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GENERALIZED HYPERELLIPTIC SURFACES

FRANCESCO ZUCCONI

Abstract. This article presents some results on the surfaces of general type
whose Albanese morphism is a holomorphic fibre bundle.

1. Introduction

A fibration f : S → B is a surjective morphism between complete smooth va-
rieties S, B with connected fibres. The quotient surface by a diagonal action of
a group G over the product of two curves gives a typical example of important
fibrations for the theory of surfaces. Perhaps the hyperelliptic surfaces are among
the most interesting cases; their first Betti number b1 is 2 and they have a holo-
morphically locally trivial fibration over an elliptic curve ([BF], or cf. [BPV], pp.
148 and 189). In other words, a hyperelliptic surface S is a quotient S = E ×C/G
where E and C are elliptic curves and G is a finite subgroup of the translation
group of C which acts faithfully on E with quotient isomorphic to P1.

In this paper we describe quotient surfaces S = C1 × C2/G by the diago-
nal action of a finite group G over C1 × C2 such that i) the Galois morphism
π1 : C1 → C = C1/G is unramified; ii) the quotient curve C2/G is isomorphic to
P1. They are called Generalized-Hyperelliptic surfaces, GH in short. By the stan-
dard inequalities among the invariants of a fibration it follows that GH-surfaces are
precisely those surfaces whose Albanese morphism is a holomorphic fibre bundle.
Recently Catanese [Ca] has strongly renewed this subject showing their topologi-
cal characterization: [Ca, Theorem B]. The main theorem of this paper concerns
another aspect of GH-theory.

Consider a fibration f : S → P1 and let E ⊂ f?OS(KS) be the rank rf subsheaf
generically generated by the global sections of f?OS(KS). We call rf the rank of
the fibration f. In fact, rf − 1 is the dimension of the linear series obtained by the
restriction of the canonical linear series to a fibre.

Theorem A. Let f : S → P1 be a rank-rf > 0 fibration on an arbitrary surface of
general type. Assume that the space of global holomorphic 1-forms has dimension
rf + 1. Then the Albanese image of S is a curve if and only if the minimal model
of S is a GH-surface.

We also study the relation of GH-geometry with finite group theory. It is not
difficult to prove that if G is a finite group, then there exists a GH-surface S such
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that S = C1 × C2/G (see 4.3), and for each occurrence of G we have plenty of
GH-surfaces. However, the important point is to understand how G influences the
geometry of S. This can be seen in the next two classification theorems, especially
in the last one.

The first theorem ends the classification of surfaces not of Albanese general type
with canonical map composed with a pencil and with q ≥ 2.

Theorem B. Let S be a surface of general type with q ≥ 2 such that its canonical
map is composed with a pencil Λ of curves of genus h. If its Albanese image is a
curve, then S is of Generalized Hyperelliptic type. Moreover, there are only two
cases: a) h = 9, pg = q = 2, or b) pg ≥ 2, S is a G-quotient of X = C1 ×C2 where
G = Z/2, C1 is also the fiber of the canonical morphism and it has genus h = 3, C2

is the fiber of the Albanese morphism, it is a hyperelliptic curve of genus pg, and G
acts on C2 via the hyperelliptic involution.

This theorem is essentially due to Konno. In fact, in [K, Theorem 3.6] it is proved
that there is only the case b) and possibly the cases (pg, h) = (2, 6), (2, 9), (3, 7).
Our proof is simple, and we can exclude the cases (pg, h) = (2, 6), (3, 7). Actually
case b) has also been described in [Be2, Example 2].

In the second theorem we explicitly classify all GH-surfaces whose canonical
image is a ruled surface with ruling induced by the natural pencil f : S → P1 over
a GH-surface. We think that this theorem is interesting because the group G plays
the main role. Moreover, in its proof we will need to consider also the nonabelian
covers.

Let G? be the set of the linear characters of G. Consider the corresponding
decompositions H0(Ω1

C1
) =

⊕
χ∈G? V

χ
(i), H

0(Ω1
C2

) =
⊕

χ∈G?W
χ
(i) into subspaces

induced by the admissible faithful representations G → Aut(C1), G → Aut(C2)
where i = dimV χ(i) = dimWχ

(i) and where G acts on V χ(i) and Wχ
(i) via χ.

Theorem C. If S = C1 × C2/G is a GH-surface such that the canonical image is
birational to P1× (C2/G) and the P1’s are embedded as lines, then G is abelian and
only a finite list of cases occurs. More precisely, S is constructed by the data given
in Table 1.

