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POINCARE SERIES OF RESOLUTIONS
OF SURFACE SINGULARITIES

STEVEN DALE CUTKOSKY, JURGEN HERZOG, AND ANA REGUERA

ABSTRACT. Let X — spec(R) be a resolution of singularities of a normal
surface singularity spec(R), with integral exceptional divisors E1,..., E,. We
consider the Poincaré series

g= > h)t*,

neENT
where
h(n) = R/T(X,O0x(—m1E—1—---—n.E)).
We show that if R/m has characteristic zero and Pic?(X) is a semi-abelian
variety, then the Poincaré series g is rational. However, we give examples to
show that this series can be irrational if either of these conditions fails.

1. INTRODUCTION

Suppose that R is an excellent, normal local ring of dimension 2, with maximal
ideal m. Let

f: X — spec(R)

be a resolution of singularities, with integral exceptional divisors Fy, ... , E;.
Ifn=(ny,...,n.) € N", let

.Dﬂ = zr: 7”LZEz
i=1

I'(X,0x(—Dy)) C R is an ideal, and R/T'((X,Ox(—D,)) has finite length as an
R-module. Consider the function

hn) = {(R/T((X, Ox(=Dn)))

and the Poincaré series

g=">Y_ hn)",

neN”
where t2 = ¢! ...¢"" is a monomial in the variables t1,... ,t,.
By the local Riemann Roch theorem (cf. (@)
(1) h(n) = (quadratic polynomial in n ) — h' (X, Ox(—D5,)).
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1834 STEVEN DALE CUTKOSKY, JURGEN HERZOG, AND ANA REGUERA

Thus the Poincaré series

(2) g = (rational series in n ) — Z Y (X, Ox(—Dy))t™.
neN”

In this paper we consider the form of the function h(n), and the question of the
rationality of g.
If r = 1, the situation is very simple, as —D; is ample, so that

h(n1) = quadratic polynomial in nq for ny >> 0

and g is thus rational. In this case (r = 1) @,,~, (X, Ox(—n1D1)) is a finitely
generated R-algebra, so h(n;) is a Hilbert polynomial (for n; >> 0).

If > 1, the behavior of h(n) is much more subtle. We first observe that
it (k = R/m is algebraically closed of characteristic zero and) R is not a ra-
tional singularity, then there exists a resolution f : X — spec(R) such that
P, en- I'(X,0x(=Dy)) is not a finitely generated R-algebra, so we might not
expect polynomial-like behavior of h(n), or rationality of the Poincaré series g.
To see this, we first observe that with our assumptions, R has a rational sin-
gularity if and only if the divisor class group Cl(R) of R is a torsion group (as
follows from [2] and [19]). By Theorem 4 of [§], if CI(R) is not torsion, then
there exist a resolution f : X — spec(R) and an exceptional divisor F' on X such
that @,,~o'(X,Ox(—nF)) is not a finitely generated R-algebra. Thus the ring
D, enr ['(X,0x(—D,)) is not a finitely generated R-algebra.

If r > 1, then even in the best cases h!(X,Ox(—D,)) is a complicated function.
If —D,, is sufficiently ample, then h'(X,Ox(—D,)) will vanish. More generally,
h'(X,0x(—D,)) will tend to be small if D,, is in the cone ET of exceptional curves
D such that —D is nef ((D - E;) < 0 for all i). To be precise, h'(X,O0x(—D,))
is bounded for D,, € E* (as follows from Lemma [Z4). On the other hand,
h'(X,0x(—D,)) will tend to be large if D,, is far outside of ET.

We prove (proposition[6.3) that there exists an “abstract complex of polyhedral
sets” P, whose union is Q%, such that, for P € P and n € PNN",

h(n) = Qn) + L(n) + ¢(n),

where Q(n) is a quadratic polynomial, L(n) is a linear function with periodic coef-
ficients (that is, L(n) = >_._, ¢i(n)n; where the ¢;(n) are periodic functions), and
p(n) is a bounded function.

To construct P we first construct a fan ¥ subdividing QX on which the Zariski
decomposition (see Proposition 2.1) is a linear function on each cone in ¥. The fan
¥ is determined by the “shadow” of the cone Et from Ei,...,E,. The abstract
complex of polyhedral sets P is defined by refining 3 in such a way that we have
good properties for the divisor D,, (called the Laufer divisor in [7]) associated
to Dy, which is determined by the properties that D, < D,, D, € E* and
HY(X,0x(=D,)) = H°(X,0x(—D,)). Then, the essential contribution to ¢(n)
is h'(X,O0x(=Dy)).

In the case where spec(R) is a rational singularity, we have that H'(X, Ox(—D,))
=0 for all n [19], so that ¢(n) = 0 is a periodic function (on the abstract complex
P), and we conclude that the series g is rational.

Therefore, we are reduced to understanding the function h'(X,Ox(—D,,).
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When r = 2 and k = R/m has characteristic zero, this function has a very
nice form. h'(X,Ox(—D,)) is in fact semi-periodic (Definition [6.5) on an abstract
complex of polyhedral sets, and the series ¢ is thus rational. This is the case r = 2
of Theorem and Theorem [I.7. The proof is a generalization of Theorem 9 in
[9].

An example showing a nontrivial (but semi-periodic) function h'(X,Ox(—D,))
is given in section 10.

When r = 2 and R contains a field k of characteristic p > 0, we give an example
where h' (X, Ox(—D,,) is not semi-periodic and ¢ is not rational in section 8. This
is an extension of example 5 in [9].

In section 9 we give an example of X — spec(R) such that r =3 and k = R/m
has characteristic 0, h'(X,Ox(—D,)) is not semi-periodic and g is not rational.
This example is obtained by first constructing a resolution X; — spec(R) where
X1 has only a single irreducible exceptional divisor (r = 1), and then blowing up 2
points on X; to construct X — spec(R). Thus the function h is semi-periodic on
X1, and the resulting Poincaré series g on X7 is rational. In particular, we see that
the rationality of g depends on the resolution of spec(R).

In Theorem[G.6land Theorem[Z 7l we prove that if k = R/m is algebraically closed
of characteristic zero, and the group of numerically trivial line bundles Pic?(X) on
X is a semi-abelian variety, then h!(X, Ox(—D,)) is semi-periodic (in an abstract
complex of polyhedral sets) and g is rational. A semi-abelian variety is an extension
of an abelian variety by a product of multiplicitive groups G,,. Pic®(X) is semi-
abelian if and only if the divisor class group of CI(R) is an extension of a finite
group by a semi-abelian variety, since Cl(R) is an extension of a finite group by
Pic%(X) (cf. [19]). Hence the condition Pic?(X) semi-abelian only depends on R.
If the reduced exceptional locus of X is a simple normal crossings divisor F, then
Pic?(X) is a semi-abelian variety if and only if Pic’(X) = Pic’(E) (cf. Proposition
B.6). Thus if £ is a line bundle of degree > 2¢g —2 on a nonsingular curve C' of genus
g, then the (completion of the) contraction of the zero section of Proj(Oc @ L) is a
singularity with class group which is an extension of a finite group by a semi-abelian
variety.

To prove Theorem [6.6] we make use of Lang’s conjecture (proven by McQuillan
[21]), which states that if H is a finitely generated subgroup of a semi-abelian
variety G and Y is an irreducible subvariety of G such that Y N H is Zariski dense
in Y, then Y is a translation of a semi-abelian subvariety of G. Theorem 8 of [9]
(which generalizes to prove the r = 2 case of Theorem [6.6]) uses a very general form
of Lang’s conjecture for cyclic subgroups of a characteristic 0 algebraic group. This
is proven in Theorem 7 of [9].

In Theorem [3.1] we show that topological information on the singularity can be
extracted from the series g. In fact, the intersection matrix of the exceptional
curves of the resolution X — spec(R) as well as h'(X,Ox) can be extracted from
g. This result could be compared with the result that the Alexander polynomial
of a curve singularity can be recovered from a corresponding series [5]. A related
series is shown to be rational for rational surface singularities (H'(X,Ox) = 0) in
6.

An interesting remaining question when k = R/m algebraically closed of char-
acteristic zero is if there is a good necessary and sufficient condition on Cl(R) for
the existence of a resolution X — spec(R) such that the series g is irrational. This
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question can be compared with the characterizations of surface singularities with
torsion divisor class group in [§].

If k is a field, and f € K[[t1,...,t.]] is a formal power series in the variables
t1,...,t., we will say that f is rational if there exist polynomials P, Q € k[t1,... ,,]
such that f = g.

2. THE RIEMANN-ROCH FORMULA FOR HIGH MULTIPLES OF A DIVISOR
ON THE RESOLUTION OF A SURFACE SINGULARITY

This section is a summary of some of the results of section 8 in [9]. Suppose that
R is an excellent, normal local ring of dimension 2, with maximal ideal m. Let
f: X — spec(R)

be a resolution of singularities, with integral exceptional divisors E1, ... , E;.

If £ is a line bundle (or a divisor D) on X and C is an integral curve on X,
then £ - C (or D -C) will denote the line bundle £ ® O¢ (or the linear equivalence
class of Oc ® Ox(D)). (L-C) (or (C- D)) will denote the degree of L ® O¢ (or of
Ox (D) ® Oc).

