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IRREDUCIBILITY OF EQUISINGULAR FAMILIES OF CURVES

THOMAS KEILEN

ABSTRACT. In 1985 Joe Harris proved the long-standing claim of Severi that
equisingular families of plane nodal curves are irreducible whenever they are
nonempty. For families with more complicated singularities this is no longer
true. Given a divisor D on a smooth projective surface X it thus makes sense

to look for conditions which ensure that the family V‘ZD’“‘T (S1,--.,8r) of irre-

ducible curves in the linear system |D|; with precisely r singular points of
types Si,...,Sr is irreducible. Considering different surfaces, including gen-
eral surfaces in IP% and products of curves, we produce a sufficient condition
of the type

Zdeg (X(Si))2 <~v-(D-— KE)Q,
i=1

where 7 is some constant and X (S;) some zero-dimensional scheme associated
to the singularity type. Our results carry the same asymptotics as the best
known results in this direction in the plane case, even though the coefficient
is worse. For most of the surfaces considered these are the only known results
in that direction.

1. INTRODUCTION

Equisingular families of curves have been studied quite intensively since the
last century. If we fix a linear system |D|; on a smooth projective surface ¥ and
singularity types Si,...,S,, then we denote by V'™ = |iD'“|T (Sl, cee S,,) the variety
of irreducible curves in |D|; with precisely r singular points of the given types.
The main questions are whether the equisingular family V" is nonempty, smooth
of the expected dimension, and irreducible. For results in the plane case we refer
to [GLS98¢|, [GLS00], and results on the first and the second question on other
surfaces may be found in [GLS97], [GLS98al, [CC99|, [Fla01], [Che01], [KT02|.
In this paper, for the first time, the question of the irreducibility of V" for a
wider range of surfaces is studied. As already families of cuspidal curves in the
plane (cf. [Zar35]) or nodal curves on surfaces in P (cf. [CC99]) show, in general
we cannot expect a complete answer as for families of plane nodal curves, saying
that the family is irreducible whenever it is nonempty. All we may hope for are
numerical conditions depending on invariants of the singularity types, the surface
and the linear system, which ensure the irreducibility of V.
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3486 THOMAS KEILEN

The main condition which we get (cf. Section ) looks like
: 2
(1.1) D deg (X(8))” < - (D - Kx)?,
i=1

where 7 is some constant. Applying the estimates (L) for deg (X (S;)) from Sub-
section [[3] we could replace (LI) by

T

(1.2) > 78’ <3 (D-Ky)

i=1
in the case of analytical types, and in the topological case by

T

(1.3) S (u(S) +4) < % (D - Kx)*

i=1

In this section we introduce the basic concepts and notation used throughout
the paper, and we state several important known facts. Section Bl contains the
main results and their proofs, omitting the technical details. These are presented
in Section [3] and Section [l

1.1. General Assumptions and Notation. Throughout this article 3 will de-
note a smooth projective surface over C; N denotes the set of nonnegative integers.

We will denote by Div(X) the group of divisors on ¥ and by Ky its canonical
divisor. If D is any divisor on X, Ox(D) shall be the corresponding invertible sheaf,
and we will sometimes write H” (X, D) instead of H” (X, Ox(D)). A curve C C &
will be an effective (nonzero) divisor, that is, a one-dimensional locally principal
scheme, not necessarily reduced; however, an irreducible curve shall be reduced by
definition. |D|; denotes the system of curves linearly equivalent to D. We will
use the notation Pic(X) for the Picard group of ¥, that is, Div(X) modulo linear
equivalence (denoted by ~;), and NS(X) for the Néron—Severi group, that is, Div(X)
modulo algebraic equivalence (denoted by ~,). Given a reduced curve C' C X, we
will write g(C) for its geometric genus.

Given any closed subscheme X of a scheme Y, we denote by Jx = Jx/y the
ideal sheaf of X in Oy. If X is zero-dimensional, we denote by #X the number
of points in its support supp(X) and by deg(X) = >_ .y dimc(Oy,./Tx/v,.) its
degree.

If X C ¥ is a zero-dimensional scheme on ¥ and D € Div(X), we denote by
|jX/E(D)|l the linear system of curves C' in |D|; with X C C.

If L C ¥ is any reduced curve and X C X a zero-dimensional scheme, we define
the residue scheme X : L C ¥ of X by the ideal sheaf Jx.; /s = Jx/s : Jp/s with
stalks

Ix:r/s,2 = Ix/s,z 2 Inys,z

where “:” denotes the ideal quotient. This leads to the definition of the trace scheme
X NLCL of X via the ideal sheaf Jxnr,1 given by the exact sequence

0— Jx:r/=(—L) L, Ix;s —= Ixnr/n —= 0.
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1.2. Singularity Types. The germ (C,z) C (X, z) of a reduced curve C C X
at a point z € X is called a plane curve singularity, and two plane curve singu-
larities (C,z) and (C’ ,z’) are said to be topologically (respectively, analytically
equivalent) if there is a homeomorphism (respectively, an analytical isomorphism)
D : (X,2) — (3,7) such that ®(C) = C’. We call an equivalence class with
respect to these equivalence relations a topological (respectively, analytical) sin-
gularity type. The following are known to be invariants of the topological type
S of the plane curve singularity (C,z): r(S) = r(C,z), the number of branches
of (C,z); 7¢°(S) = 7°°(C, 2), the codimension of the p-constant stratum in the
semiuniversal deformation of (C, z); §(S) = 0(C, z) = dim¢ (1/*(9572/(90,2),. the
delta invariant of S, where v : (5,2) — (C, 2) is a normalisation of (C, z); and

w(S) = p(C, z) = dime 0272/(%, g—’;), the Milnor number of S, where f € Oy,
denotes a local equation of (C, z) with respect to the local coordinates x and y. For
the analytical type S of (C, z) we have as additional invariant, the Tyurina number
of S, defined as 7(S) = 7(C, z) = dimc¢ Og}z/(f, %, g—;). We recall the relation
26(S) = p(S)+7r(S)—1 (cf. [Mil68, Chapter 10]). Furthermore, since the §-constant
stratum of the semiuniversal deformation of (C, z) contains the p-constant stratum
and since its codimension is just 6(S), we have 6(S) < 7¢°(S) (see also [DHSS]);

hence

(1.4) u(S) < 28(S) < 27°%(S).

1.3. Singularity Schemes. For a reduced curve C' C % we recall the definition
of the zero-dimensional schemes X (C) C X*(C) and X°*(C) C X*(C) from
IGLS00]. They are defined by the ideal sheaves Jxes(cy /5, Jxs(c)/z: Txea(c)/s
and Jxa(c)/x, respectively, given by the following stalks:

o Txes(cy/s,: = 1°(C,2) = {g € Ox; ‘ [ + eg is equisingular over C[e]/(¢?)},
where f € Oy , is a local equation of C at z. I¢*(C, z) is called the equisingu-
larity ideal of (C, z).

o Ixs(0)s,: = {g € Oy, | g goes through the cluster C¢ (C', T+(C, z))}, where
T*(C, z) denotes the essential subtree of the complete embedded resolution tree
of (C,2).

o Jxea(cys,. = 1°9(C, 2) = (f, g—i, g—g) C Oy, ., where z,y denote local coordi-
nates of ¥ at z and f € Oy, is a local equation of C. I°%(C, z) is called the
Tyurina ideal of (C, z).

o Jxa(cys,z = 14(C, z) C Os ., where we refer for the somewhat lengthy defini-
tion of I%(C, z) to [GLS00l Section 1.3].
We call X°*(C) the equisingularity scheme of C and X*(C) its singularity scheme.
Analogously we call X¢*(C) the equianalytical singularity scheme of C and X*(C)
its analytical singularity scheme.

Throughout this article we will frequently treat topological and
analytical singularities at the same time. Whenever we do so,
we will write X*(C) for X°*(C), respectively for X°*(C), and
similarly X (C') for X*(C), respectively for X*(C).
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In [Los98|, Propositions 2.19 and 2.20 and in Remarks 2.40 (see also [GLS00]) and
2.41, it is shown that, fixing a point z € 3 and a topological (respectively, analyt-
ical) type S, the singularity schemes (respectively, analytical singularity schemes)
having the same topological (respectively, analytical) type are parametrised by an
irreducible Hilbert scheme, which we are going to denote by Hilb,(S). This then
leads to an irreducible family

(1.5) Hilb(S) = ] Hilb.(S).

