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CAUSAL COMPACTIFICATION
OF COMPACTLY CAUSAL SPACES

FRANK BETTEN

ABSTRACT. We give a classification of causal compactifications of compactly
causal spaces. Introduced by Olafsson and Orsted, for a compactly causal
space G/H, these compactifications are given by G-orbits in the Bergman-
Silov boundary of G1/K1, with G C G1 and (G1,K1,6) a Hermitian sym-
metric space of tube type. For the classical spaces an explicit construction is
presented.

1. INTRODUCTION

A causal symmetric space is a symmetric space (G, H,T) consisting of a (con-
nected) Lie group G, an involutive automorphism 7 of G, and a closed subgroup H
with GJ C H C G7 (here G is the identity component of G™ := {g € G | 7(g9) = g})
carrying a G-invariant causal structure. In general, a causal structure on a mani-
fold M is the attachment of a cone C, C T, M to every point x € M. We always
assume our cones to be closed, convex and regular, i.e. proper (C, N —C, = {0})
and generating (C, — Cy = T, M). With g the Lie algebra of G, and the decom-
position g = h + g corresponding to 7, we can identify the tangent space at the
identity coset T.yG/H of the homogenous space G/H with q. The G-invariant
causal structures are now in one-to-one correspondence with H-invariant cones C
in q. Restricting our attention to semisimple Lie algebras g or to groups G and
irreducible symmetric spaces, the irreducible symmetric Lie algebras (g, h,7) cor-
responding to a causal symmetric space are classified ([Ol 90, HO 96, p. 89]) and
can be divided into three classes. For that, let § be a Cartan involution commuting
with 7, and g = €+ p the corresponding Cartan decomposition; then the subclass of
compactly causal spaces is characterized by the existence of a cone with C N # ()
and C Np = {0}. c-duality, g° := b + iq, defines a correspondence between com-
pactly causal Lie algebras (g, b, 7) and noncompactly causal Lie algebras (g¢, b, 7).
As a third subclass we can single out the intersection of these two classes, the spaces
with a self-dual algebra, called causal symmetric spaces of Cayley type.

Definition 1.1 (|0 97]). Let M be a causal G-space. A causal compactification
of M is a pair (N, ®) that satisfies the following conditions:

(1) N is a compact causal G-space.
(2) The map ® : M — N is causal, i.e. if m — C, is the causal structure on
M and n — D, that on N, then (d®),,(Cy,) C Dg(m) for every m € M.
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(3) ® is injective and G-equivariant, i.e. ®(g-m) = g - ®(m), for every g € G
and every m € M.
(4) ®(M) is open and dense in N.

Our aim in this article is to construct causal compactlﬁcatlons for compactly
causal spaces. The compact space will always be the Bergman-Silov boundary S;
of a bounded symmetric domain of tube type. In fact, this boundary is a ho-
mogeneous space with an invariant causal structure ([Ka 89]). More precisely, if
we choose (G, H1,n) to be of Cayley type — this implies that G;/K; is Her-
mitian symmetric of tube type ({HO 96, Remark 2.6.9]) — there is a parabolic
subgroup P’, with H; C P’, such that S; ~ G1/P’ and the canonical projection
®: G1/Hy — G1/P' is causal (and of course Gy-equivariant). The basic strategy is
now to find an involution o of Gy, commuting with 6 and 7, such that (G, H,7) :=
((G9)o, H1 N (G9)o,m|(GT)o) is a compactly causal subspace of (G1, H1,n), i.e. its
causal structure is defined by restricting the compactly causal structure of G /H;.
If GNP’ = H, we get by use of ® an embedding G/H — G1/P’, and it remains to
show that ®(G/H) is (open) dense. This can be done using Matsuki’s classification
of (GY, Ppin)-double cosets, Ppi, a minimal parabolic subgroup of Gi. Indeed,
there are finitely many open double cosets Gw; Py, the w; being elements of an
appropriate Weyl group, and it is possible to prove that GP’ contains all of them,
for P, C P’ suitably chosen.

Of course, in general the fixed point group GY is only reductive, and we therefore
define

Definition 1.2. Let (G, H, 7) be a causal symmetric space with G reductive. Then
(G, H, 1) is weak compactly causal if there exists an H-invariant, closed, convex and
regular cone C' C q such that C N€ # () and CNp = {0}.

For semisimple G this implies the space is compactly causal by definition ({HO 96,
p. 76]).

In Theorem B and Theorem we give conditions which ensure that the
sketched strategy works. Using these theorems, it is possible to construct causal
compactifications for most of the compactly causal spaces — eventually with an
additional central extension as explained above — listed in [Ol 90, HO 96, p. 89].
We summarize our results on causal compactifications of weak compactly causal
spaces in the following three tables.

TABLE I. Theorem [B.1] construction

(gvb) (917E17h1)
(s(u(p,q) ®u(p,q)), su(p,q)) (su(n,n), s(u(n) ®u(n)), sl(n,C) ®R)
(u(2p72<J) sp(p, q)) (s0™(4n), u(2n), u*(2n))
(u(p,q), s0(p,q)) (sp(n,R), u(n), gl(n,R))
(50(2 n—1)®so(2), so(l,n—1)) (s0(2,n+1), s ( Y®so(n + 1), so(1,1)®so(1,n))
(e6(—14) ©50(2), fa—20)) (97( 25), ¢6 DR, ¢6(—26) @ R)
(s0"(2n) ® 50" (2n), s0™(2n)) (s0"(4n), u(2n), u™(2n))
(sp(n,R) @ sp(n, R), sp(n,R)) (sp(2n,R), u(2n), gl(2n))
(s0(2,n), so(1,n)) (s0(2,n+1), s0(2)P®so(n+ 1), so(1,1)Pso(1,n))
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TABLE II. Theorem [(£.9] construction

(gvh) (917317h1)
(s0*(2n), so(n,C)) (su(n,n), s(u(n) ®u(n)), so(n,n))
(sp(2n,R), sp(n,C)) (5u(2n 2n), s(u(2n) ® u(2n)), sp(n,n)
(s0(2,q)@s0(p+ 1), s0(1,9)Do(p)) (s0(2,n+ 1), s0(2)Pso(n + 1), so(1,1)@s0(1,n))"
(8,h) of Cayley type (gdgtothah)

Results by Makarevi¢ ([Ma_73]) together with some simple dimension estimates
show that the remaining compactly causal spaces have no causal compactification
as symmetric orbits by imbedding them in a Bergman-Silov boundary, cf. Proposi-

tion [6.11
TABLE III. No compactification by Proposition

(g,h) parameters
(50(2,), s0(p,1) ®s0(1,q))  min(p,q) > 2, (p,q) # (2,:2), (3,3)
(e6(—14), 5P(2,2))

(e7( 25), Su"(8))

(s0(2,n) @s0(2,n), s0(2,n)) n=5orn>7
(e6(—14) D t6(—14), €6(—14))

(67( 25) D er(—25), €r(—25)

We remark that in the same manner as we use Matsuki’s double coset decompo-
sition to prove ®(G/H) is dense, density of the image and the decomposition into
orbits for other open symmetric orbits in R-spaces G/H — G1/P’, cf. [Ma 73] for
a list, can be investigated.