If M is a coherent sheaf on X, then H'(X, M) has finite length as an R-module.
We will denote

h (X, M) = ((H' (X, M)).

The intersection matrix (E; - Ej)i<i j<r is negative definite (section 1 of [23],
Lemma 14.1 of [19]).

Let us consider the lattice E := @,_, ZE; and the semigroup
(3) Et:={D € E | Ox(—D) is nef, ie. (D-E;) <0for 1 <i<r}.
Let Eq := @;1 QE;, and let Ea be the rational convex polyhedral cone in Eq
generated by ET, ie. Ea = @pecg+ Q>0D. Then Ea is a cone contained in
D, Q>0F; ([19], p. 238). Therefore, it is a strongly convex cone, i.e. Ea N
(—E4) = {0}.

Let Y = spec(R). Suppose that D = > a;F; is a divisor with exceptional
support. Then

H°(X,0x(=D)) C H°(spec(R) — {m},Oy) = R
(since R is normal of dimension 2) is an m-primary ideal. In fact,
HO(Xv OX(_D)) = HO(Xv OX(_ Z blEl))v
where b; = max{0,a;}.
Proposition 2.1 ([30], Theorem 7.7). There exists a unique effective Q-divisor
B => b;E; such that
(i) A=D+ B is inEa, that is (A - E;) <0 for 1 <i<r, and
(ii) (A-E;) =0 if E; is a component of B.

We will call A the Zariski Q-divisor associated to D.
Proposition 2.2 ([7], Proposition 1). Among the divisors D' € ET such that D' >
D th(fre is a minimal one D. It can be con}putedA by applying the folAlowz'ng algom'thm:
Let Dy := D and, fori > 1, let D := D; if D; € ET, or else Dj11 := D; + Ej,
where Ej, is such that (D; - Ej;,) > 0.
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We will call D the Laufer divisor associated to D, since the previous algorithm is
a generalization of Laufer’s construction of the fundamental cycle ([I7], Prop. 4.1).
Note that D is the unique divisor in ET such that
H(X,0x(-D)) = H*(X,Ox(-D)).
Given two Q-divisors Dy, Ds, let us write Dy < Dy if Dy — Dy is effective.

Lemma 2.3. The following hold:
(i) D<AZD.
(ii) Forn € N, nA is the Zariski Q-divisor associated to nD.
(iii) Choose an integer s such that sA is an integral divisor. Suppose thatn is a
natural number, and n = as+b with 0 < b < s. Then the natural inclusion

Ox(—asA —bD) — Ox(—nD)
induces an isomorphism of global sections
HY(X,0x(—asA —bD)) = H°(X,Ox(—nD)).

Proof. The first inequality in (i) holds since the Q-divisor B in Proposition 211 is
effective. The second one follows from [30], Corollary 7.2, since D — D is effective
and, for any F; € Supp B,

(D-D)-B) E)=(D-E;) <0.

For (ii), note that nB satisfies (i) and (ii) in Proposition 2.1l for nD.
For (iii), we have nD < as A+ bD < nA <nD. Hence

H°(X,0x(—nD)) C H(X,Ox(—asA —bD)) C H(X,Ox(—nD)).

Since H°(X,0x(—nD)) = H°(X,Ox(—nD)), we conclude (iii). O
Lemma 2.4. Suppose that mq,... ,m, € Z. There exists a constant ¢ such that if
L is a line bundle on X with (L - E;) > m; for 1 <i <, then

hl(X, L) <ec

Proof. Let A be an effective divisor on X with exceptional support such that —A
is ample. There exist s > 0, a function

o {l,...,s} = {1,...,7},

and a sequence of divisors F;, 1 <14 < s, such that Fy =0, F; = Fi_1 + Ey(; for
1<i<s,and A = F;. We have exact sequences

(4) 0— OEU(i+1) (_E) - 0F72+1 - OFi, —0

for1<i<s—1.
Each E; is a locally complete intersection, so by the Riemann-Roch theorem (cf.
Exercise IV 1.9 in [14]) H(X, M ® Op,)) = 0 if M is a line bundle on X such that

(M- E;) > 2po(E;) — 2.
Thus if F is a line bundle on E;, we have that
RY(E;, F) = 0 if deg F < 0,
and

R(E;, F) = deg F + 1 — po(E;) if deg F > 2pa(E;) — 2.
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We get the further approximation
KO (E;, F) < pa(E;) if 0 < deg F < 2p1(E;) — 2.
This can be seen as follows. Let
t=2p,(E;) —1— deg F >0,

and let p1,...,p: be nonsingular points on E;. Let G = Og,(p1 + -+ + pt), a line
bundle on E; of degree t with a nonvanishing section. Thus we have an inclusion

H°(E;, F) — H(E;, F®G),
and
hO(Ei, F) < h%(Ei, F @ G) = (2p1(Ei) = 1) + 1 = pa(Ei) = pa(E).
We have exact sequences
(5) 0 — 0a(=nA) = Opmy1ya — Ona — 0
for all n > 0. By (@) there exists ng such that n > ng implies
HY(X,04(—nA)@ L) =0

for any line bundle £ on X such that (£ - E;) > m; for 1 < ¢ < r. By the formal
function theorem,

HYX,L)=limH (X,L® Opa) = H'(X, L2 Opya).
Let wg, be a canonical divisor on E;. Set

d= max{pa(Ea(l))a deg(wEa(l) ®OX(F0+ (no— 1)A)) —Mg(1)+ 1 _pa(Ea(l))a B
pa(Ea(s))a deg(wE(,(s> & OX (Fs—l + (nO - 1)A)) - ma(s) +1 _pa(Ea(s))}-

RY X, L) = h' (X, LR Opya)
no—1
< Z h'(X,04(—jA)® L)

Jj=0

< D | 2D WX Op, (-Fi - jA) e L)

0<j<no—1 \1<i<s

> > EUX,Ox(F+jA) @ L @uwg,,)

0<j<np—1 \1<i<s
< npsd. O

Lemma 2.5. For fired b, 0 < b < s, the function
op(a) = h' (X, Ox(—asA —bD))
is bounded.

Proof. This is immediate from Lemma 241 U
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We recall the “local” Riemann-Roch theorem, proved in Lemma 23.1 of [19] as
well as in [15]:

(6)

1
{(R/H"(X,0x(-D)) = —5 (Kx-D)+ (D?)) +h'(X,0x) = h'(X,0x(=D)),
where Kx is a canonical divisor of X. For n = as+ b, 0 < b < s and a > 0, let
us replace D by asA + bD in (@), apply Lemma (iii), take as = n — b, and use

the identity (A - D) = (A?), which follows since all components of A — D have
intersection number 0 with A. Then we have

(7)

¢ (R/HO(X,0x(—nD))) = —%(AQ)nQ - %(A Kx)n
i A+ ok i p - Y.k
+ 5 (A7) + (A Kx) = 5 (D7) = 5(D - Kx)

+ hl(X, Ox) - O'b(a).

At this point we have obtained the following “local” form of a theorem ((1) of
“A summary of principal results” [30]) of Zariski for projective surfaces.

Proposition 2.6. Let R be an excellent, 2-dimensional equicharacteristic normal
local ring. Let f : X — spec(R) be a resolution of singularities and let D # 0 be
a divisor on X supported on the exceptional divisor. Then there exist a natural
number m, quadratic polynomials Q;(n) for 1 < i < m, and a function v : N —
{1,...,m} such that

¢ (R/H"(X,0x(~nD)) = Qy(ny(n)
forn € N.

A slightly different proof of this proposition appears in [22].

An extremely interesting question is if the function o is eventually periodic.
This is the “local” form of the question raised by Zariski ((2) of “a summary of
principal results” [30]) for projective surfaces. This question of Zariski (and the
corresponding local question above) is completely solved in [9]. We prove ([9],
Theorem 9) that the answer to the question is “true” in characteristic 0 or over a
finite field, but give examples ([0], Example 5) to show that it is “false” in general
in positive characteristic.

Suppose that —F' is an ample divisor with exceptional support on X. For all
m > 0, there is an exact sequence

(8) OHOF(—mF)ﬁO(m+1)F—>OmF—>O.

There exist constants ¢;, 1 <4 < r, such that if D’ is a divisor on X with (D'-E;) >
¢; for 1 <i <7, then H(F,Op(D’)) = 0. This follows from the proof of Lemma
24

Lemma 2.7. (i) There exists a natural number mg such that m > mgo implies that
the natural restriction map

HY(X,0x(—asA —bD)) — H (Opr(—asA — bD))

is an isomorphism for 0 < b < s and a > 0.
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(ii) There exists an effective divisor C on X with exceptional support for f such
that Oc(—A) is numerically trivial and the restriction map

HY(X,0x(—asA —bD)) — H'(C,Oc(—asA — bD))
is an isomorphism for 0 < b < s and a >> 0.
Proof. Since —A is nef and —F is ample, there exists mq such that m > mg implies
((=mF —asA —bD)-E;) > ¢;
for 0 < b < s and all @ > 0. From the exact sequence () we see that
H" (O(m1yr(—asA —bD)) =2 H' (O p(—asA — bD))
for m > mg. By the formal implicit function theorem, (i) follows.
Let moF = C + C', where
Supp C ={E; | A-E; =0} and Supp C'={E; | (A-E;) <0}.
For a >> 0 we have H*(X,O¢:(—C — asA — bD)) = 0; hence the restriction map
HY(X,Opmyr(—asA —bD)) — H (X, Oc(—asA — bD))

is an isomorphism, and (ii) holds. O

Theorem 2.8 ([9]). Suppose that R is equicharacteristic and that R has residue
characteristic 0, or R has a finite residue field. Then the functions

op(a) = h' (X, Ox(—asA —bD))
are periodic for a >> 0.