ZEX

In particular, equisingular (respectively, equianalytical) singularities have singu-
larity schemes (respectively, analytical singularity schemes) of the same degree
(see also [GLS98c] or [Los98], Lemma 2.8). The same is of course true regard-
ing the equisingularity scheme (respectively, the equianalytical singularity scheme).
If C C ¥ is a reduced curve such that z is a singular point of topological (respec-
tively, analytical) type S, we may therefore define deg (X (S)) = deg (X (C), z) and
deg (X*(S)) = deg (X*(C), z). We note that, with this notation, dim Hilb,(S) =
deg (X(S)) — deg (X*(S)) — 2 for any z € %, and thus

dim Hilb(S) = deg (X (S)) — deg (X*(S)).

In applications it is convenient to replace the degree of an (analytical) singularity
scheme by an upper bound in known invariants of the singularities. From [Los98],
p. 28, p. 103, and Lemma 2.44, it follows that for a topological (respectively, ana-
lytical) singularity type S one has

(1.6) deg (X*(S)) <37(S) and deg (X*(S)) < 2u(S) +2.

1.4. Equisingular Families. Given a divisor D € Div(X) and topological or an-
alytical singularity types Si,...,S,, we denote by V' = V|p((S1,...,S;) the locally
closed subspace of |D|; of reduced curves in the linear system |D|; having precisely
r singular points of types Si,...,S,. Byl Vres = Verelg (S1,...,S,) we denote the
open (cf. the proof of Theorem BI)) subset

Vs ={C eV |h(Z,JIxc)=(D)) =0} CV.

Similarly, we use the notation V" = V‘zD’“"" (81,-..,8,) to denote the open subset
of irreducible curves in the space V, and we set V"red = Vlgf’reg (S1,...,8,) =

VirT N V7re9, which is open in V"% and in V. If a type S occurs k > 1 times, we
rather write kS than S,.%.,S. We call these families of curves equisingular families
of curves.

We say that V' is T-smooth at C € V if the germ (V,C) is smooth of the
(expected) dimension dim |D|; — deg (X*(C)).

By [Los98]|, Proposition 2.1 (see also [GK89], [GL96], [GLS00]) T-smoothness of
V at C follows from the vanishing of H* (E, jX*(C)/g(C)), since the tangent space
of V at C' may be identified with H°(3, Tx-(c);s(C))/H°(Z, Ox).

lyreg should not be confused with {C eV | (2, TIxx(c)/=(D)) = 0}, which is the part of
V where V is smooth of the expected dimension. Curves in the latter subscheme are often called
regular (c.f. [CC99]). See also Example
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1.5. Fibrations. Let D € Div(X) be a divisor, &y,...,S, distinct topological or

analytical singularity types, and kq,...,k. € N\ {0}. We denote by B the irre-
ducible parameter space

= B(k1Sy,... k HSym (Hilb(S;)),
and by B = B(k1S1, ..., k-S;) the nonempty, open, irreducible and dense subspace
B = {([Xl,la'"7X1,k1]7"'7[X7",17"'3X7"7kr]) € g ‘ Supp(Xi,j)msupp(Xs,t) :Q

Vlgi,sgr,lgjgki,lgtgks}.

Note that dim(B) does not depend on X; more precisely, with the notation of
Subsection [[.3 we have

dim(B Zk (deg S;)) — deg (X*(Sz)))

Let us set n =Y., k; deg (X (Si)). We then define an injective morphism

¥ =0(kiS1,. .. k:S) : BlkiSy,. .. krS,) HilbY,

([Xl,la e 7X1,k1]7 ceey [Xr,la .. '7X7"J€7v]) — U::l Uf;l Xi,j7

where Hilby: denotes the smooth connected Hilbert scheme of zero-dimensional
schemes of degree n on ¥ (cf. [Los9§], Section 1.3.1).

We denote by ¥ = ¥p (k1 Sy, ..., k-Sp) the fibration of Vip|(k1Sy, ..., k) in-
duced by B(k1S1, ..., k-S;); in other words, the morphism ¥ is given by

v ‘/|D|(k3181,. ..,k:rS,«) —>B(k181,. ..,k;rS,«),

Ct ([Xl,la---aXl k1]7"'7[X7",17"'3X7",k,«])7

)

where Sing(C) ={z; |i=1,...,rj=1,...,k}, X; ; = X(C,2;;) and (C, z; ;) =
S;foralli=1,...,r,j=1,. k

With the notation of Subsection CAInote that for C' € V the fibre ¥~(¥(C)) is
the open dense subset of the linear system ‘jx(c)/E(D) |l consisting of the curves C’
with X (C’) = X(C). In particular, the fibres of ¥ restricted to V" are irreducible,
and since for C' € V" the cohomology group H' (E, jx(c)/g(D)) vanishes, they
are equidimensional of dimension

h(, Ix(cys(D)) — 1 = hO(Z, Os(D Zk deg (X

2. THE MAIN RESULTS

In this section we give sufficient conditions for the irreducibility of equisingular
families of curves on certain surfaces with Picard number one, including the projec-
tive plane, general surfaces in IP’(%S and general K3-surfaces, on products of curves,
and on a subclass of geometrically ruled surfaces.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3490 THOMAS KEILEN

2.1. Surfaces with Picard Number One.
Theorem 2.1. Let X be a surface such that
(i) NS(X) = L - Z with L ample, and

(i) R'(X,C) = 0, whenever C is effective.

Let D € Div(X), let S1,...,S, be pairwise distinct topological or analytical sin-
gularity types and let kq, ..., k. € N\ {0}.

Suppose that
(2.1) D — Ky is big and nef,
(2.2) D + Ky is nef,

(2.3) Z k; deg (X(S;)) < B+ (D — Kx)? for some 0 <3 <2, and
i=1

(2.4) Z k; deg (X(Si))2 <~-(D = Kx)?, where

(1Jm/1—4;3)2.L2
7 = Tx(Ox)fmax{0,2-Kx L} 16 L2"

Then either VliD’"’l"(qul, oy ke Sy) is empty or it is drreducible of the expected
dimension. ([

Remark 2.2. If we set

36c _ 4-x(0x) +max{0,2- Ks.L} + 6 - L*
y=——— with a= )
(B +4)? L2
then a simple calculation shows that (2.3) becomes redundant. For this we have to
take into account that deg (X (S)) > 3 for any singularity type S. The claim then

follows with 8 = % < i. O

We now apply the result in several special cases.

Corollary 2.3. Letd > 3, let L C IP’%Z be a line, and let S1,...,S, be topological
or analytical singularity types.
Suppose that

ideg (X(S5))* < £ - (d+3)°

Then either VlffL’"‘ (S1,...,8,) is empty or it is irreducible and T-smooth. O

Many authors were concerned with the question in the case of plane curves with
nodes and cusps or with nodes and one more complicated singularity or simply
with ordinary multiple points; cf. e.g. [Sev21]|, [AC83|, [Har85|, [Kan89a|, [Kan89b],
[Ran89], [Shu9lb|, [Shu9lal], [Bar93|, [Shud4], [Shu9d6b|, [Shudbal, [Wal96], [Los9s|,
[GLS98al, [GLS98b|, [Bru99], [GLS00]. Using techniques particularly designed for
these cases they get of course better results than we may expect to.

The best general results in this case can be found in [GLS00] (see also [Los98],
Corollary 6.1). Given a plane curve of degree d, omitting nodes and cusps, they get

S (s +2) <y &

i=1
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as the main irreducibility condition, where 7%(S;) = 7(S;) in the analytical case
(respectively, 7(S;) = 7¢%(S;) in the topological case). By Subsection [[2 we know
that pu(S;) < 2-7°°(S;). Thus, in view of (I2Z), (L3), (L) and of Theorem 1] we
get the sufficient condition
T
ST (r(S) +2)" < &Y - (d+3)?,
i=1
which has the same asymptotics. However, the coefficients differ by a factor of
about 26.
A smooth complete intersection surface with Picard number one satisfies the
assumptions of Theorem 2.J1 Thus by the Noether Theorem of the result applies
in particular to general surfaces in IP’(%S.

