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ON THE IWASAWA M INVARIANTS
OF REAL ABELIAN FIELDS

TAKAE TSUJI

ABSTRACT. For a prime number p and a number field k, let Ao denote the
projective limit of the p-parts of the ideal class groups of the intermediate
fields of the cyclotomic Zp-extension over k. It is conjectured that A is finite
if k is totally real. When p is an odd prime and k is a real abelian field, we give
a criterion for the conjecture, which is a generalization of results of Ichimura
and Sumida. Furthermore, in a special case where p divides the degree of k,
we also obtain a rather simple criterion.

1. INTRODUCTION

Let p be an odd prime number. For a number field k, let k., denote the cy-
clotomic Z,-extension of k with its n-th layer k,, (n > 0). We denote by A, the
projective limit of the p-Sylow subgroup of the ideal class group of each k,, with
respect to the relative norms. If k is a totally real number field, it is conjectured
that A is a finite abelian group ([7], [12, p. 316]), which is often called Greenberg’s
conjecture.

When £ is a real abelian field whose degree is not divisible by p, Ichimura and
Sumida ([8], [9], [10]) discovered a good method for verifying the conjecture. In
this case, we can decompose A into a direct sum of its x-parts AX for Dirichlet
characters x corresponding to k. Then they gave a necessary and sufficient condition
for AX to be finite in terms of certain cyclotomic units and some polynomials related
to the Kubota-Leopoldt p-adic L-function L,(s,x) associated to x. It is suitable
for a practical computer calculation and, for example, using it they showed that the
conjecture holds when p = 3 and k = Q(y/m) with 1 < m < 10%. (Similar criteria
are also obtained by [13] and [14].)

In this paper, we study the case where k is a real abelian field of arbitrary degree,
including the case p | [k : Q]. Although we cannot necessarily decompose A into
direct summands by using characters x in this case, the conjecture for k follows
from the finiteness of all (suitably defined) x-parts AX of A (cf. Lemma 27TJ).
The finiteness of AX is also conjectured, and the purpose of this paper is to give
some criteria for this conjecture for x to be true.

First, we will generalize the criterion of Ichimura and Sumida to arbitrary char-
acters, especially characters of order divisible by p (Theorem [Z@]). In their proof,
Ichimura and Sumida ([§], [T0]) essentially used a theorem of Iwasawa [I1] and
Gillard [6] which describes the Galois module structure of “semi-local units modulo
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cyclotomic units” UX/CX in terms of the p-adic L-function L,(s, x). Iwasawa and
Gillard dealt with only the case where the order of x is not divisible by p, and this
is a main reason why Ichimura and Sumida imposed the same assumption. The au-
thor [18] removed the assumption on the order of x in the theorem of Iwasawa and
Gillard and determined the structure of UX /CX for arbitrary x (Fact[2). By using
this result, we can prove our theorem by the same way as the proof of Ichimura and
Sumida. When the order of x is p and x(p) = 1, Fukuda and Komatsu [5] obtained
a similar criterion.

In a special case where the order of y is divisible by p, we also obtain the following
simple sufficient condition for the conjecture to be true:

Theorem (Corollary 2A4). Assume that xw~'(p) is a nontrivial p-power root of
unity, where w is the Teichmiiller character. If the distinguished polynomial P, (T)
associated to the p-adic L-function L,(s,x) is irreducible, then AX, is finite.

The assumption in the above theorem is satisfied only when the order of x is
divisible by p, since the order of w is prime to p. In particular, this case was not
dealt with in the papers [8], [9] and [10] of Ichimura and Sumida. We will prove
the above theorem by using the fact proved in [18] that &X/CX is not necessarily a
cyclic module.

We remark that there indeed exist characters y satisfying the condition in the
above theorem. We give some numerical examples in §6l We also verify in §6] the
conjecture for several real abelian fields by applying our theorem, a generalized
criterion of Ichimura and Sumida, to some characters x.

2. MAIN RESULTS

We fix an odd prime number p. Let x be a nontrivial @—Valued even Dirichlet
character of the first kind, i.e., the conductor of  is not divisible by p?, and let
k = ky be the fixed field of the kernel of x. We denote by ko the cyclotomic Z,-
extension of k with its n-th layer k, (n > 0). We write A,, = A, for the p-Sylow
subgroup of the ideal class group of k, and put Ao, = A = @An, the projective
limit being taken with respect to the relative norms. We put A := Gal(k/Q) and
I := Gal(kw/k); so Gal(ks/Q) = A x T, since x is of the first kind. Then we
regard Ao, as a module over the completed group ring Z,[A][I']. It is well known
that Ao is finitely generated and torsion over Z,[A][I'] ([I2, Theorem 5]). Let O
denote the ring generated by the values of x over Z,. For any Z,[A]-module M,
we define an O-module MX, the x-part of M, by

