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PROJECTIVE NORMALITY OF ABELIAN VARIETIES

JAYA N. IYER

ABSTRACT. We show that ample line bundles L on a g-dimensional simple
abelian variety A, satisfying h0(A, L) > 29 - g!, give projective normal embed-
dings, for all g > 1.

1. INTRODUCTION

Let A be an abelian variety of dimension g defined over the field of complex
numbers and let L be an ample line bundle on A. Consider the associated rational
map ¢, : A — P41 = PHO(L), where d = dimH°(A, L). Suppose L = M"
for some ample line bundle M on A. Then Koizumi has shown that L gives a
projectively normal embedding if n > 3 (see [2]).

When n = 2, Ohbuchi (see [7]) has shown the following.

Theorem 1.1. Suppose M is a symmetric ample line bundle on a g-dimensional
abelian variety A. Then L = M? gives a projectively normal embedding of A if and
only if the origin 0 of A is not contained in Bs|M ® P,| for any o € Ay = {a €
A:2a = 0}, where A is the dual abelian variety of A, P is the Poincaré bundle
on Ax A, P, = Plaxa fora e A and Bs|M ® P,| is the set of all base points of
M®P,.

Suppose L # M™ for any ample line bundle M on A and n > 1. When g = 2,
Lazarsfeld (see [4]) has shown that if ¢, is birational onto its image, then ¢;, gives
a projectively normal embedding, for d = 7,9,11 and for d > 13. We showed that
if the Neron Severi group NS(A) of A is Z, generated by L and d > 7, then ¢, gives
a projectively normal embedding (see [1]).

In this article, we show
Theorem 1.2. Suppose L is an ample line bundle on a g-dimensional simple
abelian variety A. If d > 29 - g!, then L gives a projectively normal embedding,
for all g > 1. (Here d = dimH"(A, L)).

We outline the proof of Theorem 1.2.
For a polarized abelian variety (4, L), consider the multiplication maps

pr: Sym"H°(A, L) — H°(A,L").

By definition, L gives a projectively normal embedding if p, is surjective, for all
r > 1. We first show that it suffices to show ps is surjective. More precisely, we
show that ps2 surjective implies that the maps p, are surjective, for » > 3 (see Prop.
2.1).
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To prove the surjectivity of the map ps we consider a finite isogeny A — B =
A/H, where H is a maximal isotropic subgroup of the fixed group K (L) of L. Then
L descends down to a principal polarization M on B. Let H denote the group of
characters on H. By associating to a character x € Ha degree 0 line bundle L,
on B one can identify H as a subgroup of the dual abelian variety PicO(B) of B.
The homomorphism ¢, : B — PicO(B), b tfM ® M~ is an isomorphism and
we denote H' = 3} (H).

We then show that the surjectivity of the map po is equivalent to showing that
the subgroup H’ of B generates the projective space PH?(B, M?) and its translates
PHO(t: M?), where o € B is such that ¢(20) = Ly, Ly € H, i.c., the images of

points of H', under the morphism B ¢ﬂ2 PHO(tr M?) ~ [t: M?|, b — t;0+t* 5.0
(due to Wirtinger), have their linear span as [t:M?|. (Here we assume that M is
symmetric and that € is the unique symmetric divisor in |M|.)

To see this, we show

Proposition 1.3. Let £ be an ample line bundle on a simple abelian variety Z of

dimension g and consider the associated rational map Z LZN PHO(L). Then any
finite subgroup G of Z of order strictly greater than h°(L) - g!, generates the linear
system PHY(L). More precisely, the points ¢, (h) where h runs over all elements
of G not in the base locus of L span PH®(L) (see Prop. 3.4).

We then apply Proposition 1.3 to £ = t:M? to obtain bounds as asserted for a
polarized abelian variety (A, L) in Theorem 1.2.

Notation. The varieties considered in this article are defined over the complex
numbers.

Let £ be an ample line bundle on an abelian variety Z of dimension g.

1. The fized group of L is the group K(L) = {z € Z : L ~ tiL}, t, : Z —
Z,x— z+ .

2. The theta group of L is the group G(£) = {(z,¢) : £ 2 tiL}.

3. The Weil form e* : K(L) x K(L£) — C* is the commutator map (z,y) —
2y’ "y T for any lifts 2,y € G(L) of z,y € K(L).

4. hO(L) = dimH*(Z, L).