Corollary 2.4. Let ¥ C IE”%S be a smooth hypersurface of degreen > 4, let H C X be
a hyperplane section, and suppose that the Picard number of % is one. Letd > n—4
and let Sy, ..., S, be topological or analytical singularity types.

Suppose that

- 6- (n® —3n%+8n —6) -n?
Zdeg(X(Si))2< ( )2 (d+4—n)%
= (n3 —3n? +10n — 6)
Then either ﬁ}’}‘ (S1,...,8y) is empty or it is irreducible of the expected dimen-
ston. O

We would like to thank the referee for pointing out the following example of
reducible families Vli,?l’(?)Al) of nodal curves on surfaces in ]P’%J.

Example 2.5. If ¥ C ]P’%3 is a general surface of degree n > 4, then there is a
finite number N > 1 of 3-tangent planes to . However, every 3-tangent plane cuts
out an irreducible 3-nodal curve on ¥, and since the Picard group is generated by
a hyperplane section H, every 3-nodal curve is of this form. Therefore, V"E"“(Z%Al)
consists of N distinct points. It is thus reducible, but smooth of the expected
dimension
dim (V%7 (341)) = dim [H|; — 3 = 0.
Note that in this situation for C' € VIZT (341) and z € Sing(C) we have Jx(cy/s,. =
mé ., and thus
h (S, Ix(c)=(H)) =6 > 0.
Virr,reg

Therefore, | (34;) = (. The parameter space B is just Sym®().

A general K3-surface has Picard number one and in this situation, by the Kodaira
Vanishing Theorem, ¥ also satisfies the assumption (ii) in Theorem 211

Corollary 2.6. Let ¥ be a smooth K3-surface with NS(X) = L - Z with L ample
and set n = L?. Let d >0, D ~, dL and let Sy, ...,S, be topological or analytical
singularity types.

Suppose that

T
2 Bdn?+T72n
deg (X(S))? < 220 2y,
; ez (X(51) Snr1zz @77

Then either VliD’"’l"(Sl, ..., Sp) is empty or it is irreducible of the expected dimen-
ston. O
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2.2. Products of Curves. If ¥ = (1 x (5 is the product of two smooth projective
curves, then for a general choice of C7 and C3 the Néron—Severi group will be
generated by two fibres of the canonical projections, by abuse of notation also
denoted by C7 and Cs. If both curves are elliptic, then “general” just means that
the two curves are non-isogenous.

Theorem 2.7. Let Cy and Cs be two smooth projective curves of genera g1 and gs,
respectively, with g1 > g2 > 0, such that for ¥ = C1 x Cs the Néron—Severi group
is NS(X) = C1Z & CLZ.

Let D € Div(X) such that D ~, aCy + bCs with a > max{2ga — 2,2 — 2g2} and
b > max{2g1 —2,2—2g1}, let S1,..., S, be pairwise distinct topological or analytical
singularity types and k1, ...,k € N\ {0}.

Suppose that

(2.5) Z k; deg (X(Sz))z < 7v- (D — KE)Q,

a=29512 ).

where v may be taken from the following table with o = )

‘91‘92‘ v ‘

1

0 0 51

1

1 0 max{32,2a}
2 0

1 1

1
max{24+16g1,4g1 '}
1

2
max {32,204,5}
>2|>1 !

max{24+1691 +16g2,4gla,4%}

Then either VliD”lr(lel, ooy ke S) s empty or it is irreducible of the expected
dimension. O

Only in the case ¥ = IP%l X P(?él we get a constant v which does not depend on
the chosen divisor D, while in the remaining cases the ratio of a and b is involved
in . This means that an asymptotical behaviour can only be examined if the ratio
remains unchanged.

2.3. Geometrically Ruled Surfaces. Let 7 : ¥ = P(£) — C be a geometrically
ruled surface with normalised bundle £ (in the sense of [Har77], V.2.8.1). The
Néron—Severi group of ¥ is NS(X) = CyZ @ FZ with intersection matrix (*18 (1)),
where F' & IP’%1 is a fibre of 7, Cy a section of m with Ox(Co) = Ope)(1), g = 9(C)
the genus of C, e = A% and e = — deg(e) > —g. For the canonical divisor we have
Ky ~q —2Cy+ (29g—2—¢) - F.

Theorem 2.8. Let w : X — C be a geometrically ruled surface with e < 0. Let
D = aCy 4 bF € Div(X) with a > 2, b > 29 —2+ %, and if g = 0, then b > 2.
Let S1,...,S8, be pairwise distinct topological or analytical singularity types and

kl,...,kTEN\{O}.
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Suppose that

. 2
(2.6) D kideg (X(S))” < v+ (D - Kx)?,
i=1
where v may be taken from the following table with oo = ﬁ > 0.
B
g e Y
1
0 0 34
1
1 0 max{24,2a}
1| -1 1 [
max { min {30+L—6+4(y,40+9a},%(y}
1
>2 0 max{24+16g,4ga}
>2]<0 !

max { min {24+16g—9ea,18+16g—9e(x— % } ,4goz—96a}

Then either |iD”|T(k181,...,krS,«) is empty or it is irreducible of the exrpected
dimension. ([

Once more, only in the case g = 0, i.e., when ¥ & ]P’%1 X Pg, we are in the
lucky situation that the constant v does not at all depend on the chosen divisor D,
whereas in the case g > 1 the ratio of a and b is involved in «. This means that an
asymptotical behaviour can only be examined if the ratio remains unchanged.

If ¥ is a product C x IP’%I, the constant + here is the same as in Section [Z2

In [Ran89] and in [GLS984] the case of nodal curves on the Hirzebruch surface
[, is treated, since this is just IP’;Og blown up at one point. F; is an example of a
geometrically ruled surface with invariant e = 1 > 0, a case which we so far cannot
treat with our methods, due to the section with self-intersection —1. However,
it seems to be possible to extend the methods of [GLS98a] to the situation of
arbitrary ruled surfaces with positive invariant e, at least if we restrict ourselves to
singularities that are not too bad.

2.4. The Proofs. Our approach to the problem proceeds along the lines of an
unpublished result of Greuel, Lossen and Shustin (cf. [GLS98b]), which is based on
ideas of Chiantini and Ciliberto (cf. [CC99]). The basic ideas are in some respect
similar to the approach used in [GLS00], replacing the “Castelnuovo-function” ar-
guments by “Bogomolov instability”.

We first show that the open subscheme V¥™7¢9 = V‘iDT‘r’Teg(lel, ooy krSy) of

v = ‘iDT"’(lel, ..., k:S,), and hence its closure V@rred in V" is always ir-
reducible (cf. Theorem B.Tl), and then we look for criteria which ensure that the
complement of Virmres in V" is empty (cf. Section H). For the latter, we consider
the restriction of the morphism ¥ : V — B (cf. Subsection [[H) to an irreducible
component V* of V¥ not contained in Vémred. From the fact that the dimen-
sion of V* is at least the expected dimension dim (V““’"”“eg)7 we deduce that the
codimension of B* = \I/(V*) in B is at most Al (Z,jx(c)/E(D)), where C' € V*
(cf. Lemma 7). Tt thus suffices to find conditions that contradict this inequality,
that is, we have to get our hands on codimp(B*). However, on the surfaces that
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we consider, the non-vanishing of h' (Z, Ix)/s (D)) means in some sense that the
zero-dimensional scheme X (C') is in a special position. We may thus hope to realise
large parts X? of X (C) on curves A; of “small degree” (i = 1,...,m), which would
impose at least #X? — dim |A;|; conditions on X (C), giving rise to a lower bound
Y #XP —dim|A;]; for codimp(B*). The X’s and the A;’s are found in Lemma
Bl with the aid of certain Bogomolov unstable rank-two bundles. It thus finally
remains (cf. Lemmata .3, B4 and [£.6)) to give conditions that imply

S #X — dim Al > B, Txeys (D))
i=1

These considerations lead to the following proofs.

