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ZERO ENTROPY, NON-INTEGRABLE GEODESIC FLOWS
AND A NON-COMMUTATIVE ROTATION VECTOR

LEO T. BUTLER

Abstract. Let g be a 2-step nilpotent Lie algebra; we say g is non-integrable
if, for a generic pair of points p, p′ ∈ g∗, the isotropy algebras do not commute:
[gp, gp′ ] 6= 0. Theorem: If G is a simply-connected 2-step nilpotent Lie group,
g = Lie(G) is non-integrable, D < G is a cocompact subgroup, and g is a
left-invariant Riemannian metric, then the geodesic flow of g on T ∗(D\G)
is neither Liouville nor non-commutatively integrable with C0 first integrals.
The proof uses a generalization of the rotation vector pioneered by Benardete
and Mitchell.

1. Introduction

Let Σ be a C∞ manifold, let Z(Σ) denote the set of C∞ Riemannian metrics on Σ
with zero topological entropy, and let I(Σ) denote those metrics with an integrable
geodesic flow. Following Paternain [18], we can ask the questions:

Question A: Is the set of integrable geodesic flows I(Σ) nonempty? Is the set of
zero-entropy geodesic flows Z(Σ) nonempty?
Question B: What is the topological structure of I(Σ), resp. Z(Σ)?

The recent example in [3] by Bolsinov and Tăımanov showed that I(Σ) 6⊆ Z(Σ).
In this paper, it is shown that the reverse inclusion is false, too: Z(Σ) 6⊆ I(Σ).
Thus, zero topological entropy is neither a necessary nor a sufficient condition for
integrability.

There are well-known topological obstructions to the existence of a zero-entropy
geodesic flow on a compact manifold: exponential word growth of the fundamen-
tal group and exponential growth of the Betti numbers of the loop space (over
any field) [18]. An interesting class of manifolds where neither of these two well-
known obstructions is effective is the class of nilmanifolds: quotients of nilpotent
Lie groups. The fundamental groups of these manifolds are of polynomial word
growth [1], and they are aspherical; so the loop space has trivial homology in all
but the 0-th group. This paper constructs 2-step nilmanifolds on which all left-
invariant geodesic flows are non-integrable, but their entropy is zero. It is unclear
if these manifolds admit any geodesic flows that are integrable. It seems likely that
they do not.
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There has been some work related to the theme of this paper. Eberlein, Lee
and Park, and Mast (amongst others) have studied the question of whether a left-
invariant Riemannian metric g on the two-step nilpotent Lie group G has a dense
set of periodic points on S(Γ\G) for all lattice subgroups Γ [10], [11], [15], [17].
One way to understand this work is that the authors use the integrability of the
geodesic flows in question to prove their results; the use of the formalism of the
Euler-Lagrange equations on TG rather than Hamilton’s equations on T ∗G obscures
this fact, however. In [4], [5], [6], explicit examples of integrable geodesic flows are
constructed on a number of families of 2-step nilmanifolds including those studied
in [10], [11], [15]. In [6] it is also shown that every left-invariant geodesic flow
on every 2-step nilmanifold has zero topological entropy. The paper [7] constructs
completely integrable, zero-entropy geodesic flows on an n-step filiform1 nilmanifold
for all n, thus proving that neither the step length nor the growth of the step
length relative to the dimension of the group is an obstruction to the existence of
integrable or zero-entropy geodesic flows. Finally, in [8], examples are constructed of
n-step nilmanifolds, n ≥ 3, with left-invariant metrics that have positive topological
entropy.

The present paper constructs explicit examples of 2-step nilmanifolds whose left-
invariant geodesic flows are not integrable.

Let us formulate the results of this paper more precisely. Let g be a Lie algebra
and p ∈ g∗; denote by gp = {x ∈ g : ad∗xp = 0}. The point p ∈ g∗ is regular if
dim gp is minimal; a pair of points p, p′ ∈ g∗ is generic if dim[gp, gp′ ] is minimal.

