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A CAPELLI HARISH-CHANDRA HOMOMORPHISM

TOMASZ PRZEBINDA

ABSTRACT. For a real reductive dual pair the Capelli identities define a homo-
morphism C from the center of the universal enveloping algebra of the larger
group to the center of the universal enveloping algebra of the smaller group.
In terms of the Harish-Chandra isomorphism, this map involves a p-shift. We
view a dual pair as a Lie supergroup and offer a construction of the homomor-
phism C based solely on the Harish-Chandra’s radial component maps. Thus
we provide a geometric interpretation of the p-shift.
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0. INTRODUCTION

In this article we begin a program of investigating the character theory for a real
reductive dual pair (G, G’), [HI], from a viewpoint akin to that of Harish-Chandra.
We sketch the idea below.

The characters are invariant eigendistributions on the group. An invariant
eigendistribution on the group is a distribution which is invariant under the con-
jugation by elements of the group and is an eigendistribution for the commutative
algebra of the left and right invariant smooth differential operators.

The dual pair, together with the underlying symplectic space s1, may be viewed
as a classical Lie supergroup (.5, s), where

S=GxG, s=50®s1, s0=9Dg.
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1122 TOMASZ PRZEBINDA

Here g is the Lie algebra of G and g’ is the Lie algebra of G'.

Let Sp be the symplectic group of 51 and let Sp — Sp be the metaplectic cover.
Then Sp acts on the tempered distributions on s; via the oscillator representation
combined with the left and right twisted convolutions (section 6). Let S=Gxdq,
where G and G’ are the preimages of G and G’ in Sp via the covering map. An
invariant eigendistribution on s; is, by definition, a distribution which is invariant
under conjugation by elements of S and is an eigendistribution for the algebra of
the left and right S-invariant polynomial differential operators on s;.

As shown by Howe, [HIl Theorem 1], each representation II ® II' in Howe’s cor-
respondence for the pair (G, G’) is determined by a unique (up to a scalar multiple)
invariant eigendistribution frigm on s1 (see [P1) section 2] for more details). Thus
the distribution character O = O ® O together with fren forms what one
is tempted to call an invariant eigendistribution on the Lie supergroup (5,s). Our
goals are to express frigm in terms of O and/or O/ O and O in terms of
frem; On in terms of Or; and O in terms of Op.

In a sense the algebra of the left and right S-invariant polynomial differential
operators on &7 is very well known, [HO], [H2]. However, in order to understand it
from a different angle, we consider the radial component of the differential operators
involved along a Cartan subspace 1 C s1 (section 1). There are only finitely many
S-conjugacy classes of Cartan subspaces of 51, and every semisimple element of s;
belongs to an S-orbit passing through one of them. At this point more structure is
necessary.

There is a defining module V = Vy @ V4 for (9,s) (section 2). Let h? be the
subspace of s spanned by all the squares 22, € ;. (Notice that 22 is one half
times the anticommutator of & with itself.) The “miracle” is that the relation

{(x2|\/07x2|\/1); S hl} c hﬂvo X h%h/l

is an invertible function which extends to a linear bijection

(00) b%'\/o A b%|V1'

This bijection is one of our main reasons to introduce the notion of the Lie su-
pergroup, rather than keep relying on the unnormalized moment maps, as in [P1].
Suppose the rank of G = S|y, is greater than or equal to the rank of G’ = S|y;,
{i,j} = {0,1}. Then b’ = h2|y, is a Cartan subalgebra of g’. By (0.0), we view
b’ also as a subspace of g. At this point we need some differential operators on g
and on g’. We get them by lifting the left regular representation of G from G to g
via the Cayley transform c_ : g — G, by adding a twist and by taking the Fourier
transform. The result is an injective algebra homomorphism from the universal
enveloping algebra of gc (the complexification of g) to the algebra of polynomial
differential operators on g:

Ly : U(gc) — PD(g),

(section 2). Then we restrict the differential operators L,(z) (z € U(gc)®), from g
to the centralizer of §’ in g, by Harish-Chandra’s radial component map, and then
to b’ (if the twist is correct) by Theorem 2.13. We do the same for the group G’
and get matching of differential operators on §’ (Theorem 5.6). This leads to the
definition (5.5) of our Capelli Harish-Chandra homomorphism

C:U(ge)® — L{(g’(c)G/.
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The existence of the homomorphism C follows from Theorem 7 in [HO] (which we
do not use in our construction). For a dual pair (G,G"), such that gc = gl (C)
and g'c = gl (C), with m = n, the homomorphism C is determined by the Capelli
identity, [CIl (3)]. If m # n, then [C2| Théoreme VI] provides a more general
identity, which determines C. Recently Minoru Itoh proved analogous identities for
the case gc = 0m(C) and ¢g'c = spa2n,(C) [I, Theorem BJ. T would like to thank the
referee for informing me of this work. Also, a transparent explanation of all these
connections, and some generalizations, may be found in [H-U].

By dualization, C leads to and is determined by “a duality correspondence of
infinitesimal characters” considered in [P2]. Our present approach is much more
explicit. 1 would like to thank Wulf Rossmann for his critical and constructive
remarks concerning [P2] in the Fall 1996, which in part motivated this project.

1. ORDINARY CLASSICAL LIE SUPERGROUPS AND DUAL PAIRS

In this section we collect some simple facts which link the theory of real reductive
pairs to the theory of classical Lie supergroups (see [K], [Ko| for the general theory
of Lie superalgebras and Lie supergroups). The details and proofs will appear in
[PQ].

Let D = R,C or H, and let Vg, V1 be two finite-dimensional left vector spaces
over D. Set

(1.1) V=WoWh
and define an element s € End(V') by
(1.2) s(vo +v1) =vp — 11 (vo € Vo, v1 € V7).
Set
End(V)o ={z € End(V); sz = xs},
(1.3) End(V); ={z € End(V); sz = —zs},
GL(V)o = GL(V) N End(V)o.

The real vector space End(V)y is a Lie algebra, with the usual commutator [z, y] =
xy — yz. The adjoint action of GL(V)p on End(V),

Ad(g)x = grg™* (9 € GL(V)o, x € End(V)),
preserves both End(V)e and End(V);. Furthermore, the anticommutator
(1.4) End(V)1 x End(V)1 3 (z,y) — {z,y} =2y +yz € End(V)o
is R-bilinear and GL(V )p-equivariant. Set
(1.5) (z,y) = trp/r{sz,y}  (x,y € End(V)).
It is easy to see that the form (1.5) is preserved under the action of GL(V ).

Lemma 1.6. If Vo # 0 and Vi # 0, then the restriction of the bilinear form { | )
to End(V)1 is symplectic and non-degenerate. Moreover, the group homomorphism

Ad: GL(V)o — Sp(End(V)1,(, ))
maps the groups
GL(V)olv, ={g € GL(V)o; glv, =1},
GL(V)olv, = {g € GL(V)o; glv, =1}
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1124 TOMASZ PRZEBINDA

injectively onto an irreducible dual pair of type II in the symplectic group

Sp(End(V)1,{, )).

Let ¢ be a possibly trivial involution on D. Let ¢¢ be a non-degenerate t-
Hermitian form on V;, and let ¢; be a non-degenerate t-skew-Hermitian form on
‘/1. Set (b = (b() (&) ¢1. Then

(1.7) d(u,v) = t(P(v, su)) (u,v € V).
Define
s(V,¢)o = {x € End(V)o; ¢(zu,v) = ¢(u, —zv), u,v € V},
(1.8) s(V,¢)1 = {x € End(V)1; ¢(zu,v) = ¢(u, szv), u,v € V},
S(V,9)o ={9 € GL(V)o; d(gu, gv) = ¢(u,v), u,v € V}.
Clearly, S(V, ¢)o is a Lie subgroup of GL(V)o, with the Lie algebra s(V, ¢)o. More-
over, it is easy to check that the anticommutator (1.4) maps s(V, ¢)1 x s(V, ¢)1 into
V.

(V.o
5(V,¢)o. Furthermore, the adjoint action of S(V, ¢)o preserves both s(V, ¢)o and
5(V,#)1, and the form (1.5).

Lemma 1.9. If Vy # 0 and Vi # 0, then the restriction of the bilinear form { , )
to s(V, @)1 is symplectic and non-degenerate. Moreover,

Ad : S(V,¢)o — Sp(s(V, )1, ( , )
maps the groups
S(V,®)olve ={9 € S(V,9)o; gln =1},
SV, d)olv, ={g € S(V,d)o; glv, =1}

injectively onto an irreducible dual pair of type I in the symplectic group

Sp(s(V,0)1, (5 ).

Definition 1.10. An irreducible ordinary classical Lie supergroup is a pair (5, )
with § = s9 ® §1, where either

I S=5(V,¢)o, s0=>5(V,0)o, 51 =5(V,¢)1, as in (1.8),
or
(II) S = GL(V)(), S0 = End(V)o, 51 = End(V)l, as in (13)

The pair (S,s) is a supergroup of type I in the case (I) and of type II in the case
(IT). The space V shall be called the defining module for (S,s). If needed, we shall
indicate this by writing S = S(V) and s = s(V).

