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ABSTRACT. We study two classes of linear difference differential equations
analogous to Euler-Cauchy ordinary differential equations, but in which mul-
tiple arguments are shifted forward or backward by fixed amounts. Special
cases of these equations have arisen in diverse branches of number theory and
combinatorics. They are also of use in linear control theory. Here, we study
these equations in a general setting. Building on previous work going back to
de Bruijn, we show how adjoint equations arise naturally in the problem of
uniqueness of solutions. Exploiting the adjoint relationship in a new way leads
to a significant strengthening of previous uniqueness results. Specifically, we
prove here that the general Euler-Cauchy difference differential equation with
advanced arguments has a unique solution (up to a multiplicative constant) in
the class of functions bounded by an exponential function on the positive real
line. For the closely related class of equations with retarded arguments, we
focus on a corresponding class of solutions, locating and classifying the points
of discontinuity. We also provide an explicit asymptotic expansion at infinity.

1. INTRODUCTION

We study two classes of linear difference differential equations analogous to Euler-
Cauchy ordinary differential equations, but in which multiple arguments are shifted
forward or backward by fixed amounts. Special cases of these equations have been
studied quite extensively in the context of certain problems in number theory and
combinatorics—see §2 for a brief overview. Here, we take a broader viewpoint. As
in [9], we focus primarily on the advanced-argument linear difference differential
equation

(1.1) uq' (u) = Zajq(u + vj), u >0,
=0

in which the argument w is incremented by the non-negative real numbers 0 = vy <
vy < -++ < Uy, and the coefficients «ag, a1, ..., a,, are arbitrary complex numbers.
Here, however, we study (I[CIl) in conjunction with the related delay differential
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equation
(1.2) (up(w))' = = a;p(u—v;).
§=0

It turns out that by judiciously pairing equations from each class, one can infer
properties of solutions to one equation from properties of a solution to the other.
We exploit this relationship to significantly strengthen previous uniqueness results
concerning equation (LI). Our main uniqueness result is that (I) has a unique
solution (up to a multiplicative constant) in the class of exponentially bounded
functions.

To exploit the relationship between the two equations (I.1]) and (I-2]), we need
to amass a certain amount of information concerning a solution to the latter. In
this direction we establish new results, including the nature and location of discon-
tinuities, and an explicit asymptotic expansion.

The organization of the paper is as follows. In §2 a brief historical overview is
provided. We discuss uniqueness of solutions to (1)) in the class of polynomially
bounded functions in §3. The next section focuses on a special case of ([LI)) arising in
sieve theory and the study of cycle lengths of a random permutation. The particular
properties of the parameters in this case are exploited to show that any solution
to the underlying equation which is not polynomially bounded must be very wild
indeed. The techniques of §dl prepare the ground for our exponential uniqueness
theorem. We motivate the introduction of the adjoint equation in §8. Information
concerning the asymptotic behavior of solutions to the adjoint equation is needed,
and the relevant results are presented in §61 Details of the proof of our exponential
uniqueness theorem are relegated to the penultimate section.

Notation. The Bachmann-Landau O-notation and the standard notion of asymp-
totic equivalence are briefly recalled in the forms that we wish to use them. If ¢
is a positive function of a positive real variable, the symbol O(g(w)), 0 < u — oo,
denotes an unspecified function f for which there exist positive real numbers ug
and B such that |f(u)] < Bg(u) for all real u > ug. Two functions f and g are
asymptotically equivalent at infinity, written f(u) ~ g(u), 0 < u — oo, if for every
e > 0, there exists a positive real number wuo such that |f(u) — g(u)| < e|g(u)|
whenever u > ug.

2. HISTORICAL OVERVIEW

Ever since Dickman [24] showed that the asymptotic density of the positive
integers n < z having no prime factors exceeding z'/* is given by the continuous
solution p(u) to the difference differential equation

up'(u) = —p(u — 1), u>1,
with boundary condition
plu) =1, 0<uc<l,

it has been known that difference differential equations arise in the study of certain
problems in analytic number theory. We now know of at least four types of number
theoretical problems in which difference differential equations arise. These may
be loosely classified according to the context of the original problem. The first
type, “psixyology” [37], encompasses those problems associated with determining
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the probability distribution of the prime factors of an integer [6} [1T], 12} 14} [24], [30].
The second type, “sieve theory” [28], is concerned with the problem of estimating
the size of a finite set of integers after certain residue classes have been eliminated [4]
10} [15] [16l 17, (18, [19, 20} 27] [33]. The third type deals with the problems relating
to the determination of the cycle decomposition of a random permutation [2} [5] 25]
206l [34), [38] 0], and is closely related to the first [1]. The fourth type focuses on
estimating incomplete sums of multiplicative functions [3] 13| 29].