This article is the first step towards a detailed study of the Hardy spaces on
compactly causal spaces as introduced by Hilgert, Olafsson and @rsted ([HOQ)).
Roughly speaking, these are made up of holomorphic functions on certain open do-
mains in G¢/Hc determined by their boundary values on G/H. Similarly, we have
the “classical” Hardy spaces on G1/K; — or the biholomorphically equivalent tube
domain — formed by certain holomorphic functions on G1/K; determined by their
boundary values on the Bergman-Silov boundary G1/P’. Causality of ® assures
that it can be prolonged, at least locally, to a map ® from the mentioned open
domain in G¢/Hg into G1/K;. Thus o+ maps functions on G1/K; to functions on
the domain of definition for the Hardy space, and this can be used to construct an
imbedding of the “classical” Hardy space into the new one. This program is carried
out only for Cayley spaces ([O@ 97]) and some of the group cases (g,h) ~ (gD g, 9)
(K96l [KOD97]) of our list above, and, as a main result, gives explicit formulas for
the Cauchy-Szego kernel. The general case is considered in [FOJ

Results similar to ours were also obtained by Bertram ([Be]) using Jordan algebra
methods. The method used by us has the advantage that it allows one to find the
G-orbits in the compactification by looking not only at the open cosets but using
the full double coset decomposition of Matsuki. For example, for spaces of Cayley
type one recovers the orbit decomposition given by Kaneyuki ([Ka 87]).

I am grateful to H. Holdgriin and G. Olafsson for their continuing interest, and
for discussions concerning the content of the present paper. I would also like to
thank the referee for several suggestions that improved the exposition considerably.

Here p > 2, whereas for the other cases p and ¢ are only nonnegative with p + ¢ = n.
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2. BASIC STRUCTURE THEORY

Let (g1,%1,60) be an (irreducible) orthogonal symmetric Lie algebra of noncom-
pact Hermitian type. Denote the complexification of an algebra or group by a
subscript C, for example gic = g1 ® C. Let Gic be the simply connected group
with Lie algebra gic, and let (G, K1, 6) be associated to (g1, ¢1,0) with G; C Gic.
For simplicity we will always denote the Cartan involution # for Gy or g; and its
extension to the respective complexifications by the same letter. (The same nota-
tional convention will be used without further comment for all other morphisms.)
Let g1 = &1 + p1 be the Cartan decomposition for 6.

Let t C £; be a Cartan subalgebra and A(gic, t¢) the corresponding root system.
Choose a positive system AT (gic, tc) such that the noncompact roots AT (pic, tc)
dominate the compact roots AT (b1c, tc). Recall that two roots o and 3 are strongly
orthogonal if o # +3 and a + 3 & A(gic, tc). Let {v1,...,v%}+ C AT (pic, tc) be a
maximal system of strongly orthogonal roots. Choose E+; € gic,++;, Where gic 5
denotes the root space for 7, such that

X]‘ = Ej-f—E,j Eél, Y} = iEj—iE,j € P,

and
[Ej, E—j] = Hj.
Here H; € it is defined by
i(H
(. 1) = 210
(73> 73

for all H € t ([He 78] p. 387]). (As usual, define the pairing for roots a, 5 by
<aaﬁ> - <HOUH[3> - B(HOUHB) )

where B is the Killing form of g; and H,, € t¢ the vector dual to a with respect to
B.) It is known that a = ) RX; is maximal abelian in p;.
Define the (full) Cayley transform by

™

7%

T
c:i= H cj, wherec; =exp
j=1
By the strong orthogonality of the v;’s, an s[(2)-calculation shows Ad (c)iH; = X
and Ad(c)it™ = a, where t~ := Y RiH; C t. By abuse of notation, let 7, also
denote the restriction of ; to t~. The restricted root system is then given by the
theorem of Moore.

Theorem 2.1 (Moore, [He 78, p. 528]). For the restricted root system A(gic, t¢)
one of the following cases occurs:
(1) Algic,te) ={£y [1<i<ryu{Egnit gy [1<i<j<r}or
(2) Alguc,te) ={F37 | 1< <rpU{Ey [1<j<rpU{EgriE 3y (1<
i<j<r}.

Using the Cayley transform, the structure of the root system X(a) := A(gi,a)
can be immediately derived from this theorem.

For example, assume for the moment (G1, K1,6) or (g1,%,6) to be Hermitian
symmetric of tube type, i.e. G1/K; is biholomorpically equivalent to a bounded
symmetric domain of tube type. For this case the restricted root system is of
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type ¢, ([KW_ 65 Prop. 3.12]) such that in the theorem above the root system is
given by the first case. Therefore we have

1 1
Dla)={+jllsj<riufEsi+onill<i<js<r},

where 7§ := 7; 0 Ad (¢7!) is the Cayley transformed root. Furthermore, 7{(X;) =
265, such that the co-roots to the v§’s are up to normalization the X;’s. Since the
Weyl group W (a), which we consider to operate on the roots as well as on the X’s,
is determined by the root system, we get also

Corollary 2.2. For (g1,%1,60) Hermitian symmetric of tube type we have W (a) ~
(Z/2Z)" % S,, where the permutations in S, operate by permuting indices and
(Z2)2Z)" ~ {(e1,...,€)|ej € {£1}} by sign changes on (X1,...,X;).

With pir = Z’YEA+(P1‘L‘:LL‘) gicy, P1 = EVEA+(P1C7tC) gic,—y, and

gic =pT +tic+py

the usual decomposition for a Hermitian symmetric algebra ([He 78, Ch. VIII]), P
and K¢ the corresponding analytic subgroups, let g := eKicP; € Gic/KicPy
=: M* be the coset of the identity in the Borel realization of the Hermitian symmet-
ric space G1/K;. The Bergman-Silov boundary S of G1/K; is the closed boundary
orbit Gy (czo) ([KW_65]). With an s[(2)-calculation,

¢j = exp(—E;) exp(log V2H;) exp(E_;) .

Thus in the Harish-Chandra realization of G1/H; in p;, the Bergman-Silov bound-
ary is given as the Gi-orbit through — > E;. This boundary can also be described
as the Gi-orbit of c™lzg or Y F;. Indeed, ¢ lzg = 0(c)"lzg = exp(}. Ej) - wo.
This is an element of the Bergman-Silov boundary, since the exponential of the
element Z0 := —% > Hj € 3(t1), defining the complex structure on p;, operates as
complex rotations (z +— e"z) on p7.

For X© := Z;zl X the eigenvalues of ad X© are from {0, +1,+2}. We define pf
to be the sum of the eigenspaces of ad X° in gic with nonpositive eigenvalues, and
97 (q7) to be the sum of the eigenspaces in g; with positive (respectively negative)
eigenvalues. Let P( respectively Qf (Q7) be the corresponding analytic subgroups
in G¢ respectively G1.

Theorem 2.3 ([Wo 72, 1.6]). The stabilizer of the boundary point cKicP; of
G1/K, is giwen by P’ := P. N Gi. Furthermore, if Gy is simple, then P’ is a
maximal parabolic subgroup of G1.

The theorem shows that S; ~ G /P’, and we will call this homogeneous space
the Bergman-Silov boundary, too.

We also note for later use that for the parabolic subgroup P’ we have the Lang-
lands decomposition

P~ M x A xQy

where A’ := expRX? and M'A" = Z¢, (X°).
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3. CAUSAL STRUCTURES FOR CAYLEY SPACES
AND THE BERGMAN-SILOV BOUNDARY

We will from now on always assume (g1, &, 0) to be of tube type. Then ad X°
has eigenvalues 0 and £2. The inner automorphism

7 := Ad (exp giXO)

is therefore involutive, and we get Hy := G| = Zg,(X°) and 6n = nd. The triple
(G1, H1,n) defines an (irreducible) symmetric space of Cayley type, and all Cayley
spaces (up to covering) are obtained in this way ([HO 96, section 2.6]).

Let us recall the definition of the compactly causal structure on G1/H;, cf.
[HO 96, section 2.6]. Decomposing Y := > =1 Yj in (£2)-eigenvectors Yo of
ad X% — it is immediate to verify that Yy = %Z§=1(Y} F iH;) — we define

Cy := conv Ad (H1)oR*Y,, which are Hy-invariant cones. Then

Ck Z:C+—C_qui_@ql_ziq1

is a regular Hi-invariant cone. We have the canonical identification of g1, which
is the (—1)-eigenspace of 7, with the tangent space T.p, G1/H1, and, using this
identification, Cy defines the compactly causal structure of Gy/Hj.