If {(S™,s"), n =1,2,3,...,N}, is a finite collection of ordinary classical Lie
supergroups, then (S'x S%x---x SN sl ®s2@- - -@sV), with the obvious structure,
is called an ordinary classical Lie supergroup.

(Here the term “ordinary” places the Lie supergroups we consider within a larger
family of the classical Lie supergroups, which include the special linear Lie super-
groups; see [K] or [Kal.)

In order to simplify the notation we shall write gz instead of Ad(g)x, for g € S
and x € 51, and similarly for 2. For = € s, define the anticommutant of z in s; by

(1.11) sy ={z €sy; {x,2} =0}.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



A CAPELLI HARISH-CHANDRA HOMOMORPHISM 1125

Definition 1.12. An element x € s; is called semisimple if and only if x is semisim-
ple as an endomorphism of V. An element x € s is regular if and only if the S-orbit
through z is of maximal possible dimension. A Cartan subspace h; C s1 is the dou-
ble anticommutant h; = ("s1)s; of a regular semisimple element z € .

Proposition 1.13. If x € 51 is semisimple, then so is x> € sg. The map
512 Sz — Sa? C 50

is injective on the set of semisimple orbits in s1. The set of regular semisimple
elements is dense in s;.

There are finitely many S-conjugacy classes of Cartan subspaces in s1. FEvery
semisimple element of s1 belongs to the Ad(S)-orbit through an element of a Cartan
subspace. Any two elements of a Cartan subspace b1 C 51 commute in End(V).

The complexification (Sc,sc) is a Lie supergroup, and all Cartan subspaces in
s1,c are Sc-conjugate.

Let b1 C s; be a Cartan subspace and let h7“Y C b1 be the subset of regular
elements. Denote by h? = {b1,h;} the linear span of the elements {z,y}, where
x,y € b1. (This is the same as the span of all the squares, 2* = ${z,z}, z € s1.)

Proposition 1.14. The relation

(a) {(x2|Voax2|V1); S bl} c b%lvo X b%|vl
is an invertible function, which extends uniquely to a linear bijection
(b) bilve < bTlv:-

Suppose the rank of S|y, is less than or equal to the rank of Slv,, {i,j} = {0,1}.
Then B3|y, is a Cartan subalgebra of soly; .

Set VO ={veV; zv=0, forallz € b1}, VI ={av € V; x € h1, v € V},
V]»O =Viny; and V! =ViNV;. Then

ij _ V}O D ‘/}1
and the sum is orthogonal in the type I case. The centralizer of f)%|v, in soly; is
equal to
(©) o001 (311,) = B3/ys ® 50 (V).

where bﬂv; is isomorphic to f)%|vj by the restriction from Vj to le. Under the iden-

tification (b), the normalizer of hﬂvjl in S(V1)|Vj1 is isomorphic to the normalizer

of bt v

(d) Nswy|,, (h%h/;) = Ngy,, (b
J

The normalizer of 3s,(v;)(b3lv;) in S|y, preserves the decomposition (c) and is
isomorphic to the direct product

(e) Ngyy, (3s0(v;) (071v;)) = Ny, (B7lv;) x 5(V0)|vjo-
In order to compress the notation we shall write
G =Slv;, g=solv;, G'=Slv;, ¢’ =50
(1.15) b =bilv. = bilvi, 3= 3sv) (031V;), 37 = s0(VO)lvo,
Z = Ngjy, (3s0v) (01 1v;)), W' = Ngy,, (07]v;), Z" = S(V°)|yo.

winS

Vi)-

Vis
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1126 TOMASZ PRZEBINDA

Also let
9 .
Tg:812x — x|y, €g, d=dimp(V;),
(1.16) o 2|J ., .(])
Ty 15122 — x|y, €g, d = dimp(V;).
Then for x € 51,
—1)2¢ if €
(g, ) = ( )i rp/R (YT (2)) iy g,/
(1) 2trp/r(y7e (z)) if yeg.

2. THE REPRESENTATIONS ﬁp

Recall the Cayley transform
c(x) = (x+1)(z—1)"" (x € End(V), x—1 invertible).
Let g¢, G° denote the domain of the Cayley transform ¢ in g and in G€, respectively.
Then the maps
c:g°—> G c:G°—>¢g°
are bijections and the compositions
gt gt G Ge
are the identities on the corresponding sets. Furthermore,
c(0)=-1, c(-z)=clz)”" (€9,
and for y € g¢ with = + y invertible in End(V;) (see (1.15) for V),
cle(z)e(y) = (y— D@ +y) " (@ —1) +1
(see [H2] (10.2.3)]). Let
c(z)=—c(z)=(1+z)(1—-x)""
Then ¢_(0) =1 and the maps
c—:g°— -G, c_:G°— —¢°
are bijections. A straightforward computation using the above formulas shows that
the derivative of the map

gz —c e (z) M (c-(y) €9
at « = 0 coincides with the following linear map:
(2.1) goz— (y—Dz(y+1) eg.
Recall the left regular representation of g:
d
(2.2) L(z)¥(g) = E\Il(exp(—tfc)g)h:o (x€g, ge G, ¥elG)).

Let

¢ (L(@) = (L(z)(YocTl)) o (Y € CZ(g°), € g).
Since the derivative of c_ at zero is two times the identity, the above formula may
be rewritten as

(L)) = 5 (e (e (1) e (1)) e=o.
Then (2.1) implies that
(23) (L) =G - Ve +1)  (my<a),
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A CAPELLI HARISH-CHANDRA HOMOMORPHISM 1127

where

d o0
(2.4) 0(2)(y) = Zvly+t2)li=o (2 €8, ¥ € C™(g)).
Let S(gc) denote the symmetric algebra of the vector space gc. Let S%(gc) be
the subspace of all the homogeneous elements of degree d = 0,1,2,..., and let
Sa(gc) = ZZ:O S¢(gc). We shall say that a function
(2.5) q:9— S(gc)

is analytic, polynomial or rational if there is a non-negative integer d such that the
range of the function ¢ is contained in S4(gc), and the function

q:9— Sa(gc)

is analytic, polynomial or rational, respectively. For ¢ as in (2.5) let 0 o ¢ denote
the differential operator on g defined by

(2.6) doqi(y) =0(qw)v(y) (P €C®(g), y€9).

The differential operator 0 o ¢ is called analytic, polynomial or rational if and only
if the function ¢ has the indicated property. For each y € g, ¢(y) is called the local
expression of the differential operator d o ¢ at y. Let PD(g) denote the algebra of
polynomial differential operators on g. For more details see [H-C3, section 3].

Implicitly, formula (2.3) says that the differential operator ¢* (L(x)), originally
defined on g¢, extends to a polynomial differential operator (in fact a vector field)
on g. The local expression of ¢* (L(z)) at y € g is 5(y — 1)z(y + 1).

Let B(z,y) (x,y € g) be any non-degenerate symmetric Ad(G)-invariant bi-linear
form on g. The map

g3r— Bz, )eg’
extends uniquely to an algebra isomorphism from S(gc) onto the algebra P(gc)

of complex-valued polynomial functions on gc, and thus provides an identification
S(gc) = P(gc). We identify P(gc) with P(g) by restriction from gc to g.

For p € C let
N %p if G is an isometry group,
p= . . .
p  if G is a general linear group.
Set
(2.7) Ly(z) = cZ(L(x)) +pz  (z € 9),

where the second x on the right hand side is viewed as the multiplication operator

P(y) — Bla, y)¢(y)-
A straightforward computation shows that
LP([xa y]) = [Lp(x)a L;D(y)] (xvy € g)a

where the commutator on the right hand side is taken in PD(g). We identify PD(g)
with PD(gc) via the restriction of the local expression of the differential operators
from gc to g.
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1128 TOMASZ PRZEBINDA

We normalize the Lebesgue measure dy on g so that the Fourier transform and
the inverse Fourier transform of a Schwartz function ¢ be given by

Fo) = [ e o dy,

(2.8) ¢

Fu) = [ wle™ ) dy,
g

Then, for x € g,
Fo(x)F(y) = iB(x, y)¥(y),
FB(x, )F (y) = id(x)y(y).

Since the algebra PD(g) is generated by S(gc) and 9(S(ge)), the conjugation by F
preserves PD(g). For D € PD(g), let D = FDF~!. Then, under our identification
S(gc) = P(gc), (2.9) may be rewritten in a more familiar form as follows:

(2.9)

o(z) =iz,
(2.10) i(:)i(’)(:v).
Define
(2.11) Ly(@) = Lya)  (z€a).

Then f/p extends to an algebra homomorphism
(2.12) L, :U(gc) — PD(gc).