Proof. When the residue field is finite, it follows as in Theorem 3 of [9]. If R has
equicharacteristic 0, it follows from Theorem 7 of [9] applied to each of the connected
components of the Zariski closure in PicO(C) of the cyclic group generated by the
class of Oc(—sA), where C' is the curve of Lemma 27 (ii). Theorem 7 in [9] is
stated as follows: “Let G be a connected commutative algebraic group defined over
an algebraically closed field k of characteristic 0, let z € G(k) and suppose that the
cyclic group (x) is Zariski dense in G. Then, for any subvariety Q C G, 2 # G, the
set QN (z) is finite”. O

As a consequence of Theorem [ZF and ([7)), we have

Theorem 2.9 ([9], Theorem 9). Let R be an excellent, 2-dimensional equicharac-
teristic normal local ring with a residue field that is either of characteristic zero or
a finite field. Let f : X — spec(R) be a resolution of singularities and let D # 0
be a divisor on X supported on the exceptional divisor. Then there are a quadratic
polynomial Q(n) with coefficients in Q and a periodic function A : N — Q such

that
(9) ¢ (R/H(X,0x(—nD)) = Q(n) + A(n).
for all n sufficiently large.

Therefore,

> ¢ (R/H(X,0x(—nD))t"
neN
is a rational series, i.e. a quotient of two polynomials.
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3. A HILBERT FUNCTION OF R

Let notation be as in the previous section. For n := (ni,...,n,) € Z", set
Dy =% niE;, and let

R*:= @ H(X,0x(~Dy)).
neN™
For n € N7, let
(10) h(n) := ¢ (R/H°(X,Ox(~Dn))) -

h can be viewed as a Hilbert-Samuel function of the generally non-Noetherian ring
R*. Tt contains a lot of information about the resolution f : X — spec(R), as we
will show.

Given m = (my,...,m;) € Z", let Y = spec(R), I, = H°(X,Ox(—Du)).
Then

I, C H'(Y — {m},Oy) =R,
since R is normal of dimension 2. Also,
Im = H*(X,0x(~Dw)) ={f€R|vi(f) 2mi, 1<i<r}
={f € R|vi(f) >max(0,m;), 1 <i<r}.
We will prove the following theorem in this section.

Theorem 3.1. From the function h(n) we can recover the intersection matriz
(E;-Ej)i<ij<r and the arithmetic genus h'(X,Ox) of X and of the E;, 1 <i <r.

Remark. If R has a rational surface singularity, then the converse to Theorem [B]is
true, i.e. the intersection matrix (E; - Ej)1<;, j<r is data equivalent to the function
h(n). In fact, knowing the intersection matrix, for any n € N", we can determine
the Laufer divisor D,, associated to D,,. Then, H'(X,Ox(—D,)) = 0; thus

hw) = =3 ((Dg Kx) + (D))

by (3), and (D, - Kx) is known since p,(E;) = 0 for all 4.

We now prove Theorem B.11
For1<i<r let R; C Ea be the ray of solutions v to the equations

(v-Ej)=0fori#j

and
(U . El) § 0.
Since (E; - E;) is negative definite, if v € R;, then v is an effective Q-divisor,
(11) EG=Ri+ - +R,.
Let e; € Z™ be the vector which is 1 in the ith coefficent and 0 in all other
coefficients.

Lemma 3.2. Suppose that n € N". D,, € E is such that —D,, not nef if and only
if there exist s € N and i € {1,...,r} such that

(12) h(m(sn + e;)) = h(msn)
for all m > 0.
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Proof. Let B, be the effective divisor which is the fixed component of the linear
system associated to H*(X, Ox(—nD)). If D € E is such that —D is nef, then the
set of divisors By, is bounded from above (as in Theorem 10.1 of [30]). Thus the
condition (I2) cannot occur. If n € N” and —D,, is not nef, then there is a Zariski
decomposition A = D, + B with B # 0. Choose s € N so that sA is integral, and
i such that E; is in the support of B. now follows from Lemma [2.3] O

Lemma 3.3. The rays R; of (1) are determined by the function h.

Proof. The anti-nef divisors ET in Eq can be determined from h by Lemma
The cone Ea is thus determined by the function h, and thus the set of edges

S ={Ry,...,R} of Ea is determined by h. The individual edges R; can now
be distinguished by h, by Lemma and the fact that if 0 # A is in an edge of
EJCS, then A is in a particular ray R; precisely when there exists ¢ > 0 such that
—A + e¢E; is nef. O

Choose 0 # A; € R;. There exist (known) a;; € Q such that
(13) A,L' = Z aijEj

for 1 <i <r. Let (b;;) = (ai;)~*. We then have

(14) E; = biA;.
From (@) and Lemma we can determine (A; - Kx) for 1 < j < r. Then from
([d) we can calculate (E; - Kx) for 1 <14 <.
Now choose integral divisors (with known c; > 0)
Hy = —(ckrBr + -+ Er)

for 1 < k < r so that the H, are linearly independent in Eq and the —H, lie in the
interior of ET. Let ¢, = (ck1,--. ,ckr) € N”. Each Hy is ample, since (E; - H,) > 0
for all 4. Thus there exists mg > 0 such that

hl(X, Ox(mHk)) = hl(X, Ox(mHk + El)) =0

form>mgpand 1 <i k<r.
By (@), m > myg implies h(mg,,), h(mg;, — e;) are quadratic polynomials in m for
1<i,k <r. Thus

hlmey) = 5 ((mHy - Kx) = (mH) + (' (X, 0x)

for m > myg, and we can determine (Hy - Kx):

h(me, —ei) = —3(HR)m? + ((Hy - (3Kx — Ei))m
+ 3 (Bi- (Kx — E;)) + ((H' (X, Ox))
for m > mg. We can now determine (Hy - E;) for 1 < i,k < r. We can thus

determine the matrix
(Br - Ei) = —(cxy) ™" (Hj - ).
Now we can recover the arithmetic genus p,(FE;) of each E; from the formula
2pa(E;) — 2 = (E7) + (BE; - Kx).

Since h'(X,0x) is known, p,(X) is also recovered from h, and hence we have
proved Theorem [B.11

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



POINCARE SERIES OF RESOLUTIONS OF SURFACE SINGULARITIES 1843

In this paper we will study the Hilbert-Samuel function h(n). We will consider
the question of giving a result analogous to formula (@) of Theorem [29 for the
function h. See Theorem for a precise statement generalizing these results. In
particular, we will study when the series

> h(n)™
neN”

is rational.

4. PIECEWISE LINEARITY OF THE ZARISKI Q-DIVISOR
AND PIECEWISE PERIODICITY OF ITS DIFFERENCE WITH THE LAUFER DIVISOR

Suppose that R is a complete normal local ring of dimension two, and f: X —
spec(R) is a resolution of singularities with integral exceptional divisors F, ... , E,.
Let ET be the semigroup in (@) and Ea the associated cone, which is contained in
@D, Q0E;. For 1 <i<r let A; € Eq = @;_, QF; be defined by the condition
(Az - Ej) = —51'3‘, so that Ea = @::1 QZOArL‘. o

Givenn € Q", let D,, = >"'_,n;E; € Eq. For n € N”, let A,, (resp. D,,) be
the Zariski Q-divisor (resp. Laufer divisor) associated to D,,.

Definition 4.1. Let S be a subset of {1,...,r}. Forn € Q% let Ai be the
orthogonal projection of D,, on {Ei}j-es, ie. Ai € @P._, QE; is defined by

(15) Supp (AY = Dn) C | JEi,  (A)-Ei)=0 forieS.
€S

We define

(16) os:={n€QLy| A} — Dy, >0, A} cE{}.

Let Fg be the face of Ea orthogonal to {E;}ics; that is, Fg = @jgs Q>04;.
Note that
os ={n € Q% | <DQ+ (@ onﬂ‘)) NFs #0}.
€S
Given S C {1,...,r}, let S =51 U...US}) be the partition of S determined by
the connected components of | J; g Es, and let
(17) €g = S.Cc.1m. {| det(Ei . Ej)i,jESz |}l=1,... e
Let J:={1,...,r}\S.
Theorem 4.2. The following hold:
(i) Given n € QL, let n; = (n;)jes be its projection. Then,
(18) Ay = 1 (n)A; = Du+ Y b (),
= =
where 1j(n;) (resp. b7 (n)) are linear functions on n; (resp. n) with coef-
ficients in %Z.
(ii) Forn € N", n € og if and only if Ai is the Zariski Q-divisor A, associated
to Dy,.
(iii) For any S C {1,...,r} (strictly contained), os is a strongly convex rational

polyhedral cone of dimension r. The set ¥ consisting of all os’s and its faces
is a fan subdivision of QL.
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Proof. For S C {1,...,r} and for any n € Q% we have

Ai =D, + Z bis(ﬂ)Eiv
€S

where the b¥(n) are defined by

S b (0)(Ei - Ev) = —(Dy - Ev) forall i € S,
€S

Therefore the bf are linear functions on n with coefficients in 1/esZ. We may also
write

An =) Ay,

jed
where the 15 (n) are defined by ((Ag —D,)- Aj/> =0 for j/ € J, ie.

