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For my parents

ABSTRACT. Suppose M is a hyperfinite von Neumann algebra with a normal,
tracial state ¢ and {a1,...,an} is a set of selfadjoint generators for M. We
calculate dp(a1,...,an), the modified free entropy dimension of {a1,...,an}.
Moreover, we show that dp(ai,...,an) depends only on M and ¢. Conse-
quently, do(a1,...,an) is independent of the choice of generators for M. In
the course of the argument we show that if {b1,...,bn} is a set of selfadjoint
generators for a von Neumann algebra R with a normal, tracial state and
{b1,...,bn} has finite-dimensional approximants, then 6o(N) < do(b1,...,bn)
for any hyperfinite von Neumann subalgebra N of R. Combined with a re-
sult by Voiculescu, this implies that if R has a regular diffuse hyperfinite von
Neumann subalgebra, then dg(b1,...,bn) = 1.

1. INTRODUCTION

Suppose G is a group. Consider the Hilbert space L?(G) where G is endowed
with counting measure and for each ¢ € G write u, for the unitary operator on
L?(G) defined by (uy(f))(a) = f(g~'a). Define the group von Neumann algebra
L(G) to be the von Neumann algebra generated by {u, : ¢ € G}. It is not too hard
to show that L(G) is a factor (i.e, a von Neumann algebra such that if x € L(G)
commutes with every other element in L(G), then z is a scalar multiple of the
identity function) iff every nontrivial conjugacy class of G is infinite. By definition
the free group factor on m generators is L(F),) where F,, is the free group on m
generators.

Almost two decades ago Dan Voiculescu began to develop a noncommutative
probability theory modeling the free group factors. The theory takes the notions of
classical probability and transforms them into ones suited for noncommutative anal-
ysis. Random variables become elements in von Neumann algebras, expectations
turn into normal, tracial states, and in this particular probability theory, indepen-
dence always immediately follows the word “free”. To clarify the last statement
suppose M is a von Neumann algebra with a normal, tracial state ¢ and (4;),ecs
is a family of unital x-subalgebras of M. (A;)jes is a freely independent family
provided that for any ji,...,Jjp, € J with j1 # ja, ..., jp—1 # Jp, and a; € A;,,

plar) =+ =p(ap) = 0= p(ar---ap) = 0.
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5054 KENLEY JUNG

A family of subsets of M is freely independent if the corresponding family of unital
x-subalgebras that the subsets generate is freely independent. The definition gen-
eralizes the situation in L(F,,). L(F,,) has a unique normal, faithful, tracial state
given by ¢(x) = (z€, ) where £ is the characteristic function of the identity of F,,,. If
the generators for F,,, are g1, . .., gm, then one easily checks that {ug, }”, ..., {ug, }"”
are freely independent. The parallels between classical and free probability go far
and the interested reader can consult [8] for a general introduction.

On the operator algebra side, free probability has answered some open prob-
lems in operator algebras. Developing the ideas of free entropy and free entropy
dimension, Voiculescu shows in [10] that the free group factors possess no Car-
tan subalgebras (the first known kind with separable predual). Ge shows in [3]
that the free group factors cannot be decomposed into a tensor product of two
infinite-dimensional factors (again, the first known kind with separable predual)
and similarly in [6] Stefan shows that the free group factors are not the 2-norm
closure of the linear span of a product of abelian x-subalgebras.

In this paper we take a look at what free entropy dimension has in store for the
most tractable kind of von Neumann algebras: those that are hyperfinite and have
a tracial state. However, free entropy dimension being the nontrivial machine that
it is, we review its definition and basic properties before stating our results.

1.1. Definitions and Properties. We recall the concepts of free entropy and
modified free entropy dimension introduced in [9]. For k,n € N write M;*(C) for
the set of k x k selfadjoint matrices with complex entries and (A;*(C))™ for the
set of n-tuples of elements in M;*(C). Suppose ai,...,a, € M are selfadjoint.
Given R > 0,m,k € N, and v > 0, define T'g(ay,...,an; m,k,v) to be the set of
(x1,...,2n) € (MZ*(C))™ such that for each j, ||z;|| < R and for any 1 < p <m
and 1 éjlv"'?jp Sna
ltri(zj, - 25,) — plag, -~ az,)| <7

Here trj; denotes the tracial state on My(C), the k x k matrices over C.
If by,...,bp € M, then I'g(aq,...,an : b1,...,b;;m,k,7y) denotes the set of all
(z1,...,2n) € (Mi*(C))™ such that there exists a (y1,...,y) € (M*(C))! satisfy-
ing

(xla- ey Ty Y1, - "7yl) € FR(ala- .. 7an7b17-- -abl;m7k77)'

For any d € N denote by vol the Lebesgue measure on (M;:¢(C))? (or a subspace
thereof) with respect to the unnormalized Hilbert-Schmidt norm |[|(z1, ..., 24)||2 =
(Z?zl Tr(zjz))% where T'r is the unnormalized trace. One successively defines for
any R,y >0 and m,k € N,

Xgr(a1, ... an b1, .. bi;my k)
=k 2 -log(vol(Tr(ay,...,an : b1,...,b;;m, k,7))) + glogk,
Xr(a1,...,an 1 b1, ... bymyy) = limsup xg(a1,...,2n : b1,...,bym, k,7),
k—oo
XR(ala"'7an : bl;"'7bl) = inf{XR(alv"'7an : blv"wbl;mﬂ’)/) ime N”y > 0}7
x(a1, ... an :b1,... b)) = sup xg(a,...,an : b1,...,b).
R>0

x(a1,...,ap : by,...,b;) is called the free entropy of ai,...,a, in the presence of
b1,...,b.. Replacing the microstate spaces above with I'r(ay, ..., an; m, k, ) yields
x(a1,...,ay), which is simply called the free entropy of a,...,an.
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Now suppose {s1,...,S,} is a set of freely independent semicircular elements in
M (by this we mean that ({s;}) ; is a family of freely independent sets such that
for each 1 < j < n, s; is selfadjoint and for any d € N, go(s?) = % fil td\/1 — t2dt)
such that the von Neumann algebra they generate is freely independent with respect
to the strongly closed algebra generated by {ai,...,a,}. Define the modified free

entropy dimension of {a1,...,a,} by
Solat, .- an) :n+1imsupx(a1—l—esl,...,an—i—esn D 81,0, 8n)
e—0 |log €|

One can view the modified free entropy dimension as a noncommutative analogue
of the Minkowski dimension. Given S C R the Minkowski dimension of S is
d 4 limsup,_,, ”(‘Jl\g;(fl)) where 1 is Lebesgue measure on R? and N,(S) is the e-
neighborhood of S (technically this is the upper Minkowski dimension of S). The
Minkowski dimension defined for S turns out to be the same as the metric entropy
quantity limsup,_,q %
separated subset of S (the e packing number of S). We will have more to say about
the connections between Minkowski/metric entropy and free entropy dimension.

Here are a few basic properties of dp, all of which are proven in [10]:

e For 1 <j<mn,d(ai,...,an) <do(ai,...,a;)+ do(ajti,...,an).

e For any a = a* € M, dp(a) =1— Z:tESp(a)(/\({t}))2 where A is the Borel
measure on sp(a) induced by ¢.

o If x(a1,...,a,) > —o0, then dp(aq,...,a,) =n.

e If ay,...,a, are freely independent, then do(a1,...,a,) = do(ar) + ---
+ 50(an).

Unfortunately, it is not known whether g is an invariant of von Neumann alge-
bras with tracial states, i.e., if {b1,...,b,} and {a1,...,a,} are two sets of selfad-
joint generators for M (this means that each set generates a strongly closed algebra
equal to M and each element of the set is selfadjoint), then does it follow that
do(at,...,an) = 0o(b1,...,bp)? An affirmative answer to this question would show
that for m # n, L(F,,) is not *-isomorphic to L(F,), for it is well known that for
any m € N there exist m semicircular generators si,..., sy, for L(F,,) that satisfy
(50(51, ce ,Sm) =m.

where P.(5) is the maximum number of points in an €

1.2. Results. We show that for hyperfinite von Neumann algebras with specified
tracial state, dg s an invariant. More specifically, suppose M is a hyperfinite von
Neumann algebra with normal, tracial state ¢. By decomposing M over its center
it follows that

M = Mo ® (P M (C)) @ M,
i=1

S
v =~ aopo @ (Paitry,) ©0
i=1

where s € NU{0}U{oo},a; > 0for 1 <i < s (i € N), My is a diffuse von Neumann
algebra or {0}, ¢ is a faithful, tracial state on My and o > 0 if My # {0}, o =0
and ag = 0 if My = {0}, and M is a von Neumann algebra or {0}. We show that
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for any selfadjoint generators aq,...,a, for M,

50(a1,...,an):1—2 k}
i=1

N w|st

Because every such M has a finite set of selfadjoint generators, it makes sense to
define do(M) = do(a1,...,a,) where {a1,...,a,} is a set of selfadjoint generators
for M. It follows that for any k € N, (M (C)) = 1— 75 and if M is the hyperfinite
I1-factor, then 6o(M) = 1. The calculations also show that for hyperfinite M the
free entropy dimension number we obtain for M coincides with the “free dimension”
number for M which appears in Dykema’s work [2].

As a consequence of the arguments leading towards the above result we obtain
a “hyperfinite monotonicity” property of §o which says the following. Suppose M
is an arbitrary von Neumann algebra with specified tracial state and selfadjoint
generators aq,...,a,. Assume moreover that {ai,...,a,} has finite-dimensional
approximants, i.e., for any m € N, € > 0, and L > max{]||a;||}1<i<n there exists an
N € Nsuch that for all k > N, T'r.(a1,...,an;m, k,€) # 0. If N is a hyperfinite von
Neumann subalgebra of M, then

50(N) S (50(0,1, .. .,an).

Hyperfinite monotonicity of dy paired with a result by Voiculescu ([I0]) show that if

M has aregular, diffuse, hyperfinite von Neumann subalgebra, then dp (a1, ..., a,) =
1 (see Remark 4.8).
The gist of the argument is simple: Essentially dop(aq,...,a,) is the normal-

ized metric entropy of the unitary orbit of a well-approximating microstate for
{a1,...,a,}. Suppose M is hyperfinite with specified tracial state and selfadjoint
generators {a1,...,an}t. x(a1 + €s1,...,an + €Sy : S1,...,8y,) is more or less the
normalized logarithm of the volume of the e-neighborhood around the microstates
of {ai,...,an}. M being hyperfinite any two such microstates are approximately
unitarily equivalent. So x(a1 + €s1,...,an + €Sy, @ S1,...,5y,) is a limiting process
calculated from k=2 times the logarithm of the volume of the e-neighborhood of
the unitary orbit of a single microstate for {a1,...,a,}. Dividing this quantity by
|log e| and adding n is close to k=2 multiplied by the Minkowski dimension of the
unitary orbit of the microstate or, equivalently, the metric entropy of the set. Very
roughly then, dg(aq,...,a,) is the normalized metric entropy of the unitary orbit
of a single well-approximating microstate for {a,...,an}.

The calculations require more delicacy than we have let on, for we must first
fix an € and find the volume bounds/packing number bounds with respect to e
not merely over one microstate in one dimension but over one microstate for each
dimension (because the first process in free entropy takes a limit as the dimensions
go to infinity). Weak inequalities reduce this to either the investigation of uniform
bounds on the packing numbers of homogeneous spaces obtained from Uy, the k x k
unitaries, or to dg(a) where a is a selfadjoint element. In the former case we make
crucial use of the results of Szarek ([7]) and Raymond ([5]). The latter situation
dealing with dg(a) has already been discussed.

We break up the paper into calculating upper and lower bounds for §p(aq, . .., an,)
where a1, ...,a, are arbitrary selfadjoint generators for hyperfinite M with spec-
ified tracial state. Section 2 is a short list of notation and assumptions we make
throughout the paper. Section 3 obtains the upper bound for general M. Section
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4 shows that if {a1,...,a,} is a set of selfadjoint generators of a diffuse (arbi-
trary, i.e., not necessarily hyperfinite) von Neumann algebra with a tracial state
and {a1,...,a,} has finite-dimensional approximants, then do(a1,...,a,) > 1. In

particular, this yields the desired lower bound for diffuse M. Section 5 obtains the
lower bound when M is finite dimensional and Section 6 combines the results of
Sections 4 and 5 to arrive at the general lower bound. Section 7 gleans immediate
corollaries (including hyperfinite monotonicity of dg) and comments on the relation
of §o(M) to Dykema’s free dimension [2]. Section 8 is an addendum where we prove
some consequences of Szarek’s metric entropy bounds of homogeneous spaces.