MX* :={m e M ®z, O | dm = x(6)m Vé € A}

(for the properties of the x-part, cf. e.g. [I7) §II.1] and [I8 §2]). If x’ is a Q-
conjugate of x, then MX = MX. Then O-modules AX are defined (0 < n < )
and AY, = lim AX becomes an O[I']-module. Let f be the prime-to-p part of the
conductor of x and put ¢ = fp. Denote by p,. the group of p"-th roots of unity
for n > 0 and pr,ee := U, e . Identifying I' with Gal(k (e )/k(p,)) in a natural
way, we choose and fix the topological generator v of I' such that ¢7 = (!9 for
all ¢ € pr,0c. We identify, as usual, the completed group ring O[I'] with the power
series ring A := O[T] by v = 1+T. Thus, AX is regarded as a module over A, and
is finitely generated and torsion over A. For a finitely generated torsion A-module
M, denote by chary M the characteristic polynomial of M, which is a uniquely
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determined distinguished polynomial times a power of a fixed prime element of O.
We denote by A, (resp. py) the A-invariant (resp. p-invariant) of AX. We know
that p,, = 0 by the theorem of Ferrero and Washington [4]. Greenberg’s conjecture
for x is as follows:

Conjecture. Let x be an even Dirichlet character of the first kind. It is conjectured
that AX is finite, that is, chary AX =1 or A\, = 0.

Greenberg’s conjecture for a real abelian field implies the above. Indeed, by
using the theorem of Ferrero and Washington [4], one can show the following:

Lemma 2.1. Let K be a real abelian field. Then Ak is finite if and only if A\, =0
for all representatives of Qp-conjugate classes of Dirichlet characters x of the first
kind with ky, C K.

In our main results of this paper, we give two criteria for the conjecture for y.
To state these, we need to recall the relation between charp AX and the Kubota-
Leopoldt p-adic L-function Ly(s,x) associated to x. By Iwasawa, there exists a
unique power series g, (T") in O[T such that

gx(1+¢q)° —1) = Ly(1 - 5,x)
(cf. [20, Theorem 7.10]). Using the p-adic Weierstrass preparation theorem and the
theorem of Ferrero and Washington [4], one can uniquely write

(2.1) 9x(T) = uy (T) P (T')

for a distinguished polynomial P, in O[T] and a unit u, (7)) of A. Put A} =
degP, (T'). It follows from the Iwasawa main conjecture proved in [16] that

(2.2) charp AX | P (T),

and hence A\, < A} (see (B.2) and Fact[Iin §3). Therefore we have chary AX, = 1 if
and only if P(T") { chary AX, for all distinguished irreducible factors P(T') of P, (T').
One of our main theorems of this paper is as follows:

Definition. For a distinguished polynomial P(T") in O[T such that P(T") | P, (T),
we define a condition (7) as follows:

(7) vo(Q(q)) <wvo(l —xw '(p)) where Q(T)= P(T)/P(T),
where vo denotes an additive valuation of @ and w the Teichmiiller character.

Then we have

Theorem 2.2. Let P(T) be a distinguished polynomial in O[T such that P(T) |
P, (T). Assume that P(T) satisfies (T). Then we have P(T') t chary AX, .

For the condition (7), we can easily see the following:

Lemma 2.3.
(1) If xw (p) ¢ My, there exists mo factor of Py(T') satisfying (7). In par-
ticular, if the order of x is prime to p and xw™'(p) # 1, there exists no
factor of P\(T) satisfying (T).
(i) If xw™Y(p) # 1, a factor P(T) of Py(T) satisfies (T) if and only if
UO(P(Q)) > 'UO(BLwal)

holds, where B -1 denotes the first generalized Bernoulli number.
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(iii) If xw™'(p) € Wy, then P\ (T) satisfies (T).
(iv) (J3, Proposition 2]) If xw™t(p) = 1, then T — q divides P,(T) and is the
unique irreducible polynomial satisfying (T).

In the case where yw™!(p) = 1, by (iv) of the above lemma, Theorem [ZZ just

asserts that
T—q|P,(T) and T —qtcharyAX.

This is already proved under the assumption that the order of x is prime to p ([9]
Remark 5]). For other cases, we obtain the following.

Corollary 2.4. Assume that xw™'(p) € pp \ {1}. Then Py (T) { chary AX,.
Furthermore, if P\ (T') is irreducible, or if vo(By y,-1) = 0, we have Ay = 0.

We will give in §6lsome examples satisfying the conditions in the above corollary.

Remark 1. For an arbitrary even Dirichlet character x of the first kind, we can
show that vo(B1,yw-1) = 0 implies AX = {1} for all n. > 0 (see §5).

Next, we state the other main theorem of this paper, which is a generalization
of the result of Ichimura and Sumida [8], [I0] to arbitrary characters. We have to
prepare some notation. We fix a distinguished polynomial P(T) in O[T such that
P(T) | Py(T). Put w, = w,(T) = (1+T)?" —1 and v,, = v,(T) = w,, /T for n > 0.
By the Leopoldt conjecture for p and &, proved in [1], A/(P,wy,) and A/(P,v,,) are
finite abelian groups for any n > 0. We denote by mp,, the exponent of A/(P,wy,)
(resp. A/(P,vy)) if x(p) # 1 (resp. x(p) = 1). Then we take a polynomial Xp,,(T)
in O[T satistying
(2.3) Xpn(T)P(T) = mp, mod {‘*’” ifx(p) # 1,

’ ’ Vn if x(p) =1.

