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DERIVING CALCULUS WITH COTRIPLES

B. JOHNSON AND R. MCCARTHY

ABSTRACT. We construct a Taylor tower for functors from pointed categories
to abelian categories via cotriples associated to cross effect functors. The tower
was inspired by Goodwillie’s Taylor tower for functors of spaces, and is related
to Dold and Puppe’s stable derived functors and Mac Lane’s Q-construction.
We study the layers, D, F = fiber(P,F — P,_1F), and the limit of the
tower. For the latter we determine a condition on the cross effects that guar-
antees convergence. We define differentials for functors, and establish chain
and product rules for them. We conclude by studying exponential functors in
this setting and describing their Taylor towers.

The calculus of homotopy functors, developed by Tom Goodwillie, is an increas-
ingly important tool in homotopy theory and algebraic topology. For a functor
of spaces F' and a space X satisfying certain connectivity conditions, Goodwillie
(IG3]) has shown that there is a tower of functors and natural transformations,

I

P Fx
Pnt+1Fx /‘ l gn+1Fx
Fy P, Fx
Pn—1Fx \ l qn F'x
PnleX
!
PyFx = F(X)

that acts like a Taylor series for the functor F' expanded about the space X. That
is, each P, Fx can be likened to a degree n approximation of F', and the “Taylor
tower” above converges to F' in a range of spaces that depends on F and X. The
Taylor tower has been used by Greg Arone and Mark Mahowald ([A=M]) in their
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758 B. JOHNSON AND R. MCCARTHY

work on the v,-periodic homotopy of odd spheres. Using “orthogonal calculus”, a
version of calculus developed by Michael Weiss ([W]), Arone ([A]) has also shown
that the Mitchell-Richter filtration of loops on Stiefel manifolds stably splits.

The linear piece of Goodwillie’s tower or “differential”,

Dy Fx = fiber(P Fx(—) — F(X)),

is often enough to determine a functor up to a constant, in that a natural trans-
formation 7 : F — G that induces an equivalence Dinx : D1Fx — D1Gx for all
spaces X yields an equivalence

fiber(F(Y) — F(X)) — fiber(G(Y) — G(X)),

when F, G, X, and the space Y satisfy some connectivity conditions ([G2]). This
latter result has been instrumental in establishing strong connections between al-
gebraic K—theory and more computable theories ([CCGH], [MT]).

Goodwillie’s existence proof for the tower is constructive, but provides one with
a model that is difficult to work with in general. For n = 1, the construction is
reminiscent of the stabilization of functors of additive categories defined by Dold-
Puppe ([D=P]), and Eilenberg-Mac Lane ([E=MT], [E=M2]). We explored this sim-
ilarity in [I-MI1], and established conditions under which Goodwillie’s degree 1
approximations were the same as Dold-Puppe’s stabilization and Mac Lane’s Q-
construction. The work of Dold-Puppe and Eilenberg-Mac Lane suggested a simpler
model for the Taylor tower in the algebraic setting. A generalization of Mac Lane’s
@Q—construction was used in [J-M2] to produce such a model.

In the first part of this paper we produce a more natural and simpler means for
constructing a Taylor tower for functors from a basepointed category (a category
with an object that is both initial and final) to a category of chain complexes. The
idea behind this construction is as follows. The failure of a functor F' to be “degree
n” is captured by the n + 1st cross effect functor, cr,4+1F, as defined by Eilenberg
and Mac Lane. To construct a degree n approximation to F', one seeks to “kill off”
the n + 1st cross effect of F' by making a chain complex with F' in degree 0 and
crp+1F in degree 1 and taking the homology of this chain complex. This produces
a right exact, strictly degree n functor. However, when working homologically
one would like to have a degree n functor that is exact, or at least quasi-exact
(takes short exact sequences to sequences that produce long exact sequences in
homology). One solution to this problem is to take a resolution of the functor
before killing off the cross effect. This approach is used by Teimuraz Pirashvili in
[P]. Another solution to this problem is to use the mapping cone of cry, 1 F L F
This produces a quasi-exact functor, but the degree 2 homology of this functor,
ker(crp41 F =, F), is no longer degree n. So, we try again to make this new
construction degree n by killing off the n + 1st cross effect of ker(crp 41 F =+, F),
and introducing a three-stage chain complex where the degree 2 differential factors
through the kernel of +,

crne1(ker +) 2, i1 F + F

N /!
ker +

But, one faces problems similar to the ones described above, in that ker(+2) is not
degree n. One can try to fix the problem in a similar fashion by placing the cross
effect of the kernel in degree 3. Continuing in this fashion produces a sequence

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DERIVING CALCULUS WITH COTRIPLES 759

of chain complexes in which we are repeatedly taking cross effects, and the failure
to be degree n is pushed into higher and higher homological degree. Taking the
limit of this process produces a chain complex of functors that is degree n and
quasi-exact.

By utilizing a cotriple associated to the n + 1st cross effect functor, we obtain
such a chain complex as an immediate consequence of standard cotriple properties.
Moreover, all of the essential features of a Taylor tower are also easily derived
from basic cotriple properties applied to this setting. The cotriple model for the
Taylor tower can be readily dualized, and the dual version of calculus is presented
in [M2]. The cotriple construction for a Taylor tower developed here has also been
modified to produce a new tower for a functor of spaces in [MO]. This new tower
tends to agree with Goodwillie’s Taylor tower for spaces in the functor’s range of
analyticity. In [J-M3] we will show how the cotriple model can be used to classify
degree n functors to chain complexes in terms of modules over certain differential
graded algebras.

In addition to showing how to construct Taylor towers for functors from base-
pointed to abelian categories, we investigate several important functors related to
these towers. We first study the layers, D, F = fiber(P,F — P,_1F), of the Taylor
tower, and show that they can be obtained directly from the nth cross effect of F'.
In particular, we prove

Proposition 3.9. For any functor F : C — A, the functor D, F is naturally

)

equivalent to D%n crnFhy,, -

This result is analogous to a result of Goodwillie’s for the layers in the Taylor
tower of a functor of spaces. It is useful in determining the layers of a tower, and will
be used in the last section to compute a version of the Taylor tower for exponential
functors.

We then examine the limit of the Taylor tower, and determine a connectivity
condition on the cross effects of F' that guarantees that the limit of the Taylor
tower agrees with F. We study the behavior of the degree n approximations to the
functor F' arising from the Taylor tower in the direction of an object X. That is,
for a fixed object X and functor F', we consider the functor

Fx(C) =kernel[F(C'V X) — F(X)].
We prove a continuation principle in terms of such functors:

Proposition 4.14. Let n: FF — G be a natural transformation of functors from
C to ChA. The following are equivalent.

a) Pinx is an equivalence for all X € C.

b) P,nx is an equivalence for all n and all X € C.

¢) Poonx is an equivalence for all X € C (where Pxnx denotes the limit of
the Ponx’s).

When applied to functors whose Taylor towers converge, this result tells us that
the functor F' is determined by its linear part up to the constant F(X). We also
develop the notion of differential for a functor F' in the direction of an object
X, VF(X,Y), by means of Fx. We prove a chain rule and product rule for the
differentials and determine the behavior of the differential with respect to the other
Taylor tower constructions. The chain rule is as follows.
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760 B. JOHNSON AND R. MCCARTHY

Proposition 5.6. Let C be a basepointed category with finite coproducts and let A
and A’ be cocomplete abelian categories. Let G :C — A’ and F : A" — ChA be
functors. There is a natural isomorphism of bifunctors

V(FoG)(X,Y) = VF(VG(X,Y),G(Y)).

In the last section of the paper, we use the techniques and ideas of the previous
sections to determine the functors that play the role of exponential functors for our
theory. We will show that any exponential functor F' from a pointed category C
to the category of modules over a commutative ring K factors as Exp o A, where
Exp is the forgetful functor from commutative differential graded K-algebras to
chain complexes of K-modules and A is a coproduct-preserving functor. We also
compute a modified version of the Taylor tower (one in which the functors preserve
quasi-isomorphisms of DG K-algebras) for Exp and show that the nth term in this
tower can be considered rationally as the derived functor of I/I™ (in model category
terms). We then indicate how one can extend this integrally using E.-K-algebras.

Although the work in this paper was inspired by the topological results of Good-
willie and the work of Dold-Puppe and Eilenberg-Mac Lane, none of these works
should be considered prerequisites for this paper. Our treatment of the Taylor tower
defined herein is self-contained and requires only some basic homological algebra
and category theory.

The paper is organized as follows. In section 1 we review cross effects and the
adjoint pairs needed for our cotriple construction. In section 2 we construct the
Taylor tower and establish its basic properties. In section 3 we consider the layers,
D,F = fiber(P,F — P,_1F), of the Taylor tower and show that they can be
obtained directly from the nth cross effect of F. In section 4 we establish the
convergence conditions for Taylor towers together with the continuation theorem.
In section 5, we define the differential of a functor and prove the chain rule and
product rule for these differentials, while also studying their relationship to other
functors associated with the Taylor tower. In section 6, we identify the exponential
functors from pointed categories to modules over a commutative ring and study
Taylor towers for such functors.

1. CROSS EFFECTS

The key component of our universal degree n tower construction is the nth cross
effect of a functor. We devote this section to reviewing several properties of cross
effects. We will also discuss two pairs of adjoint functors involving cross effects that
can be used to construct degree n towers for F'.

Classically, cross effects were defined to study the degree of analytic functions of
real variables. In particular, the (n+1)st cross effect of a function f is a function of
n+1 variables that measures the extent to which f fails to be degree n. For example,
a function f such that f(0) = 0 is linear if and only if f(x +y) = f(x) + f(y) for
all  and y. Moreover, this condition implies that f(z) = f(1) -« for all z. If f is
not linear and f(0) = 0, then the failure of f to be linear is captured by the second
cross effect functor, eraf : R? — R, defined by

craf(@,y) = flz+y) — flx) = fy).
Furthermore, f is degree 2 if and only if cry f is linear in each variable. In this case,

craf (z,y) = cra f(1,1)(z-y) and f(z) = f(1)-a+craf(1,1)-(5), where (5) = x(x 1)
is the Vandermonde function. One can extend this definition inductively and let
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DERIVING CALCULUS WITH COTRIPLES 761

the nth cross effect, cr, f : R*™ — R, be defined by setting cry, f(z1,...,z,) equal
to
Crnflf(xl + X2,%3,. .. 7xn) - Crnflf(xlvxf% cee 7xn) - Crnflf(x% z3,... 7xn)~

Cross effects are also defined when f(0) # 0. For such functions, we set cry f(z) =
f(z) = f(0), and define higher cross effects inductively as above. The cross effects
have the following properties:

1) crp f is symmetric with respect to its n variables.
2) If ¢; =0 for any 1 <i < n, then er, f(x1,...,2,) =0.

3) flar 4+ +zp) = fO)+ Z rif(Tsyy. s Tsy)-
{s1,...,s}C{1,...,n}
Cross effects measure the degree of f in that cr,, 1 f = 0 if and only if f is degree
n. In this case

F@) = £(0) + eri f(1) - x+cr2f(1,1)<‘;> + ~'~+crnf(1,...,1)(x>,

n

where (7) = —x(x_l)"'y(bf_(”_l)).

The notion of cross effect was extended to functors of additive categories by
Eilenberg and Mac Lane. We summarize this extension below. We let C be a
basepointed category with finite coproducts (denoted by V), and we let A be an
abelian category.

Definition 1.1 ([E-M2]). Let F : C — A. The nth cross effect of F' is the functor
crp B C*™" — A defined inductively by

eriF(M) & F(x) 2 F(M),
croF(My, M3) @ er1 F(My) @ er1 F(Ms) = eri F(My V My),
and, in general,
ernF(My,...,My)®crp_1 F(My, Mz, ..., My)® crp_1 F(Ma, M3, ..., M,)
> cerp 1 F(My vV My, Ms, ..., M,).

As was the case with functions of real numbers, cr, F' has the following properties.

Proposition 1.2. Let F : C — A, and let M1, Ms, ..., M,, M be objects in C.

1) crpF is symmetric with respect to its n variables, i.e., for every o € ¥,
the nth symmetric group, crpF(My, ..., My) = cro F(Myay, ..., Mo@m)).

2) C?“nF(Ml, .. .,Mn) =0 if any M; = *.

3)

n

FMyV---vM,)=Fx o [P P cpFM,... M)

p=1 \Jj1<...<jp

and

FI\/M|=Fxod <”> crp F(M),
i=1 p=1 p
where crp F'(M) denotes crpF'(M, ..., M).

Motivated by the relationship between degree and cross effects for functions of
real variables, we use cross effects to define the degree of a functor.
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762 B. JOHNSON AND R. MCCARTHY

Definition 1.3. A functor F' from C to A is degree n if crp41 F = 0.

Example 1.4. 1) Let R be a ring, Mg the category of R-R-bimodules, and
T" : RMgr — rMpg the functor that takes a module to its n-fold tensor product
over R. For n = 2 and bimodules M; and My we have

T?(M, & M>)
> (M ® M) ® (M2 ® Ma) ® (My ® Ma) ® (M2 ® M)
> T2(M,) @ T?(Ms) @ (My ® M) @ (My ® My).

Hence,
croT? (M, Ma) =2 (M7 @ Ma) & (Ma ® My).
In general,

ergT™(My, ..., My,)

= Q%) Moaq) ® -+ @ Man),
a€Epi({1,2,...,n},{1,2,...,k})

where Epi({1,2,...,n},{1,2,...,k}) is the set of surjections from the set {1,2,
...,n} to the set {1,2,...,k}. Note that this implies that cryT™ 2 0 for k > n, so
that T™ is degree n. Similarly, if R is commutative and F is the n-fold symmetric
power or exterior power functor, one can show that

CTan(Ml, .. ,Mk)
o @ FU(My) @ --- @ F™* (Mj),

tit-t+tp=n

t1yeeesti >0
by again using a direct sum decomposition of F"(M; & My & --- @ M},) and not-
ing that terms not involving all of the M;’s are, for some j, direct summands of
Fr(Mi&®---@&M;®---& My), and as a consequence, belong to lower order cross
effects. Since cri F™ 220 for k > n, the nth symmetric and exterior power functors
are degree n as well.