2. DEFINITIONS AND NOTATION

Throughout this paper we maintain the notation in the introduction. Also, we
assume throughout that M is a von Neumann algebra (not necessarily hyperfinite)
with separable predual, a unit I, and a normal, tracial state ¢. {s; : i € N} is always
a semicircular family free with respect to M. {a1,...,a,} C M is a set of selfadjoint
generators for M with finite-dimensional approximants. R = max{| a;||}1<i<n-
Lastly, |-|2 is the norm on Mj,(C) or the seminorm on M given by ||y = (try(z*x))2
or |z|s = (¢(z*z))?, respectively.

3. UPPER BOUND

Throughout the section assume that M is hyperfinite and that N is a finite-
dimensional *-subalgebra of M containing I. Also assume that N has selfadjoint
generators {b1,...,b,} such that each b; has operator norm no larger than R. For
any k € Nand € >0, T(b1,...,bn;k,€) denotes

{(x1,...,2n) € (MZ*(C))"™ : there exists a *-homomorphism o : N — M;(C)
such that for all 1 <i <mn, |o(b;) —xi]2 < eand |[try oo — |y < €2}

We show that dg(aq,...,an) < 1— Zle (Z_j where the «; and k; are as in the
canonical decomposition of M discussed on pége 3 of the introduction. The argu-
ment proceeds in several easy steps. First, x(a1 + €s1,...,a, + €Sy @ S1,...,8p) is
dominated by a number calculated more or less from vol(T'(by,...,bn;k,€)). Sec-
ondly, T'(b1,...,bn;k,€) is contained in the neighborhood of a restricted unitary
orbit of any single element in T'(b1,...,b, : k,€). Szarek’s packing number es-
timates provide appropriate upper bounds for the volume of the neighborhoods
of such orbits. Finally, by approximating M by fine enough finite-dimensional *-
subalgebras N of M, standard approximation arguments yield the promised upper
bound.

The first lemma presented below is standard and we omit the proof. It amounts
to saying that matricial microstates for selfadjoint generators of a finite-dimensional
von Neumann algebra correspond to approximate representations.

Lemma 3.1. For each ¢ > 0 there exist an m € N and v > 0 such that for all
keN,

Tri1(b,...ybpimyk,y) CT(by, ..., bn;k,€).
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Lemma 3.1 has a trivial consequence:

Lemma 3.2. Suppose ¢g > 0 and max{|a; — b;]2 : 1 < i < n} < €. For any
1>e>0, x(a1 +€51,...,an + €Sy 2 S1,...,8,) is dominated by

lim sup [1(2 log(vol(T'(b1,...,bn; k,3e+€))) + g logk]| .

k—oo

Proof. By Lemma 3.1 for a given € € (0,1) there exist 2 < m € N and v > 0 such
that for any k € N, Try1(b1,...,bn;m, k,y) CT(b1,...,bn;k,€). For v > 0if

(x1,...,2n) € Try1(ar + €51, .. an +€5p 1 b1,y by S,y Ssmy k7,
then by definition there exists (y1,...,Yn, 21, .-, 2n) € (M3?(C))?" satisfying

(xlw-'ameyla'"7ynazl7"-72n)
€Tlgi1(a; +€s1,...,an + €8, b1, ... bp, 81,0, 8n;my k).

By choosing 7' < « sufficiently small one can force |x; — y;|2 < 2¢ 4+ ¢ for 1 <
i < n. Since v <7, (W1,---,Yn) € Try1(b1,....bn;m,k,y) C T(by,...,bn;k,€).
Consequently, (21,...,z,) € T(b1,...,bn; k, 3¢ + €9). We have just shown that

Tret(ai+est, .. an+€sn 1 b1y bp, 81,00 Snsmyk,y') CT(b1,. .., bk, 3e+€).

Basic properties of free entropy imply that x(a1 + €s1,...,an, + €Sp @ S1,..-,8n)
equals
XR+1(a1+581;"'7an+63n:blv"'7bn;317"'78n)
< xRi1(a1 + €81, . an + €8 b1, by, ST,y Snymy YY),

By the preceding inclusion the dominating term is less than or equal to
lim sup [k‘Q log(vol(T'(b1,...,bn; k,3e+ €))) + g logk]| .
k—o0

O

Now for the claim which implies that T'(b1,...,by;k,€) is contained in the
2¢(1 + v/2R) - neighborhood of a restricted unitary orbit of any single element, of
T(byy...,bn;k,e€).

Because N is finite dimensional and ¢ is tracial, assume from now on that N ~

1 M, (C) and ¢|n ~ @f_; ajtra,.

Lemma 3.3. For any k € N and ¢ > 0, if 01,02 : N — My (C) are x-homomor-
phisms such that ||try, o o1 — try, o 02|| < €2, then there exists a u € Uy, such that

u(o1(2))u” = o2(2)]2 < 2ze.
Proof. Without loss of generality, assume that N = M, (C) @ --- & M, (C). For

any l1,...,l, € NU{0} with Ele nil; < k denote by m, .1, : N — My(C) the
*x-homomorphism

x1®Il1 0 O
0 ' ;
7T11,A..lp($1, 7xp) =
. :cp®Ilp 0
0 0 Op+1
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where z; @ I, is the n;l; x n;l; matrix with z; repeated [; times on the diag-
onal and Op41 is the (k — >0 nily) x (k — Y7_, nil;) 0 matrix. There exist
My, ..., Mp,n1,...,np € NU{0} such that o1 ~ Ty, m,s 02 ~ Tny oy

Set d; = min{m,, n;} and observe that if 7 = 74, q,, then |[tryomr—tryoo;|| < €2
for 5 = 1,2. If we can show that for each j there exists a u; € Uy satisfying
luj(oj(x))u; — m(z)|2 < [z, then we will be done. A moment’s thought shows
that for each j there exists a u; € Uy such that Adu;oo; — 7 is a *-homomorphism
which we will denote by pj. Obviously ||try, o p;|| < €? so that for any z € N,

Juj (o (@)} —m(@)|2 = ((tri 0 pj) (@) < (- |a"z|)'? = |z

O

Given (z1,...,%n), (Y1,..-,Yn) € T(b1,...,bpn; k,€) there are representations o,
m: N — M(C) such that for 1 < i < n, |o(b;) — zi|2, |7(b;) — yil2 < € and
lltri oo — Nl [[tr o™ — ¢|n || < €. So ||try 0 0 — trg o 7| < 2¢?. By Lemma 3.3
there exists a u € Uy satisfying

u(o(b:))u” — m(bi)l2 < 2]|bil|(V2¢) < 2V2Re

for 1 <4 < n. Thus |uz;u* — y;|2 < 2¢ +2v/2Re = 2¢(1 + +/2R). From now on for
z € M;*(C) and «y > 0 define B(z,v) = {x € M*(C) : |z — z|2 < v}. We have just
proved:

Corollary 3.4. If (x1,...,2,) € T(b1,...,bn; k,€), then T(b1,...,bn;k,€) is con-
tained in

U [B(uziu®,2¢(1 + V2R)) x - x Buznu®, 2¢(1+ V2R))].
ueUy

We remark here that Lemma 3.1, Lemma 3.3, and Corollary 3.4 also hold in the
situation where N does not contain 1.

We now draw out a trivial consequence of Szarek’s estimates for covering numbers
of homogeneous spaces. These results are the heart of the calculation of the upper
bound.

For k € N suppose m, k1,...,km,l1,...,lm € N,Z;’;lkili =k,and H C Uy is a
proper Lie subgroup of Uy consisting of all matrices of the form

u1®Ik1 0

O DR um ® Ikm
where u; € U, and u; Q) Iy, is the k;l; x k;l; matrix obtained by repeating u; k;
times along the diagonal. Such Lie subgroups H of Uy, will be called tractable.
A simple application of Theorem 11 in [7] yields:

Lemma 3.5. There exist constants C, 8 > 0 such that for any k € N, any tractable
Lie subgroup H of Uy and € € (0, 3),

N(X,0) < <9)d

where X is the manifold Ux/H endowed with the quotient metric induced by the
operator norm, d is the real dimension of X, and N (X, ¢) is the minimum number
of balls of radius € required to cover X.
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We sequester a rigorous demonstration to the Addendum.
Lemma 3.6. If 1 > r > 0, then there exists a kg € N such that for each k > ko
there is a corresponding *-homomorphism oy : N — My (C) satisfying:

o |tri. ook — |n|| < 2.
o The unitaries Hy of o,,(N)" form a tractable Lie subgroup of Uy, satisfying

P 2 p 2
K2 (1—7"—2%) < dim(Up/Hy) < k? (1—1—7"—2%) .
i=1 % i=1 %
Proof. Suppose that 1 > ¢ > 0. Choose ng € N such that n—o < pil' Set kg =
(no + 1)ny---n,. Suppose k > ko. Find the unique n € N (dependent on k)
satisfying
nny -y <k < (n41Dng---np.
Set d = nny ---ny, (d dependent on k) and find mq,...,m, € NU {0} satisfying
o —e < ":L < ozz + ¢ for each i and Y 7 | n’ 1 (the m; depend on k). Set
li(k) = (::Z € NU{0} and lp41(k) = k — D%, li(k)n;. Assume without loss of
generality that N = M, (C) @ --- & M,,(C) and ¢|n = ailry,, © - @ aptry,.
Define oy, : N — M (C) by
Ill(k) ®$1 0 s 0
0 :

O—k(xla ce '7xn) =
. Ilp(k)®:cp 0
0 0 Ol

p+1(k)

where 0; () is the I, 1 (k) x1p1(k) 0 matrix and I, (xy @ @ is the I;(k)n; x 1;(k)n;
matrix obtained by taking each entry of x;, (z;)st, and stretching it out into (x;)s: -
I, (k) where I, 1 is the [;(k) x I;(k) identity matrix. Then

1
(tryoo)(z1,...,2p) = % le( CTr(x;) = by, ().

i M@

Since £ > 1—¢, we have a; +¢ > 4. 2 > (o; —g)(1 —€) > o — 2e. It follows
that ||trg o op — @[N] < 2pe.
Hj, consists of all matrices of the form

v Q®IL,, 0 0
0 ) .

up @ In, 0
0 0 Upi1

where u; € Uy, for 1 < i < p+1 and u; @ I, is the lj(k)n; x l;(k)n; matrix
obtained by repeating u; n; times along the diagonal. Hj is obviously tractable.
For a lower bound on dim(Uy/H}) we have the estimate:

p
dm; k
(k) =k =Y Z%:k—d<n1--~np<n—z<k~€
i=1
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so that

. R 2 2 = (i +e)? 2 = o
dlmHk:lp-‘rl(k) +le(k?) <k €+;T <k 3p€+iz=;n—% .

i=1

Hence, dim(Uy/Hy) = k? —dim Hj, is bounded from below by k?(1—3pe—>""_, 22)
For an upper bound on dim(Uj/H}) observe that dim Hy > >-7_, 1;(k)? whence

dim(Uy,/Hy) = k* — dim Hy, < k? — Zl

=1

; — 2¢)?

<k [1- (o
p 042

<k? <1+4e—2—;>
i—1 i

2
Set € = Z—p. O

We now make the key calculation on the upper bound of Lemma 3.2.

Lemma 3.7. For min{3,C} >¢€ >0,

lim sup [k*Q log(vol(T'(by, ... ,bn;k,€))) + g -log k} < log(e"~%) +log D

k‘)m
where &= 1= Y21y 55 and D= (8(R+ 1))"C2[(2)4].

Proof. Suppose min{3,C} > ¢ > r > 0. By Lemma 3.6 there is a ky € N such
that for each k > k¢ there exists a *-homomorphism oy : N — M (C) satisfying
|ltr o o — p|n|| < r? and the additional condition that if Hy is the unitary group
of o, (N)', then Hy, is tractable and

Q
sm|sw
N—————

dim(Uy /Hy,) < k2 (1 +r— f:

Set
P ag
= di H r = —z
dy, = dim(U,/Hy) and m +;nf

There exists a set (ug,s)ses, contained in Uy such that for each u € Uy, there exists
an s € S, and h € Hj satisfying ||u — ug,sh|| < € and Sy has cardinality not

exceeding (%)d’c < (Q)k2(1*mrr~).

Set L=8(R+1). T claim that

T(b1,...,bn;k,e) C U [B(uk’sak(bl)uz,s,Le) X e X B(ukysak(bn)uz,s,Le)].

s€Sk
Suppose that (z1,...,2,) € T(b1,...,bn;k,€). Clearly (or(b1),...,06(bn)) €
T(b1,...,bn; k,€). By Corollary 3.4 there exists a u € Uy such that for all 1 <
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i<n, |r;—wuok(bi)u|e < 2¢(1++/2R). There exists an s € Sy and h € Hy such
that ||u — uk,sh| < e. Now
|u0k(bi)u* — u;@so’k(bi)u;;’sh = |u0k(bi)u* — ukﬁhak(bi)h*u,*c’sh
<l — uksh] - ok (bi)ut]2
Hug,shoy (bi)|2 - [[u™ — h uy,
< 2eR.
Hence for all 1 <i<mn, |z; — uk,sak(bi)ugsb < 2e(14 V2R) 4 2¢R < Le.

