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TRIBASIC INTEGRALS AND IDENTITIES
OF ROGERS-RAMANUJAN TYPE

M. E. H. ISMAIL AND D. STANTON

ABSTRACT. Some integrals involving three bases are evaluated as infinite prod-
ucts using complex analysis. Many special cases of these integrals may be
evaluated in another way to find infinite sum representations for these infinite
products. The resulting identities are identities of Rogers-Ramanujan type.
Some integer partition interpretations of these identities are given. General-
izations of the Rogers-Ramanujan type identities involving polynomials are
given again as corollaries of integral evaluations.

1. INTRODUCTION

The purpose of this paper is to show that integral evaluations involving infinite
products with three independent bases lead to identities of Rogers-Ramanujan type.

In [10] it was shown that the Rogers-Ramanujan identities of modulus 5 follow
from evaluating the bibasic integral

(qt*1 4)oo /” (¢°,€*%, e )0
2 o (te? te=: q) oo '

We generalize the above integral by replacing the three bases of the infinite products
¢°, ¢ and ¢ by independent bases s, p and ¢q. The resulting integral can be evaluated
as an infinite product for special values of t. By specializing s, p, and ¢, the product
sides of identities of Rogers-Ramanujan type appear. The special values of ¢ for
which such identities exist can be found by considering the singularities of the
integrals as functions of ¢.

To find the sum sides of these identities of Rogers-Ramanujan type, we use
techniques from classical orthogonal polynomials. Once s has been specialized, we
realize that evaluating these integrals is equivalent to a certain connection coefficient
problem between orthogonal polynomials which are basic hypergeometric series
with arbitrary bases p and gq. The weight function and generating function for the
g-Hermite polynomials motivates our choices of integrals. Judicious choices of the
base p will allow for an explicit solution of the connection coefficient problem and
thus a different evaluation of the integral as a sum.

The tribasic integrals are given in Theorems 2, 3, 4 and 5 of §2. The details
of the orthogonal polynomial method are described in §3. It is applied to the g¢-
Hermite polynomials in §4, and another set of polynomials is similarly considered
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4062 M. E. H. ISMAIL AND D. STANTON

in §5. The four classes of integrals we evaluate are given in (4.1), (4.2), (4.3), and
(5.1). The often lengthy proofs of computational lemmas in §4 and §5 are collected
in an Appendix, §9. §6 contains a double series identity of Rogers-Ramanujan type.
It is this master identity that contains all the special cases that lead to the single
sum identities of §5. Finally, the multisum identities are developed in §7.

In addition, we identify polynomials that correspond to the polynomials {a,(q)}
and {b,(¢)} introduced by Schur [14] in his proof of the Rogers-Ramanujan identi-
ties. In particular, we extend some of the results in [10] to moduli other than 5. §8
contains remarks about certain aspects of our work. Combinatorial interpretations
and positivity results are found throughout the paper.

We will use the standard notation for ¢-series and infinite products found in [5]
and [I1].

We use the Jacobi triple identity

oo

(1.1) (@ g/t qq)e = Y. (~1)"¢()a,

n—=—oo

and the quintuple product identity

oo ) -
(0:1/7, 42,4 @)oo (g%, @/2% " )oo = Y &g T2 (1 — g7 /)
(1.2) S —
=(¢*, —¢°2", —q/2°;¢*)oe — (¢*, —q2*, —¢* /2%, ¢®) o /.

We will also use methods from complex analysis in §2.

2. SCHWARZ’S THEOREM AND INTEGRAL EVALUATIONS

In this section we give, in Theorems 2 and 3, integral evaluations each involv-
ing three independent bases p, ¢, and s. These evaluations follow from Schwarz’s
theorem for the Poisson kernel; the relevant variation is stated in Theorem 1. By
specializing one of the bases, the integral of Theorem 3 may be analytically con-
tinued as a function of t. The explicit bibasic evaluations are given in Theorems 4
and 5.

Schwarz’s theorem [1} (§6.4)] asserts that if f(6) is piecewise continuous on [0, 27],
then

T
lim _
z—rel® Jq 27T|7"619 — Z|2

f(0)do = f(9),

provided that f is continuous at ¢. We shall use a minor modification of Schwarz’s
result.

Theorem 1. Let f(0,z) be continuous in 0 for 8 € [0,2x], and for all z so that
r > |z| > r — € for some positive €. Assume further that f(0,z) converges to
f(0,7e?) as z — re'® uniformly in 0, for 6 € [0,27]. Then

T ) 6.0
z—rei? Jo 27T|7’6i0 —Z|2

= f(o,re™).
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Proof. Since fo% [r? — |2|%]df/[|re?® — z|?] = 27, we obtain

2
/ B, 2a0 - feo, re%\
0

27|ret? — 2|2

o r? —|z? i¢ i¢ i¢
_/0 —————— [f(6,2) — f(0,7€"?) + f(0,re'?) — f(p,re"?)] d@‘

N 27|rei® — 2|2

< sup |f(0,2) — f(0,re)|+
0€0,27]

2
/ 72_7|Z|22|2f(97rei¢)d9 - f(¢a rei¢)‘ .
0

27|rei® —

The first term tends to zero as z — re'® by the uniform convergence hypothesis,
while the second term tends to zero from Schwarz’s theorem. O

We next apply Theorem 1 to find limiting values of the tribasic integrals

(—t @) /’T (5,2, e 5) o0
2.1 Gi(t,p,q,8) = . ‘ a9, |t| < 1.
( ) 1( p,q S) o7 0 (t62“9,t€72"0;p)00 | |
Theorem 2. We have
. _ (@9) .
Jim Gi(t,p,q,8) = Popip)m (8, =8, —88)cc-
Proof. Let
F(z) = (5,2%,1/2% 5) 0.
Clearly,

. . (9 /2” F(e®/2) dg
lim G1(t,p,q,s) = 1 . .
Ay Grlp o8y =l 8T e e 0 )
(¢;9) oo 2 (1- tQ)F(ew/Q) do
) 1m i 2 (t10i0 tpo—i0.
™ t—-1 0 |€ - t| (tpe atpe 7p)oo
1 (@)F(e™?)
4 (—pe'™, —pe~"";p) oo
(4 @)oo
= 7N (57_85_5;5 )
(PP P)oo Joc
by applying Theorem 1 with ¢ =, r =1, and

£(0,2) = F(e?)/(zpe®, zpe™"; p) oo.

Another tribasic integral is defined by

(Pt*; @)oo /” (s, e 2 5) o
2.2 Ga(t,p,q,5) = _C 9, |t < 1.
( ) 2( b, q 8) o 0 (te“g,te_w;p)oo | |

We next consider an analytic continuation and a limiting behavior of Ga.

Theorem 3. The function Ga(t,p,q,s) can be analytically continued to the disc

lt| < p~Y/2. The analytic continuation to p*/? < |t| < p~/? is given by
ot s [ O e
Ar - Jo o (tpm /2l tpt/2e 70 p)og
+ (s,1/8%, 517 5) 0o (Pt?; @) o .
2(p, pt?;p)oc
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Furthermore,
(5,0,5/D5 5)00(q5 @)oo
(P, D3 P) oo

tJ;)IPl/2 GQ(t,]?, q, S) =
Proof. First we analytically continue Gy (t,p, g, s) to the annulus |t| € (p'/2,p~1/2).
Note that for p'/2 < t < 1 we have

210 ,—2i0.

(pt27q)00 /ﬂ- (s,e ,6 78)00
Ga(t,p,q,8) = , . e
21,4, 5) 4m _p (te? te=9:p)o

_ (th;q)oo/ F(z) dz
4 121=1 (t2,1/2;p) 0 12

(pt?; @)oo F(z) dz
/I»lel/2 (

4 tz,t/z;p)oog B

where R is the sum of residues at the poles in the domain 1 < |z| < p~!/2. The
only pole is at z = 1/¢; thus,

(5,1/t2,t% 8) 0o (Pt%; @) o

R=-
2(p, t%p) oo
and
(%5 @) /2” F(p~/2e")
Ga(t = : . do
2( 7p)q78) 47T 0 (tp—l/Qeze’tpl/QeflG;p)oo

(s, 1/t27 StQ; 8)00(th5 7)o
2(p, pt?; p)os
which is Theorem 3. The right-hand side of Gz(t,p,q,s) is clearly analytic in ¢
for p'/2 < |t| < p~Y/2. The limiting case follows from Theorem 1 with ¢ = 0,
r=p /2 and

F(0,2) = F(p~/2e®) /(1 — tp~ /2™ (2p> %™ | 2p® 2™ p) o

)

O

The next result gives an analytic continuation of Ga(t, p, ¢, s) valid for 1 < [¢]| <
1/p, but to do so we have to choose g = p.

