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SHARP FOURIER TYPE AND COTYPE
WITH RESPECT TO COMPACT SEMISIMPLE LIE GROUPS

JOSE GARCIA-CUERVA, JOSE MANUEL MARCO, AND JAVIER PARCET

ABSTRACT. Sharp Fourier type and cotype of Lebesgue spaces and Schatten
classes with respect to an arbitrary compact semisimple Lie group are inves-
tigated. In the process, a local variant of the Hausdorff-Young inequality on
such groups is given.

INTRODUCTION

Let 1 < p < 2. An operator space E is said to have Fourier type p with respect to
the compact group G if the vector-valued Fourier transform extends to a completely
bounded map

Fa.p L(G) — LE(G),
where p’ = p/(p — 1) is the exponent conjugate to p. That is, a vector-valued
Hausdorff-Young inequality of exponent p is satisfied. Similarly, if we replace the
operator Fg g by its inverse, we get the notion of Fourier cotype p’ of E with
respect to G. Following the notation of [8], we define the constants

1 2 —1
Cp(E5 G) - ||}—G,EH and Cp’ (E7G) = HfG,E”Cb([;%(@)’L%/(G))'

eb(LE(G).L% (B))

The Fourier type and cotype become stronger conditions on the pair (E, G) as
the exponents p and p’ approach 2. This gives rise to the notions of sharp Fourier
type and cotype exponents. The present paper grew out of the project to investigate
the sharp Fourier type and cotype of Lebesgue spaces LP and Schatten classes SP,
and it is a natural continuation of [8]. However, as we shall see below, some other
results have appeared in the process which are interesting in their own right.

In Section [1] we recall that the natural candidates for the sharp Fourier type
and cotype of LP and SP (where now 1 < p < oo) are min(p,p’) and max(p,p’)
respectively. To show that this guess is right, one would have to show that for

1<p<g<2
(@) CHIP(Q),G) = CAL(L"(Q),G) = oo,
(b) CHLF'(Q),G) = C2(LP(Q),G) = oo,

with the obvious modifications for the Schatten classes. In Section Pl we make some
remarks about (a) and (b). First we show that, to have any chance of getting
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positive answers to these questions, we have to require that the group G not be
finite and the operator spaces LP and S? be infinite-dimensional. Then, under such
assumptions, one can easily get the following inequality:

Cy(L7(Q),G) = limsup €, (I"(n), G)
and the analog for L (Q). Therefore, the growth of Ca(IP(n),G) and C, (1" (n), G)
provides a possible way to obtain (a) and (b). In the last part of Section Bl we
analyze the vector-valued Lebesgue spaces and Schatten classes.

The growth of C; (I*(n), G) is investigated in SectionBl To be precise, if G stands
for a compact semisimple Lie group and 1 < p < g < 2, then there exists a constant
0 < K(G,q) < 1 such that C;(i?(n),G) > K(G, q)n*/P=1/4 for all n > 1. If one is
able to show that K(G,q) > 0, this result gives (a). Moreover, we would obtain
optimal growth, since C; (I°(n), G) < n'/P=1/4 for any compact group. We shall see
that

Hf”gq’(@) )

K(G,q) = 1r;f1 sup{ f central, f e LYG), supp(f) C L{n}

[ fllLace)
where {U,, : n > 1} is a basis of neighborhoods of 1, the identity element of G. The
Hausdorff-Young inequality on compact groups yields (G, ¢) < 1. The interesting
point lies in the inequality K(G,q) > 0, which constitutes a local variant of the
Hausdorff-Young inequality on G with exponent gq.

Sections [4 and [l are completely devoted to the proof of this local inequality. In
the abelian setting, the particular case G = T was explored by Andersson in [I].
The basic idea is to consider a function f : T — C as a complex:\valued function
on R supported in [—1/2,1/2). Then, by expressing the norm of f on L (R) as a
Riemann sum, one obtains

oo . NPkllLe(m
I fllcaw) — k—oo [lwkllLar)

where oy (t) = k'/9f(kt). This gives K(T,q) > B,, where B, = 1/q*/1/q'*/7 stands
for the Babenko-Beckner constant, see [2] and [3], but in fact the equality holds, as
was proved by Sjolin in [I5]. We show here that Andersson’s argument, suitably
modified, is also valid in the context of compact semisimple Lie groups. In Section
H] we summarize the main results of the structure and representation theory of
compact semisimple Lie groups that will be used in the process. Then we use these
algebraic results to get an expression for the Fourier transform of central functions
f : G — C in terms of the Fourier transform Fr on the maximal torus T of G.
This will allow us to work over the maximal torus where we know that Andersson
obtained a satisfactory result. However, in the non-commutative setting, the degree
d, of an irreducible representation m does not have to be 1. We shall see that this
becomes a further obstacle, to be treated in Section Bl There we combine some
results, such as the Weyl dimension formula, concerning the representation theory
of compact semisimple Lie groups with classical harmonic analysis to avoid this
difficulty.

On the other hand, if we notice that C} (1" (n),G) = CZ(IP(n),G), we can under-
stand the growth of this constant as the dual problem of the growth of C} (i (n), G)
in the sense that we replace the Fourier transform operator Fg i»(,) by its inverse.
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SHARP FOURIER TYPE AND COTYPE 3593

Therefore, since the dual object is no longer a group (as it is when G is abelian) we
do not have a Fourier inversion theorem and we should not expect to reconstruct
the proof given in Sections Bl @ and [ step by step. At the time of this writing, we
are not able to solve this problem, and so we pose it as follows:

Problem. Let G be any compact semisimple Lie group and let 1 < p < ¢ < 2.
Does the estimate C(}(lp/ (n),G) > K(G, g)n'/P=1/4 hold for some positive constant
K(G, q) depending only on G and ¢?

