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INVERSE FUNCTIONS OF POLYNOMIALS AND ORTHOGONAL
POLYNOMIALS AS OPERATOR MONOTONE FUNCTIONS

MITSURU UCHIYAMA

ABSTRACT. We study the operator monotonicity of the inverse of every poly-
nomial with a positive leading coefficient. Let {pn}$2, be a sequence of or-
thonormal polynomials and p,+ the restriction of p, to [an,o0), where an
is the maximum zero of p,. Then p:Hl_ and the composite p,—1 o p;Hl_ are
operator monotone on [0,00). Furthermore, for every polynomial p with a
positive leading coefficient there is a real number a so that the inverse func-
tion of p(t+ a) — p(a) defined on [0, 00) is semi-operator monotone, that is, for
matrices A, B > 0, (p(A+a) —p(a))? < ((p(B + a) — p(a))? implies A2 < B2.

1. INTRODUCTION

Let A, B be bounded selfadjoint operators on a Hilbert space. Then A < B
means that B — A is positive semi-definite by definition. A real-valued continuous
function f(t) defined on a finite or infinite interval I in R is called an operator
monotone function on I if for every pair A, B whose spectra lie in the interval I,
A < B implies f(A) < f(B). Likewise, a continuous function h on I is called an
operator concave function on I if h(sA+ (1 — s)B) > sh(A) + (1 — s)h(B) for all
A, B whose spectra lie in the interval I and for every s: 0 < s < 1. A nonnegative
continuous function f(t) on [0, 00) is operator monotone if and only if it is operator
concave [4]. If a sequence of operator monotone functions converges to f pointwise
on I, then f is also operator monotone. The sum of operator monotone functions
is also an operator monotone function. By the Léwner theorem [7] (see also [4],
[6]), f is operator monotone if and only if f has an analytic extension f(z) to the
open upper half plane I, so that f(z) maps II; into itself. Thus if f(¢) > 0 and
g(t) > 0 are operator monotone, so is f(t)*g(t)* for 0 < p, A < 1, p+ A < 1. If
f(t) is operator monotone on (a,b) and continuous on [a,b), then f(t) is clearly
operator monotone on [a,b). It is well known that ¢* (0 < a < 1), logt and t_%\
(A > 0) are operator monotone on (0, 00).

By Herglotz’s theorem, an operator monotone function f(¢) on (0,00) is repre-
sented as follows:

(1) f(t)=a+bt+/ooo<_ 1 @

x+t+x2+1

) wta)
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where a, b are real constants with b > 0 and dv is a nonnegative Borel measure on
[0, 00) satisfying

) /OOO dv(a) _

2 +1

It is known that for the Gamma function I, F—(tt)) is operator monotone on (0, c0)
(see p. 30 of [2]). Thanks to (), we can see that if f(¢) > 0 is operator monotone on
(0,00), so is f(t*)/* for 0 < o < 1. For further details on the operator monotone
function we refer the reader to [1], [2], [5], []].

The function f(t) on [0, 00) is called a semi-operator monotone function if f(t) >
0 and f(t'/?)? is operator monotone on [0, 00). If f(t) is semi-operator monotone,
so is f(t) + a for a scalar a > 0. By the Lowner theorem, f(t) is semi-operator
monotone if and only if f(¢) has an analytic extension f(z) to the open first quadrant
Q@ and f(z) maps @ into itself. It is also equivalent to each of the following:

0<AB, A*<B> = [f(A)?<[f(B)?
0<A B, ||Ax|| <||Bx[| = [|f(A)x]] <||f(B)x].

