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ON IDEMPOTENTS IN REDUCED ENVELOPING ALGEBRAS

GEORGE B. SELIGMAN

Abstract. Explicit constructions are given for idempotents that generate all
projective indecomposable modules for certain finite-dimensional quotients of
the universal enveloping algebra of the Lie algebra s`(2) in odd prime charac-
teristic. The program is put in a general context, although constructions are
only carried through in the case of s`(2).

§1. Introduction

We consider the Lie algebra s`(2) with basis e, f, h, relations [ef ] = h, [eh] =
2e, [fh] = −2f . A reduced enveloping algebra for the Lie algebra g = s`(2) over
a field F , assumed algebraically closed and of odd prime characteristic p, is deter-
mined by three parameters λ, µ, ν ∈ F . It is the algebra A defined as the quotient
of the universal enveloping algebra U = U(s`(2)) by the ideal generated by the (cen-
tral) elements hp−h−λ, ep−µ, fp−ν of U. The dimension of A is p3. We identify
e, f, h with their images in A whenever there is no great danger of confusion.

The subalgebra F [h] of A is semisimple; since the minimum polynomial Xp−X−
λ of h factors as Π

α∈Fp
(X−τ−α), where τ ∈ F is fixed with τp−τ = λ (we fix τ = 0 if

λ = 0), we let gα(X) = Xp−X−λ
X−τ−α for each α ∈ Fp. Then h(α) = gα(τ+α)−1gα(h) is

a nonzero idempotent in F [h], and these h(α) form a complete system of orthogonal
idempotents in F [h]: h(α)h(β) = 0 if α 6= β,

∑
α∈Fp

h(α) = 1, h(α)h = (τ+α)h(α). A

generalization in the case of the restricted enveloping algebra, yielding a complete
set of idempotents in the enveloping algebra of a Cartan subalgebra, was given
by Nielsen [N] in 1963. In that thesis, Nielsen also gives generators for minimal
one-sided ideals in the restricted enveloping algebra of sl(2).

We propose to refine this set of idempotents to a complete set of primitive
idempotents in A. We work in the commutative subalgebra of A generated by
h and ef , and in the commutative subalgebra W of U generated by h, ef, ep and
fp. (The subalgebra W will only be involved in §5, where we shall recall that
certain elements of W satisfy relations, such as belonging to the ideal I in W

generated by ep − µ, fp − ν, hp − h − λ. For example, the elements h∗(α) =
gα(τ+α)−1gα(h), now regarded as elements of W, still satisfy

∑
α∈Fp

h∗(α) = 1 ∈W,

with h∗(α)h∗(β) − δαβh
∗(β) in the ideal in W generated by hp − h − λ, as is

h∗(α)h− (τ + α)h∗(α).)
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The key to the construction is the following observation, easily proved by induc-
tion:

Lemma 1. For any set of i or more indeterminates X1, . . . , Xk, let si[X1, . . . , Xk]
be the i-th elementary symmetric function (s0 = 1). Then for every positive integer
j, and each α ∈ Fp,

(1) h(α)ejf j =
j−1∑
k=0

sk(α+ τ + 2, 2(α+ τ + 3), . . . , (j − 1)(α+ τ + j))(h(α)ef)j−k .

We indicate a proof, with h(α) replaced by h∗(α), and working in U, that both
sides of the relation are in W and are congruent modulo the ideal in W as above.
The relation in A then follows. For j = 1, there is nothing to prove. If one writes

h∗(α)ej+1f j+1 = h∗(α)ejf jef +
j∑

k=0

h∗(α)ejfk[ef ]f j−k

and uses

[ef ] = h, h∗(α)ejfkhf j−k = h∗(α)hejf j + 2(j − k)h∗(α)ejf j,

one deduces inductively that all h∗(α)emfm are in W. Furthermore, all emfm are in
W, so that h∗(α)hejf j is congruent, modulo our ideal J in W, to (τ +α)h∗(α)ejf j.
Thus

h∗(α)ej+1f j+1 ≡ h∗(α)ejf jef + j(α+ τ + j + 1)h∗(α)ejf j(mod J),

giving the necessary inductive step. When j = p (still working in W), we have
h∗(α)epfp ≡ µνh∗(α)(mod J). If b ∈ h∗(α)W, then h∗(α)b ≡ b(mod J), so that

µνh∗(α) ≡
p−1∑
k=0

sk(τ + α+ 2, 2(τ + α+ 3), . . . , (p− 1)(τ + α+ p))(h∗(α)ef)p−k

(mod J).