Proof of Theorem [Z1l We may assume that V" is nonempty. By Theorem B it
suffices to show that V¥ = Virrreg,

Suppose the contrary, i.e., there is an irreducible curve Cy € V" \ Virrreg; in
particular, ht (E, jXO/Z(D)) > 0 for Xg = X(Cp). Since

deg(X,) = Z k; deg (X (S))),

and )y, (deg(Xoyz))2 =3 kideg(X (Si))z, the assumptions (0)—(3) of Lemma
T and (4) of Lemma[43 are fulfilled. Thus Lemma implies that C satisfies
condition (ATI9) in Lemma A7, which it cannot satisfy by the same lemma. Thus
we have derived a contradiction. O

Proof of Theorem [2.7 The assumptions on a and b ensure that D — K is big and
nef and that D+ K is nef. Thus, once we know that (Zh) implies condition (3) in
Lemma [T we can do the same proof as in Theorem 1], just replacing Lemma,
by Lemma 41

For condition (3) we note that

Zki deg (X(85;)) < Zki : (deg (X(Si)))Q < 5 (D—-Ks)*<1-(D-Kx).

O

Proof of Theorem [Z8 The proof is identical to that of Theorem [Z7] just replacing
Lemma 44 by Lemma F6 O

2.5. Some Remarks. What are the obstructions to our approach?

First, the Bogomolov instability does not give much information about the curves
A; apart from their existence and the fact that they are in some sense “small” com-
pared with the divisor D. We are thus bound to the study of surfaces where we
have a good knowledge of the dimension of arbitrary complete linear systems. Sec-
ond, in order to derive the above inequality, many nasty calculations are necessary
which strongly depend on the particular structure of the Néron—Severi group of the
surface, that is, we are restricted to surfaces where the Néron—Severi group is not
too large and the intersection pairing is not too hard (cf. Lemmata B3, €4 and
Ed). Finally, in order to ensure the Bogomolov instability of the vector bundle
considered throughout the proof of Lemma [l we heavily use the fact that the
surface . does not contain any curve of negative self-intersection, which excludes
e.g. general Hirzebruch surfaces.
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If the number of irreducible curves of negative self-intersection is not too large,
one might overcome this last obstacle with the technique used in [GLS98a]. That
is, we would have to show that under certain additional conditions the singular
points of the considered curves could be independently moved; in particular, they
could be moved off the exceptional curves—more precisely, the subvariety of V"
of curves whose singular locus does not lie on any exceptional curve is dense in
Virr. For this, one basically just needs criteria for the existence of “small” curves
realising a zero-dimensional scheme slightly bigger than the equisingularity scheme
(respectively, the equianalytical singularity scheme) of the members in V¥". For
example, in the case of curves with r nodes, that means the existence of curves
passing through r arbitrary points and having multiplicity two in one of them.

In Section [§] we not only prove that V™7e9 is irreducible, but also that this
indeed remains true if we drop the requirement that the curves should be irreducible,
i.e., we show that V"¢ is irreducible. However, unfortunately our approach does
not give conditions for the emptiness of the complement of V7¢9, and thus we cannot
say anything about the irreducibility of the variety of possibly reducible curves in
| D|; with prescribed singularities. The reason for this is that in the proof of Lemma
EETl we use the Bézout Theorem to estimate D - A;.

3. Virmred 13 IRREDUCIBLE

We now show that V779 is always irreducible. We do this by showing that
under ¥ : V — B every irreducible component of V*""¢9 is smooth and maps
dominant to the irreducible variety B with irreducible fibres.

Theorem 3.1. Let D € Div(X), S1,...,S, be pairwise distinct topological or ana-
lytical singularity types and ki, ..., k. € N\ {0}.

If VlzDrlr’reg(lel, ..., krS;) is nonempty, then it is a T-smooth, irreducible, open
subset of mg((klsl, .., k:S,) of dimension dim |D|; — 307 k; deg (X*(S;)).
Proof. Since V‘iDT’Teg(klsl, ..., k.S,) is an open subset of Verelg(klsl, o kS =
Vred it suffices to show the claim for V"¢,

Let us consider the following maps from Subsection [.5}

U= \I/D(k;lsl,...,k,«&n) V= V‘D‘(lel,...,krS,a) —>B(k181,,,,7k7n8r)

and
Q)ZJ = @[J(k‘lsl, ey krSr) : B(lel, ey krSr) —_— Hllb% .

Step 1: Every irreducible component V* of V"% is T-smooth of dimension
dim|D|; — Y7, k; deg (X*(S;)). By [Los98], Proposition 2.1 (c2), V* is T-smooth
at any C' € V* of dimension dim [D|; — deg (X*(C)), since k' (Z, Tx-/s(D)) = 0.
Note that deg (X*(C)) = Y.i_; k; deg (X*(S;)) only depends on kiSi,..., kS,
(cf. Subsection [L3]).

Step 2: V" is open in V. Let C € V"%, then h' (E,jx(c)/E(D)) = 0. Thus
by semicontinuity there exists an open, dense neighbourhood U of X (C) in Hilby,
such that h! (3, Jy/s(D)) = 0 for all Y € U. But then ¥~!(p=1(U)) C V"% is an
open neighbourhood of C' in V', and hence V" is open in V.

Step 3: VU restricted to any irreducible component V* of V" is dominant. Let
V* be an irreducible component of V"% and let C € V*. Since U~ (¥(C)) is an
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open, dense subset of }jx(c)/g(D)|l and since h! (E, jX(C)/Z(D)) =0, we have
dim U~ (¥(C)) = h°(Z, Tx(c)/=(D)) — 1 =dim|D|; — deg (X (C)).

By Step 1 we know the dimension of V* and by Subsection we also know the
dimension of B. Thus we conclude

dm¥(V*) = dimV* —dim ¥ (¥(C))

= (dim|D[; — deg X*(C)) — (dim|D|; — deg X (C))

deg (X(C)) — deg (X*(C)) = dimB.

Since B is irreducible, \I/(V*) must be dense in B.

Step 4: V"% isirreducible. Let V* and V** be two irreducible components of V"¢9.
Then \I/(V*) N \I/(V**) # (), and thus some fibre F' of ¥ intersects both, V* and
V**. However, the fibre is irreducible and by Step 1 both V* and V** are smooth.

Thus F must be completely contained in V* and V**, which implies that V* = V**
since both are smooth of the same dimension. Thus V"% is irreducible. O

4. THE TECHNICAL DETAILS

The following lemma is the heart of the proof. Given a curve C' € |D|;, whose
(analytical) singularity scheme X = X (C) is special with respect to D in the sense
that h! (Z, TIxo/s (D)) > 0, provides a “small” curve A; through a subscheme X7}
of Xy, so that we can reduce the problem by replacing Xy and D by X, : A; and
D — A; respectively. We can of course proceed inductively as long as the new
zero-dimensional scheme is again special with respect to the new divisor.

In order to find A; we choose a subscheme X? C Xy that is minimal among
those subschemes special with respect to D. By Grothendieck—Serre duality,

H'(Z, Txy/s(D)) = Ext' (Txo5(D — Kx), Ox)
and a nontrivial element of the latter group gives rise to an extension
0—Ox — E — jxg/z(D—Kg) — 0.

We then show that the rank-two bundle F; is Bogomolov unstable and deduce the
existence of a divisor A{ such that

H° (2, Txo/s(D — K5 — A?)) £0,

that is, we find a curve A; € ‘jxg/z(D — K — A(l))|l.

Lemma 4.1. Let ¥ be a surface such that any curve C C X is nef. (Assumption
(%))
Let D € Div(X) and Xo C X a zero-dimensional scheme satisfying

(0) D — Ky, is big and nef, and D + Kx, is nef,

(1) 3Cy € |D|; irreducible : Xo C Cp,

(2) hl (E, jXO/Z(D)) > 0, and

(3) deg(Xo) < B+ (D — Kx)? for some 0 < 8 < 1.