Despite the extensive literature on the subject, apart from the treatment of a
few isolated cases [7} [8 21 (22, 23] 31} [32] [39, 41} 42] the main focus has been
on the application to problems in number theory and combinatorics as opposed
to the study of the underlying difference differential equations as a problem in its
own right. Although a systematic study of equation (I]) in full generality was
initiated in [9], there is still additional work that remains to be done with regard
to providing a comprehensive treatment. The present paper can be viewed as a
further contribution in this respect, in that we explore more deeply the question
of uniqueness, and reveal more fully the role of the adjoint equation ([[2). It is
hoped that some of the analytical techniques used herein—and more generally our
ongoing program of study—will be of interest to researchers in number theory and
the wider differential equations community as well.

3. POLYNOMIALLY BOUNDED SOLUTIONS

As in [9], we fix a non-negative integer m, real numbers 0 = vy < v1 < -+ < Vpy,
complex numbers ag, a1, .. ., Quy, and put §:= ag+ a1+ - - - + @y, Without loss of
generality, we assume a; # 0 for 1 < j < m. Define a function ¢* on the positive
real half-line (0...00) as follows.

Definition 1. For u > 0, let

t

(3.1a)  ¢*(u):= ﬁ/oooxﬁlexp{—ux—kz:aj /Ox#dt} dx
j=1

if § is a negative integer, and

oy D(B+1) _p1 & Fevit —1
3.1b) ¢ (w) = /z exp uz = a]/o Tdt dz,

Jj=1
otherwise.

The contour in (3.1b) starts at —oo, hugs the lower side of the negative real axis,
then circles the origin in the positive (counter-clockwise) direction before returning
to —oo along the upper side of the negative real axis. By deforming the contour,
one can readily check that (3.1a) and (3.1b) are equivalent if R(5) < 0 and /3 is not
a negative integer. It follows [9, Cor. 2.5] that if «; is real for each j =0,1,...,m
and B < 0, then ¢* is positive, convex, and log-convex. If (3 is a non-negative
integer, then we can close the contour and deform it into the unit circle, so that ¢*
is then a polynomial of degree 5. Otherwise, the singularity of the integrand is a
branch point at z = 0, and ¢* is a transcendental function. A detailed treatment of
the various properties of ¢*, including asymptotic expansions, behavior at 0, and
a representation of ¢*(u) as an exponential of a Hellinger type integro-differential
operator acting on the monomial u”, is given in [9].
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The main interest in ¢* stems from the fact that it provides a C'**° solution to the
difference differential equation ([LI]). More specifically, combining Proposition 2.2
and Corollary 2.4 of [9] yields the following result.

Proposition 1. The function ¢* of Definition [ satisfies the difference differential
equation (1) and the asymptotic formula

(3.2) g (u) ~ub, 0<u— o0.

We recall [0, Theorem 3] that there is at most one function ¢ satisfying the differ-
ence differential equation (II]) and the additional condition that g(u) is asymptotic
to a fixed power of u for large real values of the argument u. Combining this result
with Proposition[Iyields the following uniqueness result, which we record for future
use:

Theorem 2. Suppose that q satisfies the difference differential equation (1)) and
the additional requirement that there exists a complex number T such that

q(u) ~u’, 0 <u— 0.
Then T = 3 and q = ¢*, where ¢* is as in Definition[1.

In other words, the function ¢* of Definition Mlis the unique solution to the differ-
ence differential equation (I1I) in the class of functions asymptotic to a monomial
at infinity. Theorem 4 of [9] strengthens Theorem[2 by widening the class of admis-
sible functions to those functions which are polynomially bounded (i.e. majorized
by a polynomial) in the right half-plane. The proof in [9] of this latter result is un-
necessarily complicated, applying residue theory to the inverse Laplace transform of
a suitably high order derivative of a supposed solution. Before proceeding further,
it may be of interest to give a simpler proof which has the additional advantage
of requiring only that the supposed solution be majorized by a polynomial on the
positive real half-line.

Theorem 3. Suppose that q satisfies the difference differential equation (). Sup-
pose further that there exists a real number r such that

(3.3) q(u) = O(u"), 0 <u— 0.

Then there exists a complex number A such that for allu > 0, g(u) = Aq*(u), where
q* is given by Definition [l The multiplicative constant A may of course depend on
the parameters aj, v; (j =0,1,2,...,m) but not on u.