Definition 1.1. Let g be a 2-step nilpotent Lie algebra; g will be said to be non-
integrable if, for a dense set of generic pairs of points p, p′ ∈ g∗, we have [gp, gp′ ] 6= 0.

Lemma 3.2 proves that Definition 1.1 is equivalent to the existence of a generic
pair of points p, p′ ∈ g∗ such that [gp, gp′ ] 6= 0. A notion related to non-integrability
is almost non-singularity: g is almost non-singular if there exists a regular point
p ∈ g∗ such that the 2-form dp defined for all x, y ∈ g by dp(x, y) = −〈p, [x, y]〉
induces a symplectic form on g/[g, g] [15]. If g is almost non-singular, then for
all regular points p ∈ g∗, gp = Z(g). Non-integrable 2-step nilpotent Lie algebras
cannot be almost non-singular 2-step nilpotent Lie algebras. There are, however, 2-
step nilpotent Lie algebras that are neither almost non-singular nor non-integrable.
The example of g = span {x, y1, . . . , yn, z1, . . . , zn} with the relations [x, yi] = zi is
studied in [4], [5].

Here are two elementary constructions of a non-integrable 2-step nilpotent Lie
algebra. Let h be a real, semi-simple Lie algebra and let g = h⊕h be the vector space
direct sum of 2 copies of h, with Lie bracket defined by [x⊕ y, x′⊕ y′] = 0⊕ [x, x′].
The example to keep in mind is h = so(3). A second example is this: let V be a
real, odd-dimensional vector space and let Λ2(V ) be the vector space of alternating
forms on V ∗ and let g = V ⊕ Λ2(V ) with Lie bracket [x ⊕ y, x′ ⊕ y′] = 0 ⊕ x ∧ x′.
The lowest dimension for a non-integrable 2-step nilpotent Lie algebra is five: let
g6 = R3 ⊕ Λ2(R3) and let Z ⊂ Z(g6) be a one-dimensional subalgebra; then
g5 := g6/Z is also non-integrable. One can verify that there are no further examples
in dimensions 3 or 4.

1The step length of a nilpotent Lie algebra of dimension d ≥ 2 is bounded by d−1; it is filiform
if it attains this bound.
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Definition 1.2 (cf. [14]). Let φt : M → M be a C0 flow. It is integrable if there
exists an open dense subset L ⊂M such that L is a C0 torus fibre bundle, and the
fibres of L are φt-invariant.

The hypothesis that L is a C0 torus fibre bundle means that there is a C0

manifold B and L is a locally trivial fibre bundle over B with fibres ' Tk. The most
common way to obtain integrable systems is via the Liouville-Arnol’d-Nehoros̆ev
theorem for Hamiltonian systems.

Theorem 1.3 (Main Theorem). Let G be a simply-connected 2-step nilpotent Lie
group, g = Lie(G) be non-integrable, D < G be a cocompact subgroup, and g be
a left-invariant Riemannian metric. Let Σ = D\G. Then the geodesic flow of g
on M = T ∗Σ is not integrable in the sense of Definition 1.2. In particular, it is
neither Liouville nor non-commutatively integrable with C0 first integrals.

Let us observe that not all nilpotent Lie groups have discrete cocompact sub-
groups; the existence of such a subgroup is known to be equivalent to the existence
of a Q-structure on g [16].

1.1. Outline. The proof of Proposition 1.3 is surprisingly straightforward and is re-
lated to a generalization of a rotation vector to non-commutative groups. Schwartz-
man [20] (see also [19]) introduced the notion of an asymptotic homology class in
H1(M ; R) for any curve c : R → M . Recall that H1(M ; R) = π/[π, π] ⊗ R,
where π = π1(M). This asymptotic homology class was generalized by Benardete
and Mitchell [2] – who were building on the work of Chen [9] – to an asymp-
totic homotopy class of the curve c. Let us sketch the definition of this homotopy
class. This principally requires an explanation of where it lives. Assume that
π is a finitely-generated group. Let δ0 := π and δn+1 := [π, δn]. In general,
π/δn has torsion, but the radical of δn, ∆n =