By the inclusion demonstrated in the preceding paragraph we have that
log(vol(T'(by, . .., bn; k,€))) is dominated by

o 'W#(L\/Ee)"lg o ' (8 L k% en)R
o 10 SRR ) < e (150 ST

1—-m,.
P k2
< k?-log l(g> (w?L”kze")] —n-logT (7 + 1)
€

k2

2 2
< E? - log(n2 L"CY M kE M) iy log (S—)
e

2
= K2 g L0 e 1) M ogk 42 togl(20) ]

provided k > ko. limsup;,_, . [k’z log(vol(T'(by,...,bn; k,€))) + 5 - log k‘] is there-
fore dominated by

limsup(log (72 L"CT =™ e~ 4 1og[(2¢) 2]

k—o0
= log(e" ™) £ log(r2 L"C ™" [(2€)]).
Hence
log(e"™®) 4+logD = log(e"™%) +log(n% L"C*[(2¢)%])
= Jim [(log(" ™) +log(n " O [(20) )]
T —
> limsup [152 log(vol(T'(by, ..., bn;k,€))) + g -log k} )
k—o0
O
If M is finite dimensional, then Lemma 3.7 yields the desired upper bound for
do(ai,...,a,). With just a few more easy observations, Lemma 3.7 allows us to
bootstrap the upper bound for dg(as, ..., a,) in the general situation.

If B is a finite-dimensional von Neumann algebra with a positive trace ¥ and
2
B~ @;_ My, (C), ¥ =~ @;_, ritry,, define Ay (B) =1-377_, . Clearly Ay(B)
is well defined.
Lemma 3.8. If A C B is a unital inclusion of finite-dimensional von Neumann
algebras, and v is a positive trace on B, then Ay (A) < Ay (B).
Proof. By assumption B ~ @;Zl Mg, (C) and ¢ ~ @;Zl rjtre, for some s,q1,. ..,

gs,T1,...,7s € N. A is *-isomorphic to @?:1 My, (C) for some d,p1,...,pqa € N.
Denote (A;j)1<i<d,1<j<s to be the inclusion matrix of A into B with respect to the
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dimension vectors (p;)%_, and (gj)5=1 for A and B, respectively. Since A C B is a
unital inclusion,

d s s d 2 2 s
(Ayypir;)* 1 AU J
DI D i B D DD D Z
i=1 j=1 J pi TS
2
- ~ Aijpir 1 > 1}
Ap(A)=1=->"| D =22 S5 | <1-) 24 =Ay(B). O
i=1 = Y P =4
Lemma 3.9. 60(@1, ey an) = 50(@1, ey an,I).

Proof. By Propositions 6.4 and 6.6 of [10] and Proposition 6.3 of [9],
dolar,...,an, I) < do(ar,...,an) 4+ 6o(I) =do(as,...,an).
On the other hand, since the strongly closed x-algebra generated by {a,...,a,}
is M, by Theorem 4.3 of [10], do(a1,...,an) < do(at,...,an,I). O

We are now in a position to calculate the upper bound for §p(aq,...,a,). By
decomposing M over its center it follows that

M~ Mo ® (@ M, (C)) @ M, ¢~ aoipo @ (@ agtry,) &0
i=1 i=1
where all quantities above are as in the introduction. Write I; for the identity of
My, (C) for 1 <4 < s and if My # {0}, then write Iy for the identity of My. A
moment’s thought shows that for the purposes of the theorem below we can neglect
the M., summand and assume

M = My @ (@ Mki ((C))v ® = appo D (@ aitrki)'

i=1 i=1
2
Theorem 3.10. §y(a1,...,a,) <1 =37, 2‘—2
Proof. Set a =1—35"7 | k2 There exists a nested sequence of finite-dimensional

x-subalgebras of M, (N, )m 1» such that (J,_; N, is strongly dense in M, for each
m €N, I & Ny, and lim, 00 Ay(Np) < . This is clear for if My = {0}, then
for each m define

Npp=0 @ ( @ Mk;((c)) @(C( @ Ij)'

1<j<min{m,s} m<j<s
Observe that
min{m,s} 2
Dp(Np)=1- ) 7 ( > )
j=1 J m<j<s

limy,, 00 Ay (Npm) = « and all the other properties required of the N, are easily
checked. If My # {0}, then there exists a nested sequence of finite-dimensional
k-subalgebras of My, (Am)5°_, with Iy € A, for each m and U::=1 A,, strongly
dense in M. For each m define

Np=4ne (P My©C)aeC (P L)

1<j<min{m,s} m<j<s
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Observe that

%3
|
g
2

Ny (Nm) = 14 (Dagp(Am) —1) — Z

<
Il
—_
<
3
A
<
IN
@

IN
—_
|
< M|u
|
L2
T

As m — oo the dominating term above converges to ; s0 limy,—oc Ay (Ny) < o
(existence of the limit is guaranteed by Lemma 3.8 and the fact that N,,, C Nypt1).
All the other properties of the N, are easily checked. Notice that in either case,
limyy, 00 Ap(Np) < o and Lemma 3.8 imply Ay (N,,) < o for all m € N,

Take a sequence (N,,)>°_, as constructed above. Suppose min{l, 5/4,C} >
e > 0. By Kaplansky’s Density Theorem there exists an mg € N and selfadjoint

Ti,...,Tn € Np, satistying |z; — a;|2 < € and ||z;|| < R for 1 <4 < n. Denote
by B the x-algebra generated by {z1,...,2,,/}. By Lemma 3.2 and Lemma 3.7,
x(a1 +€st, ... an + €Sp, I + €Spt1: 81,...,8,41) is dominated by
1
limsup [k~ 2 - log(vol(T(z1, . .., xn, I; k,4€))) + % -logk
k—o0

< log((4e)"T1=2¢(B)) 4 log D
< log(e" ™7 %#(B)) 4 log(4"*' D)

where
n+ n+1

D=7"2 (8(R+1))"T1CoB)[(2¢)"2].

Set
Do =7""H8(R+1))" T (C +1)6™.

Clearly Dy > D. B C N, is a unital inclusion and so by Lemma 3.8, A,(B) <
Ap(Npmy) < a. Hence,n+1—-A,(B)>n+1—a. Since 0 < e <1,

log(e"t1=2¢(B)) 4 1og(4"*1 D) < log(e"™1~%) + log(4" 1 Dy).

Thus,
X(ar +€s1,...,an +€5p, ] + €541 :51,...,5041)
[log €]
log(4"+1D
<—-(n+)+a+ M
| loge|

Dy is independent of € and so by Lemma 3.9,

do(ar,...,an) =do(ar,...,an,I)

log(4" 1D
< (n+1) 4+ limsup —(n+1)+a+M
0 |log €|
=a
S o2
@i
i=1 ?
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4. WEAK HYPERFINITE MONOTONICITY

Throughout this section assume by, ..., b, are selfadjoint elements in M and the
strongly closed algebra B generated by the b; is hyperfinite. We will prove that if
{b1,...,b,} lies in the *-algebra generated by {ai,...,an}, then

(50(()1, e ,bp) S 50(@1, ey an).

This “weak hyperfinite monotonic” inequality has significant implications in finding

sharp lower bounds for do(aq,...,a,) when M is diffuse.
The argument is simple, despite the notation that shrouds it. Because B is
hyperfinite, matricial microstates of {b1,...,b,} are all approximately unitarily

equivalent; the proof is nothing more than a trivial generalization of Lemma 3.1. It
follows that do(b1, ..., bp) reflects the metric entropy of the unitary orbit of a single
microstate for {by,...,by} (provided the microstate approximates well enough).
Since the b; are polynomials of the a; (and thus images of the a, under Lipschitz
maps), the metric entropy data carries over to the microstates of {a1,...,a,} and
yields lower bounds for the metric entropy of the unitary orbit of a microstate for
{a1,...,a,}. Stuffing this lower bound information into the modified free entropy
dimension machine we arrive at the above inequality.

In addition to maintaining the conventions set forth in Section 2, we adopt the
following notation in this section:

e For r >0, (M:*(C)), denotes the operator norm ball of M7*(C) of radius
7 centered at the origin. For any d € N, ((Mi%(C)),)? is the Cartesian
product of d copies of (M;*(C)),.

e For deN,K C (M;*(C))4, and u € Uy, define uKu* to be the set

{(uzqu®, ..., uzqu™) : (x1,...,2q) € K}.

e For d € N and (z1,...,24) € (M;*(C))? define U(1,...,7q) = {(uziu*,
couxpu®) s u € Ukt
e Fore>0,de N, and S C (M;*(C))q write P.(S) for the maximum number
of points in an e-separated subset of S and N (S) for the e-neighborhood
of S, both taken with respect to the metric p((z1,...,z4), (Y1,.-.,9d)) =
max{|x; —yi|2: 1 <i <d}.
First we show that matricial microstates of {bi,...,b,} are approximately uni-
tarily equivalent. We do this with the following two lemmas, the first of which
makes no use of hyperfiniteness.

Lemma 4.1. If z1,...,2, € B are selfadjoint, ||z;|| < r for 1 < j < p, and
L,y > 0, then there exist polynomials f1,..., fp in p noncommuting variables such
that for 1 < j <p:

o |fj(b1, . ,bp) — Zj|2 < 2’)/0;

b ||fj(b17 s 7bp)|| <r+1;

o for any k € N and (z1,...,2p) € (M*(C)r)?, fi(x1,...,xp) €

(M (C))ry1-

Proof. By Kaplansky’s Density Theorem there exist polynomials gi,...,g, in p
noncommuting variables such that for 1 < j < p:

® [gj(b1,...,bp) = 2zjl2 < Y0;
o [lgj(br,....bp)[ <7
e g;(y1,--.,yp) is selfadjoint for any selfadjoint operators y1,. .., Yp.
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There exists an Ly > L +r such that for any 1 < j <pand k € N, if (z1,...,2,) €
((M3*(C))r)P, then ||gj(x1,...,2p)|| < Lq. Define f: [—~L1,L1] — R by

t i g <,
fy=<¢ r ifr<t<lLy,
—r -0 <t<-—r.
For any 1 S] Sp7 f(g](bla "7bp)) :gj(b17 'abp) and

o |f(g;(b1;- - bp)) = 2jl2 < 0
o [1£(g;(br,-- bp))ll <73
o for any k € Nif (z1,...,2,) € (M3*(C))r)?, then f(gj(x1,...,2p)) €

(M (C))s.
Approximating f uniformly on [—Lq, L] by a polynomial i (to within sufficiently
small € > 0) and setting f; = h o g; yields the desired result. O

Lemma 4.2. Ife¢ > 0 and r > max{||bj|| }1<;j<p, then there exist m € N and v > 0
such that for each k € N and (x1,...,2p), (Y1, -, Yp) € Tr(b1,...,bp;m, k,7) there
exists a u € Uy satisfying |uz;u* — y;la <€ for 1 <j <p.

Proof. By Kaplansky’s Density Theorem and the hyperfiniteness of B there exist
selfadjoint elements z1,..., 2, € B that generate a finite-dimensional algebra and
such that ||z;]] < r and |z; — bj|]2 < € for all 1 < j < p. By the remark following
Corollary 3.4 there exist m; € N and v > 0 such that if ro = max{||z;|| }1<j<p,
keN,and (z1,...,2p), (Y1,---,Yp) € Lrg+1(21, ..., 2p; m1, k,71), then there exists
a u € Uy satisfying |uz;ju* — y;la < e for 1 < j <p.
By Lemma 4.1 for § > 9 > 0 there exist polynomials fi,..., f, in p noncom-

muting variables such that for 1 < j < p:

o [fi(b1,...,bp) — zjla <27 < ¢

o 151, by < 7o+ 1

o for any k € N, if (z1,...,2p) € (M*(C)),)?, then fj(z1,...,2p) €

(M*(C))rot1-
By making 7o sufficiently small it follows that for any 1 < j < m; and 1 <
il,...,ij Sp,

|f1‘1(b1,.. .,bp) .- 'fij(bh-- .,bp) — Ziy 'Zij|2 <.
Hence by choosing m € N large enough, and v > 0 small enough, if ¥ € N and
(1,...,2p) € Tp(b1,...,bp;m, k,7), then

|fj(x1a"'7xp) _xj|2 < |fj(b17"'7bp) _bj|2+€
for 1 <j<pand
(filze, .. zp), -, fp(1, ooy 2p)) € Togra (21, - o, 2psma, by ).