Proof. For any complex number A, Theorem [ implies that ¢ = Ag* is the unique
function satisfying both the difference differential equation ([L1l) and the asymptotic
formula

(3.4) q(u) ~ AuP, 0<u— o0.

Accordingly, it is enough to show that our hypotheses imply that the asymptotic
formula (34) holds for some complex number A, or equivalently, that

lim u Pq(u)
uU—00
exists.
We can write the difference differential equation ([[J]) in the form

(wPq(w) == ajfalu+v;) —gw)},  u>0.

Jj=1
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We have dropped the term in the sum that corresponds to j = 0. It vanishes
because vg = 0. It follows that for u > 0,

watw) =)+ [0 Y aglalt + o) - a(0) d

=1
(3.5) =q(1)+ Zaj / t’ﬁ’l/ q (x +t)dx dt.
= h 0

Let ¢ := R(B), and suppose that the polynomial growth requirement (3:3]) holds.
Since increasing r only weakens the hypothesis, there is no harm in assuming that
r = n+ c+ 1/2 for some non-negative integer n. The stipulation that r — ¢ lies
halfway between two consecutive integers is not strictly necessary; however, as it
precludes the possibility that an integer power of u multiplied by u”~¢ will integrate
to a logarithm as opposed to a power of u, the number of cases to be considered in
our subsequent estimates is conveniently reduced.
By the difference differential equation (I1l) and our hypothesis, we have

Jug/ (W) <D lajlla(u+v)l = O, 0<u— oo,
§=0

and hence ¢’(u) = O(u"~1). Using this bound in the integral (3:5)), we conclude
that

wPq(u) = g(1) + O (/ eyt dt) — O(1) + 0@ 1),
1
and hence q(u) = O(u¢) + O(u"~1). By repeating the previous steps if necessary,
we arrive at the growth estimate
q(u) = O(u®), 0<u— o0.
Using this latter bound in the difference differential equation ([I]) yields

jug ()] < 3 laglla(u + v))] = O(ue), 0 <u— oo,
=0

and hence ¢'(u) = O(u"1). It follows that the integrals

o0 vy
/ t_ﬁ_l/ q (z+t)dzdt (j=0,1,2,...,m)
1 0

all converge. Therefore, we may let u — 400 in ([B3]), from which we infer that the
limit

m 00 v
A= lim u Pq(u) = q(1) + Z a; / t_ﬁ_l/ ¢ (z+t)drdt
exists. In other words,

q(u) ~ AuP, 0<u— oo,
and by our initial remarks, the proof is complete. ([

In g0 we show that the conclusion of Theorem Bl holds with (33]) replaced by
the weaker hypothesis that ¢ be majorized by some fixed power of an exponential
function. Before proving this stronger result in full generality, it is instructive to
examine an important special case which is used in the proof of the general case.
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4. THE EQUATION (ug(u)) = kq(u) — kg(u + 1)
Let k be a positive real number. The difference differential equation
(4.1) (ug(u))" = rq(u) — Kg(u +1),  u>0,

was introduced by Iwaniec [33] as an adjoint equation for the upper and lower
bounding sieve functions of Rosser’s sieve, and is a special case of (L)) with m = 1,
v =1, ap = k—1, a1 = —k and f = ag + a3 = —1. The role of k in sieve
theory is to measure the average number of residue classes being deleted for each
prime used in the sifting. Equation (£1]) and its close cousin with the minus sign
replaced by a plus sign have been studied fairly extensively in the context of sieve
theory [7, [8, 7] 18] 19, 20] 2] 22, B3]. The case k = 1 of @) also occurs in the
problem of determining the asymptotic average size of the largest prime factor of
a random integer and the longest cycle of a random permutation [25], [26] [34], [40].
More specifically, the average cycle length of the longest cycle in a permutation on
n symbols [40] and the average number of digits in the largest prime factor of an
n-digit number [34] are both asymptotic to ngj(1)/q1(1), where

o Tl1—et
q1(u) == exp 4 —ur — dt » dz, u >0,
0 0 t

satisfies ([@1)) with x = 1. We also have [4T] [42]

#{neZ:1<n<uz Pyn)< Pl(n)l/“} =ze'q1(u) + O<1 a >, T — 00,
ogx
where Pj(n) denotes the jth largest prime factor of n and + is Euler’s constant.
By the results of 3, we know that the polynomially bounded solutions to (1)
are all constant multiples of ¢*, where here

e} x 1 _ =t
(4.2) g (u) = / exp { —ur — Ii/ te dt} dz, u > 0.
0 0

It turns out that any solution of (41]) which is not a constant multiple of ({.2) must
oscillate wildly. More precisely, we show that if ¢ satisfies (41) with & > 0, and if
there is no constant A for which ¢ = Aq*, then g(u) # O(exp(Au)) for any fixed
A > 0, and for all u > 0, ¢ changes sign infinitely often in [u, 00). To prove this, we
first establish the following special case of our main uniqueness result.