Finally, we point to a non-commutative notion of Rademacher type for operator
spaces, see []. We think this notion could be helpful in order to study the growth

of CL(1” (n), G).

1. STATEMENT OF THE PROBLEM

All throughout this paper some basic notions of operator space theory and non-
commutative vector-valued discrete LP spaces will be assumed. The definitions and
results about operator spaces that we are using can be found in the book of Effros
and Ruan [B], while for the study of our non-commutative L” spaces the reader is
referred to [I2], where Pisier analyzes them in detail. In any case, all the analytic
preliminaries of this paper are summarized in []], where we study the Fourier type
and cotype of an operator space with respect to a compact group. In order to state
the problem we want to solve, we begin by recalling the definitions and the main
properties of Fourier type and cotype.

Let G be a compact topological group endowed with its Haar measure p nor-
malized so that u(G) = 1, and let 7 € G be an irreducible unitary representation
of G of degree d,. Here the symbol G stands for the dual object of G. Given an
operator space E, it was shown in [§] that, by fixing a basis on the representation
space of each w € CA?, the Fourier transform operator Fg g for functions defined on

G and with values on F has the form f € LL(G) — (f(ﬂ)weé € Mg(G), where

fm) = [ $(@nle)dute) and Me(@) = [] Ma, 0 E.
¢ weé
Here M,, denotes the space of n x n complex matrices. Let 1 < p < co. If SP(E)
stands for the vector-valued Schatten class on M,, ® E, we define the spaces

R N 1/p

o £3(@) = {Ae Mp(@): Al gy = (D dellA™IEy () " < oo},
Treé

o L2(G) = {A € Mp(G): Al @) = sup [|A7]ss ) < OO}'
TeG

~

We write LP(G) for the case F = C. Finally, let 1 < p < 2. Then by the Hausdorff-
Young inequality on compact groups (see [8] or Kunze’s paper [10]) it is not difficult
to check that Fg p(LP(G)® E) C £/ (G)® E and Té}lE(Ep(@) ®E)C LV (G)QE.
This motivates the following definitions.

Definition 1.1. Let 1 < p < 2 and let p’ denote its conjugate exponent. The
operator space F has Fourier type p with respect to the compact group G if the
Fourier transform operator

Fap: LP(Q)®FE — LV (G)®E
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can be extended to a completely bounded operator from L(G) into E’;(@) In
that case, Cj(E, G) will stand for its cb norm.

Definition 1.2. In the same fashion, the operator space E has Fourier cotype p’
with respect to the compact group G if the inverse

Foly LPG)®E - LV (G)® E

can be extended to a completely bounded operator from E%(@) to L%, (G). As
before, we shall denote its ¢b norm by Cz%’ (E,G).

One of the properties proved in [§] is that every operator space has Fourier type
1 and Fourier cotype oo with respect to any compact group. In particular, the
complex interpolation method for operator spaces (see Pisier’s work [11]) provides
the following result.

Lemma 1.3. Let 1 < p; < ps < 2 and assume that E has Fourier type ps with
respect to G. Then E has Fourier type py with respect to G. Similarly, Fourier
cotype phy of E with respect to G implies Fourier cotype p| of E with respect to G.

Therefore, the Fourier type and cotype become stronger conditions on the pair
(E, G) as the exponent p (and consequently its conjugate p’) tends to 2. So Lemma
gives rise to the following definition.

Definition 1.4. The sharp Fourier type and cotype exponents of an operator space
FE with respect to the compact group G are defined respectively by
p1(E,G) = sup{p <2:FE has Fourier type p with respect to G},
p2(E,G) = inf{p’ >2:E has Fourier cotype p’ with respect to G}.

If E has Fourier type p1(F, G) with respect to G, we say that E has sharp Fourier
type p1(E, G). The sharp Fourier cotype of E is defined analogously.

In order to simplify the statement of the problem we shall need the following
lemma (see [8]) which analyzes the Fourier type and cotype of the dual E* of an
operator space E with respect to a compact group G.

Lemma 1.5. Let 1 < p < 2 and let p’ be the conjugate exponent of p. Then we
have the equalities C)(E*,G) = C2.(E,G) and C,(E*,G) = C}(E, G).

The problem we want to investigate in this paper is how to find the sharp Fourier
type and cotype of Lebesgue spaces and Schatten classes. Concerning these top-
ics, we present here a result given in [§] from which we start out. In what follows
(©2, A, v) will denote a o-finite or regular measure space and S the classical Schat-
ten class over the space of compact operators on 2.

Theorem 1.6. If 1 < p < oo, then the spaces LP(Q2), SP and S§ have Fourier
type min(p,p’) and Fourier cotype max(p,p’). In fact, the vector-valued Fourier
transform, or its inverse, is a complete contraction in each of the cases considered.

Therefore, if we consider two exponents p and ¢ such that 1 < p < ¢ < 2, we
would like to find conditions on G and 2 under which

(a) CHLP(),G) = CHIF(Q).G) = oo,
(b) CHLY(Q),G) = CL(IP(),G) = o,

with the obvious modifications for the Schatten classes.
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2. SOME REMARKS ABOUT THE PROBLEM

In this section we shall make some remarks about the problem we have just
stated. We begin by showing some necessary conditions that should hold to obtain
a positive answer to our question. Second, we wonder about sufficient conditions
that we shall work with in the rest of this paper. Finally, we study what happens
if we consider vector-valued LP spaces (or Bochner-Lebesgue spaces) and vector-
valued Schatten classes.