This polynomial Xp, is uniquely determined modulo w,, (resp. v,) since w,, and
P(T) are relatively prime. Choose an element Yp,, in Z[A][T] such that
?P,n = Xp,n mod mppn,

where )?p,n is an element of Z,[A][T] satisfying X()?pm) = Xp,. Here we regard
X as a Zy[T]-linear homomorphism Z,[A][T] — O[T] induced by x. Let A, (resp.
A’) denote the p-Sylow subgroup (resp. the prime-to-p part) of A:

A=A, xA.
We put ¢ = x|as. Let

o > @)

€y =
7 dEA!
be the idempotent of Z,[A'] corresponding to 3, where Tr is the trace map from the
field generated by the values of ¢ over Q, to Q,. Let a € Z[A] denote an element
of Ay, of order p (resp. o = 0) if A, is nontrivial (resp. trivial), and e, = e, ppn
an element of Z[A] such that
ey, =ey(l —a) mod mp,,.

For any m > 1, we fix a primitive m-th root (., of unity with the property that
e = Cm for all m’ > 1. We use cyclotomic elements in k,, defined as follows:
-1

t
Cn = NQ(Cfp7L+1)/k5'rL (1= Cppntr) ™7,
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where ¢ denotes the cardinality of the residue class field of a prime ideal of k over
p. If f # 1, i.e., the conductor of x is not equal to p, then the element ¢, is a
(cyclotomic) unit of k,. Since the case where f = 1 is treated in [§], [9] and [10],
we assume f # 1 in all that follows. By the identification v = 1 + T, the element
Yp. of Z|A][T] can act on the group k. For each n > 0 consider the following
condition:

(Hrn) e (k).

We can see that the condition (Hp,,) does not depend on the choices of Xp ,, )Z'p,n

and ?p,n. We remark that, in the case where x(p) = 1, the condition (Hpg) does
not hold since ¢y = 1 and mpo = 1 for any P(T"). The following lemma can be
proved in a way similar to [9l Lemma 1] by using Lemma 1]

Lemma 2.5. The condition (Hp,,) implies (Hpp+1)-
Our main theorem is stated as follows:

Theorem 2.6. Let P(T') be a distinguished polynomial in O[T such that P(T) |
P, (T). Then we have P(T) { charpn AX, if and only if the condition (Hp) holds
for some n > 0.

The above theorem coincides with theorems in [8] and [I0] if the exponent of A
divides p — 1.
By Theorems 22 26 and (Z2)), we obtain

Corollary 2.7. We have Ay, = 0 if and only if for any distinguished irreducible
polynomial P(T) such that P(T) | Py(T) and P(T') does not satisfy (T), the con-
dition (Hp.,) holds for some n > 0.

By the Chebotarev density theorem, we obtain the following:

Corollary 2.8. We have A\, = 0 if and only if for any distinguished irreducible
factor P(T') of P, (T') that does not satisfy (1), there exist an integer n > 0 and a
prime ideal | of ky, of degree one for which the condition

&P mod [ & ((Z/1Z) )P
holds. Here IZ =1NQ.

3. PRELIMINARIES

We first recall the Iwasawa main conjecture and show its consequence ([2:2). Let
M /ks be the maximal abelian p-extension unramified outside p, and let L/ko be
the maximal unramified abelian p-extension. As usual, we consider Gal(M/ko),
Gal(L/ks) and Gal(M/L) as Z,[A][I']-modules. Let p be a prime ideal of k over
p. There exists a unique prime ideal p,, of k, over p since k is of the first kind. We
denote by U, , the group of principal units in the completion ky, , of k,, at p,. Put

Un =[] Unp.
plp

where p runs over all prime ideals of k over p. Let E! be the group of units e of
k, such that e = 1 mod p,, for all p,, | p. Let &, be the closure of the image of E/,
under the diagonal map E!, — U,,. Put

Uu:= liinun, Ezzliiné‘n,
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where the projective limits are taken with respect to the relative norms. We regard
U and € as modules over Z,[A][I']. By class field theory, we have the following
isomorphisms of Z,[A][I']-modules:

(3.1) As 2 Gal(L/koo), U/E = Gal(M/L).
(For the latter, see [9, Lemma 3].) Put
X = Gal(M/koo).

It is known that ¥ is finitely generated and torsion over Z,[A][I'] ([12] Theorem 17]),
and we further see that X is finitely generated as a Z,-module by [4]. So A, and
U/E are also finitely generated over Z,. Hence we have

(3.2) chary A% - charp (UX/EX) = chary XX

(cf. e.g. [I8] §2]). The Iwasawa main conjecture proved in [I6] asserts the following:

Fact 1. The torsion A-module XX has the characteristic polynomial P, (T'):
charpyX* = P, (T).

Hence the relation (22), chary AX | Py (T), holds. Furthermore, Greenberg’s
conjecture for (p,x) is equivalent to the following:

chary (UX/EX) = P (T).