In the homomorphic image in A of W, the image h(α) of h∗(α) is the unit
element for the ideal it generates, and the element h(α)ef of this ideal satisfies the
polynomial equation f(X) = 0 relative to the unit element h(α), where

f(X) =
∏
α∈Fp

(X + i(τ + α+ i+ 1))− µν.

Changing the variable here to Y = X − ( τ+α+1
2 )2, we have

f(X) = g(Y ) =
∏
i∈Fp

(Y + ((
τ + α+ 1

2
) + i)2)− µν.

Now it is a straightforward exercise to verify that, for indeterminates Y and Z
over Fp, ∏

i∈Fp

(Y + (i + Z)2) = Y (Y
p−1

2 + (−1)
p+1

2 )2 + (Zp − Z)2.

Thus

g(Y ) = Y (Y
p−1

2 + (−1)
p+1

2 )2 + (
τp − τ

2
)2 − µν(2)

= Y (Y
p−1

2 + (−1)
p+1

2 )2 + (
λ2

4
− µν).
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Here g′(Y ) = (−1)
p+1

2 Y
p−1

2 + 1, so g(Y ) is semisimple if and only if no element
−β2 (0 6= β ∈ Fp) is a root of g(Y ). One easily checks that

g(−β2) = −β2 + 2β2 − β2 + 1
4λ

2 − µν = 1
4λ

2 − µν.

That is, g(Y ) has repeated roots if and only if λ2 = 4µν. We refer to λ2 − 4µν as
the discriminant of A.

§2. The Semisimple Case

When the discriminant is nonzero, f(X) has p distinct roots θ1, . . . , θp. Lagrange
interpolation may be applied once more to obtain h(α) (or h∗(α), modulo J) as a
sum of p elements in F [h(α), h(α)ef ] that are nonzero orthogonal idempotents (with
the same holding with h(α) replaced by h∗(α), if we work in W, modulo J). As
α runs over Fp, one obtains p2 orthogonal idempotents in A, with sum 1. Typical
for these is an element E(α, θi) = h(α)q(h(α)ef), where q(X) is a polynomial of
degree p − 1, depending on α and θi, with E(α, θi)h(α)ef = θiE(α, θi) in A (or
with a corresponding congruence in W, modulo J).

Under these circumstances, it is easy to see that every irreducible A-module M

has dimension at least (indeed, equal to) p: If one of µ, ν is nonzero and if v is an
eigenvector for h in M, then so are all vek, vfk, and one of these families yields
eigenvectors for p distinct eigenvalues. If µ = 0 = ν, vh = κv, we may assume
ve = 0. Then the usual treatment of s`(2)-modules shows that if the first integer
k > 0 with vfk = 0 is less than p, then κ ∈ Fp and λ = 0, a contradiction. Thus all
vfk, 0 ≤ k ≤ p, are linearly independent. (More detail on irreducible modules will
be needed below; for a more thorough and extensive study of irreducible modules
in all reductive cases, see [JCJ].)

It follows that the right ideals E(α, θi)A have dimension at least p. But there
are p2 such ideals, and the algebra A, of dimension p3, is their direct sum. Thus
each E(α, θi)A is a minimal right ideal in A, and A is a semisimple algebra. From
general principles, the modules E(α, θi)A group into p blocks, each consisting of p
isomorphic A-modules. We determine conditions for isomorphism in terms of the
parameters α and θi.

First, the promised details on irreducible A-modules: If M is such a module, then
h and ef commute in their actions, so have a common eigenvector v. As above, if
µ 6= 0 or ν 6= 0, then all vej or all vf j , 0 ≤ j < p are linearly independent. One
readily verifies that their span is stable under the action of e, f, h, so is equal to M.
If µ = ν = 0, then ver 6= 0, ver+1 = 0 for some r, 0 ≤ r < p. Let w = ver. Then
w,wf, . . . , wfp−1 form a basis for M. Having fixed τ (necessarily an eigenvalue of
h), the eigenvalue of ef to which a τ -eigenvector for h belongs determines M up to
isomorphism.

