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THE GEOMETRY OF ANALYTIC VARIETIES SATISFYING
THE LOCAL PHRAGMÉN-LINDELÖF CONDITION

AND A GEOMETRIC CHARACTERIZATION OF
THE PARTIAL DIFFERENTIAL OPERATORS

THAT ARE SURJECTIVE ON A(R4)

RÜDIGER W. BRAUN, REINHOLD MEISE, AND B. A. TAYLOR

Abstract. The local Phragmén-Lindelöf condition for analytic subvarieties
of Cn at real points plays a crucial role in complex analysis and in the theory
of constant coefficient partial differential operators, as Hörmander has shown.
Here, necessary geometric conditions for this Phragmén-Lindelöf condition are
derived. They are shown to be sufficient in the case of curves in arbitrary
dimension and of surfaces in C3. The latter result leads to a geometric charac-
terization of those constant coefficient partial differential operators which are
surjective on the space of all real analytic functions on R4.

1. Introduction

In his basic paper [17], Hörmander proved in 1973 that the surjectivity of a given
constant coefficient linear partial differential operator P (D) on the space A(Ω) of
all real analytic functions on any open convex set Ω in Rn is characterized by certain
estimates of Phragmén-Lindelöf type holding for plurisubharmonic functions on the
zero variety V (Pm) of its principal symbol Pm. When Ω = Rn he showed that this
fact is equivalent to a local Phragmén-Lindelöf estimate, PLloc(ξ), holding for all
ξ ∈ V (Pm) ∩ Rn, |ξ| = 1. For n = 2 or n = 3 the latter condition is equivalent to
V (Pm) being locally hyperbolic in the sense of Andersson [1] at these points. Later
Zampieri [33] and Braun [5] gave other equivalent geometric conditions for PLloc

when n = 3. For n ≥ 4 local hyperbolicity is sufficient but not necessary and no
necessary geometric characterization was known at that time. In the meantime, it
was shown by several authors that different variants of Phragmén-Lindelöf estimates
for plurisubharmonic functions on algebraic varieties could be used to characterize
other properties of constant coefficient partial differential operators (see, e.g., [2],
[7], [12], [4], [15], [16], [18], [27], [22], [23], [25], [29], [34]). One of these is also of
special interest for complex analysis because it describes the natural extension of
the classical Phragmén-Lindelöf Theorem to algebraic varieties. In many of these
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1316 R. W. BRAUN, R. MEISE, AND B. A. TAYLOR

cases, the local Phragmén-Lindelöf condition comes up as a necessary condition to
hold at real points. Its precise definition is stated as follows:

An analytic variety V in Cn satisfies PLloc(ξ) at ξ ∈ V ∩Rn if there exist A > 0
and r ≥ ρ > 0 such that each plurisubharmonic function u on V ∩ B(ξ, r) which
satisfies

u(z) ≤ 1, z ∈ V ∩B(ξ, r) and u(z) ≤ 0, z ∈ V ∩ Rn ∩B(ξ, r)

necessarily satisfies
u(z) ≤ A|Im z|, z ∈ V ∩B(ξ, ρ).

In the present paper we first derive new necessary conditions for pure k-dimen-
sional varieties V in Cn to satisfy PLloc(0) (see Theorem 3.13). Then we show that
for analytic curves in Cn and for analytic surfaces in C3, these necessary conditions
are sufficient (see Proposition 3.16 and Theorem 5.3). The latter theorem is then
applied to derive from Hörmander’s result a new characterization of those homo-
geneous polynomials P in four variables for which P (D) is surjective on A(R4) in
terms of geometric conditions on the zero variety V (P ) of P (see Theorem 6.9).
Moreover, we present algorithms that can be used to decide whether PLloc(0) holds
for an analytic surface in C3 and whether the zero variety of a homogeneous poly-
nomial in four variables satisfies Hörmander’s Phragmén-Lindelöf principle.

To outline the basic ideas of the paper, we first remark that the necessary condi-
tions obtained in Section 3 are consequences of the generally known principle that
various Phragmén-Lindelöf conditions for varieties are inherited by appropriately
defined limit varieties. However, except for the Phragmén-Lindelöf condition in-
troduced by Hörmander, the converse implication does not hold. The reason for
this is that near singular points of the limit variety, the branching behavior of V
makes it impossible to pass estimates on plurisubharmonic functions from the limit
variety of V to V itself. In this situation, the new idea in our analysis of PLloc is to
microlocalize the analysis of V in “conoids” (see Definition 2.13) centered around
analytic curves in Rn that are close to branch curves of V with respect to most
projections. The first step in this method was used in our paper [7] in connection
with the concept of quasihomogeneity of a polynomial. In order to iterate this anal-
ysis, limit varieties Tγ,dV of V along certain real analytic curves γ (see Definition
2.2) have to be considered. These limit varieties, which give approximations to V
of order d ≥ 1 in conoids around γ, were introduced and investigated in our paper
[9]. They are either empty or algebraic varieties of essentially one dimension less
than the dimension of V . Using results from this note and inheritance properties
for extremal functions from Meise, Taylor, and Vogt [26], we show that the limit
varieties Tγ,dV have to satisfy PLloc at every real point and that furthermore V has
to satisfy a hyperbolicity condition in some conoid around γ of opening exponent
d (see Definition 2.13). We refer to these properties as hyperbolicity in conoids (see
Definition 3.14). It is a necessary condition for each pure k-dimensional variety in
Cn to satisfy PLloc(0).

For surfaces V in C3 we prove that hyperbolicity in conoids is sufficient for
PLloc(0). In fact, only a finite number of limit varieties Tγ,dV have to be used
to prove sufficiency (see Theorem 5.3). To obtain this finiteness result, one has
to understand exactly which curves and limit varieties have to be inspected to set
up an inductive procedure. To show that it stops after finitely many steps in a
situation where all relevant necessary conditions have been found, we prove that
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LOCAL PHRAGMÉN-LINDELÖF CONDITION 1317

there is a universal denominator q ∈ N such that for each ξ ∈ R3, |ξ| = 1, all curves
in the branch locus Bξ ⊂ V for the projection of V along ξ have a Puiseux series
expansion of the form

∑∞
j=q ajt

j/q, aj ∈ C3.
Another basic ingredient for proving the sufficiency is an application of our main

result from [8] concerning the radial local Phragmén-Lindelöf condition. It shows
that each plurisubharmonic function u which satisfies the hypotheses of the condi-
tion PLloc(0) can already be estimated by

u(z) ≤ A|z|, z ∈ V ∩B(0, r0),

where A ≥ 1 and r0 > 0 only depend on V near the origin. To derive from this fact
and the hyperbolicity in conoids that V satisfies PLloc(0), a lot of detailed analysis
in conoids has to be done. The main point in it is to understand how properties of
the limit varieties Tγ,dV can be used to get information about V .

It turns out that multiplicities in the tangent variety T0V and in the limit va-
rieties Tγ,dV are responsible for a lot of technical difficulties. However, if V is an
analytic surface in C3 which contains the origin and satisfies

(∗) all the limit varieties Tγ,dV have multiplicity 1

(see Definition 2.10), then the characterization of PLloc(0) for V is essentially ob-
tained by a reduction in dimension and can be stated as follows (see Theorem
7.3):

Theorem. Let V be an analytic surface in C3 which is the zero set of an analytic
function with real Taylor coefficients and assume that V contains the origin and
satisfies (∗). Then V satisfies PLloc(0) if and only if all limit varieties Tγ,dV
satisfy PLloc(ξ) at each ξ ∈ Tγ,dV ∩ R3.

In fact, it is enough to know (∗) and the condition in the Theorem only for a
finite number of limit varieties.

The proof of the characterization also has the following philosophical aspect: No
matter how complicated an analytic surface in C3 is, if the local Phragmén-Lindelöf
condition can be shown at all, the proof does not bring any new type of maximum
principle into play. In fact it uses only two main ingredients. The first one is
the local radial Phragmén-Lindelöf condition from [8] in the spirit of the Sibony-
Wong inequality that was already mentioned three paragraphs earlier. It is used to
derive an a priori estimate of radial type. Apart from this, only classical estimates
from potential theory in the plane are used, although after many localization and
reduction steps. This is the essential role that hyperbolicity plays in the analysis.

To apply the characterization of PLloc(0) for surfaces in C3 to Hörmander’s
characterization for polynomials P in four variables, we first show that the following
reduction of dimension can be achieved: If ξ ∈ V (P )∩R4, |ξ| = 1 is given, then V (P )
satisfies PLloc(ξ) if and only if the two-dimensional variety, obtained by slicing V (P )
with a hyperplane through ξ and orthogonal to ξ, satisfies PLloc(0) (see Lemma
6.1). Using an argument of Braun [5], it can be shown that only a finite number
of such sliced varieties have to be inspected in order to decide whether P (D) is
surjective on A(R4) (see Theorem 6.9).

The paper is organized as follows. In Section 2, we introduce the definitions
and results on limit varieties and other things that are needed later. Necessary
conditions for PLloc are derived in Section 3 and it is shown that they are sufficient
for analytic curves in Cn to satisfy PLloc(0). In Section 4 the concepts and results
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1318 R. W. BRAUN, R. MEISE, AND B. A. TAYLOR

are presented which are used in Section 5 to prove the finiteness result and the
characterization of the analytic surfaces in C3 which satisfy PLloc(0). This result
is applied in Section 6 to derive a new characterization for the surjectivity of P (D)
on A(R4). In Section 7 we prove the Theorem stated above and we illustrate our
results by several examples.

In concluding we mention that the results and methods of this paper are used in
[11] to characterize those algebraic surfaces in Cn on which the classical Phragmén-
Lindelöf theorem holds.

2. Preliminaries, real simple curves, limit varieties, conoids

In this section we fix the notation for the subsequent ones and we recall the basic
facts about limit varieties along analytic curves from our article [9].

Throughout this paper |·| will denote the Euclidean norm on Cn. At some places
it is more convenient to use other norms, which will be mentioned explicitly. For
a ∈ Cn and r > 0 let

Bn(a, r) := {z ∈ Cn : |z − a| < r},
where the upper index n is often omitted.

An analytic variety V in Cn is defined to be a closed analytic subset of some
open set in Cn (see Chirka [14], 2.1). By Vsing (resp. Vreg) we denote the set of all
singular (resp. regular) points in V .

2.1. Tangent cones and localizations. Let V ⊂ Cn be analytic in a neighborhood
of p ∈ V . Then v ∈ Cn is tangent to V at p if there are a sequence (pj)j in V and
a sequence (aj)j in C such that limj→∞ pj = p and limj→∞ aj(pj −p) = v. The set
of all tangent vectors forms a complex cone. It is called the tangent cone of V in p
and is denoted by TpV .

If f is a holomorphic function in n variables, its localization in p ∈ Cn is defined as
the lowest order nonvanishing term of the expansion f(ζ+p) =

∑∞
j=0

∑
|α|=j aαζ

α.
It is denoted by fp.

The relation between tangents and localization is expressed by the following fact,
which can be found in Whitney [32], Chapter 7, Theorem 4D:

TpV = {z ∈ Cn : fp(z) = 0 for all holomorphic functions f vanishing on V } .

2.2. Definition. A simple curve γ in Cn is a map γ : ]0, α[→ Cn which for some
α > 0 and some q ∈ N admits a convergent Puiseux series expansion

γ(t) =
∞∑
j=q

ξjt
j/q with |ξq| = 1.

Then ξq is called the tangent vector to γ in the origin. The trace of γ is defined as
tr(γ) := γ(]0, α[). A real simple curve is a simple curve γ satisfying tr(γ) ⊂ Rn.

2.3. Remark. (a) If γ : ]0, α[→ Cn is a simple curve, then for some 0 < β ≤ α, the
restriction of γ to ]0, β[ is injective. Hence it is no restriction to assume that simple
curves are injective.

(b) Each simple curve γ : ]0, α(→ Cn has a natural analytic extension to B(0, α)\
]−∞, 0] if we define for any real number d > 0 the power function zd on C\ ]−∞, 0]
by zd = |z|d exp(id arg(z)), where arg(z) ∈ ]−π, π[.
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LOCAL PHRAGMÉN-LINDELÖF CONDITION 1319

2.4. Definition. A real simple curve γ in Rn is said to be in standard parametriza-
tion with respect to a basis (ξ1, . . . , ξn) of Rn if for some q ∈ N, γ(t) = tξ1 +∑n
ν=2 γν(t)ξν , where γν(t) =

∑∞
j=q+1 aν,jt

j/q .

2.5. Lemma. (a) Let V ⊂ Cn be a pure 1-dimensional analytic variety in Cn
which contains the origin and let T be the germ of a branch of V ∩Rn \{0}.
Then there exists a basis (ξ1, . . . , ξn) of Rn, r > 0, and a real simple curve
γ in standard parametrization such that T ∩Bn(0, r) = tr(γ).

(b) Let γ be a real simple curve in Rn and let (ξ1, . . . , ξn) be a basis of Rn such
that ξ1 is tangent to γ. Then there are ε > 0 and a real simple curve δ
which is in standard parametrization with respect to (ξ1, . . . , ξn) such that
tr(γ) ∩B(0, ε) = tr(δ).

Proof. Part (a) follows immediately from part (b) together with the well-known
result that each irreducible analytic curve admits a Puiseux series expansion (see,
e.g., Chirka [14], 6.1).

For the proof of part (b), let γ =
∑∞

j=q ajt
j/q be the Puiseux series expansion

of γ satisfying |aq| = 1. We may assume aq = (1, 0, . . . , 0) and that (ξ1, . . . , ξn) is
the standard basis of Rn. Denote by aj,1 the first coordinate of aj . Then g : s 7→∑∞
j=q aj,1s

j is analytic near the origin. Let φ be defined by g(φ(s)) ≡ sq. Then φ

admits a Puiseux series expansion ([14], 6.1) of the form φ(s) = s+ o(s). Define

δ(t) := γ
(
φ(t1/q)q

)
.

Then tr(γ) and tr(δ) coincide in a neighborhood of the origin. Denote by γ1 and
δ1 the respective first components. Then

δ1(t) = γ1

(
φ(t1/q)q

)
= g(φ(t1/q)) = t.

Hence δ is in standard parametrization with respect to the standard basis of Rn. �

2.6. Definition. Let V ⊂ Cn be an analytic variety of pure dimension k ≥ 1 which
contains the origin, let γ : ]0, α[→ Cn be a simple curve, and let d ≥ 1. Then for
t ∈ ]0, α[ we define

Vγ,t,d := {w ∈ Cn : γ(t) + wtd ∈ V } =
1
td

(V − γ(t))

and we define the limit variety Tγ,dV of V of order d along γ as the set

Tγ,dV := {ζ ∈ Cn : ζ = lim
j→∞

zj, where zj ∈ Vγ,tj,d for j ∈ N and (tj)j∈N is a

null-sequence in ]0, α[}.
If it is clear from the context we will sometimes write Vt,d or just Vt instead of
Vγ,t,d.

From Theorem 3.2 and Proposition 4.1 of [9], we recall the following results.

2.7. Theorem. Let V be an algebraic variety of pure dimension k ≥ 1 which
contains the origin, let γ : ]0, α[→ Cn be a simple curve in Cn with tangent vector
ξ at the origin, and let d ≥ 1 be given. Then the following assertions hold:

(a) Tγ,dV is either empty or an algebraic variety of pure dimension k.
(b) Tγ,1V = T0V − ξ.
(c) If d > 1, then w ∈ Tγ,dV if and only if w + λξ ∈ Tγ,dV for each λ ∈ C.
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(d) For each R > 0 there exists 0 < δ ≤ α such that Vγ,t,d is a closed analytic
set of B(0, R) for 0 < t < δ, and for each null-sequence (tj)j∈N in ]0, δ[ the
varieties (Vγ,tj ,d ∩B(0, R))j∈N converge to Tγ,dV ∩B(0, R) in the sense of
Meise, Taylor, and Vogt [24], 4.3.

For later applications of part (d) of Theorem 2.7 we need the following lemma.

2.8. Lemma. Let D be a domain in Cn, let V0 and (Vt)t∈]0,α[ be analytic subvari-
eties of D of pure dimension k ≥ 1. Assume that for each null-sequence (tj)j∈N in
]0, α[ the sequence (Vtj )j∈N converges to V0 in the sense of Meise, Taylor, and Vogt
[24], Definition 4.3. Then for each compact set K in D and each open set G in D
with G ⊃ V0 ∩K there exists 0 < τ < α such that Vt ∩K ⊂ G for all t ∈ ]0, τ [.

Proof. If the lemma does not hold, then there exist a compact set K in D and an
open set G with K ∩ V0 ⊂ G ⊂ D such that for each j ∈ N there exists tj ∈ ]0, 1

j [
satisfying K ∩ Vtj 6⊂ G. Consequently we can choose zj ∈ K ∩ Vtj \ G, j ∈ N.
Passing to a subsequence, we may assume that (zj)j∈N converges to some z0 ∈ K.
Then the hypothesis implies z0 ∈ K ∩ V0 ⊂ G. Hence there exists j0 ∈ N such that
zj ∈ G for all j ≥ j0. Since this contradicts the choice of the sequence (zj)j∈N, the
proof is complete. �

Later we will also need information about equations defining limit varieties Tγ,dV
and about how Tγ,dV depends on d ∈ [1,∞[ for a given real simple curve γ. To
provide it we recall the following definition from [9], 3.15.

2.9. Definition. For d ∈ [1,∞[ and q ∈ N, a polynomial P in t1/q and z1, . . . , zn,

P (t, z) =
∑

j∈N,β∈M
aj,βt

j/qzβ

is called d-quasihomogeneous of d-degree ω if N ⊂ N0 and M ⊂ Nn0 are not empty
and if aj,β 6= 0 and j

q + d|β| = ω for each j ∈ N and β ∈M .

Remark. If P as in Definition 2.9 is d-quasihomogeneous of d-degree ω, then
P (λt, λdz) = λωP (t, z) for all λ ∈ C and (t, z) ∈ ]0,∞[×Cn.

2.10. Definition. For r > 0 let f : Bn(0, r)→ C be a holomorphic function which
vanishes at the origin. For q ∈ N let γ(t) =

∑∞
j=q ajt

j/q be a simple curve. Then
we have the expansion

(2.1) f(γ(t) + z) =
∑
j,α

aj,αz
αtj/q.

For d ≥ 1 let

ω0 := ω0(d) := min{ j
q

+ d|α| : aj,α 6= 0}

and regroup the expansion (2.1) as

(2.2) f(γ(t) + z) = Fω0(t, z) +
∑
ω>ω0

Fω(t, z),

where Fω is a d-quasihomogeneous polynomial in t1/q and z of d-degree ω. By [9],
Corollary 3.17, we have for V = V (f):

(2.3) Tγ,dV = V (Fω0(1, ·)).
We will say that Tγ,dV has multiplicity 1 if Fω0(1, ·) is square-free.
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LOCAL PHRAGMÉN-LINDELÖF CONDITION 1321

Remark. In [9] the limit varieties Tγ,dV are in fact defined as the supports of
limit currents Tγ,d[V ]. From [9], Corollary 3.16 and 3.17 it follows that Tγ,dV
has multiplicity 1 in the sense of Definition 2.10 if and only if the current Tγ,d[V ]
coincides with the current of integration over Tγ,dV with weight ≡ 1.

Note that by Theorem 2.7(b) we have T0V = Tγ,1V + ξ for each simple curve γ
with tangent vector ξ at the origin. Therefore we also have defined when T0V has
multiplicity 1.

2.11. Remark. Let r > 0 and let f : Bn(0, r)→ C be a holomorphic function which
vanishes of order m > 0 at the origin. Let γ(t) =

∑∞
j=q ajt

j/q be a simple curve. It
was shown in [9], Proposition 4.3, that there are p ∈ N, 1 ≤ p ≤ m+1, and rational
numbers 1 = d1 < · · · < dp, such that for V := V (f)

Tγ,dV = Tγ,δV whenever dj < d ≤ δ < dj+1, 1 ≤ j < p or dp < d ≤ δ,
and where the set {d1, . . . , dp} is minimal with respect to this property. It was
also shown that the numbers dj can be computed from the expansion (2.1) by
considering the Newton diagram N of its support set M which is defined as

M := {( j
q
, l) : j, l ∈ N0 and aj,α 6= 0 for some α ∈ N2

0, |α| = l}.

2.12. Proposition. Under the hypotheses of Remark 2.11 and using the notation
introduced there, the following holds:

(a) If dν < d < dν+1 for some ν satisfying 1 ≤ ν < p, then Fω0(d)(1, ·) =
(Fω0(dν)(1, ·))0 and hence

Tγ,dV = V ((Fω0(dν)(1, ·))0).

(b) If d > dp, then Fω0(d)(1, ·) = (Fω0(dp)(1, ·))0 and hence

Tγ,dV = V ((Fω0(dp)(1, ·))0).

(c) degFω0(dν+1)(1, ·) < degFω0(dν)(1, ·) for 1 < ν < p.

Proof. To prove (a) and (b) we consider the following cases:
Case 1: ν = 1. Expand f =

∑∞
k=mQm, where Qk is either homogeneous of

degree k or identically zero. If Qk 6≡ 0 consider the Taylor series expansion of Qk
at aq:

Qk(aq + w) =
k∑

ν=νk

Pk,ν(w),

where Pk,ν is homogeneous of degree ν or identically zero and where Pk,νk = (Qk)aq
is the localization of Qk at aq. For γ̃(t) := γ(t)− aqt this gives

Qk(γ(t) + z) = tkQk

(
aq +

γ̃(t) + z

t

)
=

k∑
ν=νk

tk−νPk,ν(γ̃(t) + z).

Since γ̃(t) =
∑∞

j=1 aq+jt
j/q , the expansion of Pk,ν(γ̃(t) + z) shows that the values

k − ν +
q + 1
q
· j + d(ν − j) = k + (d− 1)ν + j

(
q + 1

1
− d
)
, 0 ≤ j ≤ ν,

are candidates for the smallest d-degree in the expansion of Qk(γ(t) + z), k ≥ m.
From this it follows that

ω0(1) = m and Fω0(1)(1, ·) = Pm,νm = (Qm)aq .
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Moreover, it follows that for some ε > 0 and 1 < d < 1 + ε we have

ω0(d) = m and Fω0(d)(1, ·) = Pm,νm = (Qm)aq .

By [9], Proposition 4.3, (2.3), and the choice of d2, this proves (a) in this case.
Case 2: 1 < ν < p. By [9], 4.3, there is a segment with slope − 1

dν
in N . By the

definition of the Newton polygon there are n ≥ 2 points ( jkq , lk) ∈ M, 1 ≤ k ≤ n,
lying on this segment, i.e., they satisfy

dν lk +
jk
q

= ω0(dν), 1 ≤ k ≤ n,

while

(2.4) dν l +
j

q
> ω0(dν) for all (

j

q
, l) ∈M, (

j

q
, l) 6= (

jk
q
, lk), 1 ≤ k ≤ n.

Moreover,

Fω0(dν)(t, z) =
n∑
k=1

Sk(t, z), where Sk(t, z) =
∑

dν |α|+jk/q=ω0(dν)

ajk,αz
αtjk/q.

In particular, Sk(1, ·) is homogeneous of degree lk for 1 ≤ k ≤ n. Since we may
assume j1 < j2 < · · · < jn, we have l1 > l2 > · · · > ln. Consequently, the
localization of Fω0(dν)(1, ·) at the origin is Sn(1, ·). To compute Fω0(d) for d > dν ,
note first that the d-degree of Sk is dlk + jk/q. Since lk = 1

dν
(ω0(dν) − jk/q), we

get for k < l

dlk +
jk
q

=
d

dν
(ω0(dν)− jk

q
) +

jk
q

=
dω0(dν)
dν

− jk
q

(
d

dν
− 1)

>
dω0(dν)
dν

− jl
q

(
d

dν
− 1) = dll +

jl
q
.

Hence, among S1, . . . , Sn, the term Sn has minimal d-degree dln + jn/q. To check
the d-degree of the remaining points in M , note that the set of ( jq , l) ∈M described
in (2.4) is either empty or the minimal dν -degree in this set is attained at some
point ( j0q , l0). Then (2.4) implies

(2.5) dl0 +
j0
q
> ω0(dν) ≥ dln +

jn
q

for d = dν . Hence there exists ε > 0 such that (2.5) also holds for dν < d < dν + ε
and consequently

(2.6) ω0(d) = dln +
jn
q

and Fω0(d) = Sn for dν < d < dν + ε.

By [9], Proposition 4.3, (2.3), and the above, this implies

Tγ,dV = V (Fω0(d)(1, ·)) = V (Sn(1, ·)) = V ((Fω0(dν)(1, ·))0).

Since Tγ,dV = Tγ,δV for dν < d, δ < dν+1, we proved (a) in this case.
Case 3: ν = p and p > 1. In this case we can argue as in the previous one to

get n ≥ 2 and points ( jkq , lk) ∈M , 1 ≤ k ≤ n, lying on the segment in N with slope
− 1
dp

. Assuming j1 < j2 < · · · < jn as before, we have

Fω0(dp)(t, z) =
n∑
k=1

Sk(t, z), where Sk(t, z) =
∑

dp|α|+jk/q=ω0(dp)

aj,αz
αtjk/q,
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using the same notation as above. The definition of p and of the Newton polygon
implies that either there are no points ( jq , l) in M satisfying j > jn or l ≥ ln if
( jq , l) ∈M with j > jn. Hence we have

j

q
+ dl >

jn
q

+ dln for each such point and d > dp.

From this we get as above that ω0(d) = jn
q + dln for d > dp and Fω0(d) = Sn. As

before, this implies (b).
(c) The considerations in case 2 above imply

degFω0(dν)(1, ·) = l1 > ln = degSn(1, ·).

The definition of the Newton polygon gives Fω0(dν+1) = Sn + R, where the degree
of R(1, ·) is smaller than ln. Hence (c) holds. �

2.13. Definition. Let γ : ]0, α[→ Rn be a real simple curve, let d ≥ 1, a subset U
of Cn, and 0 < R ≤ α be given. We call

Γ(γ, d, U,R) :=
⋃

0<t<R

(γ(t) + tdU)

the conoid with core γ, opening exponent d, and profile U , truncated at R, provided
that the origin does not belong to this set.

2.14. Definition. Two simple curves γ and σ in Cn are called equivalent modulo
d ≥ 1 if for each zero-neighborhood U in Cn and each R > 0 for which Γ(γ, d, U,R)
and Γ(σ, d, U,R) are conoids, we have

Γ(γ, d, U,R) ∩ Γ(σ, d, U,R) 6= ∅.

If T is the germ of a branch of V ∩ Rn \ {0} as in Lemma 2.5 then T is said to
be equivalent to γ modulo d if there exists a real simple curve σ which is equivalent
to γ modulo d and satisfies tr(σ) = T .

2.15. Lemma. Let γ and β be two real simple curves in Rn defined on ]0, α[ for
some α > 0. Then the following assertions hold :

(a) If γ and β are equivalent modulo d for some d ≥ 1, then their tangent
vectors in the origin coincide.

(b) If γ(t) =
∑∞
j=q ajt

j/q and β(t) =
∑∞

j=l bjt
j/l are standard parametrization

of γ and β with respect to the same real basis X in the X-coordinates, then
γ and β are equivalent modulo d > 1 if and only if

(2.7)
dq∑
j=q

ajt
j/q =

dl∑
j=l

bjt
j/l, t ∈ ]0, α[.

(c) The relation “equivalence modulo d” defined in Definition 2.14 is an equiv-
alence relation for real simple curves.

Proof. Let ξ denote the tangent vector of γ in the origin. It is easy to check that
for each sequence (pk)k∈N which satisfies pk ∈ Γ(γ, d,B(0, 1

k ), 1
k ) for k ∈ N, we have

limk→∞ pk/|pk| = ξ. Obviously, this implies (a).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1324 R. W. BRAUN, R. MEISE, AND B. A. TAYLOR

To prove (b), assume first that (2.7) holds. Then for each 0 < ε < 1 and all
small R > 0 we have

dq∑
j=q

ajt
j/q ∈ Γ(γ, d,B(0, ε), R) ∩ Γ(β, d,B(0, ε), R)

provided that t > 0 is sufficiently small. Hence γ and β are equivalent modulo d.
For the proof of the converse implication, replace q and l by a common multiple

if necessary, so that q = l. To prove inductively that aj = bj for all j satisfying
q ≤ j ≤ dq, note that by part (a) this holds for j = q. Assume now that for
some J with q < J ≤ dq we already know aj = bj for all q ≤ j < J . Since γ
and β are equivalent modulo d, there exists a sequence (pk)k∈N satisfying pk ∈
Γ(γ, d,B(0, 1/k), 1/k)∩ Γ(β, d,B(0, 1/k), 1

k ), k ∈ N. Since γ and β are in standard
parametrization with respect to the same basis, there are null-sequences (tk)k∈N
and (τk)k∈N in ]0,∞[ and (gk)k∈N and (hk)k∈N in Cn such that

γ(tk) + gk = pk = β(τk) + hk, |gk| <
1
k
tdk, |hk| <

1
k
τdk ,

and hence

|tk − τk| ≤ |gk − hk| ≤
1
k

(tdk + τdk ).