Zlf(ﬂ)(Aj -Aj)=—nj forallj €
jeJ

Hence the ljs are linear functions on n; with coefficients in Q. Since ljs (n;) =
—(Ay - Ej), the coefficients are in %Z; hence (i) holds

For (ii), note that A, — D, effective, A, € Ea and (A, - E;) = 0 for E; €
Supp(A,, — D,,) characterize the Zariski Q-divisor A,, associated to D,,. Hence (ii)
follows from ([5]) and (IG).

For (iii), (I6) and (&) imply that

(19) os={neQ%, | b7 (n) >0 fori € S, ljs(ﬂJ)ZOforjEJ}

Therefore, og is the intersection of a finite number of rational halfspaces, thus a
rational convex polyhedral cone. Since it is contained in QZ, it is strongly convex.
If dim o5 < 7, then og is contained in a hyperplane H. Since the face Fg of
Ea orthogonal to S is contained in og, H must be the orthogonal of a divisor
D € @,c5ZE;. Fori € S, the projection of Fg from E; in €B,; QEj; is contained
in og, thus in H. If Fg # {0}, i.e. S is strictly contained in {1,... 7}, this implies
(D - E;) =0 and, by the negative definiteness of the intersection matrix restricted
to S, D = 0. Therefore dim og = r.
Let us show that

U gs — ng.
SCA{1,...,r}

The inclusion C is clear, and, since the og’s are cones, it suffices to prove that
N" C [Jg(os NN7). Let n € N” and let S = {i | E; C Supp(A, — Dy)}. Then
A% = A,, by ([I5), and hence n € o5 by (ii).

“In order to prove that ¥ is a fan, it is enough to show that, for S, S’ C {1,...,r},
osNog is a face of og. Let S, 8" C {1,...,r}; then

osNog ={neQLy | A =AY > D, AgeEg}.
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In fact, from (ii) follows the equality of both members intersected with N”. Since
they are both cones by (i), and contained in QZ,, we conclude the equality. There-

fore,
osNos =osN{n€ QL | b7 (n) =0 forie S\ (S'NS),
(20) [7(n;) =0 forjes\(SNS")}
is a face of og by (I9). O

Corollary 4.3. The fan ¥ consisting of the cones og in Definition [{.1] and its
faces satisfies the following property: For each o € ¥, each of the coefficients of the
Zariski Q-divisor, that is, of the function

oNZ" —Eq=Q", n— A,
18 a linear function of n with coefficients in Q. Moreover, if o C og, then the

coefficients are in %N.

Next we will subdivide the fan ¥ in order to have a certain periodicity for the
coefficients of the function n +— D,, — A, (Theorem FEJ). The subdivision we will
give consists of rational convex polyhedral sets. By a rational conver polyhedral set
in Q", or more simply a polyhedral set, we mean a set of the form

(21) P={neQ"|Li(n) > b, 1<i<m},

where m € N and, for 1 <i < m, L; is an integral linear form on Q" and b; € Z.
We define the cone associated to P to be

op:={neQ"| Li(n) >0, 1<i<m}.

A subset Q of P is called a face of P if there exist an integral linear form L on Q"
and b € Z such that

PC{neqQ |L@ =t} and Q=Pn{neqQ | L) =0}

Definition 4.4. An abstract complex of polyhedral sets in Q" is a finite set P =
{Py}yen of polyhedral sets in Q" such that P has dimension r for all P € P. Given
a fan ¥ in Q7, an abstract complex of polyhedral sets P = {P, },en is a subdivision
of ¥ with the same associated cones if

(i) UveA P, is the support of 3, and
(ii) for each P, € P, there exists o € ¥ such that P, C o.

Definition 4.5. Let S be a subset of {1,...,r} and J = {1,...,7} \ S. For any
pair (a, 3), where

1 1
a:T— —N B:J\T— —N

es €s
are maps defined on some subset T" of J and its complement, we define the polyhe-
dral set in Q"
(22)

Ps(a, ) ={n€os |17 (n) = a(j) forjeT, 1j(n)>p(j) forje J\T}

where 1§ (n) = 15 (n;) are the linear functions with coefficients in %Z in Theorem

3.2 (i). We will simply denote Ps(a, 8) by P(«, 3) if there is no possible confusion
on S.
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Note that the cone associated to P(a, f3) is
Op(a,3) =R €05 | lf(@) =0 forjeT}=0sNosur,
which is a face of og (see (20)).

Lemma 4.6. Let S be a subset of {1,...,r} and J ={1,...,r}\S. Suppose that
an assignment

a— af
is given to each map a : T — éN, defined on some subset T of J, of a map
af: J\T — %N, Then, there exists an abstract complex of polyhedral sets Py
subdividing og with the same associated cones such that
(23) for all PeP,, there exists a map « such that PNZ" C Ps(a, af).

Therefore, if an assignation as before is given for every subset S of {1,...,r},
then there exists an abstract complex of polyhedral sets P subdividing the fan % in
Corollary 3.3 with the same associated cones and such that

for all P € P there exist a set S and a map « such that PNZ" C Ps(a, ).

Proof. The second assertion follows from the first (see the remark before Definition
KH). To prove the first one, we start by defining a finite set A of pairs («, 3) such

that
P(a,B) C P(a, a®)
and
(24) osNZ = |J (Pa,p)NnZ),

(a,B)EA

the union being disjoint.

Let Ag = {ap}, where o : ) — éN is the trivial map, and let By = af. Let
1 <t < tJ, and suppose we have defined a finite set A;_1 of maps o/ : T' — %N,
where T” C J has cardinal < ¢—1, and, for each o’ € A;_1,amap ' : J\T' — éN,
B'(j) > ac(j) for j € J\T’, so that P(o/,3) C P(c/,a’). Let A; be the union
of Ay_1 and all maps o : T — %N, where T = ¢ and there exists 7" C T with
fT" =t — 1, such that o/ = |7 belongs to A;—1 and

(25) a(j) < p'(j) for jeT\T.
For any of these maps «, let 8: J\T — éN,
(26)

ﬁ<j>:sup{acu>,{ﬁ<j>|a=<a|’T“>eAt_1, TN, jséf}} for j € J\T

Finally, set A := {(a,8) | @ € Ags}.
Condition (25) implies that A, and hence A, is a finite set. By (26, we have
B(3) > a°(y) for j € J\ T; hence

P(a,3) C P(a,af).
Let us prove (24). First note that, for any o’ € A;_1, 1 <t < #J, we have

P(a/,0)NZ" = (P(/, ) NZ") U U (Pla,0)nzn)

a€Ng, ) pr=a’
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In fact, if n € (P(a/,0) NZ") \ (P(e/, ") NZ") then, there exists j € J\ T’ such
that 1§ (n ) < B'(4), and I5(n) € ei by (i) in Theorem B2l Let T'=T" U {j} and
a:T — N defined by a|r = o/, a(j) = —(A, - Ej) = ljs(_). Then « satisfies
(19); thus ae A¢, and n € P(«,0). Since o5 = P(a,0) and for o € Ay we have
P(a,8) = P(a,0), we conclude (24)).

In order to prove that the union is disjoint, let (a1, 31), (a2, B2) € A, (a1, 31) #
(g, B2), a; + T; — %N for i = 1,2. If Th = Th, then ag # ag and P(aq,01) N
P(ag, B2) = (. Suppose T} # T; we may assume that 77 ¢ T5 and that

051|T1mT2=Oz2|T1mT2.
Let
Ty=T°>T'> .. >T' >TH 5... 5 Tk

be such that al = ai|pi € Ay, where t; = #T1, T* = T U {ji}, a1(js) =
al(ji) < ﬂHl(ji) and T*t! ¢ T N1y, Tk §Z Ty NT5. Then k > 0, Jx ¢ T, and
a1 (jr) < B ().

If P(ay, B1) N P(az, B2) # 0, then a1 (ji) > B2(jx); but, by @8), B2(jk) > B (jx)-
Therefore P(as, 51) N P(ag, f2) = 0.
Now, for any (a, 8) € A, let us consider the polyhedral set

Plo,f) = {n € os | alj) — 5 <15(n) < alj) + 5 forjeT,

2es es
(27) 8(j) — i <15(n) forj € J\T},

whose associated cone is op(q,3) = 05 Nosur. We have:
(a) P(e,8)NZ" = P(a, /)N Z", and
(b) o5 = U(a,p)en P B).

This implies that the set {P(a, B)}(a,p)ea is an abstract complex of polyhedral sets
Py subdividing og with the same associated cones and satisfying (23)). (]

For every subset S of {1,...,r}, let us construct an assignment a — a° as in
Lemma, such that the function n +— D_ﬂ — A, has good properties on the sets
PS (a, Oéc).