We also want to endow the Bergman-Silov boundary with a G;-equivariant causal
structure (cf. [Ka89]). With S; = Gi(c 'z¢) we define the Cayley transform
S¢ = ¢Gi(c 'zg) = (Ad(c)G1)xo. Note that the left multiplication L. on M*
defines a diffeomorphism of Sf onto S if G1/K; is of tube type. Indeed, to be
of tube type is equivalent to Ad (c?)€; = & ([KW_65, Prop. 4.4]), which implies
Ad (c?) g1 = g1, and then we have L.S§ = (Ad (¢*)G1)(cxo) = Gi(cxo) = Sh.

Let us identify the tangent space T,,M* with p] by use of the differential of
the map ¢ : pj — M*, X — exp X - 29. Thereby the subspace TxOS'f corresponds
to s7 := p] NAd(c) g1, and this space can be given the structure of a Euclidean
or formally real Jordan algebra ([KW_65, section 6]). The cone defining the causal
structure of S{ is then given by the identity component of the set of all squares in s;
([Ka'89]), or equivalently the closure of the K{-orbit of E := —i{ Y (czo) =i Y. Ej,
with K¢ := Kic N Ad (¢) G;. We define the causal structure of S; now by claiming
that L. is a causal diffeomorphism.

Let us describe this causal structure more explicitly. First of all, by use of the
differential of £¢ : Ad (¢)pf — M*, Ad(c)X +— exp(Ad (c)X)cxo, we identify the
spaces Ad (c)py and T,u, M*. For spaces of tube type Ad(c) (i2°) = $X°, and
correspondingly Ad (c) py is the (+2)-eigenspace q/¢ of ad X in gic. We get

Ad(c)sf = Ad(c)pf NAd(H) g1 = Ad(c)p Ng1 =qf

for the tangent space Tcxogl (with our identifications). Denote by Hic the analytic
subgroup corresponding to hic := 34, (X); then

Hy=Hic NGy =Ad(¢) KicNGy; = Ad (¢) KY .

Together with Ad (¢) E = Y., our above definition now shows that the defining
cone in qf is the closure of the Hj-orbit of Y., i.e. C; = Ad (H;)Y,.

Remark. Alternatively, one can proceed as follows, cf. [Ka 89]. Since the cone

C, = conv Ad (H)oRTY, is regular and Hi-invariant in g7, it is easy to see that
this cone is invariant under the linear isotropy representation of P’ in T.p:G1/P’.
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It therefore defines a Gi-equivariant causal structure on G7/P’, unique up to sign
change.

Since the tangent map of the projection
(O Gl/Hl i Gl/P/

at the identity coset is given, using the identifications introduced above, by the
projection of q; = qf @ q; onto g, and the fact both causal structures are
G1-equivariant, this projection of the Cayley space G1/H; on the Bergman-Silov
boundary is causal.

Remark. The projection is also causal if we consider the Cayley space with its
noncompactly causal structure defined by C, :== Cy + C_.

Later on we will consider subspaces G/H C G1/H;. The question arises: When
is G/H a causal subspace, i.e., when does G/H have a causal structure such that
G/H — G1/H; is causal? If G = GY is the fixed point group of an involution o,
the following lemma gives a simple criterion.

Lemma 3.1. Let o be an involution commuting with n and 6. Let C C q1 be
a convex gemerating o-invariant cone. Let qi, be the (—1)-eigenspace of o and
q1 = 95 Dq1N10 the decomposition in (+1)-eigenspaces of o. Then CNq{ = pre. C,
and this cone is generating in q7.

Proof. Forwv € prq({C there exists w € q1Nq1, such that v+w € C. By o-invariance

v—w € C, and then v = (v+w)+3(v—w) € C, which proves that prge C C CNay.

The other inclusion being trivial, we finally have

47 = bryg (C = C) = prgg C = pryg C.

4. DOUBLE COSET DECOMPOSITIONS

In this section we recall some results of Matsuki on the (G, P')-cosets in Gy,
where G is an open subgroup of the fixed point group of an involution and P’ a
parabolic subgroup.

If we look at minimal parabolic subgroups, these can be parametrized in the
usual manner by assigning a maximal abelian subspace a of p; and a system of
positive roots X7 C ¥(a), with X(a) the root system of g; with respect to a. We
indicate this by writing P(a,X7"), and p(a,XT) for the algebra. For a subset t of
a we define a subset of (positive) roots by () (r) := {y € ) | H,, € t}, where
H, € a is the co-root to v defined by B(H.,,H) = v(H) for all H € a. Since all
minimal parabolic subgroups are conjugate and self-normalizing, we can identify
the factor space G1/P with the set of all minimal parabolic subalgebras of g;.

Let (G1,G,0) be a symmetric triple, i.e. (G{)g C G C GY, and assume o to
commute with 6. Let g1 = g+ g1, be the decomposition into eigenspaces of o, and
a a o-stable maximal abelian subspace of p;. We define two subgroups of the Weyl
group W(a) = Nk, (a)/Zx, (a) by

Wo(a) :={w e W(a) |w(ang) =ang}

and
W(a, K1NG) := Nig,na(a0)/Zx,na(a) C W, (a).
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Proposition 4.1 ([Ma 79} Prop. 1]). A minimal parabolic subalgebra p(a,XV),
which is identified with a point of G1/P, is contained in an open G-orbit if and
only if the following two conditions are satisfied:

(i) anNgi, is maximal abelian in p1 N q1,, and

(i) X7 is of-compatible, i.e. v € TT\Et(ang) = of(y) € TT\ZF(ang).
The number of open orbits is |[Wy(a)| / |W(a, K1 NG)|.

Remark. Condition (i) determines a up to Ad (K3 N G)g-conjugacy.

Assuming P’ to be an arbitrary parabolic subgroup, we want to determine the
double cosets GgP(a,X") within GP’. Let therefore p’ = m’ + a’ + n’ be the
Langlands decomposition of p’ such that a’ C a. Define

a) ={X ed |y(X)>0 for all v with g1, C n'},
where g1, is the root space for v € X(a).

Theorem 4.2 ([Ma 82]). FEvery minimal parabolic subalgebra of g1 contained in
p’ is GN P'-conjugate to a minimal parabolic subalgebra p(ay, X(a1)™), where ay is
a o-stable mazimal abelian subspace of p1 such that a; O o' and X(a1)™ satisfies
(X(ar)T,d) CRT.

5. CAUSAL COMPACTIFICATIONS

We are now ready to state and prove our main results. If not otherwise stated,
our notation will be as introduced in the previous sections.

Theorem 5.1. Let (G1, H1,n) be an irreducible causal symmetric space of Cayley
type with G1 C Gic, Gic the simply connected Lie group corresponding to gic. Let
o be an involution commuting with n and 0. Assume one of the following cases
holds:

(i) Y RX; and Y RY; are mazimal abelian in p1 Nq1,, where qi, is the (—1)-
eigenspace of the involution o.
(i) We have r = 21', and, with X}, == Xy + Xjrypr, Y] 1= Yy + Yjip,
for j' =1,...,7', the spaces ZRX]’-/ and Y RY], are mazimal abelian in
P1 N qie-
Then (G, H,7) := ((GY)o, HLN(GY)o,n|(GY)o) is a weak compactly causal subspace
of (G1,H1,n), and ® : G/H — G1/P’ is a causal compactification.