5. If G is a finite subgroup of Z, then Card(G) = order(G).

2. SURJECTIVITY OF THE MAPS p,, 7 > 3

Suppose L is an ample line bundle on a g-dimensional abelian variety A. Consider
the multiplication maps

HO(L)®" L2 HO(LT), for r > 2.
The main result of this section is the following.

Proposition 2.1. Suppose L is an ample line bundle on an abelian variety A. If
the multiplication map po is surjective, then p, is surjective, for all r > 3.

First, we recall

Proposition 2.2. Suppose L and M are ample line bundles on an abelian variety
A.
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1) The multiplication map
Y HL®a)@ H'(M@a™') — HY(L® M)
acU
is surjective, for any nonempty Zariski open subset U of PicO(A),
2) If the multiplication map H°(L) @ H(M) — H°(L ® M) is surjective, then
the multiplication maps
(o) HY(L)® HOM ® a) — H(L® M ® a)
and
WHL®a ') H(M ® o) — H°(L ® M)
are also surjective, for o in some nonempty Zariski open subset U of PicO(A).

Proof. 1) See [3], 7.3.3.
2) The proof is standard. U

Proof of Proposition 2.1. We prove by induction on r. Suppose the multiplication
map p, : H(L)®" — HO(L") is surjective, for some 7 > 2.
Consider the composed multiplication map

HO(L)®+ 28 HO(L) @ HO(LT) 2% HO(LTHY).

To see the surjectivity of the map p,41 = p1,, 0 (Id ® p,) we need to show that
the map p; , is surjective.
Using Proposition 2.2 1), we can write

(%) HO(L).HO(L") = > HL).H(L@a ").H (L ®a)
acU
for any nonempty Zariski open subset U of Pic®(A).

Since po is surjective, by Proposition 2.2 2) (a), there exists a nonempty Zariski
open subset U’ of Pic’(A), such that for a~' € U”,

() HY(L).H (L@a ') =H(L*®a™t)
Now in (%), using (xx) and again applying Proposition 2.2 1), we obtain
HY(L).H(L) = Y H(L2®a™).H(L ' ®a)
a~ley’

= HO(L™).

3. SURJECTIVITY OF THE MAP po

Let Z be a g-dimensional abelian variety and let D be an ample divisor on Z .
We denote M = O(D) to be the ample line bundle on Z. Let G be a finite subgroup
of Z. Consider the homomorphism s : Z — Pic®(Z), z +— t5(M) @ M~'. Let
G’ C Pic’(Z) be the image of G under this homomorphism. Consider a finite
subgroup J C Pic’(Z) and containing the subgroup G’. Construct an étale cover
m : X — Z corresponding to J, which is of degree equal to CardJ. Let N =
O(7n~1D) be the ample line bundle on X.

Notice that if h € G N K(M), then t; M ~ M, and this implies that D + h is
linearly equivalent to D on Z. If ¥y : X — Pic®(X) is the map = — t*N ®
N~ and # : Pic®(Z) — Pic’(X) is the dual of the map 7, then since #(J) =
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{0}, 71G C K(N) = Kerypy (since )y = 7 oty o m). This means that the
divisors m=*(D + h) € |N|, for all h € G.

Choose the subgroup J such that N is base point free. (In fact, if J contains
the subgroup of 3-torsion points of Pic’(Z) and G’, then, by the above discussion,
Xi3) € K(N), where Xj3) is the subgroup of 3-torsion points of X. This implies, by
[3] 2.5.6, that N = K3, for some ample line bundle K on X and by a theorem of
Lefschetz (see [3], 4.5.1), N is very ample.)

We will use the following.

Lemma 3.1. Let V be a variety and V C Div(V) be an irreducible family of
effective Cartier divisors Dy on V. Suppose W = (,o\, Dy C V' and is nonempty
and r = codim(W). Then there exist divisors Dj, j =1,2,...,r, in V that intersect
properly and dimW = dim(";_, D;.