In the present case, E(α, θ)ef = E(α, θ)h(α)ef = θE(α, θ), and there is some
ej or fk (possibly both) with E(α, θ)ej or E(α, θ)fk an h-eigenvector of eigenvalue
τ . The commutation relations then yield that the corresponding eigenvalue of ef
is θ − α

2 (τ + α
2 + 1). (Independently of whether we use E(α, θ)ef or E(α, θ)fk; for

instance, if 0 6= E(α, θ)fk is an h-eigenvector belonging to the h-eigenvalue τ , then
2k = α [in Fp], and, inductively on m, E(α, θ)fmef = (θ − mτ − mα + m(m −
1))E(α, θ)fm.)
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Accordingly, we have E(α, θ)A ∼= E(β, θ′)A if and only if

(3) θ − α

2
(τ +

α

2
+ 1) = θ′ − β

2
(τ +

β

2
+ 1).

It may help to clarify this statement by noting that if θ is a root of f(X) =∏
i∈Fp

(X + i(τ + α+ i+ 1))− µν as before, and if we make the change of variable

X = X ′ +
α

2
(τ +

α

2
+ 1)− β

2
(τ +

β

2
+ 1),

then

f(X) = f∗(X ′) =
∏
i∈Fp

(X ′ + (i+
α

2
− β

2
)(τ + β + (i+

α

2
− β

2
) + 1))− µν

=
∏
j∈Fp

(X ′ + j(τ + β + j + 1))− µν,

so that θ′ = θ − α
2 (τ + α

2 + 1) + β
2 (τ + β

2 + 1) is a root of f∗(X ′). For each β 6= α
in Fp, there is one such θ′. Thus, for given α, all E(α, θ)A are non-isomorphic
A-modules, while for each pair α, β (α 6= β), the isomorphism classes of modules
E(α, θ)A and E(β, θ′)A are the same when the relation (3) holds.

§3. The Degenerate, Non-restricted Case

When λ2 = 4µν,

f(X) = (X − (
τ + α+ 1

2
)2)((X − (

τ + α+ 1
2

)2)
p−1

2 + (−1)
p+1

2 )2

(by (2)) is the minimum polynomial of h(α)ef relative to the unit element h(α).
The roots in F of Y

p−1
2 + (−1)

p−1
2 = 0 in F are the negatives of nonzero squares

in Fp. So

f(X) = (X − (
τ + α+ 1

2
)2)

∏
γ∈F∗2p

(X − (
τ + α+ 1

2
)2 + γ)2.

The following lemma, whose proof is left as an exercise, gives a resolution of each
h(α) into orthogonal idempotents:

Lemma 2. Let g0(Y ) =
∏

γ∈F∗2p

(Y + γ)2, and, for β ∈ F∗2p , let gβ(Y ) = 2Y (Y −

β)
∏

γ∈F∗2p
γ 6=β

(Y + γ)2. Then

g0(Y ) +
∑
β∈F∗2p

gβ(Y ) = 1, and(4)

gξ(Y )gη(Y ) ≡ δξηgη(Y )(mod f(Y + (
τ + α+ 1

2
)2) = g(Y )).

It follows that the elements E(α, 0) = f0(h(α)ef), E(α, β) = fβ(h(α)ef), where
fγ(X) = gγ(X − ( τ+α+1

2 )2), form a set of p+1
2 (nonzero) orthogonal idempotents

in F [h(α), h(α)ef ] ⊂ A, whose sum is the unit element h(α). (When h(α) is
replaced by h∗(α), the corresponding relations hold (mod J) in the subalgebra
f [h∗(α), h∗(α)ef ] of the commutative subalgebra W of U(g).) As α runs over Fp,
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we obtain a family of p(p+1)
2 orthogonal idempotents E(α, β) in F [h, ef ] ⊂ A, whose

sum is 1.
To see that these idempotents are primitive, one may reason as follows: Each

E(α, 0), α ∈ Fp, generates a nonzero right A-module. If we assume not all of λ, µ, ν
are 0, then as before, this module has dimension at least p, and dimension exactly
p if and only if it is irreducible. We defer the “restricted” case λ = µ = ν = 0 to
the next section. When β ∈ F∗2p , left-multiplication by h(α)ef − ( τ+α+1

2 )2h(α) +
βh(α) is a nonzero nilpotent A-endomorphism of E(α, β)A whose image lies in its
kernel, and where each of the kernel and cokernel has dimension at least p. Thus
E(α, β)A has dimension at least 2p, and the dimension is exactly 2p only if both
the image and kernel are irreducible. In that case the endomorphism above induces
an isomorphism of the cokernel onto the kernel. The sum of the dimensions of all
E(α, β)A is thus at least p2 + p · p−1