Lemma 4. Suppose that q satisfies the difference differential equation ([LIl) with
B = —1. Suppose further that there exists a positive real number X such that

q(u) = O(eM), 0<u— o0.

Then there exists a complex number A such that for all u > 0, q(u) = Aq*(u),
where q* 1is given by Definition D with 5 = —1, i.e.

m .
[ee} x 1_ —vjt
q(u):A/ exp{—um+2aj/ Ldt}dm, u > 0.
0 = o t

Proof. Partial summation enables us to rewrite the differential difference equa-
tion () in the form

m

(ug(w)) = ci{au+v;) —qu+v,1)},  u>0,

Jj=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DIFFERENCE DIFFERENTIAL EQUATIONS 4991

where
m
CJ:E Q;, 7=12,...,m.
i=j

Now integrate. There exists a complex number A such that for all u > 0,

(4.3) A—I—Zc]/ qlu+t)d
Let
4 & v
= XZ|CJ|€/\ 7
j=1

The exponential growth requirement implies that there exist ug > M and B > 0
such that for all u > ug, |g(u)| < Be . Inserting this inequality into (Z3)) yields

m vj
lug(u)] < A+ B |cj|/ A gty > g,
=1 Juin

It follows that
/\u m | Be Au
(4.4) lq(u))| g Z|c e < 5 uzu

Now we claim that |¢(z)| < 2|A|/x for x > ug. To prove the claim, fix > wuy and
observe that if Be*® /4 < |A|/z, then (f4) gives |¢(z)| < 2|A|/z. On the other hand,
if Be*® /4 > |A|/x, then we must have Be /4 > |A|/u for all u > z. Since (E4)
holds for all u > ug, we then get

We can now insert this latter inequality back into (£3) and repeat the previous
reasoning with B replaced by B/2. In general, if n is a positive integer such that

Be® |A|
> —,
4.9n-1 T
then iterating the previous argument n times will yield
|A] Bert
(4.5) gl < —+ = uzw

Note that the bound ([5) is valid for v > z, where x is the same as above. If
A # 0, let n be the least positive integer such that

Be* A
< —.
4.2 7z
Then (£3) gives
2|A|

(1.6) (o) < 240

Since © > wq is arbitrary, ([@BG) must hold for all £ > wg. On the other hand,
it A =0, then letting n — oo in (fH) shows that g(u) = 0 for all w > z. But
again, since x > ug is arbitrary, we must have g(u) = 0 for all u > up. In other
words, (EB) also holds for all z > up when A = 0. This establishes the claim.
Invoking Theorem [3 now completes the proof. O
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We can now show that any solution to (4.Il) with £ > 0 must be wildly oscillatory.

Theorem 5. Suppose that q is a solution to the difference differential equation (ETI)
with k > 0. Suppose further that q is not a constant multiple of ¢*, where ¢*(u) is
given by @2). Then q(u) # O(exp(Mu)) for any fixzed A > 0, and for all u > 0, q
changes sign infinitely often in [u, 00).

Proof. Note that 3 = —1 in ([@I). The conclusion g(u) # O(exp(Au)) for all
A > 0 is an immediate consequence of Lemma [l In particular there exists a
strictly increasing sequence of positive real numbers u; < wg < ... satisfying
limy, 00 up, = 00 and |q(un)| > exp(uy,) for all positive integers n. Integrating the
difference differential equation ({1]) yields

u+1
(4.7) uq(u) = A — Ii/ q(t) dt, u >0,

where A is a constant of integration which may depend on x, but not on u. There

is a positive integer N such that if n > N, then u, > 1 and exp(u,) > |A|. Let
n > N and set u = u,. Suppose that ¢(u) > 0. Then (A7) yields

u+1
Ii/ q(t)dt = A —ugq(u) < |A| —e* < 0.