Since limk→∞|pk|/tk = |ξ| = limk→∞|pk|/τk and |ξ| = 1, this implies |tk − τk| ≤
3
k |pk|d for all sufficiently large k. Moreover, J ≤ qd and 0 < tk, τk < 1 imply

0 ≤ lim
k→∞

|gk|
t
J/q
k

≤ lim
k→∞

|gk|
tdk

= 0 and 0 ≤ lim
k→∞

|hk|
τ
J/q
k

≤ lim
k→∞

|hk|
τdk

= 0.

From this it follows that

lim
k→∞

1
|pk|J/q

(
pk −

J−1∑
j=q

ajt
j/q
k

)
= aJ , lim

k→∞

1
|pk|J/q

(
pk −

J−1∑
j=q

bjτ
j/q
k

)
= bJ .

Since for q ≤ j ≤ J − 1 we have

1
|pk|J/q

|tj/qk − τ j/qk | ≤
1

|pk|J/q
j

q
sup
s∈[0,1]

|tk + s(τk − tk)|j/q−1 3|pk|d
k

,

the induction hypothesis aj = bj for q ≤ j ≤ J−1 implies aJ = bJ , which completes
the proof of part (b).

Part (c) is an obvious consequence of (a) and (b). �

Later we shall also need the following definition.

2.16. Definition. Let V be an analytic variety in Cn and let Ω be an open subset of
V . A function u : Ω→ [−∞,∞[ is called plurisubharmonic if it is locally bounded
above, plurisubharmonic in the usual sense on Ωreg, the set of all regular points of
V in Ω, and satisfies

u(z) = lim sup
ζ∈Ωreg,ζ→z

u(ζ)

at the singular points of V in Ω. By PSH(Ω) we denote the set of all plurisubhar-
monic functions on Ω.
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3. Necessary conditions and (γ, d)-hyperbolicity

In this section we will derive necessary conditions for an analytic variety V of pure
dimension k in Cn to satisfy PLloc at one of its real points. We also show that for
k = 1, this necessary condition is sufficient. The next two sections are then needed
to prove the sufficiency of this condition for two-dimensional analytic varieties in
C3. First we recall the definition of the local Phragmén-Lindelöf condition PLloc.

3.1. Definition. For ξ ∈ Rn and r0 > 0 let V be an analytic variety in B(ξ, r0)
which contains ξ. We say that V satisfies the condition PLloc(ξ) if there exist
positive numbers A and r0 ≥ r1 ≥ r2 such that each u ∈ PSH(V ∩ B(ξ, r1))
satisfying

(α) u(z) ≤ 1, z ∈ V ∩B(ξ, r1) and
(β) u(z) ≤ 0, z ∈ V ∩ Rn ∩B(ξ, r1)

also satisfies

(γ) u(z) ≤ A|Im z|, z ∈ V ∩B(ξ, r2).

To derive several equivalent formulations for PLloc, we recall the following lemma
from Meise, Taylor, and Vogt [24], 2.9:

3.2. Lemma. The function H : Cn → R, H(z) := 1
2 (|Im z|2 − |Re z|2) is plurisub-

harmonic and has the following properties:

(a) H(z) ≤ |Im z|, |z| ≤ 1, (c) H(x) ≤ 0, x ∈ Rn,

(b) H(z) ≤ |Im z| − 1
2
, |z| = 1, (d) H(iy) ≥ 0, y ∈ Rn.

3.3. Lemma. For ξ ∈ Rn let V be an analytic variety in B(ξ, r0), r0 > 0, which
contains ξ. For positive numbers A, r3 < r2 ≤ r1 ≤ r0, and functions u defined on
V ∩B(ξ, r1), consider the estimates

(α) u(z) ≤ 1, z ∈ V ∩B(ξ, r1).
(β) u(z) ≤ 0, z ∈ V ∩ Rn ∩B(ξ, r2).
(γ) u(z) ≤ A|Im z|, z ∈ V ∩B(ξ, r3).

Then the following conditions are equivalent:

(a) For each choice of r1 and r2 there exist r3 and A such that for each u ∈
PSH(V ∩B(ξ, r1)) the estimates (α) and (β) imply the estimate (γ).

(b) There exist r1, r2, r3 and A such that for each u ∈ PSH(V ∩ B(ξ, r1)) the
estimates (α) and (β) imply the estimate (γ).

(c) V satisfies PLloc(ξ).

In particular, the set

{ξ ∈ V ∩ Rn : V satisfies PLloc(ξ)}

is open in V ∩ Rn.

Proof. Obviously, (a) implies (c) and (c) implies (b). Hence it suffices to show that
(b) implies (a). To do so, assume that (b) holds with the parameters 0 < s3 < s2 ≤
s1 ≤ r0 and A0 > 0. Then let 0 < r2 ≤ r1 ≤ r0 be given, let

r3 := min(s3, r2/2), B :=
5
r2
, and A :=

(
1 +

5s1

r2

)
A0,
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and fix u ∈ PSH(V ∩B(ξ, r1)) satisfying (α) and (β). To show that u also satisfies
(γ), fix z0 ∈ V ∩B(ξ, r3) and define w : V → [−∞,∞[ by

w(z) :=

{
max

{
u(z) +B r2

2 H
(

2(z−Re z0)
r2

)
, B|Im z|

}
, |z − Re z0| < r2

2 ,

B|Im z|, otherwise.

To see that w is plurisubharmonic on V , note that by 3.2(b) we have for z ∈ V
satisfying |z − Re z0| = r2

2 :

u(z) +B
r2

2
H

(
2(z − Re z0)

r2

)
≤ 1 +B

r2

2

(∣∣∣∣Im 2z
r2

∣∣∣∣− 1
2

)
= B|Im z|+ 1−Br2

4
< B|Im z|.

It is easy to check that from (α) for u, 3.2(a), and the definition of w we get the
estimate

w(z) ≤ 1 +Bs1, z ∈ V ∩B(ξ, s1).
Since u satisfies (β) and since z ∈ V and |z − Re z0| ≤ r2

2 imply z ∈ V ∩ B(ξ, r2),
property 3.2(c) implies w(z) ≤ 0 for z ∈ V ∩ Rn. Hence the present hypothesis
implies

w(z) ≤ A0(1 +Bs1)|Im z|, z ∈ V ∩B(ξ, s3).
By the definition of r3, we have r3 ≤ s3 and

|z0 − Re z0| = |Im z0| ≤ |z0| < r3 ≤
r2

2
.

Consequently, the definition of w implies by 3.2(d):

A0(1 +Bs1)|Im z0| ≥ w(z0) ≥ u(z0) +B
r2

2
H

(
2i Im z0

r2

)
≥ u(z0)

and hence

u(z0) ≤ A0(1 +
5s1

r2
)|Im z0| = A|Im z0|, z0 ∈ V ∩B(ξ, r3).

To prove the last statement of the lemma, assume that V satisfies PLloc(ξ0) for
some ξ0 ∈ V ∩ Rn and choose ρ1 > 0 such that V is a closed analytic subset of
B(ξ0, 2ρ1). Then let r1 := r2 := ρ1/2 and apply (a) to get 0 < r3 < r2 and A > 0
such that the estimates (α) and (β) at ξ0 imply (γ) for u ∈ PSH(V ∩ B(ξ0, r1)).
We claim that for each ξ ∈ V ∩Rn satisfying

|ξ − ξ0| < min(
ρ1

2
,
r3

2
)

V satisfies PLloc(ξ). To prove this, fix such a point ξ and ϕ ∈ PSH(V ∩ B(ξ, ρ1))
satisfying

ϕ(z) ≤ 1, z ∈ V ∩B(ξ, ρ1) and ϕ(z) ≤ 0, z ∈ V ∩Rn ∩B(ξ, ρ1).

By our choices we have B(ξ0, r1) ⊂ B(ξ, ρ1). Hence u := ϕ |V ∩B(ξ0,r1) satisfies (α)
and (β) for ξ0 and consequently

ϕ(z) = u(z) ≤ A|Im z|, z ∈ V ∩B(ξ0, r3).

Of course, this implies

ϕ(z) ≤ A|Im z|, z ∈ V ∩B(ξ, r3/2).

Hence V satisfies PLloc(ξ) because of (b). �
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3.4. Lemma. Let V be an analytic variety of pure dimension k in Cn satisfying
0 ∈ V and let d ≥ 1 and a real simple curve γ : ]0, α[→ Rn be given. If V satisfies
PLloc(0), then the following holds :

For each open set D in Cn and each compact subset K of D there exist A0 and
0 < t0 < α such that each family (ut)t∈]0,α[ of plurisubharmonic functions ut on
Vt,d ∩D which satisfies

(α) ut(z) ≤ 1, z ∈ Vt,d ∩D, t ∈ ]0, α[ and
(β) ut(z) ≤ 0, z ∈ Vt,d ∩D ∩Rn, t ∈ ]0, α[

also satisfies

(γ) ut(z) ≤ A0|Im z|, z ∈ Vt,d ∩K, 0 < t ≤ t0.

Proof. To prove the lemma fix an open set D in Cn and a compact subset K of D.
Then choose η with 0 < η < 1 so that K+B(0, 2η) ⊂ D. Since V satisfies PLloc(0)
by hypothesis, there are positive numbers A, r1, and r2 according to Definition 3.1.
Choose 0 < t0 < α so that

{γ(t) + tdz : 0 < t < t0, z ∈ K} ⊂ B(0, r2),

γ(t) 6= 0 for 0 < t ≤ t0, and
η

2
td0 + r1 < 2r1,

and let A0 := max
(

4Ar1
η , 1

η

)
. Then fix an arbitrary family (ut)t∈]0,α[ of plurisub-

harmonic functions which have the properties given in the lemma. To prove (γ) fix
an arbitrary point z0 ∈ Vt,d ∩K.

If |Im z0| ≥ η, then condition (α) implies

ut(z0) ≤ 1 ≤ 1
η
|Im z0| ≤ A0|Im z0|.

Hence (γ) holds in this case.
If |Im z0| < η, then we will apply a localization argument as in the proof of

Lemma 3.3. To do so note that for each 0 < t < α the map

Ft,d : Vt,d → V, Ft,d(z) = γ(t) + tdz,

is a holomorphic bijection by the definition of Vt,d. Moreover, for z ∈ Vt,d with
|z − Re z0| ≤ η the choice of η implies

z = z − Re z0 − i Im z0 + z0 ∈ K +B(0, 2η) ⊂ D,

since |Im z0| < η. Hence we can define a map ϕt : V → R as follows: If w =
γ(t) + tdz ∈ V and |z−Re z0| < η, then denote by H the function from Lemma 3.2
and let

ϕt(w) := td max
{
η

2

(
ut(z) + 2H

(
z − Re z0

η

))
, |Im z|

}
.

Otherwise define

ϕt(w) := |Imw|.
It is easy to check that ϕt is plurisubharmonic on V since for each point w =
γ(t) + tdz in the boundary with respect to V of the set

{γ(t) + tdz : z ∈ Vt,d, |z − Re z0| < η},
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condition (α) and the property 3.2(b) of H imply the following estimate:

td max
{
η

2

(
ut(z) + 2H

(
z − Re z0

η

))
, |Im z|

}
≤ td max

{
η

2

(
1 + 2

∣∣∣∣Im(z − Re z0

η

)∣∣∣∣− 1
)
, |Im z|

}
= td|Im z| = td

∣∣∣∣Im(γ(t)
td

+ z

)∣∣∣∣ = |Imw|.

Next note that for w ∈ V ∩B(0, r1) the definition of ϕ and the property 3.2(a) of
H imply

ϕt(w) ≤ max
(
td
η

2
+ r1, r1

)
≤ 2r1,

by our choice of η and t0. From condition (β), the definition of ϕt, and the property
3.2(c) of H it follows that

ϕt(w) ≤ 0, w ∈ V ∩B(0, r1) ∩ Rn.
Since V satisfies PLloc(0) we conclude from this that

ϕt(w) ≤ 2r1A|Imw|, w ∈ V ∩B(0, r2).

Since z0 ∈ Vt,d∩K and 0 < t ≤ t0 the point w0 := γ(t)+tdz0 belongs to V ∩B(0, r2)
by the choice of t0. Hence the definition of ϕt and the property 3.2(d) of H imply

2r1At
d|Im z0| = 2r1A|Imw0| ≥ ϕt(w0)

≥ ηtd

2

(
ut(z0) + 2H

(
z0 − Re z0

η

))
≥ ηtd

2
ut(z0).

Hence we get the estimate

ut(z0) ≤ 4Ar1

η
|Im z0| ≤ A0|Im z0|,

which proves (γ). �
From [7], Theorem 3.7, it follows that for each pure dimensional algebraic variety

V in Cn which satisfies PLloc(ξ) for ξ ∈ V ∩ Rn, the tangent variety TξV satisfies
PLloc(0). Using Lemma 3.4 and basic results from Meise, Taylor, and Vogt [24],
Section 4, we now show that PLloc is inherited even by tangent varieties along real
simple curves.

3.5. Proposition. Let V be an analytic variety of pure dimension k in Cn which
satisfies 0 ∈ V . If V satisfies PLloc(0), then the following condition is satisfied :

(∗) For each simple curve γ and each d ∈ [1,∞[ the variety Tγ,dV satisfies
PLloc(ξ) at each point ξ ∈ Tγ,dV ∩ Rn.

In particular, T0V satisfies PLloc(0).

Proof. To prove (∗) we will use extremal plurisubharmonic functions which are
defined as follows (see Siciak [30], Zeriahi [36], or Meise, Taylor, and Vogt [24]):
Let V be an analytic variety in a domain D in Cn and let E be a subset of D.
Then the extremal plurisubharmonic function UE(·;V,D) of E relative to V and D
is defined as

UE(z;V,D) := sup{u(z) : u ∈ PSH(V ), u(ζ) ≤ 1, ζ ∈ V ∩D, u |E∩V = 0}.
This is Definition 4.1 in [24] with h ≡ 1.
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Next fix ξ ∈ Tγ,dV ∩ Rn and let D0 := B(ξ, 3). It is no restriction to assume
that γ is defined on ]0, α[ and that Vt,d ∩D0 is a closed analytic subset of D0 for
each t ∈ ]0, α[. Then let

D := B(ξ, 2) and K := B(ξ, 1),

apply Lemma 3.4 with D and K to get positive numbers A0 and t0 according to
3.4, and let

K0 := {x ∈ Rn : |x− ξ| ≤ 2}.
To obtain a suitable estimate of the extremal functions UK0( · ;Vt,d∩D0, D0) on K,
fix 0 < t ≤ t0, and u ∈ PSH(Vt,d ∩D0) and assume that

u(z) ≤ 1, z ∈ Vt,d ∩D0 and u |K0∩Vt,d = 0.

Then define the family (uτ )τ∈]0,α[ by

uτ := 0 for τ ∈ ]0, α[ and τ 6= t and ut := u.

Obviously, (uτ )τ∈]0,α[ satisfies the hypotheses of Lemma 3.4 and consequently

u(z) ≤ A0|Im z|, z ∈ Vt,d ∩K.
By the definition of the extremal function, this implies

(3.1) UK0(z;Vt,d ∩D0, D0) ≤ A0|Im z|, z ∈ Vt,d ∩K, 0 < t ≤ t0.
Now fix some sequence (tj)j∈N in ]0, α[ with limj→∞ tj = 0. By Theorem 2.7(d) the
sequence (Vtj ,d ∩D0)j∈N of varieties converges to Tγ,d ∩D0 in the sense of Meise,
Taylor, and Vogt [24], Definition 4.3. Hence it follows from [24], Theorem 4.4, that
for each regular point z of Tγ,dV in B(ξ, 1) and each sequence (zj)j∈N satisfying
zj ∈ Vtj ,d and zj → z, we have

UK0(z;Tγ,dV ∩D0, D0) ≤ lim inf
j→∞

UK0(zj , Vtj ,d ∩D0, D0).

From this estimate and (3.1) it follows that

(3.2) UK0(z;Tγ,dV ∩D0, D0) ≤ A0|Im z|, z ∈ (Tγ,dV )reg ∩B(ξ, 1).

To derive from (3.2) that Tγ,dV satisfies PLloc(ξ) fix u ∈ PSH(Tγ,dV ∩D0) satisfying

u(z) ≤ 1, z ∈ Tγ,dV ∩D0, and u(z) ≤ 0, z ∈ Tγ,dV ∩B(ξ,
5
2

) ∩ Rn.

Then the definition of the extremal plurisubharmonic function

UK0( · ;Tγ,dV ∩D0, D0)

implies
u(z) ≤ UK0(z;Tγ,dV ∩D0, D0), z ∈ Tγ,dV ∩D0.

By (3.2), this estimate gives

u(z) ≤ A0|Im z|, z ∈ (Tγ,dV )reg ∩B(ξ, 1).

Now our definition of a plurisubharmonic function implies that this estimate holds
on Tγ,dV ∩ B(ξ, 1). Hence u satisfies the conditions of Lemma 3.3(b) with r1 =
3, r2 = 5/2, r3 = 1, and A = A0. Consequently, Tγ,dV satisfies PLloc(ξ).

To prove the additional statement, fix ξ ∈ Rn with |ξ| = 1 and let γ := ]0, 1[→
Rn, γ(t) := tξ. Then 2.7(b) implies Tγ,1V = T0V − ξ. By (∗), Tγ,1V satisfies
PLloc(−ξ), hence T0V satisfies PLloc(0). �
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In order to derive further necessary conditions for PLloc, we recall the local radial
Phragmén-Lindelöf condition RPLloc from Meise, Taylor, and Vogt [24], 2.3. It is
easy to see that the definition given here is equivalent to the one in [24], 2.3. Further
equivalent formulations—analogous to those given for PLloc in Lemma 3.3—can be
derived from [8], Lemma 8.

3.6. Definition. For ξ ∈ Rn and r0 > 0 let V be an analytic variety in B(ξ, r) which
contains ξ. We say that V satisfies the condition RPLloc(ξ) if there exist positive
numbers A and r0 ≥ r1 ≥ r2 such that each u ∈ PSH(V ∩B(0, r1)) satisfying

(α) u(z) ≤ 1, z ∈ V ∩B(0, r1) and
(β) u(z) ≤ 0, z ∈ V ∩ Rn ∩B(0, r2)

also satisfies
(γ)′ u(z) ≤ A|z − ξ|, z ∈ V ∩B(0, r1).

3.7. Remark. Let V be an analytic variety in some open set in Cn. If V satisfies
PLloc(ξ) at some ξ ∈ V ∩ Rn, then Lemma 3.3 implies obviously that V satisfies
RPLloc(ξ). Hence it follows from Meise, Taylor, and Vogt [24], Lemma 2.8, that V
satisfies the dimension condition at ξ, which is defined as follows:

3.8. Definition. Let V be an analytic variety in a neighborhood of a point ξ ∈
V ∩ Rn. We say that V satisfies the dimension condition at ξ if for each locally
irreducible component W of V at ξ, the dimension of W ∩ Rn as a real analytic
variety is equal to the dimension of W at ξ as a complex variety.

In order to state and to prove further necessary conditions for PLloc(ξ) we in-
troduce the following notions:

3.9. Definition. Let V be an analytic variety in Cn which is of pure dimension
k ≥ 1 in ζ ∈ V . A projection π : Cn → Cn is called noncharacteristic for V
at ζ if its rank is k, its image and its kernel are spanned by real vectors, and
TζV ∩ kerπ = {0}.
Remark. Let V be an analytic variety of pure dimension k in a neighborhood of
ζ ∈ Cn with ζ ∈ V . Then there exist noncharacteristic projections for V at ζ.

Proof. We may assume ζ = 0. Let Grass(n − k, n) denote the (complex) Grass-
mannian, i.e., the manifold of all linear subspaces of Cn of dimension n−k, and let
GrassR(n−k, n) be the real Grassmannian. Then GrassR(n−k, n) ⊂ Grass(n−k, n)
canonically. Note that L ∈ Grass(n − k, n) is in GrassR(n − k, n) if and only if
all its Plücker coordinates are real. Since no nonzero polynomial vanishes on all
real points, this implies that the real Grassmannian GrassR(n − k, n) is dense in
Grass(n−k, n) in the Zariski topology. On the other hand, it is well known that the
linear subspaces of Cn of dimension n− k intersecting V transversally at 0 form an
open and dense subset of Grass(n− k, n) (cf., e.g., [14], 3.8, proof of Corollary 2).
Hence there is also L ∈ GrassR(n − k, n) intersecting V transversally at 0. Any
projection π whose kernel is the complexification of L and whose image is spanned
by real vectors is noncharacteristic for V at 0. �
3.10. Lemma. Let V be an analytic variety in Cn which contains the origin and
which is of pure dimension k ≥ 1. If π : Cn → Cn, π(z′, z′′) ∈ Ck × Cn−k is
noncharacteristic for V at 0, then there exist C ≥ 1 and 0 < r0 < 1 such that for
0 < r < r0 we have

V ∩ (Bk(0, r)×Bn−k(0, 4Cr)) ⊂ V ∩ (Bk(0, r)×Bn−k(0, 3Cr)).
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Proof. At first we claim that there is C ≥ 1 such that

(3.3) |z′′| ≤ C|z′| for all (z′, z′′) ∈ T0V.

To prove this let
δ := inf{|π(w)| : w ∈ T0V, |w′′| = 1}.

If we assume that δ = 0, then there exists a sequence (wj)j∈N in T0V, wj = (w′j , w
′′
j )

satisfying limj→∞ w′j = 0 and |w′′j | = 1 for all j ∈ N. Passing to a subsequence we
find (0, w′′0 ) ∈ T0V with |w′′0 | = 1, in contradiction to π being noncharacteristic for
V at the origin. Hence we have δ > 0. From this and a standard scaling argument
we get (3.3) with C = 1/δ. Of course, we may assume C ≥ 1.

Next let Vt := 1
t V for 0 < t < 1 and define

K := Bk(0, 2)×Bn−k(0, 4C) and G := (T0V ∩K) +Bk(0, 1)×Bn−k(0, 1).

By [9], 3.13, and Lemma 2.8 there exists 0 < τ < 1 such that

(3.4) Vt ∩K ⊂ G for all t ∈ ]0, τ [.

Now fix 0 < t < τ and z ∈ Vt ∩Bk(0, 1)× Bn−k(0, 4C). Then z = (z′, z′′) belongs
to Vt ∩K and hence to G by (3.4). This implies the existence of ζ ∈ T0V ∩K such
that

|z′ − ζ′| < 1 and |z′′ − ζ′′| < 1.
From this and (3.3) we get |ζ′| < 2 and

|z′′| ≤ |z′′ − ζ′′|+ |ζ′′| < 1 + C|ζ′| < 1 + 2C ≤ 3C.

Thus we have shown

Vt ∩ (Bk(0, 1)×Bn−k(0, 4C)) ⊂ Vt ∩ (Bk(0, 1)×Bn−k(0, 3C)), 0 < t < t.

Since Vt = 1
tV , this implies the assertion of the lemma. �

3.11. Definition. Let V be an analytic variety of pure dimension k in Cn which
contains the origin, let γ be a real simple curve, let d ≥ 1, and let ζ ∈ Tγ,dV ∩Rn.
We say that V is (γ, d)-hyperbolic at ζ with respect to a projection π : Cn → Cn
which is noncharacteristic for Tγ,dV at ζ if there exist a zero neighborhood U in
Cn and r > 0 such that z ∈ V ∩ Γ(γ, d, ζ + U, r) is real whenever π(z) is real. V
is called (γ, d)-hyperbolic at ζ if it is (γ, d)-hyperbolic at ζ with respect to some
projection π as above.

3.12. Proposition. Let V ⊂ Cn be a pure k-dimensional analytic variety in Cn
which contains the origin and satisfies PLloc(0), and let d ≥ 1. Then for each
real simple curve γ : ]0, α[ → Rn, each ξ ∈ (Tγ,dV )reg ∩ Rn, and each projection
π : Cn → Cn which is noncharacteristic for Tγ,dV at ξ, V is (γ, d)-hyperbolic at ξ
with respect to π.

Proof. After a real linear change of variables we may assume Cn = Ck ×Cn−k and
π(z′, z′′) = (z′, 0) for z = (z′, z′′) ∈ Ck × Cn−k. Since π is noncharacteristic for
Tγ,dV in ξ we get from Lemma 3.10 the existence of numbers ε′ > 0 and 0 < ε′′1 < ε′′

such that with ξ = (ξ′, ξ′′) we have

Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′) ∩ Tγ,dV ⊂ Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′1).

Since ξ is a regular point of Tγ,dV , we may assume that ε′ is chosen so that there
exists a holomorphic map g : Bk(ξ′, ε′)→ Bn−k(ξ′′, ε′′1) such that

Tγ,dV ∩Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′1) = {(w, g(w)) : w ∈ Bk(ξ′, ε′)}.
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Next fix 0 < ε′1 < ε′2 < ε′ and ε′′1 < ε′′2 < ε′′ and let

D := Bk(ξ′, ε′2)×Bn−k(ξ′′, ε′′2), Q := D, and K := Bk(ξ′, ε′1)×Bn−k(ξ′′, ε′′1).

Since K is a compact subset of D we can apply Lemma 3.4 to these sets and
(Vt,d)t∈]0,α[ to get A0 > 0 and 0 < t0 < α so that the conclusion of that lemma
holds. Furthermore, the differentiability of g on Bk(ξ′, ε′) implies the existence of
C > 0 such that

|g(u)− g(w)| ≤ C|u− w|, u, w ∈ Bk(ξ′, ε′2).

Now choose 0 < η ≤ (1 +A0)−1(1 + C)−1 so small that

Q+Bn(0, η) ⊂ Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′).

Then note that by Lemma 2.8 there exists 0 < t1 ≤ t0 such that

Vt,d ∩Q ⊂ Tγ,dV ∩ (Q +Bn(0, η)), 0 < t < t1.

In order to apply Lemma 3.4 define the family (ut)t∈]0,α[ of functions ut ∈
PSH(Vt,d ∩D) as follows: If t1 ≤ t < α then ut := 0 and if 0 < t < t1 then

ut(w, s) := (A0 + 1)|Im(s− g(w))|, (w, s) ∈ Vt,d ∩D.
To show that (ut)t∈]0,α[ satisfies the condition 3.4(α), note first that

Tγ,dV ∩Q = {(u, g(u)) : |ξ′ − u| ≤ ε′2}.
Then fix 0 < t < t1 and (w, s) ∈ Vt,d ∩ D ⊂ Vt,d ∩ Q. By the choice of t1 there
exists (u, g(u)) ∈ Tγ,dV ∩Q such that

|(w, s) − (u, g(u))| < η.

From this and our choices above we get

|s− g(w)| ≤ |s− g(u)|+ |g(u)− g(w)| ≤ η + C|u− w| ≤ η(C + 1) ≤ 1
A0 + 1

.

Obviously, this implies

ut(w, s) = (A0 + 1)|Im(s− g(w))| ≤ 1, (w, s) ∈ Vt,d ∩D, 0 < t < t1.

Hence the estimate 3.4 (α) holds.
To show that 3.4 (β) also holds, note first that Tγ,dV satisfies PLloc(ξ) by Propo-

sition 3.5. Hence Tγ,dV satisfies the dimension condition at ξ, by Remark 3.7. Since
ξ is a regular point of Tγ,dV , this implies that g(w) is real for real w and hence

ut(w, s) ≤ 0 if (w, s) ∈ Vt,d ∩D ∩ Rn, 0 < t < t1.

Thus (ut)t∈]0,α[ also satisfies condition 3.4(β). By Lemma 3.4, (ut)t∈]0,α[ also sat-
isfies (γ), i.e.,

ut(z) ≤ A0|Im z|, z ∈ Vt,d ∩K, 0 < t < t1.