2 · 2p = p3 = dim A, with equality if and only
if each E(α, 0)A is irreducible and each E(α, β)A, β ∈ F∗2p has dimension 2p. From
the above, the latter modules are indecomposable. We have the

Theorem 1. If λ2 = 4µν, not all of λ, µ, ν being equal to zero, fix a solution τ
of Xp −X − λ = 0, with τ = 0 if λ = 0. Form elements E(α, η) for all η ∈ F2

p,
α ∈ Fp, as above. Then these p(p+1)

2 elements of F [h, ef ] ⊂ A form a complete set
of primitive idempotents in A. The right ideals E(α, 0)A are isomorphic irreducible
A-modules. The right ideals E(α, β)A, β ∈ F∗2p , are (projective) indecomposable
A-modules of length 2, each with isomorphic composition factors. Two modules
E(α, η)A and E(α′, η′)A are isomorphic if and only if η = η′.

Proof. Only the assertions about isomorphisms remain to be proved. Here we may
assume µ 6= 0; the argument for ν 6= 0 is analogous, and both cannot be zero
because λ2 = 4µν. (Some isomorphisms, e.g., those of all E(α, 0)A, follow from
general theory, but our identification gives a little more detail.)

An element of the irreducible module E(α, 0)A of h-eigenvalue τ is E(α, 0)ej ,
where 2j represents −α(mod p), and

E(α, 0)ejef = ((
τ + α+ 1

2
)2 + j(τ + α+ j + 1))E(α, 0)ej .

But j(τ+α+j+1) = −α2 (τ+α− α
2 +1), so that ( τ+α+1

2 )2+j(τ+α+j+1) = ( τ+1
2 )2,

independent of α. Thus all E(α, 0)A are isomorphic.
Similarly, the quotient of E(α, β)A, for β ∈ F∗2p , by its unique maximal submod-

ule has as h-eigenvector of eigenvalue τ the coset of E(α, β)ej , 2j = −α as above,
and

E(α, β)ejef ≡ (−β + (
τ + 1

2
)2)E(α, β)ej ,

as before, here modulo the maximal submodule. By [C-R], Theorem 54.11, if N

is the radical of A, E(α, β)N is the unique maximal submodule of E(α, β)A, and
E(α, β)A and E(α′, β′)A are isomorphic if and only if

E(α, β)A/E(α, β)N ∼= E(α′, β′)A/E(α′, β′)N.

We have just seen that this last isomorphism holds if and only if β = β′. This
completes the proof. �
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§4. The Restricted Case

Now let λ = µ = ν = 0. In this case, the projective indecomposable A-modules
are more complicated, but their structure is well known (see [P]). There is the
irreducible Steinberg module, generated by an element v with ve = 0, vh = −v,
and basis v, vf, . . . , vfp−1; and there are p− 1 modules, each of dimension 2p and
length 4. We assign to the Steinberg module, “Mp−1”, the parameter p − 1, and
parameters 0, . . . , p− 2 to the remaining modules, as follows:

The module Mk has generator uk, with ukh = kuk. To give further relations,
and for future reference, we define, for α ∈ Fp, res(α) to be the ordinary integer
j, 0 ≤ j < p, whose residue class (mod p) is α. Now let k′ = p− 2− k (6= kmod p)
and let rk = res(k

′−k
2 ). Let vk′ = uke

rk .
Then vk′ 6= 0 but vk′e = 0, and

vk′f
rk−1 = (−1)rk−1(rk − 1)!2uke.

A basis for Mk consists of the elements {ukf i, vk′f i}, 0 ≤ i < p. The unique
maximal submodule of Mk is 〈vk′ 〉+ 〈ukfk+1〉, of codimension k + 1.

Here τ = 0, and again, we have p(p+1)
2 orthogonal idempotents E(α, β) in A,

given as in §3. The algebra A is a Frobenius algebra [Ber], indeed a symmetric
algebra [S]. So the multiplicity of Mk as an indecomposable summand of A is equal
to the dimension of the quotient of Mk by its maximal submodule, or k+ 1 ([C-R],
Theorem 61.13). It follows that the number of indecomposable summands of A is

p+
p−2∑
k=0

(k + 1) =
p(p+ 1)

2
,

and therefore that all our (nonzero) p(p+1)
2 orthogonal idempotents are primitive,

and all E(α, β)A are indecomposable.