2) Let 7, be the category of compactly generated topological spaces with non-
degenerate basepoints, and let Ab be the category of abelian groups. For n > 0,
let H, : 7. — Ab be the functor that takes a space X to its nth singular homology
group, H,(X). Since H,(X VYY) = H,(X) & H,(Y) for spaces X and Y, it follows
that criyH, = 0 for £ > 2 and H,, is degree 1. On the other hand, for n > 1, the
functor 7, : 7, — Ab that takes X to its nth homotopy group does not have finite
degree, since the Hilton-Milnor theorem guarantees that m, has no non-vanishing
cross effects.

3) Let Commg be the category of non-unital commutative differential graded
K-algebras over a commutative ring K, Ch(K) the category of chain complexes of
K-modules, and Exp : Commg — Ch(K) the forgetful functor. Since X VY =
XY@ (X®Y) for X,Y € Commg, it follows that croExp(X,Y) 2 X @Y. We
will see in section 6 that Exp does not have finite degree.

Remark 1.5. The nth cross effect can also be defined as the homology of the total
complex of a particular n-complex of objects in A. Let P((n)) denote the power
set of (n) = {1,2,...,n} and let C1,...,C, be objects in C. Let C be the n-cubical
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DERIVING CALCULUS WITH COTRIPLES 763

object in C with C(U) = Vugr Cu for U C P((n)), U # (n), and C({n)) = *, and
with maps the natural inclusions. For example, when n = 1 we have

C= (Cl N *)a

when n = 2 we have

and when n = 3 we have

& — *
e e
6: Cl\/CQ — CQ
Cl\/03 — Cg
1 7 1 7

CiVvVCyV (s — CaV Cs
Applying F' and taking the total complex, we obtain a chain complex that in degree

k<nis
TOt(F(a))k = @ F(Cil \ CiQ VeV Cinfk)

1<i1<ip < <ip_p<n

and whose nonzero differentials all have retractions. As a result, one can compute

that
_ k F(CLV...Ci--- V0O, — F(V". C)) ifk=0,
HTol(F(T)) = co er(i@ (C4 ) (Vie, Gi)) i
0 if k0,
- C’I“nF(Cl,CQ,...,Cn) 1fk:0,
~]o if k0.

Thus cr, F(Cy, Cy, ..., C,) is naturally quasi-isomorphic to T'otF(C).
Considering cr, F' as a functor of a single variable, i.e.,
ern F(C) = crpy F(C,...,C),
one can show that crp(crgF') = cry(erpF) for all p and ¢ using this model. For
example, if p =2 and ¢ = 1, then ¢r; F(C) is quasi-isomorphic to the complex

and cra(cr1 F)(C) is quasi-isomorphic to the total complex of
Fo) — F()

crlfI(C) — cm}f(*) RO </_l Fix) e
ecriF(CVC) «— erF(C) - | F/(*) T F;k)
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764 B. JOHNSON AND R. MCCARTHY

On the other hand,

e e
07“25( )g F(C) - F(*)
F(CvC) «— F()

That is, crocr1 F(C) and cricra F/(C) are quasi-isomorphic to the total complex of
the same 3-cubical diagram. In general, crp(cry F)(C) and crq(crpF)(C) are both
quasi-isomorphic to the compleX obtained by applying F to the (p 4+ g)-cubical
diagram C in C with C(U,V) Vigu(V ) for (U, V) € P((p)) x P({q)) and
maps given by inclusions of the form (U \ {é} >< V— U xVand U x (V\{j}) —
UxV.

Note that ¢ry,+1 F 22 0 if and only if erg F' 22 0 for all £ > n+ 1 or, equivalently, if
crp I is a degree 1 functor in each of its n variables separately. If a functor is degree
n, then we consider it to be degree k for all £ > n as well. When one composes a
degree n and a degree m functor, the result is a functor of degree mn, as we prove
below.

Proposition 1.6. Let A’ be an abelian category. Let F : A — A’ be a degree n
functor and G : C — A a degree m functor. The functor F oG :C — A’ is degree
mn.

Proof. Let X1,...,X, be objects in C and (p) = {1,2,...,p}. For U = {s1, .. st}
C (p), let cryG denote criG(Xs,,...,Xs,), and for U = 0, let cryG = G(x )
Definition 1.1 and Proposition 1.2 we know that

P
FoG(\/ X)) =F|Gxe P olGX,,....X,,)
j=1

{81,...,St}g<p>

F(x) @ @ criF(ery, G, ... cry, G).
{U1,....UL}CP((p))

1%

It follows that
crp(FoG)(Xy,...,Xp) = @ ceriF(ery, G, ... cry, G).

{U11~~~’Uk}§7’(<P>)»U?:1 Ui:<p>

Note that the condition that Ule U; = (p) comes from the fact that if Ule U; #
(p), then the summand cri F(cry, G, . .., cry, G) is a summand of

FoG(X1V--VX;V---VX,)

for some j. In this case, the summand is part of a lower order cross effect. Since G
is degree m and F' is degree n, the terms above are nontrivial only when p < mn.
Hence, F' o G is degree mn. O

We will consider two adjoint pairs related to the (n + 1)st cross effect. The
second of these pairs will be used in the next section to define the universal degree
n tower. The first pair will be used to construct a related tower.
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DERIVING CALCULUS WITH COTRIPLES 765

Example 1.7 (The adjoint pair (p,,U)). Recall that a functor F : ¢ — A is
reduced if F(x) = 0. Let Func.(C,A) be the category of reduced functors from
C to A with natural transformations as morphisms, and let Func,(C,.A) be the
subcategory of reduced degree n functors. Let U : Func,(C, A) — Func.(C,.A)
be the forgetful functor. The functor U has a left adjoint. To define it, we let +
denote the natural transformation from cr,, 41 F — F defined for an object M in C
to be the composite

) n+1
Fan F(M,..., M) 2SF(\) M)“H (),
i=1
where inc denotes the inclusion of ¢r,, 41 F as a direct summand of F(V::f M) and
+ is the fold map. We set

pnF = coker (crp 41 F-5F)
and leave it to the reader to check that p,, is left adjoint to U.

We can extend this adjoint pair (p,,U) to unreduced functors as follows. Every
functor F' is naturally isomorphic to F (%) @ c¢r1 F, where ¢ri F is reduced. Hence,
if we define )

ppF = coker (crn+1(cr1F)i>cr1F RALLY F),
then we have extended our adjoint pair to all functors.
The adjunction map F — p, F (which we will write as p,,) is natural, and is an

isomorphism if F' is degree n. Thus we obtain an inverse limit system:
F

Prnt1 J{p" N\ Pr—1

dn+1 qn

= pppF — ppF pnaF — - = piF — poF = F(x)

where p,—1 = gn(pn). Clearly, when F is degree n, this tower converges to F, i.e.,
the inverse limit of the tower is isomorphic to F. In addition, the p,F’s form the
0th homology of the functors in the tower we describe in section 2.

Example 1.8 (The adjoint pair (A*,crp11)). Let Func,(C*"*1 A) be the cate-
gory of functors of n + 1 variables from C to A that are reduced in each variable
separately. Let A* be the functor from Func,(C*"!, A) to Func.(C,.A) obtained
by composing a functor with the diagonal functor from C to C*"*!. The (n + 1)st
cross effect is the right adjoint to A*. The natural isomorphism

(1.9) Hompunc* (C,A) (F 9] A, G) = Hompunc*(CX7z+17A) (F, Clp+1 G)

is defined as follows. For objects My, ..., M,11 in C,let i : F(My,...,Mu41) —
crpt1(F o A)(My, ..., M,11) be the composite

. ) n+1 n+1
F(My,..., Myy) i) p <\/ M., \/ Mi>
=1 =1

5 C7“n+1(FO A)(Mla s 7Mn+1)a

where i1, ...,9,41 are the natural inclusions and = projects F o A(\/:.fl1 M;) onto
its summand crp41(F o A)(My, ..., My11). Then, the isomorphism (1.9) takes a
natural transformation 5 : F'o A — G to the composite

F 5 erpgi(FoA) ol crn+1G.
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766 B. JOHNSON AND R. MCCARTHY

And, for an object M in C, a natural transformation o : F' — ¢ry,4+1G is sent to the
natural composite

) n+1
F(M,...,M) % erpG(M,...,M)™ G (\/ M) “D ),
i=1

where inc and + are the transformations used in the previous example. Note that

coadj .
prn = cokernel (A* o cry,41 204 id),

where coadj denotes the counit of the adjunction.

2. COTRIPLE CONSTRUCTIONS AND DEGREE 1 FUNCTORS

In Example 1.7 we discussed how to create a degree n functor p, F' from an arbi-
trary functor F'. As we indicated in the introduction, p, is a right exact functor of
functors, but is not exact. In this section, we construct, for each n > 0 and functor
F, a functor P,F that is degree n up to quasi-isomorphism, and show that P, is
an exact functor of functors. Moreover, we build an inverse limit system, similar
to that of Example 1.7, comprising the functors P F, P F, ..., P, 1 F, P, F,... and
natural transformations from F to each of these functors. We prove that the P, F’s
are universal among degree n functors with natural transformations from F. Our
constructions rely on the use of a cotriple arising from the adjoint pair of Example
1.8. We begin this section by reviewing some facts about cotriples needed for the
definitions of P, F' and the universal degree n tower. Further details about cotriples
can be found in [We) §8.6]. Throughout this section, unless otherwise noted, C is a
basepointed category with finite coproducts, A is an abelian category, and B is an
arbitrary category.

Definition 2.1. A cotriple (or comonad) (L, €, §) in the category B is a functor
1 : B — B together with natural transformations € : 1 = idg and § : 1| = 11
such that the following diagrams commute:

IR 1(L) €

lé lcﬂ =/ l‘s =
L) 2 1) =11(1) Lo 1) L
Cotriples often arise from adjoint pairs.

Example 2.2. Let (F,U) be a pair of adjoint functors and L = FU. Let € be a
counit and 7 a unit for the adjoint pair. Let ny be the natural transformation that
for an object B is given by ny(p) : U(B) — UF(U(B)). Then (L,¢, F(ny)) is a
cotriple. In particular, the adjoint pair of Example 1.8 yields the cotriple A*ocry,4+1.

Cotriples yield simplicial objects in the following manner.

Remark 2.3. Let (L,¢,0) be a cotriple in B and let B be an object in B. Then
1L*+1B is the following simplicial object in B:

n+1 times
[n] — LB = 1 B,
di=1We =9 . (B _, (B,
si= L1051 o [ tp (2B,
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DERIVING CALCULUS WITH COTRIPLES 767

Observe that L**! is augmented over idg by e. In particular, if we consider
(idp,id,id) as the trivial cotriple, then € gives a natural simplicial map from 1 **!
to id* ™!, where id**! is the trivial simplicial B-object.

Using L**! and the augmentation, one can construct the following chain complex
for the abelian category A.

Definition 2.4. Let (L, ¢,d) be a cotriple on an abelian category A and let A be
an object in A. Then O (A) is the chain complex with

ciw-{
and 0y, : C;-(A) — C;-_{(A) defined by

n—1
€ ifn=1,
8n = n—1 ; .
Yoo (=1)d; ifn>1.

A ifn=0,
1"A ifn >0,

The chain complex C;-(A) is the mapping cone of the composition
C(L*A) -5 C(id™A) = N(id* ' A) = A,

where C'(L*+*A) and C(id**" A) are the chain complexes associated to L**1 A and
id**1 A, respectively, and N (id*+1A) is the normalized chain complex associated to
id*t1 A, (See [We, §8.2-3] for definitions of C' and N.)

For an object A in A, the chain complex C;-(A) is acyclic whenever € : LA — A
has a section. This is a consequence of the next proposition and will be useful
in proving several results concerning the functor P, F. (For readers familiar with
cotriples, these results are related to the fact that 1*T*A —— A is aspherical when
A is a L-projective object in A. See [We, 8.6.8].)

Proposition 2.5. Let (L,¢€,9) be a cotriple on an abelian category A, and let A be
an object in A. For any h € Hom4(A, LA), Ct(eoh) is chain homotopic to the
zero map on Ci(A).

Proof. We begin by noting that the diagram

1nA T ntigy
lﬁm lew
qnlg Ay

commutes by naturality of e for all n > 1. Thus, €, 0o L"h = 1" thoe .1 for
all n > 1. One can use this to show that the maps k, : 1L”A — 1"t A defined by
kn, = (=1)"L"h form a chain homotopy between C;-(e o h) and the zero map. [

Corollary 2.6. 1) Ife: LA — A has a section, then C-(A) ~ 0.
2) If A= LB for some object B in A, then C-(A) ~ 0.

Proof. 1) is a direct consequence of the proposition. To see that 2) is true, note
that § is a section to €, by the definition of cotriple. O

We are also able to show that L O (A) is an acyclic chain complex.
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Proposition 2.7. Let (L,€,d) be a cotriple in the abelian category A. For any
object A in A, the chain compler 1 (C(A)), obtained by applying L to C+(A)
degreewise, s acyclic.

Proof. The simplicial object J_(J_:‘lillA) is the path space of J_ZTIA, and the path
space is homotopy equivalent to the constant simplicial object LA (see [Wel pp.
269-270]). This homotopy equivalence yields the desired chain homotopy between
the identity and the zero map on 1(C;(A)). In particular, one can show that the
maps

Sin: LMHIA — 1724

form a chain contraction of the identity on L (C(A)), using the fact that, for any
t € Hom(Ln*t2=FA | nHl=k Q)

SinolFt =106 .