Table 1.

q(S) G g2 = g(C2) H0(Ω1
C2

) H0(Ω2
S)

3 Z/2 ≥2 W−(g) V −(2)⊗W
−
(g)

2 Z/3 ≥3 Wχ
(i) ⊕W

χ2

(l−i) V χ1 ⊗W
χ2

(l−i)⊕V
χ2

1 ⊗W
χ
(i)

2 Z/4 3 Wχ2

1 ⊕W
χ3

(2) V χ1 ⊗W
χ3

(2)⊕V
χ(2)

1 ⊗Wχ2

1

2 Z/4 2l− 3≥3 Wχ
(l−1)⊕W

χ3

(l−2) V χ1 ⊗W
χ3

(l−2)⊕V
χ3

1 ⊗W
χ
(l−1)

2 Z/4 2l− 2≥4 Wχ
(l−1)⊕W

χ3

(l−1) V χ1 ⊗W
χ3

(l−1) ⊕V
χ3

1 ⊗W
χ
(l−1)

2 Z/2× Z/2 2l− 1≥3 W
χ2
(l−1)⊕W

χ1χ2
(l−1) V

χ2
1 ⊗W

χ2
(l−1) ⊕V

χ1χ2
1 ⊗Wχ1χ2

(l−1)

2 Z/2× Z/2 2l− 2≥4 W
χ2
(l−1)⊕W

χ1χ2
(l) V

χ2
1 ⊗W

χ2
(l−1)⊕V

χ1χ2
1 ⊗Wχ1χ2

(l)
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Finally we would like to remind the reader the paper of Serrano [Ser] where we
learned about the concept of isotrivial fibred surfaces and where the reader can find
the concept of quasi-bundle, which includes the surfaces we are going to study.

2. First results on GH-surfaces

To write our results, we have to recall some basic facts about fibration theory
of surfaces. The first one is that if the fiber F has genus g > 0, then f admits a
unique minimal model (called minimal fibration) and it is obtained by successive
contraction of the −1-curves contained in the fibers. To study f : S → B, we
denote by b and g the genus of B and F respectively. The standard notation
for the dimension of the space of holomorphic 1-forms, and 2-forms is, respectively,
q = dimH0(S,Ω1

S) and pg = dimH0(S,KS). We shall have to consider the following
relative invariants:

ef = e(S) − 4(g − 1)(b− 1),
χf = χ(S) − (b − 1)(g − 1),
kf = K2

S − 8(g − 1)(b− 1),
where e(S) is the topological Euler-Poincaré characteristic, χ(S) = pg − q + 1 is
the algebraic characteristic, and K2

S is the self-intersection number of the canonical
class KS of S. Much information on f is given by the invariants of the relative
canonical sheaf ωS|B = OS(KS) ⊗ f?TB where TB is the tangent sheaf on B. In
particular, it is known that f?ωS|B is a rank-g vector bundle and

deg f?ωS|B = χf .

The following known theorems are the cornerstones of the theory.

Theorem of Zeuthen-Segre. If f : S → B is a fibration, then ef ≥ 0. If g ≥ 2,
then ef = 0 if and only if f is a topological fibre bundle.

Theorem of Fujita. If f : S → B is a minimal fibration with g ≥ 2, then
f?ωS|B = O⊕q−bB ⊕F where F is a nef locally free sheaf such that h0(B, F∨) = 0.
In particular, χf ≥ 0. Moreover, the equality χf = 0 holds if and only if f is an
analytic bundle.

Theorem of Arakelov. If f : S → B is a minimal fibration with g ≥ 2, then
kf ≥ 0 and ωS|BC ≥ 0 for every irreducible curve C ⊂ S. Moreover, kf = 0 only
if the smooth fibres of f are isomorphic.

Obviously, if f is a holomorphic fibre bundle, then all the fibres are smooth and
isomorphic. In particular, the relative Todd genus formula 12χf = kf + ef and the
equality χf = 0 in Fujita’s theorem force the other two equalities kf = 0, ef = 0
to hold, and the natural questions are the following: I) For which surfaces is the
canonical map a holomorphic fibre bundle? II) For which surfaces is the Albanese
map a holomorphic fibre bundle? In particular, in this second case the surface is
not of Albanese general type; that is, the image of the Albanese morphism is a
curve. By [X], the answer to the first question is extremely easy in the case of
surfaces of general type with q ≥ 2: none. To answer the second question we came
across the concept of Generalized Hyperelliptic surface (see also [Ca, Proposition
3.15]).

Let C1, C2 be two smooth curves, and Aut(C1), Aut(C2) the associated auto-
morphisms groups. We consider a nontrivial finite subgroup G with two injections:
G ↪→ Aut(C1), G ↪→ Aut(C2).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4048 FRANCESCO ZUCCONI

Definition 2.1. The quotient surface S = C1 ×C2/G by the diagonal action of G
onto the product C1 × C2 is said to be of Generalized Hyperelliptic type (GH, for
short) if i) the Galois morphism π1 : C1 → C = C1/G is unramified, and ii) the
quotient curve C2/G is isomorphic to P1.

From now on S = C1×C2/G will always be a surface of Generalized Hyperelliptic
type, unless otherwise stated. Note that S is always a minimal surface. S comes
equipped with two different, important maps. The fibration with general fiber C2

will be denoted by α : S → C while the one with fiber C1 will be denoted by
f : S → P1. The numbers g1, g2 will denote the genera of C1, C2.

Lemma 2.2. The Albanese map factors through the fibration α : S → C.

Proof. Trivial by the universal property of the Albanese morphism and [Be1, Lemme
VI.11]. �

We point out that C, the image of the Albanese morphism, is the quotient of C1

by G. The first of our results actually is Theorem F in [Ca], where it is shown that
among the fibred surfaces not of Albanese general type with K2

S = 8χ(S), the GH
are those with maximal genus of the fiber for the Albanese map. We present here
an independent proof.

Proposition 2.3. Let S be a surface with q ≥ 2. The following are equivalent:
1) S is a GH-surface;
2) the Albanese map induces a fibration α : S → C with χα = 0.