In particular, f/p may be viewed as a representation of g on P(gc). In order to

indicate that L, is a representation of g, we shall sometimes denote it by Lg . As
in [P1l, (4.10)], let

. {2 dimp(g)/ dimg(V;) if G is an isometry group,
o=

dimp(g)/ dimg(V;)  if G is a general linear group.
Let d' = dimp(V;), as in (1.16).
Theorem 2.13. The ideal I(74(s1)) € P(gc) of polynomials vanishing on 74(s1)
is Ly(g)-invariant if and only if p=rg —d'/2.
In particular, IA/Tg_d,/Q defines a representation of g on the quotient space

P(gc)/I(7(s1)). More precisely, L, _q > induces an algebra homomorphism from
U(gc) to the algebra of differential operators on T4(s1,c), the Zariski closure of
Tg(s1) in g (see [Sm=St] for the definition of a differential operator on a variety).
In particular, the ideal 1(0) C P(gc) of polynomials vanishing at 0 € gc is
f/p(g)-invam'ant if and only if p =ry. Thus there is an algebra homomorphism

gg :U(ge) — C
such that for any ¢ € P(gc) and any z € U(gc),
ﬁrg (2)¥(0) = e4(2)1(0).

The map €4 coincides with the algebra homomorphism by which U(gc) acts on the
trivial representation.
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There is an overlap between Theorem 2.13 and the formulas [L-S1| pp. 69-70]
of Levasseur and Stafford. Our construction relates some of these formulas to the
left regular representation of G.

Proof. Suppose the Lie superalgebra s is complex, i.e. D = C and ¢+ = 1. Then
there is a real Lie superalgebra § (D = R) such that §¢ = s, with the defining
module V. In particular (see (1.16)),

8 =solv, = (50|, )c = gc-
Let d = dimg V;. Then d’ = d(= dimg, V;). Furthermore, rg =g, so that
rg —d' /2 =15 —d /2.
Moreover,
gc=g®g=0c@dc,
Tg(s1,0) = Tg(81) X Tg(81) = 75(81,0) X 73(51,0),
U(ge) = U(ac) ®U(gc),
P(gc) = P(ac) ® P(ac),
PD(gc) = PD(gc) ® PD(gc),
Loy = i’ﬁyp ® [A’f;,p (peC).

Thus it is clear that in order to prove the theorem we may assume that (D, () #
(C,1). The last statement of the theorem will be verified in Appendix B.

Let {en; @ € A} be a basis of g, viewed as a real vector space, and let {é,; o € A}
be the dual basis with respect to the form B:

B(em ég) =00, (a, CXS .A)
For z,y € g C End(V) we have
(y—Da(y +1) = yay — [z,y] — .
In what follows we shall view x as a fixed element of g and y, as the variable. (In par-
ticular, B(y,z) will be viewed as the multiplication operator ¥ (y) — B(y, z)¥(y).)

Since the Fourier transform F, (2.8), commutes with the adjoint action and since
I([z,y]) is the adjoint action, we have

(2.14) O((y = Dx(y + 1)) = (O(yzy)) — ([z,y]) — (O(x)).

Furthermore,

yry = Z B(ya éa)B(yv éﬁ)eaxeﬁ
a,f3

1
= Z B(y, é.)B(y, é5)§(eaxeg + egrey),
B
where eqzeg + egre, € g, so that, by (2.10),

(O(yxy)y = —i Z 0(é4)0(és)B(y, %(eaxeg + eprey))
B

= —i ) 0(éa)0(és)Bleazes,y),
a,B
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1130 TOMASZ PRZEBINDA

which, by the canonical commutation relations, is equal to

— Z B(eqreg,y)0(éa)0(ép)

a,B
— Z(Z B(éq,eqrep)d(ég) + Z B(ég, eqxes)d(éq)).
B a,p

Since

Z B(éq,eaxes)d(ég) + Z B(ég, eqres)0(éq)
B a,f

= ZB(éa, eates + epreq)0(ép)
B

= Z B(eg, Z(xeaéa + éaeax))a(éﬁ)
/@ o

=0 _(veafa + Eaat))

(e

(where the second equality follows from the fact that B is a constant multiple of
the trace form on g), the above computations show that

(2.15) O(yzy) = —i Z Bleqxeg,y)0(éq)0(€g) — i@(Z(meaéa + éq€al)).

o, «

By combining (2.3), (2.10), (2.14) and (2.15) we see that
. . 1. y ,
¢ (L(z)) = —5(2ZB(eaxeg,yW(@a)a(eﬁ)
a,B

+ i(‘)(Z(meaéa + éaea)) + O([z,y]) +iB(z,y)).

[e3%

Hence, by (2.10) and (2.11),

Ly(r) = £(3 Bleares, 9)0(ea)01es)
(2.16) o
+ 8(2(.236&(5@ + éaent) — 2px) —i0([z,y]) + B(z,y)).

«

Let U be a vector space over C defined as follows:

V;eC if D=R,
U=1V; if D=C and ¢#1,
Vile if D=H.
The complexification gc of g may be realized as a Lie subalgebra of End(U). Specif-
ically, if D = R or H, then g¢ is identified with the Lie algebra of isometries of an
appropriate C-bilinear form on U (which might be the zero form). If D = C and

t # 1 then gc = End(U). If D = C and ¢ = 1 then g¢ is equal to the direct sum
g®g C End(U) via the embedding

g2y— (¥,Y) €9y,
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where g 3 y — ¥ € g is the complex conjugation with respect to some real form.
Let

By(z,y) =tr(zy)  (z,y € End(U)),
and let us select
By (z,y) = trp/r(zy)  (z,y € End(V})),
for the form B we have been using so far. Let u =1if ¢ =1, and let u =2 if ¢ # 1.
Then a straightforward computation shows that
By (z,y) =uBu(z,y)  (v,y€9).
Let fo = eq and let fo = uéqs, a € A. Then
Bu(fa: f3) =uBu(ea,ép) = By (ea,é3) =bap (a8 € A).

Thus {fa; o € A} is a basis of U and {f,; o € A} is the dual basis with respect
to the form By. In terms of these bases, (2.16) may be rewritten as

o 7 . .

Lp(z) =— %(Z By (faxfs,y)0(fa)0(f3)

(2.17) or
+ 8(Z(xfozfo¢ + fozfozx) - 2’(1,]51‘) - Zua([l‘, y]) + UBU(J") y))

Since L, () is a representation of gc, the expression (2.17) does not depend on the

particular choice of the basis {fq; a € A}.

Let gcre<k = {y € go;rank(y) < k}, where rank(y) = dime(y(U)). As is well
known, and easy to check,

ro(s10) = gcrk<ar  if D #H,
A gc,re<2ar if D =H.

Moreover the number ry may be expressed in terms of m = dimc(U) as follows:

m if gc=gln(C) and D#H,
im if gc=gln(C) and D=H,
b )me 1 if gc=s0n(C) and D #H,
o m+1 if gc=spm(C) and D #H,
i(m—1) if gc=s0,(C) and D=H,
i(m+1) if gc=spn(C) and D=H.
Let
- {d’ if D#£H,
2d" if D=H.

By inspecting the above formula for 7,4 (s1,c) and for ry, we see that we will be done
as soon as we verify the following claim.

Claim 2.18. The operators
(@) > Bulfarfs,9)0(fa)0(fs) + 0O (2 fafa + fafar) — 2upz) (2 € go)

o, «@

preserve the ideal

(b) I(gc,re<k) € Plgc)
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if and only if

(c) 2upgm—1—2k if gc=s0m(C),
m—i—l—%k‘ if gc = spm(C).

We shall proceed via a case by case analysis.

Case gc = gl (C). We choose the set {Eqp; 1 < a,b < m} to be the basis of gc.
Here E, is the matrix with 1 in the a'® row and b*" column and zeros elsewhere.
Then Ea,b = Epq. Fory € gc let yop = tr(yEpq). Then a straightforward
computation shows that for z = E.; the operator (2.18.a) coincides with

(2.19) > Ya,.a0(Eap)O(Eec.a) + (2m — 2up)d(Eep).
a,d

For two subsets I,J C {1,2,3,...,m} of the same cardinality |I| = |J| < m, let
detr j(y) denote the determinant of the matrix obtained by deleting all the rows
indexed by {1,2,3,...,m} \ I and all the columns indexed by {1,2,3,...,m} \ J.
Fori e Ilet iy =1{1,2,3,...,i} NI|. This is the position of ¢ in the sequence I. If
1 is the smallest element in I, then i; = 1, and if 7 is the largest element of I, then
i =11

The co-factor expansion of det; j(y) with respect to the i'" row and the j*!
column may be written as

detr j(y) =Y yij(=1)" 7 detp p;y) (i €1),

(2.20) e’ o

detr j(y) = Zyi,j(_1)11+]Jdetl\i,J\j(y) (j€J).

iel

(Here I\ i =1\ {4}, and similarly for J.) Hence,
(2.21) O(E;j)dety g = (=1)"detp; p; (i €1, j€J).
Thus for a,c € I, a # ¢, and b,d € J, b # d, we have
(2.22) 8(Ea7b)a(Ec’d)det[’J = (—1)aI\C+bJ\d+CI+dJdetl\{a7c}7J\{b7d}.
Since
(2.23) (_1)bJ\d+dJ+dJ\b _ _(_1)111,

we see that
O(Eap)0(Eeq)detr,; = —(—1)”””(—1)“I\”er"\bdet([\c)\a,(J\b)\d-

Therefore, by (2.20),

> Yaad(Ban)OEca)detr.s = —(=1)""+ " det e,

a€l\c
and consequently, for c € I and b € J,
(2.24) > Yaa0(Eap)d(Eea)detr,; = —(=1)" T (I = 1)det e -

a€l\c,deJ\b

By combining (2.20), (2.21) and (2.24) we see that for arbitrary 1 < b, ¢ < m,

(2.25) > Ya.a0(Eap)d(Eca)dets s = —(|I| = 1)0(Ecy)det;, ;.
a,d=1
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Thus the operator (2.19) applied to detr s gives the same result as

(2.26) 2m — (I| = 1) — 2up)O(Eqp)detr, ;.

