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SINGULAR INTEGRALS ON SYMMETRIC SPACES, II

ALEXANDRU D. IONESCU

ABSTRACT. We extend some of our earlier results on boundedness of singular
integrals on symmetric spaces of real rank one to arbitrary noncompact sym-
metric spaces. Our main theorem is a transference principle for operators de-
fined by K-bi-invariant kernels with certain large scale cancellation properties.
As an application we prove LP boundedness of operators defined by Fourier
multipliers that satisfy singular differential inequalities of the Hérmander—
Michlin type.

1. INTRODUCTION

Let G be a noncompact connected semisimple Lie group with finite center, K a
maximal compact subgroup and X = G/K an associated symmetric space. In this
paper we study LP boundedness properties of a class of operators on the symmetric
space X which are the analogue of the singular integral operators on Euclidean
spaces. By analogy with the Euclidean case these operators can be defined by
Fourier multipliers or by convolution with Calderon—Zygmund kernels.

A necessary condition for LP boundedness of an operator T;, defined by a mul-
tiplier m is that the multiplier extends to a bounded W-invariant holomorphic
function in the interior of the tube 7, = a* + ico(W - p,), where p, = |2/p — 1|p.
This was observed by Clerc and Stein [5], who also proved a sufficient condition for
LP boundedness when the group G is complex. By analogy with the Euclidean case,
a natural theorem is the following: assume that p € (1,2) U (2,00) and the multi-
plier m extends to a holomorphic function in the interior of the tube 7,. Assume
in addition that m satisfies differential inequalities of the form

(1.1) [o4m(N)| < 451+ A~

for all A € 7, and any j > 0, where 8§'\m(/\) denotes any partial derivative of
m of order j. Then the operator T,, extends to a bounded operator on L”(X).
Statements of this type in various settings can be found in [5], [I8], [4], [22], [, [8]
and [9].

In this paper we deal with operators defined by multipliers that are allowed
to have singularities on the boundary of the tube 7,. These multipliers satisfy
differential inequalities of the form

J . —J
‘5‘>\m()\)‘ < A;d(N)
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where the function d(\) can vanish on the boundary of the tube 7, (as in (@IJ).
These differential inequalities are the analog on symmetric spaces of the classi-
cal Hérmander—Michlin differential inequalities. Natural examples are provided
by imaginary powers of a suitably modified Laplacian, as in [§]. The associated
multipliers have singularities at the points {w - (ipp) : w € W}.

The main difficulty in proving LP boundedness of operators defined by multipliers
with singularities on the boundary is that the classical Herz majorizing principle
[13] fails to apply. As in the case of Euclidean spaces, it is critical to be able to use
the large scale cancellation properties of the kernel of such an operator. Our main
theorem in this direction is Theorem B.1}a transference principle that allows one
to deal with convolution operators defined by kernels of the form

(1.2) K(exp H) = e 2?H)/Pg(H),

where ¢ is a Calderon—Zygmund kernel on a. Here 1 < p < 2 and the factor
e~ 2P(H)/P is the critical exponential decay factor for LP boundedness. The proof
of this theorem is similar to the proof of the corresponding theorem on symmetric
spaces of real rank one ([I4] Theorem 1]).

Our second main task is to show that this transference principle, together with
the Herz majorizing principle and local analysis, suffices to prove L? boundedness of
operators defined by multipliers satisfying (l). This is significantly harder in the
case of general symmetric spaces than in the case of real rank one symmetric spaces.
One of the difficulties arises from the fact that the Harish-Chandra expansion of
the elementary spherical functions does not converge uniformly in the region close
to the walls of the positive Weyl chamber. Thus one cannot get good pointwise
estimates on the kernels of the operators in this region. This difficulty was overcome
by Anker [1] and we follow his approach. The main observation we need to make is
that the volume of this region is smaller than the volume of the full Weyl chamber
(in the sense of ({.6)). We will then apply our transference theorem to the part of
the kernel supported away from the walls of the positive Weyl chamber. The Harish-
Chandra expansion converges uniformly in this region and the kernel corresponding
to the main term in this expansion is of the form (I.2)). Also, one can use the Herz
majorizing principle to deal with the error terms in the Harish-Chandra expansion
in this region.

2. PRELIMINARIES

Most of our notation related to semisimple Lie groups and symmetric spaces is
standard and can be found, for example, in [I12]. Let G be a noncompact connected
semisimple Lie group with finite center, g the Lie algebra of G, 6 a Cartan involution
of g and g = €®p the associated Cartan decomposition. Let K = exp £ be a maximal
compact subgroup of G and let X = G/K be an associated symmetric space. Let a
be a maximal abelian subspace of p, M the centralizer of exp a in K, 3 the restricted
root system of the pair (g,a) and W the associated Weyl group. Let a™ C a be
a positive Weyl chamber and ¥ the corresponding set of positive roots. For any
root a € ¥ let g, be the root space associated to a and m,, its dimension. Let
n=3_cs+ fa, T=0(n), N=expn and N = exp.