√
δn, is a normal subgroup of π

such that πn := π/∆n is torsion-free. It is known that πn is finitely-generated,
n-step nilpotent and torsion-free. By a theorem of Mal’cev [16], there is a con-
nected, simply-connected n-step nilpotent Lie group Nn such that πn is a discrete,
cocompact subgroup of Nn. The group Nn is unique up to isomorphism. Note
that π1 ' H1(M ; Z)/Tor H1(M ; Z) and that N1 ' H1(M ; R). This construction,
called the Mal’cev completion of π, is a generalization of the standard tensor prod-
uct. The asymptotic homotopy class defined by Benardete and Mitchell lives in
the connected, simply-connected 2-step nilpotent Lie group N2. Let us note that
the construction of the groups Nn and ∆n is “pointed” because π = π(M ; q) is
pointed; so we should use the notation {Nn,q,∆n,q}. A particularly nice feature
of Benardete and Mitchell’s paper [2] is that they embed the family of groups-
with-lattice-subgroups {Nn,q,∆n,q}q∈M in a connected, simply-connected n-step
nilpotent Lie group Nn with lattice ∆n and then show that there are isomorphisms
φq : Nn,q → Nn (which satisfy φq(∆n,q) = ∆n) such that φq′ ◦ φ−1

q is an inner
automorphism of Nn for all q, q′ ∈M . Of course, there are no canonical choices for
the φq.

The precise definition of the asymptotic homotopy class in N2 requires some
work. There is no ergodic theorem for these cocycles; so it is unknown if the
asymptotic homotopy class exists for almost all initial conditions. Because the
interest is really in understanding the asymptotic homotopy classes for a flow, we
have elected to follow Fried [12] and define a related notion: projective homotopy
classes. We show that it is possible to put enough algebraic structure on these
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asymptotic homotopy classes in order to derive an effective necessary condition for
integrability (see Lemma 2.7). Combined with a few calculations in section 3, this
necessary condition gives a proof of Proposition 1.3.

2. Free projective asymptotic homotopy classes

Let us continue with the notation in the outline. Let N be an n-step nilpotent
Lie group and define PN to be the set of all one-parameter subgroups of N . Recall
that if N is a connected, simply-connected nilpotent Lie group, then, by identifying
N ' Lie(N) via the exponential map, we can identify PN with Pn = n/R, where
n := Lie(N). Pn is the set of all subspaces of n with dimension at most 1. We
can equip Pn with the topology induced by the projection map π(x) = Rx, which
makes it into a compact, connected non-Hausdorff topological space. We will also
denote the coset Rx by x̄. The set {0̄} ⊂ Pn will be said to be trivial. Let us state
the following:

Lemma 2.1. Let L be a real Lie algebra, PL = L/R. Then
1) if φ : L→ L is a linear transformation, there is a continuous map φ̄ : PL→ PL
such that π ◦ φ = φ̄ ◦ π;
2) for all x̄ ∈ PL there is a continuous map adx̄ : PL → PL such that for all
x ∈ π−1(x̄): π ◦ adx = adx̄ ◦ π.

The proof of Lemma 2.1 is straightforward. We note that (1) implies that the
adjoint representation of N on n descends to an action on Pn, while (2) shows that,
if L = n is nilpotent, then we can introduce a grading on Pn by saying that x̄ ∈ Pnk

iff adx̄
k

= 0̄ and adx̄
k−1 6= 0̄. This grading is inherited from the grading of n by

its derived subalgebras. Part (2) also implies that the projective bracket [x̄, ȳ] is
well-defined; it is also well-defined to say that x̄ and ȳ commute. This is equivalent
to [x, y] = 0 for all x ∈ x̄ and y ∈ ȳ, which is equivalent to [exp(tx), exp(sy)] = 1
for all s and t.