In particular, the operator (2.19) annihilates all the minors det; ; with [I| =k +1
if and only if

(2.27) 2m —k —2up=0.

We see from (2.20) and (2.21) that for b € J,

{i@mwwwdifd—b or déJ,

m
2.28 O(Eap)detr ;=
( ) Zya,d (Eap)detr,; 0 otherwise,

a=1

and for ¢ € I,

(2.29) > Ya.a0(Eea)detr ; =
d=1

(Here (I\c)Ua = (I\{c})U{a}, and similarly for J.) If b ¢ J then the expression
(2.28) is zero, and if ¢ ¢ I then the expression (2.29) is zero.
Let 1 € P(gc). The operator (2.19) applied to the product ¢ detr ; gives

O Y0,00(Eap)0(Ee,a) + (2m — 2up)d(Ee)) (1) detr, 5
a,d

tdet(p\cyua,s if a=c or a¢l,
0 otherwise.

A0 Ya.a0(Eap)O(Ee.a) + (2m — 2up)(Ee,p))(det s 1)

(2.30) o
+3 0O Ya.ad(Eea)detr,)0(Eap)t
a d

+ Z(Z ya,da(Ea,b)detl,J)a(Ec,d)w-
d a

As is well known, [G-W]| Theorem 5.2.15], the ideal (2.18.b) is generated by the
minors dety,y with |I| = |J| = k+ 1. Hence the expression (2.30) together with
(2.28), (2.29) and (2.26) shows that the operators (2.18.a) preserve this ideal if and
only if the condition (2.27) holds. Since this condition is equivalent to the condition
(2.18.c), in this case, we are done.

Case gc = spm(C). Here m is even. Let

0 7
J = |:—I 0:| ) I:Im/g

Let SM,,,(C) denote the space of symmetric matrices of size m, with complex
entries. We shall formulate our problem for this space via the following linear
isomorphism:
(2.31) spm(C) 2y — yJ ' € SM,,(C).
For 1 < a,b, < m set

Sa b =

)

j(Ea,b + Eb,a)j if a # bﬂ
TEBaud it a=0,

1 . g
Sa,b = E(Ea,b + Eb,a)v fa,b = j_lsa,ba fa,b = j_lsa,b-
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Then the set {fqp; a < b} is a basis of sp,,(C) and the set {fmb; a < b} is the dual
basis. A straightforward calculation shows that

(232) Zfa,bfa,b = Z fa,bfa,b = m—HIm

a<b a<b 2
For z,y € spy,(C) set A=yJ ! and B=2J"!. Then
SN 60y faafe)OT Fap)O(T feg)

a<be<g

(2.33)

=3 t0(A80,4 BSe.)0(S0)0(Se.q)-

a<be<g

By combining (2.32) and (2.33) we see that the isomorphism (2.31) transforms the
operator (2.18.a) into

(2.34) > tr(ASapBSe g)0(Sab)0(Se.g) + (m+ 1 = 2up)d(B).
a<be<lg

Let Agp = tr(ASv'a,b). A tedious computation shows that for B = 5’67(1, c < d, the
operator (2.34) may be written as

(235) Z Aa,ba(ga,c)a(sb,d) + (m +1- 2’&]3)(9(5'6’(1)

a,b=1

Let SI, C P(SM,,(C)) denote the image of the ideal (2.18.b) under the map
(2.31). As is well known, [G-W], Theorem 5.2.17], this ideal is generated by the
minors dety j, [I| = |J| = k + 1, restricted to SM,,(C). We need to show that the
operators (2.35) preserve the ideal SIj, if and only if

1
(2.36) m+1—§k—2uﬁ=0.
As in (2.23) we have
(_1)(11\u+CI+CI\a — _(_1)(11.
Hence, by (2.22),
O(Eap)0(Eea)dety ;g = —(=1)"+ 4 (1) 0at0NAdet 1y g\ e (\a)\b-
Thus for A € ¢l,,(C),
Z Ac7b8(Ea7b)8(Ec7d)det1,J(A) = —(_1)a1+d']det]\a’J\d(A)7
beJ\d
so that
(2.37)
> Ac0(Eap)d(Eea)dets j(A) = —(—1) T4 (|I] = 1)detp g, na(A).
beJ\d,cel\a
Notice that
(—1)“f\b+b1 = —(—1)b1\“+(” (a,be I, a#b).
Hence, by (2.22),
(0(Eq,c)0(Eb,a) + O(Ep,c)0(Eq,q))detr, s
( 3 ) _((_1)az\b+0J\d+b1+d,] + (_1)b1\a+CJ\d+aI+dJ)

detp\(aby,\{c,a} = 0,
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and similarly
(2.39) (0(Eec,a)0(Eap) + 0(Eecp)0(Faq))detr ;= 0.
Let A € SM,,,(C). Then (2.25), (2.37), (2.38) and (2.39) imply

m
Z AgpO(Eq,c + Ec,q)0(Eb,q + Eqp)detr

a,b=1

2.40 i i
(240) = Z A pO(Eq.c)0(Eqp)detr y + Z AapO(Ec q)0(Ep.qa)detr,

a,b=1 a,b=1
=— (=) = D)detpgne — (—1) T (|| = D)det py e, s

where detp g\ = 0if d ¢ I or c ¢ J, and similarly for detp\. s\ 4. By combining
(2.21) and (2.40) we see that

(241) Z Ambé)(S'a,c)a(S'b,d)detLJ(A) = —%(|I| - 1)(9(5’0’(1)(1615]’](14).

a,b=1
Hence the operator (2.35) applied to detr s coincides with

(2.42) (m+1-— %(m — 1) — 2up)d(S..q)dets..

Thus the condition (2.36) is necessary for the preservation of the ideal SIj. It
remains to check that this condition is also sufficient. But (2.28) and (2.29) imply
that for |I| = |J| =k +1,

D A p0(Sac)dets s (A) € ST and Y Agy0(Sh.a)detr, j(A) € Sy
a=1 b=1

Hence the sufficiency of the condition (2.36) follows as in the case gc = gl (C).
Case gc = 50, (C). Let us realize the Lie algebra so,,(C) as the space AM,,(C)
of the alternating matrices of size m. For 1 < a,b < m set
< 1
fap=—FEap+ Epa, fop= §(Ea,b —Epq).

Then the set {fas; a < b} is a basis of gc and the set {f,; a < b} is the dual
basis. A straightforward calculation shows that

. . -1
(243) Z fa,bfa,b = Z fa,bfa,b = mTIm
a<b a<b
Hence, the operator (2.18.a) may be written as
(2.44) SN 0 fap®eq)d(fan)d(feq) + (m — 1 = 2up)d(x).
a<be<lg

Let ya,p = tr(yEs,q). Then for x = S¢ 4 the operator (2.44) is equal to
(2.45) S a0 fae)(fo.a) + (m — 1 = 2up)d(fe.a).
a#c b#d

Since the ideal (2.18.b) is generated by some Pfaffians, we recall a few facts.
Let n=1,2,...,and let I = {1,2,...,2n}. Fori € I and S C I let

(2.46) is={1,2,....i}\ S|.
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For A € AM>3,(C) and for i,5 € I (i # j), let A% be the skew-symmetric matrix
obtained by removing the columns i and j and the rows 7 and j from A. Let Pf f (A)
denote the Pfaffian of A, [G-W] (B.2.10)]. Let A; ; = tr(Af;.), as usual.

Lemma 2.47. For anyic I, Pff(A) =3, ; Aij(=1)"t i Pff(AY).

Proof. By [J, p. 336], the formula holds if i = 1. Let 1 < i < 2n. Let t denote the
cyclic permutation

t:1—-2—-3—>---—1—1.