Let us fix Sand T'C J ={1,...,7r}\ S. In a similar way as in Proposition 22
given a divisor D = Y_;_, n;E;, among the divisors D’ > D such that (D’- E;) <0

~ (SUT
for all i € SUT, there is a minimal one. Let us denote it by D( ), or D if there
is no possible confusion on SUT. For n € og, we have

D, >Dy> A,

and DNﬂ may be computed as follows: Let Dy := [A,ﬂ, where, if A, =>""_, ¢:E;,

gi € Q>o, then (Aﬁ] =Y _i[@|E;. Fori>1,let D= =D, if (D - E;) <0 for all
j€SUT, orelse Diyy := D; + Ej,, where j; € S UT is such that (D; - Ej,) > 0.

Given amap a: T — ;N, let P(a,0) be the polyhedral set defined by 22) for
the map [ identically 0. Note that P(«,0) 2 P(a, 3) for any other map .
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Lemma 4.7. For any map o : T — éN, ifn,m € P(a,0)NZ" and [A,] — A, =
[Apn] — Ay (for example if n — m € esZ”), then

Dy —Ay =Dy —Ap.

Proof. Let D, = [A,] < Dy < --- < Dy, :DNﬁ be defined as above. Let us show by

induction on i that D; <Dy, +(A, — A,,); hence D,, —A,, <D,, —A,, and, in an
analogous way, we obtain the other inequality.

For i = 1, D, = [An] = [An] + (An — Ap) §DNm + (A, — Ap). Suppose

DAi < Z)Nm + (Aﬁ — Am) Let Di+1 = Di + Eja‘,? where ji esSu T, (D,L . EJ7) > 0.
If j; € S, then (A, - Ej;) = (A - Ej;) = 0; and, if j; € T, then (A, - E;,) =
(Ap - Ej,) = —a(E},). Therefore

((DNer(An—Am) —DZ) E]> = (DNm E]> - (ﬁi-Ej,.) <.

Since A,, — A,, € E, this implies that Ej, SDNm +(A, — Ay) — D;, that is,
Dit1 < Dy + (Ap — Apy). 0

Lemma 4.8. For any subset T of J and any map o : T — %N, there exists a
map a° : J\T — %N such that

D, = for ne Pla,a®)NZ".
Therefore
D_Q—AQ:D_m—Am for n,m € P(a,a®)NZ", n—m € esZ’.
Proof. There exists {ny,---,n,} C P(e,0) N Z" such that
t
P(a,0)NZ" C LJ(Qz +esZ").
i=1

For j € J\T, let

~

a“(j) = sup{0, <(Dm, - Ay) -Ej> L 1<i<th

By the previous lemma, if n € P(a,0) NZ", then there exists i, 1 < i < ¢, such

that lN)ﬁ —A, = 5ﬂi — A, Therefore, if n € P(a, a¢) then (lw)ﬂ Ej) < 0 for all

j € J\T, and hence 32 = 52. The second assertion follows again from Lemma

7% O
From Lemmas[4.6] [£.7] and we conclude

Theorem 4.9. There exists an abstract complex of polyhedral sets P subdividing
the fan X in Corollary [{.3, with the same associated cones, such that, for every
PeP,if PCog then

28 D,—NA,=D,,—A,, for nmePNZ, n—m¢€ egZ".
( n—Ap = Dm — Apy
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Example 4.10. In an Ay-singularity, whose dual graph is

E, Ey E; Ey
and all self-intersections are —2, let us consider oy 43, which is given by
ni +ng ns nq
n2§Ta n4§7, 7§n3§3n1.
Forn € op gy n VA

ny+n n

%Ez +n3kbs3 + 73E4-

Let Py := o2 4yN{n | (An-FE3) =0} and Py = 0y 43 \ Py, which are rational convex
polyhedral sets whose associated cones are the 3-dimensional face Py of o3 4) and

Aﬁ = n1E1 +

02,4y respectively. Then, for n € Py N yAS

- o 0 if 2|n3,
Dn_An{ %E2+E3+%E4 if 2 /Y’I’L3,

and, for n € P, NZ*4,

0 if 2|nq, 2|ng,
%E4 if 2 fn1,2 fng,
1E, if 2 fny,2[ns,

%Eg + %E4 if 2|n1,2 fns.

Dy~ Ap =

This shows that D, — A, is not a periodic function on oz 4y in the sense of
Definition [62] i.e., in Theorem [0 we cannot take P to be equal to X.

5. SINGULARITIES WITH SEMI-ABELIAN Pic?

The following result is a direct consequence of Lang’s conjecture, proven by
McQuillan in [21]. Recall that a semi-abelian variety is a commutative algebraic
group such that there is an exact sequence

0—-G;, —-G—A—0,
where A is an abelian variety, and a € N.
Proposition 5.1. Suppose that G is a not necessarily connected commutative al-
gebraic group over an algebraically closed field k of characteristic 0, such that G
is an extension of a finite abelian group by a semi-abelian variety, H is a finitely
generated abelian group, and © : H — G(k) is a group homomorphism. Suppose

that Y C G is a closed integral subvariety such that Y (k) N7w(H) is Zariski dense
in'Y. Then there exist a subgroup M of H and ng € H such that

m(n) € Y(k) iff n € ng + M.
Proof. First suppose that G is a semi-abelian variety. Let I' = 7(H), and
T'={zr € G(Kk)|nz T for some n € N}.

Y (k) NT is Zariski dense in X, so by Lang’s conjecture (proven in [21]) Y = b+ A
for some b € G(k) and some semi-abelian subvariety A of I'. By assumption, there
exists an ng € H such that m(ng) € b+ A, so we can assume that b = m(ng). Let

M={ne H|x(n) e Ak)},
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a subgroup of H. We have
no+M={neH|nrn)ecYk)}.
In the case where G is not connected, we have an exact sequence
0—-A—-G—F—0,

where F' is a finite abelian group and A is a semi-abelian variety. There exists mg €
H such that yo = w(mg) € Y(k). Thus Y/ =Y — yo C A. Suppose that Z' C A is
a closed subvariety containing 7(H)NY’(k). Then n(H)NY (k) C Z’'(k) + yo. By
our assumption, Y C Z’' 4 yo, which implies that Y’ C Z’. Thus n(H) NY’'(k) is
Zariski dense in Y’ (k).

Let H = 7 1(A(k)), a subgroup of H. By the first part of the proof, there
exist a subgroup M of H' and m; € H’ such that n(n) € Y’'(k) if and only if
n € my + M. Thus 7(n) € Y (k) if and only if 7(n —mo) € Y’(k), which holds if
and only if n —mg € mi+ M, and this is true if and only if n € (mo+m1)+ M. O

The conclusion of Proposition Bl is false even for G, ([I8]) and for abelian
varieties ([9], Example 3) over a field of characteristic p > 0.

Example 5.2. The conclusion of Proposition[51 is false for arbitrary commutative
algebraic groups over an algebraically closed field k of characteristic zero.

Proof. We first observe that the only nontrivial integral closed subgroups G of
G2 over C are the lines through the origin. This can be seen easily. Choose
0 # x € G(C). Let H be the line through the origin containing x. Then H is a
closed subgroup; thus H NG is a closed subgroup containing x. Since §(x) = oo, we
have §(HNG) = oo. Since both H and G have dimension 1, we have H = HNG = G.
In particular, we see that a translation of an integral nontrivial subgroup of G2 is
defined by the vanishing of a linear equation

axr +by+c=0.

If Y is an integral curve and #(Y NZ?) = oo, then the Zariski closure of Y NZ? in
Y is Y. Thus, if Y is not a line, it is not the translation of a semi-abelian subvariety
of G2. In particular, as suggested in [29], Y can be taken to be the integral curve
in G2 defined by Pell’s equation y? — 222 = 1. O

Given a proper k-scheme Z over an algebraically closed field k, let Pic”(Z) and
Pic?(Z) be the subsets of Pic(Z) of invertible sheaves on Z which are numerically
equivalent to 0 and algebraically equivalent to 0 respectively. By the theory of the
Picard scheme developed in [I1] and [24] (cf. [0], section 2) there exists a group
scheme Pic% such that Pic% (k) = Pic™(Z). If Pic} is the connected component of
the identity of Pic%, then Pic% (k) = Pic%(Z) and Pic™(Z)/Pic®(Z) is a finite group
(Theorem 4 of [20], Proposition 14 of [9]). If Y is another proper k-scheme and ¢ :
Z — Y is a morphism, ¢ induces a morphism of group schemes Picj, — Pic7,, hence
also Pic). — Pic%, such that Pic}. (k) — Pic% (k) is the pullback homomorphism.

Let f : X — spec(R) and Ei,...,E, be as in section 4. Suppose that k is
algebraically closed of characteristic zero. Let

Pic’(X) = {£L € Pic(X) | (L-E;)) =0for 1 <i <r}.

Lemma 5.3. Let D be an effective divisor on X with exceptional support. Then,
the induced morphism of algebraic groups Pic’(X) — Pic®(D) is surjective, and
Pic’(D) = Pic™(D).
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Proof. Pic’(D) = Pic™(D), since D is a curve. (In our case, it follows from the
analysis of [2] that the kernel of the degree map d : Pic(D) — Z" is connected.
Since this kernel is Pic™(D), we have Pic”(D) = Pic®(D).) Pic(X) — Pic(D) is
surjective by Lemma 14.3 of [19]. Thus if £ € Pic?(D), there exists M € Pic(X)
such that M ® Op = L. Let E;,, ... , E;,, be the integral exceptional curves which
are not in the support of D. Let r;;, = (M- Ej;) for 1 < j < m. Since R is
Henselian, there exist integral curves D;;, 1 < j < m, which are disjoint from D
and E;, if k # j, and such that (D;, - E;, ) = 1. Let N' = M ® Ox(— Z;nzl i, Dj; ).
N € Pic®(X) and N @ Op = L. O
Lemma 5.4. Suppose that Dy is an effective exceptional divisor on X. Then, there

exists an effective exceptional divisor D on X such that Do < D and Pic®(X) —
Pic®(D) is an isomorphism.