Finally, suppose k € N and (z1,...,2p), (Y1,---,Yp) € I'r(b1,...,bp;m, k,7). For
any 1 <j <p,

|fj($1,...,$p)—l‘j|2 < |fj(b1,...,bp)—bj|2+€ < |Zj—bj|2+2€ < 3e.

Similarly for 1 < j <p, |fi(y1,-..,¥p) — y;l2 < 3e. By the preceding two para-
graphs there exists a u € Uy such that for 1 < j < p,

lufi(zi, ..., zp)u™ — fi(y1, ..., yp)|2 <e.
Sofor 1 <j<p, |uz;u*—y;|2<Te O
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In the next lemma suppose r > max{||b;||}1<;<p-

Lemma 4.3. For each 0 < € < 1 there exist corresponding me € N and v. > 0 such
that if L > 0 and <(x§k), e ,xék))),;";l is a sequence satisfying (xik) ...,xék)) €

)

(ME“(C))P for all k and (:vgk), ... ,xg,k)) € Tr(bi,....bp;me, k,ve) for sufficiently
large k, then

limsup[k~2 - log(Por (U(zM ..., 2®))))]

k—oo

> xr(b1+€s1,...,bp+€Sp 1 51,...,8p) +plloge| — Ko
where Ko = p -log((2 + L)v2me).

Proof. Suppose 0 < € < 1. By Lemma 4.2 there exist m. € N and . > 0 such that
if k e N,

(215, 2p) €ETp(b1 4+ €81,...,bp+€Sp = S1,..., Sp; My Ky Ye),

and (x1,...,2p) € Dp(by,...,bp;me, k,7e), then there exists a u € Uy satisfying
luz;u* — zjla < 2e for 1 < j <p.

Assume that <(x§k), e ,acz(,k))),;";l satisfies the hypothesis of the lemma with m.
and . chosen according to the preceding paragraph. For sufficiently large k,

(b1 +€S1,...,bp +€Sp : S1,...,8p;Me, k,ye) C Nze(U(xgk), . ,:CI()’“))).
Find an eL-separated set W}, of U(x§k), e ,xék)) (with respect to the p metric) of
maximum cardinality ./\/'gg(U(atgk), .. ,m,(,k))) C Na41)e(Wi). For large enough F,
vol(Ty(by + €s1,...,bp +€5p 1 51,...,8p3Me, b, 7)) < vol(Nagnye (W)

2
< ] T2+ DevRPE
= NCEE
By the preceding inequality, x,(b1 4+ €s1,...,bp +€Sp 1 S1,. .., 8p; Me,Ve) is dom-
inated by
k?2
lim sup {k‘Q log |Wy| + plog((2 + L)eVTk) — pk~2 - log (F <7 + 1>) + 1—2) log k‘]
k—oo
62
k2 2
<limsup |k=2-log|Wi| + plog((2 + L)ev/w) — pk~2log <2—) + plogk
k—o0 €

k2
= lim sup [k'_Q log |[Wi| + plog((2 + L)ey/7) — 1—2) -log (%) + plog k}
k—o0

= limsup[k ™2 - log [W| + plog((2 + L)ey/7) + g log(2e)]

k—o0

= plog((2 + L)V2me) + loge + limsup(k~2 - log |[Wy|)

k—oo
= Ko + ploge + limsup[k 2 - log(P (U2, ..., z()))).
k—oo
By the above calculation, x, (b1 +€s1,...,bp +€sp 1 S1,...,5p) +p|lloge| — Ko is
dominated by
lim sup[k~2 - 1og(PeL(U(x§k), e ,xék))))].

k—oo
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Write A for the x-algebra generated by {a1,...,a,}.

Lemma 4.4. If {b1,...,b,} C A, then there exists an L > 0 such that for any
0<e<1lméeN, and v > 0 there is a sequence <(x§k),...,x5bk)))§°=1 satisfying
(xgk), . ,xslk)) € (Mp*(C))™ for all k, (x(lk), e ,x;’“)) € Tryilar, ... an;m, k,7)
for sufficiently large k, and

lim supl~ - log(Pye 5 (U 21, ... 2l))]

k—o0

> xa(br +€s1,...,bp F€Sp 1 S1,...,8,) +p|loge| — K
where K1 = p-log((2 + 4y/nL)v2me) and X\ = L(R+ 1)+ max{||b;| }1<j<p-

Proof. There exist polynomials fi,..., f, in n noncommuting variables and with
no constant terms such that for 1 < j <p, f;j(ai,...,an) =b; and such that f; of
an n-tuple of selfadjoint operators is a selfadjoint element. There exists a constant
L > 0 such that if £ € N and &i,...,6m,m1,. .., € (M*(C))gy1, then for all
l<j<p,

|fi(s s &n) = fin, oo oymn)]e < L-max{[& —nif2 0 1 <4 <n}

and || f;(&1,- .-, &)l < L(R+1).

Suppose 0 < € < 1,m € N, and v > 0. By Lemma 4.3 there exist an m. € N and
~Ye > 0 such that if <(x§k), e ,xék)))?;l is a sequence satisfying (xgk), e ,xék)) €
(ME(C))P for all k and (x(lk), e ,acz(,k)) € Tx(b1,...,bp;me, k, ) for sufficiently
large k, then

lim suplk* - 1og(Pye p (U (a3, 2))

k—oo

> xa(b1 +€s1,...,bp +€spist,...,8p) +plloge| — Ki,

where K1 = p-log((2+4+/nL)v/2me). By the assumed existence of finite-dimensional

approximants for {as,...,a,} there exists a kg € N such that for each k > kg there

is an (xgk), e ,m%k)) € Trya(ay, ..., an;m, k,v) satisfying

(fl(xgk)a R 7m$zk))7 N "fl)(mgk)7 tee ’xfglk))) € F)\(bh s 7bp;m€7k776)'

For each k > ko and 1 < 5 < p, set y;k) = fj(xgk), ... ,m%k)). It follows that

limsup[k 2 - og(Py, /s, (U(ys", .. y))]

k—o0
> xa(b1 +€s1,...,bp F€Sp 1 S1,...,8p) +p|loge| — K.
For k > kg and any u,v € Ug, 1 < j < p, observe that
L. max{|ux§k)u* - vfcgk)v*h 1 <i<n}
dominates
g (uzt
It follows that for any k > ko,
K2 dog(Py m (U, al))) > k72 dog(Pye (U, yiP))).

By the last sentence of the preceding paragraph we are done. O

u*, .. uzPu) — qj(vxgk)v*, . ,vx;k)v*)|2|uy](-k)u* - vy§k)v*|2.
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Theorem 4.5. (Weak Hyperfinite Monotonicity) If {b1,...,bp} C A, then
50(b1, . ,bp) S (50(0,1, ey an).

Proof. Consider the constants L and A corresponding to by,...,b, in Lemma 4.4.

Suppose 0 < v, < % and m € N. By Lemma 4.4 there exists a sequence
<(x§k), . ,xslk)»z":l satisfying (x(lk), cee x;’“)) € (Mz*(C))" for all k € N, (x(lk), cee

x%k)) €Tlry (al, e anym, k, m) for sufficiently large %k, and

limsup[k~2 - log(Py. /(U (", ..., zP)))]

k—o0

> xa(br +€s1,...,bp F€sp:S1,...,8,) +p|loge|l — K

where K1 = p-log((2 4+ 4y/nL)v/2me).
By Corollary 2.14 of [11] there is an N € N such that if ¥ > N and o is a Radon
probability measure on ((M;%(C))pg41)?" invariant under the action

(gla"'agnanlw"ann) = (517"'a§n7un1U*a"'aunnU*)

for u € Uy, then o(wy) > & where

wi = (€ Enymy ) € (MEA(C))Ra1)*" -

{&,...,&} and {m,...,n,} are (m, 4%) -free}.
For k € N write v for the atomic probability measure concentrated at (mgk), cee

x;’“)) and write my for the probability measure obtained by restricting vol to

Do (€81,..., €Sp;m,k, sl) and normalizing appropriately. v, X my is a Radon
probability measure on ((M;%(C))pg41)?" invariant under the Ug-action described
above. Write F}, for the set of all (z1,...,2,) € Ta. (651, e, €8 myk, Sln) such
that {z1,...,2,} and {J:gk), . ,xSZ“)} are (m, 7 )-free.

For £ > N, % < (vg x my)(wg) = my(Fy). Set B = (J:gk), .. ,m%k)) + Fy,. For
u € Uy, vol(uE,u*) = vol(Ey) and uE,u* is contained in

Tri142e(a1 + €51, .y apn + €Sy 1 €51, ..., €S m, kK, 7).
For each k € N there exists a subset (uy s)ses, of Uy such that
k k
Sk = Pacym(U (@i, 2l?)
and for s,s’ € S with s # &/,
max{|uk,5x§-k)uzys - ukﬁslxgk)u,*w,b 11 <i<n}>4deyn.

Since Fj is || - [|2-bounded by 2evnk, (uk,sExuj ) N (ug,s Eguy, ) = 0 for s,s" €
Sk,s # s'. Hence for k > N, vol(Try142c(a1 + €81, ..y an + €Sy ¢ €81,...,€8y;
m, k,7)) dominates

vol( |_| uk s Exuy, o) = |Sk| - vol(Fy)
SES

= |Sk| . mk(Fk) : VOl(F2€(€Sla <., €Sp MM, k77/8m))
> 1/2-|Sk| - vol(Tac(€st, ..., esn;m, k,v/8™)).
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By the last sentence of the preceding paragraph,

XR+1+26(01 + €51, ey @y + €Sy 1 €81, .., ESp; M, 7Y)
> limsup(k~? - [log(1/2- |Sk| - vol(Tac(est, .. ., €sn;m, k,7/8™)))] +n/2 - log k)
k—o0
> limsup(k~? - log(|Sk|))
k—o0
+ likm inf(k™2 - [log(vol(T2c (€81, ..., €5n;m, ky v /8™)))] +n/2 - log k)
— 00
> limsup(k~2 - log(|Sk|)) + Xae(€s1, - - -, €8n)
k—o0
= limsuplk 2 -log(Py. 5 (U, ..., 2P)] + nlog(ev2me)
k—o0
> x(b1+€s1,...,bp+€sp:s1,...,5p) + p|loge| + nlog(ev2me) — Ky,
where we used regularity of {esy,...,€s,} going from the third to the fourth lines

above. m and 7 being arbitrary it follows that
X(a1 +€s1,...,an +€Sp :81,...,8n) > X (b1 +€51,...,bp +€5p:51,...,5p)
+ (p—n)-|loge|+ n-log(v2me) — K.
Dividing by |loge|, taking lim sup’s as € — 0, and adding n to both sides yields
do(ar,...,an) > 0o(b1,...,bp).

Corollary 4.6. If a € M, then dp(ai,...,an) > do(a).

Proof. Find a sequence (zx)72, in A such that zp — a strongly. By Proposition
6.14 of [9] and Corollary 6.7 of [10], liminfy_,o do(2x) = liminfy . d(2x) > d(a) =
do(a). For each k, 2z generates a hyperfinite von Neumann algebra; by Lemma 4.2,
for each k, do(a1,...,an) > do(zx). So the preceding sentence yields the desired
result. 0

Corollary 4.7. If M has a diffuse von Neumann subalgebra, then do(aq,...,an)
> 1.

Proof. Find a maximal abelian subalgebra N of the diffuse von Neumann subalge-
bra. NN has a selfadjoint generator a. N must be diffuse since it is a maximal abelian
subalgebra of a diffuse von Neumann algebra. Consequently, a has no eigenvalues.
Apply Corollary 4.6. (]

Remark 4.8. By [10] if M has a regular diffuse von Neumann subalgebra, then
do(ar,...,an) < 1. By [4] if there exists a sequence of Haar unitaries (u;)%_, such
that the sequence generates M as a von Neumann algebra and for each j € N,
ujprujuiq € {ur, ... ,u;}", then do(ai,...,an) < 1. Combining these results with
Corollary 4.7, it follows that for any selfadjoint generators ai,...,a, for an M
that satisfies either of the two conditions and that is also embeddable into the
ultraproduct of the hyperfinite I1;-factor, dp(aq,...,a,) = 1. In other words, dy is
a von Neumann algebra invariant for such algebras. In particular, 6o(M) = 1 when
M can be embedded into the ultraproduct of the hyperfinite I1;-factor and M has
a Cartan subalgebra, M = N; ® Ny for I1-factors N7 and No, or when M is a
group von Neumann algebra associated to the groups SL,(Z),n > 3.
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5. LOWER BOUND FOR FINITE-DIMENSIONAL ALGEBRAS

In this section we calculate the lower bound for dg(ay,...,a,) when M is finite
dimensional. Without loss of generality, assume throughout this section that M =

P My, (C) and ¢ = @!_, a;try, where p € N and o; > 0 for each i. The first
lemma we present is not necessary but it is convenient.