Proof. Suppose that the Albanese map is factored by a fibration α : S → C. By
Fujita’s theorem applied to α, we know that χα ≥ 0, and equality holds if and only
if α is a holomorphic fibre bundle. Now if α is a holomorphic fibre bundle, by [Ser]
we have S = C1×C2/G, and G ⊂ Aut(C1)∩Aut(C2) acts freely on C1. We have two
cases. If G acts diagonally, then C2/G = P1; otherwise, by the universal property
of the Albanese map it would be true that C = C1/G is a covering of C2/G, a
contradiction. Let us consider the case C1 = C2 = A such that G/Gfix = Z/2,
where Gfix is the subgroup whose elements do not interchange the two factors in
X = A×A, and we have

H0(Ω1
S) = (H0(Ω1

A)⊕H0(Ω1
A))G ⊂ H0(Ω1

A)Gfix ⊕H0(Ω1
A)Gfix

= H0(Ω1
D)⊕H0(Ω1

D).

The group G/Gfix = Z/2 interchanges the two factors H0(Ω1
D), and by the very

nature of the Albanese morphism the following diagram is commutative:

S
alb(S)→ Alb(S)

↓ ↓
D2 alb(D2)→ Alb(D2)

But alb(D2) is the Abel-Jacobi map on the degree-2 divisor over D and so its image
is 2-dimensional. In particular, the image of alb(S) is a two-dimensional variety,
a contradiction. Vice versa, if S is GH, then α is a fibre bundle, and by Fujita’s
theorem we easily conclude. �
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As a corollary we obtain an answer to question II):

Theorem 2.4. The Albanese morphism of a surface of general type S with q ≥ 2
is a holomorphic bundle if and only if S is of Generalized Hyperelliptic type.

Proof. Trivial by Fujita’s theorem and Proposition 2.3. �

Proposition 2.3 implies that in the GH-geometry the converse of Arakelov’s the-
orem holds. In fact, it is an easy consequence of the Zeuthen-Segre, Fujita and
Arakelov theorems stated in the introduction:

Proposition 2.5. Let S be a surface with a constant moduli fibration f : S → B
over a base of genus b > 0. If S is a GH-surface, then kf = 0.

Proof. Since S is GH and b > 0, then f = α. In particular, χf = 0 by 2.3. On
the other hand, by the Zeuthen-Segre and Arakelov theorems, we have ef ≥ 0 and
kf ≥ 0. Now the claim follows from the relative version of Noether’s theorem:
12χf = kf + ef . �

3. Theorem A

We have studied the Albanese map of GH-surfaces. Let us consider the other
fibration naturally living over S, f : S → P1. We can associate to f the subsheaf
E ↪→ f?ωS generically generated by the global sections. By Fujita’s theorem and
the well-known Grothendieck decomposability result for vector bundles on P1 we
have

(1) f?ωS = O⊕q(S)
P1 (−2)⊕O⊕q−1

P1 (−1)
m⊕
i=0

O⊕qiP1 (i).

Then

(2) E =
m⊕
i=0

O⊕qiP1 (i).

In particular, if rf is the rank of E , then

(3) rf =
m∑
i=0

qi.

Theorem A in the introduction is about a relation between rf and the irregularity
q when S is a GH-surface. It is a straightforward consequence of the following one.
Let S be a surface of general type with a rational pencil Λ of irreducible curves.
Consider σ : X → S a minimal composition of blow-ups which resolves the base
points of Λ. In particular, Λ induces a relatively minimal fibration f : X → P1 and
E , the rank-rf subsheaf generically generated by the global sections of f?O(KX),
remains defined.

Theorem 3.1. Let S be a minimal surface of general type with a rational pencil
Λ of irreducible curves. If the Albanese image of S is a curve and q = rf + 1 ≥ 2,
then S is GH.

Proof. We put rf = r. Since h0(E) = pg and h1(E) = 0, by Riemann-Roch for a
vector bundle on a curve we have

degE = pg − r.
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On the other hand, by (3), the maximal degree of an E-factor satisfies the inequality
mr ≥ degE ; that is,

(4) m ≥ pg − r
r

.

This means that KX − mC1 is effective. Now we use the other hypothesis. The
Albanese map of X factors through the Albanese map of S, and so we have another
fibration αX : X → C ⊂ Alb(S) over a genus q curve. Obviously the two fibrations
f and αX must be transversal, and if C2 is the fibre of α, for the intersection
product we have (KX −mC1)C2) ≥ 0. By adjunction and (4) we can write

(5) 2g2 − 2 = KXC2 ≥ mC1C2 ≥ C1C2
pg − r
r

.

By hypothesis X is not birational to P1 × C. Therefore C1C2 ≥ 2 and (5) implies

(6) g2 − 1 ≥ pg − r
r

.

We are ready to use the identity q = r + 1. In fact by Fujita’s theorem

degα?ωX|C = χ(OX)− (g2 − 1)(q − 1) ≥ 0,

and by (6) we obtain

pg − r = χ(OX) ≥ (g2 − 1)(q − 1) ≥ pg − r
r

(q − 1) = pg − r.