Proof. Suppose that F' is an effective exceptional divisor with exceptional support
such that —F is ample and Dy < F. Then

HY(X,0%) 21lim H'(X,0 ).

There exists ng > 0 such that H(X,Or(—nF)) = 0 for n > ng. The proof of
Lemma 1.4 in [2] implies

HY (X, 00, 11)p) = H'(X, 05 )
for n > ng. Thus

Hl(Xvoj()ng(XaO:F)' O

In the proof of the next lemma we will use Chevalley’s theorem (cf. Proposition
11 in Chapter III of [26]) which tells us that if G is a commutative algebraic group,
then there is an exact sequence of algebraic groups

0—-L—-G—B—0,

where B is an abelian variety and L is a (commutative) linear algebraic group.
Further, L & GZ x G) (cf. [26], Proposition 12 in Chapter III and the corollary
to Proposition 8 in Chapter VIII).

Theorem 5.5. Suppose that Pic®(X) is a semi-abelian variety, and D is an effec-
tive divisor with exceptional support. Then Pic®(D) is semi-abelian.

Proof. The pullback morphism A : Pic®(X) — Pic?(D) is the morphism of k-valued
points induced by a surjective morphism of algebraic groups (by Lemmas (.3 and
5.4). By assumption, Pic?(X) is a semi-abelian variety, so there is an exact sequence
of algebraic groups

0— G — Pic’(X) — A — 0,
where A is an abelian variety. There is an exact sequence
0 — L — Pic°(D) — B — 0,
where B is an abelian variety and L is a commutative linear algebraic group. We
have A(G,) C L, since a rational map of P! to an abelian variety is trivial (cf. the
corollary to Lemma 7 in Chapter IIT of [26]). Suppose that A(G%,) # L. We can

form the quotient Z = Pic®(D)/A(G%,), which is as algebraic group (cf. Chapter
IT of [3]).
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We have a surjective morphism A : A — Z. There is an extension
0—-L—Z7Z—C—0,

where C is an abelian variety and L; is a nontrivial commutative linear algebraic
-1 . . . .
group. Then A (L) is a subgroup of A. Since A contains no rational curves, the

connected component B of A (L) containing the identity is an abelian variety
which surjects onto L;. We have an inclusion

F(Ll,OLl) C F(B, OB) =k.

Since L, is affine, L1 = spec(k).
Thus we have a surjection

A:G2 - L=GP xG)

for some 3, > 0. Suppose that v > 0. Taking an inclusion and a quotient, we have
a surjective homomorphism of algebraic groups, ¢ : G,, — G,. Every root of unity
in Gy, (k) 2 k* must map to 0 in G,(k) = k. Thus the kernel K of ¢, which is a
closed subgroup of G,,, is infinite. Thus K = G,,, and we have a contradiction,
showing that v = 0. Thus Pic?(D) is a semi-abelian variety. O

Proposition 5.6. Suppose that the reduced exceptional locus E of X is a simple
normal crossing divisor. Then Pic®(X) is a semi-abelian variety if and only if
Pic®(X) — Pic’(E) is an isomorphism.

Proof. Since E is a reduced divisor with normal crossings, it follows from [2], p.
488, that there is an exact sequence

0— GJ — Pic’(E) — [ [ Pic®(E;) — 0
=1

for some N € N. Since each E; is a smooth projective curve, each Pic’(E;) is
an abelian variety. We thus see that (with our assumptions on E) Pic’(E) is a
semi-abelian variety, and the sufficiency of the condition follows.

Let D be an effective exceptional divisor such that Pic’(X) = Pic®(D) and
D > E, as in Lemma [5.3] The analysis of [2] shows that there is a surjection
Pic?(D) — Pic®(E), and the kernel has a composition series with factors isomorphic
to G, and thus is isomorphic to G¢ for some a. If Pic?(X) is a semi-abelian variety,
we must then have that the kernel is trivial. O

6. STRUCTURE OF THE HILBERT FUNCTION h : N” — N

Let R be a complete normal local ring of dimension two, and let f : X — spec(R)
be a resolution of singularities with integral exceptional divisors F1, ... , E,.. Recall
that h(n) = ¢ (R/H%(X,0x(—Dy))) for n € N". In this section we will prove a
structure theorem for the Hilbert-Samuel function h.

The following result will play an analogous role to Lemma [£.8

Lemma 6.1. Let S be a subset of {1,...,r} and J = {1,...,r} \' S. For any
subset T of J and any map o : T — %N, there exist a map o’ : J\T — éN and
an effective divisor Co, with support in ;. g Ei such that:

(i) D_Q—Aﬁ:D_m—Amforﬂ,meP(a,ah)ﬁZr,Q—mEeSZT.
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(ii) Forn € P(a,a™)NZ", we have
H' (X,0x(-Dy)) = H" (X,0c¢,(-Dy)) .

In particular, if SUT = () then H* (X, OX(—D_Q)) =0 forn € P(a,a) N
7".

Proof. Let ¢ : J\T — %N be the map obtained in Lemma 48 Then, for
n € P(a,a®) NZ", the Q-divisor D_ﬂ — A, reaches only a finite number of values

By, ..., B:. Hence, for every n € P(a,a®)NZ", there exists k, 1 < k < t, such that
Dp= > @A +> a(j)A; + B
JEINT JET

Let I be such that —F is ample. From the exact sequence (§) tensored with
Ox(—Dy) (and since —D,, is nef) it follows that there exists mo € N such that
H' (X,0x(-Dy)) = H' (X,0pmor(—Dy)) forall p € P(a,a) NZ".

In an analogous way as in the proof of Lemma 2T, let moF = C, + C.,, where

Supp C, C UieSUT E; and Supp C/, C UjeJ\T E;. Then, there exists b € N such
that, if n € P(a, a®)NZ" and ljs(ﬂ) >bforj € J\T, then H'(X,Oc¢: (—Co—Dy)) =
0; hence

H' (X, Opor(~Dy)) = H' (X, 0c, (~Dy)) -

Therefore, the map o’ : J\ T — éN given by
o’ (j) = sup{a®(j),b} forj e J\T
satisfies the result. O

Definition 6.2. A function ¢ : Z" — Q is called periodic if there exists a subgroup
H of Z" such that Z"/H is finite and

o(n) =¢(m) forn,meZ",n—meH.
For example, from (28)) it follows that, for each polyhedral set P in the abstract
complex P in Theorem H.9, each of the components of the function
PNZ —Eq=Q", n— D,—-A,
can be extended to a periodic function on Z".

Proposition 6.3. There exists an abstract complex of polyhedral sets P subdividing
the fan ¥ in Corollary [J.3 with the same associated cones, such that, for n € N",

h(n) = Q(n) + L(n) + ¢(n),
where, for each P € P, we have:

i) Forn € PNN", Q(n) is equal to a polynomial of degree two with coefficients
(i) y g
in Q.
ii) Forn € PNN" we have L(n) = Y ., ©;(n) n;, where @; is equal to a
=1 12 2
periodic function, for 1 <i <r.
(iii) ¢ is bounded.
More precisely, if P C og (there always exists such an S), then
i') the polynomial in (i) has coefficients in w——7Z, and is the same for all
2(es)
P’ ¢ P such that P' C og; and
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(ii") the functions p; in (i) satisfy
pi(n) =¢i(m) forn,me PNZ",n—m € esZ".
Proof. From the Riemann-Roch formula (8),

h(n) —K(R/HO(X Ox(=Dn)))
= 3(—(Kx - Dy) — (Dﬁ)2)+h1(X Ox) = h'(X,0x(=Dn))
= 3(-(Ex - An) = (An)?) + 5(-Kx - (Dn A) (Dn — Ay)?)
(D~ Au) - Au) + H1(X,Ox) = B (X, 0x (~D,)).

If ¥ is the fan in Corollary B3, and we take P to be the abstract complex of
polyhedral sets in Theorem[£9] which subdivides ¥ with the same associated cones,
then, from Corollary 3 and Theorem [£9 it follows that

h(n) = Q(n) + L(n) + ¢o(n) — (X, Ox (~Dy)),

where, for each P € P, Q (resp. L) satisfies (i) and (i') (resp. (ii) and (ii’)), and
o also satisfies (ii’).
The function n — h'(X, Ox(—D,)) is bounded by Lemma 2.4 O

Corollary 6.4. There exists an abstract complex of polyhedral sets P subdividing
the fan X in Corollary[.3 with the same associated cones such that, for each P € P,
there exist mp € N, a set {Qp;(n)};2Y of polynomials of degree two, and a function
vp:PNZ" — {1,... ,mp} such that

h(n) = Qprypm)(n) forne PNZ".