Theorem 4. An analytic continuation of Ga(t,p,p,s) to 1 < |t| < 1/p may be

given by
(Pt ) oo / n F(e*/p)
Ga(t = - - df
260, 9) dm Jo o (te/p,tpe=p)ec
(5,1/t2, 5% 8) 0 B p(s, p?t2, 1/p*t?; 8) o
2(pip)oo 2(1 =p)(pip)os
Furthermore,

2 2.
lim, G (1, p,p, ) = 2L V)
t—1/p (P;P)os

Proof. Theorem 3 gives an analytic continuation of Ga(t,p,p,s) to p'/? < |t| <
p~'/2. Therefore, for 1 < [t| < p~'/2, we have
Golt ) (5,1/t%,51%;8)00  (P%D)0o / F(p~1/%2) dz

2 S)— = —_——
P 2(p;p)oo A Jimpore (022,12 ) 25 p)oe iz
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—1/2

and R is the contribution from the poles in 1 < |z| < p . Again, the only pole

in this annulus is when ztp'/2 = 1. Thus
p(s, p°t%, 1/p*%; 5) o
2(1 = p)(p;p)oo
and Theorem 4 follows. The limiting case follows from Theorem 1. (]

R =

We now generalize Theorem 4 by analytically continuing Ga(t, p, p, s) to annuli
of the type p*=*/2 < |t| < p~=+/2.

Theorem 5. For k = 1,2,..., Ga(t,p,p,s) can be continued to p'~*/? < |t| <
p~ /2 through
(Pt p)os [T F(efp*2)
Ga(t = A A do
2(t,p,p, 5) I . (teze k72 pk/2e=0; p)
’f—l 2, 2j —2j
t Tt 7
+ o T—
2(1 — t2 0o & (1/p;1/p);
Furthermore,
1 ayy
hm Gg t,p,p, S [} s, p 7k ph=2: g) pT TR
m,,, Cal 5) = 2(1—p*’“)(p;p)oojz=(:) j p( Jeo

Proof. The proof of the analytic continuation formula is by induction on k£ and is
very similar to the proof of Theorem 4. In going from a value of k to &k + 1 we
first restrict ¢ to p{'=*)/2 < |t| < p~*/2. We then replace the integral on |z| = 1
by an integral on |z| = p~/2, pick up only one pole in the ring 1 < |z| < p~1/2,
namely z = p_k/Q/t7 compute the residue, then replace z by zg~ /2 in the integral.
To establish the limiting result, let t — p~*/2 in G, (t,p,p,s) and apply Theorem
1. The result is that the limit is

k .
(p"5p); (5,9 %, p" % 5) o0
ZO 2(p;p)oc(1 = p~*)(1/p; 1/p);’

and the result follows. O

3. ¢-HERMITE POLYNOMIALS

The tribasic integrals G1(t,p,q,s) and Ga(t,p,q, s) of §2 are closely related to
g-Hermite polynomials via an orthogonality relation. In this section we give the
basic facts about the g-Hermite polynomials. We then show that evaluating a wide
class of integrals, including G1(t, p, q, s) and Ga(t,p, q, s) is equivalent to solving a
connection coefficient problem for polynomials.

The ¢-Hermite polynomials H, (x|q) may be defined [IT] p. 26] by the generating
function

i H,(cosb|q) o 1

= (Gan (e e g)

The key fact we need for these polynomials is the orthogonality relation [IT] p. 188]

(3.2) /H (cosBlq)H, (cos Bq)(e* €72 q) oodf = (¢; Q) nbmn.-

(3.1)
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4066 M. E. H. ISMAIL AND D. STANTON

Suppose that r,(x) is another set of polynomials, deg(r,,) = n, whose generating
function is

o)
R(z,t) =Y ra(a)t™.
n=0
To evaluate the integral
(3.3) I= %/ R(cos 8, t)(e* e=%; q) . db,
0

it is sufficient to know the connection coefficients ¢,
n
r(z) = cnnHi(zlg).
k=0
The orthogonality relation (3.2) implies that

o0
(3.4) 1= cnot"
n=0

This is our alternate evaluation of an integral, and it will be the sum side of a
Rogers-Ramanujan identity. What is required are suitable choices of the generating
function R(z,t) for which the constants ¢, ¢ can be computed.

Two such examples for R(x,t) are given by ¢g-Hermite polynomials themselves,

>~ Hap(7]q) (—t; @)oo
3.5a th = . . ,
( ) nz::o (q2§q2)n (t62107t6—210;q2)w
. S ) e
= (@G D)n (te'?,te="; q)oo

Proof of (3.5a) and (3.5b). The Askey-Wilson integral [I1, p. 140]
(4:9)o0 /” (€, e q)oo &
2 Jo (ae ae= be? be=0 cei? ce=? de? de=; q) oo
(abed; q) o
(ab, ac,ad, be,bd, cd; q) oo’

implies (3.5a) and (3.5b). To show (3.5a), expand the right-hand side in ¢-Hermite
polynomials as

(3.6)

R=">" by(t)Hp(z|g).
m=0

Then multiply R by the g-Hermite generating function 1/(se®,se=%: ¢)., and
integrate against the g-Hermite weight. Then (3.2) and (3.6) with a = V/t, b = —/1,
c=s,and d = 0 imply

= 1
D bm(®)s" = .
The g-binomial theorem [IT), p. 7] then implies that ba,(t) = t"/(¢* ¢*)m and

bam+1(t) = 0, completing the proof of (3.5a). The proof of (3.5b) is nearly identical.
U
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Besides the orthogonality relation (3.2) we will use

) = [T, 2 g) g = (17O 0+ /20 = 0,1,
0

which is well known and follows from (1.1).

4. ¢-HERMITE CHANGE OF BASE

In this section we consider the integral (3.3) for the generating functions (3.5a)
and (3.5b) on base p,

(¢ @)oo (—t; D)oo /7r (e 727 q) 0o &0
A 0 (te2i0,t67210’p )oo ?

(7% ¢%) oo (P1?; P?) 0 /” (2,672 ¢?) a8,
o o (te’? te=;p)

(A1) Jpa(t) = Gi(t,p%p,q) =

(4.2)  Hp,q(t) = Ga(t, Pap q )

along with the p-version of (3.1),
Ga(t:p.dq) _ (60 /’T (e, e q)oc
(Pt?5q')oo 2 Jo (e te"";p)eo

where ¢’ is arbitrary. The bulk of this section is devoted to evaluating these integrals
via the method of §3, and giving partition theory consequences of the results.
Theorems 2 and 3 give the infinite product evaluations

(4-3) Ipx](t) =

)

: (Q7 —q, —q; Q)oo
4.1a lim J,,(t) = ——2— 2=
o A2 Tralt) (P, =P, =D D)oo
(4.2a) lim H,,(t) = (=5 P)oo(@®, 1, 4% /13 4%) oo
t—p-isz P (P;p)oo
while Theorem 3 implies
; (¢, 9/P; D)o
4.3a lim (1—pt?)I,,(t) = 2222 2%
( ) t—’pfl/z( ) pQ( ) (pvpap)oo

For the sum sides, as in §3, let

n/2
£L'|p chn 2k pv n Qk(x|Q)a

so that
o~ C2n0(P:9)
) palt nz::() (P*%0%)n
(4.2b) H, () = i can,0(P% ) €20, 0P+ 4) y2n
. —=  (P;p)2n
(4.3b) Lgt)=>" 2n.0(P,4) 2n

= (pip)an
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4068 M. E. H. ISMAIL AND D. STANTON

Thus all that remains is to find ¢,o(p, q). However, c,i(p,q) is known [7], [10]
(7.2)] to be given as a sum

k .
Cn,n—Qk(pa Q) = Z(_l)jpk_jq(ﬁgl) |:n B 2.k * J:|

i=o J
n _ n2k+2j+1|: n ] >
X . p .
<[k?—JL k—j—1],
so that
~ . e 2n
(1.0 ) = 3 (-1 2]
j=—n = Jlp

We will be concerned with the values of p such that the constant term ¢z, 0(p, ¢)
explicitly factors. For example, it is well known that

_ 2 _ _ 2
P e =" (@ D20/ (€ 9)n,

but other choices of p may also be made (see the Appendix):

cono(a,q) =q

(4.5a) p=q* cno(d®q) = (~1)"q" (¢:¢")n,
(4.5b) p=-q CQn,O(_Qv Q) = (=9)"(=1;¢)n,
(4.5¢) p=0q"2 camo(@?q) =q""*@"* q)n,
(4.5d) p=a", cono(@’®,q9) =",
(4.5e) p=a*2 cono(@®?.q) = G P)..