Now fix (w, s) ∈ Vt,d ∩ K and assume that π(w, s) ∈ Rn. Then w ∈ Rk implies
g(w) ∈ Rn−k and consequently

(A0 + 1)|Im s| = (A0 + 1)|Im(s− g(w))| = ut(w, s) ≤ A0|Im s|.
From this we conclude that Im s = 0, i.e., (w, s) ∈ Rn.

Let U := Bk(0, ε′1)×Bn−k(0, ε′′1) and assume that for

(ζ, σ) ∈ V ∩ Γ(γ, d, ξ + U, t1),

π(ζ, σ) = ζ is real. Then there exist t ∈ ]0, t1[ and (w, s) ∈ ξ + U such that
(ζ, σ) = γ(t) + td(w, s). Hence (w, s) ∈ Vt,d ∩K and w ∈ Rn. By the above, this
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implies s ∈ Rn−k and consequently (ζ, σ) ∈ Rn. Thus V is (γ, d)-hyperbolic at ξ
with respect to π. �

Combining Proposition 3.5 and Proposition 3.12, we have proved the following
necessary condition for PLloc.

3.13. Theorem. Let V be an analytic variety of pure dimension k ≥ 1 in Cn which
contains the origin. If V satisfies PLloc(0), then for each real simple curve γ in Cn
and for each d ≥ 1 for which Tγ,dV 6= ∅, the following two conditions hold :

(a) Tγ,dV satisfies PLloc(ζ) for each ζ ∈ Tγ,dV ∩ Rn.
(b) V is (γ, d)-hyperbolic at every real point of Tγ,dV which is regular.

3.14. Definition. If V satisfies the conditions of Theorem 3.13, then we will say
that V is hyperbolic in conoids at the origin.

For analytic curves in Cn and for surfaces in C3 the conditions in Theorem 3.13
are actually characterizing. To prove the first statement together with another
equivalent formulation, we recall the following definition from Andersson [1], resp.
Hörmander [17], Definition 6.4.

3.15. Definition. Let V be an analytic variety of pure dimension k in Cn and let
ξ ∈ V ∩Rn. We say that V is locally hyperbolic at ξ if there are a neighborhood U
of ξ and a projection π : Cn → Cn which is noncharacteristic for V at ξ such that
z ∈ V ∩ U is real whenever π(z) is real.

For n = 2 the following result is already contained in Braun [5] and Zampieri
[33].

3.16. Proposition. Let V ⊂ Cn be an analytic variety of pure dimension 1 which
contains the origin. Then the following assertions are equivalent:

(a) V satisfies PLloc(0).
(b) There exist a real linear change of variables as well as positive numbers

ρ and δ, k ∈ N and holomorphic maps gj : B1(0, ρ) → Cn−1 satisfying
gj(B1(0, ρ) ∩ R) ⊂ Rn−1, 1 ≤ j ≤ k, such that

V ∩ (B1(0, ρ)×Bn−1(0, δ)) =
k⋃
j=1

{(z1, gj(z1)) : z1 ∈ B1(0, ρ)}.

(c) V is locally hyperbolic at 0.

Proof. (a) ⇒ (b): Since V satisfies PLloc(0) if and only if each irreducible compo-
nent of V has this property, assume first that V is locally irreducible in 0. Then
there exists a ∈ Cn such that T0V = C · a, by Chirka [14], Proposition 8.1. Since
T0V satisfies PLloc(0) by Proposition 3.5 and consequently the dimension condi-
tion, it follows that a = λb for some b ∈ Rn, λ ∈ C. Performing a real linear
change of variables, we may assume that b = e1, the first canonical basis vector of
Cn. Then π : Cn → Cn, π(z) = (z1, 0, · · · , 0) is a noncharacteristic projection for
V . Moreover, it follows from Chirka [14], Proposition 8.1, that there are ε1, ε2 > 0
such that for U := B1(0, ε1)×Bn−1(0, ε2) we have

(3.5) V ∩ U = {(zq,
∑
j>q

ajz
j), |z| < ε1},
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where aj ∈ Cn−1 for j > q. For γ± : t 7→ ±e1t, t > 0, we get by (3.5) from Theorem
2.7(b) that Tγ±,1V = T0V ∓ e1. Since ±e1 is a regular point of T0V , 0 is a regular
point of Tγ±,1V . By Proposition 3.12 this implies that V is (γ±, 1)-hyperbolic in
the cones Γ(γ±, 1, U±, r) for the projection π defined above, some r > 0, and some
zero neighborhoods U± in Cn. Consequently we have

(3.6) g(z) :=
∑
j>q

ajz
j is real whenever zq ∈ ]−r, r[.

In particular, g(z) is real for real z near the origin and hence aj ∈ Rn−1 for all
j > q. Now this and (3.6) imply aj = 0 whenever j is not a multiple of q. Therefore
we may assume q = 1 and obtain the assertion (b) if V is irreducible.

If V is reducible, we decompose V =
⋃k
j=1 Vj into its irreducible branches. Then

the hypothesis in (a) implies that we have T0V =
⋃k
ν=1Cbν , where bν ∈ Rn\{0} for

1 ≤ ν ≤ k. Now choose a real hyperplane H in Rn satisfying bν 6∈ H, 1 ≤ ν ≤ k,
and η1 ∈ Rn, η1 6∈ H . If H = span{η2 · · · , ηn}, then it follows easily from the
considerations in the first part of the proof that (b) holds in the coordinates induced
by the basis (η1, · · · , ηn).

(b) ⇒ (c): Denote by π : Cn → Cn the map which is defined by π(z) :=
(z1, 0, · · · , 0) in the coordinates existing by (b) and let U := B1(0, ρ)×Bn−1(0, δ).
Then it is an obvious consequence of (b) that V is locally hyperbolic in 0.

(c) ⇒ (a): It is no restriction to assume that the projection π which exists
by (c) has the form π(z) = (z1, 0, · · · , 0). Since π is noncharacteristic, we have
T0V ∩ ker π = {0}. Hence we can choose ρ > 0 and δ > 0 so that

V ∩ {(z1, z
′) ∈ Cn : |z1| ≤ ρ, |z′| = δ} = ∅.

To prove that V satisfies PLloc(0) let r1 := min(ρ, δ) and fix u ∈ PSH(V ∩B(0, r1))
satisfying (α) and (β) of Definition 3.1. Then define ϕ : B1(0, r1)→ [−∞,∞[ by

ϕ(λ) := max{u(z) : z ∈ V, π(z) = (λ, 0, · · · , 0)}.
Then ϕ is subharmonic in B± := {λ ∈ C : |λ| < r1, Im±λ > 0} obviously, ϕ(λ) ≤ 1
for λ ∈ B±. Since z is real when π(z) is real, it follows that ϕ(λ) ≤ 0 for λ ∈
∂B± ∩R. Hence a classical estimate for the harmonic measure of the half disk (see
Nevanlinna [28], 38) implies the existence of A > 0, depending only on r1, such
that

ϕ(λ) ≤ A|Imλ|, λ ∈ B1(0,
r1

2
).

By the definition of ϕ this implies

u(z) ≤ A|Im z1| ≤ A|Im z|, z ∈ V ∩Bn(0,
r1

2
).

Hence V satisfies PLloc(0). �

Using Proposition 3.16 we can now reformulate some of the conditions in Theo-
rem 3.13 for surfaces in C3, using the following lemma.

3.17. Lemma. Let V ⊂ C3 be an analytic surface which contains the origin.
(a) If V satisfies PLloc(0), then for each real simple curve γ and for each d > 1

the limit variety Tγ,dV is locally hyperbolic at each of its real points.
(b) If T0V satisfies PLloc(0), then T0V is locally hyperbolic at each ξ ∈ T0V ∩

R3, ξ 6= 0.
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Proof. (a) By Theorem 2.7(c) we can choose coordinates X in C3 so that

(3.7) Tγ,dV = C× Cγ,d,X,
where Cγ,d,X is an algebraic curve in C2. Since Tγ,dV satisfies PLloc(ξ) for each
ξ ∈ Tγ,dV ∩R3 by 3.13(a), it follows easily from (3.7) that Cγ,d,X satisfies PLloc(η)
for each η ∈ Cγ,d,X ∩R2. By Proposition 3.16, this property is equivalent to Cγ,d,X
being locally hyperbolic at each η ∈ Cγ,d,X ∩ R2. From this and (3.7) we get (a).

(b) Since T0V is a homogeneous variety, it suffices to prove (b) for all ξ ∈
T0V ∩ R3, |ξ| = 1. Fix such a ξ and let γ : t 7→ tξ, t > 0. Then Theorem 2.7(b)
implies Tγ,1V = T0V − ξ and hence 0 ∈ Tγ,1V . By Proposition 3.5, Tγ,1V satisfies
PLloc(0); consequently T0V satisfies PLloc(ξ). By Braun [5], Corollary 12, this
implies that T0V is locally hyperbolic at ξ. �
Remark. Note that in Lemma 3.17(b) T0V need not be locally hyperbolic at the
origin, as the example

V := {(x, y, z) ∈ C3 : x3 + y3 + z3 = 0}
shows. Here V = T0V satisfies PLloc(0) but V is not locally hyperbolic at zero.

The following lemma provides a rather coarse but useful necessary condition for
PLloc(0).

3.18. Lemma. Let V be an analytic variety in Bn(0, r0), r0 > 0, which contains
the origin. If V satisfies the dimension condition at 0, then the vanishing ideal

I(V ) := {f ∈ O(0) : f |V = 0}
is generated by holomorphic generators having real Taylor coefficients.

Proof. Fix f ∈ I(V ) and choose r1 < r0 such that f |V ∩B(0,r1) ≡ 0 and

f(z) =
∑
|α|>0

aαz
α, z ∈ Bn(0, r1).

Let uα := Re(aα), vα := Im(aα) and define

fR(z) :=
∑
|α|>0

uαz
α, fI(z) :=

∑
|α|>0

vαz
α.

Then f and fR + ifI coincide on Rn ∩ B(0, r1), hence fR and fI vanish on V ∩
Rn ∩ B(0, r1). Since V satisfies the dimension condition, this implies that fR and
fI belong to I(V ). �
Remark. It follows from Cartan [13], Propositions 11 and 12 that V ∩ Rn is real-
analytic coherent if V satisfies the dimension condition at each real point. In
particular, Lemma 3.18 is a variant of [13], Proposition 8.

We conclude this section with two lemmas concerning (γ, d)-hyperbolicity that
will be used subsequently.

3.19. Lemma. Let V be an analytic variety of pure dimension k in Cn which
contains the origin. Let γ be a real simple curve in Cn, d ≥ 1, and κ ∈ (Tγ,dV )reg∩
Rn. If V is (γ, d)-hyperbolic at κ, then V is (γ, d)-hyperbolic at κ with respect to
each projection π which is noncharacteristic for Tγ,dV at κ.

The proof of Lemma 3.19 is given in Section 5 following Lemma 5.7 since it
requires results and a definition which we provide only in that section.
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To formulate a lemma which will be used in Section 5 for the proof that PLloc(0)
can be determined by investigating a finite number of conditions we introduce some
notation:

Let V be an analytic surface in C3 which contains the origin, let γ be a real
simple curve in C3, and let d > 1 be given. The argument for d = 1 is very similar
and will be sketched below.

Let ξ0 denote the tangent to γ at the origin and choose a basis (e1, e2, e3) of R3

such that e1 = ξ0, such that e2, e3 6∈ T0V , and such that e2 and e3 are non-
characteristic for the algebraic surface Tγ,dV ⊂ C3. It is no restriction to assume
that (e1, e2, e3) is the standard basis of R3. Denote by π2 and π3 the projections
π2(z1, z2, z3) = (z1, z3) and π3(z1, z2, z3) = (z1, z2), respectively, and by Bj the
branch locus of πj : V → πj(V ), j = 2, 3, in the sense of Chirka [14], 2.7 (see also
Definition 4.2 below). Note that by Theorem 2.7(c) there is an algebraic curve W
in C2 such that Tγ,dV = C×W . Let W0 := {0} ×W and define

M := (Tγ,dB2 ∪ Tγ,dB3) ∩ (Tγ,dV )reg ∩ ({0} × R2).

Note that this implies M ⊂ (W0)reg. Let F be a set which contains exactly one
point in each connected component of (W0)reg ∩R3 \M and set

F := F ∪M.

For the case d = 1, choose a basis (e1, e2, e3) of R3 such that e1, e2, and e3 are
noncharacteristic for Tγ,1V and assume again that (e1, e2, e3) is the standard basis
of R3. Let π2 and π3 be as before and define π1(z1, z2, z3) = (z2, z3). Note that
Tγ,1V = T0V − ξ0 by Theorem 2.7(b). Finally, set

M := (Tγ,1B1 ∪ Tγ,1B2 ∪ Tγ,1B3) ∩ (Tγ,1V )reg ∩ (S2 − ξ0)

and define F and F as before.

Now the following lemma holds:

3.20. Lemma. Under the hypotheses stated above, F is a finite set, and V is (γ, d)-
hyperbolic at each ζ ∈ (Tγ,dV )reg ∩ R3 if and only if V is (γ, d)-hyperbolic at each
ζ ∈ F .

Proof. The proof will only be given for d > 1, the other case being completely
analogous. For j = 2, 3 the limit variety Tγ,dBj is the union of a finite number of
lines parallel to e1 by Theorem 2.7(c). Hence M is finite. This shows in particular
that (W0)reg∩R3\M is semi-algebraic, thus it has only a finite number of connected
components by Bochnak, Coste, and Roy [3], Théorème 2.4.4. Hence F is finite.

Now fix a connected component G of (W0)reg ∩ R3 \ M . By the choice of F
there is exactly one point, say ζ, in F ∩ G. Next note that by the definition of
(γ, d)-hyperbolicity, the set

G+ := {η ∈ G : V is (γ, d)-hyperbolic at η}

is open in G. We will show that

G− := {η ∈ G : V is not (γ, d)-hyperbolic at η}
is also open in G. Then it follows that V is (γ, d)-hyperbolic at each η ∈ G if and
only if V is (γ, d)-hyperbolic at ζ.

To show that G− is open, fix η ∈ G−. Then η is a regular point of W0. Hence
there exists a neighborhood U of η such that at least one of the projections π2
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and π3 is noncharacteristic for each κ ∈ U ∩W0 ∩ R3. Assume it is π2. By the
choice of G, we may assume that U is so small that U ∩Tγ,dB2 = ∅. We claim that
this implies the existence of r > 0 such that Γ := Γ(γ, d, U, r) satisfies Γ ∩ B2 = ∅.
To show this, assume for contradiction that there are sequences (tn)n∈N of positive
numbers and (un)n∈N in U with γ(tn) + tdnun ∈ B2. Then (un)n∈N admits an
accumulation point u ∈ U . On the other hand, Definition 2.6 implies u ∈ Tγ,dB2.
This is a contradiction.

Since π2 is noncharacteristic for Tγ,dV at 0, an application of Lemmas 2.8 and
3.10 as in the proof of Proposition 3.12 yields a polydisk U1 ⊂ U and 0 < r1 ≤ r and
hence a conoid Γ1 := Γ(γ, d, U1, r1) such that π2 : V ∩ Γ1 → π2(Γ1) is an analytic
cover, which is unramified by the argument of the last paragraph. Hence V ∩ Γ1 =⋃L
l=1Wl, where the Wl are mutually disjoint and the maps ul := π2|Wl

: Wl →
π2(Γ1) are biholomorphic. Since V is not (γ, d)-hyperbolic at η, there is a sequence
(ηj)j∈N in V \ R3 such that π2(ηj) ∈ R3 for each j and such that

lim
j→∞

t−dj (ηj − γ(tj)) = η,

where tj is the first component of ηj . We may assume without restriction that all
ηj are in W1. Then not all coefficients of the Taylor series expansion of the third
component of u−1

1 are real. Hence V is (γ, d)-hyperbolic at no point in Tγ,dW1∩R3.
Since the latter is a neighborhood of η in G, the claim is shown. �

4. Critical levels

To show that the necessary conditions in Theorem 3.13 are actually sufficient
for PLloc(0) for analytic surfaces V in C3, we have to analyze very carefully the
branching behavior of V near the origin with respect to various coordinate choices.
This analysis is prepared in the present section by the concept of critical levels.

4.1. Notation. Let V be an analytic surface in C3 which contains the origin and
denote by V1, . . . , Vm, the irreducible components of the germ [V ]0 of V at the
origin. Choose r > 0 so small that Vj ∩ B(0, r) is the zero set of a holomorphic
function fj which is an irreducible element of the ring of holomorphic functions on
B(0, r) for 1 ≤ j ≤ m. Then f :=

∏m
j=1 fj is a holomorphic function on B(0, r)

which is square-free and has V ∩B(0, r) as its zero set.

4.2. Definition. For V and f as in Notation 4.1 and ξ ∈ R3 \ T0V we define the
branch locus Bξ of V with respect to any projection along ξ as in Chirka [14], 2.7.
In this particular situation we have

Bξ = {z ∈ V :
∂f

∂ξ
(z) = 0},

where ∂f
∂ξ denotes the directional derivative of f in direction ξ.

4.3. Lemma. For each analytic surface V in C3 which contains the origin, the
following assertions hold :

(a) For each ξ ∈ R3 \ T0V the set Bξ is either empty or an analytic variety of
pure dimension 1.

(b) There exists q ∈ N such that for each ξ ∈ R3 \ T0V with 0 ∈ Bξ, each
irreducible component [Wξ]0 of the germ [Bξ]0, and each basis (b1, b2, b3) of
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C3 with b1 ∈ T0Wξ, there are a2,j , a3,j ∈ C, j > q, such that for a suitable
neighborhood U of the origin and suitable δ > 0

Wξ ∩ U =
{
tqb1 +

∑
j>q

a2,j t
jb2 +

∑
j>q

a3,j t
jb3 : |t| < δ

}
.

Proof. Note first that the case of a general surface V can be reduced to the special
case that [V ]0 is irreducible. To see this, choose r > 0 such that V is defined
in B(0, r) as the zero set of f and such that the assumptions of Notation 4.1 are
satisfied. Then we have for each ξ ∈ R3 \ T0V

Bξ(V ) =
m⋃
j=1

Bξ(Vj) ∪
m⋃

j,k=1,j 6=k
Vj ∩ Vk.

Hence it suffices to prove the lemma in the special case. In this situation we
distinguish two cases:

Case 1: For each ζ ∈ S2 the function 〈∇f, ζ〉 does not vanish identically. To
prove (a) assume that for some ξ ∈ S2 the assertion in (a) does not hold. Then
dim Bξ = 2 and it is no restriction to assume that ξ = (1, 0, 0). Since f is locally
irreducible at zero, the assumption implies that f is a factor of ∂f

∂ξ = ∂f
∂z1

. Then let

W := {(z2, z3) ∈ B2(0, r) : f(0, z2, z3) = 0},
and note that 0 ∈ V implies 0 ∈ W , hence dim W ≥ 1. Next fix (w2, w3) ∈
W \ {(0, 0)}. If we assume that h : z1 7→ (z1, w2, w3) does not vanish identically,
then there exists k ∈ N such that h has a zero of order k at the origin. Hence
∂f
∂z1

(·, w2, w3) = ∂h
∂z1

has a zero of order k − 1 at the origin. Since f is a factor of
∂f
∂z1

, this leads to a contradiction. Hence h vanishes identically. This implies that
f vanishes on (C ×W ) ∩ B3(0, r). Since f is irreducible it follows from this that
f = f(0, ·, ·) and hence ∂f

∂z1
≡ 0. Since this contradicts the hypothesis in the present

case, we proved part (a) in this case.
For the proof of (b) in the present case note first that it is enough to consider

ξ ∈ R3 with |ξ| = 1. We show first: For each ξ0 ∈ S2 (which may even be
tangential) there are M ∈ N and δ > 0 such that for each ξ ∈ S2 with |ξ − ξ0| < δ
the multiplicity µ0(Bξ) in the sense of Chirka [Ch], 11.1, does not exceed M .

To prove this, fix ξ0 ∈ R3. If 0 ∈ Bξ0 we choose coordinates so that ξ0 = (1, 0, 0)
and so that each ζ = (ζ1, ζ2, ζ3) ∈ T0Bξ0 \ {0} satisfies ζ2 6= 0. Then for ξ ∈ S2 we
define

Fξ : B3(0, r)→ C3, Fξ(z) := (f(z),
∂f

∂ξ
(z), z2).

Note that 0 ∈ Bξ0 implies Fξ0(0) = 0, while the choice of the coordinates implies
that the origin is an isolated zero of Fξ0 . Hence there is a zero neighborhood
U ⊂ B3(0, r) such that

{z ∈ U : Fξ0 (z) = 0} = {0} and δ1 := min
z∈∂U

|Fξ0 (z)| > 0.

If 0 6∈ Bξ0 , then define Fξ as above for some choice of coordinates. Then Fξ(0) 6=
0 and we can choose a zero neighborhood U ⊂ B3(0, r) and δ1 > 0 such that
minz∈U |Fξ0 (z)| ≥ δ1. Since Fξ depends continuously on ξ, there is δ > 0 such that

max
z∈∂U

|Fξ(z)− Fξ0(z)| < δ1 ≤ min
z∈∂U

|Fξ0(z)| for ξ ∈ S2 with |ξ − ξ0| < δ.
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Denote by µ0(Fξ) the multiplicity of the map Fξ as defined in Chirka [14], 10.2.
Then Rouché’s theorem [14], 10.3, Theorem 1, implies µ0(Fξ) ≤ µ0(Fξ0 ) =: M if
|ξ − ξ0| < δ. The multiplicity is defined as follows: Pick a neighborhood U2 of 0
such that Fξ : U → U2 is proper; then

µ0(Fξ) = lim
w→0

#(F−1
ξ (w) ∩ U).

In particular, for z2 sufficiently small, there are at most M points in Bξ whose
second coordinate equals z2. In other words, µ0(Bξ) ≤ M . Since S2 is compact,
this implies that

m := max{µ0(Bξ) : ξ ∈ S2}
is a nonnegative integer. We define q := m!. To complete the proof of part (b),
fix ξ ∈ R3 \ T0V with 0 ∈ Bξ, let [Wξ]0 be an irreducible component of [Bξ]0, and
pick a basis (b1, b2, b3) of C3 with b1 ∈ T0Wξ. By [14], 6.1, Wξ admits a Puiseux
series expansion at the origin, i.e., there are p ∈ N, a neighborhood U of zero, and
a2,j, a3,j ∈ C such that

Wξ ∩ U = {tpb1 +
∞∑

j=p+1

a2,jt
jb2 +

∞∑
j=p+1

a3,jt
jb3 : |t| < δ}.

This representation implies p = µ0(Wξ) ≤ µ0(Bξ). Hence q is a multiple of p and
we may as well use q instead of p.

Case 2: There exists ζ ∈ S2 such that 〈∇f, ζ〉 ≡ 0. It is no restriction to
assume ζ = (0, 0, 1). Then f is a function of the first two coordinates only. We
start with the proof of (b). As ξ /∈ T0V , there is a neighborhood U of 0 such that
V ∩ U is given by a Weierstraß polynomial in z1, which we assume to be f . The
discriminant ∆ of f with respect to z1 is an analytic function of z2. Since f is
irreducible, it cannot share a common factor with ∂f

∂z1
. Hence ∆ 6≡ 0 and thus ∆

admits a finite number w1, . . . , wk of zeros in a suitable neighborhood of the origin.
Since f is a Weierstraß polynomial, no function f(·, wj) vanishes identically. Hence
Bξ is the union of lines of the form {(zj,l, wj)} × C. This proves (b). Now claim
(a) is immediate. �

4.4. Definition. Let V be an analytic surface in C3 which contains the origin, γ
a real simple curve, d ≥ 1, and A 6= C3 a closed analytic set in C3. Then δ ≥ d is
called A-admissible for γ, if for each ξ ∈ R3 \ A, each real simple curve τ which is
equivalent to γ modulo d and satisfies tr(τ) ⊂ Bξ is already equivalent to γ modulo
δ.

4.5. Lemma. Let V be an analytic surface in C3 which contains the origin, γ a
real simple curve, and A a closed analytic set in C3 which satisfies T0V ⊂ A 6= C3.
Then for each d ≥ 1 there is ∆A(γ, d) ∈ ]d,∞] such that

{δ ≥ d : δ is A-admissible for γ} = [d,∆A(γ, d)[.

If ∆A(γ, d) <∞, then ∆A(γ, d) is not A-admissible for γ.

Proof. Obviously d is A-admissible for γ. Hence it suffices to show that for each
∆ ≥ d which is A-admissible, there exists ε > 0 such that each δ ∈ [∆,∆ + ε[
is A-admissible. To do this, fix such a number ∆, ξ ∈ R3 \ A, and a real simple
curve τ which is equivalent to γ modulo d and satisfies tr(τ) ⊂ Bξ. By Lemma
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4.3 there exists q ∈ N, only depending on V and not on τ such that for suitable
bj(ξ) ∈ R3, j ≥ q, we have

τ(t) =
∞∑
j=q

bj(ξ)tj/q .

Since γ and τ are equivalent modulo ∆ we may assume by Lemmas 2.15(a) and 2.5
that both γ and τ are in standard parametrization with respect to the same real
basis of R3. Assume that in these coordinates, γ(t) =

∑∞
j=l ajt

j/l for some l ∈ N.
Then Lemma 2.15(b) implies that for some η > 0 we have

(4.1)
∆q∑
j=q

bj(ξ)tj/q =
∆l∑
j=l

ajt
j/l, t ∈ ]0, η[.

Obviously, this implies that there exists ε > 0, not depending on ξ and τ , such that
(4.1) holds for ∆ replaced by ∆ + ε. Hence γ and τ are equivalent modulo δ for all
δ ∈ [∆,∆ + ε]. This proves the first assertion. If ∆A(γ, d) would be A-admissible,
the previous argument shows that for some ε > 0 all δ in [d,∆A(γ, d) + ε[ would be
admissible, contrary to the definition of ∆A(γ, d). �

Remark. We do not know whether ∆A(γ, d) actually depends on the choice of A as
long as T0V ∪ T0(Tγ,dV ) ⊂ A.

4.6. Definition. The number ∆A(γ, d) from Lemma 4.5 is called the A-critical
level of the pair (γ, d).

4.7. Definition. For V, γ, d as in Definition 4.4 and η ∈ Tγ,dV ∩ R3, let A :=
Tη(Tγ,dV )∪T0V . We say that η is a simple point of Tγ,dV if there exist ξ ∈ R3 \A,
a zero neighborhood D in C3, and ρ > 0 such that there is at most one real branch
T of Bξ ∩R3 which is contained in Γ(γ, d, η +D, ρ).

4.8. Lemma. Let V , γ, and d ≥ 1 be as in Definition 4.4 and let q denote the
number from Lemma 4.3. Let η ∈ Tγ,dV ∩ R3 be arbitrary if d > 1, set η = 0 if
d = 1, and set γη : t 7→ γ(t) + ηtd in both cases. Assume η ∈ Tγ,dV ∩ R3 is not
simple and let A := Tη(Tγ,dV )∪T0V . Then A = T0(Tγη,dV )∪T0V and there exists
ν ∈ N, ν > dq, such that ∆A(γη, d) = ν

q .

Proof. To show that ∆ := ∆A(γη, d) is finite, fix ξ ∈ R3 \A. Since η is not a simple
point of Tγ,dV ∩ R3, there are at least two branches S, T of Bξ ∩ R3 \ {0} which
both have nonempty intersection with Γ(γ, d, η + D,R) = Γ(γη, d,D,R) for each
zero neighborhood D in C3 and each R > 0. Thus, S and T are equivalent to γη
modulo d. Since S and T are different, it follows from Lemmas 2.5 and 2.15 that
we can choose δ > d so large that one of these branches is not equivalent to γη
modulo δ. Hence δ is not A-admissible for γη and we have ∆ ≤ δ <∞.

Since ∆ is not A-admissible for γη, there exist ξ ∈ R3 \ A and a real simple
curve τ with tr(τ) ⊂ Bξ which is equivalent to γη modulo ∆− ε for 0 < ε < ∆− 1
but which is not equivalent to γη modulo ∆. Since τ and γ have the same tangent
vector at the origin, it follows from Lemma 2.5 and Lemma 4.3 that we can choose
standard parametrizations

∑∞
j=l ajt

j/l for γ and
∑∞

j=q bjt
j/q for τ with respect to

the same coordinates. Then it follows from Lemma 2.15 that for 0 < ε < ∆− d we
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have
(∆−ε)l∑
j=l

ajt
j/l + ηtd =

(∆−ε)q∑
j=q

bjt
j/q

while
∆l∑
j=l

ajt
j/l + ηtd 6=

∆q∑
j=q

bjt
j/q,

where η = 0 if d = 1. It is easy to check that this implies ∆ = ν
q for some ν ∈ N.