Proof. For the eigenspaces of ad X° we have o(q;) = qf, since X° € > RX; and
X%e Y RX ]’-/. Using the Langlands decomposition of P’; this implies on the group
level Q7 NG = {e} and GNP =GN Hy = H, i.e. ¢ is injective. The subspace
T.rG/H C T.p, G1/H; corresponds with our identifications to { X +0X | X € g7},
and the restriction of the tangent map of ® is given by T®(X+0X) = X. Therefore,
by G-equivariance, ® is a submersion onto an open image.

Let us show the density of the image. From (i) a := ) RXj; is a maximal
abelian o-invariant subspace of p1, and the first condition of Proposition [A1] is
fulfilled. Assume ¥(a)™ to be of-compatible; then all other positive systems are
conjugates w(X(a)™), with w € W(a). The system w(2(a)") is again o6-compatible
if and only if w € W, (a). Indeed, by Theorem [ZT] and the following discussion,
we have S(a) = {£5(v¢ +75),£2(75 —15) | 1 < s, t,u,v < ru # v}, and X;
is up to normalization the co-root to 7j. Therefore, identifying a and its dual
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a*, aNg is spanned by X(a N g)*. By Proposition Bl the (G, P(a, X1))-double
cosets corresponding to open orbits in G1/P(a,X") are then given by Gw, P(a,X"),
where X7 is an arbitrary of-compatible positive system and w, a representative
for v € W(a, K1 N G)\W,(a).

It is now enough to show that all these open double cosets lie in GP’, and we
use Theorem to do this. With o’ = RX" we have a/, = —RTX?, as qi is
the (—2)-eigenspace of ad X°. Let ¥(a)* fulfill the condition of Theorem L2 i.e.
(E(a)T, X% < 0; then w(X(a)*) obeys the same condition if and only if

(w(B(a) "), o)) = —R¥(S(a) ", w™ (X)) > 0

or equivalently w(X?) = X° This shows that the open orbits lying in GP’ are
parametrized by W(a)m N W(a, K1 N G)\W(a)w, where

W(a)m := Ni,nne (@) / Z i e (a)
is the subgroup of the Weyl group leaving X fixed. With the commutative diagram

W(a)m NWy(a) —» Wy(a) — W(a, K1 N G)\W,(a)
! /e
W(a)m NW(a, K1 NG)\W (a)m N W, (a),

it remains to show the surjectivity of ¢. But this is a consequence of Corollary
Indeed, since the permutations preserve X° = Z;Zl X, for our case (i) it is enough
to show that the subgroup isomorphic to (Z/27)" x {id} lies within W (a, K1 N G).
But with X;,Y; € p1 N q1, and therefore [X;,Y;] = —2iH; € ; N g this is a direct
consequence of

. 4 N Eik fOI'k?éj,
(1) Ad (exp §ZHJ)(Eik) = { —Ey, for k=j.

For case (ii) we similarly have to prove that the “sign changes” in W, (a) are ele-
ments of W(a, K1 N G). These sign changes are generated by the reflections which
map Xj(, = X + X4, to its negative and leave all vectors orthogonal to this one
fixed. Here Xj’-,,Yj’, € p1 N q1o. Thus we have [X]’»,,Yj’,] € £ N g1, and the needed
result follows again from ().

Knowing that ® is a G-equivariant diffeomorphism onto an open and dense
subset, it remains to prove the claims concerning causality. We consider first the
case (i). With o(Y;) = =Y or o(iH;) = iH; we get o(Y}) = —Y_ by the definition
of Yy, cf. section Bl This implies 0(Cy) = —C and the o-invariance of Cj. The
cone Cy being regular H,-invariant, we see by Lemma B.1] that C Ng N g is an
H-invariant regular cone in gNq;. This cone has nontrivial intersection with ; Ng,
as Y. — Y. = 27° € & Ng, i.e. G/H is weak compactly causal. Case (ii) is
treated in the same way, with the obvious modifications. Finally, since we proved
® : G1/H1 — G1/P’ to be causal, it is clear that the restriction of this map to the
causal subspace G/H is causal, too. (]

Remark. 1. Note that C, = C; 4+ C_ will be mapped by o to —C,, and therefore
G/H is not a noncompactly causal subspace of the Cayley space G1/H;. In turn
this shows that G,/H; N G,, with G, := (GJ?) the associated group to G, is a
Cayley subspace.

2. The maximality condition for case (ii) is equivalent to the fact that G, has
real rank r’.
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In general, for Gi¢ not simply connected, some of the inclusions (G1)o C {g €
Gic | g =g} =: G1, where g denotes conjugation with respect to the real form gy,
and (G7)o C Zg,(X°) € G| = H; may be proper. For the first case, since we
are finally interested in quotients like G1/H; and G1/P’, it does not matter if we
work with the group of all “real” matrices G or its identity component. For the
second case we have to replace H(1y by Zg,,, (X0) everywhere in our statements,
and all arguments will go through without any change. For the classical groups
both complications will only occur for G; = SO(2,n).

Example 5.2 (Causal compactification of SO(2,n)/SO(1,n)). We start with

A B "AA-'CC =1, 'AB='CD
6= {(2 ) estmram| 40 .

ie. G1 = SO(2,n+ 1), and 6(g) = ‘g~! the usual Cartan involution. We assume
n > 2, since 50(2,1) ~ su(1,1) and s0(2,2) ~ su(1,1) x su(1,1), which thus can
be treated differently. The real rank is then two, and Gic = SO(n + 3,C) is not
simply connected. We choose

o ... —1 -1 o ... 1+ -1
I - j 1] -1 —i
By = : 1 = B, = . 1 1
-7 —1 : i —1 :
-1 4 ... 0 -1 — ... 0
together with
0 i -1 0 -1 —1
1 j —
By = 1 7  E,—1 1 7
) 1 - 1
-1 0 -1 — 0

The involution n = Ad (expi§ X 9) has the fixed point group

a1 0 0 bg
0 Q4 B 3 0
0 Cy D O
C3 0 0 d4

H = e SL(n+3,R)| ... b =~8(0(1,1)x O(1,n)),

and (Gi, Hy,n) is of Cayley type. It is straightforward to check that Zg, (X°)
consists of those elements in Hy for which a1d4 —bacs = 1, whereas for an arbitrary
element ajdy — bacs € {£1}, i.e. Hy/Zg, (X°) ~7Z/27Z.

We choose ¢ to be the inner automorphism

1o
o=Ad -1, ;
1
then its fixed point group is
A B 0
7 = ¢’ DI 0|eSLn+3,R)| ... ;~80(2,n)x0(1)),
0 0 da
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and one verifies condition (ii) of Theorem [6.1] for this involution. We have

A B 0 )
c={|c D o ‘(é‘ g,>6500(2,n) ,
0 0 1 1
aa 0 0 0
- 0 aq Bg 0 a1a421
H=410 ¢, D, 0| €% detD,>1 (°
0 0 0 1

and Zg(X°) = HNZg, (X?) is the subgroup of matrices with a; = 1, i.e. Zg(X°) ~
SOp(1,n) in the obvious manner. Therefore (SOy(2,n),S0¢(1,n),7) is a com-
pactly causal subspace of (Gi,Zg,(X°),n) with a causal compactification ® :
S00(2,n)/SO(1,n) — SO(2,n 4+ 1)/P’ as in Theorem BTl Another treatment
of this example can be found in [Mo 97).

For every Cayley space (G1, Hi,n) as in the theorem, there is a whole family of
involutions o for which condition (i) can be easily verified.

Corollary 5.3. Let (G1, H1,7n) be an irreducible causal symmetric space of Cayley
type. Then, for e¢; € {£1}, the inner involution o = Ad (exp §i ) €;H;) commutes
with n and 6, (G, H,T) is a weak compactly causal subspace of (G1,Hiy,n), and
®:G/H — G1/P' is a causal compactification.