In particular, it follows that 0 = degα?ωX|C = degα?ωS|C . Now by 2.3, S is
GH. �

In the following propositions we show the converse of Theorem 3.1 under the
extra assumption that the condition q(S) = rf + 1 holds for the natural fibration
f : S → P1 = C2/G of a GH-surface. First we analyze the case with G = Z/Z2.

Proposition 3.2. If S = C1 ×C2/G is a GH-surface and G = Z/Z2, then q(S) =
rf + 1.

Proof. By hypothesis C1 → C1/G = C is unramified, and from Riemann-Hurwitz
it follows that g1 = 1+2(q−1). On the other hand, (3) says that g1 = q+q−1 +rf ;
then

(7) q + q−1 + rf = 1 + 2(q − 1).

Now we have to recall the following inequality, proved in [K, Proposition 1.5]:
rf ≥ q − 1. This together with (7) leads to the claim, since we have q−1 = 0 and
q(S) = rf + 1. �

We want to stress a subtle point. It can happen that on a surface we have a
fibration φ : X → P1 with q(X) = rφ + 1. Thus its minimal model S = C1 ×C2/G
is a GH-surface, but the natural pencil f : S → P1 = C2/G does not share anything
with φ.

Remark 3.3. Surfaces with pg = q = 2 provide a large class of GH-surfaces S =
C1×C2/G such that the induced canonical pencil (over a suitable blow-up) satisfies
the condition q(S) = rφ|K| + 1, but G 6= Z2. In fact, the canonical fibration for
these surfaces is not the natural fibration f : S → P1 = C2/G. See Proposition 5.3.
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We are now ready to appreciate the converse of 3.2. From the introduction we
recall that if G? is the set of the linear characters of G, then the induced repre-
sentations on H0(Ω1

Cj
), j = 1, 2, give the decompositions H0(Ω1

C1
) =

⊕
χ∈G? V

χ,
H0(Ω1

C2
) =

⊕
χ∈G?W

χ where G acts on V χ, Wχ via χ. By the same proof of [Z,
Theorem 1.4], we have

(8) H0(S, ωS) =
⊕
χ∈G?

V χ ⊗Wχ∨ ,

χ∨ being the dual representation.

Proposition 3.4. Let S = C1×C2/G be a GH-surface such that q = rf + 1 where
f : S → P1 = C2/G is the natural fibration with generic fibre isomorphic to C1.
Then G = Z2.

Proof. Since π1 : C1 → C = C1/G is unramified, it is easy to prove that for every
χ ∈ G? we have dimC V χ ≥ q − 1 where q = g(C) > 1. Let

I = {χ ∈ G? |Wχ∨ 6= 0};
then

rf =
∑
χ∈I

dimCV χ.

By (8) it follows that there exists a unique χ ∈ G? such that Wχ∨ 6= 0. This is also
true for all the morphisms C2 → C2/H where H < G. To prove our statement it
remains to prove

Claim. Let C, D be two smooth curves and H 6= Z2 an abelian group acting
faithfully on C with D = C/H. Then there exist at least two nontrivial characters
χ1, χ2 ∈ G? such that V χ1 6= 0, V X2 6= 0.

Proof of the claim. We can easily assume first that H is cyclic, then that the char-
acter χ is such that H0(C, ωC) = H0(D,ωD) ⊕ V X is a generator of the group of
characters. In particular, the action over the ramification loci (cf. [Pa, Lemma 1.2])
is given only via χ: a contradiction by [Pa, Formula 2.15]. �

4. Finite groups

We will show that for every n,m > 1 there exists a GH-surface with Albanese
fibration of genus n and irregularity m. First we will show that for every nontrivial
group G there exists an infinite family {Sn}n∈N (i.e., with limn→∞χ(Sn) = ∞) of
GH-surfaces with fibre of the Albanese map of genus g.

Lemma 4.1. Let G be a nontrivial finite group. Then there exists an algebraic
curve C2 such that g2 ≥ 2, G ⊂ Aut(C2) and P1 = C2/G.

Proof. This is a well-known result by Hurwitz. See, for example, [Br, Corollary
3.15]. �
Lemma 4.2. Let G be finite group. Then there exist two (connected) curves C and
D, both with genus ≥ 2, such that C is a G-Galois unramified cover of D.

Proof. If G is cyclic the proof is easy; otherwise we fix a finite noncyclic group
G and let {x1, ..., xg}, g ≥ 2, be its generators. The fundamental group of D is
Π1(D) = 〈a1, b1, ..., ag, bg | [a1, b1]...[ag, bg] = 1〉, and over the generators we define

ai, bi
φ7→ xi, which extends to a homomorphism φ : Π1(D) → G. Let Π1 be the
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kernel of φ. Then Π1 is a normal subgroup and G = Π1(D)/Π1 acts on the Riemann
surface C = IH/Π1 where IH is the hyperbolic plane and Π1 = Π1(C). �

Lemmas 4.1 and 4.2 easily give the following:

Proposition 4.3. For every finite nontrivial group G there exists a GH-surface S
such that S = C1 × C2/G.