Next we recall results on the structures of the A-modules UX and UX/CX in [11],
[6] and [18] (Fact B), which are essentially used in the proof of our main theorems.
(CX is a group of cyclotomic units defined below.) Since we are assuming f # 1,
e = No(¢y i) k(1 — Cppnr1)t ™! is a unit in EY,, and hence ¢, € &,. We regard

¢n, as an element of &£, ® O. We define &, € O[A] by
Ex = ZX((s)il(s-

dEA

Then ¢ = Ssen €5 @x(6)~ ! is an element of £X. We can see that Ny, n(cm) = ¢n
for all m > n > 0. Then we put

c8x = (¢ )nz0 € UX = im U

and denote by CX the submodule of X generated by X over A.
Let T,, denote the Z,-torsion of U)X and put T := 1131’]1‘”, where the projective
limit is taken with respect to the relative norms. Then we have

TX = (O0/(p"™, 1 = xw™ ' () ©z, Zy(1),

and hence

e ) 11} if xw™'(p) #1,
33 ' {A/(T—q> it xw ' (p) = 1

?

where Zp(1) = lim g1,

The following fact plays an important role to prove Theorems and When
the order of x is not divisible by p, this is the theorem of Iwasawa and Gillard ([I1]
and [6]).
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Fact 2. ([I8, Theorem 2.1, Proposition 4.2]) There is a natural A-homomorphism
U UX — A

for which the kernel is TX and the image is (T — ¢,1 — xw™!(p)), the ideal of A
generated by T — q and 1 — yw™!(p). Furthermore, we have

U(csy) = gx(T).

Put VX :=(,,>n Nmn(UY), with the norm maps Ny, ,, from k,, to k,. In the
following lemma, we determine the structure of the A-modules VX to deal with the
A-module UX/EX.

Lemma 3.1.

(i) The projection UX — VX induces the following isomorphisms:

o JUSIQOS i) £1,
B Aok if x(p) = 1.
(ii) We have an isomorphism UX/VX = O/(1 — x(p)).
By this lemma, the homomorphism ¥ in Fact 2linduces a A-homomorphism ¥,
as follows:
U, VY — A/(0))
where ¥X = w,, (resp. vy) if x(p) # 1 (resp. x(p) = 1). We further see that the
kernel of ¥,, is TX, and we can determine the cokernel by Fact

Proof. We prove this lemma in a way similar to [6, Proposition 2] by using local class
field theory. Let D be the decomposition group of p in A and put ¥ = x|p. Fix a
prime ideal p of k over p. Write U,, for U, ;, the group of the principal units of k,, ;,
for alln > 0. We regard U := lim U, and U,, as modules over Z[D|[I'] = Z,[D][T]
in a natural way (with v = 1+ 7). Put V,X := (0, 5, Nmn(UX
Np ., from ky, , to ky . Then we have A-isomorphisms

(3.4) UX=UY®o, O, VX=VX®p, O

(see [18, §4]). Here Op denotes the ring generated by the values of X over Z,,.

If x(p) =1, ie, X =1, then ky, = Q,. In this case, the assertions (i) and (ii)
follow from [6] Proposition 2], [20, Lemma 13.53] and (B.4).

We assume that x(p) # 1, i.e,, ¥ # 1. Let X, be the p-adic completion of k,; ,;
X, = lim ko) (kX )P, and let Xoo = m)?" Since the (local) cyclotomic
extension koo p/kp is totally ramified, we have the following commutative diagram
with exact rows of Z,[D][I']-modules:

) with norm map

1 U Xeo Z, 1
(35) al | H
1 U, X, Z, 1.

Here D and I' act on Z, trivially. Let k“ffp be the maximal abelian p-extension of
knyp for 0 < n < co. We have isomorphisms X, = Gal(kgb, /kn p) and NX, =
Ninsn N (Xm) 22 Gal(kg, /koo p) of Zy[D][T]-modules, by local class field theory,
and an isomorphism

Gal(kgfp/koom) = Gal(kgg,p/koom)/wnGal(kgg,p/koom)
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holds. Then we have N)?n = )?w/)?gg Therefore the kernel of ¢ in BH) is
X@n. So the kernel of the projection UX — VX is (X%n)X. Clearly we have
(X@n)X o (XX)“n. Let 27 be an element of (X%m)X, ie., 2 € X ®z, Op and
(2#n)X() =8 = 1 for all § € D. Since Xo has no nontrivial element that is killed
by wp ([12, Theorem 25]), we have zX(9)=6 = 1, that is, 27 € (XX)“». Thus
(X@n)X = (XX)“n. We also see that XX = UX by (B5) under the assumption
X # 1. Hence, the assertion (i) has been proved.

To prove (ii), we first determine the structure of (NU,)X/VX, where NU,
denotes (,,,>, Nmn(Un). If the order of X is prime to p, the functor ( * )X is
exact. Therefore, in this case, we have VX = (NU,)X, that is, (NU,)X/VX =
Op/(1 —x(p)). Then we consider the case where p divides the order of . Decom-
pose D = D, x D’ with the p-Sylow subgroup D,, of D and put 12? = X|p:. We use
the following lemma.

Lemma 3.2 (cf. [I7, Lemma IL1.2]). Assume that D, is nontrivial and that X|p,
is a faithful character of D,. Let C be the subgroup of D, of order p and N¢ the
norm of C in Zy[D]. Then, for a Zy[D]-module M, we have a Z,|D]-isomorphism

MX = ker(Ne : ey M — e M),
where € denotes the idempotent of Z,[D'] corresponding to ;Z
We see that ﬁO(C, U) = 0 since k,/Q, is tamely ramified. Therefore, by the

above lemma and the fact that the kernel of U — NU, is Xon proved above, we
have an isomorphism

(NU)X/VX = HO(C, (X0 ).
’1; he fact/\that )?Oo hAas no Bontrivial elemeEt killed by w,, implies an isomorphism
HO(C, (X%)“n) = HO(C, X). By using H(C,U) = 0 for i = —1,0 and (33, we
have isomorphisms H(C, X“) = H(C,e;Z,) = Op/(1 - x(p)). Hence

(NU,)X/V,X 22 Op /(1= x(p)).
We know that U,,/NU,, = Z, (see [20, Lemma 13.53]). Thus, we have

(NU,)X = UX

under the assumption ¥ # 1. Thus, we have completed the proof. O

Finally, we shall show the freeness of £X (Lemma [3.5). The following is well
known.