Proof. An sl(2)-calculation shows 02 = Ad (exp(7i Y. €;H;)) = id. Since 0(iH;) =
—iH;, and by another sl(2)-calculation n(H;) = —H,, the three involutions 7, 6
and ¢ commute pairwise. Finally, from equation (Il — where we can replace H;
also by €;H; — it is immediate that X;, Y} € qi,. O

Lemma 5.4. Let (g,%,0) be irreducible Hermitian of noncompact type, p an invo-
lution commuting with 6. Then dim3(g”) < 1.

Proof. The Riemannian dual g" of (g,g”,p) is simple with gf. = gc simple, too.
Therefore g is irreducible orthogonal symmetric of type III ([He 78| p. 379]) and
its maximal compact subalgebra g? Ne®i(gP Np) has a center ¢ of dimension at most
one. 6 is an involution of this subalgebra, which implies ¢ = g? N€NcHi(g’ Np)Nec
and 3(g”) =g’ NeNc+i(i(g’ Np)Nec). O

As o in the corollary is given in a very explicit form, it is possible to derive some
additional information on the structure of (g, h, 7) for this case.

Proposition 5.5. Let (g1,h1,7) be as in Corollary [5.3. Then:

(1) 3(9) = R(XC €jiH;) C a1 N1 and 3(h1) = RX C p1 Nqio.

(2) (g,0,7) ~ (¢,0,m), where £ := &, N g @ i(t1 N q1,) is the c-dual of & =
LNgdtNgi,.

(3) ([g,9],b,7) is an irreducible symmetric space.

Proof. We have n(H;) = —H; by an sl(2)-calculation, i.e. H; € q;. The first
statement then follows by applying Lemma [5:4] to the involutions ¢ and 7.
For the second claim we first prove that (g,0) ~ (¢, o). Defining

™
2" (Z{jeFl} ! Zme,:—l} j) ’
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by sl(2)-calculations we get Ad (exp A)(H;) = €¢;H; and Ad (exp A)?> = id. Since
6 = Ad(exp 5i)_ Hj), we see from the definition of o that Ad(expA)of = oo
Ad (exp A). Therefore Ad (exp A) : gc = (¢7)c — tic is an isomorphism. Further,
with A € £ +ip1, the subalgebra ¢;4ip; is trivially Ad (exp A)-invariant, and by this
t+ip = gcN (8 +ip1) is mapped onto €1cN (€1 +ip1) = €. Ad (exp A) also maps the
(—1)-eigenspace of 6 onto the (—1)-eigenspace of o, i.e. Ad (exp A)(ip1) = &1 N q10-
As the map is complex linear, we finally get an isomorphism Ad(expA) : g =
tE+p—t+i(tNg,) = 5.

To complete the proof we have to show that n o Ad(exp A) = Ad (exp 4) o 7.
But H; € qi; therefore Y; = %[iHj,Xj] € q1 and n(A) = — A, which is enough, as
Ad (exp A) is involutive.

For the last statement, with gc ~ (¢§)c = ¥1¢, the classification of the Hermitian
symmetric algebras (g1, €1, 6) ([He 78, p. 518]) shows that g = 3(g)+[g, g], with [g, g]
simple (and 3(g) one dimensional) except for g; = su(n,n). For this Lie algebra in
its standard realization we can choose

( A B ) = D C

"\¢ b))~ \B 4)°

cf. section [1], and from this it is also clear that ([g,g],h,7) ~ (§® §, AG D g),7)
with g simple and 7: g g—g® g, (X,Y)— (¥, X). O

Example 5.6. Choosing all ¢, = +1 (or —1), we get 0 = 0, and our “compactifi-
cation” is the causal diffecomorphism K;/K; N Hy — G1/P’.

Example 5.7 (Causal compactification of U(p, q)/O(p,q)). With
_[(A B A,B € M(n x n,C),
t__

AA— ‘BB =1, 'AB = BA } =~ Sp(n,R),
the Cartan involution #(g) = *g!, and the Cartan algebra t given by the set
of diagonal matrices in g, we choose F; = Ej in, and E_; = FEji,; for j =
1,...,n, where E}; is the matrix with entry 1 in the k-th row and I-th column and
otherwise zero. Then n = Ad (exp §iX 9) is given by complex conjugation, and for
the subgroup of real matrices H; we have an isomorphism

A B
B A

H, — GL(n,R), ( )»—>A—|—B.

Choosing €; = +1 for j = 1,...,p, and €; = —1 for the remaining j, for the fixed
point group of o we get

%1 /(1) fg %2 Ay € M(pxp,C), Ay € M(q x q,C),
0 E4 23 0 By € M(p x ¢q,C), B3 € M(q x p,C),
B S fAA—'BB=1, 'AB= B
By 0 0 A, AA—-"BB=1, 'AB A

where p + ¢ = n. It is straightforward to check that

A B A B
o (3 93 %)

is a group isomorphism, and that the subgroup of real matrices H is mapped onto

G:

O(p, q)-
We give the causal compactification in the Harish-Chandra realization of the
Bergman-Silov boundary. Remember that — with the usual choice of positive
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roots compatible with our choice of the E;’s — the decomposition in P, Kic
and P, -components for G; is given by

A B\ _ (1 BA'"\[A-BA B 0 I 0
B A 0o I 0 AJ\A B 1)’

and the operation of G; on P;" by

A B\ /I Z _ I (AZ+B)(BzZ+A)™! _
(5 %) (0 T)mer = (5 PP weny

By these equations, and inverting p, we now easily get the causal compactification

U(paq)/O(paQ) - Slv

— — -1
A1 By —A1 By Al —B3
<§3 Z4> O.a) ( By —A4) \-Bs A4 ’
where the Bergman-Silov boundary is given by S; = {Z € M(n x n,C) | ZZ =
I,'Z =7} (Wo 72, [He 78, p. 527]).

In fact, in proving Theorem [5.1] we used only the compactly causal structure of
the Cayley space G1/H;. In some cases it is therefore possible to construct causal
compactifications while assuming G1/H; to be only compactly causal.

Definition 5.8. Let (g1,%1,6) be an irreducible orthogonal Lie algebra of non-
compact Hermitian type. Let {v1,...,7} be a maximal system of strongly or-
thogonal noncompact roots, and Ei; € gic,+y,, J = 1,...,7, vectors with F; +
E_;, iE; —iE_; € g1. Let 7 be an involutive automorphism of g; commuting with
6. The set {E4; | 1 < j < r}is called a system of first kind with respect to 7 if
T(E+j) = —E+; for all j. The set is called a system of second kind if r = 2/, and
T(E:tj) = _Ei(j-l-?“’) or T(Ei(j-i-r’)) = _E:Fj7 fOl"j = ]., .. .,7"/.

Theorem 5.9. Let (G1, H1,7), Hi := G, be an irreducible compactly causal sym-
metric space with G1 C Gic, Gic the simply connected Lie group corresponding
to gic, and (G1, K1,0) Hermitian symmetric of tube type. Define o :==nor, and
assume that one of the following cases holds:

(i) The {E+; | 1 <j <1} form a system of first kind with respect to T.

(i) The {E+; | 1 <j <r} form a system of second kind and (3 RX;)Nqi, is

maximal abelian in p1 N q1e-

Then (G, H,7) == ((G{)o, H1 N (G)o,T) is a weak compactly causal subspace of
(G1,G],m), and ® : G/H — G1/P’ is a causal compactification of it.

Proof. With 7(X%) = (X% = —X° we see immediately that 02 = id and that
this involution commutes with 7 and 6. From the Langlands decomposition we
have P’ ~ Zg,(X%) x Q7, and 0(Q7) = Qf by (X)) = 7(X%) = —X° On
the other hand, by this the centralizer Zg, (X°) is - and 7-invariant, and therefore
P'NG = Zg,(X°)NG. In fact, our assumptions assure that (G, GY,7) is of Cayley
type with G = Zg,(X?). As 0 = n7 and H; = G, we have H C G, and that
P'NG = H. Now, by the same arguments as in the proof of Theorem BTl the map
® is an injective submersion.