2.1. Necessary conditions. The first necessary condition that we shall present is
on the compact group G. We have to exclude finite groups from our treatment,
since, as we shall see immediately, every operator space E has sharp Fourier type
and cotype 2 with respect to any finite group. Anyway, the next result is a bit more
accurate.

Proposition 2.1. For a finite group G, every operator space E satisfies the esti-
mates Cy(E,G), C%(E,G) <|G[V/? for 1 <p<2.

Proof. Let us assume that C3(E,G) < |G|'/? for every operator space E; then we
have C3(E,G) = C3(E*,G) < |G|'? by duality. The desired estimates are then
obtained by complex interpolation from the equalities C{(E,G) = C2,(E,G) = 1
(proved in [§]) and the case p = 2. Therefore we focus our attention on the case
p = 2. It suffices to check that for all m > 1 and any family of functions {f;; : G —

E}icij<m,
(%d” ( fig(m) )‘ Z‘ﬁﬂm(E)>1/2 < |62 H( Fis )‘ 52,(L%(G))
But if G ={¢1,92,...,9n}, then
- 1< .
H( Fij () )‘ $3.(8) H( ﬁkzzlf”(gk)ﬂ(gk) )‘ 52 ,.(B)

IN

’( fij(gk) )‘

1 n
" Z ||7T(9k)*|\s§ﬂ
k=1

@/ |[( )]
Therefore we obtain

G20 FPSENI LY (€D]
TeG

and, since Z d?> = |G| by the Peter-Weyl theorem, we are done. O
el

S7.(E)

IA

S2,(L%(G))

52,(L%,(@))’

Next we show that we cannot work with measure spaces (2,.4,v) that are a
union of finitely many r-atoms. Before that we need to define the ¢b distance
between two operator spaces. It is due to Pisier, and it constitutes the analog of
the Banach-Mazur distance between two Banach spaces in the context of operator
space theory. Given two operator spaces F7 and Es, we define their cb distance by
the relation dey(E1, E2) = inf{||ullco(5,, ) |t | eb(is, 1)} where the infimum runs
over all complete isomorphisms u : F1 — FEs. The following result (also extracted
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from [8]) relates the Fourier type and cotype of two operator spaces Eq and Fs to
their cb distance.

Lemma 2.2. Let 1 < p <2 and let Fq, Es be operator spaces. Then
C; (EQ) G) S dcb(Ela EQ)C; (Ela G)

and
CY (B2, G) < dew(Er, E2)Cl (B, G).

Proposition 2.3. Let 1 < p < ¢ < 2 and assume that (Q, A, v) is a union of finitely
many v-atoms. Then every compact group G satisfies the following estimates:

CiLP(Q),G) = Cg,(LPI(Q)’G) < y(Q)/r-1/a,
CULP (Q),G) = CZ(IP(Q),G) < w(Q)/d-17,

In fact, since 1/p—1/q=1/q —1/p’, we have the same bound for both cb norms.

Proof. Applying Lemma R2]and the last part of Theorem [0 we get the estimates
CHLP(Q),G) < de(LP(Q),L9(Q)) and CHLY (Q),G) < dup(LP (Q),L7(Q)). On
the other hand, it is straightforward to check that, for 1 < p; < ps < oo and such
a measure space (2, A, v), we have d,(LP*(Q), LP2(Q)) < v(Q)1/P1—1/p2, O

In other words, we do not allow finite-dimensional Lebesgue spaces. Since
the cb distance between two Schatten classes of the same finite dimension is also
finite, the arguments used in Proposition[2.3] Theorem [[.6] and Lemma[2.2] are also
valid to show that the only Schatten classes that could make Theorem sharp
are those of infinite dimension.

2.2. Sufficient conditions. The Fourier type and cotype of the subspaces of a
given operator space F are bounded above by the respective type and cotype of E.
The proof of this result is straightforward, see [§].

Lemma 2.4. Let 1 < p < 2 and let F be a closed subspace of E. Then we have
the estimates Cy(F,G) < Cy(E,G) and C2,(F,G) < C.(E,G).

After the conditions above, we shall work in the sequel with infinite compact
groups and infinite-dimensional Lebesgue spaces and Schatten classes. Since the
measure space (£2,.4,v) is no longer a union of finitely many v-atoms, we obtain
that the n-dimensional space I”(n) is a closed subspace of L?(Q) for all n > 1 and
any 1 < p < co. Moreover, recalling that the subspace of diagonal matrices of S? is
completely isomorphic to I?(n), we deduce that the same happens for the Schatten
classes S§. Hence sharpness of Theorem [[.Glwill be guaranteed if, for 1 <p < ¢ < 2,
we have

(a") C;(lp/(n),G) = Cg,(lp/(n),G) — 00 as n — 0o,
) C;(7(n),G) = C(I*(n),G) — oo as n — oo.

Therefore our aim from now on will be the study of the growth of the constants
C,(I*(n),G) and C (I (n),G). The first remark about these constants that we can
already make is that both have a common upper bound:

CL(IP(n),G), CLI¥ (n),G) < nt/P=H,

This is an obvious consequence of Proposition [Z.3]
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2.3. Vector-valued spaces. Theorem .6 was also studied in [§] for vector-valued
spaces. Here is the statement of the result obtained there.

Theorem 2.5. Let 1 < p < oo and let E be an operator space having Fourier
type min(p, p') (respectively, Fourier cotype max(p,p’)) with respect to G. Then the
spaces L,(Q), SP(E) and S{(E) have Fourier type min(p, p') (respectively, Fourier
cotype max(p, p’)) with respect to G.