Operator monotone functions are useful in the study of electrical networks and
in quantum physics. However, not many concrete examples of operator monotone
functions are known despite the formula (). We tried to systematically seek oper-
ator monotone functions in our previous papers [9], [10]. This paper is continued
from them and concerned with polynomials: throughout this paper we assume that
a polynomial means a real polynomial whose leading coefficient is positive. Our
objective is to study the operator monotonicity of the inverse of every polynomial.
First, we will deal with a sequence of orthonormal polynomials {p,}32, and show
that p;Hl_ and the composite p,_1 o p;Hl_ are both operator monotone on [0, c0),
where a,, is the maximum zero of p, and p,4 is the restriction of p, to [ay, o).
This deduces an interesting inequality. Second, we will study a more general func-
tion and show an extention of [I0] which will be needed in the last section. Last,
we will see that for every polynomial p there is a real number a so that the inverse
function of p(t 4+ a) — p(a) defined on [0, c0) is semi-operator monotone, that is, for
A,B > a, (p(A) - p(a))* < ((p(B) — p(a))? implies (A — a)? < (B — a)?.

2. ORTHOGONAL POLYNOMIALS

In this section we mainly deal with real polynomials whose zeros are all real,
especially orthgonal polynomials. First of all we recall the following;:

Theorem A ([9]). Let us define functions u(t) on [—ai,00) and v(t) on [—by,o0)

by
k

l
u(t) =[]t +a:), Ht+b

i=1
where a1 < ag < --- < ag, 0 <, and b < bg < <by, 0< A Ify 2> 1,
then the inverse function u='(s) is operator monotone on [0,00). Moreover, if

(3) Z Aj < Z v; for every t € R,

b <t a; <t
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INVERSE FUNCTIONS OF POLYNOMIALS 4113

then v o u™1(s) is operator monotone on [0,00), that is,
u(A) <u(B) (A,B>0)=v(A4) <v(B).

Condition (@) implies that a; < by; hence vou~'(s) is well defined. Also, (@) is
equivalent to
S N St (= L)
bj <a@it+1
It is clear that for such a u(t), v(t) := u(t + ¢) with ¢ > 0 satisfies (3]). Namely, for
A, B > —a; and for a scalar ¢ > 0,
u(A) <u(B) = u(A+c) <u(B+c).

In case u and v are both polynomials, (&) means that the number of zeros of u in
any interval (—a;4+1,00) is not less than that of v, where zeros are counted according
to their multiplicities. The following says that v may have imaginary zeros:

Proposition 2.1. Define the function g by
1
) = [T{E+8)* + 1Y (¢; 2 0).
j=1

For u(t) given in Theorem A, if
bJ <@i+1

1

then g ou™" is operator monotone.

Proof. Define a function v(t) by
1
o(t) = [T+
j=1

By Theorem A, u~!, vowu™t and (¢t + b;)?% o u™! are all operator monotone.
Therefore, letting u~1(z) be the analytic extension of u~! to I, and putting
w = u~l(z) for each z € I, (w + b;)?" and v(w) are all in II;. Since 0 <
arg{(w+b;)? + c?} < arg(w + bj)?, we have 0 < arg g(w) < argv(w). This implies
that the analytic extension g o u=!(z) maps II; into itself. This completes the
proof. O

Let du be a positive Borel measure on R such that

o0
/ [t|"dp(t) < oo for n=10,1,2,---.
o0

Then there is a sequence of real polynomials {py, }5 , with the following properties:

pu(t) =cpt™ + - 4+ co, ¢ >0,
(o]
| puOpn(®da(t) = 5o,
— 0o
This is called a sequence of orthonormal polynomials associated with dyp. For in-
stance, the sequence of Legendre polynomials is associated with du(t) = x—1 1)dt

and that of Chebyshev polynomials with 2d¢/(mv/1 — ¢2).
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4114 MITSURU UCHIYAMA

Proposition 2.2. Let {p,}>, be a sequence of orthonormal polynomials and p;, |
the inverse of the restriction pn4 of pn to [an,o0), where a, is the mazimum zero

of pn. Then p;i and the composite p; op;_ilr are operator monotone on [0,00) for
i=1,---,n—1. Namely, for a, < A, B,

(4) pn(A) <pn(B) = pi(A) <pi(B) (i=1,---,n—1).
In particular, if the support of du is in (—oo,al, then (@) holds for every n and
A, B >a.