Then there exist curves Ay, ..., A, C X and zero-dimensional locally complete
intersections X? C X;_1 NA; fori = 1,...,m, where X; = X;_1 : A; fori =
1,...,m, such that

(a) h! (2, Tx,s(D =T, Ai)) —0,
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and fori=1,...,m
(b) (S Txoyn(D = i AY)) = 1,
(¢) D.A; > deg(X;—1NA;) > deg (X?) > (D — Kx — Y4y Ar).A; > A2 >0,
(d) (D= Ks =>4y Ak —Ai)* >0,
() (D—Ks =341 Ax—2A).H >0 forall He Div(X) ample, and
(f) D — Kx — >, Ay is big and nef.

Moreover, it follows that

(4.1) 0<i(D-Ky)? Zdeg X?) < (% (D - Kx) ZA1>
i=1

Proof. We are going to find the schemes A; and X! recursively. Let us therefore
suppose that we have already found Aq,...,A; 1 and X{,..., X? | satisfying (b)-

(f), and suppose that still h' (Z, IXi 1 /5 (D - 22;11 Ak)> >0
We choose minimal X C X; ; such that h' (Z, Ixo/s (D — 22;11 Ak)) > 0.
Step 1: h1<2,jX9 (D=, Ak)) =1, i, (b) is fulfilled.
Suppose it was strictly larger than one. By (0), respectively (f), and by the Kawa-
mata—Viehweg Vanishing Theorem we have h! (Z, Osx; (D — 22;11 Ak)> =0.

Thus X? cannot be empty, that is, deg (X 9 ) > 1 and we may choose a subscheme
Y C X? of degree deg(Y) = deg (X?) — 1. The inclusion Jxo < Jy implies

ho (E, Txo/s (D - 22;11 Ak)> < R (Z, Ty (D — 22;11 Ak)> and the structure
sequences of Y and X? thus lead to

Bl (E,jy/z(D — Zi_:l Ak)) > nt (E,ij/E(D - Z::ll Ak)) -1>0

contradicting the minimality of X 0
Step 2: deg (XO) < deg(Xp) — k 1 deg(X;c 1 NAg).
The case i = 1 follows from the fact that X C Xj, and for i > 1 the inclusion
X,? g Xi—l = Xi_g : Ai—l implies
deg (X,LO) < deg(Xi,g : Aifl) = deg(Xi,g) — deg(Xi,g n Aifl).
It thus suffices to show that
i—1

deg(Xi_g) — deg(Xi_g N Ai—l) deg X() Zdeg X1 N Ak)
k=1

If ¢ = 2, there is nothing to show. Otherwise X; o = X;_3: A;_o implies
deg(Xi,g) — deg(Xi,g n Aifl)
= deg(X;—3:A;j2) —deg(X;2NA;_1)
= deg(X;_3) —deg(Xi—3NA;_3) —deg(X;—2NA;_1)

and we are done by induction.
Step 3: There exists a “suitable” locally free rank-two vector bundle E;.
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By the Grothendieck—Serre duality we have

0 H' (%, T/ (D - Zl:l Ay)) = Bxt! (Txp (D K - Z:l A),0s).

That is, there exists an extension

i—1
(4.2) OHOZﬁEi—)jX?/E(D—KE—Zk 1Ak)—>0.

The minimality of X implies that Ej is locally free and hence that X! is a locally
complete intersection (cf. [Laz97]),

i—1
(4.3) c1(E;)=D—Ks— Y Ay and c(E;) = deg (X))

k=1
Step 4: E; is Bogomolov unstable.
According to the Bogomolov Theorem we only have to show that c;(E;)? > 4cz(E;)
(cf. [BogT9] or [Laz97], Theorem 4.2). Since (48 — 1) - (D — Kx)? < 0 by (3) and
since A? > 0 by Assumption (x), we deduce:

i—1
deo(Ey) = 4deg (X7) §Step , 4deg(Xo) — 4Zdeg(Xk,1 NAg)
k=1
i—1 k i—1
2 | 2
< gy WD = K)? = 2 A (D-Ks— ZAJ 23 A}
k=1 Jj=1 k=1
i—1 2
— (D—KZ—ZAk> + (A48 —-1)- (D - Kx)? ZAQ
k=1
i—1 2
S <D — KZ — ZAk> = Cl(Ei)Q.
k=1

Step 5: Find A;.
Since FE; is Bogomolov unstable, there is a 0-dimensional scheme Z; C ¥ and a
AY € Div(%) such that

(4.4) 0— Os(AY) = E; = Tz, (D - Ks — 22;11 Ay — A?) —0

is exact and such that 4 )
(d') (249 = D+ Kx + Y575 Ax)” > e1(Ei)? — 4 c2(E;) > 0, and

(¢) (2A? = D+ Ks + Y3, Ay).H > 0 for all H € Div(X) ample.
Tensoring (£4)) with 02( - A?) leads to the following exact sequence:

(1) 0 0n B 80 = g (D s 30 A2t

and we deduce that h° (Z Ei( - AQ)) # 0.
Now tensoring ([AZ) with Ox ( — AY) leads to

(46) 0— Os(— AY) — (= A9) — Txass (D N Y A?) Y
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By (€’), and (0), respectively (f),
i—1
—AVH < —3(D— Kz =) Ay).H<O0
k=1
for an ample divisor H. Hence —A? cannot be effective, that is, H° (E, —A?) =0.
But the long exact cohomology sequence of (@8] then implies

0 # HO(Z,Ei(—A?)) — HY (E,jxg/z (D_KE —Z:l Ay —A?)) )

In particular, we may choose A; € ‘jX?/Z (D - Ks — Z_:ll Ay — A?)

Step 6: A; satisfies (d)—(f).
We note that by the choice of A; we have the following equivalences:

l.

(4.7) A~ D= K5 =Y Ay,
k=1
i—1 Q
(48) A?—AiN[2A?—D+KZ+ZAkN[D—KZ—ZAk—Ai.
k=1 k=1

Thus (d) and (e) is a reformulation of (d') and (¢).
Moreover, since (A? — Ai).H > 0 for any ample H, we have (A? — Ai).H >0
for any H in the closure of the ample cone; in particular,

(4.9) A?.H >A;.H >0 for all H nef,

since A, is effective. Finally, since by assumption (*) any effective divisor is nef,
we deduce that AY.C' > 0 for any curve C, that is, A? is nef. In view of (L7) for
(f) it remains to show that (A?)Q > 0. Once more taking into account that A; is
nef by (*) we have by (d’), (438), and (4.9),

(A2)? = (A9 — A) + (A2 — A)).A, + AY.A; > 0.

Step 7: A; satisfies (c).

We would like to apply the Bézout Theorem to Cy and A;. Thus suppose that the

irreducible curve Cy is a component of A; and let H be any ample divisor.
Applying (d) and the fact that D + Ky is nef by (0), we derive the contradiction

i—1
1 1
OS(AZ‘—C()).H<—§' <D+Kz+ E Ak> .Hg—i'(D—i—KZ).HSO.
k=1

Since X; 1 C Xy C Cp, the Bézout Theorem therefore implies
D.A; = Cy.A; > deg(Xi—1 NA;).
By definition Xi0 C X;_1 and Xi0 C A;. Thus
deg(Xi—1 N A;) > deg (X7).
By assumption (*) the curve A, is nef and thus (@3] gives

<D — Ky — ZAk> A =AYA > AT >0.
k=1
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Finally from (d’) and by (@3) it follows that
(A2 = 80) 2 e1(B)? — 4 ca(B) = (A2 + )7 — 4 deg (X)),

and thus deg (X?) > AY.A,.
Step 8: After a finite number m of steps, h' (Z, TIx,./s(D =30, Az)) =0.
As we have mentioned in Step 1, deg (Xio) > (0. This ensures that

deg(X;) = deg(X;—1) —deg(X;—1 NA;) < deg(X;_1) — deg (X?) < deg(X;-1),

i.e., the degree of X; strictly decreases each time. Thus the procedure must stop
after a finite number m of steps

Step 9: It remains to show (@I).