Proofs of the five evaluations (4.5a)—(4.5e) of the sum (4.4) will be given in the
Appendix, §9.
For the J, ,(t) integral (4.1a), the evaluations (4.5) give

> 2
(4.6a) Tl =3 B oy,
(1.6b) Togalt) = f:: Chth g - )
(460 T (t) = i_oj Lo oy = Ul
(4.6) he® =3 ()",
(4.60) Tt (t) = i (q;q ) - 24ym

The product evaluations for (4.6b) and (4.6¢c) follow from the Askey-Wilson
integral (3.6). If ¢ = —1, then (4.6a) factors, by a limiting case of a 3¢ summation
theorem [IT), (I1.8)], while (4.6d) and (4.6e) give new results for t = —1 via (4.1a).
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Theorem 6. We have

) i (G (6050 _ 1

= (= —n (4%,4% ¢%) oo (¢' 4% 4% q", 4%, 4" ") oo
®) o (46°)n () = (@®,¢%d°% a"% ¢

= (a*5q")n (@3, q% % 4% ¢'?)

Proof. Use (4.6d), (4.6e), (4.1b) and (4.1a), and replace ¢ by —¢ to obtain (A). O

By using
_ 142N 2 .
(—q; q2)n ¢ = W(]QN if n =2N,
—q; — 342N, 2
( q; Q)n (*%;:'QZS‘]IV)N q2N+1 lf n = 2N + 1’

Theorem 6 (A) has the following integer partition interpretation, [3].

Corollary 1. Let A(n) be the number of integer partitions of n into parts congruent
to £1, +4, or £5 mod 12. Let B(n) be the number of integer partitions of n

(1) whose odd parts are distinct and lie between the largest even part and twice
the largest even part, or

(2) which have a single part of size 1, and whose other odd parts are distinct,
greater than two more than the largest even part, and at most one more
than twice the largest even part.

Then A(n) = B(n).
In Corollary 1, the partitions for A(10) = 8 are
811, 7111, 55, 541, 511111, 4411, 4111111, 1111111111,
while those for B(10) = 8 are
10, 82, 641, 622, 442, 4222, 22222, 5221.
For the H) 4(t) integral (4.1b), the evaluations (4.5) become

e q2n2 (_tQ)n

(472) Hpa®) = 32 Tt = @50
(4.7) Higalt) = f:: Chids gy,

(4.74) Hy o (t) = fj (e o,

(4.7) Hpp=3 @O0 1

"0 (@*q")n  (¢*%5¢%)0

Again (3.6) establishes the product representations for (4.7a), (4.7¢) and (4.7e).
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Theorem 7. We have
i (@20 o (%40

(¢% ¢*)n (400 (2% ¢%) o0
Proof. Use (4.2a) and (4.7d). O

Using

(~@:@)on o _ (=070
(4% ¢*)n (¢ 0)n
we have the following corollary.

Corollary 2. Let A(n) be the number of integer partitions of n into parts not
congruent to 0 mod 6, whose parts that are congruent to 3 mod 6 are colored red
and blue. Let B(n) be the number of integer partitions of n whose parts are colored
red and blue; the red parts are distinct and greater than the largest blue part and at
most twice the largest blue part. Then A(n) = B(n).

In Corollary 2, the partitions for A(5) =9 are
5, 41, 32, 32, 311, 311, 221, 2111, 11111,
where the red parts are underlined, while those for B(5) = 9 are
11111, 2111, 32, 221, 2111, 32, 311, 41, 5.

Finally, we turn to I, 4(¢). The evaluations for I, ,(t) which follow from (4.5¢)
and (4.5d),
I, 5(t) = 1 I, 2(t) = _1
T @) T (g )
are independently established by the the Askey-Wilson integral (2.7).
The remaining three evaluations (4.5a), (4.5b) and (4.5e) become

_ ZOO (©8)n_(_jyn n?2n
(4'83) Iq27q(t) - ~ (qg;q2)2n( 1) q t ’

_ EOO (_17q2)n _42\n
(48b) Ifq,q(t) - vt (_q; _q)Qn( qt ) 9

— EOO: (B6)n_ 20\n
(486) qu,q3 (t) - — (qg;qg)Qn (q t ) 9

whose (4.3a) evaluations are

(4.93) S m(_l)nq(nflpfn(anfl + q((l o q4n)(1 _‘_anfl)) =0,

= (4%4%)2n
N (_1;q2)n71 2(n—1 2 2n+1 (—1;(12)00
4.9b Bt 2D (] g g g ) =
(4.9) nz::o (=% —q)2n ( ) (=% ¢*)
= ((J;QQ)n 2n—1( 2n+1 4 (Q;QQ)oo
4.9¢ " (" =1+ ¢") = .
(4:9¢) ,;0 (a%*)2n ( ) (4% 4*) o

One may evaluate the integral I_, ,(t) by other elementary means for special
choices of t. Here we take t =1 and ¢t = q.
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Theorem 8. We have

o~ L (36

A 6 g% —q* %)
) g (q; )Qn ! (45 @)oo (@, =0",~d50")
- , (—Q;QQ)oo 6 6 6. 6
B n: y—q, —q; [e%s}
(B) Z qQQn-i-l (45 @)oo (@ =a" =50

n=0
Proof. For (A) we evaluate
(4 @)os /’T (€, e q) 0
I do
(1(1( ) o 0 (610 e—10- _q)

_ (@9 /’T (27,72, ¢%e?, %727, ¢1) oo (g€, ge 7 )0
Am (e, e, —qe?, —qe=";¢?)oo

—T

_(Q;Q)oo " i0 =i oi0 o0 0200 o =2i0. 2 g
- A7 (—6 y —€ ,qe ,qe ,gqe ,gqe 7q)oo -

Using the Jacobi triple product identity (1.1) we have

o0

(¢:9) i m?emin45? [ )6 i0
I_,4(1)= 47T(q’2.q°2°)3 Z (_1)n+qu +m+n®+j etlm+n+24) (1+e")do.
’ X m,n,j=—o0 -
This integral has two terms, the first forces n = —2j5 — m, the second forces
n = —m — 2j — 1. In the first case the power of ¢ is

+2

m? +m+ (m+2j)* + j2 = 2(m + j)* + 352 + m.

So we can shift m down by j and the resulting double sum factors into two Jacobi
triple products. For the second term the power of ¢ is

m24+m+(m+2+1)2+52=2(m+5)*+352+3m+45 +1,

and again a shift of m down by j allows an evaluation, equal to the first term. The
result is, after replacing ¢ by —gq,

6

2
—4:9q
( : )OO (q a_q27_q4;q6)oo

Lol = (¢ 9)o0

For (B) we can similarly show that
o0
Z Liq n 3n
= (@
( 4,9 ) ( 6

(G0~

and subtracting this from (A) gives (B). O

—¢*, 4" ¢% % — a(¢®, —1,-¢% ¢")

For (4.8a) I 2 ,(1) and I ,(¢) may be evaluated in a similar manner using the
quintuple product identity (1.2). The results are equivalent to two given by Slater
[18, (117), (118)].
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Proposition 1. We have

) i @@)n o2 _ (=¢" =", —d",—¢° —4"%¢")

= (% q%)m (a% a*,q", "% ¢")ox ’

B) i (@ @)n 2 on _ (0% 0" 0"~ —4"¢ )
— (4% ¢*)2n (¢*, 4% ¢% q"%; ¢

It is clear that both sides of both parts of Proposition 1 have positive coefficients
as power series in q. Here we state the integer partition version of Proposition 1A.

Corollary 3. Let A(n) be the number of integer partitions of n into parts congruent
to 2,4, 10 or 12 mod 14 and distinct parts congruent to 1,5, 7, 9, or 13 mod 14.
Let B(n) be the number of integer partitions of n

(1) whose odd parts are consecutive (starting with 1) and have multiplicity one
or two,
(2) whose largest even part is at most two more than twice the largest odd part.

Then A(n) = B(n).
In Corollary 3, the partitions for A(12) = 12 are
12, 10 2, 921, 75, 741, 7221, 5421, 52221, 444, 4422, 42222, 222222
while those for B(12) = 12 are

44211, 422211, 2222211, 831, 6321, 4431,
43221, 322221, 43311, 332211, 53211, 5331.

The combinatorial version of Proposition 1B changes the parts mod 14 appropri-
ately for A(n) and adds an even part which is one larger than the largest odd part
for B(n).

We do not know the analogous specializations of (4.8¢).

5. A SECOND SET OF POLYNOMIALS

In this section we carry out the program of §3 for the polynomials s, (x|q) defined
by the generating function

o0
tr (qt%; ) oo
sn(z = - . T = cosf.
nz_:o G = e e g

These polynomials were considered in [I0], where it was shown that the choice of
p = ¢° immediately leads to the Rogers-Ramanujan identities of modulus 5.
The integral we are evaluating is

t2; o(PiP)oo [T 621'«97 6—21'«9; -
0

2m (teiea teiw; Q)oo
Note that Theorems 3 and 4 imply

: (0, 4% /4% P) o
5.2a lim S, ,(t) = ———————
( ) tg—1 IMI( ) (q;(Z)oo
) (P, 4,2/ 4 P) oo
5.2b lim S, ,(t) = S22/ 2 f)ee
( ) tg—1/2 p7‘1( ) (q,q)oo
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Let

n
sn(zlq) = Zdnk P, @) H(z[p).