Since k > 0, it follows that

u+1
/ q(t)dt <0,
u

and hence ¢ must change sign from positive to negative somewhere in the half-open,
half-closed interval (u,u + 1]. If, on the other hand, ¢(u) < 0, then (@7)) yields

u+1
/@/ q(t)dt = A —ug(u) > —|A| +e" > 0,

and hence ¢ must change sign from negative to positive somewhere in (u,u + 1].
Thus, we have shown that g has a sign change beyond u,, for each n > N, and the
proof is complete. O

5. THE ADJOINT RELATION

We would like to remove the restriction # = —1 in Lemma [l A careful examina-
tion of the proof of Lemma [ suggests that the iterative argument employed therein
succeeded because the lengths of the ranges of integration in the representation (E.3)
are all independent of u. Note that (43) is equivalent to

A—l—Za]/ q(t +v;)d

In order to recover this property in the case when (3 # —1, let us seek a function p
such that for some constant A, the equation

(5.1) up(u) A+Za]/ Ya(t +v;) dt

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DIFFERENCE DIFFERENTIAL EQUATIONS 4993

holds for all sufficiently large values of u. Let us suppose further that beyond some
point, p is differentiable. Differentiating (B.1I) with respect to u reveals that

ug' (u)p(u) +up’(u)q(u) 4+ p(u)q(u)

()3 aja(u-+ v;) — gl Zajp
Jj=1

If we now substitute the right-hand side of the difference differential equation (L)
for ug’(u) in this latter equation, the first sum on the right-hand side can be can-
celled with the corresponding sum on the left. The result is

aop(u)q(u) + up'(u)g(u) + p(u)q(u Z a;p(u —vj),

which is certainly the case if p satisfies the delay differential equation ([[ZZ). Con-
versely, it is clear that if ¢ satisfies (ILT]) and p satisfies (L2)), then (EI) must also
hold for all sufficiently large values of wu.

6. THE FUNCTION u — p(u,a,b)

Our plan is to use the adjoint equation (5.I) to deduce the asymptotic behavior
of g(u) for large u using only a very weak estimate on the growth rate of g(u).
In order to do this, we need reasonably precise knowledge concerning the rate of
growth of a non-trivial solution p(u) to the delay differential equation ([Z2)) as u
increases without bound. Most of what we need can be found in [35], where the
existence of an asymptotic expansion for p for the case (in our notation) R(ap) < 0
is proved, and the first term of the expansion is determined explicitly. Nevertheless,
it is worthwhile to obtain some additional results, and for this it is useful to extend
Wheeler’s [41], @2] more comprehensive treatment of the m = 2 case to arbitrary m
and complex a;. Therefore, with regard to the choice of boundary condition and
the location and classification of discontinuities, our development in this section
more closely parallels that of [42]. However, to provide an explicit formula for all
coeflicients in the asymptotic expansion, we find it more convenient to extend the
technique used in [35]. To facilitate comparison with our results, we set a = 1+«
and let b denote the vector (o, ag, ..., am).

Let

m
v 9
[T
where, as usual,

"1
v = lim <§ —_—logn>
n—oo j

=1

is Euler’s constant. Consider a particular solution p(u) = p(u,a,b) of the delay
differential equation (I.2)), which is defined uniquely for all real u by the following
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six conditions:

(6.1a) (up(u)) = = ajp(u—v));
j=0

(6.1b) p(u) = 0 whenever u < 0;

(6.1c) p(u) = %u“ if 0 <u <oy

(6.1d) p(u) is continuous for u > 0 when R(a) < 1;
d

(6.1e) p(u,a+1,b) = Ep(u, a,b);

(6.1f) p is continuous from the left at every point.

We need to prove that such a unique function exists. First assume R(a) < 1. The
function defined by (BId) is integrable for 0 < u < vy and the delay differential
equation (GIa) can be rewritten as

(up(u)) = —u"" Y " ajp(u — v;),
j=1

which can be integrated forward on successive intervals. That is, for each positive
integer n, if n <u < n+ 1, then

(6.2) pluvy) = u“{n“p(nvl) - /nu o1 zm:ajp(tvl — ;) dt}.

Jj=1

This establishes uniqueness and every condition except (G.1d). To see that (6.1d)
holds, simply differentiate (G.1a)) and (G.Id) and apply the functional equation for
the gamma function. For the case R(a) > 1, we use the fact that if n is a positive
integer, then

d n
p(u7a'ab) = (@) p(u7a_n7b)a

which follows from (GTd).

From (62, it follows that p has a two-sided derivative at every point x for which
p is continuous at each of the points z —v;, 1 < j < m. Otherwise, we need to take
derivatives from the left in (61al) and (6Ie). This we can do, again by (G.2), since
p is continuous from the left at every point.

