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LOCAL SOLVABILITY AND HYPOELLIPTICITY
FOR SEMILINEAR ANISOTROPIC
PARTIAL DIFFERENTIAL EQUATIONS

GIUSEPPE DE DONNO AND ALESSANDRO OLIARO

ABSTRACT. We propose a unified approach, based on methods from microlocal
analysis, for characterizing the local solvability and hypoellipticity in C'°° and
Gevrey G? classes of 2-variable semilinear anisotropic partial differential oper-
ators with multiple characteristics. The conditions imposed on the lower-order
terms of the linear part of the operator are optimal.

1. INTRODUCTION

We consider a class of semilinear anisotropic equations with multiple characteris-
tics in two variables (z,y) belonging to the set Q := {/x2 + y2 < §}, ¢ sufficiently
small, of the form

(1.1) P(w,y, Do, Dy)u+ F(2,9, 0500 o, = 1 (2,9),

where the linear part is given by

(1.2) P(z,y, Da, Dy) = Dy* — bo(z,y) DY + > aij(z,y)DLDI,
m—t<l'F+j<m

with m,d, j,l € Z+, 0 <t < %, w sufficiently small, D, = —i%, D, = —i%; we
shall also say that /7 + j is the anisotropic order of DiDi, and so the nonlinearity
involves derivatives of anisotropic order less than m —¢. Our main aim is to propose
a unified approach for a complete analysis of the influence of the lower-order terms
of (L2) on the solvability and hypoellipticity of (L)) in the C* category and in
the Gevrey spaces G” beyond the critical index m/(m — 1). The arguments in our
proofs are based mainly on microlocal tools: pseudo-differential operators, wave
front sets, allowing relevant simplifications in the study, and S7"; techniques.

Some papers have been devoted to the study of this kind of problem; see, for
example, Hounie-Santiago [HS] and Gramchev-Popivanov [GP] on the local solv-
ability of semilinear partial differential equations in the case of simple characteris-
tics, Gramchev-Rodino [GR] about Gevrey solvability for equations with multiple
characteristics (see also Spagnolo [SP| and Kajitani-Spagnolo [KS]), and Garello [G]
regarding the inhomogeneous elliptic case; see also Sananin [S] on the C'*° local solv-
ability of equations of quasi-principal type and Lorenz [LO| regarding anisotropic
operators with characteristics of constant multiplicity.
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We consider an F' that is C* and nonlinear, and we assume that the coefficients
in (L2) are C*°. We always suppose that

(1.3) d<m, Rbe(0,0)#£0, F(zx,y,0)=0.

We recall that the nonzero requirement on by is an invariant nondegeneracy condi-
tion, usually required in the study of the local solvability and hypoellipticity of the
linear operator (L2) in C*° and in the Gevrey classes G7, o > —™5; see for example
Liess-Rodino [LR2|, De Donno-Rodino [DR2], in which Gevrey hypoellipticity for
PDEs with high multiplicity is proved. Let us also observe that if Sbg(x,y) # 0,
then the operator is quasi-elliptic; the results of hypoellipticity and local solvability
are well known in this case. Regarding G data, see for example Marcolongo-Oliaro
[MQO)], in which the local solvability is proved in the n-dimensional case and under
hypotheses on the quasi-principal symbol; in the present paper we admit less reg-
ular data f(z,y) with respect to the case studied in [MOJ], but we add hypotheses
on the lower-order terms. In this frame it will be convenient to use the Sobolev
anisotropic space Hji, ¢ > 1, defined by
q

1 llerg = / (L + I3 + [nf2)* |7, m)? de dny < oo,

o~

f(€,m) being the Fourier transform of f(z,y). For s > ¢

2
q

the inhomogeneous Schauder estimates and Garello [Gl, Proposition 2.5]. Moreover,

we define the anisotropic characteristic manifold

, H3 is an algebra; cf.

(14) X5 = {(xay7£7n)€QXR2\{0}v nm_%bofdzo}'
We recall the definition of the Gevrey anisotropic space G(91:42)(Q).

Definition 1.1. Let ¢; > 1, g2 > 1. We denote by G(9:92)(Q) the set of all
the functions f € C°°(€2) such that the following condition holds: for every com-
pact K C  there exists a positive constant C such that sup [0L97 f(z,y)| <

4 Y
CIHT Yo (N2 for every [, j € 7.

As usual, Géq”m(fl) is the set of all the functions in G(91:92)(Q) with compact
support in Q.

Let us state the main results.

Theorem 1.1. Let (I*,5*) € Zi be the unique couple in Zi having anisotropic
order % =1"% + 5%, with d(m — %) < k* =ml* + dj* < dm. We assume that for

(x7y)€7 77) e 26:

Z) %al*j* (xvy) # 07

i) for all (1,j) such that dj +ml > k*,
(15) %al*j* (xay)galj(xay)glJrl*anrj* 2 07

i) S ag-j- (2, ) bo (2, y)EH " < 0.
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Choose and fixt = m— %* and s > %dzm + %. Then we can find 6o > 0, depending
on P and s, such that for every f € H5 (Q) with compact support in ) the equation
(CI) admits a solution v € HS™ ™ with r* = m — %, provided p =1 if F =0
and pl|fllm:, < po for some 0 < o < 1 depending on the nonlinear term F if
F #£0. Fz';;ally, the linear operator P in (LZ) is C°°(Q) hypoelliptic, and if its
coefficients are analytic, P is G°(Q) hypoelliptic, o > m, i.e., if u is a
distribution in  such that Pu € G° (), then u € G7(Q).

Remark 1.1. The conditions (B) in Theorem [I] could be illustrated in a sim-

pler way, observing that actually one estimates the imaginary part of the symbol
Z%<1%+j<m aij(z,y) €17 in the corresponding operator (I.2) on the quasi-conic

characteristic set n™ — R bo? = 0, e.g., substituting £ = (R bo)’in%, the condition

(LH) reads

(1.6) S| X ay®Rbo) I | [ = Ol >
EEmyj<m
with k* = mi* 4+ dj*. This clarifies, at least intuitively, the loss of derivatives % in

Theorem [T

Remark 1.2. Tt is always possible to rephrase the previous assumptions in Theorem
[T directly on the coefficients of P. For example, if Rby > 0 and m, d are odd, the
conditions i), 1), 4ii) are respectively equivalent to:

i") Sapj(z,y) > 0 (<0);

i7") for all (I,7) such that dj + mi > k* = dj* + ml*, Sa(z,y) > 0(< 0) for
j+ 7% and I +1* both even or both odd, and S a;;(z,y) = 0 otherwise;

iii") Sbo(x,y) < 0(> 0) for j* and d+1* both even or both odd, and S by(z,y) =
0 otherwise.

In the picture on the next page, which resembles the Newton polygon pictures,
we show the geometrical meaning of hypothesis 4) in Theorem [ (or equivalently
assumption #i') in Remark [[:2). We consider the operator of order m = 9 with
d=T:

(1.7) D) — (1 —iy**)D] +y"DID; +iDSDy + > ay(x,y)DLD),
Fli<S
is C*° and Gevrey hypoelliptic and C*° solvable by Theorem [Tl

We want to study now the case in which hypothesis i) in Theorem [IT] is not
satisfied: the basic idea is to refer to the Gevrey classes and transform the operator
P in ([I2) into another operator that satisfies it. To this aim, we introduce the
anisotropic Gevrey-Sobolev spaces H:% (R x (—6,0)), defined as the set of all L?
functions for which

(1.8) /]

where ¢ > 1 is the Gevrey order, s > 0 the Sobolev index, and we take r € (0,1),
T>0; 9 = P(y,€) is a nonnegative function belonging to the Hormander class

SEO((—(S, d) x R).

Hf—:gjyr = HeTw(yaD'c)fHHi < +OO,
q
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To every couple (Dg, Dy) = (I,7) with 91+ 7 <7-9,

corresponds a mixed derivative D% D} in () having

analytic coefficient a;;(x,y). In the hypoellipticity
region 7(9 — 3) < 91+ 7j < 7-9 there are three

. . . . k* Kk
candidates to give anisotropic order - = *-.
N We have (I*,5*) = (6,1), Sae1(z,y) > 0 and

9.6+7:=k"=61. For (I,j) = (3,5),
3-9+5-7:62>I€*,%a35(3&,y)50.