The group G has an Iwasawa decomposition G = K(exp a)N and a Cartan de-
composition G = K(expaT)K. For each g € G denote by H(g) € a and gt € at
the middle components of g in these decompositions. We will also use the Iwasawa
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decomposition G = N(exp a)K. We normalize the Haar measure dk on K with total
mass 1 and the Haar measure dn on N such that

/ e=20(H ) g 1
N

where
p(H) =5 3 maa(H).

aext
The Haar measure dg on G can be normalized so that

/G F(g)dg = /N / /K F(n(exp H)k)e*"™) dkdHdn

/ Flg)dg = / / / F ks (exp H)ka)S(H)dHdky dies
G KJK a
for any continuous compactly supported function F' : G — C. One has by definition

(2.1) S(H)=C ][] (sinha(H))™.

aext

and

The Killing form of g induces a scalar product ( , ) on a. Denote by a* and ag
the real and the complex dual of a. For any A € a* let H) be the unique element
of a with the property that (Hy, H) = A(H) for any H € a. We transfer the scalar
product ( , ) to a* and extend it to a C-bilinear form on af. The Fourier transform
of a smooth compactly supported function f : X — C is by definition the function
f: as x K/M — C given by

(2.2) f()\vb):/Xf(z)e(fi)&p)A(z,b)dz

where A(z,b) is an a-valued analogue of the usual scalar product on Euclidean
spaces (see [12, Chapter III]). For any ¢ € G and k¥ € K one has by definition
A(gK, kM) = —H (g7 k). If f is K-invariant (i.e., f(k-2) = f(2) for any k € K
and z € X), then fdoes not depend on b. The formula (2.2]) becomes

(2.3) Foub) = /G F(§K)p-(9)dg

where

(2.4) or(g) = / (M) A(GKD) gy
K/M

A central result in the theory of convolution operators on semisimple Lie groups
is the Kunze-Stein phenomenon, which states that if p € [1,2), f € L?(G) and
K € L?(G), then

(2.5) 1 * Kl 26y < Collfll 2y 1K | 2o (c)-

This inequality was proved by Kunze and Stein [I5] in the case when the group G
is SL(2,R) (and, later on, for other particular groups) and by Cowling [7] in the
general case. In [I3] Herz noticed that the inequality (ZXH) can be sharpened (and
its proof greatly simplified) if the kernel K is K-bi-invariant, i.e., K (kigks) = K(g)
for any k1, k2 € Kand g € G. Let ||| * K||[z»(g) denote the norm of the convolution
operator defined by the kernel K and for any p € [1,00] let p, = |2/p — 1|p. One
has the following criterion due to Herz [I3]:
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Proposition 2.1. If 1 <p < o and K is a K-bi-invariant kernel on G, then
(26) 1+ Kllley < C [ 1K(@)le-s, (a1

It is easy to see that if 1 <p < 2 and H € at (the closure of the cone a™), then
©_ip, (exp H) < Cpe_Qp(H)/p/, where p’ = p/(p — 1) is the conjugate exponent of p.
Thus (Z6) becomes

(2.7) 11+ Kl zr(e) < Cp /_ |K (exp H)|5(H)e 20D/? g,
at

3. A TRANSFERENCE THEOREM

Let ¢ : a — C be a function on a supported in at. Let ¢ = dim a denote the rank
of the group G. Assume that the function ¢ satisfies the following basic assumption:
there exist two constants A and cg > 0 such that

(3.1) |p(H1) — ¢(Ha)| < A(1 + |H,|)~(¢Fe0)

for any Hy, Hy € at with the property that |H; — Hy| < 1.
Let p be a fixed exponent in the interval (1,2) and let K, 4 : G — C be the
K-bi-invariant kernel on G given by

(3.2) Ky (k1 (exp H)ky) = e~ 2P o)
for any H € at and k;, ks € K. As in the previous section, let

| * KpglllLex) = Il ¥ KpglllLe(c)

denote the norm of the convolution operator with the kernel K, 4 on LP(X) and
||| * ||| L» (a) the norm of the convolution operator with the kernel ¢ on LP(a). Our
first main theorem is the following;:

Theorem 3.1. Assume that ¢ satisfies B1)), p € (1,2), and K, 4 is defined as in

B2). Then there exists a constant C), depending only on p and the group G such

that N
Il Kplllzocn < Cp (11l % lllzoce) + 4)

The constant A depends only on £ and the constants A and co in (BI).

Remark 1. This theorem is sharper than the classical transference principle of
Coifman and Weiss [6, Theorem 8.7] because the factor that makes the transition
between the kernels ¢ and K, 4 is €2(H#)/P. This transition factor is §(H) in [6]
Theorem 8.7], which is proportional to e2*#) if H is not close to the walls of
the Weyl chamber at. See also [8 Theorem 4.1] and [J] for other transference
principles.

As an application, we have a new variant of Herz’s majorizing principle. As-
sume that the function ¢ is supported in the cone at and satisfies the differential
inequalities

(3.3) ) 6(H)| < A'(1+ |H|)~

for any H € at and j = 0 or j = 1, where 8};¢(H) denotes any partial derivative
of ¢ of order j. Assume also that the function ¢ satisfies the cancellation condition

| etman|<a
|H|<N

(3.4)
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for any NV > 0. In this case the function ¢ is a kernel of the Calderon—Zygmund
type on a. Indeed, the conditions (B3]) and (B4) guarantee the fact that the kernel
¢ defines a bounded operator on L4(a) for any ¢ € (1,00) (see, for example, [20]
Chapters T and VI]). One has the following consequence of Theorem 3.1k

Corollary 3.2. Ifp € (1,2) and ¢ satisfies B3) and (B4, then
I+ KpglllLee) < Cp.
The constant C, depends only on p and A’.

Notice that, in general, the function ¢ in Corollary[3.2is not absolutely integrable
at oo; therefore, this corollary cannot be obtained as a consequence of the Kunze—
Stein phenomenon or Herz majorizing principle. Easy examples, similar to the ones
in [I4], show that the large scale cancellation condition (B4) is crucial. We also
remark that both Theorem [3.1] and Corollary[3.2 are false if p = 2.

The rest of this section is devoted to proving Theorem [3.1] We will follow closely
the line of the proof of Theorem 1 in [14]. Throughout the proof of Theorem Bl
the letter C' will denote universal constants depending only on the group G, C,
will denote constants depending on p and the group G, and A will denote constants
depending only on ¢ and the values of ¢y and A in (BI)). Elements of a will be
denoted by H, H;, and Hy, and elements of N will be denoted by 7, 77, and T.