Proof. We use induction on j. Let Dy, Ds,...,D; (j < r) be chosen in V such that
they intersect properly in V. Now write D1 N Do N...ND; = G1 UGa U ... UG,
where Gy, ..., G are irreducible components. Consider the closed subset W; C V
parametrizing divisors that contain G; for i = 1,2,...,s. (Note that W; # V,
otherwise G; C W, which is not possible since dimG; > dimW.) Let U be the
complement of Ule W; in V, which is nonempty since V is irreducible. If D;; €
U, then D1 N...N D; N Dji; has codimension j + 1 (communicated to us by A.
Hirschowitz). O

Remark 3.2. Suppose D1, D3, ..., D, are linearly equivalent effective divisors on a
variety V, W = (;_; D; and is nonempty and r = codim(W). If P* denotes the
span of the points D; in the linear system [D|, then W = [, cpx D;. Hence, by
Lemma 3.1, there are r divisors D; € P¥ that intersect properly.

With notation as above we have the following.

Proposition 3.3. Let D be an ample divisor on a g-dimensional simple abelian
variety Z. Let G be a finite subgroup of Z that is contained in D. Then Card(G) <
D9 (which equals h°(O(D)) - g!, by the Riemann-Roch Theorem,).

Proof. We prove this in several steps.

Step 1: We reduce to the case when the divisors D and D + h, for all h € G, are
linearly equivalent and O(D) is base point free. Indeed, by the above discussion,
choose a triple (X, N,7), as above, corresponding to a subgroup J C Pic’(Z) such
that N is base point free and ¥/(G) C J. This shows that the divisors 7=1D
and 7=1(D + h), for all h € G, are linearly equivalent. Then we have a morphism
én : X — PHO(N). Since 7 is a finite morphism of degree equal to Card(J),
by the projection formula, one sees that deg(m~'W) = Card(J).deg(W), for a
subvariety W of Z. Since (771D)9 = Card(J).DY, if Card(r~1G) < (7~1D)?, then
Card(G) < D9.

Step 2: We can now assume that D is an ample divisor on X and that G C D
is a finite subgroup such that D is linearly equivalent to D + h for all A € G and
N = O(D) is base point free. Let Y = (1,5 D + h and s = dim(Y). By Lemma
32,Y C ?;f D; for some g — s divisors D; € |N| that intersect properly. Now
deg(Y) = [V].[D*] (here deg(Y) = deg(S), where S C Y is of pure dimension s).
Since Y C (JZ] D; we see that deg(Y)) < DY. In particular, when s = 0, since
G CY, we get Card(G) < D9.
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Step 3: Suppose that s > 0. Let Y =Y, UYa U ...UY,, where Y;,1 < j <7,
are the irreducible components of Y such that s = dimY; = dimY. Then degY; <
degY’. Since Y is G-invariant, | J,c; Y1 +h CY and Zheci deg(Y7 + h) < degY,

Y1

where Gy, = {h € G : Y1 + h = Y1} is a subgroup of G. Hence we get the
inequalities Card(Z- )dng1 < degY < DY, ie., Card(G) < Card(Gy,)

)
Jegr: .D9. To
complete our proof, we need to show that Card(Gy,) < degY;.

Step 4: Now Gy, C Stab(Y;) = {a € X : Y; +a = Yi}. Observe that
Stab(Y1) = ,cy, Y1 —y. Now for a point yo € Y1, Stab(Y1) = (Y1 —yo) ey, Y1 —
Yy C (Y1 —90)hegyev, D +h—y. Let P = (Y1 —yo)pegyey, P+ h—y. We
proceed to show that deg(Stab(Y1)) < deg(P). This will be true if Stab(Y;) and P
have the same dimension. Now, we have

(1 D+h-y = (Y -y

heG,YEY7 yeY
= [(MuYU..UY,) —y)
YyEY]
— (N Yi-pU() Y-y Uu() Y-
yeY yeEYT IS %

(To see the above last equality: if z € merl (Y1UY2U...UY,)—y, thenz+y € Y1 U
YoU...UY,,Vy € ;. Via the translation map Y7 — Y7 UY>U...UY,.,y — y+x and
since Y7 is irreducible, x+y € Y}, for some j and forally € Y7, ie., x € ﬂerl Y,—y
showing one way inclusion, the other inclusion being obvious.)

We now see that if j # 1 and z € ﬂer —y, then Y7 + 2 CYj. If dimYj <
dimY7, then this is absurd and so ﬂer —y is empty. If dimY; > dimY;, since
Y; is of maximal dimension in Y, dimY; = dimY; and Y7 4+ 2 = Y. This implies
that (,ey, Yi—y=Nyen, 1 t2—y = Stab(Yl) +z. Hence (Nycq yev, D +h—v,
P and Stab(Yl) are of equal dimension, say equal to m and deg(Stab(Y7)) < degP.