Proof. Fix a finite nontrivial group G. Then by 4.1 there exists an algebraic curve
C2 such that g2 ≥ 2 and P1 = C2/G. By 4.2 there exist C1 and C such that C1 is
a G-Galois unramified cover of C. Then there remains defined a diagonal action of
G onto X = C1 × C2 such that S= X/G is a GH-surface. �

Once we have constructed a GH-surface S = C1×C2/G, by the base change over
its Albanese morphism we can produce an infinite family {Sn}n∈N of GH-surfaces,
and it is now easy to show the following:

Proposition 4.4. For every finite nontrivial group G, there exists an integer g � 0
(actually infinitely many) and an infinite family of GH surfaces with group G and
with Albanese fibration of genus g.

Proof. Trivial by 4.3. �

Proposition 4.5. For every n,m > 1 there exists a GH surface with Albanese
fibration of genus n and irregularity m.

Proof. Let C2 be a hyperelliptic curve of genus g2 = n. Let G = Z/2 be the group
generated by the involution. Fix a generic curve C of genus m > 1. Then there
exists a G-unramified cover C1 → C. Finally, the natural map C1 × C2/G → C
gives a fiber bundle structure of genus n over a GH-surface with irregularity m. �

These results are closely related to the geometry of hyperelliptic curves (cf. [Ca,
Corollary 3.20]), and they are among the first consequences one can obtain by
Galois theory applied to GH. In the rest of the paper G will be a finite group, not
necessarily a commutative one.

5. Theorem B

We classify the GH-surfaces with canonical map composed with a pencil, and in
doing so we give a complete answer to [K, Theorem 3.6]. The following proposition
is the first claim of Theorem B in the introduction.

Proposition 5.1. Let S be a surface of general type with canonical map composed
with a pencil Λ, and let q = 2. If its Albanese image is a curve, then S is GH.

Proof. By [X], Λ is a rational pencil, and if λ : S 99K P1 is the rational map induced
by Λ, the fibres are connected. We consider ε : Y → S a minimal composition of
blow-ups to resolve the base points, and we call ψ = λ◦ ε the induced fibration. Let
F be a general fiber; then OY (F )|F = OF . In particular, we can write OF (KF ) =
OY (KY + F )|F = OY (KY )|F . Then we have a restriction morphism on the spaces
of global forms: rF : H0(Y,OY (KY ))→ H0(F,OF (KF )). Since the canonical map
of Y is composed with ψ, then dim rF (H0(Y,OY (KY ))) = 1, for every F . This
means that the subvector bundle E of ψ?ωY generically generated by the global
sections has rank r equal to 1; now the claim follows by 3.1. �
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For further reference we set aside the following:

Remark 5.2. If S is a GH-surface with canonical map composed with a pencil Λ,
then φΛ : S 99K P1 has generically irreducible fiber. Moreover, φΛ is said to be the
canonical pencil.

Since we are going to classify all GH-surfaces with canonical map composed with
a pencil, the above proposition says that we actually classify all surfaces with q = 2,
not of Albanese general type and with canonical map composed with a pencil.

Proposition 5.3. Let S be a GH-surface with canonical map composed with a
pencil. Then either pg = q = 2, or it is a G = Z/2 quotient of X = C1 × C2 where
C1 is a genus-3 curve and G acts freely on it.

Proof. Let λ : S → B be the fibration induced by the global sections of the canonical
sheaf. In 5.1 we recalled that B = P1. Now by definition

| KS | ≡ Z+ | (pg − 1)F |
where F is the fiber of λ, Z is the fixed component of | KS |, and ≡ means “linearly
equivalent”. Inside Z we distinguish two components: Z = H + V where V is
supported over all irreducible components of Z contained in the fibers of λ while H
is supported over the irreducible components with positive intersection with F ; in
particular, HF = 2g(F )− 2. Since S is GH, then q > 1, and by [X] we have q = 2.
In particular, if pg = 2, we have the claim. Assume that pg > 2. For the reader’s
benefit we stress that f : S → P1 is one of the two fibrations naturally associated
to a GH-surface. First we show that λ = f , by contradiction. Assume that λ 6= f .
We cannot use the condition r = 1 because f 6= λ! On the other hand, the images
of C1 and C2 are equal to the canonical image Σ, which is a curve in Ppg−1. Then,
since q = 2, by (2) we have g1 = pg+ q−1 +2 and g2 = pg. We apply the adjunction
formula twice:

2(pg + q−1 + 2)− 2 = ZC1 + (pg − 1)FC1,(9)

2pg − 2 = ZC2 + (pg − 1)FC2.(10)

By (10), ZC2 = 0 and C2F = 2. Then Z is a union of components in the fibres of
the holomorphic bundle α : S → C. By the projection formula and the Riemann-
Roch theorem on C we have 1 = h0(S,OS(Z)) = h0(C, f?OS(Z)) ≥ d − 1 where
d = deg(f?OC(Z)); that is,

d ≤ 2.
If d = 1, then ZF = 2. In particular, g(F ) = 2: a contradiction with [X]. If d = 2,
then ZC1 = 2C2C1 = 2 | G |. On the other hand, the Riemann-Hurwitz formula
for the unramified morphism C1 → C = C1/G says that 2 | G |= 2(pg+q−1 +2)−2.
Then by (9) FC1 = 0; that is, λ = f .

Now we assume λ = f . In particular, since q = 2, r = 1, by (2) the genus of the
fibration induced by the canonical map is

g1 = 2 + q−1 + 1.