Theorem 6. (i) If R(a) is not an integer, then the set of points at which p is
discontinuous is precisely {nv; : n € Z, 0 < n < R(a), 1 < j < m}. At these
points, p has a finite limit from the left, and is unbounded from the right. Moreover,
if n is a non-negative integer, RN(a) >n, and 1 < j < m, then

(=a)"Co
nlv I'(n—a+1)

p(u) ~

)’ﬂ*(l

(u — nv, : U — nv;+,

whereas lim  p(u) = p(nv;) is finite.
u—nv; —
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(i) If R(a) is a non-negative integer, but a is not itself an integer, then the set
of points at which p is discontinuous is precisely {nv; :n € Z, 0 <n < R(a), 1 <
j < m}. The discontinuities consist of two types. If n is a non-negative integer,
R(a) > n, and 1 < j < m, then as in (i),

(—a;)"Co
nlvp I'(n—a+1)

)n—a

pu) ~ (u —nv;)" ™", U — nvj+,

whereas lim  p(u) = p(nv;) is finite. If n = R(a), then p is bounded in a neigh-
uU—nv; —
bourhood of nvj;, but lim +p(u) does not exist.
u%nvj
(iii) If a is a positive integer, then p has only finite jump discontinuities. These
can only occur at the points nv;, where n is an integer, 1 <n <a, and1 < j < m.
(iv) Finally, p(u,0,b) has a finite jump discontinuity at v = 0 and no other
discontinuities.

Sketch of the proof. The statements of the theorem are true if ®(a) < 1 as we have
already noted. The other cases can be established by induction, using the equation

d a 1 <&
(6 3) p(u,a—l— 7b) dup(uvaab) up(u,a,b) w j§_1 a]p(u U],a,b),

which is certainly valid if « is not an integer multiple of v;, 1 < j < m. For details,
see [42] Theorem 1]. O

Remark. The situation in (iii) is somewhat unsatisfactory, as in general all we can
say is that if a is a positive integer and w is a point of discontinuity, then necessarily
u = nv; for some positive integer n < ¢ and 1 < j < m. Although it is typically
the case that all such points are indeed points of discontinuity—for example, this
is indeed true if the m positive real numbers vy, ..., v, are linearly independent
over the integers—it may happen that for certain values of the parameters o, v;,
the jumps arising from different terms in (63) cancel each other. As an example,
consider the case m = 2, a = 2, b = (a1,a2) = (1,—2), v1 = 1, vo = 2. Then
Co = 4e”. We find that the jump at 2v;+ is exactly cancelled by the jump at ve+,
so that p(2+,2,b) = ¢ = p(2—,2,b). As noted by Wheeler [42], such cancellations
cannot occur when m = 1.

We now turn to the problem of determining the behavior of p(u) for large positive
real u. We take the following result of Levin and Fainleib [35] as our point of
departure, recasting it in our notation, and with our boundary condition (EId),
etc.

Lemma 7 ([35], Lemma 1.3.1). Let R(a) < 1, and let p(u) = (ulogu)/vm + O(u),
0 < u— oco. We have the following behavior for p(u) as 0 < u — 0o:

(i) If B is a non-negative integer, then p(u) = O(exp(—p(u))).

(ii) If B is a negative integer, there exists a polynomial rz of degree —3 — 1 such
that p(u) = rg(u) + O(exp(—p(u))).

(iii) For any complex B not an integer, there is an asymptotic expansion p(u) ~
Ym0 cpuB-1-m,

Levin and Fainleib [35] did not identify the polynomial r in (ii). In addition,
they gave only the first term in the asymptotic expansion (iii). We shall determine
all the coefficients c,, and the polynomial rg explicitly. We shall also remove the
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restriction on R(a). To carry this out, we need the following formula for the Laplace
transform of p.

Theorem 8. Let R(a) < 1 and R(s) > 0. Then

0o m 51— eft'u]
/ e *p(u) du = s” exp{ - Z o / _ dt}.
0 = o t

If B is a non-negative integer, the formula is valid for all complex numbers s.

Theorem [{]is actually just a restatement in our notation of a corresponding result
derived in [35]. Although the region of convergence was not discussed there, both
the existence of the Laplace transform and its region of convergence follow easily
from the growth behavior of p as given in Lemma [7l

Let n be a non-negative integer. Recall the polynomial [0l equation (3.2)]

Qn(u,b) = <£> exp {uz - -1 dt}.
0z z=0 .
Jj=1

Remembering that b denotes the vector of coefficients (aq, . . ., @), we let Qp, (u, —b)
be the polynomial obtained by negating each a; (1 < j < m) in Qy(u, b). With this
notation, we can now restate Lemma [7] with the coefficients c,, and the polynomial
rg explicitly identified.