Recall that for any locally integrable K-bi-invariant function K and any smooth
compactly supported function f : X — C the convolution f * K is defined by the
formula

FrK () = /(}f(h OV (h=" - 2)dh,

where 0 = G/K is the origin of the symmetric space X. Notice that

Il * KpglllLrx) = sup
1 f1lp=Ilgll, =1

[ [ £ 01t g0 - 0)ana.
GJG

where the supremum is taken over smooth compactly supported functions f,g :
X — C, and p’ = p/(p— 1) is the conjugate exponent of p.

As in the proof of Theorem 1 in [14], the main idea is to estimate integrals in
Iwasawa coordinates. We identify the group G with N x a x K using the Iwasawa
decomposition G = N(exp a)K. Let du be the measure on N x a corresponding to
this decomposition, i.e., du = e**")dndH. Thus it suffices to prove that for any
smooth compactly supported functions f, g : N x a — C one has

35)  |po(f, 9 < Collll * Ol L@y + DI Lo ®xasam 9! o Fxa,ap

where

volf9) = /, /, / / F, ) K (5, (7 \T0) (exp(Hy — Hy)))
x g(m, Hy)e2P M +H2) g 11, d Ho dmdm.

(3.6)

By definition §5(7) = (exp H)v(exp —H) for any H € a and 7 € N. It is clear
that dy is a dilation of the group N. In order to estimate |I, 4(f, g)| we need to
understand the connection between the Iwasawa decomposition and the Cartan
decomposition of the group G. Let *a denote the interior of the cone {H € a :
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(H,H') > 0 for any H' € a*}. It is well known that a™ C *a (see [I0, Lemma
35]). For any H € a™ let

w(H) = arrelgl+ a(H).
Lemma 3.3. If5 €N and H € aF, then
(3.7) [(exp H)|" = H + H(®) + H' (T, H)
where H'(5, H) € Ta and there exists a constant Cy such that

(3.8) (20(H' (W) _ | < (ro=2(H) (Cop(H(@)).

Proof of Lemma[3.3l This lemma is a quantitative version of Proposition 4.24 in
[12, Chapter II]. Recall that g* and H(g) denote the a-components of the element
g € G in the Cartan decomposition and the Iwasawa decomposition of the group
G. Tt is well known that g* — H(g) € a for any g € G ([10, Lemma 35]); therefore
H'(5, H) € +a. The estimate () is a consequence of the proof of Proposition 4.24
in [I2] Chapter II]. With the notation in this proposition, let 7 be an irreducible
representation of G on a finite-dimensional vector space V', A the highest weight of
m, and v the restriction of A to a. Let

V=V, +> V=V, +W
p<v

be the decomposition of V' into weight subspaces. Fix vy,...,v, and wy, ..., w,, the
corresponding orthogonal basis consisting of restricted weight vectors. It follows
immediately from one of the equations in Proposition 4.24 in [12] Chapter II] that

P
7n(e%(H’(EH)) 1)< Z ||ﬂ-(5)wj||26(2M*2V)(H)*2V(H(7)).
j=1

One clearly has

(@) || < T,
Therefore, it suffices to prove that for any 7 € N,
(3.9) p(T) < C + Cop(H(T)).

Notice first that this inequality follows from the explicit formulae in [IZ, Chapter
II, Theorem 6.1] if the group G has real rank one. One can also take Cy = 1 in this
case. In the general case, let X7, Xs,..., X, be a basis of the Lie algebra n with
the following properties:

(i) for any 1 < j < r, the vector X; belongs to a root space g_, for some root
aeXt;

(ii) if n; denotes the linear span of the vectors X1, ..., X;, then n; is an ideal of
nforany 1 <j <r.

The map 7: R” — N,

v(z1,...,2.) = (expz, X,) - (expz1X7)
gives a parametrization of the group N. For any 7 = o(z1,...,2,) € N let

o]l = max|z; .
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A similar “norm” function on N was used in [I6]. It follows from [I6, Lemma 5.3]
that there exists a constant ¢; > 0 such that

e 2PHE) < (2 4 |[7]]) 7.

Thus

(3.10) log(2 + |[7]]) < C + Cup(H (7).
We will now show that

(3.11) 5] < Clog(2 + |17]]).

Let d( , ) denote the distance function on the symmetric space X induced by the
Killing form on g. One has [v7| = d(VK, eK). Therefore, if v = v(x1,...,x,), then

Tt <) d((expa; X;)K, eK).
j=1
It follows from the rank-one reduction method and the explicit rank-one formulae
in [I2, Chapter II, Theorem 6.1] that
d((expz; X;)K, eK) < Clog(2 + |z;1).

Thus (BII) follows from these last two estimates and (B3) follows from (BI0),
(B11), and the observation that p(v") < |p|[oT]. O

We will use this lemma to estimate the function (7, H) — K, 4(v(exp H)) for
any T € Nand H € at. Let P(v) = e ?H®)): it is well known (see [10, Lemma 45])
that for any ¢ > 0,

(3.12) /}@ﬂ”f%ﬁ =C. < 0.
N
Lemma 3.4. (i) If H € at and 5 € N, then
(3.13) |Kp.o(T(exp H))| < Ae=20UD/P(1 4 |H|)~ = 1Heo) p(7)2/p,
(ii) If H € at and T € N, then
(3.14) K, o(@(exp H)) = e 2?UD/Po(HYP(T)*? + E, 4(v, H)
where
(3.15)

|Ep7¢(6, H)| <C. je—2p(H)/p(1 + |H|)—(€—1+co)p(5)2/p

1 H(v g
<w + min(1, eQw(H)ecop(H(v)))> :

The constant Cy is the same as in Lemma [
Proof of Lemma[3-4] Notice first that
lim ¢(H) = 0.

|H|—o00

This follows immediately from 3I) and the fact that ||| * ¢[||1s(q) is finite. Thus
it follows from (BI) that

(3.16) O(H)| < A(1 + |H|)~ (-1
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for any H € at. To prove part (i) of the proposition notice that
Ky 5(@(exp H)) = e 2P HAHOTH @) g1 + H(T) + H' (T, H)).