O

With this, we are able to define P, F' and prove that it is a degree n functor up
to quasi-isomorphism. In doing so, we will be working with a cotriple in the abelian
category Func,(C,.A) of reduced functors from C to A.

Definition 2.8. Let 1,11 = A* o ¢ryq1 be the cotriple on Func,(C,.A) obtained
from the adjoint pair (A*, cr,41) of Example 1.8. We define P, to be the functor
from Func,(C,A) to Func,(C,Ch>oA) given by

P,, = Mapping Cone [N(L:F}) - N(id*™") =id],

where N is the associated normalized chain complex of the simplicial object. We let
pn : id — P, be the natural transformation obtained from the mapping cone. Note
that this p,, is different from the p,, defined in section 1. Our desire to be consistent
with notation elsewhere has led to this abuse of notation, but we hope that the
meaning of p, will be clear from context. For a functor F in Func,(C,A), P, F is
naturally chain homotopy equivalent to the chain complex C:‘ "1 (F). Both of these
models will be important for subsequent results. We will use them interchangeably.

We extend the definition of P, F from the category of reduced functors to the
category Func(C,A) of all functors from C to A as follows. Every functor F' is
naturally isomorphic to F'(x) @ cr1 F', where cri F' is reduced. We define

P, F' = Mapping Cone [N(Liticri F) - NGd* T er F) = er F Ine, F).

We can also extend the definition of P, to functors from C to Ch>oA. To do
so, note that any functor F, : C — Chx>oA is equivalent to a chain complex of
functors from C to A. Applying P, to each functor in the chain complex, we obtain
a bicomplex of functors. Taking the total complex (using direct sums and the sign
convention of Remark 2.5 in [J-M1]) produces a new functor from C to Ch>.A that
we will call P, F,. When A is cocomplete, P, F can also be defined in this manner
for functors F' : C — ChA, where ChA denotes the category of unbounded chain
complexes over A.

We now focus our attention on those properties of P, F' of greatest interest to us
— that the P, F’s form a tower of universal degree n functors similar to Goodwillie’s
Taylor tower of n-excisive functors. The functor P, F is degree n in the following
sense.
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Definition 2.9. Given a functor F' from C to ChA, we say that F is degree n
if erp 1 F is acyclic as a functor from C*"*! to ChA. That is, cr,.1F has no
homology when evaluated on a collection of n + 1 objects in C. We say that F' is
strictly degree n if crp41F 22 0.

Note. Technically this terminology contradicts our definition of degree n in sec-
tion 1, as Ch(A) is an additive category. However, when we write Ch(A) we
are implicitly considering this as a category with a localizing subcategory of weak
equivalences determined by quasi-isomorphism. We choose our terminology so that
degree n reflects this additional structure, and trust that no serious confusion will
arise in practice.

Proposition 2.10. Let A’ be an abelian category, F: ChA — ChA’ and G : C —
ChA. If I is degree n and G is degree m, then F o G is degree mn.

Proof. The proof is similar to that of Proposition 1.6. (]

Lemma 2.11. Let F': C — Ch>oA (or F : C — ChA for A cocomplete).

1) The functor P,F is degree n.

2) If F is degree n, then p, : F — P, F is a quasi-isomorphism.

3) The pair (P, py,) is universal up to natural quasi-isomorphism with respect
to degree n functors with natural transformations from F.

Proof. For each k, 1,41(P,F)) is acyclic by Proposition 2.7. It follows that
crns1PnFi(X1, ..., Xny1) is acyclic for any Xq,..., X, 11 by setting X = \/?:11 X;
and noting that cry, 11 P, Fi. (X1, ..., Xnt1) is a direct summand of L, 41 (P, F)(X).
Then crp4+1(P,F) is the total complex of a bicomplex supported in quadrants I and
IV with acyclic rows, and so is itself acyclic.

If F is degree n, then 1,1 F is acyclic. Since 1,41 is exact, it follows that
Lk F is acyclic for all k > 1. As a consequence, C(L;*]F) is an acyclic chain
complex, and since N(L 1 F) ~ O(L* T F) ([We], Theorem 8.3.8), N(LT1F) is

n+1 n+1 n+1
acyclic as well. Recall that

P, F = Mapping Cone[N (L1 F) — F]
and p, : F — P,F is the natural transformation associated to the mapping
cone. Since N (J_ZTIF) ~ (, it follows from properties of mapping cones that
pn - F— P, F is a quasi-isomorphism.
Part 3) follows by an argument similar to that used to prove Proposition 1.18 of

IG1]. Let 7: F — G be a natural transformation from F to a degree n functor G.
Considering the commutative diagram

F —/— 5 @G

lpnF lpnG

pPF ", p.G
one sees that, up to quasi-isomorphism, 7 factors through p,F, since p,G is a
quasi-isomorphism. To see that this factorization is unique, consider the diagram

Foor PF —2 . G

lpnF‘ lpn(PnF) lpnG

pF P ppFy 27, poa.
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If o op, F = 7, then P00 P, (pnF) = P,(00p,F) must equal P, (7). It is straight-
forward to show that p,(P,F) ~ P,(p,F). Then p,G, P,(p,F), and p,(P,F) are
all quasi-isomorphisms, and it follows that ¢ is uniquely determined by P, 7 (and
hence 7) up to quasi-isomorphism. (I

By Lemma 2.11 we obtain, up to quasi-isomorphism, natural transformations
gn : P, — P,_1 that produce the desired tower of functors. For a functor F,

gnF' is obtained by composing P, (p,—1F) with the inverse of the natural quasi-

. . PnPn 1 F .
isomorphism P, 1F =~ — P, P,_1F. However, g, can also be obtained as an

explicit natural transformation. To do so, first note that if we have a natural
transformation n : L,,+1 — L,, of cotriples, we can define a natural transformation
from P, to P,_1 by using the chain map given by

(k) = L5 0, ) o L2 (nys o rom

nt1’
Then ¢, : P, — P,_1 is the natural transformation determined by the natural
composite:

inc

qn : Crpp F(IMM ... . M) — cerp, F(MV M, M,....M)

ermF i) o B(M,. L, M),

Hence we have the following theorem.
Theorem 2.12. Given a functor F' from C to Ch>oA, there is a natural tower of
functors:
F
Pnt1 lp” N Pr1
.= PoyF "™ pPF % P, F —...— PF— BF=F().
The 0th homology of this tower is the tower of Example 1.7 for Hy(F). The pairs

(P, pn) are universal (up to natural quasi-isomorphism) with respect to maps from
F to degree n functors. The result holds for F : C — ChA when A is cocomplete.

As indicated above, for a functor F' from C to A, HoP,F is the functor p,F
defined in Example 1.7. Note that p, does not preserve short exact sequences
of functors. In particular, for a short exact sequence (that is, short exact upon
evaluation at any given object)

0—-F—-G—-H-—0
of functors from C to A, the snake lemma yields an exact sequence
ker(l,11F—F) — ker(L,4+1G—G) — ker(L,+1H—H)
— ppF — ppG — ppH — 0.
There are many examples for which ker(L, 1 H — H) is not zero (e.g., H = T"*1)

and so the sequence p, F' — p,G — p, H is not exact. However, P, preserves short
exact sequences.

Proposition 2.13. 1) For any functor F : C — A we have Ho(P,F) = p,F, the
functor defined in Example 1.7.

2) If F — G — H s a short exact sequence of functors, then P,F — P,G —
P, H is a short exact sequence of chain complexes of functors.

3) The functor P, preserves quasi-isomorphisms of functors.
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Proof. The proof of 1) follows by definition. The proof of 2) follows from the
definition of P, and the fact that 1,; is exact. For a natural transformation
F -5 @ that is a quasi-isomorphism on all objects in C, 3) follows from 2) by
using the short exact sequence associated with the mapping cone of 7 and showing
that P, preserves acyclicity. O

We conclude this section with some examples and comparisons with related func-
tors.

Examples and Remarks 2.14. 1) The functor P, F' is a reformulation and exten-
sion of Mac Lane’s Q-construction ([E-MI1]). That is, when F = S[—]: Mrp — Mg
is the functor that takes an R-module to the free S-module generated by its under-
lying set, P1.S[—]| is isomorphic to Mac Lane’s Q-construction for the rings R and
S. For an R-module M, the Q-construction in this case is an explicit chain com-
plex whose homology is the stable homology of M with coefficients in S, i.e., the
homotopy of the smash product of the Eilenberg-Mac Lane spectra HM and HS.
More generally, for an arbitrary functor F' from Mp to Mg, P, F is isomorphic to
the generalization of Mac Lane’s Q-construction found in [J-P]. The isomorphism
comes from a direct comparison of the two chain complexes. For example, the
degeneracies of Lfbill correspond to the slabs of the Q-construction.

2) When F is the simplicial prolongation of a functor, the homology groups of
P, F are isomorphic to the stable derived functors of F' as defined by Dold and
Puppe ([D=P]). That is, P, F' is equivalent to a direct limit of functors of the form
Q"FB™, where Q is the loop space functor and B is the bar construction. See
[J=M1] for more details.

3) For an arbitrary n, P,F is isomorphic to the P,F defined in [J-M2] for
the same reasons that P;F was isomorphic to the Q-construction. In [J-M2], the
functors P, F’ were used to obtain explicit models for Goodwillie’s nth degree Taylor
polynomial approximations to functors in certain cases. In particular, given a
functor F from Mg to Mg, we can construct a corresponding functor of spaces
F. For such functors we show that Pnﬁ , the degree n term in Goodwillie’s Taylor
tower for F' (as defined in [G3]), is naturally equivalent to P,F, the functor of
spaces arising from the functor P, F defined above. In general, the Taylor tower
defined in this section is not the same as Goodwillie’s tower. Our tower is a tower
of degree n functors, whereas Goodwillie’s tower consists of n-excisive functors. See
section 5 of [I=MZ2] for details.

4) By Example 1.4.1 and Lemma 2.11, P,F = F when F is the n-fold tensor
product, symmetric power, or exterior power functor. Simson and Tyc ([S], [S=1]),
Betley ([Be]), and Bousfield ([Ba]) have determined the homology of P; F' in some
cases when F' is the nth symmetric power or exterior power functor. Section 4 of
[J-M1] contains a summary of Simson and Tyc’s calculations.

5) The Taylor tower for the functor Exp of Example 1.4.3 is studied in section
6.

6) In the next section (Proposition 3.2) we will prove that for any functor F' : C —
ChA (A is cocomplete), Py L, F ~ 0 if k < n. From this, it follows that for k < n,
PP, F is the total complex of a bicomplex whose bottom row is PiF' and whose
other rows are acyclic. Hence Py F' ~ Py P, F for k < n. This quasi-isomorphism is
given by the natural transformation Py (p,F).
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7) The nth layer of the tower of Theorem 2.12 is the functor D, F : C — ChA
given by

D, F = fiber(P,F 2 P, | F),

where the fiber is the homotopy fiber, i.e., the mapping cone shifted down one
degree. Note that D, F, P,F, and P, 1 F form a long exact sequence in homology

-—-H.D, ) - H,P,F—-H, P, \F—H, 1D,F— ---

It is straightforward to show that D, F' is a degree n functor. Moreover, P, D, F ~ 0
for k < n. To see this, note that by the previous example (and Lemma 2.11 in the
case where k =n — 1), we have

P, D, F = Pifiber(P,F — P,_1F)
~ fiber(Py P F — PyPp,_1 F)
~ fiber(P,F — P, F)
~ 0.

3. HOMOGENEOUS DEGREE n FUNCTORS

Our next goal is to determine the general form of the layers of our tower, i.e.,
the functors D, F' defined in Example 2.14.7. We prove that for each n, D, F is
naturally equivalent to the homotopy orbits (with respect to a symmetric group
action) of the functor obtained by applying D; to each variable of cr,F. This
characterization of the layers was inspired by a similar characterization established
by Goodwillie for his Taylor tower for functors of spaces (|G3]). To prove this result
in our setting, we first prove some general facts about the diagonals of functors of
n variables. We then review the definition and some basic properties of homotopy
orbits before proving the desired result for D, F'. We conclude the section with a
remark indicating why homotopy orbits arise in the layers. Throughout this section,
C is a basepointed category with finite coproducts and A is a cocomplete abelian
category. The results in this section are stated for functors to Ch.A, but also hold
for functors to Ch>0.A when A is not cocomplete.

The nth cross effect functor is a functor of n variables. We single out for special
attention the following properties that functors of n variables may have, and new
functors that can be built from functors of n variables.

Definition 3.1. Let G be a functor from C*" to Ch.A.
1) The diagonal of G is the functor G* = G o A : C — ChA obtained by
composition with the diagonal functor.
2) If G(M, ..., M,) ~ 0 whenever any M; = %, we say that G is n-multireduced.
3) G is n-multiadditive if G is n-multireduced and degree 1 in each of its variables.
4) The n-multilinearization of G, DEH)G7 is the functor that results when Dq
is applied to each variable of G separately. That is, Dgn)G = DiD?D3... DG,
where D¥G is the functor obtained by holding all but the kth variable of G' constant
and applying D; to this functor of one variable.

We will ultimately show that D,F is equivalent to the homotopy orbits of
Dgn)crnF . The first step in this process is to analyze PG for an n-multireduced
functor G.
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Proposition 3.2. For an n-multireduced functor G : C*"™ — ChA,

P.GA ~ 0 o z'fk;<n,
(D@D ifk=n.

We prove that P,G® ~ 0 for k < n in the next lemma. This and the following
lemma, which implies that DEH)GA is degree n, are used to prove the remainder of
Proposition 3.2.