We are interested in the case where N = Nn is the n-th part of the Mal’cev
completion of π = π1(M ; q). Let Π : N → Pn be defined by Π = π ◦ log. We want
to define:

Definition 2.2. Let c : [0,∞) → N be a continuous curve, c(0) = 1. Let Ct :=
{Π(c(s)) : s ≥ t} and define

[c] =
⋂
t>0

Ct ⊂ Pn

to be the projective homotopy class of c. If c′(t) := gc(t) for some g ∈ N , then
[c′] := Adg[c].

Note that 0̄ lies in any nonempty closed subset of Pn. So [c] always contains
the trivial subset {0̄}. For this reason, let us define the following set mapping
π̂(V ) := π(V ) ∪ {0̄} for any V ⊆ n.

We can compute [c] as follows: put some norm |.| on n, and let

d(t) = exp(| log c(t)|−1 log c(t))

if c(t) 6= id and 0 otherwise. Then [c] = [d]. This shows that 0̄ 6= x̄ ∈ [c] iff there is
a sequence xk ∈ n of norm 1 such that d(tk) = xk and xk → x. Thus, the projective
homotopy class is a generalization of the homology directions (a projective rotation
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vector) of Fried. The following two lemmata might be interpreted to say that
Definition 2.2 is “correct”.

Lemma 2.3. Let x ∈ n, g ∈ N , c(t) := etx, c′(t) := gc(t) and c′′(t) := gc(t)g−1.
Then [c] = π̂(x) and [c′] = [c′′] = π̂(Adgx).

Proof. The map Π : N → Pn satisfies Π(etx) = π(log(etx)) = π(x) for t 6= 0. Thus
Ct = {π(sx) : s ≥ t} = π(x) and so Ct = π̂(x). The remaining claims are clear. �

Given a continuous map γ : T1 → M we can extend γ to a map R → M . Let
this map be denoted by γ̂.

Let N be a connected, simply-connected nilpotent Lie group, D < N a discrete,
cocompact subgroup and let Σ = D\N . For σ = Dg there is a (non-canonical, non-
unique) identification of π1(Σ;σ) with π1(Σ;De) = D by the map γ(t)→ γ(t)g−1.

Lemma 2.4. Assume that D < N is a discrete, cocompact subgroup and let Σ =
D\N . Let γ ∈ π1(Σ;σ) be a nontrivial homotopy class, σ = Dg and let Γ : R→ N
be a lift of γ̂ based at g. If γ is homotopic to the loop t → Dgetx, then [Γ] =
π̂(Adgx).

Proof. Assume that σ = De, Γ(0) = e, and let d = Γ(1) ∈ D. By hypothesis d 6= e.
Then, there is a nonzero x ∈ n such that d = ex. Let c(t) = etx; so that c(n) = dn

for all n ∈ Z. The map q(t) = Γ(t)c(t)−1 is 1-periodic and continuous; so im q is a
compact subset of N . Since Γ(t) = q(t)c(t), we can write that log Γ(t) = tx+ p(t).
The set im p is also compact; so log Γ(t)/| log Γ(t)| = x/|x|+O(t−1) is well-defined
for all t sufficiently large. Then [Γ] = π̂(x).

In the general case, we non-canonically identify π1(Σ;Dg) with π1(Σ;De) via the
map γ(t)→ γ(t)g−1 =: γ̃(t). From the arguments of the previous paragraph we can
assume, without loss of generality, that γ(t) = Dgetx. Then γ̃(t) = DetAdgx. Apply
Lemma 2.3 and the results of the previous paragraph to obtain the conclusion. �

The π1 de Rham theorem of Benardete and Mitchell allows one to introduce a
second notion, which is more suitable for flows. Let φt : M →M be a C1 semi-flow,
and let q ∈ M and n ≥ 1 be fixed. The Mal’cev completion of π1(M ; q) induces a
map fq,n : C0((R, 0), (M, q)) → Nn. Let us denote a projective homotopy class in
Pn by [.]n. We define the projective homotopy class of G(t) = φt(q) to be [fq,n ◦G]n
and denote this by [q]n,φ. In the sequel, we will drop the subscript n, φ when this is
understood. Let us also introduce a convenient notation: if V ⊂ n (resp. W ⊂ Pn),
then O(V ) := {Adgv : g ∈ N, v ∈ V } (resp. O(W ) = {Adgw : g ∈ N,w ∈ W}).
It is clear that O(π(V )) = π(O(V )).