Recall that H(v) and H'(, H) belong to Fa ([I0, Lemma 43]). Also, it is well
known that p(*a) > 0, i.e., H, € a*. Thus (3:13)) follows easily from (3.10).

To prove part (ii) notice that it follows from Lemma B3] that the difference
between K, 4(v(exp H)) and e~ 2?U)/P¢(H)P(w)%/P is equal to

=202 p(g)2/o [ o200 G-I (1 + H(D) + H'(5, H)) — 6()]
Since H(v) and H'(v, H) belong to *a, one has
|H () + H' (v, H)| < Cp(H(©)) + p(H' (v, H)).

One can now combine the estimates (B:8) and (BI6) and the basic inequality (BI)
to show that

| Bpo(0, H)| < C- Ac™ /P (1 4 | H|)~ (o) p()*/7
x |1+ p(H(®)) + e~ 2 (1 + |H|)eCOP<H<?>>} .
In addition, it follows from (3.13]) and (3:16]) that
| By (@, H)| < Ae™20UD/P(1 4 |H|)~ (140 p(g)*/»
and the estimate (BI5) follows from the last two inequalities. O

We return to the proof of Theorem Bl Let x be the characteristic function of
the set at; we decompose the integral I, 4(f,g) in (3.0) as I, 4(f,g9) = I;,¢(f’ 9)+
I§7¢(f7 g) + IS,¢(f) g)) Where

L (f.g) = /N /N / / ST H) K o6, (7 170) (exp(Ha — H1)))
x g(m, Hy)e2P "t +H2) (1 _ \(Hy — Hy))dH,dHydmdm,

12,(f.9) = /N /N / / F 7, HL)Ey o (510, (7 7), (Ha — HL))

x g(m, Hy)e2P M +H2)y (Hy — H\)dH,dHydmdn,
and
(3.17)

B, (f.g) = /, /, / / S, Hy)P(S_, (7))o 2 H2=HO 0 (1, — )
a a
X g(ﬁ, HQ)@QP(H1+H2)X(H2 — Hl)dHlngdmdﬁ.

We record an elementary fact that will be used several times in the rest of the
paper.

Lemma 3.5. One has

(3.18) /7(1 + |H|)~ e mawi gy < ¢,
at

0,€1
for any 9,61 > 0.

Lemma 3.6. One has

(3.19) |I;’¢(f, 9) < Chp - A||f||LP(N><a,d“)||g||LP'(N><a,du)'
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Proof of Lemmal3.0l Let
Fi(Hy) = [ f | £, Hy)pdm)' 7
_ ’ 1/?’
G1(Hy) = | flo( Ha)lV dm] " .
By Holder’s inequality, the absolute value of I;, »(f,9) is dominated by
//Fl(Hl)Gl(H2)€2p(Hl+H2)(1 — x(H2 — Hy))
a a

(3.20)
o ([ 10 (0ot — ) ) s,

Recall that the map 7; — 7o = 65 (71) is a dilation of N with dngy = e~2r(H) qp, .
In addition, it is well known that the Abel transform

Agk(H) = ertH) /N k(v(exp H))dov

takes suitable K-bi-invariant functions k to W-invariant functions on a. For any
regular element H € a let HT € a™ be its representative in the positive Weyl
chamber, i.e., HY € (W - H) Na™. Thus, if H € a is regular, one has

_ _ +_ _
/N K (B(exp H))|do = eH*—H) /N K (B(exp H )\ do
<C,- Zep(H+)e*p(H)ef2p(H+)/p(1 n |H|)7(271+co).

The last estimate is a consequence of (BIZ) and (FI3). It follows after several
simplifications that the absolute value of the integral in ([:20) is dominated by

Cy A [ [ (G (H) (1 = x(Ha — H))( + [Hy = Hy) 40
a a
x e~ P((H2=H)")(2/p=1) op(H1+Hz) g (T, .

The change of variable Ho, = Hi + H shows that this integral is equal to

Cp- Z/ (/(F1(H1)€2p(Hl)/p)(G1(H1 +H)62p(H1+H)/p/)dH1)

a
x (1= x(H))(1 4 |H|)~ ¢ e g=pHT =H)/p=1) g
By Hoélder’s inequality, the inner integral is dominated by

1/p 1/p’
(/ |F1(H1)|p62”(H1)dH1> (/ |G1(H2)|p er(HQ)dHQ) ,

which is equal to
||f||LP(N><a,du)||g||LP’(N><u,dH)'
Thus one only needs to estimate

(3.21) /(1 ()L 4 [H|) e e =@/ g g,

a

Notice that if H ¢ a*, then p(H* — H) > w(H), where w(H) has the same meaning
as in Lemma B3] Since p < 2, it follows from Lemma [3.5] that the integral in (B.21])
is dominated by Cp - A and the lemma follows. O
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Lemma 3.7. One has

(3.22) 115.6(£9) < Co - AllFll o e, 191 20 @xca,an)-

Proof of Lemma[371 By Holder’s inequality, the absolute value of the integral
I2 (f,9) is dominated by

//Fl(Hl)Gl(H2)€2p(H1+H2)X(H2—Hl)
(3.23)

([ V6o (0, (12 — 1) )ttt
N
Notice first that
L |Ep. (6-11, (0), (Ha — H))|dv = e /JE (. (Hy — Hy))|do.
N N

One can use (3:I35) to estimate the integral of E, 4. It follows from (312) that

[ P@#r @) < C,.