Definition 6.5. Suppose that P C Q" is a polyhedral set. We say that a function
p: PNZ" — Q is semi-periodic if
(1) I =TImage ¢ is a finite set.
(2) For each i € I, there exists a finite set €;, and for each | € Q; we associate
an element m; € Z" and a subgroup A; C Z" such that forn € PNZ",

pn) >iene | m+A).
LeEQ;

Note that periodic implies semi-periodic, and the sum and product of semi-
periodic functions are periodic.

Theorem 6.6. Suppose that the residue field k of R is an algebraically closed field
of characteristic 0 and, either r < 2, orr > 2 and Pic®(X) is a semi-abelian variety.
Then, there exists an abstract complex of polyhedral sets P subdividing the fan X
in Corollary[{.3 with the same associated cones, such that, for n € N”,

h(n) = Qn) + L(n) + ¢(n),
where, for each P € P, we have:

(i) Forn € PNZ", Q(n) is equal to a polynomial of degree two with coefficients
in Q.
(ii) Forn € PNZ" we have L(n) = Y.._, pi(n) n;, where @; is equal to a
periodic function for 1 <i<r.
(i) Forn e PNZ", p(n) is equal to a semi-periodic function.
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Proof. Let 3 be the fan of Corollary[43] and P the abstract complex of polyhe-
dral sets in Theorem 9] (and Proposition 6.3) which subdivides ¥ with the same
associated cones.

By Lemmas B.1] and 6], the abstract complex P can be refined to an abstract
complex of polyhedral sets P’ subdividing ¥ with the same associated cones and
such that, for every P € P’, there exist disjoint subsets S,T of {1,...,r} and a
map o : T — %N such that P C Ps(a, "), where o’ is the map assigned to a in
Lemma [6.11

We will prove that for P € P’, the function n — h'(X,0x(—D,)) is a semi-
periodic function on PNZ".

Fix a polyhedral set P € P’. There are S and o : T — éN such that P C
P(a, o). If SUT = 0, then h'(X,0x(—D,,)) = 0 forn € PNZ". So, suppose that
SUT # 0. Then there exists an effective divisor C, with support in (J;c g, Ei
such that (i) and (ii) in Lemma [61] hold. Let {n;,...,n,} € PN Z" be such
that n;, — n;, & esZ” for i # k, and for all n € PN Z" there exists n; such that
n—n; € esZ’”, i.e.

t
PNZ =) Pn(n,+esZ"),
k=1
and the union is disjoint. Let H be the subgroup of esZ” given by the intersection
with egZ" of all hyperplanes L(m) = 0, where L is an integral linear form such
that there exists b € Z with P C {n € Q" | L(rn) = b}. Then

¢
(29) PNz’ =) Pn(n,+H),
k=1
and the union is disjoint. Note that H C {m € Q | Zf(m) =0 Vj € T}, since
P C P(a,a™). Thus, forn € PN (n, + H),
D_Q =A, + (Dﬂk - Aﬂk> = Aifﬁk + Dﬁk = Z l}g(ﬂ _ﬂk)Aj + Dﬂk'
JESUT

Therefore, for
m e (—n, +P)NH = PN (n, + H) —ny,

ngSuT ljs(m)Aj is a divisor. We can, if necessary, replace H with the subgroup

spanned by |, (—ny, + P)NH. Thus, for all m € H, 3 g ljs(m)Aj is a divisor.
Then, since Supp Co € |J;cgur i, we have a group homomorphism

(30) m:H—Pic’(Ca), me— Y 15(m) A;-Ca,
JESUT
such that
(31) Oc..(Dy) = m(n —ny) + Oc,, (D—Qk) forne PN(n, + H).
For fixed k, 1 < k <'t, the sets
(32)

Qi = {L € Pic’(Cy) | K (C, L' ® Oc, (—Dy,)) > i}, forieN,
are closed sets of Pic’(C,,) that define a chain

o Qi1 €S Qi €.l C Qg = Pic’(Cy)
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(cf. the proof of Theorem 8 in [9]). The chain is stationary, so there exists wy, such
that Qk,i = kak for i > Wk -
By (ii) in Lemma [61] (BI) and (32), we have

(33)  h'(X,0x(-Dy))>i<= m(n—n,) €U, forne PN(n,+H).

Suppose first that » < 2. Since SUT # (), then §({1,...,7} \ (SUT)) <1, and
the semi-periodicity follows as in Theorem [2.8] ([9], Theorem 8).

Now suppose that r» > 2; thus PiCO(X ) is a semi-abelian variety. By Theorem
5.3, PicO(C(y) is also a semi-abelian variety. For fixed k, 1 < k < t, let us consider
the group homomorphism 7 : H — Pic’(C,) in @B0) and, for 1 < i < I, the
closed set Q. ; of Pic’(C,) in (B2). From Proposition B applied to 7w and each of
the irreducible components of the Zariski closure in Pic’(Cy) of Qi N w(H), we
conclude that there exist a finite set Ay ; and, for each § € Ay ;, m; € H and a
subgroup Ms of H such that

m(m) € Qi <==me | J (my+ My).
5EA1€,1‘,

Let 9 ; : H — N be defined by

[ 1 ifmeUsen,  (ms + Ms),
Yr,i(m) = { 0 otherwise.

Let ¢y = 37 9k i, and

vy +H) =N, 9(n) =ven—n,) ifne (n,+ H),
k=1

which is well defined since the union in (29) is disjoint. By (33)) we have
h* (X, Ox(—=Dyn)) =v¢(n) forne PNZ".

Hence the result follows. O

7. RATIONALITY OF THE SERIES DEFINED BY h

In this section we will derive from Theorem the rationality of the series
> nene h(n) t* when the conditions of Theorem [6.61 hold (Theorem [7.7).

‘A cone o is strongly convex if {0} is the maximal linear subspace contained in
o. A polyhedral set P in Q" is a module over its associated cone op in the sense
that op + P C P.

Theorem 7.1. Let P be a polyhedral set in Q" whose associated cone op is strongly
convex. Then PNZ" is a finitely generated module over the semigroup op NZ".

Let P={n € Q" | Li(n) > b;,1 < i < m}, where m € N and, for 1 <1i < m,
L; is an integral linear form on Q" and b = (by,... ,by) € Z", as in (2I). Define
L:Z" - Z"byv— (Li(v),...,Ln(v)). L is 1-1, since op contains only the
trivial linear subspace. Let Dy, D_ C Q™ be the regions

Dy ={(z1,...,%m) |2 > 0,1 <i<m},

D_={(x1,... ,&m) | 2; <0,1 <i<m}.
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Set P=PNZ,6p = op ﬁ_Z”". L gives 1-1 correspondences between op and
Image(L) N D4 and between P and Image(L) N (b + D4). There is a partial order
on Q™, v; < w, if all components of v; are < the corresponding components of v,.

DeﬁEition 7.2. We say that v € P is a minimal generator if v = w + vy with
w € P, v, € op implies v = w.

Theorem [Tl is an immediate consequence of the following lemma:
Lemma 7.3. (i) The set of minimal generators of P generates P as a 5p-module.

(ii) If v is a minimal generator of P, then

(L(v) + D) N L(P) = {L(v)}.

(iii) There are only finitely many minimal generators.
Proof. We first prove (i). Suppose that w € P. If w is a minimal generator, we are
done. Else, there exists w; € P and v; € ap such that v; # 0 and w = w; + v;.

If w, is not a minimal generator, we can repeat. In this way either we realize

w as a sum w = w’ + v’ with w’ a minimal generator, v’ € p, or we construct an
infinite sequence

W =Wy + Uy, Wy =Wy + Vg, -+ yW; = Wi q +Qi+17"'

with 0 # v, € op and w, € P for all i. We have then an infinite sequence of integral
vectors

L(w) > L(wy) > --- > L(w,;) > ---

in the region b + D, a contradiction.
Now we prove (ii). Suppose that v is a minimal generator which does not satisfy

this property. Set w = L(v). Then there exists w # w; € L(P) N (w+ D_). There
is v, € P such that w; = L(v;). Also,

L(v—v;) = w—w; €Dy NImage(L)

implies v — v; € op, and v = v; + (v — v;) implies v is not a minimal generator, a
contradiction.

Finally, we prove (iii). Let {v;}ics be the set of minimal generators of P over
op. To each minimal generator v;, associate

w;, =L(w;,))—be D NZ™ =N™

The u, are pairwise not comparable by our partial order by (ii). Let J be the ideal

J= (% |iel)Cklz,... ,zm]
J is finitely generated and {z%: | ¢ € I} is a minimal set of generators of J, so I is
finite. O
Corollary 7.4. Let P be a polyhedral set in Q" whose associated cone op is strongly
convex. Then, there exist a polynomial p(t1,... ,t,) € Zlt1,... ,t.], s € N, and
nonzero ay, ... ,a, € N” such that
Z tﬂ—tQ p(t17...,t7-)
L - =z S _ fa; *
nePNZr Hi:l(]‘ i )
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Proof. 1f k is a field, then

is a N"-graded k-algebra, which is finitely generated over k (]|2§], Theorem 1.3.1).
By Theorem [7.1],

kPNZ'l= P kt*
nePNZ"

is a finitely generated Z"-graded k[op N Z"]-module. Its Hilbert series is
> dimk[P N Z], t2,

a€Zr
and
. ~ |1 ifaePNZ,
dimk[P N Z']a = { 0 otherwise.