The anisotropic order of the other

I P,

mixed derivatives DiD; is %,

9L+ 75 = 7(
13 1 *
! ! less than % , so we do not
1 1
i | require any assumptions.
+ +
i i Rbo >0, Iy <O0.
I 1
1 pemmmmmmm-- tmm-- Frmmmmmmmmm e
I 1
I 1 1
| | AN D,
! ! 1
2 3 6 7

Theorem 1.2. In the equation (L)) let the datum f be in G(()%’QQ)(Q), re(3,1),
g2 > 1. Fix t > 1 —r and assume that the coefficients of P in (LZ) are analytic
and for (z,y,&,n) € Es one of the following conditions holds:

[a] Saij(x,y)npT™m=t < 0 (> 0) for dj + ml > (m — t)d, and, moreover,
Sbo (@, y)¢n™ " > 0 (< 0);

1b] Sat; (z, ) (sign €) €491 <0 (> 0) for dj-+ml > (m—t)d, and Sbo(z, )
(sign€)§n™ = >0 (< 0).

Assume moreover that the nonlinear term F is analytic with respect to (x,y), entire
with respect to 8;8{1'% and [3)) holds. Then, fizing v and taking s large, we can

find 89 > 0, depending on P and s, such that for every f € Hi%r(ﬁ) with compact
s+m—(1-r)¢ ()

m
7—7777.

< po for some 0 < o <K 1 depending on

support in Q the semilinear equation ([[LI) admits a solution u € H
provided p =1 if F =0, and || f]
the nonlinear term F if F #£ 0.

s,
o m

The study of the weakly hyperbolic equation ([T]) resembles the study of degen-
erate parabolic equations, in that under suitable hypotheses equation (II]) behaves
like them in regard to local solvability and hypoellipticity in the C*° category and in
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some Gevrey spaces G, 0 > —%5. See, for example, Gramchev-Popivanov-Yoshino
[GPY] Section 3].

In Theorem we require that the nonlinearity is analytic with respect to
(x,y,aiaiu). One encounters highly nontrivial difficulties in getting hard anal-
ysis type estimates on composition of nonanalytic Gevrey nonlinearities, and in
the paper Gramchev-Rodino [GR] different Gevrey norms involving power series of
finite Sobolev-type norms are used. A possible analogue of Theorem [I.2] could be
proved in the anisotropic case for nonanalytic Gevrey nonlinearities, and this will
be the subject of a future paper.

We point out that in hypotheses [a] and [b] of Theorem [[.2 the exponent m — 1
plays the role of j* in assumptions i) and 77) of Theorem[T Il In fact, for a suitable

fixed ¥(y, &) € SEO((—& d) x R), the operator
Pi= e”/’(y’Dw)P(x, y, Dy, Dy)e_Tw(y’D*”)
contains all the terms of P and an additional pseudo-differential term

NT(xvyNDl’

d _
mrD;n 1’

where N,.(z,y) satisfies condition 7) in Theorem [T.1]

Observe that for the existence of [, j € Z, such that m —t <13 +j <m, t < %,
we have to require m > 4. The theorem applies, of course, also in the case when
the assumption on the a;; is empty; in this case we recapture the result of [MO].

Passing to the standard isotropic Gevrey classes G7(£2), defined by the estimates

sup 050 f (z,y)| < OGN, K ccQ,

we may conclude that equation () is locally solvable for f € G(? Q).

We observe that under assumption ¢) in Theorem [l we obtain solvability in
C®, as well as C'>° hypoellipticity, while for the operator P and Theorem [2 we
only get local solvability in Gar.

Remark 1.3. The meaning of conditions [a] and [b] in terms of the imaginary part
of the coeflicients of P depends on m, d, and the sign of Rby(0,0). Let us analyze
some situations.

e If m and d are even and Rby(0,0) > 0, we can treat equation (IT) in one
of the following cases:
(a) Sby =0, Sa; <0(>0) for I even and j odd, Sa;; = 0 otherwise;
(b) by =0, Sa;; <0(>0) for [ and j odd, Sa;; = 0 otherwise.

e If miseven, dis odd and Rby(0,0) > 0, since p(z,y, £, n) is quasi-elliptic for
& < 0, the hypotheses of Theorem on the linear part become by = 0,
Sa; <0(>0) for j odd, Sa;; =0 for j even.

We also observe that if m and d are even and Rby(0,0) < 0, the operator is quasi-
elliptic and we may apply known results; cf. Mascarello-Rodino [MR] and Rodino
[RQOJ.

Let us compare our result with the previously known ones. For the sake of
brevity we limit our attention to a model of the form (IZ) with d = m — 1, where
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we fix attention on the case x =0, y = 0O:

(1.9)
Dy — DI +iay" DI 4 i(Bry? + B2) Dy D2 + iy DD

+Z(,u‘1y2k +:LL2)D§D3T74) a751a6277aﬂlvﬂ2 eR (m 2 3) .

Let us analyze first the case 83 = v = 1 = pe = 0. For a = (31 = 0 the operator
(CY) is not hypoelliptic; observe also that for aw # 0, $; = 0, h = 1, (L9) is not
hypoelliptic and not locally solvable, cf. Corli [C]. For a # 0, 81 = 0, h even,
(CY) is hypoelliptic and locally solvable, despite the fact that Jby(0,0) = 0, cf.
Menikoff [M], Popivanov [P1], Roberts [R]; for both «,8; # 0 and h even, the
operator ([CY) is not hypoelliptic if h is sufficiently large with respect to ¢ > 1, cf.
Popivanov-Popov [PP], Popivanov [P2], while for h < Z=1q¢ it is hypoelliptic and
locally solvable, cf. Gramchev-Popivanov [GPI].

Theorem [IT] gives new conditions on the coefficients of the terms Dg Dm—i-t
for models of the type (LZ), to guarantee hypoellipticity; so now we discuss the
case when (s, 7y, u1, p2 are not all zero.

Let us observe that, if j* is odd, then (i), (ii7) in Theorem [L.T] actually imply
Sa;(x,y) = 0and Sbo(z,y) = 0for even j < j* (d =m—1implies j+1=j*+
I* = m—1); as examples of hypoelliptic and locally solvable operators characterized
by Theorem [[1] consider in this case (L9) with o = 81 =0, 32 # 0 (j* = 1), and
[C9) with « = B2 = v = p1 = 0, Bipe > 0, q even (5% = 3), having the same
bo as the non-hypoelliptic operator Dj* — D™=t If j* is even, then (i) implies
Sa;; = 0for odd j < j*; as a corresponding example of hypoelliptic and locally
solvable operator consider ([Z9) with 8; = B2 = 0, ay > 0, h even (j* = 2). The
order m has to be chosen sufficiently large to satisfy the assumption mT_l > "

Now we discuss for the preceding examples the problem of local solvability in
terms of Gevrey classes, arguing in the isotropic spaces G?(£2). Concerning (L9)
with h even, to which we may add arbitrary perturbations of lower anisotropic
order, we have o-local solvability for ¢ < 5. This follows from Theorem [[.2] and
is also a consequence of Marcolongo-Oliaro [MO]. The result is sharp, in the sense
that when o # 0 and h = 1 (L3) is not o-locally solvable for o > =5, see Corli
[C]. For o, 1 # 0, B2 = 0, it was proved by Popivanov-Popov [PP| and Popivanov
[P2] that (L) is not C* locally solvable, and recently for h even, Marcolongo
IMA] extended the result to o-non-solvability for o > —5 4-¢(h) with e(h) — 0 for
h — oo. As new applications of our results in terms of G? locally solvable operators
characterized by Theorem [[.2] consider (L.9) with 3; # 0, a = 2 = 0, q even (m >

4), which is o locally solvable for o < = independently of lower anisotropic order

perturbations. Compare in particular with D" — DLy inyDg“_Q, for which
the change of sign of the imaginary part of the coeflicient gives o-non-solvability
m

for 0 > 5. We have no change of sign and o-solvability also in the interval

M > ¢ > . Moreover, let us consider (L) with f1p1 >0, a = 2 = p2 =0,
q even (m > 10), which is o locally solvable for 0 < —=. The addition of lower-
order anisotropic terms might produce non-solvability phenomena in C'*° and G°
for large o. Observe finally that if the imaginary parts of a;; in (.Z) vanish of
high order at the origin, then the lower-order terms have no influence on the local

solvability. As an example we consider the operator

(1.10) DZ — (1 —iy*)D: +iy'D,D3, K even,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLVABILITY AND HYPOELLIPTICITY FOR SEMILINEAR PDES 3411

which is C°° locally solvable and C'*° hypoelliptic for k < %l; see the arguments in
the book by Gramchev and Popivanov [GP1l Theorem 3.1 and Chapter 4], and see
also Theorem 3.1 in Gramchev [GG]. We also observe that by applying Theorem
.2 we obtain Gevrey G local solvability, o < 5 , for k > 41 too.