Proof. Tt is known that each p,, has n simple zeros and there is one zero of p,_1
between any two consecutive zeros of p,, (see p. 61 of [3]). Thus, from Theorem A
it follows that p,, | (s) and p,—1(p,(s)) are operator monotone. We can see that
pi(p,1(s)) is operator monotone as well. This gives (@). If the support of dp is
contained in (—oo0, a], every zero of p,, is in this interval. Therefore, (@) holds for
A, B > a and for every n. O

Let {p,}32, be a sequence of orthonormal polynomials associated with a measure
with the support in [—1,1] like Legendre polynomials or Chebyshev polynomials,
and let ¢(t) be a polynomial whose degree is not larger than n. Suppose the real
part of every zero of ¢(t) is not larger than —1. Then, by applying Proposition
we have:

pn(A) <pn(B) (A,B=1) = ¢(4) <q(B).

Now we give an interesting inequality. Recall the definition of P(a,b). A func-
tion f(t) on (a,b) is said to be of class Py(a,b) if f(A) < f(B) whenever A < B
for 2 x 2 matrices A, B with spectra in (a,b). An operator monotone function on
(a,b) is evidently of class Ps(a,b). It is well known that a C! function f is of class
P5(a,b) if and only if

2

o) ELES

for every t1 # to in (a,b) (see pp. 75, 80 of [2]). Therefore, we have:
For a C* function f(t) on (a,o0) with f'(t) >0, f=1 is of class Pa(f(a), f(o0)) if
and only if

(tQ)} Z fl(tl)'fl(tQ)-

fty) = f
©) {—zfg—

PropositionZ A says that (@) holds for f = p,4. Moreover, by putting f = p;—1 op;_1
in (@), we get

Corollary 2.3. Under the same situation as Proposition2.2]
_ 2 _ 2
0ty < P20) “ 222 (pulta) — palts)

T opa(t)pe(t) T T pR(t)pn(t2)

for every t1 # ta in (an, 00).

At first sight, (6) seems to hold on (0,00) for all polynomials with positive
coefficients, but there is a counterexample:
Consider f(t) = t3 4+t on (0,00);then () is equivalent to h(x,y) := z* + 2ya3 —
(5y* + D)z + (20° + 2y)z +y* —y* 2 0, but h(3,3) = —5375 - 7 < 0.
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INVERSE FUNCTIONS OF POLYNOMIALS 4115

This counterexample says that the inverse of ¢+ is not in P2(0,00). Moreover,
we have:

For all ¢,d > 0, the inverse function of uy(t) = ct + dt3 defined on 0 <t < co
is not in Py(0, 00).

We show this fact by giving a counterexample of a pair of 2 x 2 matrices A, B > 0
so that dA® + cA > dB> + cB but A # B.

Example 2.1. We first consider the case ¢ = 1/9,d = 8/9 for a technical reason.

Put
A( 0 2) and P(a ?2 ,

where ()% + a? = 2. Then P? = P and

= Qe

8 1 8 1
K=-A+-A3>P=—-P+2P% AFP
R 9" Tot zP

because det(K — P) = 2138 — 2L — 4L > 0 and det(A — P) = 22 — 235 < 0.
Hence A # P. Next, define b by b%c = 8d; then for A, P given above,

c d d d . c d. .

A+ ()A4° A+ A% > P+ P%) =-P+ ()P

It will be shown in the last section that the above ujrl is semi-operator mono-
tone. We end this section with a proposition on the special case where the larger
side consists of a projection. This is simple but useful; in fact, taking account of it
we constructed the above example.

Proposition 2.4. Suppose that for A, B > 0 and for ¢, > 0,¢; > 0,

(7) LA+ A% 4+ 4 A" > 1B+ B 4 - + ¢, B™.

If A= aP for a projection P and for a scalar a > 0, then A > B.