Definition 2.5. The free projective asymptotic homotopy class of q is the set

Fn,φ(q) := O([q]n,φ).

By Theorem 3.1 of [2] and Lemma 2.1, if p = φt0(q), then [q] = Adg [p] for some
g ∈ Nn. Thus, the free projective asymptotic homotopy class is an invariant of
the orbit {φt(q)}t∈R. In addition, although the construction of Theorem 3.1 in [2]
depends on the smoothness of the manifold M , the free projective homotopy classes
are an invariant of the C0 conjugacy class of the semi-flow φt. In certain cases, it is
possible to see this directly: when M is a vector bundle over a nilmanifold, the free
projective asymptotic homotopy classes can be defined directly from Definition 2.2
without recourse to Theorem 3.1 of [2]. Note that Lemma 2.4 implies that Definition
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2.5 is also “correct”: if φt(q) = qetx, then the projective asymptotic homotopy class
of cq(t) = qetx is [cq] = π̂(Adqx), while the free projective asymptotic homotopy
class is Fφ(q) = O([cq]) =

⋃
g∈N [cg].

Let us now explore the relationship of Fn,φ(q) with integrability.

Definition 2.6. Let U, V ⊂ Pn. We say that U, V weakly commute if there exist
nontrivial x̄ ∈ U , ȳ ∈ V such that [x̄, ȳ] = 0̄.

Lemma 2.7. Let M be a compact manifold and φt : M → M be a C0 semi-flow.
Assume that there is a path-connected φt-invariant set U ⊂ M such that π1(U) is
abelian. Then for all u, u′ ∈ U and all n ≥ 1, either Fn,φ(u) and Fn,φ(u′) weakly
commute or at least one of Fn,φ(u), Fn,φ(u′) is trivial.

Proof. Let i : U → M denote the inclusion map; i maps π1(U ;u) into an abelian
subgroup of π1(M ; i(u)) for all u ∈ U . By the naturality of the Mal’cev completion
of π1(M), for each n ≥ 1, i∗π1(U ;u) gets mapped to a discrete torsion-free abelian
subgroup An of ∆n, and so there is an abelian subgroup An ⊆ Nn such that
An = exp(span log(An)). The positive-invariance of U implies that Fn,φ(u) and
Fn,φ(u′) are subsets of An. Therefore, if there are nontrivial elements in both
Fn,φ(u) and Fn,φ(u′), then there are nontrivial elements in each set that commute;
so the sets weakly commute. Otherwise, at least one of the sets is trivial. �

Corollary 2.8. Let φt be a C0 semi-flow. Assume that there is a C0 embedding i of
U ' Tk×Dl into M , such that i(U) is φt-invariant. Assume that there is a C0 map
ω : Dl → Rk such that for all θ ∈ Tk, I ∈ Dl we have i−1φti(θ, I) = (θ+ tω(I), I).
Then for all u, u′ ∈ U and all n ≥ 1, either the sets Fn,φ(i(u)) and Fn,φ(i(u′))
weakly commute or at least one is trivial.

3. Two-step nilpotent Lie groups

Let g be a 2-step nilpotent Lie algebra with center z = Z(g), so that [g, g] ⊂ Z(g),
let 〈, 〉 be an inner product on g, and let

g = h⊕ z

be an 〈, 〉-orthogonal decomposition of g. The Lie bracket on g is written as
[x + y, x′ + y′] = [x, x′] for all x, x′ ∈ h and y, y′ ∈ z, and so the commutator
defines a skew-symmetric, bilinear form ω : h× h→ z by ω(x, x′) = [x, x′].