Let 1 < p < oo and min(p,p’) < ¢ < 2. Let F be as in Theorem 2.5l Then
Lemma [2.4] gives the following estimates:

CHIRQ).G) > L)), CHIZ(Q).G) > CME.G).
CoIh(9),G) > Cu(Ir(©9),0), chun@.e) > o).

with the obvious modifications for the Schatten classes. Hence we have shown that
sharp Fourier type or cotype of LP(Q) (respectively SE) provides sharp Fourier
type or cotype of L¥.(Q) (respectively SE(E)) with respect to G. Also, the same
conclusion is obtained assuming sharp Fourier type or cotype of E. In particular,
the sufficient condition given above also works for vector-valued spaces. Therefore
we focus our attention on the growth of the constants C, (I (n), G) and C; (I*' (n), G).

3. ON THE GROWTH OF C}(I”(n),G).

We shall assume in what follows that G is a compact semisimple Lie group.
Semisimplicity is an essential assumption in the arguments that we shall be using.
Anyway, for the moment, the only property of such groups that we shall apply
is the existence of a maximal torus T in G. The following result gives, in par-
ticular, statement (a) in Section [, with the obvious modifications for Schatten
classes, whenever we work with infinite-dimensional operator spaces and compact
semisimple Lie groups.

Theorem 3.1. Let 1 < p < q < 2 and let G be a compact semisimple Lie group.
Then there exists a constant 0 < (G, q) < 1, depending on G and q, such that for
alln>1,

K(G, q)nl/pfl/q < C;(lp(n), G) < nl/P—1/q.

In particular, we observe that the growth of C(} (I?(n), G) is optimal for compact
semisimple Lie groups. The proof of this result starts by applying the existence of a
maximal torus T to consider a countable family {g, : £ > 1} of pairwise commuting
elements of G; just take g € T. For every n > 1 we take U,, to be a neighborhood
of 1 (the identity element of G) satisfying

g;lunﬂgglun:@ for 1<j,k<n and j#k.

We recall here that we can always consider a central function f,, supported in U,
and belonging to LI(G). For example, take U, to be invariant under conjugations
(see Lemma (5.24) of [6]) and f, = I, where I;; stands for the characteristic
function of U. Henceforth f,, will be a central function in L%(G) supported in
Uy, to be fixed later. Then we define the function ®, : G — C" by ®,(g) =
(frn(919), fn(g929), - -, fn(gng)). We obviously have the estimate

Bl ey, 6
CHIP (), G) = o,
[®nllzy, . @

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3598 J. GARCIA-CUERVA, J. M. MARCO, AND J. PARCET

So it suffices to prove that this quotient is bounded below by K(G, ¢)n'/?~1/4. The
following lemma will be very helpful for that purpose.

Lemma 3.2. Let 1 < p1,p2 < o0, T € G andn > 1. Consider the matriz-valued
vector Axn = (m(g1),7(g2), - -, 7(gn)). Then

||Aﬂ'"||lpl2(n = [[Annllsz2 11 (ny) = /Py,

Proof. Since g1,go,...,gn are pairwise commuting, there exists a basis of Cér of
common eigenvectors of 7(g1),m(g2),...,m(gn). Therefore, in that basis, all these
matrices are diagonal:

m(gk) =
0%
Moreover, |0f| = 1for 1 < j < d, because of the unitarity of w(gx). Hence, applying

the complete isometry (see Corollary (1.3) of [12]) between 157 (d,) and the subspace
of diagonal matrices of Sff (E), we easily obtain the desired equality. O

(i) The value of ||<I> |l o We begin by recalling that, since f, is central,

B (G

= /G Fo (@ @)d(9)La, = Yrnla,

by Schur’s lemma. Here y, is the irreducible character associated to w and
1,,, denotes the identity matrix of order m x m. On the other hand, f,(gx-)
is the translation by gx of f,; therefore,

— i /G fn(g)Xﬂ——@d,LL(g) (7'((91), W(gg), - ,W(gn)) = ’yﬂ',nAﬂ',n

So we get, by Lemma B.2], the following equality:

1/q'
~ — q q
1l e (ng bl [Aallly )
TE

N 1/d n
= 07 (X Ehal”) " =0 e )
71'66

(i) The value of ||, ”szm )

Pl = ([ (X 1meor)” auie) "
k=1

-~ 1/q
= (X)) = n Ul
k=1

since the sets {gk_ll/{n : 1 <k <n} are pairwise disjoint.

In summary, we have obtained that C}(I”(n), G) > K(G, q,n)n'/P=1/7 where the
constant K(G, g,n) is given by

(c)- We have

||ﬁ1||gq’(@)
K(G,q,n) = ————=.
(G am = T e
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If we define K(G,q) = inf,>1 K£(G,¢,n), it is obvious that K(G,q) < 1 by the
Hausdorff-Young inequality on compact groups. Thus it remains to check that
K(G,q) > 0. For that aim, since we have not fixed f, yet, we need to see that

[P
inf sup LG f central, fe LY(G), supp(f) CU, > 0.
n>1 11l Lae)

We shall prove this fact in Section ] where we study the supremum of the Haus-
dorff-Young quotient for central functions supported in arbitrary small sets. As we
shall see immediately, semisimplicity of G will be essential in our proof.