2. GEVREY-SOBOLEV SPACES

As a preparation for the proof of Theorem [[Z], in this section we study a class of
Gevrey-Sobolev spaces defined on the strip R x (—=4,9), 6 > 0. These spaces have
been introduced in the n-dimensional case in [MO]; here we prove some results that
will be used in the next sections for the local solvability of ().

Definition 2.1. We define the Gevrey-Sobolev space H% (R x (—6,)) as the set
of all functions f € L?(R x (—6,8)) such that (I.8) holds. Writing p = %, we shall

say that ¥ (y, £) is a weight function of order (r,p). The operator e™*¥:P=) acts on
the function f in the following way:

1
eTHP) g y) = — / 8TV Fly, €) de,

where f(y,f) = [e " f(x,y) dr, and Hy(R x (—=4,0)), for s integer, is the space
of all g(x,y) € L?(R x (—6,9)) such that

@1 Il = 3 [ D o dedy < oo
k=0

the definition of H;(R x (—4,9)) extends to every s > 0 by interpolation.

Remark 2.1. The operator e™®P=) and its inverse e~ "% (¥:P=) establish an isometry
between the Hilbert spaces Hi% (R x (—6,8)) and H5(R x (—4,4)).

7,4,

We need to introduce suitable equivalent norms on the spaces H5¥ (R x (=6, 4)).
First we recall that the following identities hold:

T D, (@) o7 D. h
2 B0 = 3 00
(23) eTw(vam)DJ — Z T_] h’ y’ Dh TY(y,Dy )
(24) DﬁeTw(y’Dw) = er}(vaw)Dﬁ

for every k, j € Zy, where the symbols of the pseudo-differential operators
qj(J)l(y,Dm) and r(j_)l(y,D ) belong to the Hérmander class Sm(] ”((—5, J) x R).
In particular, we obtam that

o, D) =1, ¢ (y,D.) = jr(Dy)(y, D),
and _
vy, D) =1, Yy, D,) = —jr(Dy)(y, D).

For details, see [MOl Lemma 1.1], in which (Z2))-(Z4) are proved in the n-dimen-
sional case.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3412 GIUSEPPE DE DONNO AND ALESSANDRO OLIARO

Definition 2.2. We say that a function f belongs to the space prl pz)(]RQ)7 s>0,
0<pr <1,0<py <1,if and only if f € L?(R?) and

@5) @l e = @+ + PPIRE P d dn < .

Lc;mma 2.1. Let f € H(Sphm)(RQ), s > 0; let t and h be such that pt—l + p% < s.
Then

KD2) (Dy)" fllL2@2) < IKD2)?** fllrz(re) + [1{Dy)?** fll2(e) + | Il 2(we),

where (D) and (Dy)! are the pseudo-differential operators with symbols |¢|' and
|, respectively; we write (€,1) for the dual variables of (z,y).

Proof. Let K = [—1,1] x [—1, 1]; we obtain
(D) (Dy)" 1|72 g2
< / (€177 + [nl*P=*) [ (€, m)|* d€ dn + / |F(&m)[* dé dn
R2\ K K
< D) FlIF2mey + (D))" Fll 72y + 1 F 1122
[l

Remark 2.2. Let us suppose that p1, po € Q, and let s be a positive integer such
that p;s is an integer, j = 1,2. By Lemma[ZT] we have that an equivalent norm in

H (o, pQ)(RQ) is given by the following expression:

(2.6) 1D5° fll2rey + 1D52° fllerz) + (| fllL2@e)-

Lemma 2.2. Consider u € Hy(R x (=6, 6)) with p a rational number and s a posi-
tive integer such that ps is an integer; we write © for R x (—0,9). Then there exists
a function ls ou € H(SpJ)(IRQ) that extends u. Moreover, we can find a constant C
such that:

ls,0ullL2®e) < Cllull L2 (—5.6))5
(2.7) |1 D2*ls,0ullp2gre) < CIDE ullL2®x(-5,6))

”Dzl&@“”B(R?) < CHDZUHL2(Rx(—5,a))~

This lemma can be proved using an argument similar to the one developed in the
isotropic case by Egorov and Schulze in [ES] Theorem 27]. The proof is omitted.

Remark 2.3. Observe that |[ul p2rx (—s,5)) < |lls,0ul 2(®2), ls,0u being an extension
of u; 50 ||ul| L2(rx (—s,6)) and ||ls,0u||L2(r2) are equivalent. In the same way we obtain
that || D2%ullp2mx(~s,5)) and || Dyullz2@x(—s,5)) are equivalent to || D2l eul|r2(m2)
and || Dylseul|12(r2) respectively. So if s is an integer such that ps is an integer
and f € H;(R x (=4,6)), using Lemma and Remark 22 we can prove that an
equivalent norm in the space H,(R x (—4,4)) is given by the following expression:

(2.8) D2 FllL2®x (—s,8)) + 1Dy fllL2@x (~5,8)) + I f | L2 (R (~5,6))-

Theorem 2.1. Let us fit s >0, 7> 0, r € (0,1], p € (0,1] and assume that s is a
positive integer such that ps is an integer. Then the following norms are equivalent:

(a) 171

HS Y - (RX(—6,5))
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(b) > IDLDIem™ WL fl| 1o (r (5,53

$Hiss
(c) ZZ< |e™*@-L=) DL D3 £l L2(mx (-5,6))
;+j_3
(d) > | Dl Direm¥ WD) Dl DI f| L2  (—s,5)) -

SR e <s
Proof. (a) < (b). Using Lemma [2Z1] and Lemma 22l we obtain
> DD P £l w58
t+i<s
< Z |DLDIls e WP f| L2 g2
FHi<s
< C(IID%0le,0e™ WP fll 22y + || Djls.0™ P fl 2 (r2)
+ ||ls,®€w(y’D")f||L2(R2))
< Cy (|1 D22 e™ WD) £l L2 (—s.6)) + 1 D5e™ WP fl L2 (—,5))
+ €7@ P) £l Lo (—s.6)))
< I

On the other hand, since || f] HSY (R (—6,8) = lis,0(e
mark[2.2] and Lemma [2.2] we have

(®Rx(=s6) <C Z | DLDI ™ WL £l L2 (—5.6)-
Lyj<s

(b) & (c). Using Lemma [ZT] Lemma [Z2] Remark [Z3] and the identities (Z2))-
(24), we obtain

Z “eﬂ/}(vaw)DiDif||L2(]R><(—5,5))

H Y (R (—6,8))"

TPy, Do )f)”H(gp N

(R2) by Re-

$+i<s
; ()
<C D N4y, Do) Dy Doe™ P2 | L2 (.6
$Hi<s h=0
i -
<C Z Z rpk-l—thl eeﬂ/}(y D, )f||L2 (E2)
i

< C«Q(HDgslS,GeTw(y,Dx)fHLQ(R2) + ”DZZS,@(fTw(y’D‘T)f”L2(]R2)
+ ”ls,@e-rwy,Dx)f||L2(R2))

< Oy Z ||D;chi@w(y’D":)f||L2(Rx(75,5))-
Lij<s

In the opposite direction we may use similar arguments. By the same arguments
we have (¢) < (d). O

Now we prove some important results that will be used in Section [3 for the
solvability of the semilinear equation.
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Theorem 2.2. Let 0 <p<land 0 <r < 1. Let f € G((F’qZ) with § = + and

TP
g2 > 1. Then for all s > 0 and for every weight function ¥ (y,&) of order (r,p)
there exists T > 0 such that f € H>Y ., where ¢ = %.