Only the even-degree polynomials sa,(x|¢) have a nonzero constant term. Thus

ZdQnO b, q

The value of day, 0(p,q) was found in [10, (7.4)] to be

t2n

(45 Q)2n

)ang™™ J)("+J+2)p(J+l)(_1)j
025 (@ On—i (@25 q)n—j

n
(52C) dgn 0 p, = Z q,
Jj=

We have nine choices of p for which da, o(p, ¢) may be evaluated (see the Ap-
pendix for proofs):

(5.3a) P=a, danolg,9) = (~1)"¢"* ) (g:9)20/(g: ),

(5.3b) P=q" dano(d®q) = (=1)"¢"" "V (g;¢°)n,

(5.3¢) p=¢> danolg®q) =0, n>0,

(5.3d) p=dq' donola,q) = a" (g ¢,

(5.3¢) p=4", dano(d, q) 02 (@3 0)2n ) (@5 O,

(5.3f) p=q"?  dano(q”? q) = (—1)"q"P"/2(¢! /2 q),,

(5.3g) p=q"? dano(d”? q) = """ (¢ @)n,

(5.3h) p=—* domo(—a*q) =" T (~1;¢%).,

(5.31) p = we®, dono(wa® @) = (1= )" (4% 6% 1/(@ @1, >0, &* =1.

One way to motivate the choices of p given above is the value
dio(p,q) = (0 — )0 + pa® — ¢° — ¢"),

which simplifies for those choices of p.
The first four choices of p evaluate S, 4(t) for all ¢, which are again equivalent
to special cases of the Askey-Wilson integral,

7

o) ’ t2
(5.4a) Z ot q = (4% q)oc
5.10) - o0 qn("+1)(—t2) (q2t2 qz)
. q%,q\l) = . = 4 )oo
= (@%d)n
(5.4¢) Sys.q(t) =1,
X n(n+2)(42\n
q t
(5.4d) Sq4’q(t) = Z @27q2()) = (—q3t2§q2)oo
n=0 ’ n
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The S series corresponding to the last five choices do not have closed form sums
and give new integral evaluations:

oo 2
qn +2nt2n
(5.4e) Sys.q(t) = (i
o n;) (%)
(54f) S s Q(t) = f: mq"@n-ﬂ)(_ﬁ)n’
i n=0 (q2;q2)2n
= (q q2)n 2 ( +2) 2
(5.48) sq7,q2(t>:§7(q2;q2)%q 2,
oo
5.4h S_ t) = 54 Jn n(n+2)t2n7
oA ) ;::O (¢ Q)on
i - (q3;q3)n71 2),2
5.4i S H=1+(1-w —q”("Jr )g2n
o4 et ( )nz::l (¢ @)2n (a5 @)1

The choices of t = 1/¢,1/q? in (5.3e), combined with (5.2a) and (5.2b), give the
Rogers-Ramanujan identities of modulus 5 [3, p. 104]

o] n2 1

q
5.4el = ,
(4] ;(q;q)n (¢', 4% ¢°)

o nZ4n 1
(5.4€2) 2 -

(GOn (%)

n=0

If we use (5.2a) and (5.2b) in (5.4f)—(5.4h), we find six identities, which appear
in Slater’s [15] list as (19), (15), (32), (33), (48), (47), respectively:

= (0 502 (=, =0, —0":1¢")
(54f1) Z 2. 12 - 4 6. 410 ’
= (%6)2n (¢*,4%q")
(5.412) i (C@ P snzon _ (201~ =000
n:o(q2;q2)2” (4%, 4% q") ,
(5.4g1) i (@) onron _ (20707 =% 4" )0
= (4% 6%)2n (a*, 4% % q"%q" )’
n=0
O 2 3 _ 47 _ 11, 14
(5.4g2) Z(Qq’g)n 2n2:( qQ’GQE; (1]27(114 )OO’
(0% ¢*)2n (,4% % 40"
(=160 2n (= - —0% %)
ERTID 5 = L& R
= (30)2n (@, 4% 4% %)
o0
—1: 2 1.2
(5.4h2) 27( ) 2 (050 ) i Joo
= (40)2n (¢54%)s0

Note that (5.4f) and (5.4¢g) are companion results for Proposition 1. Thus combi-
natorial interpretations can be stated by changing the multiplicity of the odd parts
to change the power of g in the sum.
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Proposition 2. Let A(n) be the number of integer partitions of n into parts con-
gruent to 4 or 6 mod 10 and distinct parts congruent to 3, 5, or 7 mod 10. Let
B(n) be the number of integer partitions of n
(1) whose odd parts are consecutive (starting with 1) and have multiplicity three
or four,
(2) whose largest even part is at most two more than twice the largest odd part.
Then A(n) = B(n).
Proposition 3. Let A(n) be the number of integer partitions of n into parts con-
gruent to 2, 6, 8, or 12 mod 14 and distinct parts congruent to 3, 7, or 11 mod 14.
Let B(n) be the number of integer partitions of n
(1) whose odd parts are consecutive (starting with 1) and have multiplicity two
or three,
(2) whose largest even part is at most two more than twice the largest odd part.

Then A(n) = B(n).
For (5.4i) we obtain the following results.

Theorem 9. We have

e 3,2 . .3
]_ (] q n—1 n(n+1) _ (wq yWq—, s wq )oo
—w) E: _
ot @)2n (¢ @)n—1 (¢;9) o
o0 ) 3 2 .03
1+(1_‘*’)Z (Q7Q)n—1 w2 _ (Wi, ¢ wgswe®)s

(DG Q-1 (¢:9)o0

Another form of the integral representation (5.4e) is provided by the Nassrallah-
Rahman integral [11}, (6.4.1)], as 3¢ on base ¢°. This gives a quintic transformation
which immediately becomes the first Rogers-Ramanujan identity if ¢ = 1/q.

Remark 1 ([10, Theorem 7.1]). We have
2 P
e (0 20 % ) (thQ, 2, 2 s t2q5)
— (G (4% ¢)oo thq?, 18"
We do not know the analogous extensions of (5.4f), (5.4g) and (5.4h) that in-

clude the variable t. These should be 10th degree, 14th degree, and 12th degree
transformations, and may involve multiple sums.

6. m-VERSIONS

The Rogers-Ramanujan identities have the natural generalization [9], [10], [12]

2
— gt _ am(q) bm(q)
(@ Dn (6050 (6% D

(6.1)

where a,,(q) and b,,(q) are Laurent polynomials in ¢ which are explicitly known.
We refer to (6.1) as an “m-version” of the Rogers-Ramanujan identities.

In this section we find m-versions for the identities in §5 for m < 0 via Theorem
5. We shall see that Theorem 5 gives a single sum for the appropriate polynomials
that replace a,,(¢) and by, (g). In this section we will also use generating functions
to find an alternative representation for these polynomials: in this multisum form
the polynomials clearly have a constant sign, and positivity results are immediate.
There will also be results given in this form for m > 0.
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According to Theorem 5,

(6.2) lim S, ,(t) =
t—)q*""/z

i [ ] Pa¥ " g™ D)oo i(im)
q ,
21—q ™) ) = (45 9)o0

form=1,2,....
For each choice of p in (5.4), Sy, 4(t) is an analytic function of ¢; thus we may
replace t by ¢~™/2. For example, in (5.4e),

X n24(2—m)n

(6.3) Syo.qla™?) Zq
n=0

Next we combine several of the cases in §5 into one case. Let s be an odd
integer that is relatively prime to a positive integer b. It is clear from (6.2) that
Syo.qv(q7P™/2) is a linear combination of infinite products

7

s—1

Fi(s,b) = (¢°,d 4" "1 ¢%)
(%3 4")o
with rational functions of ¢ as coefficients.
Propositions 4 and 5 give two explicit forms of these rational functions.

L 1<i<(s—1)/2

Proposition 4. Let s > 3 be an odd positive integer relatively prime to b. Let 3
be the inverse of b mod s, so that b3 =1+ Ts. Then we have

(s—1)/2
Sq.§7qb(q—bm/2) = Z ci(m, s,b)Fi(s,b),
i=1
where
A 1— qb(2t5+5i)
’ b — (-1 Ti+1 m —q°
C(masa ) ( ) zt:[(m+ﬁl)/2+t8 q-b 1_q—bm e

Ti+1

e = —bﬂz‘—bﬁTiQJrs( )

) — 2b%Bit — bst — 2b%st? for m + Bi even,

} 1 — gh((2t=1)s+8i) -

‘ _ (_1\Ti+1+b m
Cz(mvsvb) ( ]‘) zt: |:(m+5z—s)/2+t8 q-b 1_q—bm

= (=bBi + bs — 2tbs)((2t — 1)b+Ti + 1) + s((zt —~ 1)b2+ Ti+ 1)
Jor m + Bi odd.