Proof. We may assume a = 1; in fact, when a # 1 we only need to rewrite (@) as
(cra)P+ -+ (cpa™)P" > (c1a)(B/a) + - - - + (cpa™)(B/a)"

toget A > B. Putb; = ¢;/(c1+ - -+cy,). Then (@) gives P > by B+byB?+- - -+b,, B".
By the Jensen inequality or the Holder inequality, (B/x,x) > (Bx,x)/ for every
unit vector x. So we get

(Px,x) > X:I)]-(Bx,x)j7 ij =1
j=1

from which it follows that if (Px,x) = 1, then (Bx,x) <1 and that if (Px,x) =0,
then (Bx,x) = 0. Therefore PBP < P and (1 — P)B(1 — P) = 0, which implies
B(1— P)=0. Thus we obtain A= P > PBP = B. O

As we saw in ExampleZT], in the case where B, not A, is a projection, (@) does
not necessarily imply A > B.
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3. GENERAL THEOREMS

Before proceeding to the study of a polynomial with imaginary zeros, we need
to extend our previous work [I0]. We recall some results of it for the convenience
of the reader and later reference.

Lemma B ([10]). For f(t) defined by @) and @), suppose that
floo) = lim f(t) < o0.

t——+oo

Then, b= 0 and the function x(x?> + 1)~ is integrable with respect to v. Hence we
have a representation

f0)=1e0) - [ i) 6> 0)

If we suppose moreover that f(+0) = lim;_o f(t) > —oo, then the function z=* is

integrable with respect to v.

Theorem C ([I0]). Let h(t) be a real-valued differentiable function on (a,c0) and
define

u(t) = (t —a)’e™® (o <t<o0).

If v > 1 and —h'(t) is non-positive and operator monotone on (a,00), then the
inverse function u~1(s) is operator monotone on (0, 0).

We first state Theorem C in a different form.

Proposition 3.1. Let g(t) be a nonnegative and continuous function on [a,o0)
that is differentiable on (a,00) with ¢'(t) > 0. Put u(t) = (t — a)7g(t) for v > 0.
If —g'(t)/g(t) is operator monotone on (a, o), then u=1(s7) is operator monotone
on 0 < s < oo.

Proof. Put v(t) = (t —a)g(t)"/" = u(t)'/7. Since

VS 7 KA 710,

g/ ()’

by Theorem C, v~1(s) is operator monotone on (0, 00) and hence on [0, o), because
it is continuous on [0,00). The operator monotonicity of u~!(s7) follows from
u=l(s7) = v71(s). O

ilo
i g9

Since u~1(s7) = (u'/7)"1(s), u=1(s") is operator monotone if and only if
uw(A)YY <u(B)Y7 (A,B>a)= A<B.

We remark that if u=1(s7) is operator monotone for v > 1, so is u~1(s).

We consider a simple example: for u(t) defined by u(t) = t'/2(t +1) (t > 0),
u~1(s) is then not operator monotone on [0, c0) as shown in [9]; however, the above
proposition says that u_l(sl/ 2) is operator monotone there.

The following is the main theorem of this section, and it will be helpful in the
study of polynomials in the last section.
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INVERSE FUNCTIONS OF POLYNOMIALS 4117

Theorem 3.2. Let u(t) be a continuous function on [a,00) that is differentiable on
(a,00) with u'(t) > 0. Suppose the range of u is [0,00). If —u'(t)/u(t) is operator
monotone on (a,00) and if

lim (¢ — o) "0

=~>0,
t—a+0 u(t) "

then the function u='(s") is operator monotone on 0 < s < oco. In particular, if
v > 1, then u'(u=1(s)) is operator monotone on 0 < s < <.

Proof. Assume first that @ = 0. Then, by Lemma B, we have
"(t <1
0 S0 [T ),
u(t) o T+
where ¢ > 0 and 2(2% + 1)1 is integrable with respect to v. Thus, by the assump-

tion,
ot
v = lim / dv(z).
t—-+0 0 X + t

Since v is finite on each finite Borel set,

1 ifo<z<l,
1 if1<s

k(x) :=
is integrable with respect to v. Since t/(z +t) < k(z) for 0 < ¢ < 1, we have

T /ooo tlirfo T i t dv(w) = v({0}).