Since d < ∆, we get dq < ν. Since Tγη,dV is the translate of Tγ,d by η, we have
Tη(Tγ,dV ) = T0(Tγη,dV ) and the proof is complete. �

Remark. In Proposition 4.11 below, a lower estimate for ∆A(γ, d) is derived under
stronger hypotheses than those in Lemma 4.8.

4.9. Lemma. Let V be an analytic surface in C3 which contains the origin and let
γ be a real simple curve in R3 with tangent vector ξ at the origin. Then we have:

(a) Assume d = 1, γ(t) = ξt, and η ∈ Tγ,1V ∩ R3. Then η is a simple point of
Tγ,1V if and only if τ(η + ξ)− ξ is a simple point of Tγ,1V for each τ > 0.

(b) Assume d > 1 and η ∈ Tγ,dV ∩ R3. Then η is a simple point of Tγ,dV if
and only if η + τξ is a simple point of Tγ,dV for each τ ∈ R.

Proof. (a) By Theorem 2.7(b), we have Tγ,1V = T0V − ξ. Since T0V is a complex
cone, it follows easily that

η ∈ Tγ,1V ∩ R3 if and only if τ(η + ξ)− ξ ∈ Tγ,1V ∩ R3 for each τ ∈ R
and that

Tη(Tγ,1V ) = Tη(T0V − ξ) = Tη+ξ(T0V ) = Tτ(η+ξ)(T0V ) = Tτ(η+ξ)−ξ(Tγ,1V ).

Next note that for each zero neighborhood D in C3, R > 0, and τ > 0, we have

Γ(γ, 1, τ(η + ξ)− ξ, τD, R
τ

) =
⋃

0<s<R/τ

sξ + s(τ(η + ξ)− ξ + τD)

=
⋃

0<s<R/τ

sτ(η + ξ) + sτD =
⋃

0<t<R

ξt+ t(η +D) = Γ(γ, 1, η +D,R).

From these facts it is now obvious that (a) holds.
(b) Note first that by Theorem 2.7(c), η ∈ Tγ,dV is equivalent to η+ τξ ∈ Tγ,dV

for each τ ∈ C and that therefore

Tη(Tγ,dV ) = Tη+τξ(Tγ,dV ) for each τ ∈ C.
As in part (a) the claim follows if we show that for each τ ∈ R, each absolutely
convex zero neighborhood D in C3, and each R > 0, there are zero neighborhoods
D1, D2 in C3 and R1, R2 < R such that

Γ(γ, d, η +D,R1/2) ⊂ Γ(γ, d, η + τξ +D1, R1) and

Γ(γ, d, η + τξ +D,R2/2) ⊂ Γ(γ, d, η +D2, R2).
(4.2)

To prove this, fix τ,D, and R and assume that γ(t) = ξt + σ(t), where σ(t) =∑∞
j=q+1 ajt

j/q for 0 < t ≤ α. Then there is C > 0 such that

|σ′(t)| ≤ Ct1/q for 0 < t ≤ α/2.
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If we let s := s(t) := t + τtd, it follows from d > 1 that there is t0 > 0 such that
0 < s(t) < R if 0 < t < t0. By the mean value theorem we get

|σ(t)− σ(s)| ≤ C sup
0<ϑ<1

|t+ ϑ(s− t)|1/q · |t− s| ≤ C(t+ τtd)1/qτtd

and hence
σ(t) − σ(s(t)) ∈ tdD whenever 0 < t < R1.

Next note

|(1 + τtd−1)d − 1| ≤ (1 + τtd−1)d−1τdtd(d−1) ≤ 2τdtd(d−1).

This implies

sd(η +D) = td(η +D) + td[(1 + τtd−1)d − 1](η +D) ⊂ td(η + 2D)

whenever 0 < t < R1, provided that R1 is small enough. Altogether we proved that

γ(s) + sd(η +D) = sξ + σ(s) + sd(η +D) = tξ + td(η + τξ +D)

= tξ + σ(t) + td(η + τξ +D) + (σ(s)− σ(t)) + sd(η +D)

⊂ γ(t) + td(η + τξ + 3D).

From this we get the first assertion in (4.2). The second one follows by the same
arguments. �
Remark. Under the hypothesis of Lemma 4.9, for η ∈ T0V ∩S2 and ξ, ζ ∈ S2, η− ξ
is a simple point of Tγξ,1V if and only if η − ζ is a simple point of Tγζ,1V , where
γξ : t 7→ tξ, γζ : t 7→ tζ. This is true since both conditions mean that there are
λ ∈ R3 \ (Tη(T0V )∪T0V ), a zero neighborhood D in C3, and ρ > 0 such that there
is at most one real branch T of Bξ ∩R3 which is contained in Γ(γη, 1, D, ρ).

4.10. Lemma. Let V be an analytic surface in C3 which contains the origin, and
let γ be a real simple curve with tangent vector ξ in the origin which is in standard
parametrization γ(t) =

∑∞
j=q bjt

j/q, where q is the number from Lemma 4.3. Let

Mγ,d := {η ∈ Tγ,dV ∩ R3 : η is not simple}.
(a) If d = 1 and γ(t) = ξt, then the set

M := {ζ ∈ T0V ∩ S2 : ζ − ξ ∈Mγ,1}
is finite and Mγ,1 \ {−ξ} =

⋃
ζ∈M{τζ − ξ : τ > 0}.

(b) If d = ν
q for some ν > q, then the set

M := {ζ ∈ Mγ,d : 〈ζ, ξ〉 = 0}
is finite and Mγ,d =

⋃
ζ∈M{ζ + τξ : τ ∈ R}.

Proof. (a) To argue by contradiction, assume that M is not finite. Then choose a
sequence (ζn)n∈N in M and let

A :=
⋃
n∈N

Tζn−ξ(Tγ,1V ) ∪ T0V.

Since A is homogeneous and pluripolar in C3 (for the definition see Klimek [19],
Chapter 2.9), but R3 is not, there exists ξ0 ∈ R3 \A, |ξ0| = 1. By Lemma 4.3, there
exist real simple curves τ1, . . . , τm and a zero neighborhood U in R3 such that

(4.3) Bξ0 ∩ U =
m⋃
j=1

tr(τj) ∩ U.
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For 1 ≤ j ≤ m let ξj be the tangent vector of τj at the origin, fix n ∈ N, let
ζ := ζn, and define γζ : t 7→ ζt. Since ζ − ξ is not simple and since ξ0 ∈ R3 \ A ⊂
R3 \ (Tζ−ξ(Tγ,1V ) ∪ T0V ), there are at least two real simple curves τ which satisfy

tr(τ) ⊂ Bξ0 ∩R3 and tr(τ) ∩ Γ(γ, 1, ζ − ξ +D,R) 6= ∅

for each zero neighborhood D and each R > 0. Since

Γ(γ, 1, ζ − ξ +D,R) =
⋃

0<t<R

tξ + t(ζ − ξ +D) = Γ(γζ , 1, D,R),

there exists 1 ≤ i ≤ m such that γζ is equivalent to τi modulo 1. By Lemma
2.15(a) this implies that τi and γζ have the same tangent vector ζ at the origin, i.e.,
ζ ∈ {ξ1, . . . , ξm}. Consequently, the set M has at most m elements, in contradiction
to the assumption that M is infinite. This proves the first part of (a).The second
one follows immediately from the first one by Lemma 4.9(a) and Theorem 2.7(b).

(b) It is no restriction to assume ξ = (1, 0, 0) and that γ is in standard parametri-
zation with respect to the canonical basis of R3. If we assume that M is not finite,
we can find an infinite set {ζj : j ∈ N} in M . Arguing as in part (a) we find ξ0 ∈ R3

such that (4.3) holds and such that for each ζ in {ζj : j ∈ N} there is τi as in part
(a) satisfying

(4.4) tr(τi) ∩ Γ(γ, d, ζ +D,R) 6= ∅

for each zero neighborhood D in C3 and each R > 0. Now define γζ : t 7→ γ(t)+ζtd.
Since ζ ∈ M, ζ1 = 0 and γζ is in standard parametrization with respect to the
canonical basis. Since

Γ(γ, d, ζ +D,R) =
⋃

0<t<R(t, γ2(t), γ3(t)) + td((0, ζ2, ζ3) +D) = Γ(γζ , d,D,R),

τi is equivalent to γζ by (4.4). From this and Lemmas 2.15, 2.5, and 4.3 we get that
there is a standard parametrization for τi with respect to the same coordinates as
for γζ which is of the form τi(t) =

∑∞
j=q ai,j t

j/q . Hence the hypotheses on γ and
Lemma 2.15(b) imply ai,ν = bν + ζ. Since there are at most k different choices for
ai,ν , it follows that {ζj : j ∈ N} is finite in contradiction to the assumption. By this
contradiction, the first part of (a) is proved. The second one follows from Lemma
4.9(b). �

4.11. Proposition. For some r > 0 let f : B3(0, r)→ C be a holomorphic function
which is real over real points and vanishes at zero. Let γ be a real simple curve,
let d ≥ 1 be given, and assume that in the notation of Example 7.6 we have dν ≤
d < dν+1 for 1 ≤ ν < p. Let V := V (f) and A := T0(Tγ,dV ) ∪ T0V . Assume
furthermore that (Fω0(dν)(1, ·))0 is square-free and that 0 is not a simple point of
Tγ,dV . Then ∆A(γ, d) ≥ dν+1.

Proof. To argue by contradiction, we assume ∆ := ∆A(γ, d) < dν+1. Then Lemma
4.5 implies dν ≤ d < ∆ < dν+1. Since 0 is not a simple point of Tγ,dV , there exist
ξ ∈ R3 \A and a real simple curve σ satisfying tr(σ) ⊂ Bξ such that σ is equivalent
to γ modulo d but not modulo ∆. Consequently, γ and σ have the same tangent
vector at the origin. We choose a basis (e1, e2, e3) so that this tangent vector equals
e1 = (1, 0, 0). Since e1 ∈ T0V , we may assume ξ = e3 = (0, 0, 1). By Lemma 2.5
we may assume that γ and σ are in standard parametrization with respect to this
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basis, say γ(t) = (t, γ2(t), γ3(t)) and σ(t) = (t, σ2(t), σ3(t)). If γ(t) =
∑∞

j=q ajt
j/q

and σ(t) =
∑∞
j=q bjt

j/q , then the present hypotheses imply by Lemma 2.15

(4.5)
(∆−ε)q∑
j=q

ajt
j/q =

(∆−ε)q∑
j=q

bjt
j/q for 0 < t < t0 and 0 < ε < ∆− 1

and

(4.6) lim inf
t↓0

t−∆|γ(t)− σ(t)| > 0.

Next consider the expansion

(4.7) f(γ(t) + z) =
∑

α∈N3
0, j≥q

aj,αz
αtj/q .

Note that for some ρ > 0 the series converges absolutely and uniformly for |z| ≤ ρ
and 0 ≤ t ≤ ρ. Using the notation that was introduced in Definition 2.10 and
Remark 2.11 denote by P the localization of Fω0(dν)(1, ·) at zero, i.e.,

P := (Fω0(dν)(1, ·))0.

Then P is homogeneous of degree m and does not depend on the first variable. The
latter fact follows from Theorem 2.7(c) if ν > 1 and from the fact that e1 is the
tangent vector of γ at the origin if ν = 1. By hypothesis, P is square-free and by
Proposition 2.12(a) we have

(4.8) Fω0(δ)(1, ·) = (Fω0(dν)(1, ·))0 = P for dν < δ < dν+1.

From (4.8), (2.3), and the homogeneity of P we get T0(Tγ,dV ) = V (P ). Con-
sequently e3 = ξ 6∈ A is noncharacteristic for P . Therefore there are pairwise
different complex numbers β1, . . . , βm and B ∈ C \ {0} such that

P (w2, w3) = B
m∏
j=1

(w3 − βjw2).

It is no restriction to assume B = 1.
Next choose D > 0 and ρ > 0 such that

(4.9)
∑

α∈N3
0,j≥q

|aj,αzαtj/q | ≤ D for |z| ≤ ρ, 0 ≤ t ≤ ρ.

Then regroup the expansion (4.7) according to the procedure described in Definition
2.10, i.e., for dν < δ < dν+1 let

ω0 := ω0(δ) := min{δ|α|+ j

q
: aj,α 6= 0}

and choose an increasing sequence (ωk)k∈N = (ωk(δ))k∈N such that for

Fωk(t, w) :=
∑

δ|α|+ j
q=ωk

aj,αw
αtj/q

we have
f(γ(t) + tδw) =

∑
k∈N0

Fωk(t, tδw) =
∑
k∈N0

tωkFωk(1, w).
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From this and (4.8) we get for dν < δ < dν+1

(4.10) t−ω0(δ)f(γ(t) + tδw) = P (w) +
∑
k∈N

tωk(δ)−ω0(δ)Fωk(δ)(1, w).

Now we claim that

(4.11) lim
t↓0

1
t∆

(σ2(t)− γ2(t)) = b 6= 0.

To prove this, note that σ2 − γ2 is given by a Puiseux series. Hence it follows from
(4.5) that the limit exists. If we assume the limit is zero, then there exists ε > 0
such that

(4.12)
1
t∆
|σ2(t)− γ2(t)| = o(tε).

Then (4.6) implies by the same arguments

(4.13) lim
t↓0

1
t∆

(σ3(t)− γ3(t)) = d 6= 0.

Now let κ(t) := t−∆(σ(t) − γ(t)) and note that tr(σ) ⊂ Bξ and (4.10) imply for
0 < t ≤ ρ and δ = ∆

0 = t−ω0f(σ(t)) = t−ω0f(γ(t) + t∆κ(t))

= P (κ(t)) + t
1
q

∑
k∈N

tωk−ω0−1/qFωk(1, κ(t)).(4.14)

From (4.12) and (4.13) we get that κ(t) is bounded on ]0, ρ/2[ and that

P (κ(t)) =
m∏
j=1

(κ3(t)− βjκ2(t))→ dm as t→ 0.

Hence in the limit for z → 0 we get from (4.14) the contradiction dm = 0. Therefore
we must have (4.11).

Next we claim that the following assertion holds:

(4.15) There exist r0 > 0, M0 ≥ 1, and 0 < κ0 < 1 such that for each
dν < δ < dν+1, M ≥ M0, and 0 < µ ≤ κ0 there exist ρ0 > 0
and C ≥ 1 such that for each 0 < t ≤ ρ0 and each w2 ∈ C satisfying
Ctdν+1−δ ≤ |w2| ≤ r0

M+1 the function w3 7→ f(γ(t)+tδ(0, w2, w3)) has
exactly m different zeros of multiplicity one in the disk |w3| ≤M |w2|,
each lying in one of the disks B1(βjw2, µ|w2|), 1 ≤ j ≤ m.

To prove this claim using the theorem of Rouché, let r0 := min(1, ρ), where ρ is
chosen as in (4.9). Furthermore let

M0 := 1 + max{|βj | : 1 ≤ j ≤ m},

κ :=
1
2

min{|βj − βk| : 1 ≤ j < k ≤ m}, κ0 := min(
3
4
, κ).

It is easy to check that for w2 ∈ C \ {0}, M ≥ M0, and 0 < µ ≤ κ0 the following
estimates hold:

min{|P (w2, w3)| : |w3| = M |w2|} ≥ |w2|m,(4.16)

min{|P (w2, w3)| : |w3 − βjw2| = µ|w2|} ≥ (µ|w2|)m, 1 ≤ j ≤ m.(4.17)
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Now fix δ satisfying dν < δ < dν+1 and assume that w2 ∈ C satisfies

(4.18) Ctdν+1−δ ≤ |w2| ≤
r0

M + 1
,

where the number C will be determined later. To estimate the series in the expan-
sion (4.10), let k0 := min{k ∈ N : k > qm(dν+1 − δ)}. Then we have for 0 ≤ t ≤ ρ
and |w| ≤ ρ by the hypotheses of (4.15) and by (4.9)∣∣∣∑

k≥k0

tωk−ω0Fωk(1, w)
∣∣∣ ≤ Dtk0/q = o(tm(dν+1−δ)) = o(|w|m).

This implies the existence of 0 < ρ1 ≤ ρ such that for 0 < t ≤ ρ1, |(w1, w3)| ≤M |w2|
and |w2| ≤ r0

M+1 we get

(4.19)
∣∣∣∑
k≥k0

tωk−ω0Fωk(1, w)
∣∣∣ ≤ 1

3
(µ|w2|)m.

To estimate tk/qFωk(1, w) for 1 ≤ k < k0, denote by mk the order of zero of
Fωk(1, ·) at the origin. Then there exists Dk > 0 such that |Fωk(1, w)| ≤ Dk|w|mk
for |w| ≤ 1. If mk ≥ m, then choose 0 < ρ2(k) ≤ ρ such that for 0 < t ≤ ρ2(k),
|(w1, w3)| ≤M |w2| and |w2| ≤ 1 we have

(4.20) tk/q |Fωk(1, w)| ≤ t1/qDk|w|mk ≤ t1/qDk(M + 1)m|w2|m ≤
1

3k0
(µ|w2|)m.

To get a similar estimate when mk < m, note that in this case, in Fωk(t, w)
there is a term aj,αz

αtj/q satisfying aj,α 6= 0 and |α| = mk. This implies ωk(δ) =
δmk + j/q. Now note that by (2.6) we have

ω0(δ) = δln +
jn
q

= δm+
jn
q
,

because m is the degree of P = (Fω0(δ)(1, w))0. Since m > mk and ω0(δ) < ωk(δ),
we must have j > jn. Next note that the Newton polygon admits a supporting
line of slope − 1

δ touching at ( jq ,mk). Since dν < δ < dν+1, this implies that the
Newton polygon also admits a supporting line of slope −1/dν+1 through ( jq ,mk).
This gives (

j

q
− jn

q

)−1

(mk −m) ≥ − 1
dν+1

, hence
j − jn

q(m−mk)
≤ dν+1.

From this we get
ωk(δ)− ω0(δ)
m−mk

= (m−mk)−1(δmk+
j

q
−δm− jn

q
) = −δ+ j − jn

q(m−mk)
≤ dν+1−δ =: a.

By (4.18) this implies 0 < t < ( |w2|
C )1/a. For |(w1, w3)| ≤ M |w2| and |w2| ≤ r0

M+1 ,
we now get

tk/q |Fωk(1, w)| = tωk−ω0 |Fωk(1, w)| ≤ tωk−ω0Dk|w|mk

≤ DkC
(ω0−ωk)/a|w2|(ωk−ω0)/a|w|mk ≤ Dk(M + 1)mkC(ω0−ωk)/a|w2|m.

Since (ω0 − ωk)/a < 0, we can choose C > 0 so large that

(4.21) tk/q|Fωk(1, w)| ≤ 1
3k0

(µ|w2|)m

also in this case.
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From (4.19), (4.20), and (4.21) it follows that there is C ≥ 1 such that for
ρ0 := min{ρ1, ρ2(k) : 1 ≤ k < k0, mk > m} we get for 0 < t ≤ ρ0, |w3| ≤ M |w2|,
and Ctdν+1−δ ≤ |w2| ≤ r0

M+1 from (4.10) that

(4.22) t−ω0(δ)
∣∣f(γ(t) + tδ(0, w2, w3))− P (w2, w3)

∣∣ < (µ|w2|)m.

Since 0 < µ ≤ κ0 ≤ 1, our claim now follows from (4.22), (4.16), and (4.17) by the
theorem of Rouché.

To complete the proof, let r0,M0 and κ0 be the constants from (4.15), fix dν <
δ < ∆ and let

λ(t) := t∆−δκ(t) =
1
tδ

(σ(t) − γ(t)).

Since (4.11) and (4.6) imply

(4.23) lim
t↓0

κ2(t) = b , lim
t↓0

κ3(t) = c,

where b 6= 0, we can choose M ≥M0 such that

|λ3(t)| ≤M |λ2(t)|.

For this choice of M and µ := κ0, choose ρ0 > 0 and C > 1 according to (4.15).
Then (4.23) and ∆ − δ > 0 imply the existence of 0 < ρ1 ≤ ρ0 such that for
0 < t ≤ ρ1 we have

|λ2(t)| ≤ 2|b|t∆−δ ≤ r0

M + 1
.

Moreover, since ∆− dν+1 < 0, there exists 0 < ρ2 ≤ ρ0 such that

|λ2(t)| ≥ 1
2
|b|t∆−δ =

1
2C
|b|t∆−dν+1Ctdν+1−δ ≥ Ctdν+1−δ.

Since t−ω0(δ)f(γ(t) + tδλ(t)) = t−ω0(δ)f(σ(t)) = 0, we now get from (4.15) that for
0 < t ≤ min(ρ1, ρ2) there exists 1 ≤ j ≤ m, such that λ3(t) is a simple zero of

w3 7→ f(γ(t) + tδ(0, λ2(t), w3)).

Since σ(t) = γ(t) + tδλ(t) is a branch point of V = V (f) with respect to the pro-
jection along ξ = e3, this is a contradiction. By this contradiction our assumption
at the beginning is false. Hence we must have ∆ ≥ dν+1. �

5. Sufficiency

In this section we will prove the main theorem of this paper, which states that
the necessary conditions that were derived in section 3 are also sufficient. In fact
we will prove more, namely, that only a finite set of conditions have to be satisfied.
To formulate this result, we first construct a specific set of real simple curves.

5.1. Construction of a particular finite set C. Let V be an analytic surface in
C3 which contains the origin and denote by q the number from Lemma 4.3. For
η ∈ S2 define ση : t 7→ tη, t > 0. To begin the construction, we first consider the
set of real singular directions in T0V for which there are several real branch curves
of V nearby with respect to most real directions. More precisely, for ξ ∈ S2 this
set is defined as

M1 := {η ∈ (T0V )sing ∩ S2 : η − ξ is not a simple point of Tσξ,1V }
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and does not depend on ξ by the Remark following Lemma 4.9. If M1 = ∅, then
C := ∅. Otherwise let

C0 := {(ση, 1) : η ∈M1}.
We are going to recursively define sets Cj , j ∈ N, satisfying the following condi-

tion:

(5.1) Cj is finite and for each (γ, d) ∈ Cj there is ν ∈ N, ν ≥ q + j,
such that d = ν

q and γ has a standard parametrization of the form

γ(t) =
∑ν−1
i=q ai t

i/q.

To start the recursive definition, let A(η) := Tη(T0V ) ∪ T0V and denote by
∆A(η)(ση, 1) the A(η)-critical level of ση, according to Definition 4.6. For η ∈ M1,
it follows from Lemma 4.8 that q∆A(η)(ση , 1) = ν(η) ∈ N, ν(η) ≥ q + 1. Since M1

is finite by Lemma 4.10, the set C1 defined as

C1 := {(ση,∆A(η)(ση, 1)) : η ∈M1}
satisfies the conditions in (5.1) for j = 1.

Assume now that for some j ∈ N, j ≥ 2, the set Cj−1 is defined in such a way
that (5.1) holds for j − 1 and that Cj−1 is finite. To define Cj , let

Cj−1,c := {(γ, d) ∈ Cj−1 : there exists ζ ∈ (Tγ,dV )sing ∩ R3, ζ is not simple}.
If Cj−1,c = ∅, then let Cj := ∅. Otherwise fix (γ, d) ∈ Cj−1,c and denote by η
the tangent of γ in zero. By the induction hypothesis we have d = ν

q for some

ν ≥ q + j − 1 and γ(t) =
∑ν−1

i=q ait
i/q. Let

Mγ,d := {ζ ∈ (Tγ,dV )sing ∩R3 : 〈ζ, η〉 = 0 and ζ is not simple}.
By Lemma 4.10, Mγ,d is finite. For ζ ∈Mγ,d define

γζ : t 7→ γ(t) + ζtd =
ν∑
i=q

ait
i/q, aν = ζ.

Since 〈ζ, η〉 = 0, γζ is in standard parametrization. Next let A(γ, ζ) := Tζ(Tγ,dV )∪
T0V . Then ∆A(γ,ζ)(γ, d) = µ

q for some µ > ν ≥ q+ j− 1 by Lemma 4.8. Hence the
set

Cj := {(γζ ,∆A(γ,ζ)(γ, d)) : (γ, d) ∈ Cj−1,c, ζ ∈Mγ,d}
is finite and all conditions in (5.1) are satisfied. Consequently, the induction step
is complete.

Now we claim

(5.2) There exists N ∈ N such that for each (γ, d) ∈ CN all points in
(Tγ,dV )sing ∩ R3 are simple.

To prove this, we argue by contradiction. If (5.2) does not hold, then Cj,c 6= ∅ for
each j ∈ N. Now let

A := T0V ∪
⋃
η∈M1

Tη(T0V ) ∪
⋃
j∈N
{Tζ(Tγ,dV ) : (γ, d) ∈ Cj,c, ζ ∈Mγ,d}.

Since A is a countable union of analytic sets, we can choose ξ0 ∈ R3 \A, |ξ0| = 1,
and find real simple curves τ1, . . . , τm and a zero neighborhood U in R3 such that
(4.3) holds. It is no restriction to assume that tr(τi) and tr(τk) are disjoint for
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i 6= k. Hence we can choose δ > 1 so large that there are R > 0 and ε > 0 such
that

(5.3) Γ(τj , δ, B(0, ε), R) ∩ Γ(τk, δ, B(0, ε), R) = ∅, j 6= k.

Next choose p ∈ N so large that p ≥ δq. Then fix (γ, d) ∈ Cp,c and ζ ∈ Mγ,d. By
(5.1) and the choice of p we have d ≥ q+p

q = 1 + p
q > δ. Since ζ is not a simple

point and since ξ0 ∈ R3 \A ⊂ R3 \ (Tζ(Tγ,dV ) ∪ T0V ), for each zero neighborhood
D in C3 and each ρ > 0 there are at least two branches of Bξ0 ∩ R3 which have
a nonempty intersection with Γ(γ, d, ζ + D, ρ) = Γ(γζ , d,D, ρ). Since d > δ this
contradicts (5.3) when D := B(0, ε) and ρ := R. From this contradiction we obtain
that (5.2) holds. Now let C :=

⋃N
j=1 Cj.

5.2. Remark. If the variety V in section 5.1 is algebraic, then estimates for the num-
bers q, δ, and N can be given in terms of the degree m of a polynomial defining V .
First, the number of possible solution branch curves can be estimated by m3. This
implies that (m3)! is an upper estimate for q. Finally, using Bezout’s theorem, it
can be shown that a possible choice for δ is δ = m4. Thus we arrive at the estimate
N ≤ (m3)!m4 for the number of steps in the iteration. This estimate is probably
very crude.

5.3. Theorem. For an analytic surface V in C3 which contains the origin, the
following conditions are equivalent:

(a) V satisfies PLloc(0).
(b) V is hyperbolic in conoids at the origin.
(c) T0V satisfies PLloc(0), there is ζ ∈ S2 such that for γζ : t 7→ tζ, t > 0, and

each η ∈ (T0V )reg ∩ S2, V is (γζ , 1)-hyperbolic at η − ζ ∈ Tγζ,1V , and for
each (γ, d) ∈ C (C as in section 5.1) the following conditions hold:

(i) Tγ,dV satisfies PLloc(η) at each η ∈ Tγ,dV ∩ R3.
(ii) V is (γ, d)-hyperbolic at each η ∈ (Tγ,dV )reg ∩ R3.

The proof of Theorem 5.3 will be given at the end of this section since we have
to introduce more notations and to prove several auxiliary results before.

Remark. In Theorem 7.3 below it is shown that the hyperbolicity conditions in
Theorem 5.3(c) follow from the PLloc-conditions provided that for each (γ, d) ∈ C
the varieties Tγ,dV as well as T0V have multiplicity one (see Definition 2.10).