Proof. We first consider m + [3i even so that b(m — 2j) = +¢ mod s implies that
j = (m¥F pi)/2 + ts for some integer t. Upon extracting the coefficient of F;(s,b),
we see that the choice of +3i gives the same value as —fi, this leaves only the
stated single sum and eliminates the denominator factor of 2. The m + (¢ odd case
is done similarly. O

Because of the factor 1 — ¢~ in the denominator of Proposition 4, it is not

clear that c;(m, s, b) is in fact a polynomial in ¢~° with nonnegative coefficients. If
we use the following elementary fact,

[m} 1—qm_2j: {m—Z} _qm_Qj[m—Z}
Jlg 1—am J 1y m—jl,
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we see that for m + (i even,

) ) i -2 25; 2,2
-1 T bﬁTzz—s(le) . b) = § : m —2b° Bit+bst—2b" st
(=D ci(m, s, ) (m—Bi)/2 —ts LI
t q

B Z m — 2 quﬁi+2b26it+bst72b25t2
— (m + Bi) /2 — ts] - ’

which shows that ¢;(m, s,b) is a hook difference polynomial (see [6]).
Proposition 5. The coefficient of F;(s,b) is a polynomial in 1/q explicitly given
by the hook polynomial

ci(m, s,b) = (—1)Tiq_b5T"2+S(Ti2+1)DK,I(N, M;a,B8)(q"%), form+ Bi even,

K=s, N=(m—-00)/2, M=(m+p1)/2—-2, [ =0i, a=2b—1, f=1;
and for m + (i odd,

cilm, 5,b) = (~1)7 70" )= () HIO-TO D (N M0, 8)(g70),
K=s, N=(m—-0i+5s)/2, M=(m+pi—s)/2-2,
I=0i—s, a=2b-1, g=1.

Next, we consider the choices of b and s given in §5. In these cases we shall give
recurrences satisfied by the polynomials ¢;(m, s,b). Solving these recurrences gives
manifestly positive expressions for the polynomials, as well as results for positive

values of m.
The case (5.4e). In this case we have s = 5 in Propositions 4 and 5,

i X g tm) e (m,5,1)  ea(m,5,1)

(6.4) Spsq(q™?) = Epm_2(q) =Y (G On (3 P) (€44

n=0
We now give alternative forms for the polynomials ¢;(m,5,1) and ca(m,5,1).
The easily verified ¢-difference equation ,

(6.5) Em+1(Q) = Em(Q) +q " Nm—l(Q)v

indicates that c;(m + 2,5,q) also satisfy (6.5). (The reason is that 1/(q, ¢*; ¢°)eo
and 1/(q?,¢>;¢°) are linearly independent over the field of Laurent polynomials;
see §8.) The initial conditions are

a(1,5,1)=1, ¢(2,5,1)=0, ¢(1,5,1)=0, ¢2(2,5,1)=1.

Equation (6.5) is a well-studied [2] ¢-version of the Fibonacci recurrence, the
solutions of which are
(m—3)/2 m—j—3
6.6a c1(m,d,1) = —i*=i I ,
(6.64) ms )= S "I
7=0 q
22 am—j—2
6.6b co(m,5,1) = —J : .
65 LRV
Jj=0 4
These explicit forms may be found using generating functions. We will carry out
the details in the subsequent cases. The equality of the forms (6.6) and those given
by Proposition 4 are well-known polynomial identities which imply the Rogers-
Ramanujan identities.
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The case (5.4f). We set

. o (a:4%) 2
Sgp.q2(47") = Fina () == 5 (gt

(6.7) = (4%4%)2n
. 5 1 4.5 5 92 3 5
=61(m75,2)W+c2(m,5,2)w.
(4%, 4*) oo (@2 D)o

It is easy to verify that F' satisfies the recurrence relation
Fogo+q "Frnp1 = Fry —q ' Fm + ¢ 72" Fpy = 0
hence f,, = ¢;(m + 1,5, 2) satisfy
(6.8) fov2 +q gt = fmn = ¢ o ¢ TP 1 = 0,
The initial conditions are
c1(1,5,2) =0, ¢1(2,5,2) =1, ¢1(3,5,2)=—¢",
c2(1,5,2) =1, ¢2(2,5,2) =0, ¢2(3,5,2)=1.

Next, we explicitly solve the recurrence relation (6.8) using generating functions.
Let f., be a solution to (6.8) and let s = ¢~ and assume for the time being that
o0

|s| < 1. If F(t) = > fat™, then F satisfies
n=0

o(t) — s*t3F (s2t)
(1—t2)(1+st) ’
o(t) == fo(1 + st) + fit.

F(t) =

This leads to

(—t,t, —st; $2)m+1

n=0

m=0

Thus if fo =0, f1 =1, ¢(t) =t, we have ¢c;(m + 1,5,2) = fi,,

n— m+ ‘ m+k —3m?2—2m—
am+1,52) =1t S [ . ‘7} { \ } g ik
3mt2jthti=n b J g4 q?

while fo =1, f1 =0, ¢(t) =1 + st yields

n m+j m+k—1 am2_
ca(n+1,5,2) = (—1) > [ ) J} [ . ] gk
smt2jth=n b J dq* q?

We have two forms for the polynomials ¢;(n, 5,2), which is a polynomial identity.
Somewhat surprisingly, unlike case (5.4e), a new identity, not (5.4f), results from a
limit.

From Proposition 4 it is easy to see that if Q@ =1/q, |Q| < 1,

lim ¢;(m, s, b) :(—1)T”1Qbﬁﬂ27s(ﬂ;l)/(Qb§Qb)oo

m—00

« ((Q4b237 _Q2b2(s+ﬁi)—bs, _Q2b2(s—[3i)+bs; Q4b23)oo
. 2 2 . 2(s—Bi)—bs 2
_ Qbﬁz(Q4b 87 _QQb (SJrﬁ’L)erS, _Q2b (s—pBi)—b ;Q4b )OO)
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Evaluating this limit using the positive forms gives

i i + i (—1)mH1gdm*+2m
A= (a5 q)m (6 @) mir A= (0% 4N m (=65 4P m+r
2q
= W((qso, —"* —0*%¢*)0 — °(¢*°, =4, 4" ¢**) ),
bl oo
2 2
io: q3m N io: (_1)mq3m
A= (@0 )m (G ) m = (@0 ) (=45 6%)m
2 ;
= W((qso, —**,—4"%¢*)0 — (@, =% =07 ¢*")).
) oo

The case (5.4g). We set

(Qa q2)n 2n?+4n—2mn

= (0% ¢)2n
7 1 6.7 7 2 5.7
(69) =cC m’772 M-’—CQ m’772w
i ) (4%, ¢%) o ( ) (4%, ¢%) oo
(0", 4% a% 4"
+c3 m, 7, 2)—,
( (42,4%)

Analogous to the case (5.4f) one can verify that
ém+2 + qiléerl - (]- + q7272m)ém - qilémfl -
Again the linear independence of {F(7,2), F5(7,2), F3(7,2)} over the field of Lau-
rent polynomials (see §8) implies that g, = ¢;(m + 2,7,2) also satisfy
(6.10) gmiz+q " gmi1 — (L4077 gm —q 'gm-1 = 0.
The initial conditions are
a(1,7,2)=0, (2,7,2)=0, «(3,7,2) =1,
c2(1,7,2) =1, ¢2(2,7,2)=0, ¢2(3,7,2)=1,
e3(1,7,2) =0, ¢3(2,7,2)=1, ¢3(3,7,2) =0.
The above initial conditions show that the ¢;(m + 2,7,2),1 < i < 3, forms a basis
of solutions to (6.10).
Next, we solve the recurrence (6.10) using generating functions and find an ex-
plicit positive form for the polynomials ¢;(m + 2,7, 2).
Let g, be a solution to (6.10) and let s = ¢! and assume for the time being
that |s| < 1. If G(t) = >_07  gnt", then G satisfies
o(t) + s2t2G(st)
(1—t2)(1+st) ’
o(t) = go(1 + st) + git + +st’g1.