Lemma 3.3. Let G : C*" — ChA be an n-multireduced functor. For k < n,
PkGA ~ 0.

Proof. Fix t < n+1. We prove this result by constructing a section to L,G* — G*
and applying Corollary 2.6. For any object M in C, let n; : GA(M) — G» (V,M)
be the map defined by

e = Gler,ea,...,61-1,€1, €4, ...,€¢),

where e; : M — \/, M is the standard inclusion into the ith position. Observe that
for the fold map +:\/, M — M,

GA(+)om =idga .

We claim that 7, yields a natural section 7, : G® — ¢r,G® to the map + : cry G2 —
G? defined in Example 1.7. To see this, consider the decomposition of G*(\/, M)
as a sum of cross effects:

Gt <\/ M) = S5 cry G2 (M).
{s1,82,.

t 8p}C{1,2,...,t}

We are interested in the image of 7; in each of these summands. In particular, we
claim that for p < t the image of 7; in each cr,G®(M) is 0. This follows by noting
that for p < t, the composite

GA (M) 15 gh <\t/ M) —GA <\,,/ M)

given by any of the natural projections \/, M — \/p M is the zero map, since G
is multireduced. Since cr,G®(M) is a direct summand of GA(\/p M), the image
of n; in er,GR(M) is 0 for each copy of cr, G2 (M) in GA(\/, M). Thus the image
of 7 is contained entirely in cr;G* (M), and so 7y : G® — cryG® is a section to
+:erGA — GA. Hence P,_1G? ~ 0 by Corollary 2.6. O

Lemma 3.4. If H : C*" — ChA is an n-multiadditive functor, then H® is
degree n.

Proof. Let My, ..., M, be objects in C. Since H is multiadditive, we have a natural
quasi-isomorphism

HA(Ml\/"'\/Mt)Z @ H(Ma(l)w"vMa(n))v
a€Hom((n),(t))

where Hom((n), (t)) denotes the set of maps from (n) = {1,2,...,n} to (t) =
{1,2,...,t}. If € Hom((n), (t)) is not a surjection, then H(Mq(1y,. .., Mq(n)) is
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a direct summand of HA(Ml VMoV .. ]\/4\1 -+-V My) for some i, and so is part of
a cross effect of order less than t. Hence,

cre HA (M, ..., M) ~ @ H(Mgy, ... M)
peSurj((n),(t))

Thus, when ¢t > n, er, H® ~ 0 and H is degree n. (]
We now examine P, G® and prove Proposition 3.2.

Proof (of Proposition 3.2). Let p(n) : G® — (DYL)G)A be the natural transforma-
tion that is p; in each variable of Dln)G. In other words, p(n) is the composite

G % pra 2L pripra 2L L pl pra = DG,
Consider the natural commuting diagram

lpnGA lpn(DYL)G)A

e p (DM G)A.

P,GA
Since DYL)G is n-multiadditive, the right vertical map is a quasi-isomorphism by
Lemma 3.4 and Lemma 2.11. Hence it suffices to show that the lower horizontal map
is also a quasi-isomorphism. To do this, we first observe, by using the unnormalized
model for Dy, that (DEH)G)A is naturally the total complex of an n-dimensional
complex given by

(i, k) = (L8 1868,

where J_(le) e J_ék")G denotes the functor produced by applying J_ék”) in the ith
variable. At degree (0,0,...,0), the functor in this complex is G® and p(n) is
the inclusion of G at this level. Hence P,p(n) is the inclusion of P,,G? into the
complex given by

(k.. k) = Po(LS L) () gydy),

However, Pn((J_gkl)J_ékz) . J_ék”)G)A) is contractible when ki, ..., k&, are not all
0. This follows from Lemma 3.3 once we recognize that (Lékl)Lékz) e Lék”)G)A is
the diagonal of a functor of at least n + 1 variables when (k1,...,k,) # (0,...,0),
and is reduced in each of these variables. Thus P, p(n) is a quasi-isomorphism, and
the result follows. O

The previous results show that Dgn)crnFA has certain properties in common
with D, F: Lemma 3.4 implies that Dgn)crnFA is degree n, and Proposition 3.2
implies that Pk(DYL)crnFA) ~ 0 for £k < n. It remains to show that D,F is
naturally equivalent to (Dgn)crnF )ns,,, where hY,, denotes the homotopy orbits
with respect to the nth symmetric group action that permutes the variables of
crn F'. We review some of the properties of homotopy orbits that will be needed.
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Definition 3.5. Let G be a group and X a (left) G-object in A. By the homotopy
orbits of X we mean the simplicial object in A, denoted Xpq, given by

[n] — G*™ x X,
(92;~~79m$)7 Z:Oa
d’i(gl""7gn7x): (gl;---7gigi+17---7gn;x); 1SZSn_17
(gla o 7gn—1;gnx)7 1= n,

Sj(glv"'vgnax) = (glv"'7gjaeagj+17~'~vgnax)'

This can be written equivalently as Z|EG]®z¢) X, where EG is a free G-resolution
of Z. If X, is a chain complex of G-objects, then by (X,)ne we mean the total
complex of the natural complex obtained by applying ( )ng degreewise.

When A is the category of abelian groups, X is a G-module and the homology
of Xpa is the usual group homology of G with coefficients in X. If X is a free
G-object (or a chain complex of free G-objects), then it follows from the definition
above that X ~ Xqg, where X denotes the orbits of X under the action of
G. In particular, if X ~ Z[G] ®z Y, then X;,¢ ~ X¢ ~ Y. In general, orbits
and homotopy orbits are distinct. For example, it is straightforward to show that
homotopy orbits preserve quasi-isomorphisms, whereas the example below shows
that orbits do not possess this property.

Example 3.6. Let X be a G-object in A, and let P, — X be a resolution of
X by free G-objects. Orbits preserve this equivalence only when H;(Xp¢) = 0 for
i > 0. To see this, apply the homotopy orbit construction degreewise to P, and X
to obtain a quasi-isomorphism of bicomplexes

(P)ne — Xna,

where X}, is a bicomplex with one nontrivial row. Note that since P, is composed
of free G-objects, P is the total complex of a bicomplex in which the ith row (in
the direction of the homotopy orbit construction) is quasi-isomorphic to (P;)g. It
follows that (Py)e ~ (Pi)ne ~ Xng. Moreover, Ho((Py)s) = X¢. Hence (Py)q
is quasi-isomorphic to X¢ if and only if the homology of X« vanishes in degrees
greater than 0. But often this is not the case. For example, the homology of the
nth symmetric group with coefficients in Z does not vanish in degrees greater than
0.

To show that D, F' is quasi-isomorphic to Dgn)crthzn in the case where F' is
degree n, we construct a natural transformation n, : cr,Frx, — F, as follows.
Since Ho(Xne) = X¢, we have a natural sequence

X — Xpe — Xg

that factors the map X — X. We will be interested in this map in the case where
X is the nth cross effect of a functor and G is the nth symmetric group. Observe
that the natural transformation + : ¢r, F' — F of Example 1.7 factors as

crnF — (crpF)s, - F

since \/,, X —, X is ©,-invariant for any object X in C when ¥, acts by permuting
the terms of \/,, X. We will consider the natural transformation

MNn
Cr'p, thn —
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produced by composing the map (¢r, F)ps, — (crnF)s, with 4+, and show that
crn(ny) is an equivalence for degree n functors.

Lemma 3.7. If F : C — ChA is a degree n functor, then cry,(n,) is a quasi-
isomorphism.

Before proving this lemma, note that ( )p¢ is an additive functor on A. As a
result, when ( )¢ is applied to functors it commutes with cross effects and preserves
the degree of a functor.

Proof. We begin by determining cry,(cr,F). Since F' is degree n, we know that
crp I is additive in each of its variables. Thus, for objects X1, Xo,..., X, in C,

t t
C?“nF (\/ X“,\/X1> = @ C?“nF(Xg(l),Xg(g),...,Xﬁ(n)).
i=1 i=1

BEHom((n),(t))

This is a ¥,-equivariant isomorphism with the 3,-action on the right side given by
o*(B,u) = (Boo~t oxu). It follows that

crp(erp F) & @ ernF 2 Z[%,] ®z cry F.
BES,

Under this identification, the ¥,-action on Z[¥,] ®z cr, F' is still given by
cx(fRu)=(foc )@ (0*u)

for g € ¥, and u € ¢r, F(X). Thus cr,(cr,F) is a free ¥,-object, and we obtain
the indicated equivalences in the natural commutative diagram

(Z[S]) @z crnFps, —  (era(eraF))ns,

~

~

(Z[E,]) @z crnF)s, —  (crp(ernF))s,
\ lcrn(Jr)

crp F.

We claim that the composite from (Z[X,] ®z c¢rn F)x, to crp F' that factors through
(crp(crpF))s, is a quasi-isomorphism. One can see this by observing that the
composite

) er(}) crnF

7%, ®z crn F =, ern(erp F
is defined for g € ¥,, and u € cr, F(X) by f® u — [ *u. This map is ¥,-invariant
under the ¥,-action described above, so it induces the composite

crn(+
—(> ) crpF.

(Z]2,] @z crpn F)y, = (crn(crnF))s
But this is naturally equivalent to the equivalence
(Z[2,)] ®z crpF)x, — crnF

for free ¥,,-objects described after Definition 3.5. Hence the composite is an equiv-
alence. It follows that the composition of the right vertical maps in the diagram is
a quasi-isomorphism. Since this is ¢ry, (1), the proof is complete. O

n

Hence, when F is degree n, crp(crnFrs,) ~ crpF. In this case, cr, F' and
consequently cry, (cr, Fry,, ) are additive in each variable. Thus, cr, Fyx, is degree
n as well. We show below that cr, Fix, is quasi-isomorphic to D, F.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DERIVING CALCULUS WITH COTRIPLES T

Lemma 3.8. If F: C — ChA is degree n, then D, F ~ cr, Fpy, .

Proof. Consider the following commutative diagram of chain complexes:

D, F
crnFyy, 5 F — Map cone(ny,)
lpn—lF Pn—1(Map cone(ny,))

P,_1F — P,_1(Map cone(n,)).

To conclude that D, F' =~ cr, Fpx, , it suffices to show that the lower horizontal and
rightmost vertical maps are equivalences. To do so, note that Lemma 3.7 implies
that cr,(Map cone(n,)) ~ 0, and so (Map cone(n,,)) is a degree n — 1 functor.
Thus, p,—1(Map cone(n,)) is an equivalence. Now consider the exact sequence
associated to the mapping cone:

crnFyy, — F — Map cone(ny,).
By Proposition 3.2, P,,_icr, Fpx,, ~ 0, and so applying P,_1 to this exact sequence
yields the desired equivalence from P,,_1 F' to P,_1(Map cone (1,,)). O

Using Lemma 3.8, we can describe D, F for any F.
Proposition 3.9. For any functor F' : C — ChA, D, F is naturally equivalent to
Dgn) C?“thEn .

Proof. We start by showing that D,F ~ D, P,F, and then prove the result for
D,P,F. Recall from Example 2.14.6 that P, 1P, F ~ P, _1F via the natural
transformation P,_1(p,). To see that D, F' ~ D, P, F, apply the five lemma to the
long exact sequence in homology associated to the commutative diagram

DnF — PnF E— Pn—lF
an(pn) an(pn) J/Pnfl(pn)
b,p V¥ — P,P,F —— P, _1P,F.

Hence, by Lemma 3.8, it suffices to show that cr, P, Fry, is naturally equivalent

to DYL)crthgn. However, DYL)crnF is n-multiadditive, and so by Lemma 3.4 its
diagonal is degree n. Since homotopy orbits preserve degree, we have a natural
quasi-isomorphism

(D™ er, F)ps,, = Py[D\cr, Frs, ).

We claim that cr, P, Fpx,, is also naturally equivalent to P, [DYL)crthgn]. To see

this, consider the natural map cr,F — Dgn)crnF . This map is X,-equivariant.

Since cr, F' is n-multireduced, the proof of Proposition 3.2 yields
Po(crnF2) ~ Pn(Dgn)crnFA).

Hence [P, (croF)|ns, =~ [Pn (Dgn)CTnF)]hzn. Since cross effects commute (Remark
1.5) and homotopy orbits commute with the P, construction, it follows that

raPoFhs, ~ Po(D™er, Fus,).
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Hence
D,F ~cr,P,Fys, ~ P, (Dgn)CTthZ") ~ (Dgn)crnF)hg”,
as desired. 0

We conclude with a remark to explain why homotopy orbits appear in the layers
of the tower.

Remark 3.10. Suppose F' is degree n. Recall that D, F' is the mapping cone of
P,F -4 P, |F. That is, it is Tot (shifted) of the following complex:

F — 1,h1F «— L(2)1F — Lf:le —

AR K ao

F — 1,F «— 19Yp — 19p

q®

Since F' is degree n, it follows that L,,+1F ~ 0, and hence we see that the natural
inclusion of the bicomplex

0 «— 0 0 — 0 — e
w1 | 1
0 «— 1,F «+— J_g)F — %B)F —

into (D,,) is a quasi-isomorphism. Since F' is degree n, it follows that L, F is the
diagonal of an n-multilinear functor, and hence we have a natural X, -equivariant
quasi-isomorphism, as in the proof of Lemma 3.7,

Z[%,] ®z L, F = 1, (L,F)=1OF
More generally, we obtain a natural isomorphism
ZZ T Qg Lo F 2 Z[8 W @z L, F — LITVE.

If one tracks through these natural quasi-isomorphisms (we leave this to the inter-
ested reader), one sees that there is a map of complexes
(3n) Z[EY,) @z, LnF — LOF
and hence a rather direct computation that, for F' of degree n,

Dy F >~ (LpnFps, = (crnF)ps,,.