5.4. Remark. Let us now indicate how Lemma 3.20 enables us to decide in finitely
many steps whether condition (c) of Theorem 5.3 holds: To do so, fix an arbitrary
ζ ∈ S2. We claim that condition (c) of Theorem 5.3 holds if and only if the following
conditions hold:

(1) T0V does not admit an elliptic component, i.e., an irreducible component
W satisfying W ∩ R3 = {0},

(2) if (γ, d) ∈ C∪{(γζ , 1)}, then condition (c)(ii) of Theorem 5.3 holds for (γ, d),
(3) T0V is locally hyperbolic at each η ∈ (T0V )sing ∩ S2,
(4) if (γ, d) ∈ C, then Tγ,dV is locally hyperbolic at each η ∈ (Tγ,dV )sing ∩ E,

where E ⊂ R3 is the orthogonal plane to the tangent to γ at the origin.
To prove equivalence, let us first assume that 5.3(c) is satisfied. Then (1) is

immediate by [26], Theorem 3.13. By Proposition 3.12, condition 5.3(c)(ii) is nec-
essary for each pair (γ, d) where γ is a real simple curve and d ≥ 1. Hence (2)
holds. Conditions (3) and (4) follow from Lemma 3.17.
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To prove the converse, let (1)–(4) be satisfied. Then 5.3(c)(ii) obviously holds.
We claim that for each pair (γ, d), this condition implies 5.3(c)(i) when η is re-
stricted to (Tγ,d)reg ∩R3. To see this, fix η ∈ (Tγ,d)reg ∩R3 and let π be a nonchar-
acteristic projection for Tγ,dV at η. Then there is a conoid Γ := Γ(γ, d,B(η, 2r), r),
r > 0, such that z ∈ V ∩ Γ is real whenever π(z) is real. Let w ∈ Tγ,dV ∩ B(η, r)
satisfy π(w) ∈ R3. Then there is a sequence (zj)j∈N in V ∩ Γ with limj→∞ zj = w
and π(zj) ∈ R3. The hyperbolicity of V in Γ immediately implies zj ∈ R3 for each j
and finally w ∈ R3. This proves the intermediate claim.

Applying this claim, we get 5.3(c)(i) for each η ∈ (Tγ,dV )reg ∩ R3. For the
singular points, 5.3(c)(i) follows from (4) and the shift invariance of Tγ,dV (see
Theorem 2.7(c)). The same argument shows the part of the conditions in 5.3(c)
which pertains to ζ, but only for the particular ζ chosen at the beginning of this
remark. However, since Tγζ,1V = T0V − ζ by Theorem 2.7(b), this condition is
independent of the choice of ζ. We have established the equivalence of 5.3(c) with
(1)–(4).

This shows that 5.3(c) can be checked in finitely many steps, since (1), (3),
and (4) consist of a finite number of conditions, while Lemma 3.20 enables us
reduce (2) to a finite number of conditions.

5.5. Definition. Let V ⊂ Cn be an analytic variety of pure dimension k which
contains the origin, let γ be a real simple curve in Cn, d ≥ 1, R > 0, D an open set
in Cn, and let Γ := Γ(γ, d,D,R) be a conoid. We say that V satisfies the condition
PL(V,Γ) if the following holds: For each compact set K ⊂ D there exist A0, r0 > 0
such that each u ∈ PSH(V ∩ Γ) which satisfies

(α) u(z) ≤ |z|d, z ∈ V ∩ Γ,
(β) u(z) ≤ 0, z ∈ V ∩ Γ ∩ Rn,

also satisfies
(γ) u(z) ≤ A0|Im z|, z ∈ V ∩ Γ(γ, d,K,R) ∩B(0, r0).

5.6. Lemma. Let V be an analytic variety of pure dimension k in Cn which contains
the origin. Let γ be a real simple curve, 0 < R ≤ 1, 1 ≤ d <∞, and D a bounded
open set in Cn. Assume that Rd−1 sup{|z| : z ∈ D} < 1/2. Then the following
assertions hold:

(a) If V satisfies PL(V,Γ(γ, d,D,R)), then for each open subset G of D and
0 < r ≤ R, V satisfies PL(V,Γ(γ, d,G, r)).

(b) If for each ξ ∈ D ∩ Tγ,dV ∩ Rn there exist an open neighborhood Dξ ⊂
D of ξ and Rξ > 0 such that V satisfies PL(V,Γξ) for the conoid Γξ :=
Γ(γ, d,Dξ, Rξ), then V satisfies PL(V,Γ(γ, d,D,R)) for each R > 0.

Proof. (a) Fix an open set G in D, a compact set K in G and 0 < r ≤ R. Then let
ΓD := Γ(γ, d,D,R) and ΓX := Γ(γ, d,X, r) for X = G and X = K. Furthermore,
let L := supz∈D|z| and note that by hypothesis there exists 0 < b < 1/2 such that
Rd−1L < b, hence

(5.4) tdL ≤ bt for t ∈ [0, R].

Since V satisfies PL(V,ΓD), there exist A0, r0 > 0, depending on K, so that
the conclusion of Definition 5.5 holds for Γ = ΓD. It is no restriction to assume
1
2 ≤ |

γ(t)
t | ≤ 2 for all t ∈ ]0, r[. Now choose η > 0 such that

K +B(0, 2η) ⊂ G and η < 1
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and let ρ0 := min(r, r0). To prove that V satisfies PL(V,ΓG), fix u ∈ PSH(V ∩ΓG)
satisfying the estimates 5.5 (α) and (β) for Γ = ΓG. Then choose 0 < α < R such
that for each z0 ∈ V ∩ ΓK ∩B(0, ρ0) there are 0 < t0 ≤ α1 and ζ0 ∈ K satisfying

z0 = γ(t0) + td0ζ0.

Then fix z0 and consider the following two cases:
Case 1: |Im z0| ≥ ηtd0. In this case, condition 5.5(α) for u implies

u(z0) ≤ |z0|d = |γ(t0) + td0ζ0|d ≤ td0|
γ(t0)
t0

+ td−1
0 ζ0|d ≤ (2 + L)d

1
η
|Im z0|.

Case 2: |Im z0| < ηtd0. In this case the choice of η implies that each z ∈
B(Re z0, ηt

d
0) satisfies

z − γ(t0) = z − Re z0 − i Im z0 + z0 − γ(t0) ∈ td0B(0, 2η) + td0K ⊂ td0G.
Hence we have B(Re z0, ηt

d
0) ⊂ ΓG. Therefore we can define ϕ : V →[−∞,∞[ by

ϕ(z) := max
(

η

2(3 + b/L)d
u(z) + ηtd0H(

z − Re z0

ηtd0
), |Im z|

)
for z ∈ V ∩B(Re z0, ηt

d
0) and by

ϕ(z) := |Im z| otherwise,

where H is the function defined in Lemma 3.2. For z ∈ Cn satisfying |z −Re z0| =
ηtd0 we have

|z| ≤ |z−Re z0|+ |Re z0| ≤ ηtd0 + |γ(t0)|+ td0|ζ0| ≤ (ηtd−1
0 +2+ b/L)t0 < (3+ b/L)t0

and hence
η

2(3 + b/L)d
u(z) <

η

2
td0.

From this estimate and the properties of the function H it follows as in the proof
of Lemma 3.4 that ϕ is plurisubharmonic on V . To estimate ϕ on V ∩ ΓD, fix
z ∈ ΓD, z = γ(t) + tdζ, 0 < t < R, ζ ∈ D. Then we have by (5.4)

|z| ≥ |γ(t)| − td|ζ| ≥ 1
2
t− tdL ≥ t(1

2
− b)

and consequently

|Im z| = td|Im ζ| ≤ Ltd ≤ L(
1
2
− b)−d|z|d.

For z ∈ V ∩B(Re z0, ηt
d
0) this and the estimates 5.5(α) for u and 3.2(a) for H imply

ϕ(z) ≤ max(
η

2(3 + b/L)d
|z|d + |Im z|, |Im z|) ≤ (

η

2(3 + b/L)d
+

L

(1/2− b)d )|z|d.

Now let M := η
2(3+b/L)d

+ L
(1/2−b)d . Then we have

ϕ(z) ≤M |z|d, z ∈ V ∩ ΓD and ϕ(z) ≤ 0, z ∈ V ∩ ΓD ∩ Rn.
Since V satisfies PL(V,Γ0) we conclude from this that

ϕ(z) ≤ A0M |Im z|, z ∈ V ∩ ΓK ∩B(0, r0).

Now note that the present case implies z0 ∈ V ∩B(Re z0, ηt0). Thus the definition
of ϕ and property 3.2(d) of H give

A0M |Im z0| ≥ ϕ(z0) ≥ η

2(3 + b/L)d
u(z0) + ηt0H(

i Im z0

ηt0
) ≥ η

2(3 + b/L)d
u(z0)
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and hence

u(z0) ≤ 2(3 + b/L)d

η
A0M |Im z0|.

Summing up both cases and letting AK := 1
η max(2(3 + b/L)dA0M, 2 + L) we

proved
u(z0) ≤ AK |Im z0| for each z0 ∈ V ∩ ΓK ∩B(0, ρ0).

Since K was any compact subset of G, the proof of part (a) is complete.
(b) Fix R > 0 and a compact subset K of D. Then the present hypothesis

implies that for each ξ ∈ K ∩ Tγ,dV ∩Rn there exists an open neighborhood Dξ of
ξ, Dξ ⊂ D, such that V satisfies PL(V,Γξ) for Γξ = Γ(γ, d,Dξ, Rξ), where we may
assume Rξ ≤ R in view of part (a). For each such ξ choose a compact neighborhood
Kξ of ξ, Kξ ⊂ D. Since K ∩Tγ,d∩Rn is compact, there exist Kj := Kξj , 1 ≤ j ≤ l,
such that

K ∩ Tγ,dV ∩ Rn ⊂
l⋃

j=1

◦
Kj

and ε > 0 such that

K ∩ Tγ,dV ∩Rn +Bn(0, ε) ⊂
l⋃

j=1

◦
Kj .

As in Lemma 2.8 it follows that for some ρ0 > 0 and each 0 < t ≤ ρ0 we have

(5.5) K ∩ Vt,d ∩Rn ⊂ (K ∩ Tγ,dV ∩ Rn) +Bn(0, ε) ⊂
l⋃

j=1

◦
Kj .

Next choose ρ > 0 so small that ρ < min{ε, ρ0, Rξj : 1 ≤ j ≤ l} and such that
for each z ∈ Γ(γ, d,K,R) ∩ B(0, ρ) there exist 0 < t ≤ ρ0 and ζ ∈ K such that
z = γ(t) + tdζ. Then we claim that there exists δ > 0 such that

(5.6) V ∩Bn(0, ρ) ∩
⋃

0<t≤ρ0

(γ(t) + tdKδ) ⊂
l⋃

j=1

Γ(γ, d,
◦
Kj , Rξj ),

where
Kδ := {z ∈ K : |Im z| ≤ δ}.

To prove (5.6), assume that it does not hold. Then there exists a sequence
(zν)ν∈N satisfying zν = tν + tdνζν , zν ∈ V ∩ Bn(0, ρ), ζν ∈ K1/ν but zν 6∈⋃l
j=1 Γ(γ, d,Kj, Rξj ). Since K is compact, we may assume that (ζν)ν∈N converges

to some ζ ∈ K ∩ Rn, otherwise we pass to a suitable subsequence. Then consider
two cases.

Case 1: limν→∞ tν = 0. Then zν ∈ Vtν ,d implies ζ ∈ K ∩ Rn ∩ Tγ,dV . From

this and (5.5) we get that ζ ∈
◦
Kj for some j, 1 ≤ j ≤ l. Hence there exists ν0 ∈ N

such that ζν0 ∈
◦
Kj and consequently zν0 ∈ Γ(γ, d,

◦
Kj , Rξj ), in contradiction to the

choice of (zν)ν∈N.
Case 2: (tν)ν∈N does not tend to zero. By passing to a subsequence, we may

assume that (tν)ν∈N converges to some t0 ∈ ]0, ζ0]. Then zν = γ(tν)+tdνζν converges
to z0 = γ(t0)+ td0ζ. This shows ζ ∈ Vt0,d∩K∩Rn. Hence Definition 5.5 implies the

existence of j, 1 ≤ j ≤ l, such that ζ ∈
◦
Kj . As in Case 1 this implies the existence
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of zν0 ∈ Γ(γ, d,
◦
Kj , Rξj ), contradicting our choice of the sequence (zν)ν∈N. From

these contradictions we conclude that (5.6) holds.
To complete the proof now let u ∈ PSH(V ∩ Γ) be given and assume that

u satisfies (α) and (β) of Definition 5.5. If z ∈ V ∩ Γ(γ, d,K, ρ) ∩ B(0, ρ) and
z = γ(t) + tdζ, where |Im ζ| ≥ δ, then we get

|Im z| = |t|d |Im ζ| ≥ |t|d δ ≥
(
|z|
2

)d
δ

(possibly, ρ has to be decreased). From this and the condition (α) for u, we get

u(z) ≤ |z|d ≤ 2d

δ
|Im z|.

If |Im ζ| < δ, then (5.6) implies that there is some j, 1 ≤ j ≤ l, such that

z ∈ Γ(γ, d,
◦
Kj , Rξj ) ⊂ Γ(γ, d,Dξj , Rξj ) =: Γξj .

Since u |V ∩Γξj
obviously satisfies the conditions (α) and (β) of Definition 5.5, the

hypothesis implies the existence of Aj > 0 and vj > 0 such that

u(z) ≤ Aj |Im z| if z ∈ V ∩ Γ(γ, d,Kj, Rξj ) ∩B(0, rj).

Now let A := max{ 2d

δ , Aj : 1 ≤ j ≤ l} and r := min{ρ, rj : 1 ≤ j ≤ l}. Then

u(ζ) ≤ A|Im ζ|, z ∈ V ∩ Γ(γ, d,K,R) ∩B(0, r).

Since K was an arbitrary compact subset of D, the proof is complete. �

Using Lemma 5.6 and standard arguments we get

5.7. Lemma. Let V be an analytic variety of pure dimension k in Cn, let γ be a
real simple curve and d ≥ 1. If V is (γ, d)-hyperbolic in ξ ∈ Tγ,dV ∩Rn, then there
exists a zero-neighborhood G in Cn such that V satisfies PL(V,Γ(γ, d, ξ+G, r)) for
each r > 0.

Proof. Since V is (γ, d)-hyperbolic in ξ, there exist an open neighborhood D of
ξ, r0 > 0, and a projection π in Cn which is noncharacteristic for Tγ,dV at ξ
such that z ∈ V ∩ Γ(γ, d,D, r0) is real whenever π(z) is real. After a real linear
change of variables we may assume that Cn = Ck × Cn−k and π(z) = (z′, 0) for
z = (z′, z′′) ∈ Ck × Cn−k. Since π is noncharacteristic for Tγ,dV at ξ, by Lemma
3.10 we get ε′ > 0 and 0 < ε′′1 < ε′′ such that Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′) ⊂ D and

Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′) ∩ Tγ,dV ⊂ Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′1) ∩ Tγ,dV.
Now choose 0 < ε′2 < ε′ and ε′′1 < ε′′2 < ε′′, let

G := Bk(0, ε′2)×Bn−k(0, ε′′2) and Q := ξ + G,

and choose 0 < η0 < ε′′2−ε′′1 so small that Q+Bn(0, η0) ⊂ Bk(ξ′, ε′)×Bn−k(ξ′′, ε′′).
Next note that by Lemma 2.8 and Theorem 2.7(d) there exists 0 < r1 ≤ r0 such
that for t ∈ ]0, r1] we have
(5.7)
Vt,d∩Q ⊂ Tγ,dV ∩Q+Bn(0, η0) ⊂ Tγ,dV ∩

(
Bk(ξ′, ε′2)×Bn−k(ξ′′, ε′′1)

)
+Bn(0, η0).

We now claim that for 0 < t < r1 the map

(5.8) π̃ : (γ(t) + td(ξ +G)) ∩ V → (γ(t))′ + td(ξ′ +Bk(0, ε′2)), π̃(z′, z′′) := z′
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is proper. To prove this claim, fix 0 < σ < ε′2 and z ∈ (γ(t) + td(ξ + G)) ∩ V
and assume that π̃(z) = z′ ∈ (γ(t))′ + tdBk(ξ′, σ). Then z = γ(t) + td(ξ + w),
where ξ + w ∈ Vt,d ∩ Q. By (5.7) this means that ξ + w = ζ + h for suitable
ζ ∈ Bk(ξ′, ε′2)×Bn−k(ξ′, ε′′1 ) and h ∈ Bn(0, η0). From this we get

|w′′| ≤ |ζ′′ − ξ′′|+ |h′′| ≤ ε′′1 + η0.

This shows that

z = (z′, z′′) ∈ (γ(t) + tdBk(ξ′, σ)×Bn−k(ξ′′, ε′′1 + η0)) ∩ V.
Since the latter set is compact in (γ(t) + td(ξ +G)) ∩ V , the claim is proved.

Now let Γ := Γ(γ, d, ξ+G, r1). Shrinking r1 if necessary, we can find C > 0 such
that for t ∈ ]0, r1] and z ∈ γ(t) + td(ξ +G) we have

(5.9) |z| ≤ |γ(t)|+ td(|ξ|+
√

2 max(ε′2, ε
′′
2)) ≤ Ct.

To show that V satisfies PL(V,Γ), fix u ∈ PSH(V ∩ Γ) satisfying the conditions
5.5(α) and (β) and fix a compact subset K of G. Obviously, it is no restriction to
assume that K = Bk(0, σ′) × Bn−k(0, σ′′), where 0 < σ′ < ε′2 and 0 < σ′′ < ε′′2 .
Next choose δ > 0 so small that σ′+2δ < ε′2. Then (5.8) implies that for 0 < t < r1
the map

π̃ :
(
γ(t) + td(Bk(ξ′, σ′ + 2δ)×Bn−k(ξ′′, ε′′2))

)
∩ V

→ (γ(t))′ + tdBk(ξ′, σ′ + 2δ), π̃(z′, z′′) = z′

is proper. Then fix η′ ∈ Rk, |η′| ≤ σ′ and define ϕ : Bk(0, 1)→[−∞,∞[ by

ϕ(λ) := t−d max{u(z) : z ∈
(
γ(t) + td(ξ + (η′, 0) +Bk(0, 2δ)×Bn−k(0, ε′′2))

)
∩V,

π̃(z) = (γ(t))′ + td(ξ′ + η′ + 2δλ)}.

Since π̃ is proper, it follows from Chirka [14], Theorem 3.7, and Hörmander [17],
Lemma 4.4, that ϕ is plurisubharmonic on Bk(0, 1). The estimate 5.5(α) for u
together with (5.9) implies

ϕ(λ) ≤ Cd, λ ∈ Bk(0, 1),

while the (γ, d)-hyperbolicity and (β) imply

ϕ(λ) ≤ 0, λ ∈ Bk(0, 1) ∩ Rk.
From these two estimates and a standard application of a classical estimate (see
Nevanlinna [28], 38, or Braun, Meise, and Vogt [12], Lemma 4.1), we get

ϕ(λ) ≤ Cd 8
π
|Imλ|, λ ∈ Bk(0,

1
2

).

By the definition of ϕ, this estimate implies that for z = γ(t)+td(ξ+(η′, 0)+w) ∈ V
with w ∈ Bk(0, δ)×Bn−k(0, ε′′2) we have

u(z) ≤ tdϕ
(
w′

2δ

)
≤ Cd 8

π
td|Im w′

2δ
| ≤ 4Cd

πδ
td|Imw| = 4Cd

πδ
|Im z|.

Next we show that this statement implies

(5.10) u(z) ≤ 2Cd

δ
|Im z| for all z ∈ Γ(γ, d, ξ +K, r1) ∩ V.
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To prove this, fix z = γ(t) + td(ξ + w) ∈ Γ(γ, d, ξ + K, r1) ∩ V , where w ∈ K. If
|Imw| ≥ δ, then |Im z| = td|Imw| ≥ tdδ. Since u satisfies the condition 5.5(α),
(5.9) implies

u(z) ≤ |z|d ≤ Cdtd ≤ 2Cd

δ
|Im z|.

If |Imw| < δ, then η′ := Rew′ is in Bk(0, σ′) and we have w ∈ (η′, 0) +Bk(0, δ)×
Bn−k(0, ε′′2). Therefore, the estimate above gives

u(z) ≤ 4Cd

πδ
|Im z| ≤ 2Cd

δ
|Im z|.

Hence we proved (5.10). Since K was an arbitrary compact subset of G, we proved
that V satisfies PL(V,Γ(γ, d, ξ + G, r1)). Now the lemma follows from Lemma
5.6(a). �
Proof of Lemma 3.19. By Lemma 5.7 there exist a zero neighborhood G in Cn
and ρ > 0 such that V satisfies PL(V,Γ(γ, d, κ + G, ρ)). Now note that one can
prove a modified version of Lemma 3.4 under the weaker hypothesis that V satisfies
PL(V,Γ(γ, d, κ + G, ρ)) instead of PLloc(0). The modification in the conclusion is
that the open set D and the all quantifier over it get replaced by the open set
κ+G. Using this conclusion, it follows as in the proof of Proposition 3.12 that V
is (γ, d)-hyperbolic with respect to each projection π which is noncharacteristic for
Tγ,dV at κ. �

In the remaining part of this section, Γ′ will denote a conoid in C2.

5.8. Lemma. Let V be an analytic surface in C3 which contains the origin, let γ be a
real simple curve which is in standard parametrization with respect to the canonical
basis of R3, and let d ≥ 1. Assume further that 0 ∈ Tγ,dV and π : (z1, z2, z3) 7→
(z1, z2, 0) is noncharacteristic for Tγ,dV at 0. Then for each zero neighborhood D in
C3 there are ε > 0, δ > 0, and ρ1 > 0 such that G := B(0, ε)2×B(0, δ) is contained
in D and

π : V ∩ Γ(γ, d,G, ρ1)→ Γ′(π ◦ γ, d,B(0, ε)2, ρ1)
is proper.

Proof. Since π is noncharacteristic for Tγ,dV at 0, we can apply Lemma 3.10 to
find ε1 > 0 and 0 < δ0 < δ1 such that G0 := B(0, ε1)2 ×B(0, δ1) is contained in D
and such that

(5.11) Tγ,dV ∩G0 ⊂ Tγ,dV ∩B(0, ε1)2 ×B(0, δ0).

Then fix 0 < ε < ε1 and δ0 < δ < δ2 < δ1 and choose 0 < η < min(δ1 − δ2, δ − δ0).
We claim that for suitable r > 0

(5.12) V ∩ Γ(γ, d,B(0, ε)2 ×B(0, δ2), r) ⊂ V ∩ Γ(γ, d,B(0, ε)2 ×B(0, δ), r).

To prove (5.12) let

K := B(0, ε)2 ×B(0, δ2) and G1 := K ∩ Tγ,dV +B(0, η).

Then it follows from Lemma 2.8 that there exists 0 < r such that K ∩Vt,d ⊂ G1 for
all t ∈ ]0, r[. To derive (5.12) from this, fix z = γ(t) + tdζ ∈ V , where t ∈ ]0, r[ and
ζ ∈ B(0, ε)2×B(0, δ2). This implies ζ ∈ Vt,d. Therefore there exists w ∈ K∩Tγ,dV
such that |ζ − w| < η. From this we get

|w3| < |ζ3|+ η < δ2 + η < δ1.
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By (5.11) this implies |w3| < δ0 and consequently

|ζ3| < |w3|+ η < δ0 + η < δ.

Hence we have z ∈ V ∩ Γ(γ, δ, B(0, ε)2 ×B(0, δ), r) and (5.12) holds.
To derive the statement of the lemma from (5.12), fix a compact set Q in

Γ′(π ◦ γ, d,B(0, ε)2, r) and let

L := {z ∈ V ∩ Γ(γ, d,B(0, ε)2 ×B(0, δ), r) : π(z) ∈ Q}.

To show that L is compact, let

Uk :=
⋃{

π ◦ γ(t) + tdB(0,
k

k + 1
ε)2 : t ∈ ]

r

k + 1
,
kr

k + 1
[
}
.

Then (Uk)k∈N is an increasing sequence of open sets satisfying⋃
k∈N

Uk = Γ′(π ◦ γ, d,B(0, ε)2, r).

Since Q is compact, there is k ∈ N such that Q ⊂ Uk. Now fix any sequence (zj)j∈N
in L. Since L is bounded in C3, (zj)j∈N contains a subsequence which converges
in C3. Hence we may assume that (zj)j∈N converges to some ζ ∈ L. Since the
sequence (z′j)j∈N is in Q ⊂ Uk, we can choose a sequence (tj)j∈N in ] r

k+1 ,
kr
k+1 [ and

(wj)j∈N ∈ B(0, k
k+1ε)

2 ×B(0, δ) such that

zj = γ(tj) + tdjwj , j ∈ N.

Passing to suitable subsequences we may assume that (tj)j∈N converges to t0 ∈
[ r
k+1

kr
k+1 ] and that (wj)j∈N converges to w0 ∈ B(0, k

k+1ε)
2 ×B(0, δ) ⊂ B(0, ε)2 ×

B(0, δ2). Since
ζ = γ(t0) + td0w0

is also in V , we have ζ ∈ V ∩ Γ(γ, d,B(0, ε)2 × B(0, δ2), r). By (5.12) this implies
ζ ∈ V ∩ Γ(γ, d,B(0, ε)2 × B(0, δ), r) and hence ζ ∈ L. Since Q was any compact
set in Γ′(π ◦ γ, d,B(0, ε)2, r), the lemma is proved with G := B(0, ε)2×B(0, δ) and
ρ1 = r. �

5.9. Lemma. Let V be an analytic surface in C3 which contains the origin, let γ
be a real simple curve, d ≥ 1, and let η ∈ Tγ,dV ∩ R3 be a simple point of Tγ,dV .
Assume that Tγ,dV is locally hyperbolic at η and that there is an open neighborhood
U of η such that V is (γ, d)-hyperbolic at each ζ ∈ (Tγ,dV )reg ∩R3 ∩U . Then V is
(γ, d)-hyperbolic at η.

Proof. Since η is a simple point of Tγ,dV there are ξ ∈ R3 \ (Tη(Tγ,dV ) ∪ T0V ), an
absolutely convex zero neighborhood D0 ⊂ U , and ρ1 > 0 such that

Bξ ∩ R3 ∩ Γ(γ, d, η +D0, ρ1)

contains at most one branch S of Bξ ∩R3. Let ζ1 be the tangent vector of γ at the
origin, choose ζ2 ∈ R3 such that X := (ζ1, ζ2, ξ) is a basis of R3, and assume that
γ = (γ1, γ2, γ3) is in standard parametrization with respect to X. It is no restriction
to assume that X is the standard basis of R3. Denote by π the projection along ξ
on the plane spanned by ζ1 and ζ2. Since ξ 6∈ Tη(Tγ,dV ), π is noncharacteristic for
Tγ,dV at η.
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To simplify the notation, assume from now on that η = 0. By hypothesis Tγ,dV
is locally hyperbolic at η = 0. We claim that it is locally hyperbolic for the given
projection π. To prove this claim, note that

(5.13) [Tγ,dV ]0 =
m⋃
j=1

[Wj ]0,

where Wj is a complex manifold for which Wj∩R3 satisfies the dimension condition
at each real point near the origin. This follows for d > 1 from Theorem 2.7(c) in
connection with Proposition 3.16 and for d = 1 from Theorem 2.7(b) together with
Braun [5], Corollary 12, since Tγ,dV is locally hyperbolic at 0. From this fact we
get that each noncharacteristic projection for Tγ,dV at the origin can be used in the
definition of local hyperbolicity, in particular, we may use the projection π defined
above. Consequently, we may assume that D0 is so small that z ∈ Tγ,dV ∩ 2D0 is
real whenever π(z) is real.

Since π is noncharacteristic for Tγ,dV at η = 0 we get from Lemma 3.10 the
existence of ε > 0 and δ > 0 such that for D := B2(0, ε)×B1(0, δ) we have D ⊂ D0

and
π : Tγ,dV ∩B2(0, 2ε)×B1(0, δ)→ B2(0, 2ε)

is proper. By Lemma 5.8 it also follows that for some 0 < ρ2 ≤ ρ1

π : V ∩ Γ(γ, d,D, ρ2)→ Γ′(π ◦ γ, d,B2(0, ε), ρ2)

is proper.
To show that V is d-hyperbolic at η = 0, we consider two cases:
Case 1: There exists ρ > 0 such that Bξ ∩ R3 ∩ Γ(γ, d,D, ρ) = ∅. It is no

restriction to assume ρ ≤ ρ2. Then V ∩ R3 is unbranched over

Γ′ := Γ′(π ◦ γ, d,B2(0, ε), ρ) ∩R2

with respect to the projection π. To show that each branch of V ∩ Γ(γ, d,D, ρ) is
real over Γ′ choose κ ∈ Tγ,dV ∩ R3 ∩ D such that Tγ,dV is regular at all points
π−1(π(κ)) ∩B2(0, 2ε)×B1(0, δ). Then define κ̃ := π(κ) and

σ̃(t) := π ◦ γ(t) + κ̃td, t ∈ ]0, ρ[.