T,q,T7

Proof. First we observe that Hi’fé’,r C Hi’fgm for s > t; then, without loss of gen-
erality, we may assume that s is a positive integer such that ps is an integer. By

Theorem we can write

(2.9) 1l = Z e @D f(y, &)l 2

L ta<s

The functions D¢, y)f(x, y) obviously belong to G((F’qz) (Rx (—0,9)) for every multi-
index @ = (aq,a2) such that % + as < s, with the same constant Ck as in
Definition [[LT], depending on s. For every integer k, applying the Fourier transform

with respect to  we can find b € R, depending on supp f, such that
— b _ B
[€1¥[D (5, €)] S/ T (k)T da < C(CH(k1)T).
—b

It follows immediately that (1 + |§|)k|l/)\°‘7(y,f)| < C(CF(k)T) for all integers k,
where we suppose C' > 1. So we have

> = (N5, < o %Qip)k;

k

therefore we obtain
)P

1D f(y, €)| < Ke MO+l

Since ¥(y, £) is a weight function of order (r,p), we can find a constant C' such that
|eﬂb(y,§)55?(y7§)| < KerO-M)A+[ED™,

Choosing 7 < %, we can conclude that ew(y’f)b\a?(y,f) € L? for Stay <s;

using (Z9), we have that f € H®? O

g7

Remark 2.4. Let 0 < p<land 0 <r < 1. Let f € G(()ql’qz)(R X (—6,0)) with
l<q < % and ¢go > 1. Then, for every s > 0, for every weight function ¥ (y, &) of

order (r, p) and for every 7 > 0, we have that f € H>Y (R x (=4,6)), where ¢ = %.

Theorem 2.3. Let ¥(y,&) be essentially subadditive with respect to €, i.e.,

w(:%gl + 52) < w(:%gl) + w(yaéé) + Ca

cf. |GR). Let so > % satisfy the assumptions of Theorem [2.1. Then for every

s > so the space H3Y (R x (—6,6)) is an algebra, and there exists a constant C
such that

(2'10) ||’LL’U| HY < CSH“" HY Ul HEY

Proof. We begin by proving Theorem 2.3] with s a positive integer such that ps is
an integer. Using Theorem [2.], (¢) and applying the Leibniz rule, we obtain

wy, SC D0 [P 0Py e 0Py | o,

B 4By 2 <s

[[uv]
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where ug(z,y) = e™VWDP) DAy, v (z,y) = e¥WP=) DYy and the norms are in
x (=09,9). Applying the Fourier transform with respect to x and writing * ) for
the convolution in the £ variable, we have

wg SG N e (0% g (T, (4,6,

BN 48542 <s

[[uv]

where ug and v, stand for the partial Fourier transform with respect to x of ug
and v, respectively. The function ¢(y, §) being essentially subadditive with respect
to &, it follows immediately that ¥ @8 —7¥W.E—m)=mv(v.1) < € and so

mzy, < C2 Z [[ug vyl L2

B 4 By <s

[[uv]

ptl

Since we have required s > %, at least one of the inequalities % 4+ P2 < s— ip

and % + 72 < s — 2t must be satisfied. Let p > 0 be such that

4p
2 p+1
{(al,a2)€Z+ —+a2<8—?
«
= {(a1,02) € 73 —tay<s—t~ —p}

Using Lemma [Z2] and Young’s estimates, we have

[uvllgsw < Cs > 1 esr 1 0us) Il 1 (To.007) " ll2e2)
BLiBa<s—2tt—p
Lty2<s
+Cs > [(lo,0us) " Il 2r2) [[(Tet2 1) 007) " [l L1 (R2)-
Brip,<s

Lre<s—EE —p
Since u, v € HZY (R x (—4,6)) and %—1—62 <s, B+, < s, Theorem R.J and @.7)
assure us that [|(lo,eug)” ||L2me) < ||u|Hs v and l(lo,0v) Nl L2@2)y < ||v] HeY
Moreover, if ’B L+ [y <s—E= +1 — p, by the Holder inequality and (277) we have

1ty 0us)” (& 77)HL1(1R2)

ptl ptl ~
< Cull(1 + [EPCTH) 4 || )ty 018) 22y < Csllul

HEY

The same arguments allow us to show that ||(lp4_:1+p79vv)A||L1 < C||v| HOY, So

(210) holds. By interpolation, the result remains valid for every s > sq. O

3. ANALYSIS OF THE LINEAR EQUATION
AND PROOF OF THEOREMS [[.1] AND

Let us consider the operator (LZ), where we take the coefficients by (z,y) and
aij(z,y) in the space G(4%2)(Q) with 1 < g < 2, g3 > 1. We choose ¢ in ([2) in
such a way that there exist two integers [ and j for which [ 2 + j =m —t.

Let us observe that the operator P(z,y, Dy, D,) does not involve the terms
aj(z, y)DfEDé with order [ 77 +j < m—t; these terms have order | 77 +j < m—t—e,
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where €; is given by the following expression:

(3.1) min (M(5kon 0= 1) %), 1#0,
3.1 .

]., It :m

The symbol M (b) stands for the decimal part of b, and I; = {h € [0,m — t), h €
N : Z(m—t—h) ¢ N}. We deal with the local solvability at the origin of the
equation

(3'2) P(x7y7D9€7Dy)’U(x7y) = f(xvy)a

P as in ([L2); so it is not restrictive to multiply the coefficients by(x,y) and a;;(z, y)
by a function x(z,y) € G(()ql’qz)(Q) with support in a neighborhood of the origin.
Thus, we can suppose that by(x,y) and a;;(z,y) are compactly supported.

Now we fix a weight function 1 (y, £) of order (r, %), essentially subadditive with
respect to &; for every s > sy and 7 we consider the anisotropic Gevrey-Sobolev
space Hi%T(R x (—=4,9)).

For an arbitrary real number ¢ > 1 we set:

(i) HEY . comp() == {f € HEY (R x (=6, 0)) with compact support contained
in Q};
(it) H2Y () = {f € D/(Q) : for every p € GY ™ (Q), 1< g1 < 4, g2 > 1,

we have of € HSY ()}

T,q,T,comp

(iil) H2Y, (Q) := {f such that f is a restriction to Q of a function belonging to

T,q,T

HY (R x (—4,6))}.

T,q,T

It follows from Theorem -1l Theorem and Remark 24 that, for s > sq,
(3.3)  P(z,y,D,,D,): Hj”%’r(R x (=6,8)) — Hj)‘éﬁ;}”([& x (—6,6)).

Moreover, the operator P(x,y, D,,D,) can be regarded as a continuous map

P(w,y, Dy, Dy) : HYo () — HIEY, (),

or also as a continuous map

Ple.. D Dy)  HE () — HI(@).

T,
Now let us consider the following operator:
(3.4) P(z,y,D., D) i= WP P(z y D, D,)e ¥ WDx),
By Remark 2.1]and the previous considerations we have
P(z,y,D.,D,) = e—T’l/«'(y,Dm)ﬁ(x,y7Dx,Dy)eTw(y,Dm)7

and, moreover,

(35)  Pla,y,DeDy) Y (R x (=6,6) — H ™ (R x (=5,)).

m

Now we want to analyze the conjugate operator Is(x,y,Dx,Dy); to this aim we
start from the following proposition.
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Proposition 3.1. Let 0 < p <1 and 0 < r < 1; as usual we set ¢ = %. Let us fix

a function a(z,y) € G(()q””), 1<q <%, q>1, and a weight function (y,§) of
order (r,p), essentially subadditive with respect to £&. Then

e"—w(vaa’:)a(x7 y)efTw(y:Dx)

= Cl(l‘, y) + Q*(Q*T) (J,‘, y7 DJC) + Q*Q(qu) (J,‘, y7 D:C)a

where the symbols q_jq—r)(x,y,§) of the operators Q_jq—ry(2,y, Ds), j = 1,2,
satisfy the following conditions:

0 (qor)(@,9,€) = 700 (y, €)(Dya)(z,y) € Sp. 7P (2 x R);

G-a(q-r)(2,9.€) € ST 5P (Q x R).

(3.6)

Proof. Setting Qu(x,y, D) = e™¥W:Px)g(x, y)e ™ ¥:P) and using the standard
properties of the oscillatory integrals, we easily obtain that the symbol ¢, (x,y, &)
of the operator Q,(x,y, D,) is given by

(3.7) do(@,9,6) = / TV ET TV WEG (1 1) .

where we write dn = (27)"!dn and we denote as usual by a(n,y) the Fourier
transform of a(z,y) with respect to the x variable. Applying the Taylor formula to
e (W:E+m)  we obtain

TV (W) =79 (y,€)

(3.8) =1
= 14700y, En+ Y E(e*ww’f)ageww’f))n" +rn(y.&n),
n=2
where
(Y, € n)
N 1
__ " =T ) GN (T (Y E+0) ) T (Y 4t —TY(y.6) (1 _ )N -1
(N—l)!/oe y "85(6 y ")e y,§+tn v& (1 —1t) dt.
From (3.8)) and the standard properties of the Fourier transform it follows immedi-
ately that
a(,y,€) = alz,y) + 70:4(y, §)(Dea) (z, y)
N-1 A -
+ 2:2 — /e”’“’”e’”/’(y"f)8geTw(y’5)nga(y,7)) dn
n—=

+ / ey (y, & m)aly,n) dn
2)

1
= a(2,y) + ¢—(q—r) (2,3, + (¢ (@1, ) + a7,y (2,5,9)).
Using the Leibniz rule, Definition [T and the fact that ¢ € S1%,((=d,9) x R), cf.
Definition ZT] we easily obtain that ¢_¢,_,) € Sl_,(()q_r)p(Q x R); so we have only to

prove that q(_j;(q_r) (x,y,8) € S;g(qﬂ)p(ﬁ xR), j=1,2.