Step 5: We proceed to show that deg(P) < deg(Y7). Consider the Poincaré
line bundle P on X X PicO(X ). Let p; and po denote the projections onto X and
Pic’(X) respectively from X x Pic’(X). Consider the sheaf £& = po, (piN @ P)
on Pic’(X). Since the vector spaces H(N ® a) are of constant dimension for all
a € Pic’(X), by Grauert’s theorem, £ is a vector bundle on Pic’(X). Let P(£)
denote the associated projective bundle on Pic’(X). Consider the natural morphism
p5(E) — pf N®@P. This is surjective, since on any fibre X x o, (piN@P), ~ NQ«
which is globally generated (since N is globally generated) and &(a) ~ H(N ® ).
Hence this defines a morphism dy : X x Pic’(X) — P(E). Let P(€) denote the
dual projective bundle over Pic’(X). In general, the parameter space V C ]P’(Ej
of the family {D + h — y}nreq,yey; may not form an irreducible variety (unless
Gy, = G), but we construct an irreducible subvariety F C P(€) such that V ¢ F
and nheG,erl D+h—y= ﬂte}- Dy, where D; denotes the divisor corresponding
to t in P(E) (k).

Step 6: Construction of F:

Consider the subspace T of H°(X, N) spanned by sections s, h € G such
that the divisor of sp is D + h. Consider the addition map m : X x X —
X, (z,y) — x +y. Recall the skew-Pontryagin product of the sheaves Ox and
N, N¥Ox = (p1)«(m*N) (see [8], p. 653), where py(resp. p2) : X x X — X
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denotes the first (resp. second) projection. Then, by Grauert’s theorem, N%Ox
forms a vector bundle on X with fibres (N%Ox), ~ H°(t:N). By [8], Remark
1.2, N¥Ox ~ N * Ox where N « Ox = m,(p1*N) is the Pontryagin product and

by [B], p. 161, there are isomorphisms Ox @ H%(X, N) L NiOx ~ YyE ® N
(n : X — Pic®(X) is the isogeny = +— t*N @ N~1). Consider the image F under
f of the trivial subbundle Ox ® T in N*Ox. Then the fibre of F' at x € X is the
vector subspace of H%(t% N) spanned by the sections t*s;, whose divisor is D+h—u,

for h € G. Now P(F) is a projective subbundle of P(¢%& @ N) ~ P(¢%E) (since
N is a line bundle). Since Y; is irreducible, the projective bundle P(F 5 restricted
to Y7 is an irreducible subvariety, and let F be the image of this irreducible variety
in P(£). Hence F is irreducible and, by construction, if R € |Fyl,y € Y1, then
Mhee D +h —y C R and F satisfies property (*x).

Step 7: By Lemma 3.1, there exist divisors D1, Do, ..., Dg_,, € F such that
ﬂheG,erl D+h—-—yCDiNnDyN..NDy_p,. Hence P C (Y1 —yo) N D1 NDyN
w.NDg_p, C Dy N DyN...NDy_p,. This implies that deg(P) < deg(¥Y1 — o)),
and by Step 2 and Step 4, deg Stab(Y1) < degY; < DY (since by Step 2, deg(Y1) <
deg(Y) < D9). Since X is simple, Stab(Y7) is zero-dimensional and Gy, C Stab(Y})
implies that Card(Gy,) < deg(Y1). Hence by Step 3, Card(G) < D9. This ends
the proof. O

This is equivalent to the following.

Proposition 3.4. Let L be an ample line bundle on a simple abelian variety Z and

consider the associated rational map Z P, PHO(L). Then any finite subgroup G of
Z, of order strictly greater than h°(L) - g!, generates PH?(L). More precisely, the

points ¢z (g) where g runs over all elements of G not in the base locus of L span
PHO(L).

We recall the following result, which we will need in the proof of Theorem 1.2.

Proposition 3.5 (Wirtinger). Let (Z,0) be a principally polarized abelian vari-
ety and L = O(O) (here © is assumed to be a symmetric divisor). There is a
nondegenerate inner product R : HO(L?) @ H°(L?) — C (which is symmetric or
skew-symmetric depending on whether the multiplicity of the zero element 0 on O,
multp®, is even or odd) such that if R induces the isomorphism R',

P(H®(£%)) =~ P(H"(£%)*) = |26,
then the composed morphism
Z 22 pO(£2)) £ |20

is the morphism
$p:Z — 20|, O, +0O_,,
where O, is the translate of © by x on Z.