By assumption (*) the curves A; are nef; in particular, A;.A; > 0 for all 4, j. Thus
(c) implies

ideg(XO i D — KZ—ZAk) A,
i=1 =1 k=1

But then, taking condition (3) into account,

0 < 3(D - Kx)? = deg(Xo) < §(D — Kx)* = ) deg (X7)

)
i=1

INA
N
E
|
=
“
|
E
|
=
“
Mz
s
+
PR
NE
s
N———

O

It is our overall aim to compare the dimension of a cohomology group of the form
ot (Z, jXO/Z(D)) with some invariants of the X? and A;. The following lemma
will be vital for the necessary estimates.

Lemma 4.2. Let D € Div(X) and let Xo C ¥ be a zero-dimensional scheme such
that there exist curves Aq,...,An, C X and zero-dimensional schemes X2 C X; 4
fori=1,....m, where X; = X;—1 : A; for i = 1,...,m, such that (a)-(f) in
Lemma[7.]] are fulfilled.
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Then:

NE

1—1
W (2, Tx,/u(D)) < ) bt (Ai, TIxi nas/a; (D — Zk:l Ak))

1

.
I

NE

< (1 + deg(X;—1 N A;) — deg (X?))

1

.
I

<

(Ai- (Kz-f—zi:Ak)-f—l).

I

@
I
—

Proof. Throughout the proof we use the following notation:
i—1

Gi = JIx,_1nai /A, (D - Zk:l Ak) and G = Jxo)a, ( Zk L Ak)

fori=1,...,m,and for i =0,...,m,

Fi = Txis (D - Ak) :

Since X;y1 = X; : A;41, we have the following short exact sequence:

A
(4.10) 0 Fip1 ——=F; Git1 0

for i =0,...,m — 1 and the corresponding long exact cohomology sequence
(4.11)

0—— HO(Ev}—iJrl) - HO(Ev}—i) - HO(Ea giJrl) - Hl(zafiJrl)

0=H*(8,Gip1) <= H*(Z, Fi) == H* (3, Fin) < H'(S,Gipr) <— H(S, F)
Step 1: h!(Z,F) < >t hY(%,G;) fori=0,...,m—1.
We prove the claim by descending induction on i. From (ZI1l) we deduce

0= Hl(zafm) —>H1(E,]—-‘m,1) %Hl(zagm)a

which implies h*(3, F—1) < hY(X, Gn) and thus proves the case i = m — 1.

We may therefore assume that 1 < ¢ < m —2. Once more from (I1]) we deduce

= ho(zv}—ﬂrl) - ho(zafl) + ho(zagiJrl) >0

and
b= hQ(E,}—i_g.l) - h2(27]:i) > 0
and finally,
WS F) = hH(E,Gin) +hH (5, Fin) —a—b < hH(S,Givr) + 1 (S, Fipn)
éInd4 E gl*’rl Z hl E gj = Z hl(z’g‘])
j=i+2 J=i+1

Step 2: h'(A;,G;) = hO(A;, G;) — X(OA,; (D - 22_111 Ak)) + deg(X;-1 N A).
We consider the exact sequence

i—1

i—1
0—=G; — Oa, (D — Zk:lAk) — Ox, 1Ay A (D — Zk:lAk) —0.

The result then follows from the long exact cohomology sequence.
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Step 3: h°(A;,G0) — X(OAi (D-yit Ak)> = h1 (A, G0) — deg(X?).

This follows analogously, replacing X;_1 by X?, since X? = X? N A;.

Step 4: h1(A:,67) < bt (3, Txos(D = SiZi A)) = 1.

Note that X? : A; = (), and hence Ix0.a,/x = Os. We thus have the following
short exact sequence:

i—1

7 Ay
(4,12) 0 — Ox (D — ZklAk> — j);?/g (D — ZklAk) — g? — 0.

By assumption (f) the divisor D — Ky — ZZ=1 Ay is big and nef and hence

0= hO(Z,Oz( — D+ Kx, + ZAk)) = hQ(Z,Oz(D — ZAk)>
k=1 k=1
Thus the long exact cohomology sequence of [{I2) gives
i—1
HY (2, Txos (D=3 AW)) —H'(80,G7) —>0
and
i—1
hl (Ai; g’?) S hl (Ev jX?/Z (D - ZklAk)> :
However, by assumption (b) the latter is just one.
Step 5: hl(Ai, gz) <14 deg(Xi_l N Az) — deg (XZO)
We note that G; — G, and thus h°(A;,G;) < h°(A;,GY). But then
hl(Ai,gi) ht (Az,g,?) — deg (X,LO) +deg(Xi_1 NA;)
1 —deg (X?) + deg(X;—1 N A).

<
~ Step 2/3

<
~— Step 4

Step 6: Finish the proof.

Taking into account that h*(X, G;) = ht(A;, Gi), since G; is concentrated on A;, the
first inequality follows from Step 1, while the second inequality is a consequence of
Step 5, and the last inequality follows from assumption (c). O

In Lemmata 3] 4] and we consider special classes of surfaces which allow
us to do the necessary estimates in order to finally derive

m

> (#X) = dim |A];) > b (S, Tx,/s(D)).

i=1
We first consider surfaces with Picard number one.

Lemma 4.3. Let X be a surface such that
(i) NS(¥) = L-Z and L is ample, and
(i) RY(X,C) = 0, whenever C is effective.
Let D € Div(X) and let Xo C X be a zero-dimensional scheme satisfying (0)—(3)
from Lemma [{.1] and

2
2 14+v1=48) -L?
(4) Zzez (deg(XOJ)) <7 (D - KE)Q) where Y= 4~X(OZ)(+111ax{0,2~)K'2.L}+6~L2 .
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Then, using the notation of Lemma[f_]] and setting Xs = |J,-; X?

hl (Z7JXO/Z(D)) + Z (ho(z, Og(Az)) - 1) < #Xg.

i=1

Proof. We fix the following notation:

Drgd-L, Ks~gk-L, Aj~gd;i-L, andl=+VL2>0.

2
Furthermore, we have v = @, where
4-x(0s) +max{0,2- Kx.L} + 6 - L* X(Oz) + ”*‘3 if Kk >0,
o= _ [
4-L2 X(Z‘ZZM%, it k<0,

Step 1: By (i ) ¥ satisfies assumption (*) of Lemma E1l
Step 2: Y, 6,1 < Gt | JURREqeg(xg), by @),

Step 5 115, 7, (D) < (- S0 0) -+ (S0 602+ X0, 82) -2+ m.
By Lemma E-2l we know that

(Ai.(Kz + Zi:Ak) + 1)

NE

h' (2, Ix, (D)) <

i=1 k=1
2
= .m )2 1 . . S 21 .72
— </<; ;51> B3 <;6> +;5i 2+ m.
Step 4: >, (hO(E Os(A ) )"‘12 Dim 07— TﬂZ:L Oi-

Since A; is effective by (11) ( 5 A) O Hence by Riemann-Roch

Z( EOZ )) )< -m-+m- XOZ +%Z KZA)
i=1 i=1
=m- (x(0x) —1) 2 ;53 ;5

Step 5: Finish the proof.
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In the following consideration we use that deg(Xs) < deg(Xo) < 8- (d — k)% - 1%

WY (S, Txo (D +Z (r°(z.0s(a0) 1)

o o S S (3]

i=1

2
2.2 2.2
(d Z) l _((d Z) l —deg(Xs))

2

<
Ul 4 JUEE — deg(X)
2
— 2 - deg(Xs))
)L+ +/(d— k)2 12—4-deg(Xs)
4a 2
< - (deg(Xs)
1+ V=T (0= (des(Xs)
= — deg(X
(D KZ ; eg SZ
#Xs
< deg(Xs ,)
< DR Zez; g(Xs,
_ #Xs
< (X Xs.
> D KE Zze;:deg Oz <(4) # S

The second class of surfaces that we consider are products of curves.