The Lie algebra g can also be given the structure of a Lie group (G, ∗) by
X ∗ Y := X + Y + 1

2 [X,Y ], so that g = Lie(G) and the exponential map is
the identity. In the sequel, elements in G will often be viewed as elements in
g under the inverse (logarithm) map – which is the identity map in these coor-
dinates. If D is a discrete, cocompact subgroup of G, then there exists a gen-
erating set X1, . . . , Xp, Y1, . . . , Yq where Y1, . . . , Yq generate Z(D) and the cosets
X1 + Z(D), . . . , Xp + Z(D) generate D/Z(D) and p = dim h, q = dim z [16]. The
generating set therefore determines a basis of g and an inner product 〈, 〉′ relative
to which it is an orthonormal basis. It may be supposed then that 〈, 〉 = 〈, 〉′,
h = spanR{X1, . . . , Xp} and z = spanR{Y1, . . . , Yq}.

Lemma 3.1. Let D ≤ G be a discrete, cocompact subgroup and let (, ) be an inner
product on g. Then there exists an automorphism f : G → G and a subgroup
D′ = f−1(D) with generators X1, . . . , Xp, Y1, . . . , Yq such that (Xi, Yj) = 0. In
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addition, if g is the left-invariant metric on G determined by (, ), then (D′\G, f∗g)
is isometric to (D\G,g).

Proof. Let g = h ⊕ z be the 〈, 〉-orthogonal decomposition of g. Let a(x) be the
(, )-orthogonal projection of x ∈ h onto z. The map F : x+ y → x− a(x) + y for all
x ∈ h and y ∈ z is an automorphism of g. Let f = exp ◦F ◦ log be the map induced
by F on G. Then f is an automorphism and by construction F (h) is (, )-orthogonal
to z. �

Lemma 3.1 is proven in [13] for Heisenberg groups. The importance of this
lemma is that, by fixing a discrete, cocompact subgroup D with a fixed generating
set, attention can be confined to those metrics that are block diagonal relative to
this fixed basis of g. Here and henceforth, 〈, 〉 will be a fixed inner product on g

relative to which g = h ⊕ z, D will be a discrete, cocompact subgroup of G with
〈, 〉-orthonormal generating set X1, . . . , Xp,Y1, . . . , Yq and (, ) will be a second inner
product that is block diagonal: for all X,X ′ ∈ h and Y, Y ′ ∈ z,

(3.1) (X + Y,X ′ + Y ′) = 〈X,AX〉+ 〈Y,BY ′〉
where Aij = (Xi, Xj) and Bkl = (Yk, Yl). The metric g on G will be the left-
invariant metric determined by (, ) or, equivalently, the pair A,B.

Finally, let g be a real, nonabelian Lie algebra and let r = minp∈g∗ dim gp; r is
commonly called the index of g. It is well-known that the set of p where dim gp > r
is a nontrivial algebraic set; let g∗r denote the complement of this set. Let Gr denote
the Grassmannian of r-dimensional subspaces of g, and let Gr = Gr × g∗r denote
the trivial Gr bundle over g∗r . The map p→ gp restricted to g∗r is a section of Gr.
Since x ∈ gp iff ad∗xp = 0 iff

∑n
α,β=1 c

α
β,ipαx

β = 0 for i = 1, . . . , n (where cαβ,i are the
structure constants of g) iff x satisfies a system of linear equations with coefficients
linear functions of p, so it follows that the section p → gp is algebraic in p. Thus,
the map f : g∗r → g defined by p → [gp, gp] is algebraic and so the subset {f 6= 0}
is a Zariski-open subset of g∗r . Consequently, {f 6= 0} is either empty or else it is
dense in g∗r . We have therefore proven:

Lemma 3.2. Let g be a 2-step nilpotent Lie algebra. Then g is nonintegrable iff
there exists two generic points p, p′ ∈ g∗r such that dim [gp, gp′ ] > 0.

3.1. Geodesic equations of motion. Let g be a 2-step nilpotent Lie algebra. Let
A : z∗ → so(h) be defined for all x, x′ ∈ h and q ∈ z∗ by 〈x,A(q)x′〉 := 〈q, [x, x′]〉.
Observe that

Lemma 3.3. kerA(q) = h ∩ gq.