We are going to show that in this case q−1 = 0. Once we have proved q−1 = 0,
then g1 = 3, and the claim will follow immediately since C1 must be an uramified
cover of the image of the Albanese map, which is a genus-2 curve.

Since g2 = pg and r = 1, then by (5) in Theorem 3.1 we have C1C2 = 2. Then
G = Z/2. By the proof of 3.2 we have q−1 = 0. �
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Let S be a GH-surface with pg = q = 2 and, as above, consider ε : Y → S
a minimal composition of blow-ups to resolve the base points; call ψ = λ ◦ ε the
induced fibration. Assume that the fibres of the canonical pencil have genus h > 3.
Then, by [K, Theorem 3.6], in order to finish the proof of Theorem B we only
need to exclude the case h = 6. Notice that if | KS | has no fixed part, then
h = 1 +K2

S = 9.

Lemma 5.4. Let S be a GH-surface with pg = q = 2 and with canonical map
composed with a pencil of genus > 3. Then the general element of | KS | is a
smooth curve of genus 9.

Proof. Let us consider the orbits map C1 × C2 = X
π→ S = C1 × C2/G. Let

tr : H0(X,ωX) → H0(S, ωS) be the trace homomorphism; then π? ◦ tr is the
multiplication by | G |. Since pg = 2, the invariant subspace V = H0(X,ωX)G is
2-dimensional. Since the canonical morphism is not composed with the Albanese
pencil α : S → C, which is a genus 2 pencil with fiber C2, it follows that the
restriction homomorphism V → H0(C2, ωC2) is an isomorphism. It follows that
V = 〈ω1 ∧ η1, ω2 ∧ η2〉 where 〈ω1, ω2〉 = H0(Ω1

C2
) and 〈η1, η2〉 ⊂ H0(Ω1

C1
). Since

there do not exist geometrical fibres of α in the fixed loci of | KS |, then | V | has
only simple base points, and by Bertini it follows that the general element H ∈ Λ
is smooth. Hence it is irreducible, because each of its components is numerically
equivalent to a sum of fibres of the natural projections X = Ci × C2 → Ci, i =
1, 2. Obviously G acts over H , since H is the zero scheme of an invariant 2-form.
Moreover, H/G is smooth, because G has no fixed points. Since π : X → S is a
G-Galois unramified cover, it follows by the very nature of the trace morphism that
H/G ∈ | KS |. In particular, g(H/G) = 9. �

Theorem B in the introduction is the content of 5.1, 5.3 and 5.4.

6. Theorem C

In the previous section we have classified the GH-surfaces with r = 1. In this
section we classify those with r = 2; that is, the GH-surfaces such that the canonical
image is a ruled surface where the fibers of the ruling are immersed as lines. In
fact, the condition r = 2 means that φ|KS |(C1) = P1 ⊂ Ppg−1.

Example: r = 2, q = 3. Denote by C1 a curve of genus 5 with a free G = Z/2-
action and let C = C1/G be the genus-3 quotient. Then we have the following
decomposition:

H0(C1, ωC1) = V + ⊕ V −,
where V + = H0(C, ωC) is 3-dimensional. Consider any hyperelliptic curve C2 with
its group G = 〈j〉 generated by the hyperelliptic involution j; in a self-explanatory
notation we can set H0(C2, ωC2) = W−. In particular, if S = C1 × C2/G, then

H0(S, ωS) = V − ⊗W−,

and we have r = 2, q = 3.

Proposition 6.1. Let S be a GH-surface with r = 2. If q ≥ 3, then S is one of
the surfaces constructed in the example; in particular, q = 3. Otherwise q = 2 and
3 ≤ |G| ≤ 6.
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Proof. First step. Assume | G | ≥ 3. We notice that in S the intersection number
C1C2 = | G |. From the inequality (5) in the proof of 3.1 we have 2g2−2 ≥ 3

2 (pg−2),
i.e., g2 ≥ 3

4pg −
1
2 . Since χ(OX) ≥ (g2 − 1)(q− 1), then χ(OX) ≥ (3

4pg −
3
2 )(q − 1),

and this implies

(11) pg ≥ (
3
4
pg −

1
2

)(q − 1).

Now if q ≥ 4, then 12
10 ≥ pg, and if q = 3, then 2 ≥ pg: in both cases we have a

contradiction. We have shown that | G | ≥ 3 implies q = 2.
Second step. Assume G = Z/2. We have

pg ≥ pg
q − 1

2
.

Then q ≤ 3. If q = 3, we have the claim. If q = 2, we still have H0(S, ωS) = V − ⊗
W− as in the example, but this time C1 has genus 3; hence V − is 1-dimensional,
that is, r = 1.
Third step. Assume q = 2; then pg = g2 and to show that 3 ≤ | G | ≤ 6 we consider
two cases: pg = 3 or pg > 3. If pg = 3, then in (5) we have m = 1, which implies
| G |= 4; in the other case, from (5) we have 4pg − 4 ≥ | G | (pg − 2), that is,
2 | G | −4 ≥ (| G | −4)pg ≥ 4(| G | −4), since pg ≥ 4. This implies | G | ≤ 6. �
Remark 6.2. To show that r = 2 implies q ≤ 3, one can also use [K, Lemma 1.6].