N
Also

/_P(E)Q/p min(l,6_2“(H)eC°”(H(m))dﬁ

ge—w(H)/ P(E)Q/”di—i—/ P@)*/Pdy
p(H (@) <w(H) /Co p(H(@))>w(H)/Co

< Gl 4 / o= (1/241/p) p(H(8)) o~ (1/p—1/2)0 (H)/Co g5
N
< Cpefcpw(H)
where ¢, = (1/p — 1/2)/Cp > 0. It follows from the last two estimates and (B.15])
that if H € at, then
(3.24) /|E,,¢ H)|dv < C, - Ae=2PUD/PQ (H)
where
W(H) = (L+ [H) ) 4+ (14 [H])~ =) et
Let U(H) =0 if H ¢ at. It follows from ([BI8) that ¥ € L'(a), i.e
(3.25) 910y < Cp - A.

e

One substitutes the estimate ([:24)) in (3:23)). The change of variable Hy = Hy + H
shows that the absolute value of Ii s(f:g) is dominated by

C,- A / ( / (Fy(Hy)e2PH)/PY (G (Hy 4 H)e 2p<H1+H>/P’)dH1> X(H)Y(H)dH.

a

The lemma now follows from this last estimate, Holder’s inequality and (3:25). O

Lemma 3.8. One has

(3.26) 1.6 (F- I < Colll * O] o o) 1 F 1] 2o 8¢,y 191 2 (8¢ )
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Proof of Lemmal38 The change of variable Ho = Hy; + H shows that Ig@(f, g) is
equal to

(3.27) [ [ / f(m, Hy)Ga(m, Hy ) P(6_ g, (') 2/ Pe2r(HD) 2P (HO /P I dimdm
NJNJa

where
Go(m, Hy) = /g(ﬁ, Hy + H)e2H /2 6 dH,
a
One has
(3.28)
, /v , 1/p
(/ |G2 (7, Hy)|P dHl) < I * llloa) (/ lg(m, H2)|P ezp(H2)dH2>
a a
Let

Gs(H,) = </N|G2(ﬁ, H1)|p/dﬁ>1/p/.

It follows by Hélder’s inequality and (BI2) that the absolute value of the integral
(B27) is dominated by

/Fl(Hl)Gg(Hl)GQ'D(Hl)/del,
a

which, again by Holder’s inequality, is dominated by

, 1/p’ 1/p
( / Gs(H,)P dH1> ( / P (Hl)peQP(Hl)dH1> .
a a

The estimate ([3.26) follows. O
The main estimate (B3] is a consequence of (19, (3:22) and (320).

4. LP FOURIER MULTIPLIERS

Recall that the Fourier transform on the symmetric space X associates to any
smooth compactly supported function f on X a function f : af x K/M — C. By
the Plancherel theorem, any bounded W-invariant multiplier m : a* — C defines
a bounded operator Ty, on L*(X) given by T,, f(A,b) = m(\)f(\,b). Assume that
p € (1,2)U(2,00) and let p, = |2/p — 1|p. Let

T, = a* +ico(W - py),
where co(W - p,,) denotes the interior of the convex hull of the set of points {w- p, :
we Wt

Assume that one has a multiplier m : a* — C that extends to a bounded W-

invariant holomorphic function in the interior of the tube 7,. Assume, in addition,
that m satisfies the differential inequalities

(4.1) m(n)| < 45a00)~
for any j = 0,1,... and A € 7,. Here d(\) denotes the distance between the
point A € 7, and the set i(a* \ co(W - p,)). More precisely, if A = 1+ &, then

1/2
A = (Inf* +d(ga"\ co(W - p,))?) "/
derivative of m of order j.

As before, 81771()\) denotes any partial
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Theorem 4.1. If p € (1,2) U (2,00) and m satisfies the differential inequalities
(), then the operator T,, extends to a bounded operator on LP(X).

An operator T}, defined by a multiplier m that satisfies (41]) can be thought of
as a singular integral operator on the symmetric space X. The rest of this section
will be devoted to proving Theorem [£.1] The letter C' will denote constants that
may depend on the group G and finitely many of the constants A; in (£.1]), and C)
will denote constants that may also depend on p.

One can assume that p € (1,2). In order to insure the convergence of the integrals
throughout this section we will also assume that the multiplier m () is premultiplied
with a factor of the form e*5<)")‘>, where 0 < § < 1. Our estimates will be uniform
in §; once one proves suitable uniform estimates, standard limiting arguments allow
one to pass to the general theorem. The multiplier m is holomorphic in the interior
of the tube 7,; therefore we can assume that for any £ € co(W - p,) the function
n — m(n + i) is a Schwartz function on a*.

Let K be the K-bi-invariant kernel of the operator T},. By the inversion formula
one has

(4.2) K(exp H) = C / (N (exp H)le(N)| 2dA

for any H € at. The spherical functions ¢y are defined in (Z4) and c is the
Harish-Chandra function. The idea of the proof is the following. Using smooth
cutoff functions we will break up this kernel into three parts. The first part is
supported near the origin of the group G (i.e., in the set {K(exp H)K : |H| < 2}).
The analysis of this local part of the kernel is contained in [I, Section 4]. The
second part of the kernel is supported along the walls of the positive Weyl chamber,
i.e., in the set {K(expH)K : H € at and w(H) < 2}. One can use the Herz
majorizing principle (see Proposition 2] and [27)) together with the main idea in
[1, Section 2] to deal with this part of the kernel. Finally, the main part of the
kernel is supported away from the walls of the positive Weyl chamber, i.e., in the
set {K(exp H)K : |H| > 1 and w(H) > 1}. The Herz majorizing principle fails to
prove boundedness on LP(X) of the operator defined by this part of the kernel if
the multiplier m has a singularity at the point ip,. We use Theorem [3] and the
Harish-Chandra expansion of the spherical functions ) to control the norm of the
operator defined by this part of the kernel.