Denote the Dirac measure by é and put p = v — vd. Then p is a positive Borel
measure on [0,00) and x/(1 + x?) is integrable with respect to u. Hence —- is

x+t
integrable with respect to p for each ¢t > 0. By (R),

= () 4

e | ——du(z) = — 7.

¢ A e @) ==
Putting g(t) = u(¢)/t7, the right-hand side of the above equals —¢’(¢)/g(t). Since
the left-hand side is an operator monotone function on 0 < t < oo, so is —¢'(t)/g(t).
By Proposition3I] «~1(s”) is hence operator monotone on 0 < s < co. Assume

next that a # 0. Putting 4(t) = u(t + a), we have
a'(t)  u(t+a) a'(t)

= — 1. =
a(t) wtra) od Hmins =0

@~ 1(s7) is therefore operator monotone, and hence so is u=1(s7) = u~(s7) + a.
Suppose v > 1. To prove the last statement of the theorem we may assume a = 0,
for @ (@~ 1(s)) = «'(u~1(s)) with @ given above. By replacing ¢ by u~!(s) in (&)

and by multiplying both sides by s, we get

) ) —est [

o Ttui(s)

[e )

dv(z) (s>0).

Since u~!(s) is an operator monotone function defined on 0 < s < oo with the
range (0,00), u=*(s*)'/® is operator monotone for every a in (0,1); this implies
that 0 < argu~!(z) < argz for z € I1;. Hence for each x > 0 and for all z € I1,

0<argz —argu '(z) <argz —arg(z +u~'(2)) < arg 2.
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Thus, for each x the integrand of (d) has an analytic extension to IT; that maps
II; into itself; hence it is operator monotone on 0 < s < oo. This implies that
u'(u~1(s)) is operator monotone on 0 < s < oc. O

Owing to Theorem[B.2]we are able to construct new operator monotone functions.
Let us next consider the case of a = —oco in Theorem[32l Then, roughly speaking,
u(t) is an exponential function. We precisely have:

Proposition 3.3. Let u(t) be a positive, differentiable and increasing function
on (—o00,0), and let —u'(t)/u(t) be operator monotone on (—oo,00). Then u(t) =
c1e?t with c1,co > 0.

Proof. By the Léwner theorem, —u/(¢)/u(t) has an analytic extension to the whole
space and maps the open upper (lower) half plane into itself; the range of the exten-
sion therefore does not contain (0,00). By the Little Picard Theorem, —u’(t)/u(t)
is a constant. Thus we get the desired formula. O

Proposition 3.4. For u(t) given in Theorem B2 suppose v > 1. Let v(t) be a
nonnegative increasing function on a <t < co and have an analytic extension v(z)
to M. If the continuous branch of argv(z) with argv(t) = 0 is nonnegative for
z € Il and argv(z) < argu(z) for z in I, thenvou™" and logu(t) —logv(t) are
both operator monotone on a < t < oo.

Proof. logu(t) — logwv(t) has an analytic extension to Il whose imaginary part is
argu(z) — argv(z) > 0. By the open mapping theorem, the extended holomorphic
function on II; is constant or maps II; into itself. Hence logu(t) — loguv(t) is
operator monotone. Since u~!(s) is operator monotone, u~}(Il}) C My. wvo
u~(I}) C I evidently follows from 0 < argv(z) < argu(z) for z in II,. Thus
voulis operator monotone. O

As we mentioned in the first section, if f(t) > 0 is continuous on [0, c0), then
f is operator monotone if and only if f is operator concave [4]. Now we slightly
extend it to see that u~1(s7) in Theorem[3.2] is operator concave.

Proposition 3.5. Let f(t) be a continuous function on [0, 00), and let f(oc0) > —o0.
Then f is operator monotone if and only if f is operator concave.