Proof. x ∈ kerA(q) ⊂ h iff 0 = 〈q, [x, x′]〉 = −〈ad∗xq, x
′〉 for all x′ ∈ h. Since

g = h⊕ Z(g), this is true iff 0 = 〈q, [x, x′]〉 = −〈ad∗xq, x′〉 for all x′ ∈ g. �
Lemma 3.4. g is nonintegrable iff there exists generic points q, q′ ∈ z∗ such that
[kerA(q), kerA(q′)] 6= 0.

Proof. Apply Lemmas 3.2 and 3.3. �
Let (x, y, p, q) be the coordinates of a point in T ∗G = h × z × h∗ × z∗. The

Hamiltonian of the metric g on T ∗G is Hg = 1
2 〈p,Rp〉 + 1

2 〈q, Sq〉 where R = A−1

and S = B−1. The equations of motion are

(3.2) XHg =
{
q̇ = 0, ẏ = Sq + 1

2 [x,Rp],
ṗ = −A(q)Rp, ẋ = Rp.
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Then q is a z∗-valued first integral of XHg and F := p+A(q)x is an h∗-valued first
integral. One way to think about the integrability of XHg is to determine in which
cases F can be “pushed down” to T ∗(D\G).

Let r2 = R be a positive-definite, symmetric square root of R (recall that h∗

is identified with h via the inner product 〈, 〉). Let B(q) = rA(q)r ∈ so(h) and
p = rv, which implies v̇ = −B(q)v. Because B(q) ∈ so(h), both kerB(q) and its
〈, 〉-orthogonal complement are B(q) invariant. Let Kq = kerB(q) and Lq = K⊥q .
Then for each q ∈ z∗, h = Kq ⊕ Lq. Note that Kq = r−1 kerA(q).

Let k = infq∈z∗ dimKq and l = supq∈z∗ dimLq, let Gs(h∗) denote the Grass-
mannian of s-dimensional planes in h∗ and let Gs = Gs(h∗)× z∗ denote the trivial
bundle. The following is obvious: there is a subset z∗r ⊂ z∗ such that z∗ − z∗r is a
closed algebraic set and the map q → Kq (resp. q → Lq) is an algebraic section of
Gk|z∗r (resp. Gl|z∗r).

For each v ∈ h∗ write v = v0 + v1 where v0 = v0(q) ∈ Kq and v1 = v1(q) ∈ Lq.
Abuse notation, and let B(q)−1 = (B(q)|Lq)−1 when Kq 6= h∗. We can integrate
the equations 3.2 to obtain
(3.3)

φt(x, y, v, q) =
{
q(t) = q, y(t) = y + tSq + 1

2

∫ t
0 [x(s), rv(s)] ds,

v(t) = e−tB(q)v, x(t) = x+ trv0 + rB(q)−1{1− e−tB(q)}v1.

Note that x(t) = trv0+O(1) = tu+O(1), where u = rv0 ∈ kerA(q). The expression
for y(t) may be expanded to yield:

y(t) = y + tSq +
1
2

∫ t

0

{
[x, rv0] + [x, re−B(q)sv1]

}
ds

+
∫ t

0

{
s[rv0, re

−sB(q)v1] + [rB(q)−1(1− e−sB(q))v1, rv0 + re−sB(q)v1]
}
ds.

(3.4)

Inspection of the integrands shows that the first, second and fourth integrands are
bounded functions of s. So their integrals have a norm bounded by const.× t. The
substitution u = srv0 and dv = re−B(q)sv1ds combined with integration by parts
on the third integrand shows that its norm is bounded by const.× t, also.

Lemma 3.5. Let P = (x, y, p, q) ∈ T ∗G be such that B(q) 6= 0. Let p = rv and
write v = v0 + v1 (resp. p = p0 + p1) with pi = rvi. Assume that v0 6= 0. Then the
projective asymptotic homotopy class of φt(P ) is nontrivial and [P ]2,φ ⊆ π̂(p0 + z).