Of course, since cr, F' is already n—multilinear in this situation, we recover our
previous characterization. Even when F' is strictly degree n, the layer D, F' is still
quasi-isomorphic to (cr, F)py, , and in this situation the inclusion of (L) into (D,,)
is practically an isomorphism and (¥,,) is an isomorphism of complexes.

4. CONVERGENCE AND CONTINUATION

In this section, we examine the homotopy inverse limit of the Taylor tower
-— P, F —- P, 1F—---— BF

constructed in Theorem 2.12, and its relationship to F. In particular, we are
interested in determining conditions under which the tower converges to the original
functor. We also prove a continuation principle for these limits in the following
sense. We show that, under certain conditions, equivalence between the P; terms
of the towers for two functors guarantees equivalence of the limits of the towers
of the functors. In this section, the category C is a basepointed category with
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finite coproducts and A is a cocomplete abelian category that satisfies AB4*: A is
complete and the product of any set of surjections is a surjection.

To define the limit of the Taylor tower of Theorem 2.12 we use homotopy limits.
We do this to ensure that the limit of the tower will preserve quasi-isomorphisms
of functors. One method for constructing the homotopy limit of a sequence of

chain maps is to replace the sequence {X, ELN Xn—1}tnen in ChA by a sequence

{X] I, X, _1}nen in ChA in which each f] is a surjection and X, is quasi-
isomorphic to X, for each n. This can be done as follows.

Remark 4.1. For a chain complex Y, let C'(Y') denote the cone on Y, ie.,, C(Y) =
Map cone(ly). Let C(Y)[—1] be the chain complex obtained by shifting C(Y")
down one degree. In this way, we have C(Y)[—1], = C(Y)n+1 = Yoy1 @ Y,, and
so the chain map C(Y) — Y[+1] shifts down to a chain map y : C(Y)[-1] — Y.

Given a chain map X 4, Y, we can form the commutative diagram
X Ly

|= H
0 — Map cone (f)[-1] — XaC(Y)[-1] Hy oy .

From this we see that any chain map f can be replaced by a surjective chain map
using a natural diagram of quasi-isomorphisms in which the kernel of the new map

is the homotopy fiber of f. Moreover, it follows that any sequence of chain maps

{Xn ELR Xn—1}nenN can be naturally replaced with a sequence of surjective chain

maps {X, In, X/ _1}nen such that the new chain maps are related to the original

maps by commuting lattices of quasi-isomorphisms

Xn i’ Xn—l

FF

0 — Map cone (fp)[-1] — X T xo

n—-1 0.

Using the new sequence of chain complexes {X/, ELN X! _1}nen, we define the

homotopy limit.

Definition 4.2. Let {X], LN X! _1}nen be the sequence of surjections obtained

from a sequence {X,, ELR Xn—1}nen as in Remark 4.1. The homotopy inverse limit
(or homotopy limit) of {X, ELN Xn—1}nen is given by
holim,, X,, = lim,, X/,.

Note that this definition is functorial. Replacing chain maps of a sequence

{Xn ELR Xn—1}nen in ChA by surjections has the advantage that the resulting

sequence {X/, I, X/ _1} satisfies the Mittag-Leffler condition, and so we obtain
from it a short exact sequence (see [We], pp. 82-83)

0 — lim} H;;1(X)) — H;(lim, X)) — lim,, H;(X],) — 0.
With the definition of homotopy limit this exact sequence becomes

(4.3) 0 — lim} H; 1 (X,,) — H;(holim, X,,) — lim,, H;(X,,) — 0.
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From this sequence, we see that if each X, € Ch>oA, then the homology of
holim ,, X, is concentrated in degrees > —1. If each f, is a surjection on Hy,
then the homology of holim ,,X,, is concentrated in non-negative degrees. Note
however that the chain complex holim , X, will not necessarily be bounded below,
because of the mapping cone used to construct each X/,.

With homotopy limits, we are able to discuss convergence of the sequence { P, F’

" p, 1 F}.

Definition 4.4. Let F' be a functor from C to Ch.A.
a) The limit of the tower

L p rx) 2  Px) Y S RyF
is the functor P, F' = holim, P,F. There is a natural transformation
PooF : FF — P F that comes from the composite maps p,F : FF —
P,F = P,F".
b) We say that the tower

L prx) 2B P P(x) Y S RyF
converges for the object X provided that F(X) Pee () P F(X) is a quasi-

isomorphism.
From this definition and results about the functors P, F', we have the following.

Lemma 4.5. a) If F is a degree n functor from C to ChA, then pooF is an
equivalence. That is, the tower converges for all objects X in C.

b) The functor P preserves quasi-isomorphisms and short exact sequences of
functors.

Proof. To see that a) is true, let F' be a degree n functor. Then, for any ¢ we have
H;(P,F) = H;(P,_1 F) for any ¢t > n, and so the sequence
- — Hy(PF) — Hi(P, 1 F) — -+ — Hiy(PoF)
satisfies the Mittag-Leffler condition. Hence lim? H;1(P.F) = 0, and the result
follows by using the sequence (4.3).
To see that b) is true, let ¥ — G — H be a short exact sequence of functors.
It is straightforward to verify that P,F’ — P,G' — P,H' is also a short exact

sequence of functors. Since the sequences { P, F'}, {P,,G'}, and {P, H'} satisfy the
Mittag-LefHler condition,

lim} P, F' = lim} P,G’ = lim} P, H' = 0.
Hence, since lim is left exact, the sequence
0— liern P, F' — 1iTan P.G' — 1i£nPnH' —0
is exact and P,, preserves exact sequences. The fact that P,, preserves quasi-

isomorphisms follows from this by using the exact sequence associated to the map-
ping cone of the quasi-isomorphism, and showing that P, preserves acyclicity. O

We can also establish the following result. This will be used in our discussion of
continuation later in the section.
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Lemma 4.6. For any functor F' : C — Ch.A, the natural transformation
Pk(pooF) : PkF — PkPooF
is a quasi-isomorphism for all objects in C.

Proof. We prove this result by first showing that PP F ~ holim, (PP, F) and
then using (4.3). From Definition 4.2 one can show that

holim,, X,, ~ fiber HXi = H X,
ieN X, —X;
where w is the difference of the maps
Wit (T)ien = (Ti)a:x;— X »
w2 ¢ (2i)ien = (@(2i))a:x, - x; -
One then has the following sequence of equivalences by using the above and noting

that the conditions placed on A, in particular AB4*, guarantee that P, commutes
with arbitrary products of functors:

P (holim,, P, F) ~ Pyfiber HPiFL H PF
€N a:P;F—P; F

~fiber | B [[PF2% P[] PF
€N (y:PjF—>P,;F

~ fiber HPkPiF — H P.P,F
ieN @:P;F—P,F
~ holim,, P, P, F. ‘
Thus Py Poo F' ~ holim,, P, P, F. Applying (4.3) to holim,, P, P,, F', we have
0 — lim! H; 1 (PyP,F) — H;(holim, P, P, F) — lim, H;(P, P, F) — 0.

From this sequence we see that holim,, Py P, F' ~ P, F, after recalling that Py P, F ~
P, F (Example 2.14.6) for k < n. The result follows. O

We next describe the extent to which the functors F' and P, F' agree, and con-
ditions under which F' and P, F' agree. To do so, we need a way to compare chain
complexes and functors to chain complexes. Our method of comparison is given in
the following definition.

Definition 4.7. The chain complex A is n-connected if H,(A) = 0 for * < n. A
chain map f : A — B is n-connected if H,(f) is an isomorphism for * < n and a
surjection for x = n. That is, a chain map is n-connected if and only if its homotopy
fiber is (n — 1)-connected.

By placing a connectivity condition on the iterated cross effects of a functor, we
can guarantee convergence of the Taylor tower.

Proposition 4.8. Let F : C — ChA, and let X be an object in C. If there is a

constant ¢ such that the connectivity of J_SJ)FIF(X) is at least ¢ — (t — 1) for any
1<t <gc, then p, F : F(X) — P,F(X) is c-connected.
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Proof. The homotopy fiber of F’ Pk P, F is quasi-isomorphic to the chain complex
obtained from the simplicial object l::_llF defined in Remark 2.3 for the cotriple
Lnt1=A%0cryi 1. When evaluated at X, LT} F(X) is a bicomplex of objects in
A. Consider the spectral sequence associated to this bicomplex. Taking homology
of this bicomplex in the direction of the t’s yields an E' sheet that by our initial

assumption looks like

H. (LM F(X)) * *
H,.(L°F(X)) 0 *
H.(L3F(X)) 0 0 --- * X K
H.(1?2F(X)) 0 0 .- 0 * *
H.(LF(X)) 0 0 0 0 *
dim 0 1 -+ ¢c—1 ¢ c+1.
Hence the homology of J_:‘lillF is 0 in degrees < ¢, and so p, F'(X) is c-connected.

O

With Proposition 4.8, we have a means of measuring whether or not the sequence
nF . .
— P, FS P, F—s ... converges for a given object X.

Definition 4.9. Let ' : C — ChA, and let X be an object in C. For n > 0 we
set

Feon(X,n) = max{c € Z | conn(LYF(X))>c—(t—1)for 1 <t <c}.

Corollary 4.10. If lim, o Feon(X,n) = N, then pooF : F(X) — Py F(X) is
(N — 1)-connected. In particular, when N = oo the Taylor tower converges for X.

Proof. Let M, F(X) = fiber(F(X) nf P,F(X)). Consider the exact sequence
derived from (4.3):

0 — lim 'Hi 1 (M, F(X)) — H;(holim, (M, F(X))) — lim H;(M, F(X)) = 0.

By Proposition 4.8 and our connectivity assumption, lim, H;(M,F(X)) = 0 and
lim! H;(M,F(X)) =0 for all i < N — 1. Hence, H;(holim, (M, F(X)) is (N — 2)-
connected. The result follows by noting that

fiber(F(X) — Py F(X)) 2 holim,, (F(X) — P,F(X)).
O

Example 4.11. Let F be the simplicial prolongation of a functor from an abelian
category A to an abelian category B. For a k-reduced chain complex X of objects
in A, one can use the Eilenberg-Zilber theorem (see [J-MI], 7.1 and 3.6) to show
that 1, F(X) is (nk +n — 1)-reduced. It follows that Feon(X,n) > nk+mn —1 for
all n. By Corollary 4.10, the Taylor tower of F' converges for all k-reduced X with
k>0.

We now focus our attention on the continuation principle that we described at the
beginning of this section. This result was inspired by one of the mostly widely-used
results of Goodwillie’s theory. In essence, the result allows one to establish that a
natural transformation is an equivalence of functors by proving it is an equivalence
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on the first terms of the associated Taylor towers. To see how this type of result
has been applied to K-theory, we refer the reader to [CCGH] and [MI]. Our result
will be expressed in terms of the following functors and categories.

Definition 4.12. 1) Fix X € C. Let Cx = X\C/X be the over/under category of
C with respect to X. That is, Cx is the basepointed category with finite coproducts
whose objects are objects of the form C' VvV X, where C' is an object in C, together
with structure maps ic € Home(X,C V X),m7¢ € Home(C V X, X) such that
mc oic = 1x. The morphism set of Cx consists of those morphisms from C that
preserve the structure maps, i.e.,

Home, (CVX,C'VX) = {a € Hom¢(CVX,C'VX) | acic = icr and 7 = meroal.

2) If F' is a functor from C to ChA, then Fy is the reduced functor from Cx to
ChA defined by

Fx(CV X;ic,mc) = kernel[F(C vV X) 7S F(X))].

Lemma 4.13. Let Fx : Cx — ChA be derived from F : C — ChA as above.
a) For objects X1 VX, XoV X,..., X,V X inCx,

ern Fx(Xh VX, XoVX, .., XpVX) 2 er, F(Xy, ..., X))@ F(X, X1, ..., Xn).
b) For any object Y V X inCx, (Fx)yvx = Fyvx-

Proof. To prove a), note that for an object ¥ V X in Cx, it follows from the
definitions of cross effects and F'x that

Fx(Y\/X) = C?“lF(Y) @C?"QF(X,Y).

Hence,
croFx(YV X, ZV X)X eryF(Z)Y)® ersF(X,Y, Z).
The result follows by induction.
To see that b) is true, consider the following commutative diagram:

(Fx)yvx(ZVYVX) —— Fyyz(ZVYVX) —— 0

I l l

Fx(ZVYVX) —— FZVYVX) —— F(X)

l ! H

Fx(Y v X) —— FYVX) —— F(X).

With this we can prove the desired continuation result.

Proposition 4.14. Let n: FF — G be a natural transformation of functors from
C to ChA. The following are equivalent.

a) Pinx : PLFx — PiGx is an equivalence for all X € C.

b) Pynx : P,Fx — P,Gx is an equivalence for all n and all X € C.

¢) Poonx : PxxFx — PGy is an equivalence for all X € C.

We prove Proposition 4.14 by first establishing the following special case.

Lemma 4.15. Let F : C — ChA. If PLFx ~ 0 for all X € C, then P,Fx ~ 0
for alln and X € C.
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Proof. Consider the exact sequence of functors D, Fx — P,Fx — P,_1Fx. Using
this sequence and induction, it suffices to show that D, Fx ~ 0 for all n and X.
By Proposition 3.9 we know that D, Fx ~ (DYL)crnFX)hgn. Thus it is enough to
prove that Dycr, Fx(—, Xa,...,X,) ~ 0 for all X, Xo,...,X,,. We do this by first
proving it in the case that X = x, where * is the initial/final object in C.