Let ¢ : at — [0,1] be a smooth cutoff function such that ¢y (H) = 0 if |H| < 1
and 1 (H) = 1 if |[H| > 2. Also, let 15 : at — [0,1] be a smooth cutoff function
such that ¥o(H) = 0if w(H) <1 and ¢o(H) = 1 if w(H) > 2. The kernel K in
(E2) can be written as K = K; + Ko + K3, where

Ki(expH) = (1—11(H))K(exp H),
Kalexp H) = 1 (H)(1 — s (H))K (exp H),
and
Ks(exp H) = 1 (H )2 (H) K (exp H)

for any H € at. The kernels K 1, Ko and K3 are of course K-bi-invariant kernels
on G. It follows easily from [, Corollary 17] that the kernel K7 defines a bounded
operator on L?(X), i.e.,

(4.3) [ Kalllr ) < Cp.
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It remains to prove similar estimates on the norms of the operators defined by the
kernels K5 and K.

Lemma 4.2. One has

P Kzl e ) < Cp.

Proof of Lemma[{.2} This proof is based on the main idea in Anker’s paper [1]. By
Proposition 211 it suffices to prove that

(4.4) /G|K2(g)|e_2”(g+)/”/dg < C,.

As in [1], for any r > 0 let
Vi={Heca:(w-p)(H) < |p|r for any w € W}
and
U, = K(exp VK.

We will prove that for any integer r > 0 one has
(4.5) / | Ka(g)ldg < Cpe P77 (14 1) 772,
Ur41\Ur

Notice that e=20(97)/P" s e=2llr/P" if g € U, 44 \ Ur. Thus (@) follows from (E.T)
by summation over r.
We need the following estimate on the measure of the set (U,11\U,)N(supp K»):

(4.6) |(Upy1 \ Uy) N supp Ko| < C(1 +r)f=2e200lm,

Notice that the power of (1 + r) in (H8) is £ — 2 rather than £ — 1 (compare with
the estimate in [, Lemma 6]). This is because of the “small” support of the kernel
K>, and this gain is essential for the proof of the lemma. To prove (B.8) notice that
for any H € (V;41 \ V») Nat one has

§(H) < e2p(H) < 062\/1\7",

where 6(H) is the density measure defined in (2I)). In addition, one can show easily
that the measure in a of the set (V;41 \ V;.) Nat N (supp (1 — 12)) is dominated by
C(1+7)¢=2. The estimate () follows.

By Hoélder’s inequality and (&8), one has

/U | V(9 < OO D 2
r+1\Ur

for any integer » > 0. Thus it suffices to prove that
(4.7) ||K2||L2(UV,.+1\U,,) < Cpe—\/)p\r(l + 7,)—(6-1-1)/2.

Let H denote the Fourier transform on the symmetric space X defined in (2.3).
It is well known that H extends to an isomorphism between S(G//K) (the L?
Schwartz space of K-bi-invariant functions on G) and S(a*)" (the subspace of
W-invariant functions in the Schwartz space S(a*)). See [1l Section 1] for the
definition of S(G//K) and references. For any f € C*(G//K), let A(f) denote the
Abel transform

A(f)(H) = e / f((exp H)n)dn.
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The Abel transform extends to an isomorphism between S(G//K) and S(a)"V (see
[1, Proposition 3]). Finally, let F denote the Euclidean Fourier transform

Flg)(N) = / g(H)e= N ap,

a

which is an isomorphism between S(a)V and S(a*)". In addition, for any f €
S(G//K) one has

H(f) = F(AS))-

Let L = F~!(m) = A(K). Assume that r > 2 in (&) (only simple modifications
are needed if r = 0or r = 1) and let Q, : a — [0, 1] be the W-invariant smooth cutoff
functions defined in [I] Section 2]. These functions are supported in the complement
of V,_1 and are equal to 1 in the complement of V,.. The key observation in [I}
Section 2] is that

K (exp H) = A~ (L - Q,)(H)

for any H outside U,. This is a simple consequence of a support property of the
Abel transform (see [I, Proposition 4]). Thus, by the Plancherel theorem, one has

Kzl 2, o,y < K20,y < Cl|AN(L- Q)2
S ONFL- Q)| L2 jer)~2dn)-
One also has the estimate
[c(V)[72 <1+ AP

for any A € a*, where b is a fixed positive integer. By the Euclidean Plancherel
theorem

IF(L - Q) 2 (e ey -2any < CIHF(L - Q)N (L + APl 12 (o)
b
< CZ ||A{1(L ! QT)HL?(u)v
=0

where A, is the Laplace—Beltrami operator on a. Thus it suffices to prove that for
any integer j € {0,1,...,b} one has

(4.8) IAL(L - Q)| 2y < Cpe™17(1 4+ 7)~EED/2,
Recall that L is the inverse Euclidean Fourier transform of the multiplier m;
therefore,
(4.9) L(H) = C/ m()\)ei)\(H)d/\.
a*

Assume that H € at and p(H) > 1. Since the multiplier m is holomorphic, one
can shift the integration in (@) to the space i(1 — €)p, + a*, where ep(H) = 1.
One has

L(H) = Cpe=rr() / mA 4 i(1 — )p,)e*Hd.
o
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We integrate by parts N times in A and use (fl). Notice also that if H € +a, then
p(H) =~ |H|. Therefore one has

L] < Cye I [ |AKm(A+i(1 - <)o,

(410) < Cpe—pp(H)|H|—2N/ (E+ |A|)_2Nd)\

a

< Cpe’pP(H)p(H)*z

if 2N > (41 and H € fan(a\V,_1). The kernel L is W-invariant and the measure
(in a) of the set Vj. \ V,._; is dominated by (1+7')*~! for any r’ > 1. The estimate
(EY) follows for j = 0. One can easily repeat the argument for any j < b and
Lemma [£:2] follows. O

It remains to prove the following estimate:

Lemma 4.3. One has
Il * Ksll| o) < Cp-

Proof of Lemma[{.3] We will use the Harish-Chandra expansion of the spherical
functions @y (H). Let
af ={\€a*:Hy€ca"}

and let

B={\€a*:a(H)) > —¢ for any a € £}
be an open neighborhood of E. The constant €9 will be chosen small and strictly
positive. Let @ be the positive lattice generated by the simple roots o € X+, If
H € a™ and X € a*, then one has the absolutely converging expansion

(411) eV 2pa(H) = e~ =0 ™ g ) 71T, (w - AN,
q€2Q weW

The coefficient I'y is equal to 1; the other coefficients I'y are rational functions in
A and extend to holomorphic functions in the tube a* 4+ iB if the constant g is
chosen small enough. Moreover, there exist constants C' and d such that

(4.12) T, (V)] < C(1 + )"

for any A € a*+iB and g € Q. We substitute the expansion (£11)) into the inversion
formula ([@2) and notice that the integrand is W-invariant. One has

(4.13)
Ks(exp H) = Ctpy (H ) (H)e U Z e—a(H) / mA)e(=A) 1T, (e Mg,
a€Q a*
The main term in the sum above corresponds to ¢ = 0. We use the Herz

majorizing principle to estimate the LP norms of the operators induced by the
error terms in (£13)). For any ¢ € Q let

(4.14) Ki(exp H) = Copy (H )i (H)e (M e e / m(\e(=2) 1T, (A dx.

In general (i.e., if £ > 2) the functions I'; do not satisty favorable symbol-type
estimates on a* except for the uniform inequalities (IZ). However, one can use
the fact that they are holomorphic functions in the tube a* + iB to estimate the
absolute value of K (exp H). This idea was used in a recent work of Anker and Ji
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[3]. See also [2] for similar estimates. Let 3T denote the set of indivisible roots
a € Xt and let

(4.15) P = [ =i, Ak,

aext++

where k, are certain large integers. The function ¢ can be computed explicitly
(see, for example, [2, Section 2]). This explicit formula shows that the function
A — ¢(—A)"! is holomorphic in the tube a* +iB if € is small enough. In addition,
there are positive constants k.’ such that

(=N <o I il

aextt

’
ka

for any A € a*+iB. Thus one can fix the constants k, in (£.I5) so that the function
c(=A)71/P()) belongs to the space H?(Tg)—see [19, Chapter I1I] for the theory
of HP spaces on tubes. By ({12)) the function A — I';(A)e(—X)~1/P(\) belongs to
the space H%(Tg) and

[ vsn+ i€)et-n— i) [P+ i) dn < €1+ )
for any £ € B. One has
K(exp H) = Cp1 (H)ho(H)e PH e~ F=1 (X — m(A)e(=X\) 71Ty (N))
= Cp(H)e " Me D F=1 (m - Py« F~(f,)(H),

where 1) = 1105 and f,(\) = [y(A)e(—A)"1/P(A). By [19, Theorem 3.1, Section
I11], the function F~1(f,) is supported in the cone —+a and satisfies

[ _1F g Pan < e+l

On the other hand, F~! (m - P) is a certain derivative (in H) of the function L =
F~Y(m). An argument similar to the one at the end of Lemma (see (EI0))
shows that

|F 7t (m- P) (H)| < Cpe™ 7 (14 p(H))™*

for any H € Ta with the property that |H| > 1. Combining the last three equations
and Holder’s inequality one has

(4.16)
K (exp H)|
< Cop(H)e P ol / FL (m - P) (H — H)||F~(f) () dH'
1/2

< Cp(1 + |g|) M (H e PH) galH) (/ |F~L (m - P)(H + H')|2dH'>

ta

< Gyl + fal) o (H)e 2 el (1 - p(17))

for any H € at. The Herz majorizing principle applies if lq] > 1. Recall that the
support of the cutoff function 9 is included in the set {H € at : w(H) > 1}. By

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SINGULAR INTEGRALS ON SYMMETRIC SPACES, II 3375

(1) and Lemma[3.5 one has
I+ K3l o) < Cop /7|K§(eXpH)|5(H)e*2P(H)/p'dH
oF

< Cy(1 4 [g])te 09D /41 | H|) e

at

< Cy(1+ g e,

It remains to deal with the kernel K9. We need one more reduction before we
can apply the results in the previous section. For any H € at let

I?g(epo) = Cwl(H)e*p(H)/ m\)e(=\) "L H) gy
a

(compare with (414)) and extend I?g to a K-bi-invariant function on G. Notice
that the function H — (Kg(exp H) — K9 (exp H)) is supported in the set {H €

at : w(H) < 2} and satisfies an estimate similar to (ZI8) for ¢ = 0. By (Z7) and
Lemma B one has

11+ (K5 = K)oy < Co-

It remains to prove a similar inequality for the kernel K. This will be a conse-
quence of Corollary[32] For any H € at let

(417)  G(H) = XD/ (exp H) = Copy (H)err ) / m(A)e(=A)~1 Ny

and ¢(H) = 0 if H ¢ at. We have to prove that ¢ satisfies conditions (B:3) and
(Bz) in the previous section. Notice that for any H € at one has

¢(H) = Cn(H)err ) F = (m - P) s« F~(fo)(H)
_ cwl(H)/ (epp(H*H/)].‘*l(m.P)(H_H/)) (epp<H'>¢1(fo)(H')) dH’.

a

Recall also that F~'(fy) is an L? functions supported in the set —+a. Therefore
the estimate (B3) is an easy consequence of the following estimate:

(4.18) Oy (H — eI F m - P)(H)) < Cy(1 + |H|) ™"

for any H € *a with the property that p(H) > 1 and for j =0 or j = 1. Let

o(H) = er»H) F=1(m . P)(H).