Theorem 2. When λ = µ = ν = 0, all E(α, 0)A are isomorphic for α ∈ Fp,
and are the (irreducible) Steinberg module Mp−1. For 1 ≤ j ≤ p−1

2 , the modules
E(α, j2)A are indecomposable, with E(α, j2)A isomorphic to Mres(−2j−1) or M2j−1,
according as j ≤ res(−α+1

2 ) < p − j, or not. The E(α, β), α ∈ Fp, β ∈ F2
p, are a

complete set of primitive idempotents in A.

Proof. The last assertion has been established. If r is minimal with E(α, 0)er+1 = 0,
then

0 = E(α, 0)er+1f = (
α+ 2r + 1

2
)2E(α, 0)er.

So α ≡ −2r − 1(mod p), and w = E(α, 0)er has wh = −w,we = 0. It follows that
w,wf, . . . , wfp−1 form a basis for an irreducible submodule isomorphic to Mp−1,
with

wf r = E(α, 0)erf r = (r!)2E(α, 0) 6= 0.
Thus E(α, 0)A = 〈w〉 ∼= Mp−1. �

For 1 ≤ j ≤ p−1
2 , we know that E(α, j2)A ∼= Mk for some k, 0 ≤ k ≤ p− 2, and

that in any such isomorphism the element E(α, j2) cannot correspond to a member
of the proper submodule 〈vk′ 〉 + 〈ukfk+1〉 of Mk. Thus E(α, j2) must correspond
to an element ξvk′fs + ηukf

t where η 6= 0, t ≤ k and both k′ − 2s and k − 2t
represent α(mod p). From the last remark, we have that k′ − 2s equal to one of
k− 2t, k− 2t± p. If k′− 2s = k− 2t, then k′− k is even, contrary to k+ k′ = p− 2.
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If k′−2s = k−2t+p, then p−k−2−2s= k−2t+p, 2t = 2k+2s+2, and t > k, a
contradiction. Thus p−2−k−2s = k′−2s = k−2t−p, 2t = 2s+2(k−p+1) < 2s,
and t < s.

Applying fp−1−t to our expression corresponding to E(α, j2) gives

E(α, j2)fp−1−t = εukf
p−1 6= 0.

That is, ukfp−1 belongs to the eigenvalue α− 2(p− 1− t) of h, and is annihilated
by f . Its eigenvalue is evidently equal to k − 2(p− 1) ≡ −k′; so α + 2 + 2t = −k′
in Fp.

In other words, for the nonnegative integer m such that E(α, j2)fm 6= 0,
E(α, j2)fm+1 = 0 determines k′ by k′ = res(2m−α), and thereby the isomorphism
class of E(α, j2)A: E(α, j2)A ∼= Mk, where k = res(α− 2m− 2). To determine this
“m”, we invoke the following:

Lemma 3. Let

gj2(X) = 2(X − j2)X

p−1
2∏
i=1
i6=j

(X + i2)2, 1 ≤ j ≤ p− 1
2

.

Let n(α, j) be the largest value of k such that fα,k(X) =
k−1∏
i=0

(X + i(α + i + 1))

divides gj2(X − (α+1
2 )2). Then E(α, j2)A is the projective indecomposable module

Mres(α+2n(α,j)).

Proof of Lemma 3. With n(α, j) as defined,

gj2(X − (
α+ 1

2
)2) = hj(X − (

α+ 1
2

)2)fα,n(α,j)(X),

where hj(X − (α+1
2 )2) is a product of factors involving only X + k2 − (α+1

2 )2,
1 ≤ k ≤ p−1

2 ; X − (α−1
2 )2; and X − j2 − (α+1

2 )2. In A, we have therefore

E(α, j2) = hj(h(α)ef − (
α+ 1

2
)2h(α))fα,n(α,j)(h(α)ef)

= hj(h(α)ef − (
α+ 1

2
)2h(α))h(α)en(α,j)fn(α,j),

by Lemma 1. Now h(α)ef commutes with all h(α)ekfk, and the proof of Lemma 1
involves showing that

h(α)ekfkef = h(α)ek+1fk+1 − k(α+ k + 1)h(α)ekfk.

Thus
E(α, j2) = h(α)en(α,j)fn(α,j)(hj(h(α)ef − (

α+ 1
2

)2h(α)))

and

h(α)en(α,j)fn(α,j)h(α)ef

= h(α)en(α,j)+1fn(α,j)+1 − n(α, j)(α + n(α+ n(α, j) + 1)h(α)en(α,j)fn(α,j).