Fact 3 ([12| Theorem 18]). X has no nontrivial finite Z,[A][I']-submodule.

We need the following lemma, which follows from the Leopoldt conjecture for &,
and p proved in [I].

Lemma 3.3 (cf. [20 §5-5]).
(i) The inclusion E! — &, induces an isomorphism
E,[EY = ¢&,/€8

for any a > 0.
(i) &, is Zy-torsion free.
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By the above lemma, we can regard T as a submodule of &//€ and also of X. We
show the following lemma by using Fact

Lemma 3.4. X/T has no nontrivial finite Z,[A][L']-submodule.

Proof. We identify Z,[A][T'] with Z,[A][T] by v =1+ T. For a Z,[A][T]-module
M, we put Mp :={m € M | Tm = 0}. If M is nontrivial of finite order, then M¢
is nontrivial. Thus, by Fact B, it suffices to show that (X/T)r = Xp. Since Tr is
trivial, we have an exact sequence

1—Xp — (X/T)r SN (TNTX)/TT — 1,

where 7 is induced by z +— Tz for x € X. Let My be the maximal abelian extension
unramified outside p. The restriction map X — Gal(My/k) induces a surjection
T — Ty, and hence an isomorphism

T/(TNTX) = T.

On the other hand, we see that T, is trivial or ut! @z, Z,[A /D], where D denotes
the decomposition group of p in A for all n > 0 according to whether Ty is trivial
or not. Thus we have

T/TT = T,.
Therefore we have TNTX = T'T, as desired. (|

Using Lemma [34] we prove the following:

Lemma 3.5. U(EX) is a principal ideal generated by chary (UX/EX). In particular,
EX is a free A-module of rank one.

Proof. There exists an element f(T') of A such that the principal ideal (f(T)) of
A has a submodule ¥(£X) of finite index. We first show that f(7') is contained in
WUX) = (T —q,1 = xw ' (p)). If xw ' (p) & py \ {1}, this assertion is clear since
W(UX) is a principal ideal of A. Assume xw™'(p) € pye \ {1}. By Lemma B (i)
and Fact[2, we have

() Nonn(EX) = EXU) J U = (D(EX), wn W (UY)) Jun T UX).
m>n
For sufficiently large n > 0, U(EX) D w,(f(T)). Hence the above A-module has a
finite submodule isomorphic to (f(7T'), ¥(UX))/¥(UX). However, EX is Z,-torsion
free (Lemma[3.3] (ii)). Thus we have f(T) € ¥ (UX).
By Lemmal[3.3 (ii), £XNTX = {1}. Then UX/EX has a A-submodule isomorphic
to TX, which we also denote by TX. By Fact[2, we have an exact sequence

1— TX — UXJEX — AJU(EX) — A/(T —q,1 — xw ' (p)) — 1.

Then (UX/EX)/TX has a finite A-submodule isomorphic to (f(T))/T(EX), since we
have proved that f(T') € (T —q,1—xw™(p)). By (Bl), we can regard (UX/EX)/TX
as a submodule of X/T. Therefore, by Lemma B4, we have (f(T)) = U(EX).
Furthermore, by using the above exact sequence and (3.3)), we have (f(T)) =
(chary (UX/EX)). We have proved the lemma. O

Remark 2. By using Fact [ (the Iwasawa main conjecture), Fact 2l and the above
lemma, we can see that Greenberg’s conjecture for (p, x) is equivalent to the fol-
lowing:

EX =cCx.
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4. PROOF OF THE MAIN RESULTS
We rewrite the condition (Hp,,) as follows:

Lemma 4.1. For each n > 0, the condition (Hp,y,) is equivalent to the following

condition:
(p) e ¢ (€9,
Proof. We fix n > 0. The isomorphism in Lemma [B.3] maps the class [ci"yp "] in

E' JE;"™™ to the class [cf;‘”(l_a)XP’"] in &,/&,""™. Thus the condition (Hp,) holds
if and only if
Cflw(l—a)fP,n g Emrn,

Putting € = ker(Zf:_O1 o &t — &), we have €NE,' T = €MPn and cf{”(l_a)xp'”
€ €. Then the above condition holds if and only if

ey (l—a B(V n
Cnﬂ( )X P, g@mP,n.