By our hypothesis, D1 Fx ~ P Fx ~ 0 for all X. But, by Lemma 4.13a and the
fact that D preserves direct sums of functors,

0~ D1Fx(YVX)~DieriF(Y)®DicraF(X,Y) ~ Dicr1 Fo (Y)® Dicra Fi (X, Y),

for any X and Y. Hence DicroFy ~ 0. For n > 2, Dicr,Fyo(X1,Xo,...,X,) is a
direct summand of Dycry,—1F(X1V Xo, ..., X,,), and so by induction Dyer, Fy ~ 0
for all n. Now consider Dycr,Fx. By Lemma 4.13b, Fx ~ (F,)x. Hence, by
Lemma 4.13a, Dycr, Fx ~ 0, and the result follows. O

Proof of Proposition 4.14. For X € C, let Mx be the functor given by the mapping
cone of nx. By applying Lemma 4.15 to M x we see that a) and b) are equivalent. To
see that b) and c¢) are equivalent, note that by Lemma 4.5b, P,,nx is an equivalence
if and only if P,uMx ~ 0. Now assume c) is true. Then P-oMx ~ 0 and, by
Lemma 4.6, P,Mx ~ P,(PsxxMx) ~ 0. Hence b) holds. Conversely, if b) is true,
then H;(P,Mx) = 0 for all i,n and X. Using (4.3), we see that H;(Ps,Mx) = 0,
and so P,,nx is an equivalence. O

5. THE DIFFERENTIAL OF A FUNCTOR

Our goal in this section is to define “differentials” for functors and determine
how these differentials behave, especially with respect to the components of the
Taylor tower. After motivating and stating the definition for differentials at the
beginning of the section, we establish their basic properties, including a product
rule and chain rule. We then examine how the differentials are related to the
functor D,,. To complete the section, we determine the effect of the differentials
on the functors P,. In particular, we will show that VP, ~ P, 1V, where V
denotes the differential construction. We assume throughout this section that C is
a basepointed category with finite coproducts, A is a cocomplete abelian category,
and F' is a functor from C to Ch.A.

Recall that for a differentiable multivariable function f, the derivative of f at
the point g in the direction v is determined by

- fly+hv) = fly)
This is a function of two variables, v and y, that is linear with respect to the first
variable, but not, in general, with respect to the second variable. The function
t — Vi f(y) determines the tangent line to the graph of f in the direction v.

To mimic this construction for the differential of a functor, we begin by noting
that

Fy(X) = ker(F(Y V X) — F(Y))

plays the same role in our setting as the expression f(y + v) — f(y). Moreover,
applying D; to a functor produces the degree 1, reduced component of the func-
tor, and hence corresponds to limy_.q % in the expression above. Thus, we define
VxF(Y) for a functor F as follows.
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Definition 5.1. Let F : C — ChA, and let X and Y be objects in C. The
differential of F' is the bifunctor defined by

VxF(Y)=VF(X;Y)=D:Fy(Y VX).
Remarks 5.2. a) Recall from the proof of Lemma 4.13 that Fy (YVX) = cry F(X,Y)
@ cr1 F(X). Hence,
VE(X;Y)=D1Fy(XVY)

= Dilera F(=,Y) ® er FI(—)](X)

= DieryF(X,Y) @ D1 F(X),
where D} denotes the linearization of the bifunctor cro F' with respect to its first
variable. If we hold Y fixed, it follows immediately that VF(—;Y") is degree 1 with
respect to its first variable. In general, VF' is not degree 1 with respect to its second
variable, as c¢roF(X,Y) is degree one in its second variable if and only if F is a
degree two functor.

b) It follows from a) that the functor of functors V preserves short exact se-
quences. That is, given a short exact sequence of functors

0= F" 2P o,
then
VS vJ AR vj AR vj A
is a short exact sequence of functors as well.

We wish to establish some properties of the differential that are analogous to
properties of the differential for multivariable functions. The first property is es-
sentially a restatement of Proposition 4.14 in terms of the differential, and is a
version of Goodwillie’s “first derivative criterion” ([G2], theorem 5.10). Roughly, it

says that if the differentials of two functors agree in a neighborhood of the object
Y, then the functors themselves agree up to a constant. More precisely, we have

Proposition 5.3. Let F,G : C — ChA, andletn : F' — G be a natural transforma-
tion. If Vn(X;Y) is an equivalence for all X and Y, then Pxny : PxoFy — PaoGy
is an equivalence for all Y.

Proof. By definition, VF(—;Y) = Dy Fy. Hence Vi(—;Y) : D1 Fy — D1Gy, and
as a consequence P Fy =, P1Gy. The result follows by Proposition 4.14. O

The next property demonstrates that V lowers the degree of a functor by 1.

Proposition 5.4. If F: C — ChA is a degree n functor, then VF is degree n — 1
with respect to its second variable.

Proof. By Remark 1.5,
ern(craF (X1, =) (Xo, ..., Xng1) = era(ern F(—, X3, ..., Xpt1)) (X1, Xo).
But since F' is degree n, cr, F' is additive in each of its variables. Hence
cra(ernF(—, Xs3,..., Xny1)) ~ 0.

It follows by Remark 5.2a that c¢r,VF(X;—) = 0, since D;F(X) is constant
with respect to the second variable of VF, and it is straightforward to show that
crnDieraF ~ DleryeraF. Therefore VF(X; —) is degree n — 1. O
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We can also determine product and chain rules for the differential.

Proposition 5.5 (Product rule). Let u be a biadditive functor from ChA to itself,
i.e., u is a functor of two variables that is degree one in each of its variables. Let
F and G be reduced functors from C to ChA. The bifunctor u(F,G) can be treated
as a functor from C by composing with the diagonal functor. When p is considered
as a functor of one variable in this way, we have

Vu(F,G) ~ u(VF,G) ® u(F,VQ).
That is, for objects X andY in C,
Vu(F, G)(X;Y) ~ p(VF(X;Y), G(Y)) ® u(F(Y), VG(X; Y)).
Proof. We first observe that since yu is biadditive, erau(F, G)(X,Y) is equivalent to
wF(X),GY)) &  wFX) crG(X,Y))

WF(Y),GX) @ & u(F(Y),nG(X.Y))
plere F(X,)Y),G(X)) & pleraF(X)Y),G(Y)) @ pler2F(X,Y),craG(X,Y)).

By Lemma 3.3, some of these terms vanish after applying D; in the first variable.
In particular, we have

(F(=), eraG(=,Y))|(X) =0,
(er2F(=,Y), G(=))](X) ~0,
(=), eraG (=, Y))|(X) =~ 0.

Dy [p
D1 [u
D1 [p(ero F

For the same reason, D1[u(F, G)](X) also vanishes. Thus, we see that
(=

Q)
VilE, G)(X,Y) = Dilerap(F, G) (=, Y)|(X) © D [u(F, G)|(X)
Di[p(F(=),GY)DIX) & Di[u(F(Y), G(=)))(X)
~ o &
Difp(F(Y),ereG(= Y)I(X) @ Difp(er2F(=,Y), G(Y)))(X)

which, by the bilinearity of y, is easily seen to be equivalent to u(VF, G)®u(F, VG).
O

Proposition 5.6 (Chain rule). Let A’ be an abelian category. Let G : C — A’ and
F: A — ChA be functors, where G is reduced. There is a natural isomorphism
of bifunctors that for objects X,Y € C yields

V(FoG)(X,Y) = VE(VG(X,Y),G(Y)).
To prove the proposition, we use the following lemma.

Lemma 5.7. For functors F and G as in Proposition 5.6,
Dl(F o G) ~ DlFO DlG

Proof. Note that D1G is a functor that takes values in Ch>o.A’, whereas the domain
of D1F is A’. In order to define D1 F o D1G in a reasonable manner (i.e., so that
chain homotopy equivalences are preserved), we use the prolongation of Dy F. That
is, D1 F(D1@G) is the functor obtained by applying D1 F degreewise to the simplicial
replacement of the chain complex used to define D1G. (See sections 1 and 2 of
[J-MT] for more details.) However, Dy F' is additive, and so by lemma 5.4 of [J-M1]
D, F(D1G) is equivalent to the functor obtained by applying D1 F degreewise to
the chain complex D1G. Thus, D1 F o D1G is equivalent to the total complex of
the bicomplex B(F,G) that in bidegree (p,q) is given by B, , = (L5F) o (L1G).
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In particular, By g = F o G. Now consider the tricomplex created by applying C;-2
(as defined in 2.4) to the bicomplex B(F,G), together with the following natural
maps of complexes:

DiF o D\G ~ B(F,G) —%— C2B(F,G) «2— C}2Byo(F,G) ~ Di(F o G)-
We claim that o and § are quasi-isomorphisms. To see that « is a quasi-isomor-
phism, note that since D1 F o DG is additive, B(F,G) is as well. It follows that
J_ék)B(F, G) 2 0 for k > 1, and so C2B(F,G) ~ B(F,G). To see that 3 is a
quasi-isomorphism, note that C;-2(B,, ,(F,G)) = Dl((Lép)F) o (qu)G)) is acyclic
by Lemma 3.3 when p or ¢ is not zero. ([

Proof of Proposition 5.6. We prove this by computing
V(FoG)(X,Y) and VF(VG(X,Y),G(Y))
directly and comparing the results. We first determine VF(VG(X,Y),G(Y)). By
Remark 5.2, we have
VE(VG(X,Y),G(Y)) 2 VF(D;[cr:G(—, Y)|(X) @ D1G(X),G(Y)).
Since VF is additive in its first variable, this is equivalent to
VF(D;ler:G(—,Y)|(X),G(Y)) @ VF(D1G(X),G(Y)).
And, again using 5.2, we see that this is isomorphic to
Dyfera (=, GY)(Difer2G(=, Y))(X) & DiferoF(=, G(Y))|(D1G(X))
D S

D1 F(DyeraG(—,Y) (X)) & D1 F(D1G(X)).

By Lemma 5.7, this is equivalent to
Dy[eraF(eryG(=,Y), GY)(X) & DieraF(G(-), G(Y))|(X)
2] 2
D1 [F(er2G(—, Y)](X) @ D4 [F o G](X).

To compute

V(F oG)(X,Y) = Dilera(F o G)(—, Y)|(X) ® D1[F o G](X),
we first observe that cra(F o G)(X,Y) is isomorphic to

eroF(ereG(X,Y),G(Y)) @ ¢roF(G(X),G(Y))

F(crgGe?X, Y))
¥

croF(G(X),creG(X,Y)) @& cersF(G(X),G(Y),cr:G(X,Y)).

Since D; preserves direct sums, it suffices to note that, by Lemma 3.3,
Dy[eraF(G(—),croG(—, Y)(X) =~ 0
and
DylersF(G(—),G(Y),croG(—,Y))|(X) ~ 0.
Hence V(F o G)(X,Y) 2 VF(VG(X,Y),G(Y)).
We next examine how V behaves with respect to the functors P,, D,,, and P

of our Taylor tower construction. The bifunctor VF is clearly related to D1 F in
that D1 F(Y) = V. F(Y). By iterating V one can also write D, F in terms of VF.
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We will establish this result in Corollary 5.11. To do so we first consider V" F and
how to express it via cross effects and Dy, as we did with VF in remark 5.2.
First, we should make clear what we mean by V"F. We can apply V to the
bifunctor VF in either of its two variables. However, applying V to the first variable
in VF produces the zero functor. Hence, by V2F we will mean the trifunctor
obtained by applying V to the second variable in VF. The trifunctor V2F is then
linear in its first two variables, but not necessarily in its third. In general, we have
the following. O

Definition 5.8. For a functor F': C — ChA and objects X1, X5,...,X,,,Y inC,
V'F(X1,X2,..., X Y)=Vx, (V" F(X1,..., Xno1;-))(Y)
=(Vx, .- (Vx,(Vx, F)) ... )(Y).

That is, V" F is a functor of n+ 1 variables that is degree one in its first n variables
and is obtained from V"~ F by applying V to the nonlinear nth variable of V' F.

Using Remark 5.2, we can express V" F' in the following way.

Proposition 5.9. For a functor F : C — ChA, there is a natural isomorphism of
(n + 1)-multifunctors

V'F(X1, .. X V) 2 D erp i F(=, ..., = V) ®ernF(—, ..., 9)(X1,..., Xn),

where the symbol D%n) indicates that we are applying D1 to each variable of the
n-multifunctor separately, as in Definition 3.1.4.

Proof. We begin by noting that, as defined in 3.1.4, Dﬁ") = DID?...D?, where
Dt indicates that one is to apply D; to the functor of one variable obtained by
holding all but the ith variable of a multi-functor constant. However, one can show
that the order of the D{’s does not matter. That is, for any o € ¥,

p?Wpe@  prt ~ pr

With this in mind, we prove the result by induction. When n = 1, the result follows
by Remark 5.2. Consider V"1 F(X7,..., X, 11;Y). By assumption, we have

Vn+1F(X17 < 7XTL7X7L+1; Y) = VX”-H (vnF(Xla s 7XTL7 _))(Y)7
which is isomorphic to
Vo (D ern i F(X1, - X, =) (Y) @ Vi, (DS ern F(Xy, .0, X)) (Y).
However, Dgn)F(Xl, ..., X,,) is constant with respect to the (n+ 1)st variable, and
so the second summand above is 0. By Remark 5.2,
Vs (DM er i F(Xy, .., X0, =))(Y)

is isomorphic to
Diers[ D ern 1 F(X1, ., X, =))(= V) (Xnt1)

® D?HDYL)C%HF(XM vy Xng1)-
But it follows from the definition of cross effects that

CTQ[CTn+1F(X1, . 7Xn7 _)](Xn—i-l; Y) = CT‘TH_QF(Xl, . 7Xn7 Xn—i—l; Y)

The result then follows from (x) and the fact that the Di’s commute with one
another and with cross effects. O

(%)
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As a consequence of Proposition 5.9, we have

Corollary 5.10. For o € X, and F': C — ChA,
VOF(X1 .oy X3 YV) 2V F (X)X Y-
Moreover, setting Y = 0 in Proposition 5.9, we obtain
V'F(X1,..., X0;0) 2 D\Mer, F(Xy, ..., X,).
Hence by Proposition 3.9, we have the following.
Corollary 5.11. For any functor F : C — ChA,
D, F~V"F(—,...,—;0)nx,.
Given this connection, we want to determine how V behaves when applied to

D, F. We do so by using the equivalence D, F ~ (Dﬁ")crnF)hgn of Proposition

3.9. Recall that DYL)crnF is a symmetric n-multiadditive functor. To describe the
effect of V on D, F, we define a new functor.