Proof. See [6], Proposition, p. 335. O

Proof of Theorem 1.2. Consider a polarized simple abelian variety (4, L) of dimen-
sion g such that h%(L) > 29 - g!.
Consider the multiplication map

H(L) ® HY(L) 2 HO(L?).
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This map factors via
Sym?H(L) 22 H°(L?).

Let H C K(L) be a maximal isotropic subgroup for the Weil form e”. Consider
the isogeny A — B = %. Then L descends down to a principal polarization
M on B. We may assume that M is symmetric, i.e., M ~ i*M, i(b) = —b,b €
B. Using the fact that 7,04 = ®XGH Ly, where L, denotes the degree 0 line
bundle on B corresponding to the character y on H, by the projection formula,
m.L = @XEH M ® L, and m L2 = Gaxefl M?® L, . Hence we obtain the following

decompositions:
H(L) = P H(M ® L,)H(L*) = € H(M* & L,).
x€H xE€H

Write Sym?H°(L) = > e H'(M @ Ly).H°(M ® L, ,,-1). Consider the
multiplication maps

S HM®Ly).HY (M @ Ly 1) 25 HO(M? @ Ly).
X’EH

Since ps = @Xeg Py, it will suffice to show the surjectivity of p, for each x € H.

Since the pair (B, M) is principally polarized, the homomorphism s : B —
Pic’(B) is an isomorphism. Let H' = 1, (H) and 6 € | M| be the unique symmetric
divisor.

Case 1: Suppose x is trivial.

We see that the surjectivity of the map pi4, is equivalent to showing that the
reducible divisors 6, + 6_j, generate the linear system |M?|, for h € H'. By Propo-
sition 3.5, using the morphism ¢ : B — |M?|, this is the same as saying that the
image of the subgroup H’ under the morphism ¢j,2 generates the projective space
PHO(M?).

Case 2: Suppose X is nontrivial.

First, notice that if b € B, then ©y2(b) = ¥a(20). Let 0 € B be such that
Yar2(0) = Ly, ie., Ya(20) = L. Hence the map p, is surjective if the reducible
divisors 0, + 0_p 42, span the linear system |t M?| for h € H' =3, (H). Now if
b€ B, then 0y +0_p120 = (05)p—0 + (05)—b+0, which is the image of the divisor
0p—o + 0_p+o under the morphism |M?| — |2 M?| given by the translation map
B . B. Hence the morphism ¢, : A — [t M?| is given as b — 6y + 0,12,
This implies that p, is surjective if and only if the points in ¢,(H’) generate the
linear system [t M?|.

Since the pair (A, L) is a simple polarized abelian variety with h°(L) = Card(H’)
> 29 gl = hO(t: M?) - g!, by Proposition 3.4, p, is surjective for all x € H. Hence,
by Proposition 2.1, our proof is now complete. ([

Remark 3.6. 1) Suppose g = 1. Then any line bundle of degree strictly greater than
2 on an elliptic curve gives a projectively normal embedding. Hence the bound is
sharp.

2) Suppose g = 2. If L ~ N? where N is an ample symmetric line bundle
with h°(N) = 2 on an abelian surface A, then it follows that h°(L) = 8 (in terms
of “type” of an ample line bundle, N is of type (1,2) and hence L is of type
(2,4) and h°(L) = 8). By [3], 10.1.4, N has 4 base points, say x1, 22,3 and 24,
which are 4-torsion points on A and, moreover, 2z; € K(N) = Keryy where
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Yy : A — Pic®(A),a — t:N @ N~'. Let a; = ¢n(x;), for i = 1,2,3,4. Now the
points z; are base points for IV, for i = 1,2, 3,4, is equivalent to saying that the
origin 0 € A is a base point for N ® «;, for i = 1,2, 3,4. Also 2z; € K(N) implies
that the points «; are 2-torsion points in Pic’(A4). Hence by Ohbuchi’s Theorem
1.1, L does not give a projectively normal embedding. So the bound is sharp.

3) Suppose g = 3. If L ~ N3, where N is a principal polarization on an abelian
threefold A, then h°(L) = 27. But by Koizumi’s Theorem, L gives a projectively
normal embedding. So the bound is not sharp in this case.
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