Lemma 5.1. There exists an x € M such that the x-algebra generated by x is M.

The proof is not hard and we omit it.

As in the preceding section, the calculation of the lower bound amounts to look-
ing at the packing number of unitary orbits of microstates. We use two ingredients.

For a representation m : M — My (C) define H, to be the unitary group of
(m(M)) and X, = Uy/H,. Endow X, with the quotient metric from the | - |-
metric on Uy. Denote this metric on X, by d.. The first ingredient is a packing
number estimate for certain homogeneous spaces X .

Lemma 5.2. There exists a k > 0 with the property that for every € > 0 there
is a corresponding sequence (ox)32, such that for each k, oy : M — My(C) is a
x-homomorphism and for k sufficiently large:

o |trpoor — | <e.
o For each k, setting H, = H,, and Xy = X,, we have that Hy, is a tractable
Lie subgroup of Uy, satisfying k*(Ay(M) — ¢) < dim(Xg).
e Foranye >0,
K\ dim X
(7)) =P

where P(X},€) is the mazimum number of points in an e-separated subset
Of Xk

We quarantine the proof of Lemma 5.2 to the Addendum, merely noting for now
that the argument will require some technical modifications to the proofs in [7].

From now on fix = as in Lemma 5.1. Given a representation = : M — M (C),
define Uy (z) = {un(z)u* : u € Uy} and endow U, (x) with the inherited |-|2-metric.
For u € Uy denote 4 to be the image of v in X, and define f; : Ur(x) — X, by
frlum(z)u*) = 4. fr is well defined for if u,v € U, u = 0 <= v*u € H; <—
ur(z)ux = vr(x)vx.

For the second ingredient recall that in Section 3 covering number estimates with
respect to the induced operator norm metrics yield the desired upper bounds for
do(aq,...,an). Part of the explanation for this lies in the trivial observation that
if u,v € Uy and z € M(C), then |uzu* — vzv*|s < 2||u — v - |z]2. The second
ingredient more or less says the reverse: there exists a constant L > 0 such that
dr(0,0) < L - |un(z)u* — vr(z)v*]s.

Lemma 5.3. If z,p € My(C) with p a projection and zz*,z*z < ||z*z||p, then there
exists a y € M (C) satisfying yy* = y*y = p and

ly—zl2 <|p—2"22+[p—el2 < 2[p—2"z|2
where e is the projection onto the range of z*z.

Proof. Denote the polar decomposition of z by z = u|z| and use the spectral the-
orem to write |z| = E;n:l Bje; where the e; are mutually orthogonal rank one
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projections satisfying e; 4+ --- + e,, = p and 3; > 0. Now estimate:

Z(l = Bj)*(1+ ;)

j=1

= lp—2"z[3.

wIH

2 —ul3 = Julz| — wpl3 < ||2| - pl3 = Z (1-6))* <

|z —ula < |p—2*z|2. Since wu*, u*u < p there exists a partial isometry v such that
vv* = p —wu® and v*v = p — u*u. So if y = u 4+ v, then yy* = y*y =p. v*u=-¢e
whence
|z = yl2 < |2 —uls + [vlo < [p— 2%2]2 + (tra(v"0)) 7
=|p— 2"zl + (tre(p — u'w))?
=[p—2"2[2+p—el
<2|p — 2" z|2.

Using Lemma 5.3 we obtain the second ingredient:

Lemma 5.4. {f; : for some k € N, ©: M — My(C) is a representation} is
uniformly Lipschitz.

Proof. Suppose m : M — M(C) is a representation. Because | - |2 is unitarily
invariant it suffices to show that for any u € Uy,

pnf fu—hlo = dn(fr(un(@)u”), fa(7(2))) < L - Jum(z)u” — m(z)]2

where L > 0 is a constant dependent only on x.
If u € Uy, then set € = |ur(z)u* — w(x)|2. Denote (e (l)>1<1<1071<3 1<k; to be the

canonical system of matrix units for M. There exist polynomlals in two noncom-
(@
gl

Set y(z) (e gl)). There exists a constant C' > 0 dependent only on x such that

for any i, j, and [,

muting variables <Q§;‘)>1§i§p,1§j,l§k,1 such that for any 1, j, and I, qﬁ) (r,z*) =e

|U'yj(;) - y§;)u|2 = |uy](§)u* — y§;)|2 < Ce.

Set K =" | k;. By the above inequality, |ur(l)u* — 7(I)|s < CKe. Setting f to
be the projection onto the orthogonal complement of the range of (1), |ufu*— f|a <
CKe. Now

=10 Y yDuyl)) + fuflls

1<i<p,1<5<k;
<O > ) =yl S + uf = Fula - (1]
1<i<p,1<5<k;

< 2CKe.
Forany 1 <i<p,1<71<k,

@, ) (2) ()|2 <

pDuy — yPuy (1), (0 (@, (),

< lyjiuygl — yMUIerlyﬂ Y u yﬂ uylj)lz

ug'? — 5\ Duls + [y u — uy?s

2Ck.

INIA
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By Lemma 5.3 there exists for each 1 < i < p av; € My(C) such that v;v} = vjv; =
(@) (@), (@), % (%) (%)

yr) and Jv; — gy o < 205wyt uyiy - ife. So
[oi = vt un? < 20?1 Juyiie” — ui)ls < 2Ce
Similarly there exists a v € My(C) such that v*v = vv* = f and |v — fuf]s <
2lfufu*f — fl2a < 2CKe.
Consider z = (321 <icp1<j<k, y](zl)vzy§])) + v. It is easy to check that z is a

unitary and, because z commutes with all the y](?,z € H,. Finally by the last
three inequalities of the preceding paragraph,

=zl < Ju—[C > yuyl))+ fuflls

1<i<p,1<j<k:

+ S wul) =y Qe |+ Ifuf — ol
1<i<p,1<)<k;

IN

4CKe+ Z (Iyﬂ Juy )~y uy s + ly Y uyt) — oy 1)

< 4CKe+ Z <2Ce+|y§?uy£?—vz-|2>

< 8CKe.
Set L = 8C'K, observe that L is dependent only on z, and that infrep, |u— hl2 <
|u — z|2 < Le. O

Denote L > 0 to be the uniform Lipschitz constant of Lemma 5.4. There exists
a polynomial f in n noncommuting variables satisfying f(a1,...,a,) = z. There
exists an Ly > 0 such that for any k € N and &1,...,&.,m,...,0 € (M7*(C))r,

[f(& &) = F(m, oo ymn)l2 < Lo - max{|§ — nil2 - 1 < i <n}.
Denote P.(S) and U(z1,...,z4) to have the same meaning as in Section 4.

Lemma 5.5. If p1,p2 > 0,m € N, and v > 0, then there is an N € N such that
for each k > N there exists an (:vgk), . ,x%k)) € Tr(ai,...,an;m,k,v) satisfying
foranyplT”Ll>e>0,

-2 (k) )YV} > _ ] K
2 0g(Pop (U oalf) = (28,00 = o) tog (7).

Proof. By Lemma 5.2 there is an IV € N such that for each £ > N there exists a
«-homomorphism oy, : M — M;,(C) satisfying:
[ ||t7"k00k —(p” S W
e For each k, setting Hy = H,, and X = X,, we have that Hy, is a tractable
Lie subgroup of Uy and k?(A (M) — p2) < dim(Xy).

e For e > 0,
o dim X,
(5) =P
€

where P(X},¢€) is the maximum number of points in an e-separated subset
of Xk.
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For each 1 < ¢ < n and k > N, define .T?Ek) = ox(a;) € M;*(C). By the first

condition above, (xgk), .. (k)) € T'r(a1,...,an;m,k,v). To see that the second

condition is fulfilled suppose € satisfies the hypothesis of the lemma and k£ > N.
Kk > p1LLie and so

. dim X o E? (D (M)—p2)
P(X LL > > .
(Xe, p1LLne) 2 (plLLle) = (plLL16>

For any u,v € Uy,
do,, (1, 0) < L-|uok(x)u* —vog(x)v*|2
L |f(uog(ar)u®, ... uok(an)u™) — f(vor(a)v®, ..., vor(an)v™)|e

< LL;- max{|ux() *—w (k) v¥|2: 1 <i<n}.

It follows that PEPI(U(xgk), . ,:cslk))) > P(Xy,p1LL1€). Hence for k > N,

_ k il
k2 dog(Pep, (U(f™, . 210)) > (D (M) = p2) - log <p1LLle> '

O
The following corollary will not be used until the next section. Suppose r > R.

Corollary 5.6. IfQ > 0 and 5+ 3QLL > € > 0, then there existm € N and v > 0 such
that if ((x(k), . x;k))) ° | is a sequence satisfying (x (k), e ,xslk)) € (M*(C)™ for
all k, and (a:(lk), .. (k)) eT(ar,...,an;m,k,v) for sufficiently large k, then

-2 (k) )V > — ). _k
E2 og(Pac(U a1, aff) 2 (B, (00) = ) ot (777

for sufficiently large k.

Proof. By Corollary 3.4 there exist m € N and v > 0 such that for any £ € N and
(Y1,--,Yn), (21,...,2n) € Tr(a1,...,an;m, k,7y) there exists a u € Uy such that
for 1 < j < n, Juyju* — 2;)]2 < §. By Lemma 5.5 there exists an N € N such that

for each k > N there exists an (zgk), ceey zﬁbk)) eTr(ay,...,an;m,k,7) satisfying

_ (k) K
k 2. IOg(Pgﬂg(U(Zl g ,Z%k)))) Z (A@(M) — 6) . (m) .

(k) 2K

Now merely observe that for any such sequence ((z; ", xn )7, satisfying the
hypothesis of the corollary with m and - chosen above, PQE(U( gk), cee %k))) >
nge(U(z§k),...,z§Lk))) for k> N. O
Theorem 5.7. do(ay,...,an) >1 =37 Z‘—j

Proof. Suppose min{%, M#LM} >¢e¢>0,m €N, and ~,r > 0. Corollary 2.14

of [11] provides an N € N such that if ¥ > N and o is a Radon probability mea-
sure on ((M;*(C))p41)*" invariant under the Ug-action (&1,...,&n, M1,y 0n) —
(&1, .., &, umu™, ... un,u™) where u € Uy, then o(wy) > % where

wi = {0, &y -y ma) € (MR(C))p41)™™
{517 cee 7571} and {nla e 77771} are (m _) free}
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Lemma 5.5 provides an Ny € N such that for each & > N; there exists an
(xgk), .. ,xslk)) € Tglal,...,an;m,k,v/(8(R+ 2))™) satistying

k2 og(Py s (U2, ..., 2())) > (Ap(M) = 1) - log (ﬁ) '

For k > N + N; denote by v, the atomic probability measure on ((M;*(C))r41)"
concentrated at (J:gk), e ,mslk)) and denote by my the Radon probability measure
obtained by restricting vol to I'ac(es1,. .., €sn; m, k,v/8™) and normalizing appro-
priately. v, x my, is a Radon probability measure on ((M;%(C))g+1)*" invariant
under the Ug-action described above. Write Fj, for the set of all (y1,...,yn) €
Tac(est, ..., €8n;m, k,v/8™) such that {y1,...,yn} and {:cgk), .. ,xSZ“)} are (m, %)—
free.

For k > N 4+ Ny, 3 < (vi x mg)(wg) = my(F). Set Ej, = (x(lk),...,x;k)) +
Fy. For k > N + Ny and u € Uy, vol(uERu*) = vol(Fy) (where uE,u* is de-
fined as in Section 4) and uEju* is contained in I'gyi(a; + €s1,...,a, + €Sy, :
€81y .-y ESpn; ML K, Y).

For each k > N + N find a subset (ug,s)ses, of Uk such that

S| = Preym(U (...
and for any s,s’ € Si,s # ¢/,
max{|uk7sml(.k)uzys - uk@/xgk)u,*g’slb 11 <i<n}>4dey/n.

Fi, € (M;*(C))™ is a 2ev/nk bounded subset with respect to the || - ||2-norm. Hence
for any s,s" € Sk,s # s’(uk,SEkuZ’s) N (uk@Eku}’;s,) = (). Consequently for k >
N+ Ny, vol(Trt1(ar +€S1,...,an + €Sy : €S1,...,€Sn;m, k,7)) dominates

vol( |_| ug, s Eyuy, ) = |Sk| - vol(Fy)
SES)
= |Sk| - mi(F) - vol(T2c(€s1, ..., €80 m, k,v/8™))

1
>3 |Sk| - vol(T'2c (€1, - - ., €sp;my Ky y/8™)).