We show next the density of the image, again by using Matsuki’s double coset
decomposition. For systems of the first kind we have a = Y- RX; C p1 N quq,
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Wy (a) = W(a), and the open double cosets are Gw, P(a, "), where w, represents
the element v € W(a, K1 N G)\W(a).

In contrast, for systems of the second kind, by condition (i) of Proposition EII
the set aNgi, = E;/:l R(X, + X;+,/) must be maximal abelian in p1 N q1,. With
ang=> R(X; — X;4,) and W(a) ~ (Z/2Z)" x S, ct. Corollary L2, we see that
W, (a) is generated by all permutations of the pairs (X1, X144), ..., (Xp, Xprqpr),
the transpositions (X, X4, ) — which together form a semidirect product of per-
mutations S, x (Z/2Z)" — and the reflections which map X+ X4, onto its neg-
ative and leave all vectors orthogonal to this one fixed. According to Theorem 2]
and the following discussion, we have S(a)\E(aNg) = {£1(v¢+F), £3(v¢ —7%) |
1 < s,t,u,v < ryu # v, |lu—wv| # '} and a of-compatible positive subset
in the sense of Proposition [£1] can be defined using the lexicographic ordering
VE > Vi > 8 > Vs > oo > Yy Of course, also in this case all other
of-compatible positive systems are W, (a)-conjugate to the given one.

We determine the open double cosets in GP’ by Theorem L2, As in the proof of
Theorem BT}, a minimal parabolic subalgebra p(a, wX(a)t), where (X(a)*,a/) C
RT, lies in p’ if and only if w € W (a)w . Hence the classes of subalgebras in open
orbits are parametrized by W(a)m N W, (a). If we restrict our attention to open
double cosets and divide out algebras within the same orbit, we get the diagram

W(a)m NWy(a) = W,(a) — W(a, K1 N G)\Ws(a)

! e

W(a)m NW(a, K1 NG)\W (a)m N W, (a)
where we have to prove that ¢ is surjective. For spaces of first kind Y} € p1 N q10,
and the arguments given in the proof of Theorem [l apply without any change.
In the other case we have to show that the reflections with respect to X; + X,
are elements of W(a, K1 NG). But now X; + X4, and Y; + Y ,s are in p1 Nqi,;
therefore

(X5 + Xjr, Y+ Y] = =2i(H; + Hjpp) €10 g
and Ad (exp 5i(H; + Hjy,)) is a representative of the reflection we seek.

It remains to prove the causality of G/H and ®. First of all we see that 7(Y;) =
Y;, and for systems of the second kind 7(Y;) = Y4+, and 7(Y;4,») = Y;. In both
cases we have 7(Y?) = Y0 Thus Z° = 1[X° Y] € gy, and this shows that
T(Ye) = 7(3Y° £ 2% = Y. With Ad (exp 2iX%)(Y") = =Y, we then conclude
that 0(Y4) = —Y4, showing the o-invariance of the cone Cj. For the Cayley space
(G1,G7,m) the compactly causal structure is defined by Cy C 1. By 0 =no7 we
have 7|q = n|g and 7|G = n|G, and, applying Lemma BT}, the cone pr,Cx C q1 Ng
makes G/H into a weak compactly causal subspace of G1/GY. This also ensures
that ® is a causal map. O

Example 5.10. For (Gi, H1,7) of Cayley type, 7(E+;) = F1,;. Defining E'_,_j =
iEij and E_; := —iE_; gives a system of the first kind. Applying Theorem [5.9]
we recover the “compactification” ® : Ky /Hy N K; — 5.

Example 5.11 (Causal compactification of spaces of Cayley type). Let (g1,51,7)
be compact causal of group type, i.e. (g1,51,7) = (gx g, A(gxg), 7), with involution
TiExE—8x8 (X,V) - (V,X), and A x §) == {(X,X) | X € g}. Then
(G1, K1, 6), 01 := 6x0, is Hermitian symmetric of tube type if and only if (G, K, §)
is. If we choose the {Eij | 7 =1,...,7"} in gc with the usual properties, then

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CAUSAL COMPACTIFICATION OF COMPACTLY CAUSAL SPACES 4713

Ey; = (F4;,0) and Eiyry = (0, —F4;) form a system of the second kind.
Theorem [5.9 then gives G = {(g,7(g)) | g € G}, where 7 := Ad (exp%if(o), and
therefore (G, H,T) ~ (é, éﬁ,ﬁ), which is of Cayley type. This gives us a variant
of the causal compactification for Cayley spaces already constructed by different
methods, cf. [O@ 97, [Ko 93| [Ka 87].

Example 5.12 (Causal compactification of SO*(2n)/O(n,C)). For

A B tAA - 'CC =1, 'AB = 'CD
Gl—{ (C D>€SL(2n,(C) DD — BE — I }—SU(n,n),

let 7 be complex conjugation and correspondingly Hy; ~ O(n,n), the subgroup of
real matrices. (Note that (G1, H1,7), as the p-image of the semisimple symmetric
space ([G,G], H,T) defined in Example 57 is compactly causal.) Then E,; =
iEj jyn and E_; = —iE;,, ; form a system of first kind. The involution o has as

fixed point group
fAA-'BB =1

A B .
G:{(_E Z)eSL(Zn,(C) e eh ! }250 (2n)

([He 78| p. 527]), and H is the subgroup of all real matrices with

A B
-B A

an isomorphism. In the Harish-Chandra realization we now get

SO*(2n)/O(n,C) — S

H — O(n,C), ( )»—>A—|—iB,

A B | _
where S; = {Z € M(n x n,C) | ZZZ = I} is the Bergman-Silov boundary of
SU(n,n)/S(U(n) x U(n)).

6. COMPACTLY CAUSAL SPACES WITH NO COMPACTIFICATION

Using our results of the last section, it is easy to construct causal compactifica-
tions for the spaces listed in the introduction. For those with “no compactification”
causal compactifications can exist for some small n from the existence of special
isomorphisms, cf. [He 78| p. 519f]. We will prove here the nonexistence of further
compactifications as symmetric orbits by making use of the classification of open
symmetric orbits in symmetric R-spaces ([Ma 73]).

For this we note first that the Bergman-Silov boundary S; of a Hermitian sym-
metric space of tube type is such a space, since, by Theorem [Z33] it is an R-space,
i.e., a quotient G1 /P’ of a semisimple symmetric group by a parabolic subgroup, and
in addition (K4, K1NP’,n) and S = K, /KNP possess Ki-invariant Riemannian
structures ([KW 65, Thm. 4.9]). An open orbit of G C Gy is called symmetric if
it is a symmetric subspace of G1/P’. We remark that our causal compactifications
already constructed are symmetric orbits.

Proposition 6.1. For the following compactly causal symmetric Lie algebras (g, )
there exists no compactly causal space (G1, Hy,T) such that the subspace (G, H,T)
associated to (g,h) C (g1, h1) is a compactly causal subspace and ® : G/H — G1/P’,
with P’ appropriately chosen, a causal compactification as symmetric orbit.
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g b parameters
50(2,p+q) so(p, 1) @so(1l,q) min(p,q) > 2, (p,q) # (2,2), (3,3)
e6(—14) sp(2,2)
€7(—25) su*(8)
s50(2,n) ®so(2,n) 50(2,71) n=5o0rn>7

e(—14) D e6(—14) €6(—14)
e7(—25) D e7(—25) €7(—25)

Proof. Assume to the contrary that G/H C G1/P' is a symmetric orbit. When
we decompose G,/P = 5'1 Lo X Sn into irreducible symmetric R-spaces, G =
Gix...xGm, decomposes also into factors, where each factor gives a symmetric orbit
in S or §; x Sj41, with Sj ~ ;.1 ([Ma 73]). By looking at the classificatiord] of
symmetric orbits G/H — S, we see that no space on our list — with the exception
of the already mentioned low dimensional cases — possesses such a compactification.
For the last three cases with G = Gy x Gy, a compactification may be constructed
from maps Gy x {e} — S, and {e} x Gy — S,. However then h ~ go would not be
simple, which is the case only for s0(2,2) ~ s[(2,R) @ s[(2,R).