Obviously, σ̃ is an analytic curve in Γ′. Now fix a branch V0 of V ∩ Γ(γ, d,D, ρ) ∩
π−1(Γ′). Since V ∩ Γ is unbranched over Γ, we can set σ := (π |V0)−1 ◦ σ̃. Since
{σ(t) : t ∈ ]0, ρ[} ⊂ Γ(γ, d,D, ρ), we can write

σ(t) = γ(t) + κ̂td + o(td)

for suitable κ̂ ∈ C3. It is easy to check that κ̂ ∈ D∩Tγ,dV . Since π(κ̂)−κ = o(td), we
have π(κ̂) = κ̃ and hence κ̂ ∈ π−1(π(κ̃))∩D∩Tγ,dV . By the choice ofD, this implies
κ̂ ∈ R3. Since our choices also imply that κ̂ is a regular point of Tγ,dV , V is (γ, d)-
hyperbolic at κ̂ ∈ Tγ,dV ∩ R3. Hence it follows from Lemma 3.19 that V is (γ, d)-
hyperbolic with respect to the given projection π. Thus there exist an open zero
neighborhood G0 and ρ0 > 0 such that for each z ∈ V ∩Γ(γ, d, κ̂+G0, ρ0) with π(z)
real, z is already real. Since tr(σ)∩B3(0, α) is contained in V0∩Γ(γ, d, κ̂+G0, ρ0) for
α > 0 sufficiently small, this implies V0 ⊂ R3 since π |V0 : V0 → Γ′ is unbranched.
Since V0 was any branch of V ∩ Γ(γ, d,D, ρ) ∩ π−1(Γ′), we proved that V is (γ, d)-
hyperbolic at η = 0.

Case 2: For each ρ > 0: Bξ ∩ R3 ∩ Γ(γ, d,D, ρ) 6= ∅. Then we fix ρ and
choose a real simple curve λ such that Bξ ∩ R3 ∩ Γ(γ, d,D, ρ) is the trace of λ.
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If λ is not equivalent to γ modulo d, then there are a zero neighborhood G and
0 < ρ1 < ρ such that Bξ ∩ R3 ∩ Γ(γ, d,G, ρ1) = ∅ and we are in Case 1. Hence we
may assume that λ is equivalent to γ modulo d. From this it easily follows that we
even may assume λ = γ. Next note that the hypothesis together with the special
form of Tγ,dV , described by (5.13), imply that we can find regular points κ, ν in
Tγ,dV ∩ R3 ∩ D with κ2 > 0 and ν2 < 0 such that all points in π−1(π(κ)) ∩ 2D
and in π−1(π(ν)) ∩ 2D are regular for Tγ,dV . Using these points we can argue as
in Case 1 to show that for

U± := {x ∈ Γ′(π ◦ γ, d,B2(0, ε), ρ) ∩R2 : ±x2 > γ2(x1)}

all points of the sets M± := V ∩ π−1(U±) ∩ Γ(γ, d,D, ρ) are real. Since

V ∩ π−1(Γ′(π ◦ γ, d,B2(0, ε), ρ) ∩ R2)

is contained in the closure ofM+∪M−, it follows that V is d-hyperbolic at η = 0. �

To also treat points ξ ∈ Tγ,dV ∩ R3 which are not simple, we will use the
following technical lemma which is a refined version of [7], Lemmas 5.9 and 5.10.
We let D := B1(0, 1).

5.10. Lemma. Let γ : t 7→ (t, γ2(t), γ3(t)) be a real simple curve with |γj(t)| = o(|t|)
for j = 2, 3, and let π : (x, y, z) 7→ (x, y). Fix Rj , rj > 0, j = 1, 2, 3, and set G =∏3
j=1 B(0, rj), G′ = π(G), D =

∏3
j=1 B(0, Rj), and D′ = π(D). Let 1 ≤ d < ∆

and ρ > 0 with ρ∆−1R1 < 1/2 be given. Let V ⊂ Γ(γ, d,G, ρ) be an analytic surface
for which π : V → Γ′(π ◦ γ, d,G′, ρ) is proper. Furthermore, assume:

(a) If z ∈ V \ Γ(γ,∆, 3D, ρ) satisfies π(z) ∈ R2, then z ∈ R3.
(b) There is no z ∈ V of the form z = γ(t) + t∆w with 0 < t < ρ, π(w) ∈ 3D′,

and R3 ≤ |w3| ≤ 2R3.
(c) V satisfies PL(V,Γ(γ,∆, 3D, ρ)).

Then there are A, δ, ρ3 > 0 such that, whenever u ∈ PSH(V ) satisfies

(α) u(z) ≤ |z|d for all z ∈ V
and

(β) u(z) ≤ 0 for all z ∈ V ∩ R3,

then u also satisfies

(γ) u(z) ≤ A|Im z| for all z ∈ V ∩ Γ(γ, d, δG, ρ3).

Proof. Since |(γ2(t), γ3(t))| = o(|t|), there is a constant C1 > 0 such that |z| ≤
C1|z1| whenever z ∈ Γ(γ, d,G, ρ), provided ρ is sufficiently small.

Since γ is given by a Puiseux series, it can be continued holomorphically to some
slit disk B(0, ρ1) \ ]−ρ1, 0]. Set

δ3 =
R2

30R1
.

Since |γ2(t)| = o(|t|) there is ρ2 ≤ min(ρ, ρ1) such that

(5.14) |γ′2(t)| ≤ δ3 for 0 < t < ρ2.
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Let λ > 0 be determined by λ∆ = 5/4. Set

ε := min
(
r2,

λ− 1
2λ

)
, δ := min

(
3ε

4λdr1
,

3ε
4λd(δ3r1 + r2)

,
λ− 1
λr1

)
,

L :=
31R2

24ε
, ρ3 := min

(
2
3
ρ,

1
3

(
λ− 1
6λR1

)1/(∆−1)

,
ρ2

λ
,

1
21/∆

)
.

Fix u ∈ PSH(V ) satisfying (α) and (β). As an auxiliary result, we claim that there
is A1 > 0, not depending on u, such that

u(z) ≤ A1|Im z|, z ∈ V ∩ Γ(γ, d, δG, ρ3), π(z) 6∈ Γ′(π ◦ γ,∆, 2D′, ρ3),(5.15)

u(z) ≤ A1|z|∆, z ∈ V ∩ Γ(γ, d, δG, ρ3), π(z) ∈ Γ′(π ◦ γ,∆, 3D′, ρ3).(5.16)

To prove this claim, define

v : Γ′(π ◦ γ, d,G′, ρ)→ [−∞,∞[, z′ 7→ max{u(z) : z ∈ V, π(z) = z′}.

Using the fact that π : V → Γ′(π ◦ γ, d,G′, ρ) is proper together with the theorem
about removable singularities of plurisubharmonic functions (Hörmander, [17], 4.4),
it is easy to see that v is plurisubharmonic. By (α) and the choice of C1 we have
v(z′) ≤ (C1|z1|)d.

For now let 0 < t0 < ρ3 be arbitrary and define

ψ : D× D→ C2, (a, b) 7→
(
t0 + εtd0a, γ2(t0 + εtd0a) + εtd0b

)
.

We have ε < 1/2, hence 0 < t0 + εtd0a < (3/2)ρ3 < ρ and ψ(a, b) ∈ Γ′(π ◦γ, d,G′, ρ).
In particular, we have v ◦ ψ(a, b) ≤ (C1(t0 + εtd0))d ≤ Cd1 2dtd0. Now fix a ∈ D and
b ∈ ]−1, 1[ \ ]−Lt∆−d0 , Lt∆−d0 [. We claim

(5.17) ψ(a, b) 6∈ Γ′(π ◦ γ,∆, D′, ρ).

To prove this by contradiction, let us assume the existence of t ∈ ]0, ρ[ and w ∈ D′
with

(5.18) ψ(a, b) = γ(t) + t∆w.

Comparison of the first coordinate yields

(5.19) t0 + εtd0a = t+ t∆w1.

Since t0 < ρ3, this implies |t(1+ t∆−1w1)| ≤ ρ3 + ερd3 < 3ρ3/2, while |1+ t∆−1w1| ≥
1 − ρ∆−1R1 > 1/2. Hence t ≤ 3ρ3 and t∆−1|w1| ≤ (3ρ3)∆−1R1 ≤ (λ − 1)/(2λ).
Together with ε|a| < (λ− 1)/(2λ) this leads to

|t0 − t| =
∣∣t∆w1 − εtd0a

∣∣ =
∣∣(t− t0)t∆−1w1 + t0(t∆−1w1 − εtd−1

0 a)
∣∣

≤ |t− t0|
λ− 1

2λ
+ t0

λ− 1
λ

.

So far, we have shown (1/λ)|t0 − t| ≤ (λ− 1)t0/λ and thus

t < λt0 < ρ2.

Comparison of the second coordinate of (5.18) yields γ2(t0 + εtd0a) + εtd0b = γ2(t) +
t∆w2. We isolate w2:

w2 = εtd0t
−∆b+

(
γ2(t0 + εtd0a)− γ2(t)

)
t−∆.
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This equation is exploited using (5.19) and |b| > Lt∆−d0 :

|w2| ≥ εtd0t−∆|b| −
∣∣t0 + εtd0a− t

∣∣ δ3t
−∆ ≥ εtd−∆

0 |b|
(
t0
t

)∆

− |t∆w1|δ3t
−∆

≥ 4
5

31
24
R2 − δ3R1 = R2.

As this contradicts w ∈ D′, claim (5.17) is shown. Now set

φ(a, b) :=
1

Cd1 2dtd0
v ◦ ψ(a, b).

Then

φ(a, b) ≤ 1 for (a, b) ∈ D× D,
φ(a, b) ≤ 0 for (a, b) ∈ ]−1, 1[×

(
]−1, 1[ \ ]−Lt∆−d0 , Lt∆−d0 [

)
.

By [7], Lemma 5.8, there is C3 > 0, not depending on u, such that

φ(a, b) ≤ C3

(
|Im a|+

∣∣∣∣Im√b2 − L2t
2(∆−d)
0

∣∣∣∣) for a, b ∈ B(0, 3/4).

If |b| > (3/2)Lt∆−d0 , then [7], Lemma 5.7, implies
∣∣Im√b2 − L2t

2(∆−d)
0

∣∣ ≤
3|Im b|/

√
5. On the other hand, if |b| ≤ 3Lt∆−d0 , then

∣∣Im√b2 − L2t
2(∆−d)
0

∣∣ ≤
4Lt∆−d0 . This term can be estimated by a multiple of |Im a| provided |Im a| is large
enough. Hence there is C4, not depending on u, such that for a, b ∈ B(0, 3/4),

(5.20) φ(a, b) ≤
{
C4|Im(a, b)| if |b| > 3

2Lt
∆−d
0 or |Im a| > R1

ε t
∆−d
0 ,

C4t
∆−d
0 if |b| ≤ 3Lt∆−d0 and |Im a| ≤ 4R1

ε t
∆−d
0 .

To prove (5.15) and (5.16), fix z ∈ Γ(γ, d, δG, ρ3). Then there are w ∈ δG and
0 < t < ρ3 with

(5.21) z = γ(t) + tdw.

Of course, t and w are not unique. We start with some estimates that hold for
all choices of t and w. Finally, the proof of (5.15) and (5.16) will be broken into
several cases with different additional assumptions concerning t and w.

t0 := Re z1, a :=
i

εtd0
Im z1, b :=

1
εtd0

(z2 − γ2(z1)) .

Note that |Imw1| ≤ δr1 ≤ 1− 1/λ. Hence comparison of the real parts of the first
coordinate in (5.21) gives t = t0 − td Rew1 ≤ t0 + t(1− 1/λ) and thus

(5.22) t0 ≤ |z| and t ≤ λt0.

Equation (5.21) also implies

|a| = 1
εtd0
|Im z1| =

1
ε

(
t

t0

)d
|Imw1| <

δ

ε
λdr1 ≤

3
4
.
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To derive an estimate for |b| we use (5.14)

(5.23) |b| = 1
εtd0

∣∣γ2(t)− γ2(z1) + tdw2

∣∣ ≤ 1
εtd0

(δ3|t− z1|+ td|w2|)

≤ 1
ε

(
t

t0

)d
(δ3|w1|+ |w2|) ≤

λd

ε
(δ3|w1|+ |w2|).

The definition of δ is such that (5.23) implies |b|< 3/4 and thus a, b ∈B(0, 3/4).
Then ψ(a, b) = π(z) is obvious. We will also need an estimate for |Im b| later on:

(5.24) |Im b| = 1
εtd0
|Im z2 − Im γ2(z1)| ≤ 1

εtd0
(|Im z2|+ |Im(γ2(z1)− γ2(Re z1))|)

≤ 1
εtd0

(|Im z2|+ |γ2(z1)− γ2(Re z1)|) ≤ 1
εtd0

(|Im z2|+ |Im z1|δ3) ≤ 2
εtd0
|Im z|.

We have to distinguish three cases:
Case π(z) ∈ Γ′(π ◦ γ,∆, 3D′, ρ3): Then it is possible to pick t and w in (5.21)

such that π(w) ∈ 3t∆−dD′. Hence

|Im a| = 1
εtd0
|Im z1| =

1
ε

(
t

t0

)d
|Imw1| ≤

3
ε

(
t

t0

)∆

t∆−d0 R1 ≤ 4
R1

ε
t∆−d0 .

Concerning |b|, we get from (5.23)

|b| ≤ 3
ε
λd(δ3R1 +R2)t∆−d ≤ 3

ε
λ∆(δ3R1 +R2)t∆−d0

≤ 3
ε

5
4

31
30
R2t

∆−d
0 = 3Lt∆−d0 .

By (5.20) this implies φ(a, b) ≤ C4t
∆−d
0 and hence (5.16) follows from

u(z) ≤ 2dC4C
d
1 t

∆
0 ≤ 2d+1C4C

d
1 |z|∆.

Case |Im z1| > R1t
∆
0 : Then

|Im a| = 1
εtd0
|Im z1| ≥

R1

ε
t∆−d0 .

Hence we are in the first case of (5.20), and claim (5.15) follows using (5.24):

u(z) ≤ 2dC4C
d
1 t
d
0|Im(a, b)| ≤ 2d+2C4C

d
1

ε
|Im z|.

Case |Im z1| ≤ R1t
∆
0 and π(z) 6∈ Γ′(π ◦ γ,∆, 2D′, ρ3): Then

z = γ(t0) + t∆0 x for x =
z − γ(t0)

t∆0
.

The hypothesis of this case implies π(x) 6∈ 2D′. Investigate its first coordinate:

|x1| = t−∆
0 |z1 − Re z1| = t−∆

0 |Im z1| ≤ R1 < 2R1.

Hence the second coordinate must satisfy |x2| ≥ 2R2. Because

b =
1
ε
t∆−d0 x2 +

1
εtd0

(γ2(Re z1)− γ2(z1)) ,

the estimate for |x2|, the assumption of this case and (5.14) imply

|b| ≥ 2
ε
t∆−d0 R2 −

1
εtd0
|Im z1|δ3 ≥

t∆−d0

ε
(2R2 − δ3R1) ≥ 31

16
R2

ε
t∆−d0 =

3
2
Lt∆−d0 .
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Thus (5.20) and (5.24) imply

u(z) ≤ 2dCd1C4t
d
0|Im(a, b)| ≤ 2d+2Cd1C4

ε
|Im z|.

This proves (5.15) also in the remaining case.
Thus the proof of the intermediate claim is complete. To complete the proof of

the lemma, note first that by (5.15) the claim is shown for z ∈ V ∩ Γ(γ, d, δG, ρ3)
with π(z) 6∈ Γ′(π ◦ γ,∆, 2D′, ρ3). On the other hand, if π(z) ∈ Γ′(π ◦ γ,∆, 2D′, ρ3),
then there are two cases. First, for z ∈ V ∩ Γ(γ,∆, 2D, ρ4), ρ4 > 0, sufficiently
small, the claim follows from hypothesis (c) since (5.16) gives estimate (α) of
PL(V,Γ(γ,∆, 3D, ρ)). For the remaining case, consider

w : Γ′(π ◦ γ,∆, 3D′, ρ3)→ [−∞,∞[,

z′ 7→ max{u(z) : z ∈ V ∩ Γ(γ, d,G, ρ3) \ Γ(γ,∆, 3D, ρ3), π(z) = z′}.
Then w is plurisubharmonic by (b) and the argument concerning removal of singu-
larities in [17], 4.4. We have w(z′) ≤ A1|z|∆ by (5.16) and w(z′) ≤ 0 for all real z′

by (a) and estimate (β) of PL(V,Γ(γ, d, δG, ρ3)). Hence the arguments that were
used for the proof of Lemma 5.8 also apply here, and we get

w(z′) ≤ A|Im z′| for z′ ∈ Γ′(π ◦ γ,∆, 2D′, ρ4)

for suitable A, ρ4 > 0. This completes the proof. �

Using Lemma 5.10 we are now able to prove:

5.11. Lemma. Let V be an analytic surface in C3 which contains the origin, let γ :
]0, α[→ R3 be a real simple curve, d ≥ 1, and assume 0 ∈ Tγ,dV . Let ∆ := ∆A(γ, d)
for A := T0(Tγ,dV ) ∪ T0V and assume that the following conditions are satisfied:

(a) 0 ∈ Tγ,dV is not a simple point of Tγ,dV .
(b) Tγ,dV is locally hyperbolic at each real point.
(c) For each η ∈ Tγ,dV ∩R3 which is regular, V is (γ, d)-hyperbolic at η.
(d) For each ζ ∈ Tγ,∆V ∩ R3 there exist a zero neighborhood Dζ and ρζ > 0

such that V satisfies PL(V,Γ(γ,∆, ζ +Dζ , ρζ)).
Then there exist an open zero neighborhood G and ρ > 0 such that V satisfies
PL(V,Γ(γ, d,G, ρ)).

Proof. By (a) and Lemma 4.8 we get ∆ <∞ and Tγ,∆V 6= ∅. Hence we can choose
ξ ∈ R3, |ξ| = 1 satisfying

ξ 6∈ T0(Tγ,dV ),(5.25)

ξ is not characteristic for the algebraic variety Tγ,∆V.(5.26)

Moreover, (a) implies the existence of k ∈ N, k ≥ 2, such that there are k different
branches S1, . . . , Sk of Bξ ∩ R3 which are equivalent modulo d to γ. Denote by
ξ1 ∈ R3, |ξ1| = 1, their common tangent at the origin and choose ξ2 ∈ R3, |ξ2| = 1,
so that (ξ1, ξ2, ξ) are linearly independent. Modulo a real linear change of variables
we may assume that (ξ1, ξ2, ξ) = (e1, e2, e3) are the standard basis vectors of R3.

Since e1 is tangent to γ(]0, α[) in the origin, Lemma 2.5 implies that we may
assume that γ is in standard parametrization with respect to the basis (e1, e2, e3);
consequently we have

(5.27) γ(t) = (t, γ2(t), γ3(t)), |γj(t)| = o(|t|), j = 2, 3.
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Then note that (5.25) and (5.26) imply

π : C3 → C3, π(z1, z2, z3) := (z1, z2, 0) is noncharacteristic for Tγ,dV,(5.28)

there exists C ≥ 1 such that |z| ≤ C(1 + |π(z)|), for all z ∈ Tγ,∆V.(5.29)

Since Tγ,dV is locally hyperbolic at zero by (b), it follows from Braun [5], Corollary
12, and (5.25) that Tγ,dV is locally hyperbolic with respect to the projection π.
Hence we can choose an open zero neighborhood G in C3 such that the following
holds:

(5.30) If z ∈ Tγ,dV ∩G and π(z) is real, then z is real.

By Lemma 4.10, the set Mγ,d of all nonsimple points of Tγ,dV is a finite union of
real lines, parallel to e1 when d > 1 andMγ,1 \ {−e1} is a finite union of open real
rays for each of which −e1 is an adherent point. Letting M̃γ,d := Mγ,d if d > 1
and M̃γ,1 := Mγ,1 \ {−e1} if d = 1, we can choose G so small that the following
holds:

(5.31) G ∩ M̃γ,d is connected.

Furthermore we may choose ρ1 > 0 and G so that

(5.32) Each branch T of Bξ ∩ R3 which satisfies T ∩ Γ(γ, d,G, ρ1) 6= ∅ is
equivalent to γ modulo d.

Note that (5.30), (5.31), and (5.32) remain true if we replace G by any smaller zero
neighborhood and ρ1 by any smaller positive number. Hence we can apply Lemma
5.8 to get ε > 0, δ > 0, and ρ1 > 0 such that for G := B(0, ε)2 × B(0, δ) we have
(5.30), (5.31), and (5.32) as well as

π : V ∩ Γ(γ, d,G, ρ1)→ Γ′(π ◦ γ, d,G′, ρ1)

is proper.
Next note that by the definition of ∆ we can choose R1 > 0 and 0 < ρ2 ≤ ρ1

such that for D1 := B(0, R1)2 × B(0, C(1 +
√

2)R1) we have Γ(γ,∆, D1, ρ2) ⊂
Γ(γ, d,G, ρ2) and

(5.33) Each branch T of Bξ ∩ R3 which is equivalent to γ modulo d is con-
tained in Γ(γ,∆, D1, ρ2).

Now note that by the hypotheses (b) and (c) we can use the same arguments as in
the proof of Case 1 in Lemma 5.9 to prove the following (shrinking ρ2 if necessary):

(5.34) For each z ∈ V ∩ Γ(γ, d,G, ρ2) for which π(z) is real and π(z) 6∈
Γ′(π ◦ γ,∆, D′1, ρ2 + ε), z is real.

Next we claim:

(5.35) For R > 0 let S := 2C(2R + 5) + 2, where C is the constant in
(5.29). Then for each L > S there is r > 0 such that 0 < t < r,
ζ ∈ B(0, R)2 ×B(0, L), and γ(t) + t∆ζ ∈ V imply |ζ3| < S.

To prove (5.35) fix R > 0 and L > S, let Ω := B(0, R)2 × B(0, L), and choose
η > 0 so small that η 2∆ < 1, (1− η 2∆)−∆ ≤ 2, and (1 + η 2∆)∆ ≤ 2. Since γ is in
standard parametrization, γ can be extended analytically to B(0, α) \ ]−∞, 0] and
we can choose 0 < r0 < α such that
(5.36)

|γ(t)|+ t∆(L+2R) ≤ 2t, t ∈ ]0, r0[, |γ′j(s)| ≤
1

2∆
, s ∈ B(0, r0)\ ]−∞, 0], j = 2, 3.
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Moreover, it follows from [9], Proposition 5.4, that there is 0 < r ≤ r0/(1 + η2∆)
such that for each z ∈ V ∩ Γ(γ,∆,Ω, r) there exist τ ∈ B(0, α) \ ]−∞, 0] and
v ∈ Tγ,∆V satisfying v1 = 0 such that for w := γ(τ) + τ∆v we have

(5.37) |z − w| ≤ η|z|∆.
Next fix z ∈ V ∩ Γ(γ,∆,Ω, r) and choose 0 < t < r and ζ ∈ Ω such that z =
γ(t) + t∆ζ. Let τ, v, and w be as above so that (5.37) holds. Then ζ ∈ Ω and (5.36)
imply

|z| ≤ |γ(t)|+ t∆|ζ| ≤ |γ(t)|+ t∆(L+ 2R) ≤ 2t.
From this and (5.37) we get

|τ − t| = |w1 − z1| ≤ |w − z| ≤ η|z|∆ ≤ η(2t)∆.

By the estimate on r, this implies

|τ | ≤ |τ − t|+ t ≤ η(2t)∆ + t ≤ t(1 + η2∆) < r(1 + η2∆) ≤ r0.

Hence we can apply (5.36) together with t > 0 to obtain

(5.38) |γj(τ) − γj(t)| ≤
1

2∆
η(2t)∆ = ηt∆, j = 2, 3.

Also because of t ≤ 1 we get

t(1− 2∆η) ≤ t− |t− τ | ≤ |τ | ≤ t+ |t− τ | ≤ t(1 + 2∆η).

By the choice of η this gives∣∣∣∣ tτ
∣∣∣∣∆ ≤ ( 1

1− 2∆η

)∆

≤ 2 and
∣∣∣τ
t

∣∣∣∆ ≤ (1 + 2∆η
)∆ ≤ 2.

Using the first one of these estimates, (5.38), and |ζ2| < R we now obtain

|v2| =
1
|τ |∆ |w2 − γ2(τ)| ≤ 1

|τ |∆ (|w2 − z2|+ |z2 − γ2(t)| + |γ2(τ) − γ2(t)|)

≤
(
t

|τ |

)∆ (
2∆η +R+ η

)
≤ 2(R+ 2) = 2R+ 4.

Since v = (0, v2, v3), we get from this and (5.29)

|v3| ≤ |v| ≤ C(1 + |π(v)|) ≤ C(1 + 2R+ 4) = C(2R + 5).

Now note that from this and (5.38) we get

|ζ3| =
1
t∆
|z3 − γ3(t)| ≤ 1

t∆
(|z3 − w3|+ |w3 − γ3(τ)| + |γ3(τ) − γ3(t)|)

≤ η2∆ +
∣∣∣τ
t

∣∣∣∆ |v3|+ η < 2C(2R+ 5) + 2 = S,

which proves (5.35).
For R1 as above let R2 := 3R1, S2 := 2C(2R2 + 5) + 2, L2 := S2 + 2, D2 :=

B(0, R2)2 ×B(0, L2) and choose 0 < ρ3 < ρ2 so that (5.35) holds for these choices
of R,L, and ρ3 = r. Shrinking ρ3 if necessary, we may assume that for all t ∈ ]0, ρ3[
we have

(5.39) π ◦ γ(t) + [−t∆R1, t
∆R1]× {2R1} ⊂ R2 \ Γ′(π ◦ γ,∆, D′1, ρ3).

Then we claim that the following assertion holds:

(5.40) If z ∈ (V \ Γ(γ,∆, D2, ρ3)) ∩ Γ(γ, d,G, ρ3) and π(z) is real, then z is real.
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To prove (5.40), fix z0 as in (5.40). If π(z0) /∈ Γ′(π ◦ γ,∆, D′1, ρ3), then z0 is real
by (5.34). If π(z0) ∈ Γ′(π ◦ γ,∆, D′1, ρ3), then

π(z0) = π ◦ γ(t0) + t∆0 (ξ1, ξ2),

for some 0 < t0 < ρ3 and (ξ1, ξ2) ∈ B(0, R1)2 ∩ R2. Next define

σ̃ : ]−R2, R2[→ R2, σ̃(s) := π ◦ γ(t0) + t∆0 (ξ1, s).

Since π : V ∩Γ(γ, d,G, ρ3)→ Γ′(π ◦ γ, d,G, ρ3) is a branched covering map, we can
choose a continuous map

σ : ]−R2, R2[→ V ∩ Γ(γ, d,G, ρ3) satisfying π ◦ σ = σ̃ and z0 = σ(ξ2).

By (5.39) we have σ̃(2R1) ∈ R2 \ Γ′(π ◦ γ,∆, D′1, ρ3). Hence (5.34) implies that
σ(2R1) is a real regular point of V .

Next note that (5.35) and our choices imply

M : = {s ∈ ]−R2, R2[ :
1
t∆0
|σ3(s)− γ3(t0)| < L2}

= {s ∈ ]−R2, R2[ :
1
t∆0
|σ3(s)− γ3(t0)| < S2}.

Since ]−R2, R2[ is connected, M is either empty or M = ]−R2, R2[. Since
1
t∆0
|σ3(ξ2)− γ3(t0)| = 1

t∆0
|z0,3 − γ3(t0)| ≥ L2,

we must have M = ∅ and hence
1
t∆0
|σ3(s)− γ3(t0)| ≥ L2 for all s ∈ ]−R2, R2[.