Proof. If f(t) is operator monotone, then f(t) — f(0) is nonnegative and operator
monotone, because f(t) is increasing. Thus it is operator concave; hence so is f(t).
Conversely, if f(t) is operator concave, then f(¢) is naturally a concave function;
hence f(t) is increasing because of f(oo0) > —oo. Since 0 < f(t) — f(0) is operator
concave, one can see the operator monotonicity of f(t). O

4. POLYNOMIALS

This main section is devoted to the study of a polynomial with imaginary zeros.
However, in the following theorem we treat a more general function u(t), that is,
the exponents v and ~; are not necessarily integers.

Theorem 4.1. Let u(t) be the function on —a <t < oo defined by
k

(10) u(t) = (t+a) [] t+a)™ ] {(t+a)*+07}7,

i=1 i=k+1
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INVERSE FUNCTIONS OF POLYNOMIALS 4119

where a < a; (i = 1,---,k), a < a;, 0 < b, (i =k+1,---,m), 0 <=, and
0 < ;. Then the function u='(sY) + a is semi-operator monotone on 0 < s < 0.
Furthermore, if a < 0, then u~1(sY) is semi-operator monotone on 0 < s < oc.

Proof. Define a function h(t) on ¢ > 0 by h(t) = u(v/t — a). Then

k m
Wty =2 1] We+e) T AVE+e)?® + 0737,
i=1 i=k+1
where ¢; = a; — a > 0. Since
Vit
\/E + ¢
is operator monotone on 0 < t < oo, it is not difficult to see that —h'(¢)/h(t) is
operator monotone on 0 < ¢ < oo and that

W(t) _
Aty =

Therefore, by Theorem[3:2) h~1(s7/2) = (u~1(s7/?) + a)? is operator monotone on
0 < s < co. This implies that u=!(s7) + a is semi-operator monotone. Therefore,
for a <0, u=1(s7) = (u=(s7) + a) — a is also semi-operator monotone. O

t+eVt+ b

By applying real polynomials to the above theorem we can easily obtain the
following:

Theorem 4.2. If a polynomial p has all zeros in {z : R(z) < —a} and —a is a real
zero with order vy, then pj_l(s“’) +a and p_T_l(s) +a are both semi-operator monotone
on 0 < s < oo, where py is the restriction of p(t) to [—a,00). Furthermore, if a <0,
then p'(s7) and p1'(s) are also semi-operator monotone on 0 < s < co.

In the above theorem we assumed that all zeros of p are in {z : R(z) < —a}. The
following example shows that we cannot remove this condition from the theorem.

Example 4.1. Put p(t) = t3+ 1. Then p(—1) = 0, p’(t) > 0 on (—1,00). We show
that (p3'(s*/2) + 1)? is not operator monotone on 0 < s < co. To do it, we give a
pair of operators A, B so that —1 < A, B, p(A)? < p(B)? but (A+1)2 £ (B +1)2.

Set .
1 1
A——§<1 1) and B—(

Then A > —1, B> —1and B— A # 0; hence (A+ 1) £ (

B
(D5 ) (4 7))

O wl=
| o
=
+ ~—

p(B)? = p(A)?

O

From now on, we deal with a polynomial p whose zeros are all in {z : R(z) < —a}
but p(—a) # 0. Then p’ has all zeros in {z : R(z) < —a} as well; so p(t) is increasing
on (—a, o).
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Lemma 4.3. Let p be a real polynomial with degree less than 5, and let the zeros of p
all be in {z : R(z) < —a}. Then the zeros of p(t) —p(—a) are all in {z : R(z) < —a}
as well.

Proof. The case where the degree is less than 4 is trivial; so we assume that the
degree is 4. We may also assume a = 0. It is clear that a quadratic real polynomial
t? + at + 3 has both zeros in {z : Rz < 0} if and only if o > 0, 3 > 0. Thus we can
write p(t) as p(t) = (t? + bt + ¢)(t*> + dt + e) with b, ¢, d, e > 0. Hence

(11) p(t) — p(0) = t{t® + (b4 d)t> + (c + e + bd)t + cd + be}.