First we obtain by induction on n that for every j, k € Z there exists a constant
Ci, such that

(3.9 (D DE(TH 00T )] < Cpe(1 + €l
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Using the Leibniz rule and the estimate (83, it is easy to deduce that for every

fixed IV, qilg(q_r)(x,y,f) c Sig(qﬂ)p(Q x R).
Now we consider q(_22)(q_r)

subadditive with respect to &, we get e™?WEHM=TYW.E) < (CA+MD™" moreover,
due to |D§D’gw(y,€)| < Ci(1+|E)Pr=F (v € S1%), and to the inequality m <

Frlt, we have that [DJDE ((y, & + ) — (v, €))| < Co(1+ [€)P (1 + )7+,

Indeed,
|DI D¢ (¥(y, & +tn) — (y, )| < |DIDE (v(y, &+ tn))| + | D) DU (y, €)|
< Ci(L+ [+ tn)PF + Cor(1 + )P F

1+ [n]
14 €]

< Cip(L+ [EDPr (1 + )P,
So we obtain, using Faa di Bruno’s estimate, that
|D£D§ (erw(y,€+tn)*w(y,§))| <Ci Z eV W et =T (y,€))|

(x,y,&). Let us observe that, 1(y,{) being essentially

k
< 2oL+ ED () () Ol e

0<h<j+k
x> |DRDE(W(y, E+tn) = (Y, )| [DI DE by, & +1n) — (v, €))|
Jit...+jr=7
ki+4...+kn=k

< @kemﬂm)“(l + |n|)pr(j+k)+k(1 + |§|)pr(j+k)*k.

Using (B3) with & + tn instead of &, the previous estimate and the fact that
1 1+[n|
THETm S THel

< Ol (1 + [P GO +prNEN+h LA (1 4 | )pri+RI+prN =N =k

we have

(3.10)

Reasoning as in the proof of Theorem [Z2 we find that, if a(z,y) € G(()ql’qz), there
exists a constant M such that |D§6(y,77)| < Cje~MA+MD™ 1y = qil. Using this
fact, the estimate (3.10) and the Leibniz rule, we have

. 2 T - r — p—
IDLDIDEG®) (2,9, €)] < Clyp (1 + [¢)Pra+htorN =N =k

X /(1 4 |n|)pr(j+k)+prN+N+k|n|165(1+\n\)P"'e—M(1+\m)P1 dn

< Cpi(1 + |€|yPrttmterN=N—k,

since pr < 1, taking N sufficiently large, depending on j and k, we obtain that
i 2 .
the symbol q_sq—p)(2,9,§) = q(_g)(q_r)(x,y,é) + q(_Q)(q_,«)(x,yvf) is in the class

ST x R). O

Definition 3.1. Let us consider a function a(z,y,&,n) € C%°(2 x R?) and define
1

(3.11) Mp(€m) = (L4 [E1% + [n]*)% ~ 1+ [P + [].

We say that a(z,y,&,n) € S(Tz 1’)‘(9 x R?), p < 1, if for every [, j,k,h € Z, there

exists a constant Cj;xp, such that

(3.12) | DDy D Dya(x,y, &) < CgrnAp (&, m)™ (L + [€))PH 5 PR
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Proposition 3.2. Let p, r, the function a(x,y) and the weight function ¥(y,§) be
fixed as in Proposition [31l Then

eTw(vam)a(x’ y)DlmD.;e_Tw(vaa‘)
(3.13) = a(x,y)DLD) — jra(x,y)(Dyy)(y, Do) DD
+ A%—i—j , max{—2(1—r),—(q—r)}(‘x7 Y, Daﬁ Dy)7
where the symbol aL; max{_Q(l_m_(q_T)}(:c,y,f,n) of the pseudo-differential op-
emtorAzﬂ masx{—2(1—r),—(g—r)} (@ ¥ Dz, Dy) belongs to the class

S,l,ﬂ smax{—2(1-r),—(q—7)}

o) (Q x R?).

Remark 3.1. The operator —jra(z,y)(Dy¥)(y, D )Dl Di~! in (BI3) has the sym-
bol —jra(z,y)(Dyy)(y, )&~ in the class S” -0 T)
prove since ¢ € ST’

Proof. Using the identities (2:2)-(2.4) and Proposition B, we get
eTw(yaD:c)a/(x’ y)DlID‘;e_Tw(y’DT)

(2 x R?), as is easy to

= eTw(yer) 7Tw(val')eTw(yer)DiDief‘rw(y»Dx)

a(x,y)e
= (a(xv y) + Q—(q—r) ({E, Y, D, ) + Q—Q(q—r) (LE Y, D ))

x (DLD}) — j7(Dyv)(y, Dz) D\ DY~ 1+qu>h (y, Ds) D, D}y)
h=0

= a(x,y)Dy Dy — jra(z, y)(Dyy)(y, Da) Dy Dy~
AL max(-201-r),~(g-r)} (£:Y> Da, Dy).
In the expression of the symbol of the last operator, let us analyze, for example,
the term a(x,y)qj(])h(y,f)flnh, for h =0,...,7 —2. We get, for I',j',k' € Z, and
h" < h,
D! Dy DE D (al. y)a;”, (v, )"

<Clyww Y. Y. DYDY ae,y)l Dy D, (y, )l €~ "

dias =0 Kk, =k
K, <l

< Cpjrins (14 [€)PrU=M=R (1 4 [¢)=Fap, (g, m)" "
< i Ap(€&,m) 7 HI 7207070 (1 g (g))=*
< Crjoaon Ap(€,m) 7T (1 4 [¢]) 2P0 =K =l

In general, using the Leibniz rule, the estimates on ¢ € S{% 1.0 and gj—p € Sp (= h),

and the fact that the symbols of the operators q_x4—r) (z,y,D,) are in the class
ng(qir)p(g x R) for k = 1,2, we obtain:

)

Jj—2 .
b (GJ(LL', y)+Q—(q—T) (iC, Y, £)+Q—2(q—7") (LE, Y, 5)) hE q](j_)h (yv f)flnh is in the class
=0

SPJr] ,—2(1-r)

(n1) (2 x R?);
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o (- (¢-n(®,9,8) + q23g-n(2,5,6) (£ — jT(Dy)(y, £)E"Y 1) is in the
class S"ﬂ’i(qir)(Q x R?).

(»,1)
Let us observe that S(’;)Jrl])’ 2(14)(9 R?) and S”ﬂ’i(qir)(Q x R?) are both

contained in S”ﬂ =20, ~(a T)}(Q x R?); so it follows immediately that

(p,1)
Ltj, max{—-2(1-7r),~(¢—7)}
ALy max{—201-r),—(g—r)} (T ¥: &) € S 1) (Q x R?). =

Now we want to analyze the behavior of the conjugate operator, defined by (34).
We choose the weight function in the following way:

(3149 .8 = (1+55)e@le® (v, = (1- 5 )e©lel*

where 0 <7 < 1,6 > 0 and () is a C* function such that 0 < ¢(§) <1, p(§) =0
for [¢] < § and @(§) = 1 for [£| > 1. Observe that ¥ (y,§) is a weight function of
order (r, %), essentially subadditive with respect to &.

Proposition 3.3. Let us fix the operator P(x,y, Dy, D) as in (L2) with d < m,
and let us fix 0 < r < 1; we choose the weight function as in [B:14). Then the
symbol of the conjugate operator is given by

Ly m—1

™o +pm,7(17r)7u(x7y7€v77)

(g, &m) = p (wyfn)H%@()IE
where p(x,y,&,m) is the symbol of P and

’”r77m ! +pm,7(177’)7l/(l‘7y7§777)> 5

pm,f(lfr)fl/(x7y7§7n) € S&md’ 1)(1 - V(Q X R2) v > 0.