By definition, X+n(α, j)(α+n(α, j)+1) is not among the factors of gj2(X−(α+1
2 )2).

Thus the coefficient of h(α)en(α,j)fn(α,j) will not be zero when E(α, j2) is ex-
panded in terms of the form h(α)eif i, while the other values of “i” that oc-
cur will all be greater than n(α, j). Accordingly, E(α, j2)fp−n(α,j)−1 6= 0 while
E(α, j2)fp−n(α,j) = 0. The lemma is proved. �
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To complete the proof of the theorem: Note that n(α, j) is the first integer n with
n(α+n+ 1) = j2− (α+1

2 )2; so n(α, j) ≡ −(α+1
2 )± j(mod p). If j ≤ res(−(α+1

2 )) <
p − j, then n(α, j) = res(−j − α+1

2 ); otherwise, n(α, j) = res(j − α+1
2 ). The

remaining assertion of the theorem follows.

Remark. For example, if j = p−1
2 , only α = 0 satisfies the inequalities p−1

2 ≤
res(−α+1

2 )) < p+1
2 , and Mres(−2j−1) = M0 occurs only once, while M2j−1 = Mp−2

occurs with multiplicity p− 1.

§5. Some Generalizations

The remarks of this section apply generally. The case where the underlying Lie
algebra is s`(2) will be observed, from earlier constructions, to satisfy the conditions
imposed on the idempotents. Application to that case enables us to recover, in
somewhat more explicit form, some results of Christopher Bendel [Ben].

Here g is an arbitrary Lie algebra of prime characteristic and finite dimension
over a field F , assumed algebraically closed (although further assumptions avoid this
constraint). Let x1, . . . , xn be a basis for g. For each xi, let zi be a p-polynomial
in xi that is central in U(g), say of degree pmi . Fix scalars λ1, . . . , λn ∈ F and
a nonnegative integer s. Let S be the ideal in U(g) generated by the (central)
elements T p

s

i , 1 ≤ i ≤ n, where Ti = zi − λi. Let T be the ideal generated by the
Ti. Then B = U(g)/S and A = U(g)/T are finite-dimensional algebras over F , of
respective dimensions pns+

∑
mi and p

∑
mi ([J], Chapter 6).

Suppose we have found elements e1, . . . , et ∈ U(g) such that:

i)
t∑

j=1

ej = 1 in U(g);

ii) there is a commutative subalgebra W of U(g), containing all ej ’s and all
Ti’s, such that for all j, k, ejek − δjkek is in the ideal in W generated by
the Ti.

These conditions guarantee that the homomorphic images ēj of the ej in A form
a system of orthogonal idempotents whose sum is 1. The algebra “W” previously
used guarantees that the polynomials in the h∗(α)ef yielding idempotents in the
“A” of earlier sections satisfy i) and ii).

From i) and ii),
t∑

j=1

ep
s

j = 1. If ejek − δjkek =
n∑
n=1

wiTi, wi ∈W, then

ep
s

j e
ps

k − δjke
ps

k =
∑

wp
s

i T
ps

i .

So the homomorphic images in B of the ep
s

j are a system of orthogonal idempotents
whose sum is 1. We denote the image of ep

s

j in B by Ej . If ej /∈ T, then ep
s

j − ej =
ps−1∑
r=1

(er+1
j − erj) ∈ T, and so ep

s

j /∈ S and Ej 6= 0 if ēj 6= 0.

The central subalgebra F [T1, . . . , Tn] of U(g) is a polynomial algebra on the Ti
as generators. All monomials T ν1

1 . . . T νnn with some νi ≥ ps are in S. We order the
remaining monomials {Mi} as follows: M < N if degree M < degree N , and the
order is linear but otherwise arbitrary among monomials of the same degree. We
label by subscripts indicating place in the order. Thus

1 = M0 < M1 < M2 < . . . < Mpns−1 = T p
s−1

1 . . . T p
s−1

n .
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Then the right ideal EjB in B has descending filtration

EjB = (EjB)1 ⊃ . . . ⊃ (EjB)pns ⊃ 0,

where (EjB)r =
∑

q≥r−1

EjBMq.