By what preceded for min {%, M#Lh} >e>0,m e N, and v,r > 0, we have

that xgpy1(ar +€S1,...,an + €Sy @ €81, ...,€8,;m,7) dominates
1
limsup k=2 - log <— - |Sk| - vol(Tac(€s1, - - . , €83 my kv /8™)) + n. log k)
k—oo 2 2
= lim sup [k'_Q -log (Vol(er(esl, e €Spymy K,y /8™)) + g -log k)
k—o0

+ k72 log(|Sk )]

N (M)—r
K
zx(651,---7€5n)+10g<<m> )

K ANy (M)—r
= log(e" "2 L og | (2me)? | —=—r :
Og(e © )+ Og ( 7T€)2 4\/5[/.[/1
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Letting r — 0 it follows that

XRJrl(al +€s1,...,an + ESn;m,’)/)

o\ 8eOD)
> Tog(en2u (M) 3 ,
> log(e )+ log <(27re) 2 (4\/HLL1) )

This inequality holding for all € > 0 sufficiently small, m € N, and v > 0,

Xx(a1 + €81,...,an + €S S1,. .., 8n)

K Dy (M)
> n—2A, (M) 2f K .
> log(e"~2¢ ™)) + log ((27re) 2 (4\/HLL1> )

Dividing by |log €[, taking lim sup’s as € goes to 0, and adding n to both sides above
yields

o2
Solar, ... an) > 1—Zk—;.

By Theorem 3.10 and Theorem 5.7 we have:

2
p a;

Corollary 5.8. do(a1,...,a,) =1->7_ | 5.

6. THE GENERAL LOWER BOUND

In this section we find a lower bound for dg(aq,...,a,). When M is hyperfinite
the lower bound will be sharp. By decomposing M over its center it follows that

M ~ My @ (@ My, (C)) & M, ¢~ appo ® (@ a;try,) @0
i=1 i=1
where as in the introduction s € NU {0} U {oo},a; > 0 for 1 <i <s (i € N), My
is a diffuse von Neumann algebra or {0}, ¢g is a faithful, tracial state on My and
ag > 0if My # {0}, po =0 and og = 0 if My = {0}, and M, is a von Neumann
algebra or {0}. We remark that M, hyperfinite or otherwise, always admits such a

2
decomposition. We will show that do(a1,...,a,) >1—> 7, 2—2 Again, because ¢
vanishes on M., and our main claim concerns the calculation of a lower bound for
do(ai, ..., a,) assume, without loss of generality, that

S S
M = My ® (@ My, (C)), = appo @ (@ a;try, ).
i=1 i=1
We proceed first by finding a suitable set of elements {a], a}, a4} in the x-algebra
generated by the a; such that the packing number of unitary orbits of certain mi-
crostates of T'c(a},ab, ah;m, k,~) approximate (from below and in a normalized

sense) 1 — Zle 2‘—2 These microstates can be obtained as noncommuting poly-
nomials of Well—apf)roximating microstates for {ai,...,a,} and hence the packing
number of unitary orbits of such microstates of I'c(a}, a}, a;m, k,~) will provide
a lower bound for the packing number of unitary orbits of the microstates for
{ai1,...,a,}. One can then use asymptotic freeness results to transform these met-
ric entropy quantities into free entropy dimension quantities as in Theorem 4.5 and

Theorem 5.7.
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Throughout this section write A for the x-algebra generated by {a1,...,a,}. We
also maintain the notation introduced at the beginning of Section 4. In subsections
6.1 and 6.2 we assume that My # {0} (which implies 0 < ap) and ag < 1.

6.1. Construction of {a}, a5, a4} when My # {0} and ay < 1. Fix [ € N with
I <sande>0. Define My = @, My, (C) and My = @,_,;, My, (C). M is
a finite-dimensional C*-algebra and by Lemma 5.1 has two selfadjoint generators
by and by. A is strongly dense in M; so Ae is strongly dense in Me where ¢ =
0 (@ézl I;)®0 € Z(M) and the I; are as in Section 3. Thus Ae = Me.
Consequently there exist a},ah € A such that

aj=fi &b ®& € Myd My & My = M.

My being diffuse, there exists an f € My such that Jo(f) = 1 and sp(f) = [1,2]
(here 0g(f) is calculated with respect to ). Aeg is strongly dense in Mey where
eo = Ip®0 € MO@(@1<;‘<S My, (C). By Kaplansky’s Density Theorem, Proposition
6.14 of [8], and Corollary 6.7 of [9] there exists an 0 < a € A satisfying:
e a=gbbdEc Myd® M ®My=M.
e sp(g) C [0,2], do(g) > 1 —¢, and wo(x[0,1/2])) < € where for any Borel
subset S C R, xg denotes the spectral projection of g associated to the
set S.
o bl <.

Since b > 0 and M; is finite dimensional, sp(b) = {01,...,084} C R where
0< B <...<fBq< 2 Define h:[0,2] = Rby h(t) = (t—p1) - (t—Ba). Observe
that:

e h(b) =0;

o h=1(1([0,284])) C [0,364] C [0,1/2];

o h71(h((2B4,2])) C (Ba,2]-
The third observation implies that if 3 € h(284,2], then h=1(3) consists of exactly
one point in (B4, 2] since h is strictly increasing on (84, 2]. Noting that for all but
countably many 3, xp-148y =0,

S b)) = Y. wolxa-isy)’

Besp(h(b)) Beh(sp(b))
< Z SDO(Xh—l{ﬂ})Q"‘ Z SOO(Xh—l{B})2
Beh([0,284]) Beh((284,2])
< el D )+ Y wolxisy)?
Beh([0,284]) B€[0,2]
< wo(X[0,364) +¢
< 2e.

Define a§ = h(a) = h(g) ® 0 @ h(§). We have just proven:

Lemma 6.1. Ifl € N;1 <1 < s, and € > 0, then there exist a},ah,as € A of the
formal=fi@b;®E& € My ® My ® My = M satisfying:

o {b1, ba} generates M7 and bs = 0;
o (50('](.3) >1—c.
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6.2. Lower Bounds Estimates for dy(ay,...,a,) when My # {0} and o < 1.
Fixl € N, [ < s, and € > 0. Find elements a}, a}, a5 € A with the properties listed
in Lemma 6.1 and denote M;, M5 to have the same meaning as in the preceding
subsection. Suppose C' > max{||a}||}i=1,2,3 + 1. Denote by ¢; the tracial state
on M; obtained by restricting ¢ to 0 & M; @& 0 and normalizing appropriately.
Similarly denote by s the positive trace (possibly 0) on M3 obtained by restricting
@ to 0 ® 0@ Ms and normalizing appropriately. Define 5y = «g, 51 = Zézl «;,
8 = min{fBy, 01}, and B2 = 1 — By — S1. Recall the constant x, L, and Ly of the
previous section with respect to Mi, 1, and x = by + iby. Finally define eq and
e1 to be the projections Iy ® 0@ 0, 0 & (@é‘:l I;) @ 0 € M, respectively, and
€ = I— €y —€71.

Lemma 6.2. If D > 0 and min{ 1} > ¢ > 0, then there exist m¢ € N

Br
27DLL;’
and v > 0 (dependent on €) such if ((z§k),z§k),z§k))>z°=1 is a sequence satisfy-
ing (2, 2" =) € (Mz*(©))? for all k and (M, 2", 2{P) € Te(a, ab, af
€0, €1, €2; Me, k,7e) for sufficiently large k, then

limsup k=2 - log(Ppe (U (24", 25", 2§")))

k—oo

dominates
(Bo+B1—€)* - (x((f3 B 0) +es: 5) + | loge| — K)

+ (b1 — E)Z(Awl(Ml) —¢)-log <$HLL1>

where K = log((2+9871D)v/2me) and s is a semicircular element free with respect
to MQ @ Ml.

Proof. Suppose min {WDﬁ—ZLl’ 1} > € > 0. By Lemma 4.3 there exist an m; € N and
71 (dependent on €) such that if (x(¥))2 | is a sequence satisfying () € Mg (C)
for all k € N and z*) € T'o(f3 @ 0;my, k,v1) for sufficiently large k, then
limsup[k~2 - log Pyg—1pe (U (™)) > xc((fs ®0) + es : s) + |loge| — K
k—o0

where K = log((2 + 987 1D)v2me), f3 0 € My & My, My & M; is endowed with
the tracial state (8o +51) " (Bowo ® B1¢1), and s is a semicircular element free with
respect to My @ M.

By Corollary 5.6 there exist an mo € N and 2 > 0 such that if ((y%k) , yék)»zo:l is
a sequence satisfying (y§k>,y§k>) € (M;3*(C))? for all k and (y%k),yék)) € T'c(by, be;
ma, k,v2) for sufficiently large k, then

2 (k) (k) Bk S
=2 oo Poa_ > 1 pryep———
k 0g 93 1D6(U(y1 » Yo )) 2 log (276DLL1)

for sufficiently large k.

By standard approximations for any € > 0 there exist m € N and v > 0 such that
for any k € N if (21, 22,23) € T'c(al,ah,al : eo,e1,e2;m, k,7), then the following
conditions are satisfied:
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e There exist mutually orthogonal projections qo, q1,q2 € My(C) with ng +
n1 + no = k where n; denotes the dimension of the range of ¢; and for each
i, [tre(a) — Bil <e.

e Canonically identifying qoMi(C)go + ¢ Mir(C)q1 + q2My(C)gz with
@>_y My, (C) |zi—hi|2 < & where h; = 2;@y;Bn; € @y My, (C) C My(C)
and y3 = 0.

e r3P0 € Fc(fg ® 0;m1,ng + ’I’Ll,’}/l).

e (y1,y2) € (b1, ba;ma,n1,v2) where by, ba € (M, 7).

Secondly, given £ > 0 there exists an N € N such that for each £ > N there
exists a corresponding k < 7(k) € N satisfying |% — (Bo + £1)| < e. Combining
these two remarks, there exist m¢ € N and . > 0 such that for any £ € N
sufficiently large there exists a k < 7(k) € N such that if (21, 22, z3) € T'c(a), ab, af :
€o, €1, e2; Me, T(k), v ), then the following conditions are satisfied:

e There exist mutually orthogonal projections qo, g1, g2 € M) (C) with ng+
ny + ne = 7(k) where n; denotes the dimension of the range of ¢; and for
each i, [tr, ) (¢:) — Bi| < 5 - min{e, 8}

e ng+ny=k.

e Canonically identifying go M- 1) (C)qo + 1 M- (1) (C)q1 + g2 M7 (1) (C)g2 with
@?:0 M, (C), |z; — hil2 < § where hy = x; D y; Dn; € @?:0 M,,(C) C
MT(k) ((C) and Ys = 0.

e x300€Tc(fz ®0;my,k, ).

e (y1,y2) € T (b1, ba;ma, n1,v2) where by, ba € (M, 7).

Now fix k and (z1, 22, 23) satisfying the aforementioned conditions so that the
five properties listed just above hold. Let n;, h;, x;,y;, and 7; correspond to the
fixed k and (z1,22,23). Find a set of unitaries (us)ses, of Up such that |S| =
Pyg-1pe(U(rz ©0)) and for any s,s" € S and s # s/,

|u5(x3 &b O)UZ — us/(l';g D 0)u:/|2 > 9571D6.

Find a set of unitaries (vg)geq of Uy, such that |G| = Pyg-1p(U(y1,y2)) and for
any g,9' € G and g # ¢/,

max{|vgyivy — vgyivy |2 i =1,2} > 98~ ! De.

For (s,9) € Sk x Gy define w, g € Ur iy by ws,g = (us(lng ©vg)) © I, € Urpy-
I claim that the family <(ws,gh1w;,g,ws,ghgw;,g,ws,ghgw;,g»s,g € SxGisa
3De-separated set (with respect to the p metric defined in section 4). Suppose

(s,9),(s',9") € S x G and (s,g9) # (s',g"). Then either s # s’ or g # ¢’. In the
former case,

|ws,gh3w§!g — wsf,g/h3w2,7g,|2
= |ws,g(23 0B M3)w; g — Wer,g (T3 B 0B M3)wy o2
= |us(z3 ® 0)ul & 0 — ug (3 ® 0)ul @ 0|2

>4/ i ;62 -Qﬁlee

> 3De.
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Suppose g # g’. We can assume s = s’. Fori=1,2,
|ws,ghiw§!g — ws, g hywy |2
= |ws,q(@; ® yi ® m)wg g — ws,g (Ti B Yi O Ni)wy o2
|us Ti @ VgYivg )ug @ 13 — Us(T5 © Vg yivg Jug B nsl2

\/ |Ugyz — Vg'YiVy |2

so that
max{|ws ghjwg , — ws g hiwg |2 11 =1,2}
> % ~max{|vgyivy, — Vg yivy |2 i = 1,2}
> % -9687 ' De
> 3De.
By the inequalities above, Pp(U(z1, 22,23)) > Pspe(U(h1, ha, h3)) > |S x GI.