Let {e1,e2,...,e2,} be the standard basis of C?". Define g € G'L2,(C) by

gler) =e—1qy (L)

Since the lemma holds for i = 1, we have

Pff(g"Ag) =) €l (9" Ag)e; (=) Pf (4" Ag)")

j=2
- ZAz a1 (1 PFFADT D),

Since
Pff(g'Ag) = det(g)Pff(A) = (=1)""'Pff(A),

we have

Pff ZAzg—l(]) H_] 1Pff(Azg (j))

_ZA” z-HPff Azl Z A” z+l—1Pff(Ai,l)

l=i+1

= ZA i (Z) 7 PRF(AM),
J#i
Corollary 2.48. For distinct numbers 1 < a,b,c,d < 2n,

(a) O(far)PIF(A) = 5(=1)" "0 PfF(A™),

N =

. . 1
(0)  Oun)dea)PIFA) = (1) IFeton Tlnr Py (vt
where A%bed = (Aab)ed,
Corollary 2.49. With the above notation we have

X:A(Lc8 fab fcd)Pff( ) _(n_l)a(fb,d)Pff(A)'
a#c

Proof. A case by case verification shows that

(2.50) (—1)2Fbe = (1)t (1 <a,b<2n, a#b).
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By (2.48.a) the left hand side of the equation (2.49) is equal to

(2.51) i Z Z Z Z Aa7c(—1)a+bd+c{a,b}+d{a,,b,c}Pff(Aa,b,c,d)

ac atb atd ctd
— i(_l)b"l‘db Z Z Z Z(_l)a"’_ba"l_c{a’b}+d{u,b1u} +b+dp+agy,ay+ciab,a)
ac atb atd cAd
X Age(=1)teatera pfAnbed)
But (2.50) implies that
(_1)a+ba+c{a,,b}+d{a,b,c}+b+db+a{b,d}+c{a,,b,d}

_(_1)ab+c{a,b}+d{a,b,c}+db+a{b,d}+c{a,b,d}
- (_1)ab+d{a,b}+c{a,b,d}+db+a{b,d}+c{a,b,d}

— (_1)ab+d{a,,b}+db+a{b,d}

_(_1)db+a{b,d}+db+a{b,c} — 1.
Hence (2.51) is equal to

(- >3RI = — (2= 2) (- 1) P f (AN

_ _%(zn ~2)0(fo.a)Pff(A).
O

Let I denote an increasing sequence i1 < io < --- < 19, of elements 1 < i; < 2n.
For A € AM,,,(C) define

Pffi(A) = Pff((Ai,i,)1<ab<on)-

This is the Pfaffian of the matrix obtained from A by removing all the columns and
rows except those indexed by I.

Corollary 2.52. For1<e¢,d<m and A € AM,,(C) we have

Y. Aapd(fa)(foa)PLI1(A) = —%(ll | = 2)0(fe.a)Pff1(A).
a#c,b#d

Corollary 2.53. The operator (2.45) applied to Pff(A) is equal to

= 1= 311 - 2) = 209)0(fo.).

Lemma 2.54. With the above notation we have

@ S 420U PIIA) — {OPff(I\c>ub<A) if b¢landcel,

e otherwise,
and
. P A) if b¢l anddel,
(b) > Aap20(fo.a)Pffi(A) = fnald) & ¢.
Py 0 otherwise,

Since the ideal (2.18.b) is generated by the Pfaffians Pf f;, with |I| = k + 2 (see
[G-W| Theorem 5.2.18]), the Theorem 2.13 follows from (2.53) and (2.54) via the
argument used in the previous cases. ([l
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3. THE MAPS ¢’ 0

!
a/b’ “a/3
Let h C g be a Cartan subalgebra, and let h*9 = {z € b; det(ad(x))q/y, # 0}.
This is the set of regular elements in h. Let 7y, denote any analytic square root
of the polynomial
6" > x — det(ad(x))q/y € C.

Recall, [H-C2, p. 96], the Harish-Chandra radial component map (5; /b from the
algebra of analytic differential operators on g to the algebra of analytic differential
operators on h"®. For any analytic Ad(G)-invariant differential operator D on g,
6g /h(D) is the unique analytic differential operator on §"¢9 such that

(3.1) (D)[yres = 05 (D) (9

(see [Vl Lemma 13, p. 31]).

The theorem below describes the basic properties of the map (5;; /g Proven by
Harish-Chandra, [H-C2, Theorem 1, p. 100], [H-C3, Theorem 1, p. 547, Lemma
13, p. 544], Levaseur and Stafford, [L-S3, Theorem 1.1], [L-S2, Theorem 1, p. 365],
and Wallach [W] Theorem 2.2].

pres) (¥ € CF(Ad(G)H))

Theorem 3.2. Let W be the Weyl group for the pair (gc,bc). For D € PD(g)¢

set
1
D) = (D) —.
(a) 59/(7( ) Tg/h 59/[;( )Wg/b
Then 64,45 (D) € PD(h)" and the map
(b) dq/n = PD(9) — PD(h)"

is a surjective algebra homomorphism.
Let o : gc — PD(gc) be the derivative of the adjoint action. Thus for x,y € g,
the local expression of a(x) at y is [y,x]. Then

(c) ker(64/5) = PD(gc)? N (PD(gc)alge)) -
Furthermore,

(d) Sar0(@) = aly,  64/5(8(q)) = Aldly) (g € Slgc)¥),
and

(e) Sg/(D) = 84/5(DY (D € PD(g)“).

Let 3 C g be a reductive Lie subalgebra containing the Cartan subalgebra f, and
let 379 = {x € 3; det(ad(x))y/; # 0}. This is the set of regular elements in 3. Let
mg/; denote any analytic square root of the polynomial

(3.3) (:3" 32 — det(ad(x))g/; € C.

Recall, [H-C3| p. 545], [H-C5|, sec. 7], the Harish-Chandra radial component map
521 /s from the algebra of analytic differential operators on g to the algebra of analytic

differential operators on 37¢9. As shown by Harish-Chandra [H-C3|, Lemma 11],

(3.4) a/h = O3/5 © g5
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Let Z C G denote the normalizer 3 in G. For any analytic Ad(G)-invariant differ-
ential operator D on g, the operator 5;/3 (D) is Ad(Z)-invariant and the following
formula holds:

(3.5) (D)

Let PD(3)c be the algebra of differential operators on 379 generated by S(3c),
multiplication by (=1, and 9(S(3¢)). Then

PD(3)c = CICTPD(3),
and since ¢ is Ad(Z)-invariant,

(3.6) PD(3)¢ = CICTPD(3)”.

sreo = 04 (D) (Plyres) (¥ € CF(Ad(G)3*9)°).

The structure of the map 5; /s is much less understood than the structure of
. if 3 # . However, by combining [H=C3] Corollary 2, pp. 535, 555
and 556] together with the description of the ideal of the invariant polynomial
differential operators on 3 annihilating the invariant distributions, [L-S3, Theorem
1.1], we deduce the following theorem.

/
the map (59/

Theorem 3.7. For D € PD(g)¢ set

1
(a) 8g/3(D) = mg/5 5;/3 (D)@.

Then 64/5(D) € PD(@)CZ. The kernel of the map

(b) 835 - PD(3)E — PD(h)

is equal to J = PD(@)CZ N(PD(;3)¢ al3c)). Moreover, the map
(c) PD(g)% 3D — 04/3(D)+J € PD()Z/I

is an algebra homomorphism.

4. THE MAP 6’G/H

Let U(gc)a € U(gc) be the subspace spanned by the products of at most d
elements of gc (d =0,1,2,...). Then

U(gc)o € U(ge)1 CU(gc)2 C -+
is the standard filtration of the algebra U(gc). We shall say that a function
(4.1) q:G—U(ge)

is analytic if and only if there is a non-negative integer d such that the range of the
function ¢ is contained in Uy(gc) and the function

q:9— Ua(gc)
is analytic. For ¢ as in (4.1) let
LoqW(g)=Llg(g9)¥(g) (V¥ eC=(G), g€a),

where L stands for the left regular representation (2.2). Then ¢(g) € U(gc) is called
the local expression of L o g at g € G. For more details see [H-C1| section 4].
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Let H C G be the Cartan subgroup with the Lie algebra § considered in the
previous section. Let H"* = {h € H; det(Ad(h) —1)g/5 # 0}. This is the set of
regular elements in H. Let 7,y denote any analytic square root of the determinant

H"™9 > h — det(Ad(h™") — 1)4 € C.

Recall, [H-CT, p. 117], the Harish-Chandra radial component map 4, JH from the
algebra of analytic differential operators on G to the algebra of analytic differential
operators on H"®9. For any analytic Ad(G)-invariant differential operator D on G,
e / (D) is the unique analytic differential operator on H"* such that

(4.2) DU|pres = 6 (D) (U]prea) (¥ € C(Ad(G)H™))

(see [Vl Proposition 6, p. 225]).
Recall the Harish-Chandra isomorphism

(4.3) Yo Ulge)? — U)W
Then
(4.4) 5 (L() = ——Lvaps(Nrayn (2 € U(ge)©)

TG/H

(see [H-C1l, Theorem 2, p. 125] and [H-C4] Lemma 13, p. 466]).

5. THE HOMOMORPHISM C
In this section we let B(z,y) = trp/r(zy), 2,y € g.
Lemma 5.1. For any analytic differential operator D on (—G°) N Ad(G)H™®9,
(@ (D)) = ¢ (8l (D)),

Proof. By (3.1), it will suffice to show that both sides are equal when applied
to an arbitrary function ¢ € C(g¢ N Ad(G)h"*9)%. Let ¥ = ¢ oc_*. Then
U € C®((—G°) N Ad(G)H™9) and

cZ(D)y)

(D)) = ( er = (DW) 0y
= ((DW)|gres) 0 c—
= (0G5 (D)(¥|gres)) 0 c
= (01 (D)(¢lyres) 0 c=1)) 0 e

= (6c/u(D))(¥
where the first equality follows from (3.1) and the forth equality from (4.2). O

hres ),

Replacing g by b in (2.7)—(2.12) yields a representation of , denoted [A/M,. Thus

Ly : U(hc) — PD(be).
Let e=1ifD+#H, and let e =1/2if D = H.
Proposition 5.2. For any p € C,

59/'7@’97;0(3)) = i’h,p*(%*ﬁ)ﬂ(')’g/h(z)) (Z € U(QC)G)-
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Proof. For y € g let

( detr(y — 1) if G is an isometry group,
a =
g detr(y — 1)detr(y + 1) if G is a general linear group.