G(t) =

This leads to
oo t2m82m2¢(t82m)

Z (—t,t, —st;8%)ms1

m=0

G(t) == Zgnt" =
n=0
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In the case g, = c1(m +2,7,2), ¢(t) =t and we find that

er(n+2,7,2) = (=1 Z [m + J} [m + k} G2m(m+1)+k_
; J 4 k 2
2m+2j+k+1=n s s
On the other hand, if g,, = ca(m + 2,7,2), then ¢(t) = ¢(1 + st) and we obtain
j k—1
02(n+2’77 2) — (_1)7171 Z |:m+,7:| |:m+ :| SQm(m+1)+k.
- J 4 k 2
2m~+2j+k+1=n s s
Finally, g, = c3(m + 2,7,2) makes ¢(t) = 1 + st and we get
j k—1
03(n+2’77 2) — (_1)n Z |:m+,7:| |:m+ :| 82m2+k.
- J 4 k 2
2m—+2j+k=n s s

Since the expressions given for ¢;(n + 2,7,2) are polynomials in s, we can remove
the restriction |s| < 1 and they must hold for all s.
This time when we get lim ¢;(n + 2,7,2) using the two forms we obtain
n—oo

i 2m +2m( 1 1 )
() m+1 (=4:6*)mi1

m=0
(( 112’ _q74’ _q£’>8;(]112)OO _ qS(qllQ7 _qu7 _(]102;(]112)00)7

)
Z o +2m< ?)mt1 (—(J;q12)m+1)

m:O
((qHQ, —g*, — %%, ¢112) . — ¢B(gM12, —¢'8, %%, q112)oo),

(q;q)oo

> (L)
(@) \ (G P )m (—46%)m
_ ﬁ((qnz, —g% —%%; ¢M12) o, — g* (g2, =, — 4%, ¢112).0 ).
) o0
We may also explicitly find the polynomials for ¢;(n,7,2) for n < 0 in the same
way. The results are

j k
a@-nT2) =" 3 fnfj] rnz'} gk,
2m+2j+k+2=n J q* q?

j k—1
62-n12) =)t Wfq W+ ]qWM,
- J 4 k 2
2m+2j+k+1=n q q

m +J} [m + k- 1} g 2mtk
q* q?

R e D Y A

2m—+4-2j+k=n

e LD DI e I I
2m+2j+k+1=n J q* k q?

An unusual theta identity results from evaluating lim ¢;(2 — n,7,2) and using

lim G,(q) =0
n——0oo
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The case (5.4h) We set
o0
-~ (=L,6)n pin_
(6.11 Hy(q) =S 28 )n ntn—m)
) 0 =2

n=0

which satisfies the three-term recurrence relation

(6.12) Hpgo(@) + g —q V™ Hyo = 1+ ¢~ 4+ ¢~ Hon(g).

In this case,

+2 j—m— —2j
] mZ {mJFQ] (¢ a2, 4" %) —j(m+2—-5)
q

. q )
P 2(1 = ¢ 2)(: @)oo

It is surprising that the right-hand side in the above formula changes dramatically
according to whether m is odd or even. It is easy to see that there are Laurent
polynomials hg,ll)(q), hZ (¢) and hY (¢) such that

3 5. .6
6.13a Hy(q) = B () T80~ 038 )0
| : am(@) = b (9) (4. 6% 4% 45) o
7 oy (=1,=0% 6 =% %)
(6.13b) Homi1(q) = K2 (q) P )
4 h(3)(q) (_qQa _q37 _q47 6)00 )

(4% %, q% ¢%)os
Therefore, (6.12) shows that {hg,ll)(q)} satisfies
(6140)  hpla(@) +a g P (@) = Bbg T g A (),
while {hg) (¢)} and {hﬁg) (q)} satisfy
(6.14b)  Xpi1(g) +q 1= " Xim1(q) = 1+ ¢ + 777" Xin(q)-
The initial conditions are

he'(a) =1, WV (@) =1+2/g,

W@ =0, 1@ =1 h¥@ =1 h’@)=1

We can explicitly find hsf ) (¢) as in the previous cases; the results are

2m+1+7 m k% —kem?
@)=Y [ . ] [k] g "y
q ! q?

m—+j+k=n J
2m+1+j m k% —h—mZ—m
W= ¥ { | ] M R 7
m+j+k=n J a ! a?

2m+j m Lk —k—mZ—m
W= > ] e
q ! q2

m+jt+k=n J
2m+1+7 m 22 g
+ Z { ' J} {k} q E2—k—m?—3m 2
m4j+k=n—1 J q~! q=?
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One may also appeal to orthogonal polynomials to find explicit formulas for
D (¢). The three-term recurrence (6.14a) is a special case of that for the Al-
Salam-Chihara polynomials, defined by

q, Q)

—TL7 t eie, t e—i&
P (cos0;t1,t2|q) = 392 (q Y '

tita, 0
 (tae™ 5 q)pte™? o q_",t;ew q ge~ "
(tit2;q)n U e | Ty )

Thus,
AP (q) = (1) pm(—(g"* +q7V/?)/2;47V2,01¢7),

(6.15)

o L DL i {m] (~13q)2; (—1)™9g~d"
. . ) J .

(4:4%,¢% 4% <=5 1J

The recurrence relation (6.14b) corresponds to a special case of the associated
Al-Salam-Chihara polynomials [13]. We shall follow the notation in Ismail and
Rahman [13]. The polynomials relevant to (6.14b) correspond to b =c¢=d =0 in
the associated Askey-Wilson recurrence relation [I3] (4.14)]

(6.16)  [22 — ar™t] Vi (xsalr) = a ' Yoqa(zsalr) + a(l — 7"t Y1 (25 alr).

Ismail and Rahman identified two polynomial solutions to the general recurrence
relation of the Askey-Wilson polynomials and in the case considered here they
satisfy the initial conditions (see (4.2), (4.14), and (5.2) in [13])

pYi(xsalr) =0, pf(zsalr) =1, ¢%(z;alr) =1, ¢f (x;alr) = 1.

Now (4.15) and (8.9) of [13] give

(r=",ae® ae=;r); pion, oy pitl
P (cos 0; alr) = g g s pn g |9
a (Tﬁn7 aew7 aeiw; T) j . d rITn, re, 7
gy (cosb;alr) = ]Z:O i L 17 3¢9 0| ra® ) .
Thus,
(6.172) WP (q) = (12 (¢ + a7 V) /25— Pl 7?),
(6.17b) h3)(q) = (-1)™ [2p$,{2((q1/2 +q7?)/2 -2 7?)

—a (@ +q71%) /2 —q*”QIQ’Q)} :

The case (5.4i). Set

(q?);q?))n71 n(nfm)
q)

o (@3 @n—1

L@=1+0-0))

n=1

(¢
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It easily follows that I,,, satisfies the six-term recurrence relation
lns2(a) + (L+ a7 n-1(q) + Ln—2(q)
= Ini1(@) + (L+ g+ ¢ ™) (@) + a7 — ¢ " m-3(a)-

One can also show that I,,, satisfies the following inhomogeneous difference equation
of order four:
(6.18) Imyo+q 1= ¢ "I — 1 +q " +q "

. _ q_1_mim_1 _ (2 T w)q—l—m.

By inspection we see that the right-hand side of (6.1) is spanned by {e1, ea, €3, €4},
(W, ¢ ¢* T wwe’) (we?, *w?, qw?;we?)

(¢ 9)oo (¢ @)oo
By extending the proof of Proposition 8, it can be shown that {ej,ea, e3,e4} is

linearly independent over the field of Laurent polynomials.
The initial conditions are

T i(q)=-e1, Io(q)=ez, I1 =e1+e3, L= 1+q ey —wqg tey.
Furthermore, (6.1) yields

6]‘: ;]-S]é?)v €4 =

I3 = (14 ¢*)er + (1+ g+ ¢*)es — we.
Note that the initial conditions and the above value for I5 imply
(6.19) el +ex+wes =2+ w,
which can also be verified using the Jacobi triple product identity (1.1). It is easy
to see that I, — (2 + w)/3 satisfies the homogeneous recurrence relation
(620)  Zpio=[+q¢ ' +q¢ " " Zn+q " " Zn1—q 1= q " Zm2.
In view of (6.19) we set

4
~ 1
Im=§[61+ez+we4 Z q)e;j,

and find that the Laurent polynomials qb(j)( ), 1 < j <4 satisfy (6.20).
As in case (5.4g) we set

(oo}
s=1/q, Z(t)=Y  Zmt™,
m=0

and use (6.20) to derive the functional equation
o(t) + st?(1 + st + s%t2) Z(st)
(1 —12)(1 — st2) ’
() = Zo[l — t2(1 + 28)] + Zut + Zot® — s(1 — s)t3Z_4.
Thus, for |s| < 1 we establish
i t2msm (s34 5%),,(ts™)

(t2; 8)am+2(st; $)m

Z(t) =

m=0

from which explicit triple sums for the Laurent polynomials (b%) (¢), 1 <j <4, may
be given.
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7. MULTISUM ROGERS-RAMANUJAN IDENTITIES

It is natural to ask if the k-fold sum of the mod 2k+3 Andrews-Gordon identities
appears from the tribasic integrals. For example, in Theorems 3 and 4, if ¢ = p,
and s = p?**3, the product sides of these identities do appear. We do have double
sums available for any base p; see (4.1b), (4.2b), (4.3b), and (5.2¢) along with

_nCon 0(p7 Q) . a; (pv Q)
bu(pyq) =p " = )
9 (P;P)2n ; (D3 P)n— (93 PIntj

. .2 i .
ao(p,q) =1, aj(p,q) = (—1)7¢" P(p~ig"/? + plq=/?),

n

2 —on don.o( P, a;(p,q
Bu(pyq) = q ™ 2" ,
n(p.0) (G Q)2n jz: (p;p)n— ](p,p)nﬂ*
-1—(]2]Jrl 2 g (it
a;(p.q) = (1) ———a" 27p(3).