This implies that the lifting σ cannot pass through any real branch point of π on
V ∩ Γ(γ, d,G, ρ3), since all of these lie in Γ(γ,∆, D, ρ3). Consequently, the lifted
curve s 7→ σ(t0 + t∆0 ξ1, γ2(t0) + t∆0 s, σ3(s)) is unique and real analytic as a function
of s ∈ ]−R2, R2[. However, σ(s) must be real if 2R1 < s < R2, so in fact it must
be real for each s ∈ ]−R2, R2[. In particular, z0 = σ(ξ2) is real, which completes
the proof of (5.40).

Now note that by (5.27), (5.32), (5.35), (5.40), and the hypothesis (d) in con-
nection with Lemma 5.6, the hypotheses of Lemma 5.10 are fulfilled for D :=
1
3D2 and suitable 0 < ρ ≤ ρ3. To derive from Lemma 5.10 that V satisfies
PL(V,Γ(γ, d,G, ρ)) let A, δ0, and ρ4 be the constants which exist by that lemma.
Then fix u ∈ PSH(V ∩ Γ(γ, d,G, ρ)) satisfying

u(z) ≤ |z|d, z ∈ V ∩ Γ(γ, d,G, ρ) and u(z) = 0 for z ∈ V ∩ R3 ∩ Γ(γ, d,G, ρ).

By Lemma 5.10, this implies

(5.41) u(z) ≤ A|Im z|, z ∈ V ∩ Γ(γ, d, δ0G, ρ4).

To conclude from (5.41) that V satisfies PL(V,Γ(γ, d,G, ρ)) assume first that d = 1
and fix a compact subset K of G, w.l.o.g. K = B2(0, ε1) × B1(0, δ1) for suitable
0 < ε1 < ε and 0 < δ1 < δ. From (5.31) and Lemma 4.10(a) it follows that each
point η ∈ K∩R3\R×{0}×{0} is a simple point of Tγ,1V . Therefore, it follows from
condition (b), Lemma 5.9, and Lemma 5.7, that we can find a zero neighborhood
Uη, Aη ≥ 1 and rη > 0 such that

u(z) ≤ Aη|Im z|, z ∈ V ∩ Γ(γ, 1, η + Uη, ρ) ∩B3(0, rη).
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Because of this and (5.41), a compactness argument implies that we can find A0 ≥ 1,
δ2 > 0 and 0 < r2 < ρ4 such that for K1 := K ∩ R3 +B3(0, δ2) we have

(5.42) u(z) ≤ A0|Im z|, z ∈ V ∩ Γ(γ, 1,K1, ρ) ∩B3(0, r2).

Since there exists µ > 0 such that

|Im z| ≥ µ|z|, z ∈ Γ(γ, 1,K, ρ) \ Γ(γ, 1,K1, ρ),

the a priori estimate for u and (5.42) imply the existence of A ≥ 1 and 0 < r3 ≤ r2,
such that

u(z) ≤ A|Im z|, z ∈ V ∩ Γ(γ, 1,K, ρ) ∩B3(0, r3).

Hence V satisfies PL(V,Γ(γ, 1, G, ρ)) in this case.
If d > 1, then obvious modifications of the above proof, using (5.31) and Lemma

4.10(b), give the desired conclusion also in that case. �

5.12. Lemma. Let V be an analytic variety in Cn which contains the origin.
Assume that for each ξ ∈ T0V ∩ Rn, |ξ| = 1, a convex open zero neighborhood
Dξ ⊂ Bn(0, 1

4 ) is given. Then there exist m ∈ N and ξ1, . . . , ξm ∈ T0V ∩Rn, |ξj | = 1,
and η > 0, 0 < r < 1

2 such that for Sj := {tξj : t > 0} and Dj := Dξj , 1 ≤ j ≤ m,
the following holds :

V ∩B(0, r) ⊂
m⋃
j=1

Γ(Sj , 1, 2Dj, 1) ∪ {z ∈ Cn : |Im z| ≥ η|z|}.

Proof. Note first that the following statement can be derived easily from the defi-
nition of T0V in 2.1:

(5.43) For each ε > 0 there exists r(ε) > 0 such that for each z ∈ V ∩
B(0, r(ε)) there exists ζ ∈ T0V satisfying |z − ζ| ≤ ε|z|.

Next let S := {x ∈ Rn : |x| = 1} and use a compactness argument to find m ∈ N
and ξ1, . . . , ξm ∈ T0V ∩ Rn, |ξj | = 1, such that

S ∩ T0V ⊂
m⋃
j=1

Γ(Sξj , 1, Dξj ,∞).

Since T0V is a homogeneous variety, this implies the existence of σ > 0 such that

(5.44) |Im ζ| ≥ σ|ζ| for ζ ∈ T0V \
m⋃
j=1

Γ(Sj , 1, Dj,∞).

Now choose ε > 0 so small that

ε <
1
2
,

2ε
1− ε ≤ σ and Dj +B(0,

5
4

ε

1− ε ) ⊂ 2Dj.

Next choose 0 < r < 1
2 so small that V is a closed analytic set in B(0, r) and that

r ≤ r(ε), where r(ε) is the number which exists by (5.43).
Now fix z ∈ V ∩B(0, r) and assume |Im z| < ε|z|. Since r ≤ r(ε), (5.43) implies

the existence of ζ ∈ T0V satisfying

|z − ζ| ≤ ε|z|.
From this we get

(1 − ε)|z| ≤ |ζ| ≤ (1 + ε)|z|
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and hence by the choice of ε,

|Im ζ| ≤ |Im z|+ |z − ζ| < 2ε|z| ≤ 2ε
1− ε |ζ| ≤ σ|ζ|.

By (5.44) this implies that for some j we have ζ ∈ Γ(Sj , 1, Dj,∞). Therefore, there
are t > 0 and w ∈ Dj such that

ζ = tξj + tw

and consequently z− tξj = z− ζ+ tw. Now note that the hypothesis on Dj implies

|z − ζ| ≤ ε|z| ≤ ε

1− ε |ζ| ≤
ε

1− ε(t+
t

4
) ≤ 5ε

4(1− ε) t.

Hence the choice of ε gives

z ∈ tξj + tDj + tB(0,
5ε

4(1− ε) ) ⊂ tξj + t2Dj ⊂ Γ(Sj , 1, 2Dj,∞).

Now note that D ⊂ B(0, 1
4 ) implies

|z| ≥ |ζ| − |z − ζ| ≥ t− 1
4
t− ε|z| = 3

4
t− ε|z|.

Since |z| < r, we get from this and the choice of ε and r that

t <
4
3

(1 + ε)r <
2
3

(1 +
1
2

) = 1.

Hence z belongs to Γ(Sj , 1, 2Dj, 1). If we let η := ε, then we have shown that each
z ∈ V ∩B(0, r) which satisfies |Im z| < η|z| is in

⋃m
j=1 Γ(Sj , 1, 2Dj, 1), which proves

the lemma. �

5.13. Lemma. Let V be an analytic variety V in Cn of pure dimension k ≥ 1 which
contains the origin. If V satisfies the following conditions:

(a) V satisfies RPLloc(0),
(b) for each ξ ∈ T0V ∩ Rn, |ξ| = 1, there are an open zero neighborhood Gξ in

Cnand ρξ > 0 such that V satisfies PL(V,Γ(γξ, 1, Gξ, ρξ)) for γξ : t 7→ tξ,

then V satisfies PLloc(0).

Proof. Choose 0 < r < 1
2 such that V is a closed analytic subset of B(0, r). It is no

restriction to assume that the sets Gξ in (b) are of the form 3Dξ for some convex
open zero neighborhood Dξ ⊂ B(0, 1

4 ). Applying Lemma 5.12 we find 0 < ρ < r,
η > 0, m ∈ N, and ξ1, . . . , ξm ∈ T0V ∩ Sn−1 such that

(5.45) V ∩B(0, ρ) ⊂
m⋃
j=1

Γ(γξj , 1, 2Dξj , 1) ∪ {z ∈ Cn : |Im z| ≥ η|z|}.

Since V satisfies RPLloc(0), we get from [8], Lemma 8, that there is A0 > 0 such
that each u ∈ PSH(V ∩B(0, ρ)) which satisfies

(α) u(z) ≤ 1, z ∈ V ∩B(0, ρ) and
(β) u(z) ≤ 0, z ∈ V ∩B(0, ρ) ∩ R3

already satisfies

(γ) u(z) ≤ A0|z|, z ∈ V ∩B(0, ρ).
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To prove that V satisfies PLloc(0), fix any u ∈ PSH(V ∩B(0, ρ)) which satisfies (α)
and (β), hence (γ). From this and (5.45) we get

(5.46) u(z) ≤ A0|z| ≤
A0

η
|Im z|, z ∈ V ∩B(0, ρ) ∩ {z ∈ C : |Im z| ≥ η|z|}.

Since V satisfies PL(V,Γ(Sξj , 1, 3Dξj , rξ)) for 1 ≤ j ≤ m it follows from Lemma
5.6 that V satisfies PL(V,Γ(Sξj , 1, 3Dξj , 1)). Since 2Dξj is a compact subset of
3Dξj , this implies that there exist Aj , rj > 0, depending not on u, such that for
1 ≤ j ≤ m:

(5.47) u(z) ≤ AjA0|Im z|, z ∈ V ∩ Γ(Sξj , 1, 2Dξj , 1) ∩B(0, rj).

Now let A := A0 max{ 1
η , Aj : 1 ≤ j ≤ m} and r0 := min{rj : 1 ≤ j ≤ m}. Then

(5.46) and (5.47) imply that

u(z) ≤ A|Im z|, z ∈ V ∩B(0, r0).

Hence we proved that V satisfies PLloc(0). �

5.14. Remark. Let V be an analytic variety in Cn which contains the origin, let
η ∈ (T0V )reg ∩ Rn be given and define γ : t 7→ tη. If V is (γ, 1)-hyperbolic
at 0 ∈ Tγ,1V , then V is (γ, 1)-hyperbolic at 0 with respect to each projection
π : Cn → Cn which is noncharacteristic for Tγ,1V at 0 and noncharacteristic for V
at the origin. In particular, V is 1-hyperbolic at 0 with respect to η in the sense of
[8], Definition 9. This remark can be proved by the same arguments that we used in
the proof of [8], Proposition 12. In that proof, the first part is needed to move to a
point in (T0V )reg ∩Rn, which is now guaranteed by the hypotheses. Note also that
the main argument in the proof is the same one that we used to prove Proposition
3.12.

Proof of Theorem 5.3. (a) =⇒ (b): Apply Theorem 3.13 with n = 3, k = 2.
(b) =⇒ (c): The first condition in (c) follows from (i) in 3.13(b) and 2.7(b). All

the other conditions are a subset of those in 3.13(b).
(c) =⇒ (a): To apply Lemma 5.13, note first that V satisfies RPLloc(0). This

follows from [8], Theorem 10, if we show that for each irreducible component W
of T0V there is η ∈ W ∩ R3 such that V is 1-hyperbolic at 0 with respect to
η and −η in the sense of [8], Definition 9. Since T0V and hence T0W satisfy
PLloc(0) by hypothesis, (T0V )reg ∩ R3 ∩ (T0W )reg 6= ∅. Therefore, the hypotheses
in 5.3(c) together with Remark 5.14 imply that the hypotheses of [8], Theorem 10,
are fulfilled so that V satisfies RPLloc(0).

To show that the second condition in Lemma 5.13 is also fulfilled, fix ζ ∈ S2 and
distinguish the following cases:

Case 1: η ∈ (T0V )reg ∩ S2. Then V is (γζ , 1)-hyperbolic in η − ζ ∈ Tγζ ,1V
by hypothesis. Therefore, Lemma 5.7 implies the existence of a zero neighborhood
G in C3 and of r > 0 such that V satisfies PL(V , Γ(γζ , 1, η − ζ +G, r)). Since
Γ(γζ , 1, η− ζ +G, r) = Γ(γη, 1, G, r) this proves that condition 5.13(b) holds for η.

Case 2: η ∈ (T0V )sing ∩ S2 and η − ζ is a simple point of Tγζ ,1V . Since T0V
satisfies PLloc(0) by hypothesis, it follows from Theorem 2.7(b) and Proposition 3.5
that Tγη,1(T0V ) = T0(T0V ) − η = T0V − η satisfies PLloc(0). Hence T0V satisfies
PLloc(η). Therefore, Braun [5], Corollary 12, shows that Tγζ ,1V = T0V − ζ is
locally hyperbolic at η − ζ. By the homogeneity of T0V , the hypotheses of 5.3(c)
imply that V is (γζ , 1)-hyperbolic at each κ ∈ (Tγζ ,1V )reg ∩ R3. Consequently, V
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is (γζ , 1)-hyperbolic at η− ζ, by Lemma 5.9. Therefore it follows as in Case 1 that
the condition in 5.13(b) holds for η.

Case 3: η ∈ (T0V )sing ∩ S2 and η − ζ is not a simple point of Tγζ ,1V . By
the remark following Lemma 4.9, the present hypothesis implies that η belongs to
the set M1, defined in section 5.1 and that for A(η) := Tη(T0V ) ∪ T0V , the pair
(ση,∆A(η)(ση, 1)) belongs to C1. In particular C 6= ∅ and by section 5.1 there exists
N ∈ N such that C =

⋃N
j=1 Cj . We claim that the following assertion holds:

(5.48) For each 1 ≤ j ≤ N , each (γ, d) ∈ Cj , and each ξ ∈ Tγ,dV ∩ R3 there
exist an open zero neighborhood Dξ and ρξ > 0 such that V satisfies
PL(V,Γ(γ, d,Dξ, ρξ)).

If (5.48) holds, then we can argue as follows: By the remark following Lemma 4.9,
0 ∈ Tση,1V is not a simple point of Tση,1V = T0V − η. By the arguments in case 2,
V is locally hyperbolic at each real point of Tση,1V and (ση, 1)-hyperbolic at each
real regular point of Tση,1V ∩R3. Hence the conditions (a)–(c) of Lemma 5.11 are
fulfilled. By (5.48), also condition 5.11(d) holds. Hence this lemma implies the exis-
tence of a zero neighborhoodG and ρ > 0 such that V satisfies PL(V,Γ(ση, 1, G, ρ)).
Consequently, condition 5.13(b) holds for η also in this case.

This shows that, by Lemma 5.13, V satisfies PLloc(0) if we prove (5.48). To do
so we argue by induction downward from N to 1. To start the induction, note that
by (5.2) for each (γ, d) ∈ CN all points in (Tγ,dV )sing ∩R3 are simple points. Since
the definition of C in section 5.1 and the hypotheses in 5.3(c) imply that for each
ξ ∈ Tγ,dV ∩ R3 the hypotheses of Lemma 5.9 are fulfilled, we conclude from this
lemma and Lemma 5.7 that (5.48) holds for j = N .

Assume now that (5.48) holds for j + 1, where 2 ≤ j + 1 ≤ N . To show that
(5.48) also holds for j, fix (γ, d) ∈ Cj and η ∈ Tγ,dV ∩ R3. If η is a regular point
of Tγ,dV , then the hypothesis (ii) in 5.3(c) together with Lemma 5.7 implies that
(5.48) holds for η. If η ∈ (Tγ,dV )sing ∩R3 is a simple point of Tγ,dV , then condition
5.3(c)(i) together with Theorem 2.7(c) and Proposition 3.16 implies that Tγ,dV is
locally hyperbolic at η. By condition (ii) of 5.3(c), the second condition in Lemma
5.9 is also fulfilled. Hence we get from Lemma 5.9 that V is (γ, d)-hyperbolic at η.
By Lemma 5.7, this implies that (5.48) holds for η in this case.

If η ∈ (Tγ,dV )sing∩R3 is not a simple point of Tγ,dV , then it follows from Lemma
4.9(b) that there are ζ ∈ Mγ,d and τ ∈ R such that η = ζ + τξ0, where ξ0 is the
tangent vector of γ at zero. First assume τ = 0. In order to apply Lemma 5.11,
define γζ as in section 5.1 by γζ(t) := γ(t) + ζtd. Then it is easy to check that
Tγζ,dV = Tγ,dV − ζ. Hence 0 is not a simple point of Tγζ,dV and consequently
condition 5.11(a) holds. By the same reason, the conditions 5.11(b) and (c) follow
as before from the conditions 5.3(c)(i) and (ii). Since T0(Tγζ ,dV ) = Tζ(Tγ,dV ),
we have A(γ, ζ) = A(σ, 0) in the notation of section 5.1. Hence ∆A(γ,ζ)(γ, d) =
∆A(γζ ,0)(γζ , d) =: ∆. Since (γζ ,∆) ∈ Cj+1 by the definition of Cj+1, the induction
hypothesis implies that for each ξ ∈ Tγζ,∆V ∩R3, there are a zero neighborhood Gξ
and ρξ > 0 such that V satisfies PL(V,Γ(γζ ,∆, ξ + Gξ, ρξ)). Therefore, the condi-
tions (a)–(d) of Lemma 5.11 are fulfilled. Hence this lemma implies the existence of
a zero neighborhood G and ρ > 0 such that V satisfies PL(V,Γ(γζ , d,G, ρ)). Since
Γ(γζ , d,G, ρ) = Γ(γ, d, ζ +G, ρ), V satisfies PL(V,Γ(γ, d, ζ +G, ρ)).

Now consider η = ζ + τξ0 for arbitrary τ ∈ R. Then it follows from (4.2)
that there are a zero neighborhood Dη and ρη > 0 such that Γ(γ, d, η + Dη, ρη) ⊂
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Γ(γ, d, ζ + G, ρ). Hence it follows from Lemma 5.6(a) that (5.48) holds for η also
in this case. �

6. Application to partial differential equations

In this section we are going to apply our main theorem together with a result of
Hörmander [17], to derive a new characterization of the linear partial differential
operators with constant coefficients which are surjective on the space A(R4) of real
analytic functions on R4. The first step to do this is the follow lemma.

6.1. Lemma. Let P ∈ C[z1, . . . , zn+1] be homogeneous and let ξ ∈ V (P )∩Rn+1, ξ 6=
0, be given. Choose ξ1, . . . , ξn ∈ Rn+1 such that {ξ1, . . . , ξn, ξ} is a basis of Rn+1

and define

Q(z′) := P
( n∑
j=1

zjξj + ξ
)
, z′ := (z1, . . . , zn) ∈ Cn.

Then V (P ) satisfies PLloc(ξ) if and only if V (Q) ⊂ Cn satisfies PLloc(0).

Proof. It is no restriction to assume that ξ = (0, . . . , 0, 1) and Q(z′) = P (z′, 1).
Since P is homogeneous, the map

F : V (P ) ∩ (Bn(0, 1)×B1(1,
1
2

))→ V (Q), F (z′, zn+1) :=
z′

zn+1

has, indeed, values in V (Q).
Assume now that V (P ) satisfies PLloc(ξ). Then Lemma 3.3 implies that there

exist A > 0 and 0 < r < 1 such that each u which is plurisubharmonic on the set
B := V (P ) ∩ (Bn(0, 1)×B1(1, 1

2 )) and satisfies

u(z) ≤ 1, z ∈ B and u(z) ≤ 0, z ∈ B ∩ Rn+1

also satisfies
u(z) ≤ A|Im z|, z ∈ V (P ) ∩Bn+1(ξ, r).

Now fix v ∈ PSH(V (Q) ∩ Bn(0, 2)) which satisfies the conditions (α) and (β) of
Definition 3.1. Then note that F (B) ⊂ Bn(0, 2). Hence u := v ◦ F is plurisubhar-
monic on B and satisfies u(z) ≤ 1 for z ∈ B. For z ∈ V ∩ B ∩ Rn+1, F (z) is in
V (Q)∩Rn ∩B(0, 2), hence the condition (β) for v implies u(z) ≤ 0. Consequently,
we have

u(z) ≤ A|Im z|, z ∈ V (P ) ∩Bn+1(ξ, r).
By the definition of u, this implies in particular

A|Im z′| ≥ u(z′, 1) = v(F (z′, 1)) = v(z′), z′ ∈ Bn(0, r).

Hence V (Q) satisfies PLloc(0).
To prove the converse implication, fix xn+1 ∈ B1(1, 1

4 ) ∩ R and note that the
map

G : V (Q)→ V (P ), G(z′) := (xn+1z
′, xn+1)

has, indeed, values in V (P ). Since V (Q) satisfies PLloc(0), we get from Lemma
3.3 that there exist A0 > 0 and 0 < r0 < 1/2 such that 3.1(γ) holds for all
functions ϕ on V (Q) ∩ Bn(0, 1

2 ) which satisfy 3.1(α) and 3.1(β). Now let u ∈
PSH(V (P )∩Bn+1(ξ, 1)) be given and note that G(V (Q)∩Bn(0, 1

2 )) ⊂ Bn+1(ξ, 1).
Hence

ϕ(z′) := u(G(z′)), z′ ∈ V (Q) ∩Bn(0,
1
2

)
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is plurisubharmonic and satisfies the conditions 3.1(α) and (β) on Bn(0, 1
2 ). Hence

it also satisfies
ϕ(z′) ≤ A0|Im z′|, z′ ∈ V (Q) ∩Bn(0, r0).

Next note that for w ∈ Bn(0, r04 ) we have |w/xn+1| < r0/3 < r0. Hence the
definition of ϕ and the previous estimate imply

u(w, xn+1) = ϕ(
w

xn+1
) ≤ A0|Im

w

xn+1
|.

Consequently, since 1/xn+1 ≤ 4
3 ,

u(w, xn+1) ≤ 4
3
A0|Imw|, (w, xn+1) ∈ V (P ) ∩ (Bn(0,

r0

4
)×B1(1,

1
4

)).

Next fix z = (z′, zn+1) ∈ V (P )∩Bn(0, r08 )×B1(1, 1
8 ), let w := z′/zn+1 and note

that |w| ≤ r0
8 ·

9
8 . Since P is homogeneous, (λw, λ) belongs to V (P ) ∩ (Bn(0, r04 )×

B1(1, 1
4 )) for each λ ∈ B(1, 1

4 ). Hence the function

χ : B1(1,
1
4

)→ [−∞,∞[, χ(λ) := u(λw, λ) −A0|Imw|

is bounded above by 1. The previous estimate shows that χ(λ) ≤ 0 for λ ∈
B1(1, 1

4 )∩R. Hence a standard argument, using estimates for the harmonic measure
of the half disk, implies the existence of A1 ≥ 1, not depending on u, such that

χ(λ) ≤ A1|Imλ|, λ ∈ B1(1,
1
8

).

From this estimate and the definition of χ it follows that

u(z) = u(zn+1w, zn+1) = χ(zn+1) +A0|Imw| ≤ A1|Im zn+1|+A0|Imw|.
To estimate this further, note that

|Imw| = |Im z′

zn+1
| ≤
√

3|Im z′|+ 2|Im zn+1|.

Hence we get for z ∈ V (P ) ∩ (Bn(0, r08 )× B1(1, 1
8 )) that

u(z) ≤ A0

√
3|Im z′|+ (2A0 +A1)|Im zn+1| ≤ C|Im z|,

where C does not depend on u. Obviously, this implies that V (P ) satisfies PLloc(ξ).
�

6.2. Definition. Under the hypotheses of Lemma 6.1 we call the polynomial Q
defined there a reduction of P at ξ. Note that there are many reductions of P at ξ,
however, Lemma 6.1 shows that each can be used to decide whether V (P ) satisfies
PLloc(ξ).

6.3. The Whitney cone C4(V, ξ). Let V ⊂ Cn be an analytic set and let ξ ∈ V .
Then the Whitney cone C4(V, ξ) consists of all those v ∈ Cn for which there are
sequences (zj)j∈N in V and (vj)j∈N in Cn such that limj→∞ zj = ξ and limj→∞ vj =
v and, for each j, the point zj is a regular point of V and vj ∈ TzjV .

6.4. Remark. If V is analytic of pure dimension k, then dimC4(V, ξ) ≥ k for each
ξ ∈ V (see Chirka [14], 9.2). Furthermore, the set

W := {ξ ∈ V : dimC4(V, ξ) > k}
is analytic of dimension not exceeding k − 2 ([14], Lemma 9.4). In particular, if V
is a homogeneous algebraic hypersurface in C4, then W consists of a discrete set of
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complex lines. Since these can accumulate nowhere, W consists of a finite number
of complex lines, and thus is algebraic. Using algorithmic commutative algebra,
it is also possible to construct explicit polynomial equations for W from a set of
polynomials defining V . For a detailed explanation we refer to [10].

One more fact, proved by Chirka in [14], 9.5, Proposition 2, about C4(V, ξ) will
be used repeatedly: If V is analytic of pure dimension k and irreducible in ξ ∈ Vsing

and if dimC4(V, ξ) = k, then the dimension of Vsing in ξ is k − 1.

6.5. A partition of V (P ). For homogeneous P ∈ C[Z1, . . . , Z4], we partition V (P )
into the following sets Vd, 0 ≤ d ≤ 3:

(a) V3 is the set of regular points of V (P ) \ {0},
(b) V2 := {z ∈ V (P )sing : z 6= 0, V (P )sing regular in z, dimC4(V (P ), z) = 3},
(c) V1 := V (P )sing \ (V2 ∪ {0}),
(d) V0 := {0}.

6.6. Lemma. Let 0 ≤ d ≤ 3:
(a) Vd and Vd ∩R4 both have at most a finite number of connected components.
(b) Vd is either empty or dimVd = d.

Proof. Vd and Vd∩R4 are semi-algebraic, hence admit a triangulation (see Bochnak,
Coste, and Roy [3], Théorème 9.2.1). This proves (a).

(b) is immediate for d = 0 and d = 3. If ξ ∈ V1, then ξ ∈ (V (P )sing)sing or
dimC4(V (P ), ξ) = 4. Using Remark 6.4 the claim follows for the case d = 1. To
treat the remaining case, fix ξ ∈ V2. It suffices to show that the dimension of
V (P )sing in ξ is 2. To do so, let [V (P )]ξ = [Z1]ξ ∪ · · · ∪ [Zl]ξ be a decomposition
of the germ into irreducible components. Assume first that all Zj are regular
in ξ. Then l ≥ 2 and dimZ1 ∩ Z2 = 2. Since Z1 ∩ Z2 ⊂ V (P )sing, the claim
is shown for this case. Now assume that there is j such that Zj is singular in ξ.
Then dimC4(Zj , ξ) = 3 since Whitney cones of type C4 are additive by [14], 9.1,
statement 3. Then Remark 6.4 shows that the dimension of (Zj)sing in ξ is 2. �

6.7. Proposition. Let P ∈ C[Z1, . . . , Z4] be homogeneous and let d ∈ {1, 2, 3}. The
set of points ξ ∈ Vd ∩ R4 such that V (P ) satisfies PLloc(ξ) is closed in Vd ∩R4.

Proof. Pick ξ ∈ Vd ∩ R4 such that PLloc(ξ) does not hold. Fix ξ1, ξ2, ξ3 ∈ R4 such
that (ξ1, ξ2, ξ3, ξ) is a basis of R4, let Q be as in Lemma 6.1, and define

Wd :=
{

(ζ1, ζ2, ζ3) ∈ V (Q) : ξ +
3∑
j=1

ζjξj ∈ Vd
}
.

Since P is homogeneous, V (P ) satisfies PLloc(ξ) at ξ ∈ V (P ) ∩ R4, ξ 6= 0, if and
only if V (P ) satisfies PLloc(tξ) at tξ for all t > 0. Hence Lemma 6.1 implies that it
suffices to consider Wd in a neighborhood of zero instead of Vd in a neighborhood
of ξ.

Consider the case d = 3 first. Then locally near zero, W3 is a graph, i.e., there
are neighborhoods of zero U ⊂ C3 and U1 ⊂ C2 and a holomorphic function f such
that

(6.1) W3 ∩ U = {(z1, z2, f(z1, z2)) : (z1, z2) ∈ U1}
in suitable coordinates. Since V (Q) does not satisfy PLloc(0), Hörmander [17],
Theorem 6.3 and proof of Theorem 6.5, imply that not all Taylor coefficients of f
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are real. Since the description (6.1) holds in a whole neighborhood of zero, the
claim is proved for d = 3.

Since W1 is finite there is nothing to prove for d = 1.
Finally consider the case d = 2. Then there is at least one component [Z]0 of

the germ [V (Q)]0 which does not satisfy PLloc(0). Let us first treat the case that
0 is a regular point of Z. Then the argument used to treat d = 3 shows that
there is whole neighborhood U of 0 such that Z does not satisfy PLloc(ζ) for any
ζ ∈ Z ∩U ∩R3. Since V (Q) is singular in 0 there must be an additional component
of [V (Q)]0, which we will denote by [Z1]0. Then Z ∩ Z1 ⊂ V (Q)sing. Note that
dimZ ∩ Z1 = 1 ≥ dimV (Q)sing and that V (Q)sing is regular in 0 since 0 ∈ W2.
Hence Z ∩ Z1 and V (Q)sing coincide near 0. In particular, W2 ⊂ Z locally near 0,
and the claim follows from the regularity of Z in 0.