Then for x € g and y € g°

1., Ltrpp(zy) if G is an isometry group,
(- (e (L(@))ag)(y) = 4 ¢ / o )

g p/r(TY) if G is a general linear group.

Indeed, if G is an isometry group, then

(L) (y) = agly + 15 (y — Daly + 1)leso

d t
= EdetR(y —14(y— 1)5x(y + 1)) lt=0

d t
= detg(y — 1)EdetR(1 + 5x(y +1))|i=0

= ag0) troyz G aly + 1))

= ay(y) 5 tro/x(ay) = a(y) 5 B(z,v).

The computation for a general linear group is analogous. A straightforward argu-
ment, as in the proof of Lemma 8, page 544 in [H-C3|, shows that for p € C

lagl ™" (L(@))lag|” = ¢* (L(x)) + ag '¢* (L(x))ag

on the set where ag is not zero. Hence the definition (2.7) may be rewritten as

(5.3) Lgp(x) = lag| "™ (L(z))|ag|” (€ g).
Hence, for z € U(gc)®,
Sa/b(Lap(2)) = (8g/5(La,p(2))) by (3.2.¢)
= (lag|™dg/5(c™ (L(2)))lag|"} by (5.3)
— (Jag| g%y (¢ (L(2)) —— lag 'Y by (3.2)
Tg/b
= (gl "o/ (O (12) I} by (5.1)

= (g g (o (L0 () ) ——lagl” by (4

TG/H g
_ i
_ (|ag| p__"a/b

)dxuwmungf@ﬁﬁmwf

(G u T/t
A straightforward case by case verification shows that
w2 ()
/b _ (r—e)
(5.4) — 30— = const - ag(y) (y €h).
(72, () y
Therefore
8a/p(Lyp(2)) = (Jag| === 2 (Lingy(2))lagP~ o=y (2 € U(ge)?),
which, in view of (5.3), completes the proof. O
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Recall the notation (1.15). Notice that any rational differential operator D on
3 =0 @3, whose local expression is regular on §’, has a well-defined restriction to
a rational differential operator on b’, denoted Dly . (In terms of (2.6), if D =dogq
then Dly = 9o (qly).)

Fix a Cartan subalgebra h” C 3 and let h = §’ @ h”. Then h is a Cartan
subalgebra of both 3 and g. Under the usual identifications

UGe)? =UbL)Y @UGE)?" and U)W @ C=Ubp)"Y,

we define the following algebra homomorphism:

(5.5) C:Ulge)®  — UGe)” — U™ = Ul o)
Y3/5°7s/0 ®eyr o /b

(Here, as in Theorem 2.13, €, is the algebra homomorphism by which U(3"¢) acts
on the trivial representation.) The title of this article refers to the map C, which
by (4.3) is surjective.

Theorem 5.6. The homomorphism C is independent of the particular choice of the
Cartan subspace by (see (1.14)), or the Cartan subalgebra §", or the form B used
to define the Fourier transform (2.8).

For each z € U(gc)® the differential operator 69/3( ara—d'/2(2)) is rational on
3, regular on b’ C 3 and

83 (Larg—ary2()ly = 8y (Lyr v, -a/2(C(2)))-
Lemma 5.7. For anyt € C and any z € U(gc)®
Sa/3 (L tt(rg—e/2(2)) = Lyt @ Ly (e /2((9; 1 © Yoy (2)) + D(2),
where D(z) € PD(@)CZ N(PD(G)calse))-
Proof. By Theorem 3.7(b), it will suffice to show that
(5:8) 83/ (Sg/3 (L 14 (rg—e)2(2))) = 835 (Lyr e ® Lyn 14 —e)12((7; 1 © V) (2)))-

By (3.4) and (5.2) the left hand side of (5.8) is equal to f/h,t('yg/h(z)).
As an element of U(sc)” = UML) @UGE", (v, 0 1em)(2) = 221 © 2,

where the sum is finite, z} € U(hc) W and 2/ € U(3%)?". In these terms the right
hand side of (5.8) is equal to

Z 8y (L © L st (g —e) /221 ® 21'))
_253/h Ly t(2) @ Ly 14 vy -y 2(2)
_ZLh’ )® 6 ”/h”( g (g —e)/2(27))
fwz 218 200 1)) = Il 4 0 0)

=Lu.1(7g/5(2))-
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Lemma 5.9. Lett =rg —d'/2 — (rg —€)/2 and let t' = rgo —d/2 — (rg —€)/2.
Then

Tal /R ~ |h/ ~

I L) 22— Ly(z) (= € UDL)).

Ty /sl Ty [/
Proof. There are three cases to consider.
Case G¢c = GL4(C), Gz = GLy(C). Here t = (d—d'+1)/2 and t' = (d' —d+1)/2.
We may assume that b is the diagonal Cartan subalgebra of gly (C). Then the
identification (1.14.b) is given by

9lar(C) 3 Y ;B < Y w;Ej; € gla(C).

Then we see from definition (2.11) that, with d; = 0(E}j;), we have

i .
Ly 1(Bjj) = =5 (@07 + 201 =)0 +2;) (1 <j<d).
Moreover,

Ty (g @
779/3(2? 17T EJJ)
Let x = z; and let 0 = 0;, for short. Then
2 P02P =0+ 2 P[0, 2P) =0 +px !,
rPO*xP = 9% + 2 P[0%, 2P] = 0% + 2P (0|0, 2P] + [0, xF]0)

= 0% +277([0,[0,2%]] + 2[0, xF]0)
=0 +2 P(p(p — 1)aP"2 +2paP~10)
=0*+2pz 10+ p(p— 1)z 2,

Hx] P where p=d—d.

and therefore

27P(20? +2(1 — )0 + x)aP = xx PI*xP +2(1 — t)z POxP +x
=20 +2p0 +p(p— VDt +21 =)0 +2(1 —t)pz~ ' 4+
=20 +2(p+1-1)0+plp—1+21—t)z '+

= 29> +2(1 —t)0 + =

(5.10)

Hence
(TT )" Ly o(Ei) Hwa = Lyw(By) (1<j<d),

which completes our proof in thlS case.

Case G¢ = Spa(C), Gz = Oq/(C). Here t = (d —d' +2)/2 and ¢’ = (d' — d)/2.
With an appropriate choice of the bilinear form defining the groups G¢ and G'c,
we may assume that b is the diagonal Cartan subalgebra of sog (C) consisting of
elements of the form

m
> j(Ejj — Basi-ja1-3),
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where m is the largest integer less than or equal to d’/2, and that the identification
(1.14.b) is given by

m m
s0a(C) 3 Y wj(Ejj = Bopi-jas1—5) = Y 2j(Ejj = Eari—jari-j) € spa(C).
j=1 j=1

Then
Ly 1(Ejj = Earr-jar+1-5) = —%(%‘3;2 +2(0-1)0; +x;)  (1<j<m)
and
o (3050 25 (Bjj — Barni—jar+1-5)) _
To/s (X jer T3 (Ejj — Eay1—j.d+1-5))
Since 2(1 — ¢) = d’ — d, we have
ptl—t=d—d+1+(d -d)/)2=d-d)/2+1=1-1,

(H:cj)*p where p=d—d +1.
j=1

and
p—14+2(1—-t)=d—d +d —d=0.

Therefore the computation (5.10) implies the lemma, as in the previous case.
Case G¢ = 04(C), G = Spa’(C)(C). Heret = (d—d')/2 and t' = (d' —d+2)/2,
and with p = d — d’ — 1 the above proof adapts to this case. O

Proof of Theorem 5.6. Since all the Cartan subspaces h; ¢ C s1,c are conjugate
under Sg, and since all the Harish-Chandra homomorphisms involved in definition
(5.5) of the map C are equivariant with respect to the conjugation by Gc, the first
claim of Theorem 5.6 is clear.

Let t € C. Theorem 2.13 implies that we may compose the map

Lyt ® Ly vy« Uhe) ©U(5¢) — PD() @ PD(") = PD(Y @3")
with the restriction from ' ® 3" to b’, and obtain
(Lo ® Ly o )y = Ly @ g0 UhG) @ U(38) — PD(Y') ® C = PD(').

Furthermore

1 4 ~ 1 Ta’ /R ~ N
—Lh’,t ® sz//,?nj,,?'('g/3 = Za'/y L , X
Tg/3 Tg' /v Tg/s Ty’ /1y’

By restricting to b’ we get
1 Tl /b =~ s ’
Ty /b Tg/slb’ Ty /b’
Let t be such that t + (rg —€)/2=rg —d'/2 and let t/ = ry —d'/2 — (rgr — €)/2.
Then, by Lemma 5.9, the expression (5.11) simplifies to

& €y Tyt /-

Ly v ® ey mg jyr-
T /b

The following formula is easy to check:

(512) Tg — 7"3// = d,.
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Hence, t + (r;7 —€)/2 = 130, Let z € U(ge)®. Then, in terms of Lemma 5.7,
D(z)|y = 0. Therefore

8q/3(Lg.rg—ar/2(2)ly

1 A
= (th7tl ® 53//) o (’yé/lb o ’yg/h)(Z)’]Tg//h/ by (57)

Ty /b
= Ly o (L@ e5) 0 (v, © Yo /0) (2)) T 1y
Ty /b
= o [A/h/7t/ (’}/g//h/ (C(Z)))T(g//h/ by (55)
a’/b’
= 0gr iy (Lt —a/2(C(2))) by (5.2).