Since all the zeros of p/(¢) are also in {z : Rz < 0}, we have p/(t) > 0 for ¢ > 0,
which implies that p(t) > 0 for ¢ > 0. Therefore, all real zeros of p(t) — p(0) are
non-positive. We can write the factorization of p(t) — p(0) as follows:

(12) p(t) — p(0) = t(t + N)(£2 + ot + B),
where A > 0, and « and [ are real. By () and (I2Z), we get b+d = A + a,

c+e+bd = la+ (8 and cd + be = AG, from which it follows that 8 > 0, o > 0.
Hence the zeros of p(t) — p(0) are all in {z : Rz < 0}. O

By virtue of this lemma and Theorem[2] we obtain

Corollary 4.4. Let p be a real polynomial whose leading coefficient is positive. If
the zeros of p are all in {z : Rz < —a}, and if the degree of p is less than 5, then
the inverse of s = p(t) — p(—a) defined on —a <t < oo is semi-operator monotone.

The condition on the degree in Lemma [£3] is necessary: indeed, our computer
says that p(t) = 5 4+ t* + 4¢3 + 3t* + L3¢ + 2 has all zeros in {2z : Rz < 0}, but
p(t) — p(0) = t(t* + t3 + 4t> 4+ 3t + 12) has two zeros in {z : Rz > 0}. Therefore,
we cannot extend Corollary B4 to higher-degree polynomials in the same way.
However, by parallel translation we can estimate the semi-operator monotonicity
of inverse of every polynomial. We precisely have

Theorem 4.5. Let p be a real polynomial whose leading coefficient is positive. Let
ap = ap +1iby  (k=1,2,--- ,n) be the zeros of p. Then for a real number a such
that a—ag, > |bg| for every k, the inverse of s = p(t+a)—p(a) defined on 0 <t < co
is semi-operator monotone on 0 < s < o0o; that is, for A, B >0,

(p(A+a)=p(a)® < (p(B+a)—pla)® = A* < B
Proof. Put ¢(t) = p(t + a) — p(a). Then

Hz—l—a—ak H(a—ak).

k=1
We will show that |g(z)] > 0 for Rz > 0. Suppose Rz > 0, and set z = x + iy.
If oy is real, then |z +a —ax| = |[c+iy+a—ag| > |z +a— ax| > |a— al,

because a — oy > 0. If a is an imaginary number, then @y is also a zero of p and
by a — ay > |bgl,

Iz + a—ap)zta—a)|=lz+a—ap+ily—by)llzr+a—ax+i(y+ by
{(a—ar)®+ (y — bk)*}/*{(a — ar)® + (y + br)*}'/?

> (a—a)’ +b; = |(a—a)(a—ax)l,

V
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where the second inequality can be shown by straightforward computation. By
taking the products of two cases, we have

|g(z)|2H|z+a—ak|—H|a—ak|>0 (Rz > 0),

which implies that g(z) # 0 for 2 > 0. Since g(0) = 0, by Theorem[.2] g~1(s) is
semi-operator monotone on 0 < s < oo. U

In general, it is not easy to find the real number a in the theorem. So, the
following corollary might be helpful.

Corollary 4.6. Suppose p(t) = ant™ + an—1+ -+ + ag with ax, > 0 for each k. Set
v =max{-%— :k=0,1,---,n— 1}. Then for any a so that a > \/2v, the inverse

Ak41
of s =p(t+a) —p(a) defined on 0 <t < oo is semi-operator monotone.

Proof. By the Enestrom-Kakeya theorem, all the zeros of p lie in {|z : |z| < v} (see
p. 13 of [3]). Since v/2y > |x| + |y| for = + iy in {z: |z| < 7}, this corollary follows
from the theorem. O

Now we are in a position to consider a composite function ¢ o pll.