We see that (an(p,q),bn(p,q)) is a Bailey pair with parameters (1,p), while
(an(p,q), Bn(p,q)) is a Bailey pair with parameters (g, q).

To see how the multisums arise from the double sum we use Bailey pairs.
If we build a Bailey chain starting with (., (p,q), 8n.(p,q)), then the next pair

(ol (p,q), B, (p,q)) satisfies
2
Oé'ln(pa q) = qn +n0[n(p, q) = Oén(qu, q)

Thus 3,(q", q) is a sum of the evaluable 3,,(¢°, ¢), and (5.2a) and (5.2b) are double
sum identities for mod 7. This also works for mod 2k + 3, and for any of the nine
evaluations in §5, not just (5.3e).

For the evaluations of §4 we can similarly generate multisum identities using

2
ah(p,q) =p" an(p,q) = an(p?, p*q) = an(q,pq).

The change of base formulations in [8] are also available.

8. REMARKS

The appropriate ¢ — 1 limits of the integrals G; and G4 are simple exponential
integrals. For example,

e—xz/Qe\/th—tz/de _ etz(A—S)/Q.

—t
e
8.1 lim Ga(t,q,q,¢") =
(8.1) lim G2(t,4,4,47) NoT
The case A =5 is the motivating integral of the Introduction; see also [16].
Using the polynomials

n

(8.2) x|q _ Z |: ] k(n—k)ei(n—Qk)G, z = cos,
k=0

whose generating function is

= o (t*; 9)oo
(®.3) z_% P G T e e g

one can evaluate an integral to conclude the following result.
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Proposition 6. We have

) 00 (—z 2p1/2-n/2. p)np%z/%_n _ (p3/4,_})3/8/96,_1193/83:;})3/%Oo

= uxp) (P5P)os

In fact, both the even and odd parts of this sum do sum as follows:

(B) i (—p'/? /22, _p1/2x2§p)"pn2 _(r? —p3/2 22 —p3/222; p3)
n=0 (p§p)2n (pvp)oo

)

©) i (—p1/2/332;p) (—p 1/2, 27p)n+1pn o (p3,—p5/2/a:2,—p1/2 2.8 oo
= (p;p)2n+1 (p’p)oo

Propositions 6(B) and 6(C) are in Ramanujan’s Lost Notebook, and are special
cases of Lemmas 1 and 2 in [4]. Another combination of these terms may be summed
by the quintuple product identity (1.2).

Proposition 7. We have

(8.4) ji: l/x -—p 23 0%)n apr }_5§i Q—l/zﬁ;pQ)n(—fﬂaﬁ;pQ)n+1lgn2+2n
(p%p?)2n+1

n=0 2n n—=0

(8.5) ==(1/$7p ;000 (P22, 17 2% p*) o
We also collect here a proposition which was used in §6.

Proposition 8. Fiz a positive integer s, and let Gi(q) = (¢°,q¢", ¢*7 % q¢%) o for
1<i<[s/2]. Then there is no nontrivial relation

[s/2]

> cil@)Gilg) =0,

i=1
where ¢;(q) is a polynomial in q.

Proof. By the Jacobi triple product identity we have
- 1+Z g % /2+(s/2—i)j +q% ?/2—(s/2— 07y,

For a fixed integer N, G;(q) has exactly two nonzero terms between ¢*V */2 and
FWNHD?/2 pamely g8V /2+(s/2=0N and ¢s(N+D?*/2=(/2=DN | For two different val-
ues of 7, any pair of these terms have exponents differing by at least V. Thus, if IV is
greater than the degree of any ck(q), the assumed relation forces all ¢;(¢) =0. O

9. APPENDIX A

In this Appendix we evaluate the constants of §4 and §5, oy, 0(p, ¢) and dan,0(p, q),
for the choices of p in (4.5) and (5.3).

Proof of (4.5). For (4.5),

n

(9.1a) SRIIEY C—l)jpnjq0t1>[n%?j] )

j=—n
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we note the alternative representation

2n

(9.1b) canolpa) = 3 (=1)"Hql"2) [21: } |

k=0
One can see that (9.1b) and (9.1a) are equivalent by computing the coefficient of
q(%l) in each term, j > 0.
We need Jackson’s well-poised z¢2 evaluation [IT}, (I1.15)]

27N\ (b, 7)n(r, bes ) on
be ) (r,be; ) (b, c;m)an

T,

7"’2", b, c
(9-23) 302 ( r172n/b7 r172n/c

and the ¢-Kummer sum [11} (I1.9)]

20}, r (r1=2n 220 /2. 42y
.2b ' —— ] =
(9 ) 2¢1 <T12n/b Ty b) (r172n/b; 7”)2n
Rewrite (9.1a) and (9.1b) as
- PPk pronk—(%) (75"
(9.3) Cano(p,q) = (—1)" Y L L pkr2nh=(3) ("7
= (o
2n —2n, ) e
(9.3b) can0(p,q) = (=1)" upm_(g)q( ),
= Pk
U
Proof of (4.5a, d, e). These three cases of (4.5) follow from (9.2) and (9.3).
(a) ¢ =p'/?: use (9.3b) with r = p'/2, ¢ =0, b= —p~™ in (9.2a),
(d) ¢ = p>: use (9.3b) with 7 = p, b,c — oo in (9.2a),
(e) q = p*?: use (9.3a) with r = p'/2, ¢ — 00, b= —p~" in (9.2a).
U

Proof of (4.5¢). If ¢ = p? (case (4.5¢)) we use the r = p, b — oo version of (9.2b).
O

Proof of (4.5b). If ¢ = —p (case (4.5b)) we shall use the g-binomial theorem,

2n —2n.
04)  canolps—p) = (~1)"(=p)(F) 3 BB w5,
2n,0(p; =P P kzzo o "

First consider the case when n is even in (9.4). Then (—1)”]”(@ has sign behav-
ior which depends only on k modulo 4; it is + + ——. Therefore, we can evaluate
the even terms in the sum by choosing x =i in the g-binomial theorem:

2n

(P~%"; Pk k(1—n) nk+(5) _ Lo in, . 1-n,
(%5 k:Ozk:even wipe © (=)™ = 5 (@75 Pon + (=775 P)on)-
Similarly, the odd terms give
. (P> )k k(1—n) k+(%) 1 1 1
(9.5b) k:121;0dd WP (-1) 2 = Q—Z.((ZP ;D)an— (—ip" " D)2n);
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thus, for n even,

canolp, —p) = (—p)("F) <

Since

(1—14),.

5 (ip" =™ p)2n +

N den n. (T 1 —ap"
(=)@ 5p)2n = (=0)"p B (L5,
a routine computation completes the proof of (4.5b) for n even.

For n odd the sign behavior in (9.4) is + — —+; again, we do the even and odd
terms separately to find

cano(p,—p) = —(=p)("2") (%(ipl‘”;p)zn + (=9 (—ipl_n;p)zn).