Now let 0 be a singular point of Z. Then 2 ≤ dimC4(Z, 0) ≤ dimC4(V, ξ)−1 = 2
and hence, by Remark 6.4, the dimension of Zsing in 0 is 1. Then [Zsing]0 =
[V (Q)sing]0 since [V (Q)sing]0 is regular and has dimension 1. Hence [Zsing]0 is also
regular, and there is a neighborhood U of 0 such that each ζ ∈ Zsing∩U is a regular
point of Zsing satisfying dimC4(Z, ζ) = 2 and such that Z is irreducible in ζ. Now
the proof of Braun [5], Theorem 11, shows that Z does not satisfy PLloc(ζ) for any
ζ ∈ Zsing ∩ U ∩R4. �

Remark. The main geometrical ingredient in the proof of Braun [5], Theorem 11,
is Theorem 4.2 of Stutz [31]: Let Z ⊂ Cn be an analytic variety of codimension 1
which is irreducible in z ∈ (Zsing)reg, assume dimC4(Z, z) = n − 1, and let L
be a hyperplane transversal to Zsing in z. Then it is clear that Z ∩ L is a curve
that can be described by a Puiseux series. Stutz proved in this context that the
parameters in this Puiseux series vary analytically with w ∈ Zsing∩U , where U is a
suitable neighborhood of z. Hence Stutz’s theorem is a result about equisingularity
in the spirit of Zariski [35]. Thus the singularity type is constant in the connected
components of V2. The same holds for V3, since all regular points are alike, and
for V1, since V1 ∪ {0} is a finite union of lines.

To apply our results to the characterization of surjective partial differential op-
erators on A(R4), the space of all complex valued real analytic functions on R4, we
need a few notations:

6.8. Notation. Let P ∈ C[Z1, . . . , Z4] be a polynomial and let Pm be its principal
part. If P =

∑
|α|≤m aαz

α, then the corresponding partial differential operator is
defined by

P (D) :=
∑
|α|≤m

i−|α|
∂α

∂zα
.

Let

V (Pm) =
3⋃
d=0

Vd

be the partition of the variety V (Pm) of the principal part defined in section 6.5.
For 1 ≤ d ≤ 3 let Zd,1, . . . , Zd,Nd be the connected components of Vd ∩ R4.

6.9. Theorem. Let P ∈ C[Z1, . . . , Z4] be a polynomial and let Pm be its principal
part. The following are equivalent:

(a) P (D) : A(R4)→ A(R4) is surjective.
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(b) V (Pm) satisfies PLloc(ξ) for each ξ ∈ V (Pm) ∩ R4 \ {0}.
(c) For each d ∈ {1, 2, 3} and each j ∈ {1, . . . , Nd} there is ξ ∈ Zd,j such that

V (Pm) satisfies PLloc(ξ).
(d) For each ξ ∈ V (Pm)∩R4\{0} a reduction of Pm at ξ is hyperbolic in conoids

at the origin.
(e) For each d ∈ {1, 2, 3} and each j ∈ {1, . . . , Nd} there is ξ ∈ Zd,j such that

a reduction of Pm at ξ is hyperbolic in conoids at the origin.

Proof. The equivalence of (a) and (b) was proved by Hörmander [17], 1.1, 1.2, and
2.1. The set of points ξ ∈ Vd ∩ R4 for which V (Pm) satisfies PLloc(ξ) is open in
V (Pm) ∩ R4 by Lemma 3.3 and closed in Vd ∩ R4 by Proposition 6.7. This shows
the equivalence of (b) and (c). Theorem 5.3 and Lemma 6.1 imply the equivalence
of (b) and (d) and of (c) and (e), respectively. �

6.10. Corollary. For P and Pm as in Theorem 6.9 and for each convex open set Ω
in R4 the surjectivity of P (D) : A(Ω)→ A(Ω) implies that the equivalent conditions
in Theorem 6.9 hold.

Proof. This follows from Hörmander [17], since the surjectivity of P (D) : A(Ω)→
A(Ω) implies the surjectivity of P (D) : A(R4)→ A(R4). �

6.11. Remark. Define the homogeneous polynomial P ∈ C[z1, . . . , z4] by

P (x1, . . . , x4) := x2
1(x2

2(x2
3 + x2

4) + x4
3) + x6

2 + x6
3 + x6

4.

Using localizations at infinity, Langenbruch [20], p. 256, showed that for the half
space Ω4 := {x ∈ R4 : x4 > 0} the operator P (D) : A(Ω)→ A(Ω) is not surjective.
In Example 7.8 below, we show that P fails the conditions in Theorem 6.9. Hence
for each convex open set Ω in R4, prove that P (D) : A(Ω) → A(Ω) fails to be
surjective, by Corollary 6.10.

7. Further results and examples

In this section we prove the theorem that is stated in the Introduction and we treat
several examples in order to show how our main results in sections 5 and 6 can
be applied. To do this we first indicate that Theorem 5.3 can be interpreted in
an algorithmic way and that it simplifies considerably if all relevant limit varieties
have multiplicity one.

7.1. An algorithm. Let V be an analytic surface in C3 which contains the origin.
We now show that Theorem 5.3 provides an algorithm that decides after finitely
many steps whether V satisfies PLloc(0).

(1) If T0V does not satisfy PLloc(0), then V does not satisfy PLloc(0) by Propo-
sition 3.5. Otherwise determine (T0V )sing ∩ S2, fix ξ ∈ S2 as in section 5.1,
let γξ : t 7→ tξ, and consider (2).

(2) If there exists η ∈ (T0V )reg ∩ S2 such that V is not (γξ, 1)-hyperbolic at
η− ξ, then V does not satisfy PLloc(0) by Theorem 5.3. Otherwise consider
(3).

(3) If for each η ∈ (T0V )sing ∩ S2, η − ξ is a simple point of Tγξ,1V , then V
satisfies PLloc(0), because the construction of C in section 5.1 shows that
C = ∅. Therefore it follows from (1) and (2) that the hypotheses of Theorem
5.3(c) are fulfilled. Thus V satisfies PLloc(0).
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Otherwise let

M1 := {η ∈ (T0V )sing ∩ S2, η − ξ is not simple }.
For η ∈ M1 let γη : t 7→ tη and A(η) := Tη(T0V ) ∪ T0V . Determine the
critical level ∆η := ∆A(η)(γη, 1) and the limit variety Tγη,∆ηV and consider
(4).

(4) If there exists η ∈ M1, such that Tγη,∆ηV does not satisfy PLloc(λ) at any
λ ∈ Tγη,∆ηV ∩ R3, then V does not satisfy PLloc(0) by Proposition 3.5.
Otherwise consider (5).

(5) If there exist η ∈M1 and λ ∈ (Tγη,∆ηV )reg∩R3 such that V is not (γη,∆η)-
hyperbolic at λ, then V does not satisfy PLloc(0) by Theorem 3.13. Other-
wise consider (6).

(6) If for each η ∈M1, each λ ∈ (Tγη,∆ηV )sing∩R3 is a simple point of Tγη,∆ηV ,
then V satisfies PLloc(0) by Theorem 5.3. The reason is that by section 5.1
we have

C1 = {(γη,∆η) : η ∈M1}
so that the present assumption implies C2 = ∅, hence C = C1. Consequently,
it follows from (1)–(5) that all the conditions in 5.3(c) are fulfilled. Other-
wise let

C1,c := {(γ, d) ∈ C1 : there exists ζ ∈ (Tγ,dV )sing ∩ R3, ζ is not simple}
and define for (γ, d) ∈ C1,c and the tangent η to γ at zero

Mγ,d := {ζ ∈ (Tγ,dV )sing ∩R3 : 〈ζ, η〉 = 0 and ζ is not simple}.
For ζ ∈Mγ,d define γζ as in section 5.1, let A(γ, ζ) := Tζ(Tγ,dV )∩T0V and
determine ∆(γ, d, ζ) := ∆A(γ,ζ)(γζ , d). Then consider (7).

(7) If there are (γ, d) ∈ C1 and ζ ∈Mγ,d such that Tγζ ,∆(γ,d,ζ)V does not satisfy
PLloc(λ) at any λ ∈ Tγζ ,∆(γ,d,ζ)V ∩R3, then V does not satisfy PLloc(0) by
Proposition 3.5.

This procedure may now iterate for a while. However, after finitely many steps, we
either find an obstruction against PLloc(0) or all the hypotheses of Theorem 5.3(c)
are fulfilled and hence V satisfies PLloc(0) by Theorem 5.3.

The following lemma shows that under certain hypotheses on the limit varieties,
(γ, d)-hyperbolicity holds automatically.

7.2. Lemma. For r > 0 let f : Bn(0, r) → C be a holomorphic function which is
real over real points and vanishes at the origin. For q ∈ N let γ(t) =

∑∞
j=q aqt

j/q

be a real simple curve and let d ∈ Q, d ≥ 1 be given. For ω0 := ω0(d) defined as in
Definition 2.10 consider the expansion of f(γ(t) + z) from (2.2) and assume that

(7.1)
∂Fω0

∂zn
(1, ξ) 6= 0 for some ξ ∈ V (Fω0(1, ·)) ∩ Rn.

Then V = V (f) is (γ, d)-hyperbolic at ξ with respect to the projection π : Cn → Cn,
π(z′, zn) := (z′, 0).

Proof. Choose l ∈ N such that dl ∈ N and such that q divides l. Then there is
ε > 0 such that

h : Bn(ξ, ε)×B1(0, ε)→ C, h(z, u) := Fω0(1, z) +
∑
ω>ω0

ul(ω−ω0)Fω(1, z)
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is a holomorphic function. This follows from the convergence properties of the
series

∑
ω>ω0

Fω and the fact that by the choice of l and ω0, l(ω− ω0) is a natural
number for each ω for which Fω 6≡ 0. Note that h is real over real points, since f
has this property. Obviously, the hypothesis implies

∂h

∂zn
(0, ξ) =

∂Fω0

∂zn
(1, ξ) 6= 0.

Hence the implicit function theorem implies the existence of ρ > 0, δ > 0, and of a
holomorphic function g : Bn−1(ξ′, ρ)×B1(0, ρ)→ C such that

(7.2) V (h) ∩ (Bn−1(ξ′, ρ)×B1(ξn, δ)×B1(0, ρ))

= {(z′, g(z′, u), u) : (z′, u) ∈ Bn−1(ξ′, ρ)× B1(0, ρ)}.
Since h is real over real points, we can apply the real implicit function theorem to
get that g is real over real points.

To show that V is (γ, d)-hyperbolic at ξ with respect to π, let D := Bn−1(0, ρ)×
B1(0, δ) and fix ζ ∈ V ∩ Γ(γ, d, ξ + D, ρl) and assume π(ζ) is real. Then there are
0 < t < ρl and w ∈ D such that ζ = γ(t) + td(ξ + w) and π(w) = (w′, 0) ∈ Rn.
Moreover, ζ ∈ V and the d-quasihomogeneity of the functions Fω imply for u := t1/l

0 = f(ζ) = Fω0(t, td(ξ + w)) +
∑
ω>ω0

Fω(t, td(ξ + w))

= tω0(Fω0 (1, ξ + w) +
∑
ω>ω0

tω−ω0Fω(1, ξ + w)) = ulω0h(ξ + w, u).

Hence it follows from (7.2) that

(ξ + w, u) = (ξ′ + w′, g(ξ′ + w′, u), u).

Since ξ′ + w′ and u are real, g(ξ′ + w′, u) = ξn + wn is also real. This implies that
ζ is real. Therefore the proof is complete if π is noncharacteristic for Tγ,dV at ξ.
However, this is the case since Tγ,dV = V (Fω0(1, ·)) implies

Tξ(Tγ,dV ) = {ζ ∈ Cn : 〈ζ, gradFω0(1, ξ)〉 = 0},
and consequently

kerπ ∩ Tξ(Tγ,dV ) = {0}.
�

Next we show that under an additional hypothesis, the characterizing conditions
in Theorem 5.3 simplify considerably.

7.3. Theorem. Let V be an analytic surface in C3 which contains the origin and
which is the zero set of an analytic function with real Taylor coefficients. Assume
that T0V and Tγ,dV have multiplicity 1 for each (γ, d) ∈ C (C as defined in section
5.1). Then V satisfies PLloc(0) if and only if T0V has PLloc(0) and for each
(γ, d) ∈ C, the limit variety Tγ,dV satisfies PLloc(ξ) at each real point ξ.

Proof. Note first that for (γ, d) ∈ C we have d ∈ Q by section 5.1. Moreover,
the hypotheses imply that Fω0(d)(1, ·) is square-free and that this also holds for
Fω0(1)(1, ·). Hence it follows from Lemma 7.2 that the hyperbolicity conditions in
section 7.1 are all satisfied. Therefore, the theorem follows from section 7.1 (or
rather Theorem 5.3). �
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Remark. Note that Theorem 7.3 essentially reduces the dimension of the varieties
that have to be checked. For d > 1, this follows from Theorem 2.7(c). Hence we can
apply Proposition 3.16 in this case. Since T0V is a homogeneous variety, it follows
from Meise, Taylor, and Vogt [26], Theorem 3.13, that T0V satisfies PLloc(0) if and
only if V satisfies the dimension condition and PLloc(ξ) for each ξ ∈ T0V ∩S2. The
latter condition can be checked using Braun [5], Corollary 12, or Lemma 6.1 and
Proposition 3.16.

The following proposition can be considered as an example which shows that our
methods can also be used to prove positive results for certain hypersurfaces in Cn
for n > 3.

7.4. Proposition. Let f : Bn(0, r) → C be holomorphic for some r > 0. Assume
that f is real over real points, and that the localization f0 of f at zero has no elliptic
factors and satisfies gradf0(x) 6= 0 for each x ∈ Rn \ {0}. Then V = V (f) satisfies
PLloc(0).

Proof. It is easy to check that the present hypotheses imply the hypotheses of [8],
Corollary 13. Hence V satisfies RPLloc(0), i.e., condition 5.13(a).

Next note that for each ξ ∈ T0V ∩Rn = V (f0)∩Rn with |ξ| = 1 and γξ : t 7→ tξ,
t > 0, the origin belongs to Tγξ,1V = T0V − ξ. Since grad f0(ξ) 6= 0, Lemma 7.2
implies the existence of some zero neighborhood Gξ in Cn and ρξ > 0 such that
V is (γξ, 1)-hyperbolic in 0 ∈ Tγξ,1V . By Lemma 5.7, this implies that V satisfies
PL(V,Γ(γξ, 1, Gξ, ρξ)). Hence, also condition 5.13(b) is fulfilled. Therefore, V
satisfies PLloc(0) by Lemma 5.13. �

7.5. Example. Define the polynomials

P (x, y, z) : = y(x2 − y2) + 2xyz2 + yz4 = P0 + P1 + P2,

Q(x, y, z) : = y(x2 − y2) + x2z2.

Then V (P ) satisfies PLloc(0) while V (Q) fails PLloc(0).
To show this we go through the steps in the algorithm of section 7.1, beginning

with V = V (P ).
(1) By section 2.1 we have

T0V = V (P0) = {(x, y, z) ∈ C3 : y(x2 − y2) = 0}.

Since T0V is the union of three hyperplanes in C3 which have real generators,
T0V satisfies PLloc(0). It is easy to check that

(T0V )sing ∩ S2 = {(0, 0, 1), (0, 0,−1)}.

(2) Let ζ := (1, 0, 0) and define γ : t 7→ tζ. For d = 1 we then have

P (γ(t) + (x, y, z)) = P0(t+ x, y, z) + P1(t+ x, y, z) + P2(x, y, z)

and hence, in the notation of Definition 2.10, ω0 = 3 and

Fω0(t, x, y, z) = y(t+ x)2 − y3.

Now let π : (x, y, z) 7→ (x, 0, z) and note that

∂Fω0

∂y
(1, x, y, z) = (1 + x)2 − 3y2.
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From this it follows easily that ∂Fω0
∂y (1, η − ζ) 6= 0 each η ∈ (T0V )reg ∩ S2.

Hence Lemma 7.2 implies that V is (γ, 1)-hyperbolic at η − ζ for each
η ∈ (T0V )reg ∩ R3.

(3) We claim that for each η ∈ (T0V )sing∩S2 the point η−ζ is a simple point of
Tγ,1V . From this and the construction of the set C in section 5.1 it follows
that C = ∅. Hence all the conditions in Theorem 5.3(c) are fulfilled by (1)
and (2) and consequently V (P ) satisfies PLloc(0) by Theorem 5.3.

To prove our claim let ξ := (0, 1, 0). Then ξ 6∈ T0V . Since P (x, y, z) =
y(x+z2)2−y3 and ∂P

∂ξ (x, y, z) = (x+z2)2−3y2, it follows that for projections
along ξ, the branch locus Bξ is the set

Bξ = {(−s2, 0, s) : s ∈ C}.

If the curves σ± are defined as σ±(t) := (0, 0,±t), then Γ(σ±, 1, B(0, 1
2 ), 1)

contains only one branch of Bξ ∩R3, which proves our claim.
To show that V = V (Q) fails PLloc(0) we consider the limit varieties Tγ,dV for

the curve γ(t) := (0, 0, t), which parametrizes a subset of (T0V )sing ∩R3. From [9],
Proposition 4.3 it follows that the first interesting value for d is d = 2. Using [9],
Corollary 3.17 we get

Tγ,2V = {(x, y, z) ∈ C3 : y3 − x2(y + 1) = 0}.
By Proposition 3.16, the variety

W := {(x, y) ∈ C2 : y3 − x2(y + 1) = 0}
does not satisfy PLloc(0). Hence Tγ,2V does not satisfy PLloc(0). By Theorem 3.13,
this proves that V (Q) does not satisfy PLloc(0).

7.6. Example. Define

P (x, y, z) := y(x2 − y2)− yz3 + z5 = P0 + P1 + P2.

Then V = V (P ) satisfies PLloc(0).
To prove this by an application of Theorem 7.3, note first that P0 is square-free,

that V (P0) = T0V satisfies PLloc(0) and that (T0V )sing ∩ S2 = {ξ+, ξ−}, where
ξ± := (0, 0,±1). Some computation shows that for ζ := (1, 0, 0) and γ : t → tζ,
t > 0, the point ξ− − ζ is a simple point of Tγ,1V , while ξ+ − ζ is not simple. By
the construction in section 5.1 we therefore have M1 = {ξ+}. Define γ+ : t 7→ tξ+,
t > 0. By Proposition 4.11 the first candidate for ∆A(ξ+)(γ+, 1) (in the notation
of section 7.1(3)) is ∆ = 3

2 . A computation shows that this is correct. Hence
C1 = {(γ+,

3
2 )}. The procedure described in Definition 2.10 and (2.3) (see [9],

Corollary 3.17) gives

Tγ+
3
2
V = V (Fω0(1, ·)), where Fω0(1, x, y, z) = Q+(x, y) = y(x2 − y2 − 1).

Since gradQ+(x, y) = (2xy, x2 − 3y2 − 1), we get

(Tγ+
3
2
V )sing = {(±1, 0, z) : z ∈ C}.

An inspection of the points (±1, 0, 0) shows that they are simple points of Tγ+,
3
2
V .

Hence Lemma 4.9(b) implies that all points of (Tγ+,
3
2
V )sing are simple. Therefore,

the definition of C in section 5.1 gives C = C1 = {(γ+,
3
2 )}. Since it is easy to check

(using Proposition 3.16) that Tγ+,
3
2
V satisfies PLloc(ξ) at each ξ ∈ Tγ+,

3
2
V ∩ R3,
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we have shown that the hypotheses of Theorem 7.3 are fulfilled. Hence V satisfies
PLloc(0) by Theorem 7.3.

7.7. Example. Define

P (x, y, z) := y(x2 − y2)(x2 − 4y2) + x(x2 − 3y2)z3 + z8 = P0 + P1 + P2.

Then V := V (P ) satisfies PLloc(0).
To show this, note first that by section 2.1 we have

(7.3) T0V = {(x, y, z) ∈ C3 : P0(x, y, z) = 0}

and that

(T0V )sing ∩ S2 = {(0, 0, 1), (0, 0,−1)}.
Now let η := (0, 0, 1) and define γ± : t 7→ ±tη. Applying the procedure described
in Definition 2.10 or using [9], Lemma 6.1, we get for both curves γ+ and γ− that
p = 3 and d2 = 3

2 , d3 = 5
3 (see Remark 2.11). Moreover,

Fω0( 3
2 ),±(1, (x, y, z)) = y(x2 − y2)(x2 − 4y2)± x(x2 − 3y2),(7.4)

Fω0( 5
3 ),±(1, (x, y, z)) = x(x2 − 3y2) + 1.(7.5)

Since 0 is not a simple point of Tγ±,1V , we get M1 = {η,−η}, in the notation
of section 5.1. For A(±η) := T±η(T0V ) ∪ T0V we get from Lemma 4.11 that
∆A(±η)(γ±, 1) ≥ 3

2 . A computation shows ∆A(±η)(γ±, 3
2 ) = 3

2 and hence

C1 = {(γ+,
3
2

), (γ−,
3
2

)}.

Again it turns out that 0 ∈ Tγ±, 32V is not simple and using Lemma 4.11 as above
we get C2 = {(γ+,

5
3 ), (γ−, 5

3 )}. Since all points in Tγ±, 53V = V (Fω0(5/3),±(1, ·)) are
regular, section 5.1 implies

C = {(γ+,
3
2

), (γ−,
3
2

), (γ+,
5
3

), (γ−,
5
3

)}.

From (7.3), (7.4), and (7.5) it is obvious that all relevant limit varieties of V have
multiplicity 1 so that we can apply Theorem 7.3. By this theorem, V satisfies
PLloc(0) if T0V satisfies PLloc(0) and if Tγ,dV satisfies PLloc(ξ) for each ξ ∈ Tγ,dV ∩
R3 and each (γ, d) ∈ C.

To check these conditions, note first that T0V is the union of five hyperplanes
in C3 which all have real generators. Thus T0V satisfies PLloc(0). In the other
cases we have Tγ,dV = W × C, where W ⊂ C2 is V (Fω0(d)(1, (x, y, 0)). Some
computation shows that W is locally hyperbolic at each κ ∈W ∩R2. This implies
that the hypotheses of Theorem 7.3 are fulfilled. Hence V satisfies PLloc(0).

Next we consider some examples for the results in Section 6.

7.8. Example. If P ∈ R [x, y, z, w] is defined as

P (x, y, z, w) := x4 + y4 − yz3 + (x2 − y2)yw,

then P (D) : A(R4)→ A(R4) is surjective. In fact, P (D) : D′(R4)→ D′(R4) admits
a continuous linear right inverse.
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To prove this, note first that

grad P (x, y, z, w) = (4x3 + 2xyw, 4y3 − z3 − 3y2w, 3yz2, (x2 − y2)y)

and hence
V (P )sing = {(0, 0, 0, w) : w ∈ C}.

In the notation of section 6.5 this implies by Lemma 6.6 that

V3 = V (P ) \ V (P )sing, V2 = ∅, V1 = V (P )sing \ {(0, 0, 0, 0)}.

To apply Theorem 6.9 note first that P has real coefficients and satisfies grad P (ξ) 6=
0 for each ξ ∈ V3∩R4. This implies that V (P ) satisfies PLloc(ξ) for each ξ ∈ V3∩R4

(compare Hörmander [17] or the proof of Meise, Taylor, and Vogt [23], Corollary
4.8). Next note that the points (0, 0, 0,±1) belong to the two different connected
components of V1 ∩ R4. Consider the reductions Q± of P in these points, defined
by

Q±(x, y, z) := P (x, y, z,±1) = x4 + y4 − yz3 ± y(x2 − y2).

A slight variation of Example 7.6 shows that V (Q+) and V (Q−) satisfy PLloc(0).
Hence Lemma 6.1 implies that V (P ) satisfies condition (c) of Theorem 6.9. Con-
sequently, P (D) is surjective on A(R4) by Theorem 6.9.

Since P is homogeneous, irreducible, and not elliptic, it follows from this and
Meise, Taylor, and Vogt [26], Corollary 3.14 that V (P ) satisfies the Phragmén-
Lindelöf condition PL(R4), which is equivalent to the fact that P (D) : D′(R4) →
D′(R4) admits a continuous linear right inverse.

7.9. Example. If P ∈ R [x, y, z, w] is defined by

P (x, y, z, w) := y(x2 − y2)w2 − yz3w + z5,

then P (D) : A(R4)→ A(R4) is not surjective.
To prove this, note that some computation shows that

V (P )sing = ({(0, 0, 0)} × C) ∪ (C2 × {(0, 0)}).

Hence the origin is the only singular point of the variety V (P )sing. In order to
decompose V (P ) according to section 6.5 as

⋃3
j=0 Vj , we have to determine the set

E := {z ∈ V (P )sing : dimC4(V (P ), z) > 3}.

As it is explained in [10], 22, this can be done in an algorithmic way and gives

E = C · (1, 0, 0, 0)∪ C · (1, 1, 0, 0) ∪ C · (1,−1, 0, 0)∪ C · (0, 0, 0, 1).

By section 6.5, this implies

V3 = V (P ) \ V (P )sing, V2 = C2 × {(0, 0)} \ E, V1 = E \ {0}, V0 = {(0, 0, 0, 0)}.

By Theorem 6.9(d), P (D) is not surjective on A(R4) if we show that for some
reduction Q of P at some point ξ ∈ V (P ) ∩ S3 the variety V (Q) does not satisfy
PLloc(ξ). There are several choices for ξ and various ways to argue (compare [10],
23). To avoid coordinate changes, we consider the reduction Q of P at (1, 0, 0, 0)
defined as

Q(y, z, w) := P (1, y, z, w) = yw2 − y2w2 − yz3w + z5.
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To show that V (Q) does not satisfy PLloc(0), define γ : t 7→ (0, 0, t). Then it follows
from [9], Corollary 3.17 that Tγ,53 V (Q) = W × C, where W = V (Q1) and

Q1(y, w) = yw2 + 1.

Some computation shows that V (Q) is not (γ, 5
3 )-hyperbolic at (0, 0, 0) ∈ Tγ, 53V (Q).

Hence V (Q) does not satisfy PLloc(0) by Theorem 3.13.

7.10. Example. If P ∈ R[x1, . . . , x4] is defined as in Langenbruch [20], p. 256, by

P (x1, . . . , x4) := x2
1(x2

2(x2
3 + x2

4) + x4
3) + x6

2 + x6
3 + x6

4,

then P (D) : A(R4) → A(R4) is not surjective. This follows from Theorem 6.9
if we show that V (P ) := {z ∈ C4 : P (z) = 0} does not satisfy PLloc(e1), for
e1 := (1, 0, 0, 0). To prove this, we argue by contradiction and assume that V (P )
satisfies PLloc(e1). Then let e1, . . . , e4 denote the canonical basis vectors of C4 and
note that by Lemma 6.1 for the reduction Q of P at e1, defined by

Q(x, y, z) := P (e1 + xe2 + ye3 + ze4) = x2(y2 + z2) + z4 + x6 + y6 + z6,

the variety V (Q) satisfies PLloc(0). By Theorem 5.3(c), this implies that T0V (Q) =
V (Q0) satisfies PLloc(0), where Q0(x, y, z) = x2(y2 + z2) + z4. Now let ξ :=
(1, 0, 0) ∈ V (Q0) and note that by Proposition 3.5 and Theorem 2.7(b) the variety
V (Q0) satisfies PLloc(ξ). Applying Lemma 6.1 again, we get that the reduction R
of Q0 at (1, 0, 0), defined by

R(y, z) = Q0(1, y, z) = y2 + z2 + z4,

satisfies PLloc(0). This, however, is not the case since the localization R0 of R at
the origin is elliptic. From this contradiction it follows that our assumption was
false, hence V (P ) does not satisfy PLloc(e1).

In conclusion we remark that we do not know of any examples of varieties of
dimension three or greater that are hyperbolic in conoids but fail to satisfy PLloc(0).
Therefore it might be reasonable to conjecture that hyperbolicity in conoids gives
the characterization for PLloc(0) for varieties in all dimensions.
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