Now we are ready to give a complete classification of GH-surfaces whose canonical
image is a ruled surface immersed in Ppg−1 by sections of the fibration induced by
f . We remark that in the proof of Theorem C we will construct each occurring
class explicitly.

Proof of Theorem C. Following the proof of 6.1, we see that case described in the
example. If q = 2, then 3 ≤| G |≤ 6. Moreover, if G = Z/5, then 3 ≤ pg ≤ 6; if
G = Z/2 × Z/3 or G = S3, then 3 ≤ pg ≤ 4. Now the proof splits into 7 cases. In
every case let H0(Ci, ωCi) =

⊕
χ∈G? V

χ
i be the decomposition of the space of global

1-forms into the direct sum of the subspaces V χi where G acts via the character χ
(and where now we have not put i = 1, 2 inside parentheses as in the introduction).

The global G-invariant 2-forms of X = C1 × C2 give the global 2-forms on S,
and by [Z, Theorem 1.4] we have

H0(S, ωS) =
⊕
χ∈G?

V χ1 ⊗ V
χ−1

2

Then r = 2 if and only if one of the two following cases occurs: (i) there exists a
unique V χ1 such that dimCV

χ
1 = 2, dimCV

χ
1 ⊗V

χ−1

2 ≥ 3 and V χ̃1 ⊗V
χ̃−1

2 = 0 for every

χ̃ 6= χ, or (ii) there exist V χj1 such that dimCV
χj

1 = 1, j = 1, 2, V χj1 ⊗ V χ
−1
j

2 6= 0,

dimC
⊕2

j=1 V
χj

1 ⊗ V χ
−1
j

2 ≥ 3 and V χ1 ⊗ V
χ−1

2 = 0 for every χ 6= χ1 or χ 6= χ2. We
will recall some details of the covering theory in the course of the proof.

First we consider the case
G = Z/3.

The Z/3-unramified covering π1 : C1 → C can be reconstructed by an element
Mχ ∈ Pic0

3(C) such that π1,?OC1 = OC ⊕ M∨χ ⊕ M∨χ2 ; cf. [Pa, Formula 1.1].
Moreover,

H0(C1, ωC1)χ
i

== H0(C, ωC ⊗Mχ−i), i = 1, 2.
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Since H1(C, ωC⊗Mχi) = 0, by Riemann-Roch over C we have dimCV
χi

1 = 1, where
i = 1, 2. This implies, without loss of generality, that the other cover, π2 : C2 → P1,
must satisfy the two conditions dimCV

χ
2 > 1, dimCV

χ2

2 > 1. We point out all the
details in this case, so that the similar computations can be omitted in the rest of
the proof. The covering π2 : C2 → P1 is given by two line bundles Lχ, Lχ2 on C,
and two effective divisors D1, D2 such that the branch loci is D = D1 +D2 and in
Pic(P1) ' Z we have

(12)

{
3Lχ = D1 + 2D2,

Lχ2 = 2Lχ −D2.

The conditions dimCV
χ

2 > 1, dimCV
χ2

2 > 1, dimC
⊕2

j=1 V
χj

1 ⊗ V χ
−1
j

2 ≥ 3 imply,
respectively, the following ones: l1 = degLχ ≥ 2, l2 = degLχ2 ≥ 2 and l1 + l2 ≥ 5.
If we set degDi = di, where i = 1, 2, then by (12) and the Hurwitz formula we can
write

(13)


2g2 − 2 = −6 + 2d1 + 2d2,

6 ≤ 3l1 = d1 + 2d2,

4 ≤ 2l1 = l2 + d2,

l1 + l2 ≥ 5.

The solution is easily found as the set of numbers {l1, l2, d1, d2, g2} such that l1 ≥ 2,
l2 ≥ 2, l1 + l2 ≥ 5 and

(14)


g2 + 2 = l1 + l2,

d1 + d2 = l1 + l2,

2l1 = d2 + l2.

Now it is not difficult to see that for every g2 = m ≥ 3 there are m+2
2 or m+1

2 classes
of surfaces S such that S = C1 × C2/Z/3 with g1 = 4, pg = g2 = m, q = 2 and
the canonical image is a ruled surface whose elements of the ruling are immersed
as lines in Pm−1. �

The next case is
G = Z/4.

The covering is given by a primitive line bundle Mχ ∈ Pic0
4; then dimCV

χi

1 = 1,
where i = 1, 2, 3.

This implies that the other cover must satisfy the condition dimCV
χi

2 = 0 for
exactly one among the i’s. In particular, π2 : C2 → P1 is given by three line bundles
Lχ, Lχ2 , Lχ3 on C and three effective divisors D1, D2 and D3 such that

(15)


4Lχ = D1 + 2D2 + 3D3,

Lχ2 = 2Lχ −D2 −D3,

Lχ3 = 3Lχ −D2 − 2D3.