Again, it is routine to verify this case. O

Proof of (5.3). For (5.3) we rewrite

n2+2n (1 - Q)(q’ Q)Qn
((J' Q) (¢ D1

n 1_q2j+1
XZ n+27q 1_q

dono(p,q) = ¢q

(9.6) e

)

We use the very Well-p01sed 6¢s evaluation to verify five cases of (5.2),
¢ a7 T\/a7 _T\/a’ b7 c7 7'_" r 7"27’”
0% \/57 _\/a, Cl’l”/b, U;’f‘/c, ar"‘H ’ be
B (ar,ar/bc;r),
—(r,be; ) (ar/byar/c;r),

(9.7)

U
Proof of (5.3a)—(5.3e).
(a) p=gq, use (9.7) withr =g, a=¢q,b=c=0
(b) p=¢q?, use (9.7) withr =¢q,a=¢q, b= —q, c= 0,
(c) p= 3,use(97)\7&71‘01’17“—(],a:q,b:C:_q7
(d) p_q4,'l,lse(97)\7\71th7"—q,azq,b:—q7c_>oo7
(e) p=¢q°, use (9.7) with r =¢q, a = ¢, b — o0, ¢ — 0.
U

The next two cases use the nonterminating version of Watson’s transformation
11, (I11.36)]
¢ a, 7”\/6, —7”\/6, b7 Cy d7 ¢, f r G,2T2
87 Va, —+a, ar/b, ar/c, ar/d, ar/e, ar/f|" bedef
_(ar,ar/de,ar/df ar/ef;r)oo p ar/be,  d, e, f
~ (ar/d,ar/e,ar/f,ar/def;T)s0 s ar/b, ar/c, def/a
n (ar,ar/be,d, e, f,a®r? /bdef,a®r? /cdef;T) oo
(ar/byar/c,ar/d,ar/e,ar/ f,a?r? /bedef, def/ar' ) oo
<a7“/de, ar/df, ar/ef, a®r? /bede f
X 4¢3

T, r)

2r2/bdef, a*r?/cdef, arQ/def

)
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Proof of (5.3g). We consider case (5.3g), when p = ¢7/2. If r = ¢*/2, a = r,
b=ir32 c=—ir3/2 d=r—" e=—r"", and f — oo, then we have
n2ton (1= 0)(0 @)on

(¢ O)n (& Dt

3 a 7”\/67 —7”\/6, b7 Cy d7 ¢, f a2r2

X lim  gor r,—— | .
f—oo \/av _\/av ar/b, ar/c, ar/d, ar/e, ar/f deef

In the second term of Watson’s transformation, all terms have an f — oo limit
except the pair of infinite products

7/2

can0(¢"7,q) = ¢

(f3i7)oo
(def/ar;T)oo’
Let f = Ar~™, and let m — oco. Then

(f37)o0 _ (_1)mr(2n+2)m (r/X7)0 (A7) oo .
(def/ar;T)o (=27 H3 /X m)oe (AP T277257) g

Since r2"t2)™ _, () as m — oo, the second term is zero.
T, —r2”+2> .

What remains is the first term
This is a terminating sum of two terms, the result of which is (5.3g). O

(7’2, _r2n+2;r)oo 7’71; rinv —r="
302

. 1/2 . 1/2
(rn+2, —pnt2. ) irt/2, —irt/

Proof of (5.3f). If p = ¢°/2, we need the same specializations of the above g¢7 but
with f — 0. However, it is not clear how to evaluate the f — 0 limit of the second
term. Thus we take a different choice of parameters, which is more delicate. Let

r=q¢"? a=r, e=ir? d=—eir’? c=—r ", f=1r",

where € is close to 1. We take the b — 0 limit of Watson’s transformation for this
choice. The second 4¢3 is
T, r)

1/re, ir"tV2 /e —ipnt1/2 g2l jhe

403 ™€, —r2ntl Je bl e
which has a limit as b — 0. The infinite products multiplying this 4¢3 include
(f;7)oo = (r™™;7)00 = 0 with no zeros in the denominator; thus, the second term
is again 0.

The first term is
(r2,1/re, —ir™ /2 Je irnt1/2; )
(—irl/2 /e irl/2 pnt2 pn=1/e )
—rm 2 /b i3/ p3/? P

X 4¢3 P2/ 2 ep2en T,
which terminates and has limit as b — 0. When we let € — 1, two terms of the sum
survive, and the result is (5.3f). O

Proof of (5.31). If p = wq®, where w = ¢>™/3_ then we must evaluate

= (@™q); 1—q . (75
9.8 A= E Itz ),
08) = (@%q9); 1-q

2j+1
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Since
Y _ 1 ifj=00r2 mod 3,
w ifj=1 mod 3,
the coefficient of w in A can be found by restricting the j-sum in (9.8) to j =1
mod 3. In this case we can apply (9.7) with

r=q¢°, a=¢* b=q¢"", c=¢"" d=¢"",

to evaluate the restricted sum. This gives the coefficient of w in (5.3i).

For the coefficient of 1, which comes from the terms in (9.8) with j = 0,2 mod 3,
we note by (5.3c) that the case p = ¢® sums all three terms to give 0. Thus the
coefficient of 1 is the negative of the coefficient of w; this gives the factor (1 — w)

in (5.31). O
Proof of (5.3h). If p = —¢3, we proceed as in (5.3i). We must evaluate
— (¢"q); 1—¢%1! 1
9.9 A= in(—1)("2")
©9) JXZ:O (¢"*2%5q); 1-—gq =)

Jj+1

This time the sign behavior is determined by (—1)( 2) , which is + — —+ modulo
4. We shall show that the terms arising from j = 0,3 modulo 4 sum to

(¢ Dn (&% Dt
(¢;@)2n (1 —q)
as do the terms arising from j = 1,2 modulo 4. Thus (9.6) shows that adding these

two contributions yields (5.3h).
First, we do the j = 0,3 modulo 4 sum in (9.9). It is

(9.10)
—n 1-n 2—n 3—n

8¢7<q, @2, —¢"% q, ¢, ¢ @ g
‘2, —q*%, ¢t "5, ¢ q q

(=4 ¢*)n—1

‘e 8¢7 <q7’ q15/2’ _q15/2’ q47 q37n q47n q57n qﬁfn
q7/2 _(]7/27 q77 qn+8 qn+7 qn+6 qn+5

)

where
_ (@793 s,
(@"%q)s "
The above sum of two very well-poised g¢7’s can be transformed to an gig using
the transformation [I1] (I11.37)]

(r,r/bf,r/cf,r/df,r/ef,rf/b,rf/e,rf/d,rf/er)s
(af,r/af,ar/f,fla,9/f, fg,7f% )
><8¢7(f2’ rf, —rf,  fb,  fe,  fd, fe, fg‘r r? >
f7 _fa f?“/b, f’I“/C, f’l“/d, f?“/e, f?“/g 7bcd6fg
+ a similar term interchanging fand g
(ar/byar/c,ar/d,ar/e,r/ab,r/ad,r]/ae;T)s
~ (afiag. flag/a;ra® r/a%r) e

X 5 qa, —qa, ba, ca, da, ea, fa, ga
898\ a, -—a, ar/b, ar/e, ar/d, arle, ar/f, ar/g

r o
"bedefg )
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It is remarkable that the choices of r = ¢*, f = ¢¥/2, b = ¢°/27", ¢ = ¢ V/27,
d=q¢"/? " e=¢?*" g =q"? and a = ¢ make the left side of the above
transformation a multiple of (9.10).
Thus we must evaluate
- - - - 2
(e )
@ —4 q ;4 ;4 ;4 bedefg

This may be summed using the very well-poised g evaluation [11], (II.33)]
rva, —ry/a, b, c, d, e r?
6% ( va, —ya, ar/b, ar/c, ar/d, ar/e " @)
_ (ar,ar/bc,ar/bd,ar/be,ar/cd, ar/ce,ar/de,r,r/a;1)o0
(ar/c,ar/d,ar/e,r/b,r/c,r/d,r/e,ra? [bede; r) oo
The appropriate choices in (9.11) are

(9.11)

r= q47 a=q, b= q7/2—n, c= q1/2—n7 d= q3/2—n7 e = q5/2—n.

The details of simplifying the infinite products are onerous, but the result is that
this contributes

(9.12) " (0% )
to (5.3h).

Miraculously, the 7 = 1,2 modulo 4 terms contribute an identical amount. The
proof is the same, using the gi)g transformation, this time choosing r = ¢*, f = ¢*/?

b=¢q? " c=q V" d=q¢"*" e= ¢ g=¢% a=q Agan 3;
summable very well-poised gis results, and the infinite products again reduce to
(9.12). O

10. APPENDIX B

In this appendix we verify the uniform convergence condition of Theorem 1 for
the infinite products in Theorems 2, 3, 4 and 5.

[ee] [ee]
Lemma 1. If [] a; and b; converge, then
i=1 i=1
00 00 00 J 00
Hai—Hbi=Z< bi)(aj—bj)<H ai>.
i=1 i=1 j=1 Ni=1 i=j+1

Proof. For any integer J a telescoping sum is
) ) J J ) ) )
Hai—Hbi:Z< bi)(aj—bj)<H ai>+bJ( H a; — H bi)-
i=1 i=1 j=1 Ni=1 i=j+1 i=J+1 i=J+1

The last term approaches 0 as J — oo because the infinite products converge. So
their tails approach 1, as do the individual terms. O

For Theorem 2 note that F(e?®/?) is uniformly bounded for 6 € [0,27]. We

choose
1 b 1 0
a; = : . = ——— 1z =cosb;
Y1 = 2zapt + 22p27 T 14 2api 4 22p27 '
S0 ‘ _
J(1 ) (1 — .
0y by = —LUFDCREPA ) gy ),

(1 —2zxp? + 22p%) (1 + 2xp* + 22p?)
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for a constant M independent of . Thus the lemma implies that

ﬁai _ﬁbi < M'(1+ 2).
i=1 i=1

A completely analogous proof works for Theorems 3, 4, and 5.
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