Now suppose ((zi ) zék), ék)»k 1 is a sequence satisfying the hypothesis of the

lemma with m. and -, as chosen on the previous page. For k sufficiently large,

(ZY—(k))v ZéT(k))v ZZgT(k))) € FC(allv a,27 a’g 1 €0, €1, €2; M, T(k)v 76)'

Thus (ziT(k)), zéT(k)), zéT(k))) satisfies the five conditions previously stated. For each

k suﬁiciently large consider the corresponding 7(k) € N and denote n;(k), 2(™(*),

(nL

y , Sk, and Gy to be the n;, z;, y;, S, and G, respectively, associated to
(Zi 7(k ))’ éf(k))7 g 7(k ))). Then

lim sup (k)= - log(Ppe (U (={7*), 2§70 (7))

k—oo

> limsup7(k) ™2 - (log |Sk| + log |Gx|)

k—o0

> limsup(7 (k)2 - log |Sk|) + likm inf(7(k)~? - log |Gx|).

k—o0

Set £ = 987! De. Then limsup,,_, .. (7(k)~2 - log |Sk|) dominates

) 1
(Bo+ B —€)?- 11]r€risip (no(k) + ny(k))?

1 n
= (Bo + b1 = )" -limsup 75 - log(Pz (U (5™ @ 0)))

log(P (U (x§"*™) @ 0)))

>(Bo+B—€? xc((fs®0)+es:s)+ |loge| —
and since ni (k) — oo as k — oo,

1ikm inf(r(k)"% - log|Gp|)

> (B — ) liminf [na(k)* - log(Pe (U (" ™ 55" ™))

Doy (My)—e
e (e ]

The desired result follows. U
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We now recycle a familiar argument. There exist polynomials p1,p2,p3 in n

noncommuting variables such that for 1 < j < 3, p;(a1,...,a,) = aj. Without
loss of generality, we can assume the p; take n-tuples of selfadjoint elements to
selfadjoint elements. Find a constant 1 < C such that for any (z1,...,2z,) €

(ME*(C))r4+1)™, lIpj(z1,...,2n)| < C. Also, there exists a Dy > 0 such that if
kEeNand z1,...,2n,Y1,...,Yn € (M3*(C)) 41, then for all j,

lpj(z1,...,2n) =01, Yn)|2 < Do - max{|a; —yil2 : 1 < i <n}.
Lemma 6.3. For m € N, v > 0, and small enough ¢ > 0 there is a sequence
((xgk), cee %k))>k 1 such that (ch ), .. ,m%k)) € (Mg(C))™ for all k, (:vgk), . ,x%k))
€ Trya(ar,...,an;m,k, ) for sufficiently large k, and

limsup k™% - log(Pe (U217, 2{P))

k—oo

dominates
(Bot+P1— €)% - (x((fs ®0) + €5 : 5) + |loge| — K)

01— (B (000) = ok ()
where K = log((2 + 368~ 1v/nDy)v/2me).

Proof. Suppose min {321305%’ 1} > € > 1. By Lemma 6.2 there exist m¢ € N

and 7, > 0 such that if <(z§k),zék) (k)))k | 1s a sequence satisfying (2, (k). ék), zék))
€ (M;3*(C))? for all k and (zgk), ék), § )) € T'e(al, dy, af - el,eg,eg,me,k,%) for
sufficiently large k, then

lim sup k™ - og(Pac i, (U (21" 257 47))

k—o0
dominates
(Bo+B1 — €)% - (x((f3®0) +es:s)+ |loge| — K)
2 BK
— Ny (My) —e€) -1 —_— .
(0= 0B 00) = 0 108 ()
Because {az, ..., a,} has finite-dimensional approximants, there exists an N € N

such that for each & > N there is an (:cgk), . ,xslk)) € (MZ*(C))p1)™ satisfying
(xgk), ey eTrii(an,. .., an;m, k,7)

and o
( ( )ayé )ayé )) € FC(allvaéva’é : 61;62763;meak776)
where for any 1 < j < 3, p;(« (k),...,x;k)) =
constant C by the argument of Lemma 4.1.
If u,v € Uy, then Dy - max{|ux(k) * vfc(k) *l2:1 < i <mn}is greater than

(et ualu) = pi(eal?er, o vae) s = Juy Pt = oy,

y§k). Note that we can use the cutoff

Hence,

limsup k™2 - log(Pye s (U, ., 2(P))

k—oo

> limsup k™2 -1og(Pic p, (U 1", 95™).

k—o0
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In turn the dominated term is greater than or equal to
(Bo + B1—€)* - (x((f3®0) +es: 5)+ |loge| — K)

=7 000 )

O

Lemma 6.3 more or less gives the lower bound. We simply use the same sort
of arguments which allowed us passage from Lemma 4.4 to Theorem 4.5 and from
Lemma 5.5 to Theorem 5.7. Namely Voiculescu’s approximate freeness results
produce an e-ball, most of whose elements are semicircular microstates trying very
hard to be free with respect to a matricial microstate for {a1,...,a,}. Adding the
e-ball to the single microstate creates microstates for {a; + €s1, ..., an +€s,}. The
€ packing number of the unitary orbit of the microstate yields the same number of
disjoint, conjugate balls which are microstates of {a; +e€s1,...,an+€s,}. Applying
log to this packing number, multiplying by k=2 and taking a limsup as k — oo,
dividing by |loge| and taking a limsup as e — 0 yields a lower bound for the
modified free entropy dimension of the n-tuple {a1,...,a,}.

By the discussion above dp(aq,...,a,) should dominate the number obtained
by taking the majorized quantity of Lemma 6.3, dividing by |loge|, and taking a
limsup as € — 0. The resultant quantity of these successive operations is:

(Bo+51)(00(f3 @ 0)) + 67 - LNy, (M)
> (Bo+ B1)? - [1 = (Bo+ B1) (e85 + B + 55 - Dy, (M)

l -2 2
> (Bo+ B1)° = (e +67) + 5% - (1—Zﬁlk2ai>
i=1 g

Lo 2
@
= (504-51)2—5—2?-
i=1 ¢
Omitting the details of a familiar analysis we conclude:
Theorem 6.4. If My # {0} and g < 1, then do(ai,...,a,) > (Bo + 1)? — ¢ —
2

Letting [ — s and € — 0 we arrive at:

2

Corollary 6.5. If My # {0} and o < 1, then dp(aq,...,a,) > 1= 7 | Zh.

i=1 %2

6.3. General Lower Bound Estimates for dy(ay,...,a,). Now we deal with
the situation where My = {0} or ap = 1. Suppose first that My = {0}. The lower
estimates come even easier for, in this case, M is merely a direct sum of matrix
algebras. As in section 6.1 given [ € N with | < s and using the same notation,
we can construct two selfadjoint elements a} = b; ® & € M; & M, for i = 1,2 such
that they lie in the x-algebra generated by {a,...,a,} and by, by generate M. We
have a similar packing number estimate in this case:

Lemma 6.6. For small enough ¢,y > 0 and any m € N there is a sequence
((zEA’“),zéAk)»z‘;l such that k < A € N for all k, (ziA’“),zéAk)) € M (C) for
all k,

(24, 28°%) € ey, absm, A, )
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for sufficiently large k, and

83 Tou(Pusc (UL, §°)) 2 (51 = (80 () = ) 108 ( 151 )

for sufficiently large k.

The proof mimics that of Lemma 6.2 but it is even easier. Lemma 6.6 requires
that we find good enough microstates for a}, a and this is easy to do (in light of
Lemma 3.6). One does not need to deal with the set-up concerning the f; (they
are all 0) and the estimates are similar to those of Lemma 6.2. We omit a rigorous
proof of Lemma 6.6 here and leave it to the reader. We now run an argument
similar to that which followed Lemma 6.2. Dividing the dominated term above
by |loge| in the conclusion of the statement of Lemma 6.4 and taking a lim sup
as € goes to 0 yields 87 - Ay, (M7). Using the same asymptotic freeness results in
the paragraphs preceding Theorem 6.4, it follows that §p(a’, a}) is greater than or
equal to this limiting process, i.e., greater than or equal to (37 - Ny, (My). Since
M is hyperfinite (M is a direct summand of matrix algebras), by Theorem 4.5,

2
So(ar,...,an) > do(aj,ab) > 07 —e — 32, 3. Then | and ¢ being arbitrary,
: :
(50(611, ceey an) >1- Z::l (;_5

Secondly, suppose g = 1. By Section 4, dp(a1,...,a,) = 1, which yields the
desired lower bound.

Having considered all the cases above we have for any M and aq,...,a, as in
Section 2:
2
Theorem 6.7. do(ai,...,a,) >1—>7_, 2‘—2

By Theorem 3.9 we also have:

Corollary 6.8. If M is hyperfinite, then do(ax,...,an) =1—37_ | 75.

In light of Corollary 6.5, if M is hyperfinite, then we define do(M) =
do(ai,...,an). As in the introduction we remark that every such hyperfinite M
has a finite set of selfadjoint generators.

7. TRIVIALITIES AND A FINAL REMARK

In concluding the discussion we make a few simple observations about the pre-
ceding results. The first is a strengthening of Theorem 4.5. We start with a
generalization of Lemma 3.8.

Corollary 7.1. If N C M is a unital inclusion of hyperfinite von Neumann alge-
bras, then 6o(N) < do(M).

Proof. Find selfadjoint generators a,...,a, for M and by,...,b, for N. By The-
orem 4.5 and Corollary 6.8,

50(N) = (50(b1,...,bp) S 50(a1,...,an,b1,...,bp) = 50(M)

‘We now have:

Corollary 7.2. (Hyperfinite Monotonicity). If N C M is a unital inclusion of von
Neumann algebras and N is hyperfinite, then do(N) < do(az,...,an).
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Proof. We may assume M = My & (D;_, M, (C)) and » = agpo ® (B;_; itrs,)
where all quantities are as in Section 6. Define A = CIo® (D;_, My, (C)) C M. 1t is
easy to see that the von Neumann algebra R generated by AUN is hyperfinite. By
decomposing R over its center and observing that the atomic projections of Z(R)
contain those of Z (M), it follows from Theorem 6.7 and Corollary 6.8 that do(R) <
do(ai, ..., an). Hence by Corollary 7.1, §o(N) < 6o(R) < do(aq, ..., an). O

Our second observation is a weak lower semicontinuity property for dy.

Lemma 7.3. If <(b(1k), ce bslk))),;";l is a sequence of n-tuples of selfadjoint elements

i M such that for each 1 < i <mn, bgk) — b; strongly and {b1,...,b,} generates a
diffuse von Neumann algebra, then

nkminf(so(b§k>, bR > 1
In particular, if 1 = d¢(b1,...,by), then
ukmmfao(bgk), o b)Y > 60 (b, ).
— 00

Proof. Suppose € > 0. By the proof of Corollary 4.7, it follows that there ex-
ists a b = b* € W*(by,...,by) such that Jo(b) = 1. There exists a sequence of
noncommuting polynomials in n variables (g,)5°_; such that g, (b1,...,b,)* =
gm (b1, ...,by) — b strongly. It follows from Proposition 6.14 of [9] and Corollary
6.7 of [10] that for m sufficiently large, do(qm (b1, ...,b,)) > 1 — 5. Pick one such
m and call it mg. The same proposition of [9] and corollary of [I0] provide a corre-

sponding N such that for all & > N, 0¢(gm, (b(lk), e ,b;k))) > 1 —¢e. By Corollary
4.6 for all k > N, So(b%, .. b)) > 60 (g, B, ..., 08)) > 1 —¢. O

Finally, we comment on the work carried out by Ken Dykema concerning free
products of hyperfinite von Neumann algebras with tracial, faithful states. In [2]
Dykema investigated the free product of two such algebras A and B. There it was
shown that A * B was isomorphic to L(Fs) & C where L(Fs) is an interpolated
free group factor and C' is a finite-dimensional von Neumann algebra. Moreover,
Dykema provided formulas for determining C' in terms of the matricial parts of A
and B and calculating s in terms of the “free dimensions” of A, B, and C. Given a
hyperfinite M as above, Dykema defined the free dimension of M, fdim(M) to be

a%+2a?(1—k;2)+2a0(1—a0)+ Z Q0.
i=1 1<i,j<s,i)
Using the identity 1 = (3°7_, @;)? one finds that the number above equals do(M).
In other words, for a hyperfinite von Neumann algebra M with a tracial, faithful
state, the quantity do(M) equals the quantity fdim(M).