Lemma 4.7. Let a,b,c and d be nonnegative real numbers. Then, in order that
for every z in Q,

(13) arg((z + a)® + b?) > arg((z + ¢)® + d?),
it is necessary and sufficient that
c>a>0, a(c®+d*) —c(a®+b*) >0,
or
c=a=0, d>b

Proof. Put z = x + iy.
(z +a)? + b2

W & 0swet e
0<S{(z+a)? +b°H(EZ+c)? +d*}
0<2(c—a)+a(c® +d* —a® = b*) +y*(c — a)
+a(c® 4+ d*) — c(a® + b?)
& c¢>a anda(c® +d?) —c(a®> +b%) >0, or c=aandd® > b

t e

We consequently obtain the desired condition. ([l

For a@ = (a,b) and 8 = (c¢,d) in the closure of @, we write o < g if ([I3) is
satisfied, and o < § if a X 3, a # (.

“ <" 1is clearly an order and 0 = (0,0) < § for any 8 = (¢,d) in the closure of
Q. The following is a simple example of p and ¢ so that ¢ o pf is semi-operator
monotone:

Consider p(t) = t(t> +t + 1)(t> + at + b) and q(t) = (t + 1)%(t*> + ct + d), where
a,b,c and d are nonnegative. Also, denote the restriction of p to 0 < t < oo by
p+. If a < candad > bc orifa=c=0 and b < d, then q Opjr1 s semi-operator
monotone.
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Proof. By Theorem[d.2] pjrl is semi-operator monotone. For each z in @ set w =

p;'(2). Since w is in @, arg(w + 1) < argw and arg(w + 1) < arg(w? + w + 1).

The above lemma says that arg(w? + cw + d) < arg(w? + aw + b). Thus we

have 0 < argg(w) < argp(w) = argz < 7. qo pjrl is consequently semi-operator

monotone. U
We end this paper with the following theorem:

Theorem 4.8. Let p(t) and q(t) be functions defined on [0, 00) by

(14) p(t) = T2 {(t+a:)* + b7},

(15) at) = T {(+ ) + a2,

where a1 = by = 0, a4, b, ¢;,7vi and X\; are all nonnegative. Denote the points (a;, b;)

and (c;,d;) by a; and B;, respectively. Let {z;}._, be a totally ordered set in the

closure of Q such that 0 = z1 < 2z < -+ < z; and define Ty, A, (k=1,---,1) by

Iy = 2717 (k:]-val)a

i Xz
n
A= > N = ) A=)
z2ABj 21 4B; j=1
If 1 > % and T, > Ay (k=1,2,--- 1), then qop__ir1 s semi-operator monotone.

Proof. Since p~! is semi-operator monotone, its analytic extension p~!(z) maps Q

into itself. It is clear that ¢(t) has an analytic extension ¢(z) to @ and its argument
is not negative. So we have only to show that argq(p~'(z)) < argz for every
z € Q. Put w = p~!(z) and denote arg((w + a)? + b?) by arg(w; a) with a = (a,b)
for convenience. Note that arg(w; ) > arg(w; 8) for w € @ whenever @ < . Then

argq(p~'(2)) = D Ajarg(w; ;)
j=1

-1
= Z Z Aj arg{w; B;) + ZA&rgw@}
k=1 z,=8; 21 2B;
zr412B;j
-1
< ST nunwat ¥ Ao
k=1 =,%8; 21205
Zht124B8)
1
< Ajarg(w, z1) +Z Ak — Ap—1) arg(w; k)
k=2
-1
= ZAk(arg<w; zi) — arg({w; zk41)) + Ay arg(w; z;)
k=1
-1
< ka(arg<w; zi) — arg(w; zi41)) + Iy arg(w; z;)
k=1

l
= TIarg{w;z1) —|—Z Iy —Ti_1) arg(w; 2x)
k=2
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l
= (> warglwiz)+ > (Y ) arg(w; z)

a; =<z k=2 a; Xz
O’iﬁzk—l
l
= D varglwiz)+Y Y yarg(w; )
aijzl k=2 u,;jzk
;i Rzp—1
1
< Y mvarg(wsai) + > Y viarg(w; o)
;=21 k=2 ;=2
i Rzp—1
m
< i arg(w; o) = arg p(w) = arg 2.
i=1
Thus the proof is complete. O
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