6. THE OSCILLATOR REPRESENTATION

Recall the symplectic space (s1, (, )), (1.10). Let Sp and sp C End(s1) denote
the symplectic group and the symplectic Lie algebra, respectively. Set

Sp’ = {(g,€) € Spx C*, &2 =det(i(g—1))"'}.
This is a real analytic manifold and a two-fold covering of Sp® via the map
(6.1) Sp 25=19,€) — g € Sp-.
Let dim(s;) = 2n and let

(6.2) che(z) = 27 |det(z)| 712 exp(z%sgn(x ) (x € sp, det(x) #0),

where “sgn” stands for the signature of the symmetric bilinear form (x, ), which is
the difference between the dimension of the maximal subspace on which the form
is positive definite, and the dimension of the maximal subspace on which the form
is negative definite.

For (g1,&1), (92,&2) € Sp© with ¢(g1) + ¢(g2) invertible in End(sy) let

(6.3) (91,€1) - (92,62) = (9192, §162 che(e(gr) + c(g2)))-

Theorem 6.4 (Howe, [H2, section 17]). Up to a group isomorphism, there is a
unique connected Lie group Sp containing §pc, with multiplication given by (6.3)
on the indicated subset of §pc X gpc, and such that the map (6.1) extends to a
double covering homomorphism

Sp>§—ge Sp.
Let
1
Xz(w) = exp(27ri1<a:w,w>) (x € sp, w € s51).

For f, f' € S(s1), the Schwartz space of s1, we have the twisted convolution, [H2]
section 18],

©5) 1) = [ Fere - oxGee)de @ es),
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As is easy to check, f'if € S(s1). For f € S(s1) and y € sp, with 1 — y invertible,
the formula

[ s = oG o, w)) do = @) [ G- 9wy () w) do

S1
defines a Schwartz function of w’ € s1. By analogy with (6.5) we denote it by x4 f.
Suppose x € sp®. Then, by the same argument, x4(xyif) € S(s1). Suppose z +y
is invertible. Let z = (y — 1)(z +y) ' (2 — 1) + 1. Then z € sp° and

Xz (xytf) = che(z +y)x:bf
(see [H2] (16.2.2a)]). Thus
(6.6) Xalixy = che(z +y)x=
(z,y € sp°, det(x +y) #0, 2= (y— D(z+y) (x—1)+1).
Define the following functions:
©:8p" 35=(9.6) ~£€C,
T:Sp" 3§ =(9,€) = O(9)Xe() dw € S (51).

(Then O is the character of the oscillator representation we are considering here.)

(6.7)

Theorem 6.8 ([H2]). The map T extends to a unique injective continuous map
T :Sp— 5%(s1) and the following formulas hold:
@  TOTE) =T@ G (5152 € S, det(e(gr) +elg2) #0).

T(1) = 0, the Dirac delta at the origin.

Furthermore, the formulas

N T()io = ST(explta)idlco  (x € sp,0 € S(e))
oA () = WnT(exp(m))hzo (v € sp.0 € S(e1))

define representations of the Lie algebra sp on S(s1) via polynomial differential

operators T(x)f and §T(x) € PD(s1). Specifically, if {e1,ea,...,en, f1, fo, ., [n}
is a basis of 1 such that

<6jafk>: 5,k <6jaek>:07 <fjafk>:O (1§]7k§n)7
then for x € sp, ¢ € S(s1) and w € s1,

T'(z)hg(w) (4m D @fr e ents + (wej,ex) fufi + (@ f, fr)ene;)

J,k=1

n .
Yy

5 D (gmwe; + xw,ej>fj)) olw) + T ow,w)o(w),

<.
—

oT =0 (L Z (fr,wej)erfi + (wej,en) frfj + (xfj, fr)eres)
k:

— 5 S (U awhe; + (o)) | ) + T (ww, whow).
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Recall the representation IA/M,, (2.11). Choose the bilinear form B, used to define
the Fourier transform (2.8), to be

(6.9) B(z,y) = {_(—1)j2 trD/R(xy) if x,y€g,

—(=1)2 trpr(ey) if wyeq.
Theorem 6.10. With the notation (1.16) we have,

T(x)4(vpo1g) = (Lgryg—ar2(x)p) og  (x €9, P € CF(g)),

T(@)h(W 0 1) = (g, —app(@ W) oy (' € g, ¢ € CZ(g)).
Corollary 6.11. Let ¢ € C*(g) and ¢’ € C*°(g') be such that ) o 7qg = ' o7y
Then for z € U(gc)%,

T(2)i(th 0 7g) = (Lgry—ar2(2)10) 0 g
= (i/g/’,rglfd/g(c(z))w,) [¢] Tg/
=T(C(2)a(¢ o7y).
We have to admit at this point that our methods, designed to work for invari-
ant distributions, are not sufficient to show the following equality of differential
operators on §7:

(6.12) T(2)i=T(C(2)1 (2 €Ulgec)).

(The equality (6.12) is more general than the equality of Corollary 6.11, because it
can be tested on an arbitrary smooth function defined on s1, rather than a function
of the form ¢ o 7y = ¢’ o 75.) However, we know from the theory of the oscillator
representation (see [HO, Theorem 7], [P2] (1.7)]) that there is a homomorphism

¢’ :U(ge)? — Ulg'e)”
such that the equation (6.12) holds with C replaced by C’. Let 1 and ¢’ be as in
(6.11). Then, by (6.10),
(Lt rgr—as2(C(2)W) 0 T = T(C(2))4(4 0 7g1)
=T(2)4(th o 79) = T(C'(2))1(¢ 0 7g)
— T(C ()4 0 70) = (L, —asa(C ()W) 0 7y
Thus for all ¢ € C*(g’)¢", supported on the set of regular semisimple elements,
(Lgiry—as2(C' ()W) 0 mgr = (Lyr iy —aj2(C(2)Y ) 079 (2 €U(gc)Y).
The image of s; under the map 7, has a non-empty interior. Since, by (5.3), the
maps
Ly p:U(gc) — PD(g)
are injective for all p € C, and since a polynomial differential operator is determined
by its restriction to any non-empty open set, we have C'(z) = C(z) for all z €
U(gc)%, and therefore the equation (6.12) holds.

Thus the homomorphism C, constructed using the methods of Harish-Chandra,
coincides with the homomorphism C’, which for a dual pair of general linear groups
is determined by the Capelli identities. In order to complete these remarks we
mention that for a dual pair of general linear groups the kernel of the map

U(ge) 3z — T(2)h € PD(s1)
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has been determined recently, in terms of generators, by Victor Protsak [Pr] The-
orem 3.7.1].

Proof of Theorem 6.10. We consider the group G. The proof for G’ is identical. A
straightforward computation shows that one may normalize the Haar measure dg
on G and the Lebesgue measure dzr on g so that

613 [ 2g)ds= [ @oclag@) e dr = [ Boc(@agla)| T de
g g

for all suitable test functions ®. Also, it is easy to check from definition (6.7) that
for any lift ¢ : sp© :— Spc of the Cayley transform c : sp° :— Sp°,

O(e(x))” = (—4) "ag(x)’  (z € g°).
Hence there is a real analytic lift ¢ such that
(6.14) O@E(x)) = (20) "ag(2)|*? (x € g?).

As explained in section 1, we may view G as a subgroup of Sp. Let G C Sp be the
preimage of G under the covering map (6.4). Set

i(2) = d2)e(0) ! (zegd).

Then, in partlcular ¢_(0) is the identity of the group G. Let dg be the Haar
measure on G so that formula (6 13) holds with G replaced by G and ¢ replaced
by ¢. Let z € g and ® € C°(G). We see from Theorem 6.8 that the following
computation is valid:

T(a); [ ()

LG @@M/¢(W@M%ﬂ
%%/‘ z)g) dgli=o

= [ 550 (12)5)7(3) dalh=o

(L(2)®(9))T(9) dg-

§\$>\

Thus
(6.15) T@w[;me@mg:[;Mm¢@wnmdg (xeg eCx(@)

where the integrals converge in the topology of S*(s1).
Suppose the function ® is supported in —G¢ = ¢_(g¢). Then, by (6.15),

T@w[;me@wwwnam>:/7um¢@ﬂun@wmamx

G
so that

mm[@W@*W@@:/waﬁ@*W@@,

G G
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and therefore

T(a); / B o (y)© 0 y)lag(y)| " xy dy

- / (L(@)B) o _ (4) © o &(y)ag(y)| " xy dy.

g
Let ¢ = ®oé_. Then ¢ € CX(g°) and, by (6.14), the above equation may be
rewritten as

Notice that
(L(@)(@ o)) o i = (Lx)(¢oc ) oc-.

