
tional. Anal. Appl., Vol. 23, (1989), No. 1, pp. 59-61. MR [90i:58007

[Zh2] M. Zhitomirskii, Typical singularities of differential 1-forms and Pfaffian equations, Trans-
lations of Math. Monographs, Vol. 113, Amer. Math. Soc., Providence, RI, 1992. MR
94j:58004

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES, SNIADECKICH 8, 00-950 WARSAW,
POLAND AND INSTITUTE OF APPLIED MATHEMATICS, UNIVERSITY OF WARSAW, POLAND
E-mail address: B.Jakubczyk@impan.gov.pl

DEPARTMENT OF MATHEMATICS, TECHNION, 32000 HAIFA, ISRAEL
E-mail address: mzhi@techunix.technion.ac.il

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=96c:53061
http://www.ams.org/mathscinet-getitem?mr=35:3446
http://www.ams.org/mathscinet-getitem?mr=44:3333
http://www.ams.org/mathscinet-getitem?mr=95m:53060
http://www.ams.org/mathscinet-getitem?mr=2002d:58004
http://www.ams.org/mathscinet-getitem?mr=94i:13012
http://www.ams.org/mathscinet-getitem?mr=98b:53026
http://www.ams.org/mathscinet-getitem?mr=90i:58007
http://www.ams.org/mathscinet-getitem?mr=94j:58004

	0. Introduction 
	1. Statement of results
	2. Necessity of condition (A)
	3. Condition (A) and division properties
	4. Auxiliary algebraic lemmas
	5. Proof of Theorem 1.1
	6. Proof of Theorem 1.2
	7. Proof of Theorem 1.3
	8. Proof of Theorem 1.4
	Appendix A. Division properties
	Appendix B. Continuity of division
	Acknowledgments
	References