Observe that
( To()le)

Proof. First we observe that we can write the operator P(z,y, Dz, D,) in the fol-
lowing way:

(3.15)  P(x,y, Dy, Dy) = Dy —bo(w,y) D + > ay;(z,y) DL D],

m—t<l 2 4j<m—eco

’l" m— ) 1—
arym ) e STV (@ X R?).

7n ’

where ¢ is given by (B.I) with ¢ = 0.
Now, applying Proposition [3.1] and Proposition with p = £ and ¢ as in

B14), and using [2.4)), we get

P(x,y, Dy, Dy) = €7V @D pre=mv(w:Da) _ gm0 w:Da)p (g gy~ 7(1:D) pé

+ Z eTw(y’Dm)alj(l‘,y)Di,D‘;e_Tw(’%Dm)
m—t<I%t+j<m—eo

= D;n - mT(Dyw)(y; Dm)D5171 + Am,max{—Q(l—r),—(%—r)}(xa Y, Dmv Dy)
—bo(l‘,y)Dg—Q (- ’l")(x y7D )Dg
+ Z alj(x7y)Dchgj; +Alm,—(1—r)—eo(x7va$7Dy)

m—t<l™ 4 j<m—eo

= P({E, Y, Dy, Dy) - mT(Dyl/J)(y, Dm)DgT_l + Pm,—(l—r)—v(xa Y, Dy, Dy)v
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where

m ,max{—2(1—r),— (& —r
am,max{—Q(l—T),—(%—T)}(xvyagvn) € S( d 1) =2 h—la )}(Q X Rz)a

Q—(%fr)(l‘,y,g) € SLQd T);(Q X R)
a’;n,f(lfr)feo(xvyagvn) € S(mc”: )(1 - €0(Q X R2)

By Definition B} we can deduce that the symbol p,, _q_m—,(z,y,&,n) =
G, masc{—201—r),— (2~} (T, 9,6m) = a2y (2,9, )€ + al, 4y (2,y,&m) is
in the class S(md’ 1)(1 T) "(Q x R?), where v = min{l —r, 2 — 1, ¢o}. We observe
that, since r < 1 and d < m, we have v > 0. O

The following theorem allows us to find a parametrix of the operator (2] when

—t= k—* for a posmve integer k* such that d(m — —) < k* < dm and the set
Ik* = {(l j) € Z% : dj + ml = k*} consists of just one couple (I*,;*). We take
bo(z,y) and alj(ﬂc,y) in C>(Q).

Theorem 3.1 (Sobolev parametrix). Assume that (LB) in Theorem[11 and (L3)
hold. Then there exists a linear map

Ewo : HY% (R % (=5,8)) — HS'T (R x (=5,5))

m m

such that

P(J?, Y, Dy, Dy)EooU = ﬁ(xv y)u + R,
where ¥(x,y) € C*, ¥(z,y) = 1 in a neighborhood of the origin and R is a
reqularizing map in the Sobolev anisotropic spaces.

Removing hypothesis i) in Theorem [Tl we shall prove that there exists a

Gevrey-Sobolev parametrix of the operator ([L2) for ¢ < %, where now we take
analytic coefficients, or more generally coefficients in the anisotropic Gevrey space

G(()ql’qZ)(Q), 1 <q <%, g2 > 1 (cf. Proposition[31]), with r > max{%, 1—t—e}.

Theorem 3.2 (Gevrey-Sobolev parametrix). Let one of the conditions [a] or [b]
in Theorem L2 and (L3) hold. Then there exists a linear map

E Hi11%7T(R x (=9,0)) — S:i-’(;n (1- r)w(R x (—6,6))

T
such that
P(z,y, Dy, Dy) Eu = x(z,y)u + Ru,
where x(z,y) € G(()ql’QQ)(Q), x(z,y) = 1 in a neighborhood of the origin, and R is a
reqularizing map in the anisotropic Gevrey-Sobolev spaces.

The proof of Theorems 3.1l and B.2 will be deduced from Theorem [B.3] below,
about the hypoellipticity of the following class of differential polynomials with C*°
coefficients h(. .y : Q@ — C:

(3.16)  p(z,y.&m) = 0™ = hao(z, ) &4 + D iz y) &’ + o(2,0),
(1,5)el

for ¢ = (&,7n) the dual variable of z = (z,y). We define the following sets for
keRy,0<k <dm:

Iy = {(,j) ERy X Zy : dj + ml = k},
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and fix k = k* such that d(m — 3) < k* < dm. We use the notation k= for all
k < k* and k* for all k > k*. We define I = I_ U Iy« U I, with I_ = |J I}-,
I, = | I+. The symbol o(z,y,&,n) in C(R? x R?) is such that

— m k*
(3.17) |Dg D DYDY (2,¢)| < Capya(1+ A"+, m < R
where A\(¢) = |¢] " |n| is the anisotropic norm; cf. the expression of the anisotropic
Sobolev spaces in Definition H(Si 1)(R2), s > 0. We recall that ¥ := {(z,() €
Q x RZ\ {0} : ™ — Rbgo&? = 0} is the anisotropic characteristic manifold of
p(z,y,&,n) in BI0); letting A be a neighborhood of ¥, we denote by ' the set

Q x A, and we state the following:
Theorem 3.3. Assume that Iy« consists of just one couple (I*, j*), k* = dj* +ml*,

such that:
i) Shysj= (z,y) # 0 for all(z,y) € Q,
1) for all (1,7) such that dj +ml > k* = dj* + ml*,
(3.18) S e e (2, y)S g (, ) 7 EHT >0, (2,¢) €T,
ZZZ) %hl*j* (xvy)%hdo(xvy)nj*fdJrl* < 07 (Zaé') € Fa
iv) Rhao(x,y) # 0, for all (z,y) € Q.
Then
(3.19) [Py &m)| 2 BAQ)T in Q@ x R?,

for a suitable constant b. Also, for all (v, B) € Zﬁ_, (v,0) € Zi and for all K CC
we have, with suitable constants Lo g~,0 and B, that

(3.20)
D3 Dy DYDY pla, y, &, m)| A(¢)"#H o)
— |p(m Yy § 77)' < Lavﬁy%e ) |£| + |77| > Bv
with p = W7 6 = —dm;k*. Observe that 6 < p, since we have assumed
k* > d(m — %)

Remark 3.2. By formula (3:20) and by Mascarello and Rodino ([MR], Theorem
3.3.6), we have that the operator P(z, D), associated to the symbol p(z, ¢) in (3:16),
is C*°-microlocally hypoelliptic in T'; i.e., TN WF Pu = T' N WFu, for all u €
D (), where W F u is the Hormander wave front set. A microhypoelliptic operator
is hypoelliptic too. If the coefficients are analytic and (BI7) holds for Chpyg =
LotB+r+0+10181416! we obtain G°-hypoellipticity, o > m.

Before starting the proof of Theorems [3.1] and B:2] we also need the following
class of symbols:

Definition 3.2. Let a(z,y,&,n) € C°(Q x R?). We say that a(z,y,&,m) €
S%(p’l)(ﬂ x R?) if for every [, j,k,h € Z there exists a constant Cj;x;, such that

, k
(3.21) | D% D) DEDyal, y, € m)| < CiganAp(§m)™ 77",
where A\, (&, n) is given by (3I1)).
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Further on we shall also refer to the microlocal classes of symbols Sg’f) (I,

ST 6(p ’1)(F), where now I' is a quasi-homogeneous cone. We leave to the reader the
obvious definitions in this frame.

In the following we suppose that the quasi-homogeneous cone I' is included in a
region in which [£|P > ¢o|n| (in particular we are interested in the case p = 4); for

these sets we have that (14 |€])P ~ A\,(€,n), and so S(Z’i‘) (T') can be identified with
S;ﬂ(;ru;(p,l)(lﬂ).

Definition 3.3. Let ¢(z,y,£,n) € Sﬁé(p’l)(l“). Let us suppose that m’ < m and
0 <6< p<1. Wesay that ¢(z,y,&,n) is of type (m,m’,p,p,d) if there exist
positive constants ¢, C, Cjrn such that in I' the following estimates hold:

(3.22) la(z, 5,6, m)| = e A&, )™,

. _,(k Ly
(323)  |[DLD)DEDq(x,y,&m)| < Cujgnla(w, y, & )| Ap(€,m) P r T HEH)
for Ap(€,1) > C.