@

Theorem 9. Let p(u) be as in the statement of Lemma[] As 0 < u — 0o, we
have the following behavior for p(u):

() If B is a non-negative integer, then p(u) = O(exp(—p(u))).

(ii) If B is a negative integer, then

—B—1 m _
)= 3 S O oeet)
n=0

(iii) For any complex number 5 not an integer, we have the asymptotic expansion

i Qn 0 b) u—ﬂ—l—n.

—3—n)

Proof. In view of Lemma [} there is nothing to prove for (i), and the error term
need not concern us in (ii). Fix a positive integer h. It is sufficient to consider
the case R(a) < 1 and R(F) < 1 — h, since as noted in [35], the remaining cases
reduce to the problem of differentiating asymptotic expansions, and by (GIal) this
is legitimate. Let 0 < & < 1 be such that —R(3) — h — e > —1. Substituting

u) = Z Cpu AT 4 O(u_%(ﬁ)_h_e)7 0<u— oo,
into the Laplace transform for p, we find that

/ —suy, dU—ZCn - n ﬁ+n+o( R(B)+h+e— 1) s—0+.
0
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On the other hand, Theorem [§ and the definition of the polynomials @, (0, —b)
imply that

/OO e p(u)du~ Y CU 00, -0+, 50+
0

|
— nl
Comparing the two expressions for the Laplace transform, we infer that

D Qa0
" n! T(=B-n)’

which proves (iil). If 8 is an integer and 8 > —n, we see that ¢, = 0. It follows
that if 3 is a negative integer, then

S =) Qu(0,—b)
COED R e T

n=0

as stated in (ii). O

7. EXPONENTIALLY BOUNDED SOLUTIONS

In this section we prove that, up to a multiplicative constant, the difference
differential equation (II) has a unique solution in the class of functions majorized
by a function of exponential growth. We first establish an inequality for certain
exponential integrals that arise in the proof.

Lemma 10. Let u, r and \ be real numbers satisfying X\ > r* = max(r,0) and

u > 1. Then
u Au,, —r
/e”t—”"dtge Y
1

A—rt’

Proof. Denote the integral by I. An easy integration by parts shows that
1 Au, —r r ¢ Atyp—r—1

(7.1) I < —e™u™ "+ — et dt.
A AN

If r < 0, then the coefficient of the integral on the right-hand side of (ZI)) is
negative, and so the corresponding term can be dropped, yielding

1
I< =M.
_)\e u

Since r < 0 implies 7+ = 0, the claim is established in this case. On the other
hand, if » > 0, then t~" > ¢~""1 for 1 < t < u and hence

I< %e)‘“u’r + g /lu Mt dt = %e)‘“u*" + %I.
Since A > r > 0, it follows that
Mg T
A—r

I<

Since r > 0 implies 7T = r, the claim is established in this case also. O
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Theorem 11. Suppose that q satisfies the difference differential equation ([LTI).
Suppose further that there exists a positive real number A such that

q(u) = 0(eM), 0<u— 0.

Then there exists a complex number A such that for allu > 0, g(u) = Aq*(u), where
q* is given by Definition[ll The multiplicative constant A may of course depend on
the parameters o, v; (j =0,1,2,...,m) but not on u.

Proof. First, suppose that § = n is a non-negative integer. The difference differ-
ential equation (LTl) implies that ¢'(u) satisfies (LI) with ag replaced by ag — 1,
and that ¢'(u) = O (u‘lem), 0 < u — oo. Hence, we deduce that the n + 15
derivative of ¢ satisfies the conditions of Lemma[l Accordingly, by Lemma @l and
Proposition[d], there exists a complex constant A such that

¢ (u) ~ Au"t, 0<u— 0.

It follows that
q(”)(u) ~ Alogu, 0<u— oo.

Also, ¢ satisfies the difference differential equation (ICI)) with 3 = 0. Theorem [3
now implies that ¢(™ is a constant multiple of ¢*, where ¢* is given by Definition [I]
with 8 = 0. It follows that A = 0 and ¢(™ is constant. Hence, there exist complex
numbers ag, a1, . . ., a, such that for all u > 0,

n
q(u) = Z ajul.
=0

More specifically, Theorem Bl implies that ¢ = a,,Q.,, where

o\" “ Zevit —1
Qn(u) := (&) OeXp{uz—jz:;aj/o — dt}

is the polynomial obtained by setting 3 = n in (3.1b) of Definition [[] and deforming
the contour into the unit circle. See [9] for additional properties of the polynomial
Qn.