It remains to check the case G — S ~ S x S For spaces of tube type the
dimension of the Bergman-Silov boundary S; is 5 L dim(G1/K1), and we get the
necessary condition dimg — dimb = %(dim g1 — dim€). Moreover, for G simple
the only possible imbedding is the diagonal imbedding G — A(G) C G x G or a
modification of this map as in Example BTl ([Ma73]). For the first three groups
of our list we therefore have the condition dimbh = dim ¢, and this equation can
only be solved for s0(2,p + ¢q) with p = 1 or ¢ = 1, recovering the compactification
for the spaces of Cayley type. For the last three groups a compactification would
give us an imbedding go ® go — g1 @ g1, with (g1, €,6) Hermitian symmetric of
tube type, such that A(go @ go) goes into the sum p’ @ p’ of two maximal parabolic
subalgebras. With the Langlands decomposition p’ = m’ + RX° + q; we get from
this an imbedding go — m’ ([Va_84] Cor. 3.14.3]) with #-invariant image ([Wa_72|
Lemma 1.1.5.5]). Therefore the rank and real rank of m” are restricted from below by
the corresponding quantities of go, excluding g1 = s0(2, k). Using our equation on
the dimensions, we are left with go = s0(2, n) and g; = sp(k,R) or g1 = so*(4k), k >
3. For the first g1, equality of dimensions leads to (n+1)(n+2) = 2k(k+1), whereas
from go — m’ = sl(k,R) necessarily (n + 1)(n + 2) < 2(k? — 1), a contradiction.
For the second g1, comparing the dimensions gives n > 2k; but go — m’ = su*(2k),
mapping maximal compact subalgebras into compact subalgebras, gives 1+[%] < £,
a contradiction, too. ([l

7. CAUSAL COMPACTIFICATIONS FOR THE CLASSICAL CAUSAL SPACES

To be complete, we give here some details for the compactification of the classical
symmetric spaces not already treated in the various examples. For the definition
of these spaces as well as for our notation we follow [He 78, Chapter X].

2According to W. Bertram (personal communication), the classification in [Ma 73] is not com-
plete. However, the part of the classification needed by us is not affected by this.
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7.1. The compactification of S(U(p,q) x U(q,p))/SU(p,q). The group

A B tAA - CC =1, '‘AB = 'CD
Gl{ (C’ D) € SL(2n,C) ‘DD — BE — | }SU(n,n)
verifies the conditions of Corollary[E3l The real rank of SU(n,n) is n, and we can
use the same system of strongly orthogonal roots as for Sp(n,R) in Example E7
However, 7 is no longer given by complex conjugation, but

e o= (o) (@ 5)(a)=(5 %)

‘tAA— ‘BB =1,
‘AB = 'BA

Then
A B
m={(4 ) esuamo

where the isomorphism is the same as that for H; in Example B.71
Againlet ¢, = +1for j=1,...,p,and ¢ = =1 for j = p+1,...,n. Then for
the fixed point group of o we get

} ~ SL(n,C) x RTT,

A, 0 0 B Ay, Dy € M(p x p,C)
Jlo A By 0 Ay, Dy € M(g x q,C)
G o 0 CQ D1 0 € SU(TL,TL) BQ; C(2 S M(q X pa(c)
C; 0 0 Dy B3, C3 € M(p x ¢,C)

BN 4 o | Aedr— CuCu =1 DD, — BiBi =1
~ << Cl Dz) , < 04 D3)> tA,B; = 'C,,D,, product of determinants 1
8o 2 M (k,1,m,n) € {(1,2,3,4), (4,3,2,1)}

=S(U(p.q) x U(g.p)) -
The subgroup H = G N H; maps under the same isomorphism onto

i={((5 ) G R

and we get the causal compactification

S(U(p,q) x Ulg,p)) /H — S,

Al B\ (Ac B\\ g, [(~A B Dy -G\

03 D4 ’ CQ D1 B3 —A4 —Cg D4 ’
where the Bergman-Silov boundary of SU(n,n)/S(U(n) x U(n)) in the Harish-
Chandra realization is given by S; = {Z € M(nxn,C) |'ZZ = I’} ([Wo_72} He 78)).

7.2. The compactification of U(2p,2q)/Sp(p,q). We apply Corollary 5.3 to

A B tAA— BB =1 *
with Cartan algebra t = {i diag(x1,...,%2n, —21,...,—T2y) | z; € R}, and
_ (0 Ejjin— Ejtn, o 0 0
Ej B <0 0 and Ei] B —Ejjin+ Ejin; O 7

7 =1,...,n. With the given data we have

A B\ _ (-1 AJ, —J B, nere 1 e (O In
"\\-B 4)) =\ 5,Bs, -J,AJ, ) V=, o)
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The fixed point group of 7 is

Ay Ag By B
Ay Ay —-By B ‘tAA- BB =1
-By —-By Ay A ‘AB+BA=0 (’
By —B; —A2 A1

H, =

which is isomorphic to SU*(2n) by mapping the element of the above given form
to

Ai+By Ay - B
—Ay+B; Ai+B3)

With ¢; =1for j =1,...,p, and ¢ = —1 for j = p+1,...,n, we then have
o = Ad(diag(Ip,q, Ip.qy —Ip.qy —Ip.q)), with I, := diag(1,...,1,—1,...,—1), and
for the set of fixed points

A 0 Ao 0

0 A1y 0 Aoy A1, A1, As1, Asn € M(p X p)
A3z 0 A 0 A1a, Aoy, Ass, Asa € M (g X q)
G = 0 1‘&4 0 1‘&4 B12,322,332,B42€M(p><q)
N 0 —Bi2 0 —Bao Bis, Bas, Bss, Bas € M(q X p)
—Bizs 0 —Ba 0 ‘AA— BB =1,
0 *§32 0 7?42 tAE =+ tFA =0
—Bs3 0 —Bus 0

A Az1 Bia Ba

Az Ay Bsa Bao

~ An fa D 2 oS Uep2g).
—Biz —Bas A Ao (2p,2q)
—B33 —Bus Ass Ay

The image H of H is isomorphic to Sp(p, q) via conjugation with

il, 0 0 0
0 0 1, 0
0 1, 0 o0 |°
0 0 0 il

q
and for the causal compactification we find that

A11 A21 BlQ BQQ
Az Aun Bz B |

—Biz —Bys Ay Ax "

—Bs3 —Bas Az Au
A21 Bz —An Bo A —Bz2 Az B '

_, | Bis A2a By —Au| | —Bas  Au  Biz Axn
Ann Bsz —As1 Ba Azt —Biz Au Bs ’
Bss Aa Bis  —Asa) \-Bus Ass  Bsz Au

with Bergman-Silov boundary $; = {Z € M(2n x 2n,C) | 'Z = —Z, 'ZZ = 1}.
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7.3. The compactification of SOy(2,n—1) x SO(2)/(O(1) x SOg(1,n—1)). We
start with G; = SO(2,n + 1) as in Example 5.2 again assume n > 2, and choose
the same E1; and 7. We have to replace Hy by Zg, (X?), since Gc is not simply
connected. Applying Corollary £.3] with €; = 1 = —e5, we have o = Ad (I, 2) and

)

correspondingly
A B 0
G = C'" Df 0 |eSLn+3,R)| ... p~800(2,n—1)xS5S0(2).
0 0 Dy
The centralizer Zg(X?) is easily determined from Zg, (X°), as given in Example[.2]
to be
e 0 0 0 O
0 eas B 0 0 e € {£1},
Za(X% =<0 ¢, Dy 0 0|ecSL(n+3,R)| (as B} ,
0 0 0 €0 o, p)€OLn)
0 O 0 0 e

and therefore G/Z¢(X?) ~ SOy(2,n+ 1) x SO(2)/(O(1) x SOp(1,n — 1)).