4. A SIMPLE EXPRESSION FOR THE FOURIER TRANSFORM
OF CENTRAL FUNCTIONS

In this section we apply some basic results concerning the structure and represen-
tation theory of compact semisimple Lie groups to provide a simple expression for
the Fourier transform of central functions defined on such groups. These algebraic
preliminaries can be found in Simon’s book [14] or alternatively in [7], but we sum-
marize the main topics here. Let G be a compact semisimple Lie group and let g be
its Lie algebra. In what follows we choose once and for all an explicit maximal torus
T in G, while h will stand for its Lie algebra. That is, b is the Cartan subalgebra of
g. The rank of G will be denoted by r; in particular, T ~ T" where T = R/Z with
its natural group structure. Also, as is customary, we consider the complexification
gc = g @ ig (with complex conjugates taken so that gg = {Z € gc : Z = Z} = ig
and similarly bg = i¢h) with the complex inner product { , ) induced by the Killing
form. We also recall that the Weyl group Wg associated to G can be seen as a set
of r X r unitary matrices W (isometries on hr) with integer entries and det W = +1.
In particular, the set W& = {W' : W € W} becomes a set of isometries on h.
The symbol R will stand for the set of roots, and, if we take Hy € hg such that
a(Hy) # 0 for any root «, the symbol R = {a € R : a(Hp) > 0} denotes the set
of positive roots. Finally, we shall write Aw and Apw for the weight lattice and
the set of dominant weights, respectively.

Now that we have fixed some notation, let us consider a central function f : G —
C and a dominant weight A € Apw. By the dominant weight theorem there exists
a unique wy € G associated to A and, since f is central, we can write, by Schur’s
lemma,

Flm) = i /G (@@ dulg)La,

where d) is the degree of 7y, Y is the character of 7y and 1,, denotes the m x m
identity matrix. We now recall the definition of the functions Az appearing in the
Weyl character formula. Given 8 € by, we define the functions expg : hrg — C and
Ag : hr — C by the relations

expﬁ(H) — e27ri(ﬁ,H>,
Ag(H) = Z det W expy (W(H)).
WeWea

The maximal torus T is isomorphic via the exponential mapping to the quotient
space bhr/Lyw, where Ly is the set of those H € by satisfying exp(2miH) = 1.
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That is, Lw is the dual lattice of Aw. Therefore, the functions expg and Ag are
well-defined functions on T if and only if 8 € Aw. As we know, the integral form

1
0= 5 Z «
a€ERT
is not necessarily a weight, and so the functions exp; and As could be not well-
defined on T. To avoid this difficulty we assume for the moment that G is simply
connected; this condition on G assures that § € Aw. Hence, applying consecu-
tively the Weyl integration formula and the Weyl character formula, we get

~

fm) = W /T SOOI AP dm(t) L,

1
~ LWal /T F(8)As5(8)Axys(t)dm(t) La,

where m denotes the Haar measure on T normalized so that m(T) = 1. Now, if we
write Ax+s as a linear combination of exponentials, we obtain

fr) = oo 3 W [ A exp s (V()dm(t) L,

d)\ |WG| WeWe

= o | F0As0 exp s Omie) Lo,

since As(W(t)) = det WAs(t) and f(W(t)) = f(t). We recall that, taking coordi-
nates with respect to the basis {wi,ws, . ..,w,} of fundamental weights, any weight
A € Aw has integer coordinates. Therefore, we can understand the last expression
as the Fourier transform of fAs on the maximal torus T evaluated at A+ §. Hence
we have

1

1) Flm) = o

for f: G — C central and G any compact semisimple simply connected Lie group.
When G is not simply connected, a more careful approach is needed. We have
W) £ 6 € Aw for all W € Wg. In particular, we note that

Fr(fAs) (A +6)1a,,

expys Axys = Z det W expyye (a14)+s
WeWea
is a well-defined function on T for all A € Apw. This remark allows us to write
X As|? = (exps Axis)(exp_s As) as a well-defined function on T. Henceforth,
applying again Schur’s lemma, the Weyl integration formula and the Weyl character
formula, we get

N 1
f(my) = Ve

S detW [ f(Bexp s A0 exbs wiass)(Odm() Lo,
WeWa T

— %[rf(t)(exp_a As)(t)exp_y (t)dm(t)1q,

where the last equality follows from the change of variable ¢ — W*(¢). That is, we
have shown that

2) Flmn) = %fT(fB(s)(A)ldA
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where Bs = exp_s As. This expression is now valid for any compact semisimple
Lie group, and it coincides with () for simply connected ones.

5. A LOCAL VARIANT OF THE HAUSDORFF-YOUNG INEQUALITY
ON COMPACT SEMISIMPLE LIE GROUPS

As we mentioned in the introduction, this section is devoted to the proof of a
local variant of the Hausdorff-Young inequality on compact semisimple Lie groups.
We recall that this result provides the relation K(G, q) > 0 for 1 < ¢ < 2, which we
needed in Section [3

Theorem 5.1. Let 1 < g <2 and let G be a compact semisimple Lie group. Then
there exists a constant 0 < IC(G, q) < 1 such that, for any open set U C G, we have

sup ||fHCﬂ: f central, f € LYUG), supp(f) CcU y > K(G,q).
[ fllzaca)

Since the norms of fA and f on Eq'(@) and L9(G) respectively do not change
under translations of f, we can assume, without loss of generality, that U is a
neighborhood of 1. Before proving Theorem [5.1] we need some auxiliary results.
Let us assume that G is simply connected and let f : G — C be a central function.
A quick look at relation () allows us to write

3) Flms) = d—idetw Fr(FA)(WHO +0) 14,

for all W € Wg. On the other hand, let us denote by P, the hyperplane of b
orthogonal to o with respect to the complex inner product given by the Killing
form. The infinitesimal Cartan-Stiefel diagram is then given by the expression

P= UPQ.

a€ER

Lemma 5.2. Let G be a compact semisimple simply connected Lie group. Then
we have {W A +48): W € Wg, X € Apw} = Aw \ P. Moreover, the mapping
(W,\) € W x Apw — WEA+d) € Aw \ P is injective.