The proof of @I8) for j = 0 is identical to the proof of ([ELI0) in Lemma 2 We
will now prove (LI8) with j = 1 and H = Hp € ta away from the origin. Let
e = p(Hp)~ ! and notice that

G(H) = err(H)/p(Ho) / mA 4 i(1 —)p,) P +i(1 — &) p,)e )
a
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by a shift of integration to the space a* +i(1 — €)p,. Fix Hy € a with |H;| = 1.

One has
b . . , iA(Ho)
99 (1) < Cot) | [ m( 40— ) P(A +i(1 — ) )P0
1 a*
e / MmO+ i(1 = £)py) PO+ (1 — e)p,,)A(Hl)eWdeA‘ .
8

Let Cy be the degree of the polynomial P. The estimate [£I8) for j = 1 follows by
integration by parts as in (Z10). One only needs to notice that, as a consequence

of (I,

AN (A = m(A +i(1 = £)pp) PO+ i(1 — £)pp)]| < Ol + A2V (1 4+ [A)C
and

AN (A = m(A+ (1= £)p,)P(A + (1 — £)p,)A(HL))|
< On(e+A) 2V (1 + A

for any integer N > 0, where, as before, A4« denotes the Laplace—Beltrami operator
on a*.

The proof of the cancellation condition ([&4) is somewhat delicate, mainly be-
cause the support of the function ¢ is restricted to the cone at. We proceed as in
[14]. Let o : R — [0, 1] be a smooth cutoff function supported in the interval [1, co)

and equal to 1 in the interval [2,00). Let X7 be the set of simple roots in T
and for any H € a let

V(H)= [ wla(m).
aexnttt
Notice that we can replace the cutoff function ; in (@IT7) with ¥. Indeed, let

61(H) = CU(H)err(D / m(A)e(=A) 1A gy

and notice that the function ¢ — ¢ is supported in the set {H € at : w(H) < 2}

and satisfies the estimate ([B3) for 5 = 0. Thus ¢ — ¢ is an L' function. It remains

to prove that the function ¢; satisfies the cancellation condition (Z4)). Recall that
|p1 ()| < C(1+ | H|)™*

for any H € a. Thus the cancellation condition (B4) is equivalent to

/ o1 (H)y(cH)

for any € € (0,1/2], where v : a — [0, 1] is a smooth cutoff function supported in
the ball {H € a: |H| < 2} and equal to 1 in the ball {H € a : |H| < 1}. Let
T = F~1(¥) be a distribution on a*. By the same argument as in [14, Section 4],
it suffices to prove that

(4.20) T (1 — m(n — 10 +i(1 = €)pp))| < C(L+[mo))*

for any 79 € a* and any e € (0, 1], where C; is the same constant as before and
m(A) =m(N)e(=A)~t. For any o € S+ let T, = F~1(H — p(a(H))). One has

T(f):Tou *"'*Tag(f)

for any Schwartz function f : @ — C, where a, . .., ay are the positive simple roots.
The estimate ([ZZ0) will be a consequence of the following lemma:

(4.19) <C
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Lemma 4.4. Assume that D1 is an open set in the Euclidean space R™, u € R™ is
a fized vector with |u| = 1 and Dy is an open set with the property that Do+tu C D
for any t € [0,d0], 6o > 0. Let T,, be the inverse Fourier transform of the function
v — p({u,v)) (in the sense of distributions). Assume that f is a holomorphic
function in the tube R™ + iDy with the property that

|f(x +iy)| < A+ [2])%

for any x € R™ and y € Dy. In addition, assume that the function x — f(x + iy)
is a Schwartz function on R™ for any y € D1. Then the function

frTu(z +iy) = Tu(v — f(z —v+iy))
has the property that
|f * Tu(e +iy)| < Cs, - AL+ |2])*

for any x € R™ and y € Dsy. In addition, the function x — fx Ty(x + iy) is a
Schwartz function on R™ for anyy € Ds. The constant Cs, depends only on §g and
the cutoff function p.

The estimate ({20) follows from this lemma by a simple inductive argument.
One starts with f(A) = m(—A) and D1 = —co(W - p,) and applies Lemma F4] to

the vectors u = Hg,,...,H,,. One only needs to check that there exists a small
constant dy = Jo(p) with the property that
(4.21) (1—e)pp — (trar + ... + teay) € co(W - pp)

for any t1,...,t¢ € [0,00]. Recall that e € (0,1/2]. We need the following well-
known fact about convex hulls (see [II, Chapter IV]): if H € at and C(H) is the
closure of the orbit {w- H : w € W}, then

CH)Nat =(H - *a)Nnat.

We can pass this to the space a* and apply it to the vector p. One has
Clp)NeaZ = (p—Fa") Nal

where C(p) is the closure of the set co(W - p) and, as before, a* and ya* are the

cones corresponding to a™ and Ta, respectively. Notice also that aq,...,q, € L a*.
Thus one has

p— (tiag + ...+ teap) € C(p)
for any t1,...,t¢ € [0,c] and (@2]]) follows. O
Proof of Lemma[{4] This is a consequence of the one-dimensional estimate proved
in [I4] Section 4]. Assume that v = (1,0,...,0). The distribution T, is the in-

verse Fourier transform of the function v — p(v1). The same argument as in [I4]
Section 4] shows that

Tu(f):/]Ry(t)(f(t,O,...,O)—f(O)et )it +C(0)

for any Schwartz function f, where v is the inverse Fourier transform of the function
1. Thus

(4.22) % Tz +iy) = /R dOIeC _t““f’zt_ F@+We™) y o @+ iy)
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where f is the function in Lemma [@4] and y € Ds. The function v, the inverse
Fourier transform of the smooth compactly supported function p’, extends to a
holomorphic function in the plane. We shift the integration in (22) to the line
—idp + R, where dg is the constant in Lemma 4. Notice also that the function
t — v(t —idp) is a Schwartz function on R and the lemma follows. O
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