Ex
By using Lemmal32] we also see that & is isomorphic to £X by 2 — (2 ®@1) -« for
2¢ € €. (Note that - is in O[A].) We can see that EXpn =& Xpyp. Therefore

-«
the above condition is equivalent to the condition (Hp.,,). O

Proof of Theorem We shall show that P(T') | chary AX holds if and only if the
opposite
(=Hpn) SR (o0

of (Hp,,) holds for all n > 0.
We put Q(T) = Py(T)/P(T). By Fact [I] (the Iwasawa main conjecture) and

B2), we have
charp (UX/EX) - chary AX, = P (T

).
Then P(T) | chary AX if and only if chary (UX/EX) | Q(T). By Lemma B3, the
latter condition is equivalent to saying that Q(T) € W¥(EX). Let Q™ denote
Q(T) mod 9% in A/(¥%). Here we recall that 9% is w, (resp. vp) if x(p) # 1
(resp. x(p) = 1). By using the A-homomorphism ¥,, : VX — A/(9X) defined after
Lemma [31] we have Q(T') € U(£EX) if and only if
(4.1) QM € T, (EXNVY)
for all n > 0. For a fixed n > 0, it suffices to show that (&I) is equivalent to
(=Hpn). Since A/(9%) is Zy-torsion free, the condition (Bl holds if and only if
(4'2) mP,nQ(n) S \I/n((ggz( N V:f)mpyn)'

We defined Xp, to satisfy mp,Q(T) = Xpn(T)Py(T) mod ¥X. By Fact 2] we
have \I/n(cfﬁ) = g, (T) = uy (T) P, (T) where u, is the unit of A appearing in (ZIJ).
Hence we have

(4.3) Uymp Q" = W, (c5xXrm),

By Fact [2 and Lemma B1] (i), the kernel of ¥,, is T,,. Hence, the condition (H:2)
holds if and only if

(4.4) ExXPn g (EX N VX)MPAT,,,
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If we assume that the condition (f4) holds, there exists e € £X N VX such that
(P fempn) € T,. Since ¢ € X and XN T, = {1} (Lemma (i),
SxXPr = empn Thus the condition (#) holds if and only if

(4.5) &Xpn g (EX)mPn O (VX)P

In the case where yw™!(p) ¢ Moo, we have W(UX) = A by Fact 2l Then, clearly
Q(T) € U(UX), and hence Q™ € W(VX) for all n > 0. In this case, we have T,, =
{1}. Thus, by (£3), we obtain e ¢ (vx)ymen . Therefore, the condition (FLH)
is equivalent to (=Hp,,). If we assume xw™'(p) € py, then x(p) & p,~. Hence,
by Lemma BT (ii), we have VX = UX. Thus, (EX)™P» N (VX)™Pm = (EX)™ P, This
completes the proof. O

Proof of Theorem The assertion follows from Theorem and the following.
O

Lemma 4.2. Let P(T) be a factor of Py(T). Then we have that P(T) satisfies
(T) if and only if cXen & (UxX)mPn T, for somen > 0.

Proof. By the definition, P(T) satisfies (7') if and only if Q(T) & (T—q, 1—xw™(p))
with @ = P,/P. By Fact ] we have U(UX) = (T — ¢,1 — x1(p)). Hence P(T)
satisfies (7') if and only if Q(T') & ¥(UX). Furthermore, by using an argument in
the proof of Theorem we can show that Q(T) ¢ U(UX) holds if and only if
S Xen g (vxymenT, for some n > 0. By Lemmas (i) and B (ii), if P(T)
satisfies (7), then VX = UX. Thus, the lemma has been proved. O

Remark 3. Assume P(T) satisfies (7). Then we can directly show that P(T) ¢
charp AX . Indeed, we have Q(T) ¢ U (UX) with @ = P, /P by the assumption and
Fact 2] and hence Q(T) & W(EX). The latter condition is equivalent to saying that
P(T) { chary AX, by Fact [[l Lemma B.5 and (3.2) (see at the beginning of the proof
of Theorem [2.6)).

5. BASIC FACTS ON THE X-PARTS OF THE IDEAL CLASS GROUPS

In this section, we shall show sufficient conditions for AX to be trivial (Lemma BTl
and Remark [I]), which are more or less known. We use the same notation as in the
previous sections.

For a Z,[A]-module M, we define an O-module M, the x-quotient, by

M, = (M ®z, O)/1,(M ®z, O),

where I, denotes the ideal of O[A] generated by all elements of the form ¢ — x(4),
d € A. If M is finite, then MX and M, have the same orders (cf., e.g., [18 §2]).
Thus we have

(5.1) HAX =#A, .
We first show the following:

Lemma 5.1. Let x be a (not necessarily even) Dirichlet character with x(p) € ph,e -
If AY is trivial, then, for alln >0, AX are trivial, and so is AX,.
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Proof. By Nakayama’s lemma and (&), it suffices to show that
Anx = Acox/wnAos,x

for each n > 0. Let L be the maximal unramified abelian p-extension of koo, Ly,
the maximal abelian extension of k, contained in L, and H,, the Hilbert p-class
field of k, for each n > 0. By class field theory, we have A, = Gal(H,/k,)
and As = Gal(L/ko). We further see that Gal(L,/keo) = Aco/wnAso, and hence
Gal(Lyn/koo)y = Acox/WnAoco,x. Then we show that Gal(Ly/keo )y = Gal(Hp/kn)y-
For a prime ideal p of k,, over p, let I, denote the inertia group of p in Gal(L.,/k,).