7.4. Causal compactification of Sp(n,R) x Sp(n,R)/Sp(n,R). We begin with
G ~ Sp(2n,R) and the Cartan involution 6(g) = ‘g~! as in Example[571 But as
root vectors we choose now

go= L (0 Ejj+ Ejing+ Bjjin + Ejtnjtn
7 2\0 0

and
Ejfn = 5 Lo
forj=1,...,n, and E_; := —0(E;) for all j. With

I, O
o=Ad ( 0 In,n)

this involution commutes with 6 and

1 (0 ~Ejj + Ejinj + Ejjin — j+n,j+n)
0 b)

o T .00\ 0 L, L 0o I,
n=Ad (eXp(ng ) = Ad (Ln 0) , where L,, := (In 0) )

giving the fixed point group
A, 0 By 0
0 Ay 0 By
1 0 A 0
0 By 0 Ay

tAiZi — tEiBi =17
tAiEi = tEiAi ~ Sp(n,]R) X Sp(n,R).
ie{l,4}

G:

For the associated dual group we have

A, 0 0 B,
0 Ay Bs 0
0 B, 4, 0

Bs 0 0 Ay

G, = ~U(n,n)
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and, with n the real rank of U(n,n), condition (ii) of Theorem [5.1] can be verified
immediately. Finally,

Ay 0 B 0

_ 0 A 0 B A A - BB =1, | _
= By 0 4 0 "A1B1 = 'B1 A ~ 5p(n. R).
0 B1 0 Al

Putting things together, we get the causal compactification in the Harish-
Chandra realization

Sp(n,R) x Sp(n,R)/A(Sp x Sp) — S,

(G Do (5 5 )
where the Bergman-Silov boundary is S} = {Z € M(2nx2n,C) | ZZ =1,'Z = 7},
and A(Sp x Sp) :={(g9,9) | g € Sp(n,R)}, the diagonal in Sp(n,R) x Sp(n,R).

We note that our (Gy, Hy) is a Cayley subspace of (SU(2n, 2n), SL(2n,C)-R*1).
If we construct the causal compactification of S(U(n,n) x U(n,n))/SU(n,n) as in
section [[] starting from G; = SU(2n,2n), then our G/H is a causal subspace of
S(U(n,n)xU(n,n))/SU(n,n), and the causal compactification of G/H constructed
above is that of S(U(n,n) x U(n,n))/SU(n,n) restricted to G/H.

7.5. The compactification of SO*(2n) x SO*(2n)/SO*(2n). For

A B ‘YAA—'‘BB=1

G = {(—E z) €SLUnC) B Ba—o

we choose Ej = 5,54+3n — Lj4n,j4+2n and E_j = Ej+3n7j — Lijion j4n, fOI‘j =

1,...,n. With 6 and o as in section [[d] we get
Aq 0 B 0
0 Ay 0 By
-B1 0 A 0
0 —-By, 0 A

~ SO*(2n) x SO*(2n),

} ~ SO*(4n),

tAiZi — tEiBi =]
tAiEi + tEiAi =0
1€ {1,4}

G:

and our root vectors give X; and Y;, which satisfy condition (i) of Theorem [5.1]
The involution

_ z 0y __ 0 Jn
n—Ad(eXpZQX)_Ad <_Jn 0)

makes (G1, H1,7) into a Cayley space, and it commutes with o. Also,

A 0 B 0
0 A 0 B; ‘tA1A, — BB, =1,
—El 0 Zl 0 tA1E1 + tElAl =0
0 —B 0 A

so that for the causal compactification we now get, similarly to the last section,

SO*(2n) x SO*(2n)/A(SO* x SO*) — S,

- = - = -1
A B Ay By X X B -AN\( A B
(5, %) (T8, ) awsorsson= (3 50)( 5, 7))

with S; as in section[Z2 and A(SO* x SO*) again the diagonal subgroup.

H = ~ SO*(2n),
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7.6. The compactification of Sp(2n,R)/Sp(n,C). The group G; = SU(2n,2n)
together with
A A Bz B
—Axn A1 —Bi2 B
H = i i — — € SL(4n,C)| ... ~ Sp(n,n),
! —Biz —Bas A Axn ( ) p(n.n)
ng —Blg —A24 A14
and the involution
- Jp 0 _
w=aa(f D)@,
make up a compactly causal space (G1,Hi,7). Indeed, G;/H; is isomorphic to
the semisimple symmetric subspace contained in the weak compactly causal space
G/H constructed in section [[2. The real rank is 2n, and E; := iEj j13,, E_j =
—iEji3n.j, Ejin = iEj1on j+n together with E_(; .y 1= —iEj 1y jion, for j =
1,...,n, form a system of the second kind. Defining ¢ as in Theorem (9] we find
immediately that

G = {(% g) € SU(2n, 2n)} ~ Sp(2n,R)

and
A As1 Biz Ba
—As1 A —Bz B
Bia B2z Al Ax;
=Bz Bz —Axy An
the last isomorphism being given by mapping an element of the given form onto

A1 +iBay As —iBis
—As1 +1B12 A1+ iBa

H = € SL(4n,C)| ... » ~ Sp(n,C),

Since the associated group G, := G°? ~ SO*(4n) has real rank n, the cited theorem
gives us a causal compactification of (G, H, 7).

7.7. The compactification of SO0y(2,q) x SO(p+1)/(SO0y(1,q) x O(p)). With
G1 = SO(2,n 4+ 1) we choose 7 := Ad (diag(1,-1,...,—1,1,...,1)), where —1
ranges from the second to the (p + 2)-th position. Then

aiz 0 0 By
0 Qy Bg 0
0 Cy D1 O
Cs3 0 0 Dy

and therefore G1/H; is compactly causal ([HO 96, p. 89]). With the symmetric
matrices

Hy = €SLI+3,R)| ... 5 ~80(Lp) x0(l,q+1)

0 ... 0
where the first nonzero entries —i and 7 occur in the first row in the (p + 1)-th
column, and E_; := —0(E}), we have 7(E+;) = Ex;. Similarly to Example 510
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we define Fy; := iiEij so that we get a system of the first kind. Applying

Theorem B9 gives 0 = Ad (diag(1,1,-1,...,—1,1,...,1)), with —1 now from the
third up to the (p + 3)-th position, and
A 0 B A B
c=4lo D, oleso@nt) (C’ Dg) € 500(2,9)
¢’ 0 Dj Dy e SO(p+1)

~ 500(2,9) x SO(p+1).

Intersecting with H; gives us

aq 0 0 0 Bé a4,d4 S {:l:].}
0 a4 0 0 0 al Bé
g={lo 0 D, 0 o0 |eso@n+) (cg p ) €500(1,9)
0 0 0 d4 0 a1ay Z 1
¢, 0 0 0 D dydet Dy =1

~ 500(1,9) x O(1) x O(p),

and the centralizer Z5(X?) is formed by the elements with a1ds = 1, i.e. Zg(X?) ~
S0y(1,q) x O(p). Therefore we have a causal compactification for G/Zg(X?) ~
500(2,q) x SO(p+1)/(S00(1, ) x O(p)).
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