Hence,
T(2)s / 6(1) lag(u)| /2oy, dy = / ¢ (L(2))d(y) lag(m)|* /"o xy dy.

In terms of the Fourier transform (2.8), with the form B as in (6.9) and the map
Tg as in (1.17), the last equation may be rewritten as

T(2)5(F (¢ lag(y)|*>770) o 15) = F((¢2(L(x)))lag(y)|* /*7"0) o 7.
By (5.3), the right hand side of the above equation coincides with
F(Lng—arj2(2) |ag(y)|*/>70) o 7.

Thus we have shown that

(6.16)  T(x)4(F(¢) o7g) = (Lrg—aj2(x)Fdp)o1g (¢ € CF(g°), w €g).

Let ¢ be a polynomial function on g, homogeneous of degree m. Thus (tx) =
tmi(z), t >0, x € g. Let ¢ € C°(g°) be such that F¢p(0) = 1. Then

lim () Folta) = () (x € q).
Hence for any polynomial differential operator D € PD(g),
lim £~ D) Folte)) = DUx)  (x € g).

Notice that F¢(tz) is the Fourier transform of the function ¢~ 4™(®)¢(¢~1x), whose
support is equal to ¢ supp(¢), which is contained in g¢ if supp ¢ is contained in a
small ball near 0 € g¢ and if ¢ < 1. Notice also that i o 74 is a polynomial on s,
homogeneous of degree 2m. Hence

lim 77" o 74 ('/%2) (F¢) o 13 (t/22) = o my(2)  (x € 51),
and for any D' € PD(s1)
lim ¢ D' (¢ o 7 (t/22) (FA) o 13 (1"/%2)) = D'(po ) (2)  (w € 51).
Therefore (6.16) implies

(6.17) T(@)a(porg) = (Lyg—ar2(@)¥) o1y (¥ €P(g), z€9).
Let E C s1 be a compact set. Then K = 74(E) is a compact subset of g.
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Let v € C*(g). By a version of the Weierstrass polynomial approximation
theorem (see Appendix A), there is a sequence ¥, € P(g) such that

Tim_ max{[Dv(y) ~ Dén(y)l: y€ K} =0 (D€ PD(g)).
Then by the chain rule
T(@)a(w o) (y) = lim T()b(m o 7)y) (v € E).
Since, by (6.17), )
T(x)8(thm © 7g) = (Lig—arj2()tm) © 7g

and since

i T (@) 0 7)) = (Lo o)) omly) (v € B,

by the above-mentioned Weierstrass theorem, the desired equation follows:

T(x)a(y o mq) = (Lyy—arj2(@)) 01y (€ CF(g), = € 9).

7. DESCENT TO A NEIGHBORHOOD OF A SEMISIMPLE POINT
IN THE SYMPLECTIC SPACE 53

Let = € 51 and let S® be the stabilizer of x in S.

Definition 7.1. A connected submanifold U C s is called an admissible slice
through z if and only if

(1) z €U,

(2) U is S*-stable,

(3) the tangent space Ty (s1) = T, (U) @ Ty (Sx),

(4) if g € S and u,u’ € U are such that gu = v/, then g € S*, and

(5) the map S x U 3 (g,u) — gu € 51 is a submersion.

Condition (7.1.4) implies that the map
(7.2) w:SU > gu — gz € Sz

is well defined. As shown in [Vl Vol I, pages 15, 16], x is a locally trivial fibration
with fiber U. In other words, for every point gz € Sz there is an open neighborhood
M C Sz, and a diffeomorphism @ such that the following diagram commutes:

MxU —2— p=Y(M)

(7.3) l ul

M —= M,
where the left vertical arrow is the projection on the first component.

Theorem 7.4 (|[P0]). Let x € s1 be semisimple. Then s7 = {y € s1; [z,y] = 0},
the commutator of x in End(V') intersected with s1, has a basis for the S®-invariant
neighborhoods of x consisting of admissible slices U, through x, such that the maps

2
. x
Tg Uz — g%,

U 112
Tgr Uz — @

are (injective) immersions. Moreover, the subset T4:(Uy) C a'®" is open. (Recall
that we assume the rank of g’ to be less than or equal to the rank of g.)
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Let U(gr) © z — 2 € U(gr) be the anti-involution such that 2 = —z for z € ¢'.
Let R be the right regular representation
d
(7.5) R(z)¥(g) = E\I'(g exp(tz))|t=o (xeg, ge@, ¥elC®GQG)).
Asin (2.7) and (2.11), define

(76)  Ry(z) = (R(z) + 5z and Ry(:) = R,(z) (zegq,peC).

Recall the notion of the pullback 7*(u) of a distribution u via a submersion 7, [Hol
Theorem 6.1.2].

Corollary 7.7. For any S-invariant distribution f defined on the set s7° of semi-
simple elements of s1, there is a unique G-invariant distribution fg on 74(s5°) and
a unique G'-invariant distribution fg on 74 (85°) such that

(a) f:T;(fg):T;’(fg/)~
Moreover, for any z € U(gc)®,
(b) FIT(2) = 79 (Rgr —ay2(C(2)) for) = FET(C(2)).

Proof. Fix a point x € s7°, and let U C s7 be an admissible slice through z. Let
¢ € C°(SU). Then there are ¢ € C°(14(U)) and ¢’ € C°(14/(U)) such that

. dlgy)dg = ore(y) =¢ o1y (y)  (y € SU).

By the usual partition of unity argument, this implies (a). Furthermore, by (6.11),
for any z € U(gc)® we have

| @Croands=1): [ sty

=T (2)§(" o 19 )(y) = (Lygt,ry —a/2(C(2))1") 0 7 (y).
For a vector space W over R, define an anti-involution D — D! of the algebra
PD(W) by

w)' =-0(w), ¢'=qg (weW, gePW)),
where ¢ is viewed as the multiplication operator ¢ — ¢g¢. Then the action of a
differential operator D on a distribution f is given by D(f)(¢) = u(D'¢), [Hdl
Definition 3.1.1]. Equivalently, we have D!(f)(¢) = u(D¢). It is clear from (6.8.c)

that
(7.8) (T(x)h)" =tT(x)  (z € sp).
As in (2.3) we compute
(79) C(R(E) =0+ -y +1)  (myed),
A straightforward computation, using (7.9), shows that
(7.10) Lyp(2)' =Ry pr,(-2) (z€¢, peC).
Hence,
(f4T(2))(9) = (47(2))" f(¢) = F(T(2)19)
= for(Lgrry—as2(C(2)Y) = (Ryr,—aya(C(2))far) (),
and (b) follows. d
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APPENDIX A. THE WEIERSTRASS POLYNOMIAL APPROXIMATION THEOREM

Lemma. For any function ¢» € C°(R™) and any compact set K C R™ there is a
sequence of polynomials v, € P(R™) such that

lim max{|Dy(z) — DY (z)]; x € K} =0 (D € PD(R")).
Proof. We trace through the proof of Theorem 4.5 in [B] in the case n = 1. The
general case is entirely analogous.
We may assume that supp ¢ C (—m,7) and K C (—m, 7). Also, we may assume

that D is a differential operator with constant coefficients.
As is well known, there is a sequence of trigonometric polynomials

tm(x) = Zak,me““ (x € R)
k
such that for any n =0,1,2,...,
lim || " =) [|oo= 0.
m—0o0

Let

Then
(n) )= 3 Zm o (k)
tm (CL‘) - wm (CL‘) - ak,m (Zk) T (CL’ € ]R)

k d=m+1—n
Hence for |z| <1,

(n) (n) - n(kﬂ-)d
o) @) =@ < larm| D>k (z €R).
k

d=m+1—n
Therefore,
lim max{[t{ (z) — M (2)]; |z| <1} = 0.
m—00

APPENDIX B. COMPLETION OF THE PROOF OF THEOREM 2.13

Here we verify the last statement of Theorem 2.13. We may assume that the
group G is compact. Let ¥ € C*°(G). For z € U(gc) we have

/L(z)\I/(g)dg:z-:g(z)/ U(g)dg.
G G

Thus if ¥ is supported in the domain of the Cayley transform c_, then

J@@m o) lagwl " dy = <o() [ Ve )lag)] " .

Let ¥ = Woc_. Then
[0 o)l dy = ca(2) [ 900 lag(w)|
g g

The left hand side is equal to

[ 1asI 70 (L) laa ) o)) d
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Hence if £(y) = 1 - lag(y)| "7, then

Thus

_——
&~
@
5
k-]
—~
N
SN—
~
NS
SN~—
QU
N
Il
™
)
—~
N
SN~—
_——
~
S
SN~—
QU
<

and therefore

[C1]
[C2]

(B]
(G-W]

[H-C1]
[H-C2]
[H-C3]
[H-C4]
[H-C5]
[Ho]
[H1]
[H2]
[H-U]
[Ho]

[
[J]

(K]
[Ko]

[L-S1]
[L-S2]
[L-S3]

[Pr]
[PO]

[P1]

Lgry(2)1(0) = £4(2) £ (0)-
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