Definition 5.12. Let F : C — ChA. For Xi,...,X; € C, 1 <t < n, we let
Dgn)crnF|{Xlw’Xt} : C — ChA be the functor defined by

n—t times

(n) (n) iy
DMer,Flix, . xy(Y) = D\Mer, F(X1, Xo, ..., X3, Y, Y, -+, Y).

Note that Dgn)crnF|{Xl7___7Xt} is the diagonal of a symmetric (n — ¢)-multiadditive
functor.

Proposition 5.13. For any functor F': C — ChA,
VDL F(X1,. o, Xo) = (DS ern Flix, o x)hsn .-

Proof. We will prove the proposition in the case where t = 1. The general case
follows by the same argument and induction. Let G denote the symmetric n-
multiadditive functor Dgn)crnF . From the proof of Lemma 3.4, we see that
craG (X1, Xp) @ G2 (X)) =~ @ G(Xaq), - Xawm)
{a€Hom({n},{2}) | a=!(1)#0}

Taking D, with respect to the X; variable, we see by Lemma 3.3 that the only
summands that remain are those terms evaluated at exactly one copy of X7 and
n — 1 copies of X5. In essence, the quadratic and higher order terms vanish under
linearization. Thus,

Di(eraG® (=, X2) ® G2(-))(X1)

~5, @ G(Xa@ys - Xam)):
{a€Hom({n},{2}) | [a=*(1)|=1}
Let ¥,,_1 be identified with the subgroup of X, determined by elements that sta-
bilize 1, that is, 7 € ¥,_; if and only if 7(1) = 1. There is a X,-equivariant
isomorphism

Z[%0] @ziz,_,) G(X1, X2, -+, X2)

IR

G(Xa@) - Xam))
{a€Hom({n},{2}) | |a=1(1)|=1}
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given by

oxt— (o(l),0xt),
where (1) represents the unique morphism « that takes (1) to 1 and all other
elements of {n} to 2. Since D; commutes with homotopy orbits, we obtain

VD, F(X,Y) ~ V(D™ er, F)ps, (X,Y)
= Dilera(DY" ern F)us, (=, V) @ (D ern F)is, (<)](X)
~ (Z[0] @zm, ) DV ern F(X, Y, Y ),
Then
(Z[S0] @21 DMV ern F(X, Y, Y )as, = (DS ery F(X,Y -+ Y s,

by the following version of Shapiro’s lemma. If H is a subgroup of K, then EK is
not only a free K-resolution of Z but a free H-resolution of Z as well. Hence, for
any H-module X we have

(ZIK] @711 X)nk ~ Z[EK] @z(k) (Z|K] @ z(m) X)
~ ZIEK] @ zum X
~ Xnu.
O

Our final goals in this section are to prove that VP, ~ P,_1V and, as a conse-
quence, VP, ~ P, V. Proving the first equivalence amounts to showing that the
difference between F' and P, F consists of “terms of order n 4+ 1 and higher” and
that P,_1V takes such terms to 0. We begin by stating more precisely what we
mean by “terms of order n + 1.”

Definition 5.14. Let &k > —1. A functor F : C — ChA has order k, or F is O(k),
if P F ~0.

Example 5.15. By Lemma 3.3, if G : C** — ChA is a k-multireduced functor
and F = Go A, then F is O(k).

Lemma 5.16. The following are equivalent for any functor F : C — ChA:
a) F is O(k),
b) Pkle ~ O,
¢) F(¥) ~0 and DyF ~0 for all 1 <t <k —1,

Proof. Clearly, a) and b) are equivalent. The equivalence of b) and d) follows from
the exact sequence Dy F' — P, F — P;_1F. To see that b) implies c), first note that
if P,_1F ~0, then P,F ~ 0 for all 1 <t < k—1 by Remark 2.14.6. Then F(x) ~ 0,
since PLF ~ 0 and P,F ~ PyeriF @& F(x). That D;F ~0forall 1 <t <k-1
follows by definition. The exact sequence DiF' — P;F — P,_1F and induction
show that ¢) implies b). O

To show that VP, ~ P,_1V, we first show that V reduces the order of certain
finite order functors.

Lemma 5.17. Let G : C** — ChA be a k-multireduced functor and let F = GoA.
Then VF is O(k — 1) in its second variable.
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Proof. The case k = 1 is trivial, so we may assume k > 2. By Lemma 3.3, D1 F ~ 0,
and so it suffices to show that the functor (of Y) Di(croF(—,Y))(X) is O(k).
However,

croF (X, Xo) = GB G(Xa), - Gam))
aeSurj({k},{2})

k
o . cr2|G(Xpays -+ XpG-1), = Xp(i)s - -+ Xpn—1)] (X1, X2)
j=1 BeHom({k—1},{2})
@ higher order terms,

where the higher order terms consist of multiple second order cross effects of G.
Now consider D;[craF(—, X2)]. Since Dp preserves direct sums, it is enough to
consider applying D; to each summand in the above decomposition. By Lemma
3.3, any term containing two or more copies of X; is quasi-isomorphic to 0 after
applying D;. Hence, the only terms remaining have exactly one copy of X;. But
these terms must all be evaluated at at least k — 1 copies of X5, and hence (as
functors in X5) have order at least & — 1 by Example 5.15. Since Py_; preserves
direct sums, the direct sum of functors of order k — 1 is again order k — 1, and we
are done. 0

This allows us to prove the following.
Proposition 5.18. For alln > 1,
VPn ~ n,lv.

Proof. For any functor F' : C — ChA, VP, F is degree n — 1 in its second variable
by Proposition 5.4. Hence we have the following natural diagram, where the outer
square strictly commutes and the two triangles commute up to homotopy:

VF Yen VP, F
lpn_lv e o~ J{pn—lv
p,,VF =¥ p VP F

The diagonal arrow in the diagram exists (up to homotopy) by Lemma 2.11. In
particular, VP, F is a degree n — 1 functor with a natural transformation from V F,
which by Lemma 2.11 must factor through P,,_1VF. Thus, it suffices to show that
P,_1Vp, is an equivalence. Since P, and V are linear as functors of functors, it
suffices to show that P,_1V of the homotopy fiber of p,, is contractible. But, the

homotopy fiber of p,, is given by the simplicial functor J_flle, as indicated in the

proof of Proposition 4.8. Since each J_flillF is the diagonal of a multireduced functor

of at least n+ 1 variables, Lemma 5.17 guarantees that V L1} F'is O(n). It follows
that Pn,1VJ_Zle is contractible, and so we have the desired equivalence. g

We conclude this section with two corollaries of Proposition 5.18.
Corollary 5.19. If F: C — ChA has order k, then VF has order k — 1.
Corollary 5.20. For any functor F' : C — ChA we have

P VF ~ VP,F,
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and a diagram that commutes up to homotopy

vE =Y p_VF

Tpoo \, lg
VP F.

6. EXAMPLE: EXPONENTIAL FUNCTORS

Traditionally, after introducing the Taylor series for a general function, one stud-
ies the Taylor series of the exponential function, as its derivatives for all n are easily
calculated. We will now examine a parallel scenario for similar reasons. We will be
working with a commutative ring K and considering the categories K of K-modules
and Commg of non-unital commutative differential graded K-algebras. We begin by
determining the functors from Commyg to Ch(K) that play the role of exponentials.

Since we tend to normalize our functors to make them reduced, we are really
interested in functors whose functional analogues have the form f(z) = exp(azx)—1.
For such f,

(6.1) crof(z,y) = fle+y) = f(@) = fly) = f(2)- fy).
Motivated by this, we make the following definition.

Definition 6.2. An exponential functor F from C to Ch(K) is a reduced functor
with a natural isomorphism

axy : F(X)® F(Y) — cryF(X,Y)
such that for all X,Y € C the following natural diagram commutes:

F(X)@ F(Y) =% eryF(X,Y)

lg lg
F(Y)® F(X) =%, ery F(Y, X).

Example 6.3. For C a small category, Yoneda’s lemma implies that the category
Func(C, K) has a set of projective generators given by K[Home (X, )] for X € C.
We let FX be the associated reduced functor

FX = K[Home (X, ).
When C is an additive category, FX is exponential for all X € C.

Example 6.4. Let Commg be the category of non-unital commutative differential
graded K-algebras (Commg is naturally isomorphic to the category of augmented
unital commutative differential graded K-algebras). Let Exp be the forgetful func-
tor from Commg to Ch(K). Since X VY =X Y ® X QY for X,V € Commg,
Exp is exponential.

We recall that any analytic function f that satisfies (6.1) must be of the form
exp(az) — 1 = [exp(—) — 1] o (a- x)

for some a. Since a - x is a linear function in that it preserves addition and is
reduced, we see that any function f satisfying (6.1) is the composite of a linear
function with a universal function. A similar fact is true for functors.
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Lemma 6.5. Fvery exponential functor F : C — Ch(K) factors as F = Expo A
for A a reduced coproduct-preserving functor from C to Commg.

Proof. We define a product F(X) ® F(X) - F(X) by the composite

F(X)® F(X) 25 eryF(X) - F(X v X) 28 F(x),

where craF'(X) denotes cro F'(X, X). Since F' is exponential, this product is well
defined and commutative. We are left to establish that p is associative, since it then
easily follows that A(X) = {F(X), u} is a coproduct-preserving functor. Consider
the diagram

FX)eF(X)oF(X) "5  F(X)oF(X)
(1) [

croF(X) ® F(X) 2 F(X)® F(X)
IE (2) ||

ernFo FX))(X) 5% p(X) @ F(X)

J/crg [a] (3) la

J{a@l

cralersF(,X)(X) <2 cra F(X)
| (4) ||
crsF(X) —_— croF(X)
li (5) li
F(XVXVX) POV px v x)

where all the vertical maps except those marked i are isomorphisms. The first,
third and fifth squares commute by naturality. The fourth square, with the map =,
commutes by definition. The isomorphism £ is the general isomorphism given by
the composite

craF(X) o M 2 F(X vV X)® M - ery(F @ M)(X)
applied to M = F(X). Square (2) does not commute until one applies F'(+). To

prove this, one considers the diagram

i®1 7
crp(X)® M % F(XVX)oM 5 cr[F @ M|(X)

|+

F(X)® M

and shows that +0(i®1) = +oiomo(i®1). This is true because the images of i®1
and 7 are both equal to the elements fixed by the idempotent id— F (i1 +iama) QM.
From this diagram and the related diagram beginning with (1 ® «), one determines
that p is an associative product. (]

We next observe that to understand the Taylor series for an exponential functor
F we only need to understand the Taylor series for Exp and identify the functor
A. This is because of the following lemma, whose proof follows from the definition
of J—n—i—l .
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Lemma 6.6. If A : C' — C is a reduced coproduct-preserving functor and F :
C — Ch(K) is a functor, then

P,(FoA)~(P,F)oA.
We begin our investigation of P, Exp by observing that
Hy(P,Exp)(X) = p, HiExp(X)
= cokernel (crp, 41 HoExp(X) —— HoExp(X))
= cokernel (HoX®" D £, gy X)
= Ho(X)/Ho(X)" ),

The structure maps p, 1 Exp — p, Exp are the usual restriction maps. It follows
that HyPxoExp = Ho(X)" (the completion of the algebra Hy(X)).
We compute the differentials for Exp to be

VExp(X,Y) = Di[er:Exp(x,Y) @ Exp(x)](X)
>~ D1 [Exp(x) ® Exp(Y) @ Exp(*)](X)
= D1Exp(*)(X) ® [Exp(Y) & K].
It follows from Proposition 5.9 and Corollary 5.11 that

V"Exp(X1,..., X, Y) = X) DiExp(x)(X;) ® [Exp(Y) & K]
=1
and

D, Exp = <® DlExp>

Remark 6.7. Note that f(z) = exp(az)—1 is the unique solution to the differential
equation

h3n

Li=a-+n. FO)=0,
d

where - f(y) = Vf(1,y). Similarly, if C has a projective generator C and F' is an
exponential functor, then it satisfies the differential equation

(6.8) %F =VF(C, )2 D,F(C)- (F®K),  F(0)=0.

The functor G =[], D,,F~ satisfies the differential equation (6.8), but the func-
tors FX are generally not of this form since their Taylor towers do not split. Using
examples like these, one can construct an uncountable family of non—equivalent
functors that satisfy the differential equation (6.8) for a fixed D, F(C).

Different towers. In defining the Taylor tower in section 2, the only requirements
we placed on the domain categories of functors were that they be basepointed
and contain finite coproducts. Working in such generality allowed us to establish
the essential properties of the Taylor tower functors quickly and cleanly without
becoming bogged down by concerns about preserving specific properties of the
domain category. However, when the domain category has additional structure,
this general approach also means that P, F’ may not behave as desired with respect
to the extra structure. For example, when working with functors of modules over
a ring R, one might hope to produce functors that preserve short exact sequences,
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or take them to long exact sequences in homology. But, for the additive functor
Ty/2 = — ®z Z/2 on Ab, the category of abelian groups, we have P17/, = Ty,
which does not preserve short exact sequences in general. The usual solution to this
problem is to replace modules by projective resolutions. That is, we define P{Ty, /2
by

P{'Ty5(X) = PiTy5(Py),

where P, — X is a projective resolution. This new functor P{Ty, /2 takes short exact
sequences to long exact sequences in homology, but is not the same as P17y for
an abelian group A we have H,P,Ty/5(A) = 0 for * > 0, whereas H*PldTZ/Q(A) ~
Tor%(A,7Z/2).