8. ADDENDUM

In this final section we prove the metric entropy estimates of Lemmas 3.5 and
5.2. The proofs are essentially those of Szarek ([7]) with the addition of the explicit
computations of Raymond ([5]).

Throughout H will denote a closed Lie subgroup of Uy. Define X = Uy /H, ||
to be the operator norm, H to be the Lie subalgebra of H identified in iM;*(C) = G,
and X to be the orthogonal complement of H with respect to the real inner product
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on G generated by Re Tr. Denote do, and ds to be the metrics on X induced by
| - |oo and | - |2, respectively. Lastly, for a metric d on a space Q and € > 0 define
N(Q,d,e) to be the minimum number of open e-balls required to cover Q with
respect to d and P(€,d, €) to be the maximum number of points in an e-separated
subset of 2 with respect to d.

Szarek uses two essential quantities to obtain the metric entropy estimates in [7].
The first is k(M ), the operator norm of the orthogonal projection onto X where
the domain and range of the projection are equipped with the operator norm. The
second quantity that Szarek employs are the weaving numbers of X. We will use
a slightly modified version of this. The change is based on Szarek’s preference to
use the geodesic metric on X and my inclination to use the extrinsic norm metric.
They are the same for our purposes. Given 6 > 0, H is (0,| - |o) -woven if for
uwe H, |u—1I|o <= 3h€H such that |h|e < 7% and e = u. We define 6(X)
to be the supremum over all 8 satisfying the preceding condition.

We now state the main result of Szarek’s ([7]), slightly altered in our new nota-
tion.

Theorem 8.1. Suppose 3 € (0,1/2] and min{0(X),x(X)~ '} > B. Assume that
one of the following conditions holds:
o dim H < (1 — B)k2.
o There exists a subspace E C C* invariant under H with dim E > fk satis-
fying Bk < dim E < (1 — B)k.
o There exists a subspace E C CF invariant under H with p = dim E > k
such that the decomposition C¥ = E @ E+ induces an isomorphism H —
U(p) x H, for some subgroup H, of Ug—,.
Then for any e € (0,3/4),

(E)dimX < N(X7 dome) - <g)dimX

€ €

where ¢,C' > 0 are constants depending only on (.

The utility of Szarek’s result lies in the fact that the quantities ¢ and C depend
only on 3. We now provide the proof of Lemma 3.5.

Proof of Lemma 3.5. Suppose H is tractable. Consider the conditional expectation
e: Mip(C) — H”. I — e restricted to G is the orthogonal projection onto X and
since [le]| < 1, it follows that x(X)™* > 1. The spectral theorem shows that
0(X) > |ets — 1|. Hence, min{f(X), x(X) '} > 5. I claim that H satisfies one of
the three conditions as stated in the theorem for g = %. Without loss of generality,
assume H takes the form appearing in the definition of a tractable Lie subgroup of
Uy. Suppose there exist some 1 < ji,...,j; < m such that Q—kO < Zgzl kj b5 < %.
Then H satisfies the second condition of Theorem 8.1. Otherwise there must exist
some 1 < ¢ < m for which k;l; > %. If k; = 1, then H satisfies the third condition
of the theorem. Otherwise k; > 1 and this forces there to be a reducing subspace F
for H with % <dimF < % whence H fulfills the second condition of the theorem.
Theorem 8.1 now yields the desired result. [l

Having dealt with Lemma 3.5, let us turn to the finite-dimensional situation
in Lemma 5.2. More generally first consider the viability of the lower bounds of
Theorem 8.1 when X is obtained from tractable H and where instead of using d, we
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use dy. Some results of [7] work for unitarily invariant norms and metrics but with
the |-|2-norm problems arise. The quantity 8(X ), properly interpreted, does not stay
uniformly away from 0 even when we consider the homogeneous spaces in Section 5
associated to a finite-dimensional M. Presumably X Would be (8, |- |2)-woven if for
u€ H,|u—1I|3 <= 3h € Hsuch that |h| < 7% and e” = u. Unfortunately, the
homogeneous spaces to which we will restrict our attention (which class is much
smaller than the class of homogeneous spaces obtained from tractable H) will fail
to have 6 values uniformly bounded away from 0. Nevertheless, we still have the
key result [7], Lemma 10, where the use of (X) was crucial:

Lemma 8.2. There exist A\,r > 0 such that for any k € N and tractable H of Uy,
if z,y € X, and |T|oo, [Yloo < T, then

d2(q(e”), q(e?)) = Az —yl2
where q : Uy — X is the quotient map.

Proof. For r (as yet to be specified) and any such x and y as above, there exists by
definition an h € H with |h|o < 7 satisfying

da(a(e"),a(e)) = inf [e70e" — vl = leVe” — "o,

Set u = e"Ye®. By the spectral theorem write h = iZ?:l Bjf; where the f; are
mutually orthogonal projections and the 3; are real numbers. We can arrange it
so that for each j, if; € H, i.e., h takes the block form of H. Define «y; to be 4r if
Bj > Ar, —dr if B; < —dr, and B3; if [3;] < 4r. Set z =i 3] | 7;f; € H. |2]o < 4.
Define A ={j e N:1<j <d,|5;| <4r}and Ay = {1,...,d} — A;. Observe that
|Z]00s [Y]oo < T = |t — I|oo < 2r. Then

d
u—e*F < fufi— e 3 = D ufy— PR+ uf; — e fil3

J=1 JEM JEA2

lu—e"3+ D (6r)°1513.

JEA2

IN

Now for r sufficiently small, 3r < |1 —e*"| (r dependent only upon the exponential

map),
D (6r)21f505 < D 36(11— € — 2r)?| £513

JEA2 JEA2

< ) 36(11— €| —2r)?|£13
JEA2

< Y 36(1f5 — € fila — £ — ufil2)?
JEA2

< ) 36luf; — e fy[3
JEA2

< 36Ju — e"|3.

It follows that |u — e*|s < Tlu — ePs.

A repetition of the proof of Lemma 10 in [7] minus the parts referring to 6(X)
shows that there exist A\, > 0 (which we can make as small as we want and in
particular have r satisfy 3r < |1 — ¢%"|) independent of the tractable H such that
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for any =,y € X with |2|so, [Y|eo < T, |e7Ye” — €%|2 > A|z — y|o. By what preceded
for any x,y € X with |2|co, [Y]eo < T,

—YpT __ pZ )\ _
do(g(e"), q(eV)) = le~Ve — ety > I - 2 o |x7y|2.
[l

The result above does not quite provide the desired lower bounds for the homo-
geneous space associated to H. Observe that if all the normalized Hilbert-Schmidt
quantities are replaced with operator norm quantities, then P(X, dw, €) is bounded
below by the & packing number of the r-ball of the space X (endowed with | - |o).
The appropriate lower bounds for packing numbers of balls in finite-dimensional
spaces can be obtained through a standard volume comparison argument (see [1]
for an example of how this technique yields the packing number bounds). Indeed,
this is how the lower bound is achieved in Theorem 8.1. The result above is not
quite the same. It shows that P(X,dz,¢) dominates the § packing number with
respect to the |-|2-metric of the ball of |- |-radius r in X'. The issue is that we have
a lower bound involving two different metrics. We want to obtain the appropriate
lower bounds by using the volume comparison argument, but our task is slightly
complicated by this. We must now examine the ratio of the volumes of balls of
radius 1 with respect to |- | and | - |2 in the space X’ associated to H.

Despite the difficulties mentioned, Lemma 5.2 demands lower bounds on the
packing numbers of a specific class of homogeneous spaces, in fact, much smaller
than the class of all homogeneous spaces obtained from tractable subgroups. Hence,
the task at hand is not so daunting. With Lemma 8.2 in hand we now begin the
main part of the proof of Lemma 5.2. As discussed at the end of the preceding
paragraph, our main objective is to examine the ratio of the volumes of balls in the
orthogonal complements of certain Lie subalgebras.

Proof of Lemma 5.2. Maintain all the assumptions made on M and ¢ in Section
5. We assume that M # CI since Lemma 8.2 clearly holds in this situation. There

exist constants 1 > §,c1,c2 > 0 such that if 6 > ¢ > 0 and r1,...,7r, € R satisfy
2

|r; — Z—j| <eforall j,then¢; < 30 73 <ep (M #CI =30, (Z—j) < 1). Now

suppose % -min{d, 1 —¢1,04,...,ap} > > 0. It is a trivial consequence of Lemma

3.6 that there exists a sequence (o) ; such that for each k, o : M — M;(C) is
a *-homomorphism and for k sufficiently large:

o |[trroor — | <e.

e The set of unitaries Hy of (M)’ is a tractable Lie subgroup of Uy and

setting X, = Uy/Hj, we have that k(A (M) —¢) < dim(Xy,).
We must demonstrate the third item in Lemma 5.2 (the lower bound packing esti-
mate) and make sure that the constant x obtained is independent of € and e. It can
be arranged so that there exists a kg € N such that for all £ > ko the representa-
tion oy takes the simple form described in the proof of Lemma 3.6. Recall from the
proof of Lemma 3.6 that for each k > ko we have the i1 (k),. .., p+1(k), associated
to o). Moreover, for such k, the construction of the oy in Lemma 3.6 and the bound
placed on ¢ shows that %aj > @ > L for each j, ak? < Z?:i 1 (k)? < cok?,
and lp41(k) <nq---ny, for k> k.
For each k denote Hj and X} to be the spaces H and X associated to H = H.

Again, we have translated the packing number problem (the third condition of
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Lemma 5.2) into the problem of comparing the volumes of the balls of &} with
respect to the norms |- |« and |- |2 and finding an appropriate relationship between
the two values for sufficiently large k.

For any r > 0 denote by Gj,H}, and A} the balls centered at the origin of
operator norm less than or equal to r in iM;*(C), Hy, and X%, respectively. Con-
sider the conditional expectation e for H;'. Define ® : iM;*(C) — H @ & by
®(z) = (e(x),(I —e)x). Since e is a contraction when its domain and range are
endowed with the operator norm, it follows that ®(G}) C H} x X2. ® is an isometry
when its domain and range are endowed with the Hilbert-Schmidt norm (normal-
ized or not). Thus, vol(G}) = vol(®(G})) < vol(H}) - vol(X?). Notice that here
we calculate the volumes of ’H,l€ and X,f in their ambient Hilbert spaces H; and X
endowed with the real inner product Re T'r.

We claim that if for each d, Aq = vol(G}) and ©4 denotes the volume of the
ball of radius v/d in RdQ, then there exists some constant 1 > (; > 0 such that
()" < 8—3 for all d. By [5] there exists a constant ¢ > 0 such that 32 ~ (c)24” as
d — oo where aq is the volume (with respect to the real inner product Re T'r) of the
operator norm unit ball of Mj(C) and by is the volume of the ball of radius v/2d in
2d%-dimensional real Euclidean space. We now use the same trick in the preceding
paragraph. Decompose M (C) as the orthogonal direct sum M;*(C) & iM;*(C).
It follows that the operator norm unit ball of M} (C) is contained in the direct sum
of the operator norm unit ball of M;*(C) and the operator norm unit ball of G}.

The volume of this latter set is (A4)?. So 7L < (Ab‘;)z ~ éggi and this yields the

desired result.

Now vol(H}) < O,y -+ O, .y (k) - /71—~ 71 and because dim Xy, > (1 —¢p) - k2
for sufficiently large k, it follows that there exists a (o > 0 (dependent only on
ni,...,Mp, ¢ and c¢1) such that for sufficiently large k,

vol(G}) - O dim X,
vol(H}) =~ Ongy O 2

vol(A2) >

# > 20(777, lp+1(k) <mni---Np for k > ko, and (1 —Cg)-kﬁQ < dim X, < (1 —Cl)-kQ
for k > ko. These three facts and Stirling’s formula show that there exists a constant
¢3 > 0 (dependent only on the «y,n;,c1, and c¢z) such that for sufficiently large k
the dominated term above is greater than or equal to ((3)4™ ¥k . Cyipy x, Where
Cdim x,, 1s the volume of the ball of radius Vk in REM X% Notice that this quantity
is the volume of the ball of X}, of | - |2 radius 1. In other words there exists a ¢ > 0

(again dependent only on the «;,n;, 1, and ¢3) such that for sufficiently large k,

vol(X})
C(dim Xy

> (C)dim Xg .

The standard volume comparison method (for an example of how this method
dim X
is used see [1]) shows that for such k and any € > 0, P(X],| - |2,€) > (%) :

Using Lemma 8.2 it follows that for k& sufficently large, if € > 0, then

dim Xy,
P(Xk,d2,€) > <ﬁ> .

€
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Set k = Ar(. Then k depends only on a;,n;, c1, c2, and the upper bound placed on
€. The upper bound can be relaxed for the purposes of Lemma 5.2. We have the
third and final condition of Lemma 5.2. O
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