Proof. Since G is simply connected, we have that {A+d: A € Apw} = AwN cint,
Here C stands for the fundamental Weyl chamber and C™ for its interior. Now,
since P and Aw are invariant under the action of W and for any Weyl chamber
C there exists a unique W € Wg such that W(C) = C, we obtain the desired
equality. Finally, the injectivity follows from the uniqueness mentioned above. [J

Proposition 5.3. Let G be a compact semisimple simply connected Lie group and
let f : G — C be a central function. Then there exists a constant A(G, q), depending
on G and q, such that

|Fr(fAs) (N7 Ve
A%\p IT Keonye=2d

aeRt

17w @) = AG, )]
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Proof. Since f is central and G is simply connected, we can apply (8] to obtain

~ 1/q'
1flecey = [ 32 axlfmly, |

AeADw
! a ;11/d
[|WG| W;VGA;A; dA\d Fr(fA) (W' (A +9))| Hldx"gg;} ,

Moreover, the Weyl dimension formula for d) gives

- 1 B | Fr(fAs)(WEHA +6))|9 11/
||f||q~:—|| a5|q2§ § :
L£9(G) |:|Wg| weRrt Weve xehm | | [{a, A + 8|4 '—2 }

a€ERT

Finally, we observe that
I Kex+o)l =T IW(@,Ax+8">= T Ko W (A +04))l,
a€ER* a€ER a€ER*

since any W € Wg is a permutation of the set of roots. Therefore, by Lemma
we have

f] 2 Fr(fA 4 11/
||f||£q/<@)={|w| I1 lea> 3 <f 5) ()| I

q -2
a€ER* AEAW\P {a, N
ozE’R+

The proof is completed just by taking

A(G,q) = [IWI IT |a5|q*2} "

aeRt
(]

We are now ready to give the proof of Theorem [E1l for simply connected groups.
Let {Hq, Ha, ..., H,} be the predual basis of the fundamental weights; any element

of Lw can be written as a linear combination of Hy, Hs, ..., H, with integer co-
efficients. Then, since T ~ hgr/Lw, we can regard T as the subset of hg given
by

T = {ikak L —1/2< ) < 1/2}.
k=1

On the other hand, let us fix a bounded central function fy : G — C; then fy
can be understood as a function on T invariant under the action of Wg. Now,
since the Weyl group is generated by a set of reflections in hr, fo can be regarded
as a complex-valued function on bhg, supported in ¥ and symmetric under such
reflections. Let us recall that {w1,ws,...,w,} stands for the basis of fundamental
weights. Let 7 = 1 — 2/¢’; the way we have interpreted the function fy allows us
to define the function

I (foAs) : by — C

as

Frefods)(€)  where &= G

1
T Hewo)r o
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Remark 5.4. The motivation for the notation is that in a classical group such as
SU(2) the function just defined is nothing but the Fourier transform of the fractional
integral operator

L@ = 55 / " ) — )y

acting on foAs. Here lies the main difference with the commutative case (where
a Hausdorfl-Young inequality of local type has been already investigated, see [1])
since the presence of the degrees dy (as a product in Proposition B3 by the Weyl
dimension formula) requires the presence of a factor of Fy,(foAs). This fact does
not happen in the commutative case, since dy = 1 for all A € Apw.

Lemma 5.5. Let G be a compact semisimple simply connected Lie group and let
f:G — C be a central function. Then Fy,(fAs)(€) =0 for all { € P.

Proof. If € € P, there exists a root a such that £ € P,. Let S, be the reflection
in Pu; then Fp, (fAs)(§) = det Sa Fup (fAs)(Sa(§)) = —Fua(fAs)(€), since, as we
know, S, € WE. (]

The function Fy,(foAs) is analytic, since foAs has compact support and, by
Lemma [5.5] it vanishes at

P={¢ebr: [[ (x&)=0}

aeRt

In particular, since 0 < 7 < 1, I (fopAs) is continuous and takes the value 0 on P.
Now we write the norm of this function in terms of a Riemann sum:

Ve |[Fo.(JoAs) (k"N 71/

1 (foAs)ll oz = lim : ,
h2) 7 s {)\EXA:W k H |<0¢,k71/\>|7—q

aERT

where V¢ denotes the volume of a cell of Aw. Moreover, ¢i(x) = k7 fo(kx)As (kx)
is supported in T and the relation Fy, (foAs)(k™'X) = k"7 Fr(dr)(N) is satisfied
for all A € Aw. Taking o = 7|R*| + r/q, we obtain

T 1 1/q" 5.
1 (foAs) | par g2y = V@ lim

k—o0

|Fr(en) (V|7 7V
[/\e%\P H |<047)\>|qu}

aeRt

since we know that for A € P we get nothing. Finally, let us define ¢y : hbg — C
by the relation ¢, = prAs. The function ¢y, satisfies (W (z)) = pr(z) for all
W € Wg and is supported in k~'%; hence we can understand ¢ as a central
function on G. We can also say that, as a consequence of the well-known relation

(4) As=exp_s [] (exps—1),
a€ERT

@ has no singularities. Therefore Proposition provides the following relation
for some constant B(G, ¢) depending on G and g:

o —

(5) HIT(foAé)”Lq’(hﬁ) = B(Ga Q) kh_{fgo ”@k”gq’(é)-
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On the other hand, since ¢ can be seen as a central function on G, we can
estimate the norm of ¢ on LY(G). By the Weyl integration formula we get

1 1/

el = [y [ ledstoAsoP-ramo)]
Loa 1/

= [over [ 1ostk st ras]

kaq/ | foAs (kx)|? H |a(m)|2_‘1d$ l/q,
T

aeRt

(2m)2-DIRT|
[ Wel|

where the last inequality follows from (). Now, under the change of variable y = kx
and taking C(G, q) = (2m)"R"1)Wg|~1/9, we obtain