Proof. Let p : T ∗G → G denote the canonical projection. Assume that (x, y) =
(0, 0). Since |y(t)| ≤ const.×t, v0 6= 0, x(t) = trv0+O(1) and p0 = rv0, we have that
pφt(P )/|pφt(P )| = c(t)p0 +z(t), where c(t) is a positive function of t bounded away
from 0 and ∞ and z(t) ∈ z has norm < 1. Thus π(pφt(P )) = π(p0 + c(t)−1z(t)).
Since |c(t)−1z(t)| ≤ const., this shows that [P ]2,φ ⊆ π̂(p0 + z).

Assume now that g = (x, y) 6= (0, 0). The left-invariance of φt and the results of
the previous paragraph show that [P ]2,φ ⊆ π̂(Adgp0+z). Since g is 2-step nilpotent,
one computes that Adgp0 + z = p0 + z, which proves the lemma. �

Corollary 3.6. Assume the hypotheses of the previous lemma. Then the free pro-
jective asymptotic homotopy class of φt(P ) is nontrivial and F2,φ(P ) ⊆ π̂(p0 + z).

Proof. Apply the previous lemma and the definition of F . �
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Proposition 3.7. Assume that g is a nonintegrable 2-step nilpotent Lie algebra
with a Q-structure. Let D < G be a discrete cocompact subgroup, Σ = D\G and
g be a left-invariant metric on G. Then the geodesic flow of g on T ∗Σ is not
integrable.

Proof. Let φ̂t (resp. φt) denote the geodesic flow of g on T ∗Σ (resp. T ∗G). The
geodesic flows satisfy φ̂t(DP ) = Dφt(P ) for all P ∈ T ∗G. Let DP,DP ′ ∈ T ∗Σ.
From the definition of F , Fn,φ̂(DP ) = Fn,φ(P ) and similarly for DP ′. By Corollary
3.6, {0̄} 6= F2,φ(P ) ⊆ π̂(p0(q) + z) and {0̄} 6= F2,φ(P ′) ⊆ π̂(p′0(q′) + z). Let
us remark that if x̄ ∈ F2,φ(P ) and x̄′ ∈ F2,φ(P ′) are both nontrivial elements,
then [x̄, x̄′] = π([p0(q), p′0(q′)]). By Lemma 3.4 and the subsequent discussion,
p0(q) ∈ gq ∩ h and p′0(q′) ∈ gq′ ∩ h. By the hypothesis that g is nonintegrable and
2-step nilpotent, it follows that for an open dense set of (q, q′) ∈ z∗× z∗ there exists
u0 ∈ gq ∩ h, u′0 ∈ gq′ ∩ h such that [u0, u

′
0] 6= 0. Thus, for an open and dense set of

(DP,DP ′) ∈ T ∗Σ×T ∗Σ the free projective asymptotic homotopy classes F2,φ̂(DP )
and F2,φ̂(DP ′) are nontrivial and do not weakly commute.

Assume φ̂t : T ∗Σ → T ∗Σ is integrable in the sense of Definition 1.2. Then
there exists an open dense set L ⊂ T ∗Σ such that L =

⋃
Lα and the open sets

Lα are φ̂t-invariant and have an abelian fundamental group. Thus, for an open
dense set of points DP ∈ T ∗Σ there is an open neighbourhood of DP , Lα(DP ) ⊂
L, which is φ̂t-invariant and has an abelian fundamental group. Since the free
projective asymptotic homotopy classes of an open dense set of points (DP,DP ′) ∈
Lα × Lα are nontrivial, Lemma 2.7 implies that F2,φ̂(DP ) and F2,φ̂(DP ′) weakly
commute. Therefore, there is an open set of points (DP,DP ′) ∈ T ∗Σ× T ∗Σ with
weakly commuting free projective asymptotic homotopy classes. This contradicts
the conclusion of the previous paragraph, which is absurd. �
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