Since L,,/ky,, is unramified outside p, we have an exact sequence of Z,[Gal(k,, /Q)]-
modules

115 — Gal(Ly/kn) — Gal(H,/kn) — 0.

plp
We further see that [, I, = Zp[A/D] (recall that D is the decomposition group
of pin A). We recall that A’ is the prime-to-p part of A, ¥ = x|a’ and ey, € Z,[A]
is its idempotent. By the assumption that x(p) & p,e, i.e., ¥(p) # 1, we have
ey(Zp[A/D]) = {1}, and hence ey,Gal(L,/kn) = eyGal(Hy/k,). Therefore we
obtain Gal(Ly/ky,)y = Gal(Hy/kn)y (see [18] §2]). Since Gal(koo/kn)y = {1}, we
have proved the claim. O

Applying Theorems and 26 to verify the conjecture for x, we have only to
consider the case where x(p) € Hpoo O AY is nontrivial by the above lemma. We
give a sufficient condition for A} to be nontrivial.

Lemma 5.2. Let x be a Dirichlet character and v the prime-to-p order part of
X- If ep Ay, is nontrivial, then so is Af, where Ay, is the p-Sylow subgroup of the
ideal class group of ky.

Proof. Assume that e, Ay, is nontrivial. Let p be the Dirichlet character with x =
Yp. Since k,/Q is a cyclic extension of degree a power of p, at least one prime [ is
totally ramified, and hence a prime ideal of ky, above [ is also totally ramified in k, =
kyk,. Then we see that the norm map from the p-Sylow subgroup of the ideal class
group Ay, of ky to Ay, is surjective by class field theory. Therefore, (eyAx, )a, —
ey Ay, is also surjective; so (ey A, )a, is nontrivial. Let 0, denote a generator of
is the p-Sylow subgroup A, of A and put p = x|a,. By the isomorphism

Aoy = (Aky )y = (epAr, ®or O)/(0p — p(dp))(ey Ak, @0 O)
(cf. IRl §2]), we have
((ep Ak, )a, ®or O)/(1 = p(0p))((ep Ak, )a, ®or O) = Ao,x /(1 — p(dp))Ao,x,

where O denotes the ring generated by the values of ¢ over Z,. Therefore, Ag , is
nontrivial, as desired. O

Finally we shall show that if vo(Bj y,-1) = 0, then AX are trivial for all n > 0
(Remark [[). Let k,y—: denote the fixed field of the kernel of the odd Dirich-
let character wx™'; so wy ™! is a character of Gal(k,,-1/Q). The p-Sylow sub-
group of the ideal class group of the n-layer k-1 ,, of the cyclotomic Z,-extension
Eux—1,00/kuy-1 is a Zy[Gal(k,,-1/Q)]-module and we define A“,f(1 by its wy~!-
part for each n > 0. As a consequence of the Iwasawa main conjecture proved in
[16], the following was proved.
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Theorem 5.3 ([16] Theorem 2 in §1.10], [L7) Theorem II.1]). Let x be a nontrivial
even Dirichlet character. Then we have

w —1
#A40%  =#(0/B1,xu-10).
We know the following reflection theorem (cf. [20, Theorem 10.9]).

Lemma 5.4. Let x be an even Dirichlet character. Then the order of A, \/TAn
divides that of Aﬁx_l/ﬂA;’X_l for each n > 0, where w is a prime element of O.

Assume vo(Bj 1) = 0. By the above and (5.]), we have that Ag’(l and A}
are trivial. For any character y, we have yw™!(p) ¢ Ky OF X(P) & Myoo. Then,

by Lemma 5.1 A“X " or AX are trivial for all n > 0. In the former case, the claim
follows from Lemma .4

6. EXAMPLES

In this section, we verify Greenberg’s conjecture for several examples by using
Corollary 241 and Theorem The computations in this section was carried out
by Kazuo Matsuno whom the author wants to thank.

Corollary 4] asserts that the condition that P, (7T) is irreducible or that
v0(Bi yw-1) = 0 implies Ay = 0 when xw™'(p) € py \ {1}. We give some
examples satisfying the condition.

The above condition is clearly satisfied when A} = deg P (T) = 1. In [I9
Lemmas 3 and 4], the author showed that, for each even Dirichlet character ¢ of
the first kind, there exist infinitely many characters p of p-power order such that
Ay, = Ay and p(p) # 1. Then x = tp satisfies the condition in Corollary 241 if Ay =
1 and 9w~ !(p) = 1. For example, these conditions are satisfied if p = 3 and 1 is
the quadratic character of conductor 33 (cf., e.g., [2] for other examples). Therefore
there exist infinitely many characters x satisfying the condition in Corollary 2.4]
and hence A, = 0. In [18], a method for finding infinitely many x’s satisfying
v0(Biyw-1) = 0 and xw'(p) € py \ {1} was also given. However, for such
characters x, we can also verify that A\, = 0 by Lemma [5.T]instead of Corollary 2.4
since we see that Af = 0 if A} =1 or vo(By y,-1) = 0 (for the latter see §h)). So
we next give examples such that AY is nontrivial and P, (7T') is irreducible.