Lemma 4.4. Let Cy and Cy be two smooth projective curves of genera g1 and go,
respectively, with g1 > g2 > 0, such that for ¥ = Cy x Cs, the Néron—Severi group
is NS(X) = ChZ @© C2Z, and let D € Div(X) be such that D ~, aCy + bCq with
a > max{2gs — 2,2 — 2g2} and b > max{2g; — 2,2 — 2¢1}. Suppose moreover that
Xo C X is a zero-dimensional scheme satisfying (1)—~(3) from Lemma[{.]] and

2
(4) Zzez (deg(X()’Z)) < 7 (D - KE)Q;
where v may be taken from the table in Theorem[Z7.
Then, using the notation of Lemma[{.] and setting Xg = J;—, X?

(2, Jx, (D +Z( (2, 05(80)) = 1) < #Xs.

Proof. Then Ky, ~, (292 — 2) - C1 + (291 — 2) - C2 and we fix the notation:
A; ~g a;C1 + b;Co, K1 =a—2g2+2 and /@2=b—2g1—|—2.

Step 1: ¥ satisfies assumption (*) of Lemmal[ZJl Moreover, due to the assumptions
on a and b we know that D — K is ample and D + Ky, is nef, i.e., (0) in Lemma
BT is fulfilled as well.

Step 2a: (%) iy b+ (%) >imy a; < deg(X).
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Let us first notice that the strict inequality “<” in LemmaT](e) for ample divisors
H comes down to “<” for nef divisors H. We may apply this for H = C; and
H = (5 and deduce the following inequalities:

(413) 0§<D_KE_ZAI€_A1'> .Clzﬂg—Zbk—bi
k=1

k=1
and
K3 K3

(4.14) OS(D—Kg—ZAk—Ai>.ngml—z:ak—ai.

k=1 k=1
For the following consideration we choose ig, jo € {1,...,m} such that a;, > a; for
alli=1,...,mand bj, > b; forall j =1,...,m. Then
(4.15) k1 >2a; and kg > 2b;

for all 4,5 =1,...,m; finally (E13)-(415) lead to

deg XS Zdeg XO >Lemma|23:|(c) Z <D Ks — ZAk>
i=1 k=1
= Iﬁ:lzbi-l—ligzai —iaibi —ialzm:bz
=1 i=1 =1 =1 i=1

3

vV

K1 Ko . b,
1 2
B 23 2
i=1 i=1 i=1
= i 4 ;.
i=1 i=1

m m 2
Step 2b: 37", ;- 3 bi < 5z - (deg(Xs))
Using Step 2a we deduce

L m
a; — E a;b;
1 i=1

=

(deg(XS))2 > (% . Z;ai + % : Z;@)
D]

i=1
(D — Kg iaz Zb

Step 2c: Z:n:1 a; < (D— K )? ( 8( S)) 217-1 i
D= K_)2 : (deg(Xs)) ,  otherwise.
If E:”:l b; = 0, then the same consideration as in Step 2a shows that

deg(Xs) > k2 - Y _a; >0,
i=1

m 2
Dl N0 < w3 (Z m) (deg(Xs))”.

and thus

i=1
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If > b; # 0, then we are done by Step 2b.

2

TR (deg(Xs)) ;i a =0,

(D% (deg(XS)) , otherwise.

This is proved in the same way as Step 2c.

Step 3: 1! (X, Tx, (D)) < 23500, i 3002 bit (201 -2) 1oL @i +(292-2) 302, bit
m.

The following sequence of inequalities is due to Lemma [£2 and the fact that
A; A; >0 for any 4,5 € {1,...,m}:

Step 2d: >_1" b; <

I A
A
s LD
g
M3 -
/|
NE
g
~—
_l_
3

+ (292 —2) - Zb +2. Zaz Zb +m.

Step 4: We find the estimate > /", (ho (Z, Og(Ai)) - 1) < f3, where

=1

Dy 2ty b+ b, i gr=1,92=0,
5= Soriai >t bi—m, ifgi=1,90=1,3ip : a; b, >0,
Sriai+ Yy bi—m, ifg=1g=1VYi: ab; =0,
Soai > b+ > ai+ Y b, otherwise.
In general h° (E Os(A,; )) < a;b; +a; + b; + 1, whereas if gy = 1, go = 0, we have

(E, Ox(A Z)) = a;b;+b;+1. It thus only remains to consider the case g1 = go = 1,
where we get

DS, 05(A)) = Y abi+ Y bit Zaz
i=1 a;i,bi>0 a; =0

If always either a; or b; is zero, we are done. Otherwise there exists some iy €
{1,...,m} such that a;, # 0 # b;,. Then looking at the right-hand side we see

ihO(Z,(’)E(Ai)) < Y abitai - Y bitbi - Zaz <Zaz Zb
i=1 a;,b;>0 a;=0

Step 5: Finish the proof.
Using Step 3 and Step 4, and taking m < 2211 a; + b; into account, we get

R (3, Tx, (D)) + >0, (ho (2,0s(A)) — 1) < [, where 8/ may be chosen as

3- Zz lailzz lb if91:0592:0,
B=1< 33" a0 bi+>0 a;, ifgr=1,92=0,
3o mai > b 291> ai 292+ Y e b, i g1 > 2,90 > 0.
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For the case g1 = go = 1 we take a closer look. We find at once the following upper

bounds 3" for h' (2, Jx, (D)) + iy (ho (2,05(A)) — 1):

32;11 @ ZZL b, if ig aiobio #0,
2'2?;10,1"Zy;lbi-l—zy;lai-l—zy;lbi, ifViZaibiZO.
Considering now the cases Z:’;l a; #0 # Z:’;l b;, Z:’;l a; = 0 and Z:’;l b, =0,
we can replace these by

4370 a3 by i 3 @i A0 £ T b
pr<p =4 3" a, if S b =0,

> i bi, it 2™ a; =0.

Applying now the results of Step 2 in all cases we get

hl(EaJXo(D))+§(h0(2702(ﬁi))—1) < B < sptwge - (deg(Xs))’

BII —

2
MTlKE)z : <szeg(XS,z)> < % : Zz: deg(XS,z)2
zE zE

__#Xs | 2
< 7 (D—Kz)? Zgzdeg(XO,z) <(4) #X5s.

O

Remark 4.5. Lemma 4] and hence Theorem [Z7] could easily be generalised to
other surfaces ¥ with irreducible curves Cy, Co C ¥ such that NS(X) = C1Z @ CoZ

with intersection matrix (¢ §) once we have an estimate similar to

RO(Z,aCy +bCy) < ab+a+b+1

for an effective divisor aC7 + bCs.

With a number of small modifications, we are even able to adapt it in the follow-
ing lemma in the case of geometrically ruled surfaces with non-positive invariant e
although the intersection pairing looks more complicated.

The problem with arbitrary geometrically ruled surfaces is the existence of the
section with negative self-intersection, once the invariant e > 0, since then the proof
of Lemma [ no longer works.

In the following lemma we use the notation of Subsection 23|

Lemma 4.6. Let 7 : 3 — C be a geometrically ruled surface with invariant e < 0
and g = g(C), and let D € Div(X) be such that D ~, aCy + bF with a > 2,
b>29—24+ %, and if g = 0, then b > 2. Suppose moreover that Xg C X is a
zero- dzmenszonal scheme satisfying (1)—~(3) from Lemma[{_1] and

2
(4) Zzez (deg(X()’Z)) < v (D- KE)Z;
where v may be taken from the table in Theorem [2.8.
Then, using the notation of Lemmal[{1] and setting Xs = J;~, X}

(2, Jx, (D +Z( (3.05(a) ~ 1) < #Xs.
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Proof. Remember that the Néron—Severi group of ¥ is generated by a section Cjy
of m and a fibre F' with intersection pairing given by ( 7 (1)) Then Ky, ~, —2C) +
(29 — 2 —¢) - F and we fix the notation:

A; ~g a;Co + b;F

Note that then
a; >0 and b ::b{—gaizo.

ae

Finally, we set k1 =a+ 2 and ko = b+ 2 — 2g — & and get
(416) (D—Ks)*=—e-(a+22+2-(a+2) - (b+2+e—2g) =2k - ko.
Replacing the equations (LI3]) and (@I4)) by

i i

(4.17) Og<D—KE—ZAk—Ai>.(CO+§F):ﬁ2—Zbk—bi
k=1 k=1

and
(418) 0§<D—KE—ZA]€—A1> .F:m—Zak—ai,

k=1 k=1
the assertions of Step 1 to Step 2c¢ in the proof of Lemma L4 remain literally true.