If we set Lχ = 1, degLχ2 = l2, degLχ3 = l3, degDi = di, i = 1, 2, 3, and take the
degrees, we obtain from (15) the numerical constraints

(16)


4 = d1 + 2d2 + 3d3,

l2 = 2− d2 − d3,

l3 = 3− d2 − 2d3.
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Since pg ≥ 3, there exists the unique solution d2 = d3 = 0, d1 = 4, l2 = 2, l3 = 4.
Then, given an unramified Z/4-cover of a genus 2 fixed curve C and the unique
Z/4- covering of P1 branched over four fixed points D1 = P1 + P2 + P3 + P4, there
exists a unique GH-surface with group G = Z/4, g2 = pg = 3, q = 2. On the other
hand, without loss of generality we can assume l2 = 1; then there are two infinite
families of solutions:

(I)Z/4 d1 = 0, d2 = 2l− 2 ≥ 4, d3 = 2, l1 = l, l2 = 1, l3 = l − 1 ≥ 4;
(II)Z/4 d1 = 1, d2 = 2l− 2 ≥ 4, d3 = 1, l1 = l, l2 = 1, l3 = l ≥ 3. �
Our third case is

G = Z/2× Z/2.
The data for π1 : C1 → C are three nontrivial 2-torsion elements in Pic0

2. Then
all the V χ1 are 1-dimensional. In this case we can build S if and only if we find
three line bundles Lχ

i
, i = 1, 2, 3, on P1 and three effective divisors Di, i = 1, 2, 3,

respectively of degree degLχ
i

= li, degDi = di such that, without loss of generality,
l1 = 1 and

(17)


2 = d1 + d3,

2l2 = d2 + d3,

l3 = 1 + l2 − d3.

We easily have two different infinite families of such surfaces:
(I)Z/2×Z/2 d1 = 2, d2 = 2l ≥ 4, d3 = 0, l1 = 1, l2 = l ≥ 2, l3 = l + 1 ≥ 4;
(II)Z/2×Z/2 d1 = 2, d2 = 2l− 1 ≥ 4, d3 = 1, l1 = 1, l2 = l3 = l ≥ 3. �
By the same technique, although with more computations, we can show that the

cases G = Z/5, G = Z/6 do not occur. Here we will only show how the case G = S3

can be excluded. One can use the full theory of dihedral coverings as developed in
[To]. We give a more direct proof.

So, our last case is
G = S3.

If g2 = 3, we exclude the existence of a Galois cover C2 → P1 with Galois group
the symmetric group on three elements by the Hurwitz formula and the following
remark.
Claim. Let π : D → P1 be a connected Galois covering with Galois group the
symmetric group over three elements. Let s = a+ b be the number of points in the
branch loci B of π, where a is the number of those with index 2 and b with index 3.
Then a is an even number and b ≡ 0 mod (3).

In fact, if π is given, then we have the orbifold exact sequence of [Ca, Definition
4.4]. In this case we can write N = (2, ..., 2; 3, ..., 3), and Πorb

1 (B \ B | N) is the
group

〈γ1, ..., γa, µ1, ..., µb | γ1...γsµ1...µb = γ2
1 = ... = γ2

a = µ3
1 = ... = mu3

b = 1〉.
Since G = 〈x, y | a2 = b3 = 1, aba = b−1〉, then the condition of the orbifold exact
sequence implies γi 7→ a, and µj 7→ b or b−1, where i = 1, ..., a and j = 1, ..., b. The
claim follows, since we can similarly verify the other condition, γ1...γsµ1...µb = 1
and D is connected.

We turn to the main point. We cannot exclude the case where C2 → P1 is an
S3-covering where C2 has genus g2 = 4, s = 5, a = 2 and b = 3: this covering
does exist by the above claim and the orbifold exact sequence. By the same reason
the S3-unbranched covering C1 → C also exists where C is a genus-2 curve. So
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a GH-surface with the “right” invariants does exist, but r = 3. Let us show that
r = 3.

We know from representation theory, or by hand, that S3 has three irreducible
characters which correspond to the three possible type of irreducible subspaces. Let
H = 〈a〉 ' Z/2.

Since C1 has genus 7 and C1/H has genus 4, among all the possible decompo-
sitions of the 7-dimensional space H0(C1,OC1) into irreducible subspaces we have
to consider only the following one:

H0(Ω1
C1

) = H0(Ω1
C)⊕ U ⊕ V ⊕W

where U = 〈u1, u2〉, V = 〈v1, v2〉, W = 〈w〉 and S3 acts in the following way:

a :


u1 7→ u2,
u2 7→ u1,
v1 7→ v2,
v2 7→ v1,
w 7→ −w,

b :


u1 7→ e2πi/3u1,
u2 7→ e4πi/3u2,

v1 7→ e2πi/3v1,
v2 7→ e4πi/3v2,
w 7→ w.

Notice that H0(Ω1
C1/H

) = H0(Ω1
C)⊕ 〈u1 + u2, v1 + v2〉. By an analogous argument

there is only “one” possible S3-covering C2 → P1 with s = 5, a = 2 and b = 3:

H0(Ω1
C2

) = U ′ ⊕W ′

where U ′ = 〈u′1, u′2〉, W ′ = 〈w′, w′′〉 and

a :


u′1 7→ u′2,
u′2 7→ u′1,
w′ 7→ −w′,
w′′ 7→ −w′′,

b :


u′ 7→ e2πi/3u′,
u′′ 7→ e4πi/3u′′,
w′ 7→ w′,
w′′ 7→ w′′.

Then

H0(S, ωS) = 〈w ∧ w′, w ∧w′′, u1 ∧ u′′ + u2 ∧ u′, v1 ∧ u′′ + v2 ∧ u′〉.
In particular, r = 3. �
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