1/q
el < Gk ( [ foaswlt I] latwiay) "
a€ERT

Recall that supp(foAs) C ¥; therefore the integral over k¥ (the domain of in-
tegration after the change of variable) reduces to the same integral over T. But
o —T1|R"| —r/q =0, and the product inside the integral is bounded over ¥, say by
Mg. Then we can write

(6) lerllLae) < C(G, 9)Mell foAs| Lahy)-

In summary, by (@) and (B), we know there exists a constant D(G, q), depending
on G and ¢, such that

”I‘r(foA&)”Lq’(hﬁ)

|@k (41/ (A;’
||JO 5||L1(h]]&)

K(G,q) = D(G,q) = koo [lerlzea

<1

Since fy is bounded, we easily obtain that foAs € LI(hr), ITm(;) € Lq’(bﬂ*{{) and
K(G, q) > 0. Therefore we have found a family {¢y : &k > 1} of central functions on
G whose supports are eventually in &/ and such that their Hausdorff-Young quotient
of exponent ¢ is bounded below by a positive constant. This concludes the proof
of Theorem [5.T] for compact semisimple simply connected Lie groups.

If G is not simply connected, some extra comments have to be made. We shall
not give complete proofs of any of them; the details are left to the reader.

(7) Generalization (B) of formula () has no meaning here, but we can generalize
formula (2)) as

f(’]‘r)\) = % det W fT(fBg)(Wt(A + 6) - 6)1dx'

This generalization provides a couple of results parallel to Lemmas[(.2] and
Namely,
e We have {W'(A+4d)—d: W € Wg, X € Apw} = Aw \ (P —9).
The mapping (W, A) € Wg X Apw — WiA+8)—d € Aw \ (P —4) is
injective.

o If f: G — C is central, then Fy (fBs)(§) =0 for all £ € P —§.
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(i4) Proposition [0.3]is now replaced by the following identity, valid for central
functions f: G — C:

’

1/4’

$ [Fr(fBs)(M)|?

AeAw\(P—9) H |<Oé, A+ 5>|q -
a€ERT

171l @) = AG.0)|

(797) The bases of b} and hr respectively that generate Aw and Ly with integer
coefficients are no longer the basis of fundamental weights and its predual.
In fact, the fundamental weights generate the weight lattice of the universal
covering group of GG, which is a lattice containing Aw and strictly bigger
than it. Therefore we need to define {H1, Ho, ..., H,} and {w1,wa,...,w,}
just as the bases of hg and b respectively for which Lw and Aw have
integer coefficients. Once we have clarified this point, we can define ¥ in
the same way and regard fy as a bounded complex-valued function on hg,
supported in ¥ and symmetric under the reflections that generate We.

(iv) Let us recall that if 6 ¢ Ayy, the function As is not well-defined on T. But
A is originally defined on bhgr, and 6 ¢ Ay is not an obstacle to working
with As as a function defined on hg. On the other hand, (i7) leads us
to consider, in the same spirit as in the proof given for simply connected
groups, the function

- 1

I (foBs)(€) =
oa)(©) I lené+0)

a€ERT

Fiz (foBs)(§)-

—
-

Now, the remark about A5 shows that fT(fOBg)(g) = I (foAs)(£+0). Hence
we can proceed as before, expressing the norm of this function in Lq'(bﬂ*%)
as a Riemann sum, but this time we take the lattice Aw + ¢ instead of Aw:

= . Ve |Fe(fods)(k N7 117
I (FoBo)llgw gy = Jim | D 8 IERlemt e S |
" NeAw+o IT e k1N
aeRt
(v) Tt is not difficult to check that Fy, (foAs)(k~A) = k™= Fr(prBs)(A — 6),
where @, is defined as above. Hence we get

= /¢ 1 | Fr(oxBs) (V)7 71/
IZ-GoBo) sy = VE* gim [ 3 7]
AeAw \(P—5) H (e, A+ 0)|
a€ERT

= B(G,q) lim [Pkl zo ()

Finally, to estimate the norm of ¢ on LY(G), we follow the same arguments. This
completes the proof of Theorem [51] and, consequently, the proof of Theorem [311

Remark 5.6. Let {U, : n > 1} be a basis of neighborhoods of 1, and let

I;f1 sup {M : f central, f e LYG), supp(f)C L{n} .

K(G,q) =
(©.9) oo

i
n=z
This constant does not depend on the chosen basis, and Theorem BE.] states that
0 < K(G,q) <1foranyl < ¢ < 2and any compact semisimple Lie group. However,

it would be interesting to find the exact value of that constant. Sharp constants for
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the Hausdorff-Young inequality were investigated in [2], [3] and [I3]. In the local
case, if B, = \/¢'/1/q'1/4" stands for the Babenko-Beckner constant, it is already
known that IC(T,q) = B,. Andersson proved it for ¢’ an even integer in [1], and
Sjolin completed the proof, see [I5]. Also it is obvious that K(G,1) = K(G,2) =1
for any compact group G. In the general case, a detailed look at the proof of
Theorem BT gives that the constant IC(G, q) is the supremum of

' , 1/ ’
</h | Fow (foAs(€))]* H |, €)]?79 dg) !
Wel™ T Hewd)l” vg" lim —— aERt
aeR+t G k— o0 (/h |f0A5($)|q |k\R+\A6(x/k)|2fqu)l/q

for 1 < ¢ < 2, where the supremum runs over the family of functions fy : hg — C,
supported in ¥ and symmetric under the reflections generating the Weyl group
of G. If K (G,q) denotes the expression given above, then one easily gets that
Ky, (G, q) equals

</ Fuhoas@)|” TT |<a,£>l2*q'd£)w

|WG|T - b aeRt
W H [(a, )] 9 1/q
" wer- ([ sl T] laz)-1as)
br aERtT

Moreover, taking ¢ = 2 and using the Plancherel theorem on compact groups, we
see that Vg = 1. The boundedness of this expression can be regarded as a weighted
Hausdorff-Young inequality of Pitt type; see [4] for more on this topic.