For the general case, we assume that § is a complex number, but not a non-
negative integer. Let ¢ = R((). Since increasing A only weakens the hypothesis, we
may assume that K := A —max(c+ 1,0) > 0. Let

16 = o
M = ?;mﬂe v,

By hypothesis, there exist u1 > M and B > 0 such that for all u > uq, |g(u)] <
Be*v. Let p(u) = T'(—=B)p(u, a,b), where p(u,a,b) is as in §8. Since Qo(0, —b) = 1,
Theorem [@ implies that p(u) ~ u=?~1 as 0 < u — oco. Therefore, there exists a
positive real number us such that for all u > us, %u_c_l < |p(u)| < 2u=¢"1. There
must also exist a complex number A and a positive real number uz such that the

adjoint relation (cf.[5.1])

z=

(7.2) up(u)q(u) = A+ a; / ’ p(t)q(t +v;)dt
j—l U—v;
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holds for all w > us. Let ug := max(uy, us + Vm,ug, 1 + vy, ). Then for all u > uy,
by Lemma [I0] we have

m u
up(u)g(u)| < |4 +2B'Y Jay| / [me=1A) gy

j=1

m
<|A|+2BK ty~c! Z |aj|e(wto)
j=1

< |A]+ %Bu_c_le)‘“.
Let A’ = 2A. It follows that

(7.3) lq(w)| < |AWP| + Z—;Be“ <|AWP| 41BN, u> g

Now let ug := max(u4,c/A), and fix x > ug. If TBe’* < |A'2P], then ([T3) gives
la(a)| < 24’29,

On the other hand, if $Be*® > |A’2zP|, then we claim that 1Be** > [A'uP| for
all u > z. To see the claim, let f(u) :=log B —log4+ Au—log|A’| — R(8) log u. We
have f(x) > 0 and f'(u) = XA —¢/u > 0 for all u > x. Therefore, f is positive and
strictly increasing on the interval [z, 00), and this proves the claim. Thus, in this
case, (T3) gives |q(u)| < 2Be* for all u > x. Now insert this latter inequality back
into the adjoint relation (7.2)), i.e. repeat the previous argument with B replaced
by B/2. We get

(7.4) lg(u)| < |A"WP| + LBeM, u > .
In general, if n is a positive integer such that

Be)\z
4.1

> |A'2P),

then n iterations of the preceding argument will yield

Be)\u

. < | AP
(7.5) lg(u)] < | u|+4.w’

u > x.

Therefore, if A’ # 0, let n be the least positive integer such that

Be)\z

4.9n = |A/{Eﬁ|.
Then (73) implies that
(7.6) la(x)| < 2[A'2).

Since x > wyg is arbitrary, the bound (Z.6) must hold for all such z. On the other
hand, if A’ = 0, then letting n — oo in (TH) shows that ¢(u) = 0 for all u > z.
But again x > wug is arbitrary, so we must have g(u) = 0 for all u > ug. In other
words, the bound (Z6) holds for all z > uy and all complex numbers A’. Invoking
Theorem Bl completes the proof. (I
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8. FINAL REMARKS

The introduction of an adjoint equation as an aid to studying solutions of differ-
ence differential equations goes back at least to de Bruijn’s study of the Buchstab
function [10]. There and subsequently (see eg. [36] [15] [41], 42]), the adjoint equa-
tion is used to deduce information about a solution to a special case of from
a solution to the corresponding special case of (I.1). In this paper, we turned the
process around, deducing information about a solution to ([1]) from the adjoint
equation and a solution to ([2).

It is interesting to compare and contrast the behavior of p and ¢ near zero and
infinity. As in §71let p(u) = T'(—B)p(u,a,b), where p(u,a,b) is as in §6l Assume
that 3 is not a non-negative integer. Then Theorem [ implies that

p(u) ~ i(_l)n <_6n_ 1) Q-(0, —b)ufﬁflfn, 0<u— oo,
n=0

whereas Theorem 5 of [9] states that

q(u) ~ i (g) Qn(0, b)uﬁfn, 0<u— oo.
n=0

If in addition, R(ap) < 0, then Theorem 7(ii) of [9] can be restated as

I'(—ag) X a;

j=1
whereas (G.1d) implies that

p(u) = Uwo_l% ]1;[1 (vje) 9 0<u<u.

In particular, lim, o4+ up(u)q(u) = limy,—, 4 oo up(u)q(u) = 1.
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