Proposition 3.4. Let q(x,y,&,n) be of the type (m,m’,p,p,d). Then there exists
a symbol ¢'(z,y,&,m) € S;;n ;(p’l)(I‘), i.e.,

. m—p(E L
|DLDIDEDY (2, y,€,m)| < Cijrnp(§,m)™ PTG,

q’ being the parametriz of q(z,y,&,n), i.e., q#q ~ ¢'#q ~ 1, where # indicates the
standard asymptotic product.

For the proof of this proposition, see Hunt and Piriou [HP].

Proof of Theorem [Z1 (Sobolev parametriz). Without loss of generality, we may as-
sume p® = (£&,7m0) with & > 0. The quasi-homogeneous conic neighborhood T
of p? is then included in a region {¢ > 0, n? < C¢&?}. Since P satisfies all the
hypotheses of Theorem B3, we have that the symbol p(z,y,&,7n) is of the type
. &, ) an

Lk

k*
E : H%, — H'"'7 such that PE = 9(x, y)o(Dy, D))+ R, where 9(z, y) € C5° (),

). So using Proposition B4 we can find a linear map

o(&,m) me Cc> (]an) with support in a quasi-homogeneous conic neighborhood of
(&o,m0), R HS (R x (=4,0)) — HY (R x (=4,6)) for every ¢t > 0. So we can con-
struct two opergtors Ei and Ry such that PE; = ¥z, y)o(Dy, Dy) + R1, where we
can choose the function p(§,n) € C* quasi-homogeneous in (£,7n) of order (%, 1)
and of degree 0 for large (|¢ ™+ Inl), e(&,n) = 0 in a quasi-homogeneous conic
neighborhood of £ =0 and Ry : HS (R x (—4,d)) — HY (R x (=4,6)) for every
t > 0. We can suppose that supp(1 - 0(&,m)) C Ty, where mfo is a sufficiently small
neighborhood of ¢ = 0 such that ™ —bg(x, )¢ is quasi-elliptic in ['g. In the follow-
ing we denote by B,,(z,y,&,n) the anisotropic principal symbol of P(z,y, D, D,),
ie., P, (z,9,6n) = n™ — bo(z,y)éL. By the results of Hunt and Piriou [HP] we
have, in Ty,

p(z,y.£0)#D, (., &)
= By (T, Y, &) + Qe (2,9, E.0)) #0029, €, m)
=14q_,(z,y,&n),
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(L
where ¢_.,, € Soyém’(m’l) and €, is given by (BI). In a standard way we can

—emi(55.1)
construct s_,, € Sy ™" ™" such that

(14 q-c, (z,y,&m)H#A + 5, (,y,&,m)) ~ L.

Let us consider now the symbol

€0 = Z_)r_nl(m) y7§777)#(1 + 5—€m (337%5’77))#79(3579)(1 - Q(§777))

and let Fy be the pseudo-differential operator of symbol eg. By construction we
obtain PEy = ¥(x,y)(1 — o(Ds, Dy)) + Ro, with Ry regularizing on the anisotropic
Sobolev spaces H5 (R x (—0,0)). Taking Eo, = F7 + Ep, we have that

m

PE., = PEy + PEy =9(z,y) + R,
where R, = Ry + Ry is regularizing on H% (R x (=94, 9)). O

m

Proof of Theorem (Gevrey-Sobolev parametriz). Let us suppose that one of the
global conditions [a] or [b] holds. When [a] is satisfied we fix the weight function as
in (3I4); if [b] holds we choose ¥(y,§) = (1 + % signf)ga(fﬂf T (W(y,&) = (1 -
=% sign§)gp(£)|§|%”"). By Proposition B3, the symbol p(z,y,£,n) of the conjugate
operator P(z,y, Dy, D,) defined by ([B4) satisfies all the hypotheses of Theorem
B3 with j* =m—1, [* = %r. So p(z,y,&,n) is of type (m,m — (L —7r),p,r,1 —1).
As in the first part of the proof of Theorem [BI] by Proposition [3.4] we can find a
linear map

E: H% (R x (=5,6)) — H5 ™ (R x (=6, )
such that . B
PE = x(z,y)k(Dsz, Dy) + R,
where y(x,y) is arbitrarily fixed in C§°(€2), x(&,n) is arbitrarily fixed in C>°(R?)
with support in a quasi-homogeneous conic neighborhood of (§,70), and R is a

regularizing operator in the anisotropic Sobolev spaces H% . So we can find E; and
Ry such that PE; = x(z,y)k(D,, Dy) + Ry, where we can choose the C> function
k(§,m) with the properties of the function o(z,y) in the previous proof (k(&,n)
quasi-homogeneous of degree 0 out of the origin, x(£,7) = 0 in a neighborhood
of £ = 0 and supp(1l — k(&,7n)) C Ty, where p,,(x,y,&,n) is quasi-elliptic in T'y);
moreover, Ry : H% (R x (=4,8)) — H', (R x (—6,0)) for every ¢ > 0.

Reasoning as in the preceding proof and using Proposition B3 and the results of
Hunt and Piriou [HP], we have, in Ty,

B, y.& m#Py (2,9, €,m)
= (ﬁm(‘xv Y, Ev 77) + qumin{em,lfr} (l‘, Y, §7 77))#2_)7;1 (J?, Y, Ev 77)
=1+q_ min{e,,,1—r} (QC, Y, 57 77)7

where the symbol ¢_ minge,,,1—r} is in the class Soyénm{ﬁmvl "HGED 1 g standard
— mi .
way we can construct s_ yinfe,,,1—r} € Soyénm{em’l G such that

(1 +q- min{em,lfr}(a% Y, Ea 77))#(1 + 5 min{em,lfr}(a% Y, Ev 77)) ~ 1
Now let us consider the pseudo-differential operator Es of the symbol

g2 - 2_77}1(337%5’77)#(1 + sfmin{em,lfr}(xvyafan))#X(x7y)(1 - H(@n))
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By construction we obtain PE; = x(z,y)(1 — (D, D,))+ Ry with Ry regularizing
on the anisotropic Sobolev spaces H® (R x (=6,6)). Let E = E; + E5. Then
PE = PE, + PE, = x(z,y) + R, R regularizing.

After conjugation we obtain PE = e~ "¥W:De)y (g, ¢)e™®:P=) 4 R, Taking a
function xo(z,y) € G(()q”p)(ﬂ) such that yo(z,y) = 1 for (z,y) € supp(x) and

replacing E by E,, where E,u := E(x(z,y)u), we have
P(l‘, y7 D:C7 Dy)EXU’ = eiTw(y’Dx)XO(xv y)eTlﬁ(y;Dz)X(l‘, y)u + }_%U'
— X(‘T"7 y)u _ e_Tw(vam)§3e7—w(yaDtc)u + EU,

The operator Rs = (1—xo(z,y))e™ L)y (z, y)e " @:D=) is again regularizing on
the anisotropic Sobolev spaces H% (R x (=4, d)) in view of Proposition B O

Remark 3.3. Theorem B3, Remark B2 and Theorem B combined with fixed
point arguments as in Gramchev and Rodino [GR], Section 4], lead to the proofs of
Theorem [T and Theorem

Proof of Theorem We limit ourselves for simplicity to proving the estimate
B20) for o + 8+ v+ 60 = 1. The case a + 3+ v+ 0 > 1 does not involve actual
complications; cf. Wakabayashi ([W], Theorem 2.6) or Kajitani and Wakabayashi
(IKW], Theorem 1.9) for the analytic frame. First we estimate the numerator of
(B:20), and then we give some lemmas to estimate the denominator.