In the right action of B (or of U(g)) on EjB, T maps each (EjB)r into (EjB)r+1.
So successive quotients in the filtration are right A-modules. Let ϕ be the canonical
homomorphism of B into A, ψ that of U(g) onto B, so that ϕ ◦ ψ is the canonical
homomorphism of U(g) onto A. Then

(ϕ ◦ ψ)(ep
s

j U(g)) = ϕ(EjB) = (ϕ ◦ ψ)(ep
s

j )A = (ϕ ◦ ψ)(ej)A = ējA.

The kernel of ϕ |(EjB) contains (EjB)2. So ϕ induces a homomorphism of
(EjB)1/(EjB)2 onto ējA (as U(g)-modules, or as A-modules). Now

∑
r>0

BMr =

Ker ϕ (by Poincaŕe-Birkhoff-Witt - see [J], Chapter 5), and EjB ∩
∑
r>0

BMr =∑
r>0

EjBMr, by left-multiplying with the idempotents Ek. Thus the kernel of

the induced map of (EjB)1 onto ējA is exactly (EjB)2. In particular, dim.
(EjB/(EjB)2) = dim.(ējA).

For each r, 1 ≤ r < pns, the multiplication-action ofMr sends EjB into (EjB)r+1

and induces a map of (EjB)/(EjB)2 onto (EjB)r+1/(EjB)r+2. (Here (EjB)pns+1

= (0), by definition.) Thus

dim((EjB)r/(EjB)r+1) ≤ dim ējA

for every r, every j. Summing over r and j gives

dim B =
∑
r,j

dim((EjB)r/(EjB)r+1) ≤ pns dim A = dim B,

yielding equality at all stages. That is, we have proved:

Proposition 1. With notation as above, the filtration (EjB) ⊃ (EjB)2 ⊃ . . . ⊃
(EjB)pns ⊃ 0 of EjB by right ideals has successive quotients which, as A-modules,
are all isomorphic to ējA.

Clearly the radical N of the algebra B contains all ψ(Ti). So EjB/EjN is
a homomorphic image of EjB/(EjB)2, and the submodules of EjB/EjN are in
correspondence with the set of submodules of ējA containing ējϕ(N). Because
ϕ(N) is a nilpotent ideal, ējϕ(N) 6= ējA. If ēj is a primitive idempotent, ējA has
a unique maximal submodule ([C-R], §54), a fortiori a unique maximal submodule
containing ējϕ(N), and, by the same reference, this submodule is ējR, where R

is the radical of A. Thus EjB/EjN has a unique maximal submodule. Because
every maximal submodule of EjB must contain EjN, EjB has a unique maximal
submodule, and Ej is in turn a primitive idempotent. The converse is clear: If Ej
is primitive, EjB has a unique maximal submodule, which must contain (EjB)2;
so ējA has a unique maximal submodule. That is,

Proposition 2. The idempotent ēj is primitive in A if and only if Ej is primitive
in B.

To apply the above to s`(2), with zi = hp − h, ep, fp and the elements {ej} that
are polynomials in the h∗(α)ef as in §§1-4, so that B is the quotient of U(g) by the
ideal generated by the (hp−h−λ)p

s

, (ep−µ)p
s

, (fp− ν)p
s

, we find that the images
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in B of the ep
s

j are a system of primitive orthogonal idempotents of sum 1. In the
semisimple case, each of the corresponding projective indecomposable B-modules
has a composition series of length p3s with quotients all isomorphic to the irreducible
A-module ējA. In the non-restricted case with λ2 = 4µν, there are p projective inde-
composable modules with composition series of length p3s and quotients isomorphic
to the E(α, 0)A(α ∈ Fp), while the remaining p.i.m.s have composition-length 2p3s,
composition-factors all isomorphic to those of E(α, β)A, β ∈ F∗2p . These p.i.m.s
admit a filtration where successive quotients (p3s of them) are all isomorphic to
E(α, β)A.

In the restricted case, there are p primitive idempotents with generated modules
having composition series of length p3s and the Steinberg module as quotient. The
remaining p(p−1)

2 primitive idempotents each yield p.i.m.s of length 4p3s, dimension
2p3s+1, with filtrations having quotients all isomorphic to the E(α, β)A as in §4.
These conclusions recover Bendel’s results in [Ben] (§8).

It may be noted that, when F is algebraically closed, every finite-dimensional
indecomposable s`(2)-module is a module for one of our algebras B, with suitable
values of λ, µ, ν and s.
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