Let p = 3 and v be the quadratic character of conductor 321 = 3 - 107. For
a character p of order 3, we put x = ¥p. We see that ey Ay, = AQ(\/E) is

nontrivial (the class number of Q(v/321) is 3), and hence A} is also nontrivial by
Lemmal[5.2l Let p be a character of order 3 whose conductor is 7. Then p(3) # 1;
so xw™(3) € ps \ {1}. For this x, we calculate P, (T) modulo a power of p as
in [I0] and [5] by using the fact that the Stickelberger elements produce g, (T')
and check the irreducibility of P (T"). More precisely, we calculate NP, (T) =
Py(T)P,—1(T) € Zs[T] (x ' is a Qs-conjugate of x), since it is easier to handle
Zs-coefficient polynomials than O = Z3[(s]-coefficient ones. We have

NP (T) =T* + 513073 + 102072 + 22147 + 4977 mod 3°.

We see that NP, (T) is irreducible over Zs. So P, (T) is also irreducible over O.
Thus, this  satisfies the condition in Corollary[Z4] and we have A, = 0. Moreover,
this implies that Greenberg’s conjecture for k,, the cyclic field of degree 6 whose
conductor is 2247 = 3-7-107, is true by Lemma [ZT] In fact, Ichimura and Sumida
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[10, Proposition] showed that A\, = 0, and we can see that A\, = 0 by Iwasawa’s
lemma (cf. |20, Lemma 10.4]) since p(3) # 1.

We further check the irreducibility of Py,(T’) for a nontrivial character p of cyclic
cubic fields k, with conductor less than 103. There are 128 such fields, and 86 fields
among them satisfy p(3) # 1 (i.e., 3 does not decompose in those fields). Among
these 86 fields, Py, (T) is irreducible for those p whose conductor is in the following
list:

7, 43, 97, 109, 127, 139, 157, 181, 211, 229, 277, 337,
349, 379, 409, 607, 691, 709, 733, 739, 751, 877, 907,
217 =7-31, 301 =7-43, 4271 =7.61, 469" =767,
5111 =7.73, 553 =7-79, 7217 =7-103.

We remark that there are two cyclic cubic fields k, satisfying p(3) # 1 whose
conductor is one of the numbers with 7 in the above list. (We have only one such
field for others.) Among them, Py,(T") are irreducible for both fields of conductor
427,511,721 and for one of the fields of conductor 469. Thus we obtain 33 cyclic
cubic fields k, of conductor less than 103 such that y = ¢p satisfies the assumption
of Corollary 241

We can see that A\, = 0 if the conductor of p is prime and p(3) # 1 by Iwasawa’s
lemma. Furthermore, Yamamoto kindly informed us that we know that A, = 0 for
p whose conductor is 217, 301, 427, 469 or 721 (see below for 553). Thus, for such
p’s, Greenberg’s conjecture for k, = kp(\/Sﬂ) is true by Lemma [2.1]

We apply Theorem [2.6] to several examples.

Let p = 3, ky be a unique cubic field of conductor 553 = 7-79 in which 3 does not
decompose and x a nontrivial character of k,. We fix a generator o of A, (= A)
and put x(o) = ¢, a nontrivial p-th root of unity. We have

P (T)=T — (122 +160¢) mod 3°.

We check the condition (Hp, o). We see that mp,_ o = 33 = 27 and

Vo, 2 =T%+ (23 +250)T7 + (3 + 3¢)T° + (24 + 15¢)T°
+ (6 +30)T*+9¢T3 + (21 +90)T? + (24 + 21)T + 9+ 18¢  mod 3.

Let [ = 29863. Then a prime ideal [ of ke above [ is of degree one. We verify that

cél_a)ypx'2 mod [ ¢ (Z/1Z)*?7, and so we have A\, = 0. Greenberg’s conjecture for

ky (and k,(v/321) also) is also true.

Let p = 5 and x be a character of order 5 with prime conductor f. By a re-
sult of Kurihara [I5, §4.4], we know that A\, = 0 for all f < 10° except f =
38851,41201,84551. We consider the case f = 38851. By computing NP, (T) =
Hle P,:(T) € Zs[T], we see that P, (T") decomposes into a product of two irre-
ducible factors Py (T) and P»(T') of degrees 1 and 3 respectively. In [I5], Kurihara
introduced an invariant s associated to x and showed that, for a factor P(T) of
P, (T), we have P(T) { charpy AX, if deg P(T) > k (cf. [I5] Remark 1.11]). We have
Kk = 2 in this case. So we check the conditions in Theorem .8 only for the factor
Py (T) of degree 1. We have

Pi(T) =T — (1313 + 416¢ + 1834¢? 4 2427¢%)  mod 5°.
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We check the condition (Hp, 1). We see that mp, 1 =5 and
Ypo1 =T+ (340 +40° + 20°)T2.

We verify that cglfa)ypl’l mod [ ¢ (Z/IZ)*® with | = 9712751, where a prime ideal

[ of k1 above [ is of degree one.

We further consider the cases where f = 41201, 84551 in the above setting.
We see that P, (T") decomposes into a product of two irreducible factors P;(T')
and P5(T) of degrees 1 and 3 respectively, in both cases, and have k = 2 (resp.
3) if f = 41201 (resp. 84551). Hence we have only to check the conditions in
Theorem for the factor Py(T) of degree 1 for both f’s. We verify that the
condition (Hp, 1) holds in each case. Therefore, together with the result of Kurihara
[TH, §4.4], we have that A, = 0 for p =5 and all primes f < 105.
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