In working with the closed model category Commyg we are faced with a similar
problem. In this case, we would like, as one usually does with closed model cate-
gories, to work up to weak equivalence. That is, if a map f: A — A’ of DGA’s is
a weak equivalence (a quasi-isomorphism of DG objects), we want P,,Exp(f) to be
a quasi-isomorphism as well. This is not always the case. The reason that Py Exp
does not preserve weak equivalences stems from the fact that coproducts do not
preserve weak equivalences in Commg. This implies that L, 1Exp, as a direct
summand of Expo (\/:l;rl1 —), does not preserve weak equivalences, and, as a conse-
quence, P, Exp does not preserve weak equivalences. This problem is fixed, as in the
previous paragraph, by evaluating P,Exp on weakly equivalent cofibrant approx-
imations of objects. Since the coproduct in Commyg preserves weak equivalences
of cofibrant objects, the result will be a functor that preserves weak equivalences.
This process can be used in any setting in which a functorial cofibrant replacement
functor exists. We will illustrate how to do this in the case of Exp below by con-
structing another degree n functor PExp that preserves weak equivalences and
fits into a natural commutative diagram

v _= , Exp

Exp
(6.9) l pY J{pn
PYExp —— P,Exp

where PYExp —L, P,Exp is an equivalence for cofibrant objects of Commg but is
not an equivalence generally. We then go on to show how P"Exp can be considered
as the derived functor of I/I™ (when suitably interpreted in model category theory
terms). We do this in detail when Q C K, and indicate what needs to be done
more generally. This program has been carried out by V. Minasian in [M] using the
model category of ring spectra from [BKMM].

A functorial free resolution. We first recall that there is a sequence of adjoint pairs
of functors (the top arrow is right adjoint to the bottom arrow)

2 X 1
Commg i Ch(K) - Simp(K) - Simp(Sets,)

and that the symmetric functor S is given by

SX)=T(X)/~ TX)=PRX, z-y~ (~DWy
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or, equivalently, by
@Sn ), SM(X)=T"(X)/Sn,

ox(a1®- - ®an) = (1) (tp(1) ® @ Ag(n)),
where the sign is determined by the relation
(i+1D(a1® - ®ap) = (-Dllonla @ @a @a; @ @ an).
We write K for the composite functor from Commy to itself given by
K=SoNoK[]oUoTloU,

and note that K is a cotriple on Commg. There is a natural map as pointed sets
from Idcommy to K which is a section to the counit, and so, for any A € Commy,

Exp(e) : Exp(K*t1(4)) = Exp(A).
Since the construction P, preserves equivalences of functors, we see that
P,[Exp(K*T! )] = P,Exp.

As a result, P,[Exp(K*™! )] does not preserve weak equivalences, since P,Exp
does not. Instead, we see below that composing P,Exp with K**! produces the
desired weak-equivalence-preserving functor.

Remark 6.10. In general, K**'A v K**1B 2, K**'(AV B) = AV B. For
example, let A = Z/p with the usual ring multiplication in Commy. Then

Z Hy(B) ift=
Ht(K*JrlZ/p\/K*JrlB) _ /pZ\/ 0( ) 1 O.a

Tor; (Z/p, B) otherwise.
More generally,

Exp(K*t1A4)

Exp(K*T'Av K*T1B) = ® @& Exp(K*"1A) ® Exp(K*T!B)
Exp(K**!B)

e |
Exp(4)

® © Exp(A)® Exp(B)
Exp(B)

12

Exp(AV B)

and there is a convergent spectral sequence
2 Tor¥, , (Exp(A), Exp(B))
Ey,o= P Tori(H,(ExpA), Hy(ExpB)) = [ :
a'+4"=q Hp4q(Exp(K*T' A) @ Exp(K* ™' B))

In particular, if f: A — A’ and g : B — B’ are weak equivalences, then the
map K*T1(f) v K*t1(g) is a weak equivalence as well. Hence, if f : A — A’
is a weak equivalence, then \/IT!' K*H1(f) : /I K*+H1(A) — /10 KH1(A)
is a weak equivalence. It follows that P,Exp(K**1(f)) : P,Exp(K**1(4)) —
P,Exp(K*t1(A")) is a weak equivalence as well.
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Definition 6.11. We define Exp" to be the functor Exp(K**!) and P*Exp to be
the functor [P, Exp](K**1). We let p? be the natural transformation [p,](K**!) :
Exp” — PYExp. We note that PYExp is degree n, preserves weak equivalences
and makes the diagram (6.9) commute. Of course, (PY(F), pY) can be defined for
any functor from Commg to Ch(K), and satisfies the expected universal properties.

The functors I/I"™. The n-fold tensor product of K**! is an n—multisimplicial ob-
ject of Commg. We use its associated diagonal object. We define I/I™ to be the
functor from Commg to Ch(K) given by sending A € Commy to

I/1"(A) = cokernel [Exp(K*t1A)®" ~ Exp(K*T(A4)%") Exp() Exp(K*T!A)].

We first note that Exp(u) is levelwise injective, and hence this cokernel is also
the homotopy cofiber of the map Exp(n). We also note that I/I™ is naturally
equivalent to the homotopy fiber of the n—multiplication map, and hence is the
homological analogue of the usual functor I/I™ for algebras.

Proposition 6.12. The functor I/I" is degree n — 1.

Proof. Since I/I™ preserves weak equivalences, it also behaves well with respect to
K-resolutions, so that it suffices to show I/I™ is degree n — 1 when evaluated on
the image of K. That is, it suffices to show that

crn(I/I")(K(A),. .., K(A)) ~

for all A € Commg. Since K = (SoNoK[])o(UoT oU) and (So N oK[])
preserves coproducts (it has a right adjoint),

n

\/ K(4) = (SoNoK[])\/[UcToU(A)].

Thus it is enough to show that I/I" o (S o N o K| ]) is degree n — 1 as a functor
from pointed simplicial sets to Ch(K). Since (5o N oK[X]) is always K-projective,
I/I™(SoNoK][]) is naturally simplicial homotopy equivalent to J/J"(SoNoK]]),
where

J/J"(A) = cokernel [Exp(A®™) Exp() Exp(A)].
It follows that

J)T o (SoNoR[]) = @SN oR(]) ~ DRI /S
k=1 k=1

where ¥,, acts on A\"(X) by simply permuting the factors. We compute

n

AV X = Voo Xmne A X
k=1

YEMapg ., ({n},{k})
I

\/ Xy N AN Xym)
yESurjg.s ({n},{k})

I
ern K[A\C)/Znl(X1,- -, X)) =2 K[X1] @ K[Xa] ® - @ K[X,].

Since K| ] is degree 1, er, K[\"( )/%,] is n-multiadditive and so K[A\™( )/,] is
degree n. 0

1%

ern(N) (X1, .., X0)
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There is a natural transformation 7 from PYExp to J/J" ! (obtained essentially
by taking Hy along the P, direction) and hence a natural diagram

Exp® —  Exp

lpif lpn
PYExp — P,Exp
T T

I — gt

where I/I""! is a degree n functor.
The next result and its corollary are also established in [K-Mc].

Proposition 6.13. If Q C K, then 7 : PYExp — I /1",
Remark. In fact, 7 is an equivalence if and only if Q@ C K (see 6.17).

Proof. Since both functors preserve equivalences, it is enough to show the result
when evaluated at K (A) for some A. Thus, it suffices to show that

P,Exp(SoNoK[]) = J/J"™"(SoNoK][])

as functors from pointed simplicial sets. By induction, we need only show that the
induced maps

D, Exp(S o N oK][]) — hofiber (J/J" " (S0 NoK[]) — J/J"(So N oK[]))

are equivalences. These are the maps

n o k
<®D1(@K[/\( )/zkn)
k=1
l(@” Dy(m))ns,,

<® Di(KIA( )/&]))

h%n

h¥,

KIAC )/En]
where 7’ is the natural map from homotopy orbits to orbits which is an equivalence
whenever |X,,| = n! is invertible in K.
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Since homotopy orbits preserve equivalences and D; preserves direct sums of

functors, it suffices to establish that if k! is invertible in K then Dy (K[A"( )/Zx]) ~
x for k > 2. However, since

k k k
(@K[ ]) KIAC )ns] — KA )/Z4]
h3g

1

and (®k K| ]>hz is a homogeneous functor of degree n (see 3.10), the result

k
follows from the fact that D preserves equivalences. O

Corollary 6.14. Let A be a K-algebra and Iy = kernel [A ® A 5 A] € Comm 4.
Then

H.(P"Exp(l4)) = AQ.(A/K),

where AQ, is the André-Quillen homology of A. The third quadrant spectral se-
quence for holim, PYExp(14) is Quillen’s fundamental spectral sequence for A

(Q2).

It is not the case, in general, that P is related to André-Quillen or Quillen
homology. We offer two examples below, one in which P'F agrees with Quillen
homology and one in which it does not.

Example 6.15. If one considers rings that do not contain Q, H,(P"Exp(l4))
may not be the same as André-Quillen homology. For example, for K = F,,

F, if+=0,

0  otherwise.

AQ(Fplz]/Fp) {

On the other hand, it was established in [B-M| that P{"Exp(I,,)) is equivalent to
the topological André-Quillen homology (T'AQ) of F,[x]. However, TAQ(F,[x]) is
known to be equivalent to the smash product of the Eilenberg-Mac Lane spectra
HF, and HZ ([R]). This smash product has nontrivial homology in dimensions
greater than 0, and as a result, AQ.(F,[z]/F,) # P"Exp(F,[z]).

Example 6.16. There are categories other than Commg, for which P/* and Quillen
homology are related. Let G be the category of groups and Ab the category of
abelian groups. The abelianization functor L : G — Ab is the left adjoint to the
forgetful functor from Ab to G. Recall that for a group A,

L(A) 2 H(B.A) = Hy(A; Z).
Then for groups A and A’, by Seifert-Van Kampen, we have
L(Ax A")= H(B.(Ax A");Z)
~ H,(B.AV B.A";7Z)
~ H,(B.A;Z) ® H.(B.A"; Z)
>~ L(A) @ L(A").

In other words, L is additive and P;L = L. Moreover, as a functor to abelian
groups, H,PiL = 0 for * > 0. For an object A in A, the Quillen homology of A
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is the homology of L(P.) for a projective resolution P, of A. Hence, in this case,
Quillen homology is the same as the homology of P’ L. Furthermore, the Kan loop
group G of B.A is a free resolution of A, and so

H,P"L(A) = H,[L(GB.A))
= Hio1(B.AZ)
>~ H. (A Z).

As H.(A;Z) is generally nonzero for * > 0, we see that P/ L # P{*L.

Remarks about the general case: FEo-algebras. By the Yo equivariant cofibration
sequence of pointed simplicial sets,

XA xax -~ <)2( ) ,
we obtain a diagram of cofibrations

2
Xpsy, — [N Xpz, —— ()2()}7,22

K K [
X —— [NX)D —— (3)/Z

Since ()2() is Yo free, the vertical map on the right is an equivalence. Taking
D1 (K[ ]), we obtain a diagram of fibrations (up to equivalence)

K[X] ® K[BYy] —— * —— DK K;{) /22}
& | [
RX]  —— DiR[AZX/S] —— DiK K);) /22}

and hence there is a convergent first quadrant spectral sequence

2
Ej y = Hys1(S0; Hy(X;K)) = Hppo(DiK[\ X/5])

(where the action of ¥ is trivial on the homology of X). In particular,

2
~ 1
(6.17) K[/\ X /3] is homogeneous < 5 € K.

More generally, one can show that K[A" X/%,] is homogeneous if and only if % €
K.

Since Proposition 6.13 is true if and only if (%) is true, we see that Proposition
6.13 is true if and only if Q C K.

One could “fix” this difficulty if one could replace the functor S used to construct
the functor K by one which takes homotopy orbits instead of strict orbits—that is,
if one could define S* : Ch(K) — Commg, where

oo

SU(X) = PT™(X)ns, .

n=1
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and use S™ to construct our functor K. Of course, this can’t be done for strictly
commutative algebras, but V. Minasian has shown how to do it for strongly homo-
topy commutative, or E-algebras, in [M]. We outline the general approach here
and refer the reader to [M] for the complete story. Part I of [K-M] provides a nice
introduction to E., structures for those who are interested.

One can consider Commg as a full and faithful subcategory of the category of
FE K-algebras, Ex(K) (for a description of the Es-operad structure, see [K-M]).
We will once again write Exp for the forgetful functor from F (K) to Ch(KC). This
functor has a left adjoint S of the form we desire. The explicit construction of S*
depends upon the model one chooses to encode the higher homotopy compatibility
conditions in Fu (K). The main point for our purposes is that the composite functor
Exp(S®” o N oK][]) is an infinite direct sum of homogeneous functors. Independent
of the models chosen, (x) becomes equivalent to the sequence

n [eS) k
<® Di(EP KN )h&]))
hE

k=1

n

|(@ o

<éD1(K[(/1\ )m]))hZ

|

(%) (éf{[( )]))
I

KIA( s,

and because each (K[( A" )hg])) is n—homogeneous this composite is an equiv-

n

IR

hZn

IR

alence. If one further changes the definition of J/J"*! to be the mapping cone (as
opposed to the strict cofiber) of the multiplication map, one can then repeat our
earlier discussion, using K% = §” o NoK[]oU oT o U instead of K. One can
let PVExp = (P, Exp)K"**! which is a degree n equivalence-preserving functor
from Fo(K) to Ch(K), and one sees that

PVExp = I/I",
where I/I" = J/JM(KW*T1).
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