As we pointed out in the introduction, the growth of C;(lp' (n), G) remains open
for 1 <p < ¢ <2. We end this paper with some remarks about this problem.

Remark 5.7. In Theorem [3.1] we found an extremal function ®,, = (1,92, ..., ©n)

such that
[y
CHIP(),6) = Tt > k(G g7,
[®nllLy,. @)
Our functions 1, s, ..., p, satisfied two crucial properties, namely,

P1) the norm of @k (7) on S does not depend on k for any w € (A?, and
4 dr
(P2) ¢1,p2,...,p, have pairwise disjoint supports on G.

The idea was to compare the norms of </I\>n and ®,, with n'/? and n'/? respectively.
To this end, properties (P1) and (P2) were the conditions to be required, since they
provided suitable simplifications for the original expressions of such norms. Now, if
we replace [P(n) by I?' (n) in the relation above, we want to compare the norms of
®,, and ®,, with n/? and n'/? respectively. Notice that 1/p—1/g=1/¢ —1/p'.
For that, we require these other properties on @1, 2, ..., py:

(P3) the absolute value |px(g)| does not depend on k for any g € G, and

(P4) @1,p2,..., P, have pairwise disjoint supports on G.

In the introduction we recalled that the growth of C}(I?(n),G) and C, (1" (n),G)
can be understood as dual problems with respect to the Fourier transform operator.
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Now, these properties justify this point. Assuming properties (P3) and (P4), we
get C, (I’ (n),G) > K'(G, q,n)n*/7=1/?" where K'(G,q,n) is given by

N /4
1 — ||@k”£q/(é) !
! _

= | lerllzoe)

Hence, if we define K'(G, q) = inf,,>1 K'(G, ¢,n), it remains to see that K'(G, ¢) > 0.
We do not know if this inequality holds for any compact semisimple Lie group and
any 1 <q < 2.

Remark 5.8. We do not know if properties (P3) and (P4) are compatible. However,
given fo € L?(G) continuous and any sequence of positive numbers {e, : n > 1}
decreasing to 0, it is not difficult to see that there exists a system ® = {¢,, : n > 1}
of trigonometric polynomials on G satisfying the following three conditions:

(1) The functions @1, Pa, ... have pairwise disjoint supports on G.
(2) The estimate |p,| < |fo| + €, holds in G.
(3) The estimate |p,| > |fo| —&n holds outside €, where p(€2,,) — 0asn — .

Remark 5.9. As is well known, C(}(lp/ (n),G) = n'/P=1/4 for any compact abelian
group G. This equality follows by taking ¢1,@2,...,p, to be a collection of n
pairwise distinct characters. This motivates us to see what happens when we
consider the irreducible characters of a compact semisimple Lie group. Let x)
be the character of the irreducible representation 7y, and consider the function
©,(g9) = (d5, X2 (9),d5,X0.(9), - -, d5 X, (9)), Where Ay, Ao, ..., A, are pairwise
distinct dominant weights and 7 =1 — 2/¢’. Then we have

/

~ n 1/q ,
18all e, (@ = (D dalldz, Ra(mlle, ) = nt/e
k=1

59’
12’ (n) dx,

On the other hand, applying consecutively the Weyl integration formula and the
Weyl character formula, we get

1 - o /P 1/q
190y, 0= (g [ (3 1A s, ssto)”) " ami) ™"
k=1

However, these relations do not provide optimal growth. For instance, in the sim-
plest case G = SU(2) it can be checked that there exists a constant /C,, 4, depending
on p and ¢, such that

1 o 4 d 1/(1>IC -
1 ([ 1900 (0) ™ 2 K

Remark 5.10. If we try to find out why our attempts to get optimal growth have
failed, we need to revisit the proof of Theorem BIl The point is that we required
the functions @1, @2, ..., @, not only to satisfy properties (P1) and (P2), but also
to be translations of a common function. This was essential in Section Bl and here
the obstacle lies in the fact that we cannot take translations, since the dual object
does not have a group structure. This is the main difference from the abelian case
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where, since the dual object is a group, multiplication by a character in G becomes
a translation in the other side of the Fourier transform operator.

Remark 5.11. The quantized Rademacher system associated to a probability space
(Q, M, ), an index set X, and a family {d, : o € 3} of positive integers is defined
by a collection R = {p” : Q& — O(d,)}sex of independent random orthogonal
matrices, uniformly distributed on the orthogonal group O(d,). In [9] we define
the notions of R-type, R-cotype and strong R-cotype of an operator space FE.
Moreover, we show that

Fourier type p = strong R-cotype p’,
Fourier cotype p = R-type p.

These implications allow us to work with the quantized Rademacher system, where
other techniques are available to study the growth of CL(I” (n), G).

Remark 5.12. Of course, the growth of C} (1P (n), @) is trivially optimal when we
work with compact groups with infinitely many inequivalent irreducible represen-
tations of the same degree dy. The unitary groups U(n) are the simplest non-
commutative examples of this degenerate case. Also, it is not difficult to check that
Ci(1¥"(n), G) = n'/2-1/7" by the Plancherel theorem for compact groups.
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