If a =1, we get

1Dup(z,O)IAC) ™’

S Z thlj(xvy) Ujfl - thdO(x; y) gd )‘(C)75 + |DEU(Za <)|)‘(C)_6
() el

<L > mlPe+et | MO+ M) |5
1,5 el

and for g =1,

1Dy p(5 OING ™ < Lo (Sagyer P +E) MO +A0™ ),

for suitable constants Ly, Lo. If v =1,

m

1De p(2, Q)IMO T < Ls(( Y InPe =" + €77 + Q)™ 1Py,

(Lj)erl
and for 6 = 1,
1Dy p(z, OIAQ)” < La(( > [l e + ™ HAQ? + AQO)™ ),
1,5 el

with suitable constants Ls, Ly.
Therefore, we observe that m — (1 — p) > m — % (1 — p) since d < m, and
= 1. To prove (320), it will then be

m—(1—-p)=m—0>m— %0 since p+9
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sufficient to show the boundedness, for |(| > B, of the functions

 (Super e +e) a0
@ier = GO |

(1" + Sy er InP€) A"
QQ(C) - |p(2’,<)| )

m

(161" + Sy ex InPe=1) A
@sle) = G0 |
AQ™

Ip(z, Q)

Q4(C) =

First we introduce three regions:

Ry:clg)t < [nI™ < O,
(3.24) Ry: |n™ > C g%,
Ry :|n™ < clgl?,

for suitable constants ¢, C satisfying ¢ < %min(%y)eg |R hao(z,y)|, and C >
2max(, yeq |[Rhao(z,y)|. We understand the neighborhood A to be the region
R;.

The following inequalities then hold:

S Ci™, (e R, (1)
(3.25) MO < =, (€ Ry (ID)

d

|&] =05, ¢ e R, (1)
and
Cl |n|pa C € Rlv

Q)P < Conlf’, ¢ € R,
Csl¢lPw, ¢ € Rs;

note that (II) and (I1I) in (32Z5) hold for all ¢ € R2, but for our aim we may limit
ourselves to consider them respectively in Ry and in R3. By abuse of notation, in
the following we shall also denote by Rj, Ra, R3 the sets Q x R1,Q X R, Q X Rs;
recall that ' = Q x A.

Lemma 3.1. Let p(z,{) be the function BI6), such that (i),(ii),(iii) in BIF)
hold. Then there are positive constants K1 < 1 and B, such that

(3.26) Ip(z, Q)1 = Ky [Sheege ()| Il 1617, (2,0) € R, [¢] > B.
Proof. We have

p(z, Q)1 = (nm = Rhao(z,9) & + X yer Rhuj(@,y) '€

(3.27) + Ro(2,0)* + (S (@, yhP €" |
+ X aper. Shii(z,y) ﬂjflj Yaper, Shi(y) ne
- hdo(l‘, y) fd + %0’(27 C)) .
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By removing the terms arising from the real part of p(z, (), we can write

5
p(z, Q1 = Shije (2, 9)* 17 € + > Ji(2,0),

i=1
where
(3.28)
2
To={ Y Shyme+ Y Shy()n’e - Shao(2)¢ + So(2,Q) |
(Lg)el- Eam
(3.29) Jo(2,0) = 28 hyejo (w,y) Y Shy(w,y)n’ P,
(i)l
(330) J3(27C) = 2%hl*j* (xay) Z %hlj(xvy) nj*Jrjfl*Jrlv
(Ly)el+
(3.31) Ja(2,0) = =28 heje (2, ) S hao(a, y) 1 €5+,

The function ([F28) is nonnegative; (330) and (B3T) are also nonnegative by hy-
potheses (i7), (i79). Let us fix attention on Ja(z, (), defined by (3:29). We have, for
all e > 0,

(%hl*j* (xv y))2 772j*£21* + JQ(Za () Z (1 - 6)(%}”*]'* (iC, y))2 772j*52l* )

in Ry, |¢| > B. In fact, by (3:24) in R; and hypothesis (i) in (B.I8), for all e > 0
we get, for B sufficiently large,

|J2(Z’O| < const Z w
(Shysj (z,y)) 2" g2~ (L)l e
|| HIHEHD G
< const Z —rrarm - <6 | > B.
(Li)el-

We remark that k* = dj* + ml* > k= = dj + ml.
Concerning (332)), since m < %, we have

(Shpeje (2,9)) 2 0% €2 + T5(2,¢) > (1 — ) (Shpeje (2, ) ¥ €2
Then
p(2,Q)| = Ky |Shyej- (x,9)| I 16", (2,0) € Ry, |¢] > B,

for a suitable positive constant K. O

Lemma 3.2. Let p(z,() be the function [BI6). Then there are positive constants
Ky <1 and B, such that

(3.33) p(z, Q) = Kz 0™, (2,¢) € Ra, [¢| > B.
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Proof. We write |p(z,§)|2 as in (B27); by removing the terms arising from the
imaginary part of p(z, (), we get

(334) |p(37C)|2 2 (77m - 8%hd()(xvy)gd)Q +W1(Z7C) +W2(Za<:) +W3(Z,C),

where
2
(3.35) Wi(z¢) = | Y. Rh(@y)nie +Ro(2,0) |
(1,5)el
Wa(z,0) =2 > Rhy(a,y)n’ e

(Lj)el
(3.36) 4

— 2R hao(z,y) Y Rhuy(,y)n’ &

1,5)el

(337) W3 (Za () = 277m§RU(Za () - 2§R th(xv y)fda(za <)

Observe first that, for A > 0 sufficiently small,

(nm — %hdo(x,y)fd)Q > An?™m.
In fact,
(0™ = Rhao(w y)6")" = 72" — 2R haolw, y) n™€”,
and using (3:24) in Rs, we have

2
n*™ — 2R hao(x,y) n™E? > (1 -z %hdo(w,y)) n*" > An®™,

since C' > 2max(, )cq |Rhao(z,y)l.
Equation (B35)) is nonnegative. We denote B336) by T1(z,{) — T2(z,{) and

(m) by T3(za€) - T4(27C) Then
p(z, Q)" = A*™ + T1(2,¢) — Ta(2,) + Ts(2,¢) — Ta(z,0)

Arguing on T; — T, T3 — Y4 in the same way as we did in Lemma Bl we can
show that for all ¢ > 0,

)\772m + Tl(Z,C) - TQ(Zaé') > ()\_6)772m, (Z,C) € RQ} |<'| > Bv

and
AP+ T3(2,¢) = Ta(2,0) = A =™, (2,() € Ro, [¢| > B.
Thus
p(z, Ol = K2 0™, (2,€) € R, [¢| > B,
where Ko = (A — ¢)%. O

Lemma 3.3. Let p(z, () be the function (3.10)), such that (iv) in BI8)) holds. Then
there are positive constants K3 < 1 and B such that

(3.38) (2,0 > K3 1¢]Y,  (2,¢) € Ry, || > B.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SOLVABILITY AND HYPOELLIPTICITY FOR SEMILINEAR PDES 3429

Proof. Again we apply (3:34), (35), (330), (337) to |p(z,¢)|*. Observe that in
R3, arguing as above, since ¢ < % ming, ,)eq |Rhao(z,y)|, we obtain, for a suitable
constant p > 0,

(1™ = Rhao(z,y)e))?* > pe2 .

About the terms in ([B35), (3:36) and (B.37), the remarks we made in Lemma
hold on replacing An?*™ with p&2?. Then we have

p(2,0)| > K3 [¢|,  (2,¢) € Rs, (| > B,

[N

where K5 = (u—€)2. O

We first consider Q1(¢) separately in the regions Ry, Ra, Rs, to prove bound-
edness. In Ry by (328), (B26) we get easily, writing as before k = dj + ml,

Q1(¢) < const (Z

+1>, ICl > B,
k |77|

_k
m—yq

where m — % > 0 by definition of I and Ij. In the region Ry we have |p(z,()| >

|n|™ > |n|kT In Rs, by using (B2H) and ([B38) for a constant € > 0 which we may
take as small as we want by fixing B sufficiently large, we have

1 1
®1(¢) < const (Z |§|2d7£7ﬂ + |€6i> < e, [¢| > B.
k m m m

We have therefore proved that Qi(¢) is bounded. Arguing in the same way on
Q2(¢), Q3(¢) and Q4(¢), we prove their boundedness in R?.

Remark 3.4. By formulas (B26), B33), (338), we obtain that |p(z,¢)| > a|¢|,

a > 0, |(| > B, since we are considering the case when dj + ml < dm. If we refer
o [n| ~ (1€ + [n|™)m , we find that

to the anisotropic weight function A\(¢) = |€

(3.39) Ip(z,Q)l 2 bAQ)T , [¢ > B,
for a suitable positive constant b.

Now Lemma B Lemma [3:2] Lemma B3 and the estimate ([3:39) complete the
proof. O

Remark 3.5. It is possible to propose a geometric invariant generalization of Theo-
rems [Tl and [[L2] to pseudo-differential operators with involutive characteristics of
multiplicity m > 4, in more than two space variables, by arguing microlocally, using
classical Fourier integral operators and S;’fé arguments. This will be the subject of
another paper.
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