2 m N\ 2
Step 2d: (Zal> m(deg(Xs)) and <z¥1bl) S m(deg(){s)) .
This follows from the following inequality with the aid of Step 2a and (£18)):

(deg(Xs))" 2 (% Litaas) + (5 - Sk
> g (V0 a;)” + 2 (S0 0,)

Step 3: h'(Z,Tx,(D)) <2-3 7 ai- Yt bi+(29—2)- 3 ai —2- >0 bi+m
is proved as Step 3 in Lemma,
Step 4a: If e = 0, we find the estimate

NgE!
&
NIE!
5
_|_
s
5
|
3
&
Il
NgE!
s
o
A

s
Il
-
-
Il
i
-
Il
i
-
Il
i

NIE!
8
NgE!
&
_|_
NgE!
Sa
I
\_O
=
Na
|
“)—‘
™
s
I

i( (3.05(a0) - 1) <

i=1

s
I
-
-
I
—
.
I
—
-
I
-

13

S &
o
MS

m
Z for g arbitrary.

s
Il
-
-
Il
i
.
Il
i

We note that in this case b; = b; and that b; = 0 thus implies a; > 0. But then

a;b; + b;, ifg=1,b; >0,
hO<E;OE(Ai)) < ab;+b;+1=1, ifg=1,b=0,
a;b; +a; +b; +1, otherwise.

The results for g arbitrary, respectively, g = 1 and Z:’;l b; = 0 thus follow right
away. If, however, some b;, > 0, then Ei# a;b; > by, Z#io a; > #{bi | b; = O}
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and hence

h0 (2, 0x(A Zazb +Zb +#{bi | b; =0}

—iai +§:b +#{bi [ b =0} = > aib; <Zaz Zb +Zb

i#]

Step 4b: If e < 0, we give several upper bounds for § = 37" | (ho (E, Ox, (Az)) —1):

[
NgE
£
M§

I
-
I
-

i=1

+EarEu-%(Le

= m a m 1=1m 2 m 2
Z + > b — 3% (Z ai> -5 (Z bi> , g arbitrary.
i=1 i=1 i=1 i=1

If g is arbitrary, the claim follows since a thorough investigation leads to

(Eb) +%(Zai) +1Yai+3 > b, ifg=1,
=1 =1
2

=@
IA
NgERS
)
NIERS
S‘

) , for g arbitrary,

-
Il

=
MS —

.
Il

MSM

3 1 3
(S, 05(A0)) < aib; +a; + by +1 - % - a?

and

(2 Os(A ))S

1 2 2
ik b—l—al—i—b—f—l— a—e'bi.
Ifg=1,then e = —1and b=+ £, and we are done since

RO (S, O5(A)) < agb + b + 1+ 2l | 6D
:§'aibi+§'bi +§~a?+i'ai+2~bi+1.

I—=

Step 5: In this last step we gather the information from the previous investigations
and finish the proof considering a bunch of different cases.
Using Step 3 and Step 4 and taking > .-, a; + b; < m into account, we get the

following upper bounds for 3’ = k' (X, Tx, (D)) + > i, (ho (2,05(A)) — 1).

m m m
32 a; ) bi+2g ) ai, ife=0,
i=1 =1 i=1 )
32@121)1—!—292@1—%(2@1) , ife<0,
i=1 i=1 i=1 i=1

)

N Ne]
NE
£
NIE
Sa
_|_
[\]
<«
NIE
£
|
gl
N |
NIE
£
[\
|
Sl
Q@
NIE
Sa
N——
[\
=
[9)
AN
(@)

3 < =1 =1 i=1 i=1 =1/
3Eaizbi, lf(EZO7 :1,Ebi7éo,

i=1 =1 i=1
m< > a, ife=0,9g=1,> b =0,

i=1 i=1

ife<0,9g=1.

[ ][
NIE
5
NgE!
Sa
_|_
[ I
A~
NgE!
o
N
[ V]
_|_
00—
A~
NJE
o
=
[ V]
_|_
N[
NgE!
5

s
I
-
.
I
—
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Applying now Steps 2b—2d we end up with ’B/'(Diw < ~. We thus finally get

deg(Xs))
W (2, Ix, (D)) + ; (hO(EaOz:(Ai)) - 1) =0 < soree (deg(Xs))”
= somyp (2 deg(Xs,z))2 < % - Y deg(Xs,2)?
z€X zEX

_ _#Xs | 2
v.(DJ?Z)Q z%:z:deg(XO’Z) <(4) #Xs.

It remains to show that the inequality that we derived cannot hold.

Lemma 4.7. Let D € Div(X), let S, ..., S, be pairwise distinct topological or ana-
lytical singularity types and let kq, ..., k. € N\{0}. Suppose that V‘ZDTT’Teg(lel, cee,
k.S;) is nonempty.

Then there exists no curve C € "'D”"T(k'lSl, e ke SE) N\ VliDrlr’reg(lel, oo krSy)

such that for the zero-dimensional scheme Xo = X (C) there exist curves Aq, ...,
A, C X and zero-dimensional locally complete intersections X? C X1 fori=
1,...,m, where X; = X;_1 : A\; fori=1,...,m, such that Xs = J;~, X9 satisfies

(4.19) R (2, Tx, (D)) + Em: (hO(E, Os(Ay)) — 1) < #Xs.
i=1

Proof. Throughout the proof we use the notation V" = VVDTT (k1S1, ...,k S,) and
yirnreg — ‘/‘ZDTT’Teg(lel, vy ke S).

Suppose there exists a curve C € V'™ \ Virrreg satisfying the assumption of the
lemma, and let V* be the irreducible component of V¥ containing C. Moreover,
let Co € Virmres,

In the following we consider the morphism from Subsection

U = \II‘D‘(/clSl,...,krSr) : ‘/|D|(k181;'~'7kr8r) — B(lel,...,krSr) = B.

Step 1: 1°(%, Ix(cy)/s(D)) = h°(2, Ix(c)/=(D)) = B (2, Ix(c)/s(D)).
By the choice of Cy we have

0=H"(Z, Tx-(cy)=(D)) = H'(Z,05(D)) — H'(E,0x+(cy) (D)) =0,
and thus D is non-special, i.e., h' (2, Ox(D)) = 0. But then
K (S, Tx(cy)=(D)) = B2 (2, Tx(c)y/=(D)) — k' (E, Tx(cys(D)).
Step 2: 1! (%, Tx(c)(D)) = codimp (¥(V*)).

Suppose the contrary, that is, dim (W(V*)) < dim(B) —ht (E, jX(C)/E(D))~ Then
by Step 1 and Theorem B1]

dim (V*) < dim (@ (V7)) +dim (01 (9(C)) )
< dlm(B) —ht (E, jX(C)/Z(D)) + RO (E, jX(C)/E(D)) -1
= dim(B) + hO(3, Tx(coyz(D)) — 1 = dim (Virrres)

However, any irreducible component of V" has at least the expected dimension
dim (V”’”’eg ), which gives a contradiction.
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codimp (\Il (V*)) > #Xg — Y i, dim|A;];. The existence of the sub-

schemes X? C X (C) N A; imposes at least #X! — dim|A,;|; conditions on X (C)
and increases thus the codimension of \II(V*) by this number.

Step 4:

hl(x,

[ACS3)

[Bar93]
[BogT79]
[Brugg)
[CC99]
[Che01]
[DHSS]
[F1a01]
[GK89)]
[GL96]

[GLS97]

[GLS98a]

[GLS98b]
[GLS98¢]
[GLS00]
[Har77]
[Har85]
[Kang9al

[Kan89b]

Collecting the results we derive the following contradiction:

3 *
Ix)(D)) =, codimp (fo(V ))

m
: 1
ZStepS #XS —Z;dlm|Ai|l ><m h (Z,jx(c)(D))
U
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