By [28], Theorem 1.2.3, we conclude the result. O
Theorem 7.5. Let P C Q% be a polyhedral set in Q". Let M C Z" be a subgroup
and m € Z". Then, there exist a polynomial p(ty,... ,t.) € Z[t1,... ,t.], s € N,
and nonzero ay, ... ,a, € N such that

Z = p(tla"'vtr)

n€PA(m+M) H§:1(1 — %)
Proof. We have
PN(m+M)=m+ ((-m+P)nM)
if the intersection is nonempty. The set —m + P is a polyhedral set in Q". Write

M:éBZ m;
j=1

for some r’ < r. Set

Mq=MezQ=PQm; Q"

j=1
and P’ = (—m+P)NMgq. With respect to the basis {m,, ... ,m,.}, we can identify

M with Z™" and Mgq with Q"'. Then, P'isa polyhedral set in Q" whose associated
cone is strongly convex. Corollary [[.4] implies

S oo 20T
" - L (1 —-1T%)

(A1yeee s A )EP'NZT

for some p'(T1,...,T,) € Z[T1,...,T,], where the o; = (®vi1,... Q) € YA
1 <i <s, are such that {3°7_, i jm;};_, generate op N M as k-algebra. Since

Do =m0 e

n€PN(m+M) (M, A )EP'NZ
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we conclude that

Z o — tep(te,... tr)

= T dTTs ) b\’
nePN(m+M) L[y (2% = 2%)

where t€ p(ty,... ,t,) and t¢]](t% — t%) are relatively prime in Q[t1,... ,t.], and

_ T . : r
b, —a, = ijl a;jm; . Since P C Q.

Z tﬁ S Q[[tla e 7t7"]] N Q(tlv cee 7t7") = Q[tlv cee 7t7"](t1,...,tr)~

nePN(m+M)

Thus d =0, and g, = 0 or b, = 0 for all 4. O
By formal differentiation of both sides of [[.5} we obtain the following corollary.

Corollary 7.6. Let P C QX be a polyhedral set in Q". Let m € Z", let M < Z"
be a subgroup, and suppose that q(n) is a polynomial in Q[ty,... ,t.]. Then, there
exist s € N, nonzero aq,...,a, € N", d; € N and a polynomial p(ti,... ,t.) €
Qlt1,. .. ,t,] such that

Z q(ﬂ)tﬂ: p(tla"' 7t7")

n€PN(m+M) [[im (1 —t%)
with d; < deg(q) + 1.

Theorem 7.7. Suppose that k = R/m is an algebraically closed field of char-
acteristic 0, and either r < 2, or r > 2 and Pic®(X) is a semi-abelian variety.
Then, there exist s € N, nonzero a,,...,a, € N", d; € N and a polynomial
p(t1, ..., tr) € Qlt1,... ,t,] such that

Z h(ﬂ) tﬁ: p(tl,...,t,«)

neN” - [[= (1 —t2)d

In particular, the series
> hlw) t*
neN”
is a rational series.
Proof. Let notation be as in Theorem [6.6]and its proof. Let X be the fan consisting

of the cones og of Definition [4.1] and their faces, and let P be the abstract complex
of polyhedral sets subdividing ¥ of Theorem [6.60. Put a well ordering on P. Let

a = #(P). Then
PRIDEED P C I Y > h(n)t*
neNT i=1 71<<vi \REPy,N-~NP,,NZ"

We are reduced to showing that if @ > 0 and y; < --- < 74, then
> e
n€P,, N---NP,, NZ"

is rational. Let A = Py, N---N P, , which is a polyhedral set. Let P = P,,. By
assumption there exists og € ¥ such that P C og. With the notation of the proof
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of Theorem [6.6] we have {n,,...,nz} such that P N Z" is the disjoint union

t
PNZ =) P +esZ").
k=1
Thus

> hmr=>" > h(n)t™.
k=1

neANZ” neAN{n, +esZ"}
We can now fix k with 1 <k <t. Forn € AN {n, + esZ"}, we have
h(n) = q(n) +¥(n),
where ¢(n) is a quadratic polynomial and (n) = h'(X,Ox(—D,)) is a semi-
periodic function. We have
> h(n)t* = > q(n)t™ + Y. v
neAN{n,; +esZ"} neEAN{n; +esZ"} neEAN{n; +esZ"}

By corollary [.8, the first series is rational.

Let Ay, be the sets of the proof of Theorem B8, with associated ms € Z" and
subgroup Ms of Z" for § € Ag,;. Let w = max ¢(n). Let By = AN {n, +esZ"}.
For n € By we have

) ziene |J (ms+ M)

0EAL,;
and
w
o =Y | > x|,
n€By i=1 \neBy
where

i

0 ifn ¢ Usea, (5 + Ms).
Fix ¢ and well order the set A ;. Then

2 xilw = ()7 D) 2 ik

n€ By j>1 §1< <35 EEBMW(E&I+M51)ﬁ---ﬁ(ﬁa7.+M5j)

1 ifnel (mg + Ms),
Xi(n) = { P€Ak 0

where 01,...,0; arein A ;. If ng € (ng, + Ms,)N---N (ﬂéj + Ms,), then
(ns, + Ms,) O -0 (ng, + Ms;) = ng + Ms, N -0 Ms,.
Thus rationality now follows from Theorem [0l O

Corollary 7.8. Suppose that the divisor class group CI(R) of R is an extension
of a finite group by a semi-abelian variety, and f : X — spec(R) is a resolution of
singularites. Then the Poincaré series

> b

neN”

18 a rational series.
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Proof. Cl(R) is an extension of a finite group by Pic?(X) [19]. The result is then
immediate from Theorem [7.7] (|

8. IRRATIONALITY IN CHARACTERISTIC p > 0

In this section we construct an example where the residue field has positive
characteristic p > 0, there are two irreducible exceptional components, and the
associated series are not rational. Recall that if the residue field has characteristic
zero, and there are two exceptional components, then the associated series must be
rational (Theorem [7.7).

Theorem 8.1. There exists a two-dimensional complete normal local ring R con-
taining a field of characteristic p > 0, and a resolution of singularities g : W —
spec(R) with two exceptional divisors Cy and D such that the series

(34) Z (W, Ow (—mCy — nD))s™t"
m,neN
and
(35) > UR/T(W,Ow(—mCy — nD)))s™t"
m,neEN

are not rational series.

Throughout this section we will use the notation of Example 5 from [9]. In
this example, a two-dimensional complete normal local ring R is constructed which
contains a field of characteristic p > 0, and a resolution of singularities g : W —
spec(R) with two exceptional divisors Cyp and D. Example 5 from [9] gives an
explicit calculation of h'(W, Oy (—nCo — nD)) as a function of n. This function is
bounded, but is not eventually periodic.

We will analyze this example to give counterexamples to the rationality questions
which we consider in this paper, in positive characteristic.

Proposition 8.2. Suppose that 0 < b <a < 3b— 3. Then

ifa—b>2,

ifa—b=1,a is not a power of p,
ifa—b=1,a is a power of p,

if a =b,a+ 1 is not a power of p,
if a =b,a+1 is a power of p.

hl(VV, Ow(—aCO — bD)) =

N = = O O

Proof. The case a = b is proven in Example 5 of [9]. The same arguments extend
to prove the theorem. In fact, in the case a > b, we also reduce to

HY(W, 0w (—aCy — bD)) = HY (W, Osc, (—aCy — bD)).
In

0—Oc((a+1)(n—P)+(a+1-b)P) = O, (-aCo - bD)
(36) — Oc(a(n—=P)+(a—=b)P) =0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1862 STEVEN DALE CUTKOSKY, JURGEN HERZOG, AND ANA REGUERA

a > b+ 2 implies all H! in (B8] vanish. If a = b+ 1, then
hY(C,Oc((a+1)(n—P)+ (a+1—b)P)) =0,
h(C, Oc(a(n — P)+ (a—b)P)) = hl(C, Oc(a(n—P)+ P)

| 0 if ais not a power of p,
1 1 ifaisa power of p.

Let g : W — spec(R) be the morphism of Example 5 [9]. Set
aij = h' (W, Ow (=iCy — jD)),

h= Z aijsitt.

1,j>0
Suppose that h is rational, so that there exists a nonzero polynomial
T

Q = Z bijSilfj

i,j=0

such that Qh is a polynomial,

Qh = Z zr: bijam,i,n,j s,

m,n \4,7=0
There exists ng such that
T
E bijam—in—j =0
1,j=0

for m,n > ng.
Set m = n + r + 1, and suppose that n > max{ng + r,2r + 3, 2pr}. Then

r
E bijanJrrJrlfi,nfj =0
1,j=0

Wehave 0 <n—j<n+r+1—i<3(n—j)—3for 0 <4, j <r,soby Proposition

B2, all the ay4yt1—i,n—; vanish in this range, except for

u | 0 ifn+1isnot a power of p,
ntln 1 ifn+1isa power of p.

If we take n = p* — 1 with ¢ sufficiently large, we then get
0= broanJrl,n - br0~

Now assume that o is a natural number such that 0 < o <r —1 and b;; = 0 if
i—j>a+ 1. We will prove that b;; =0if ¢ —j > a.
Suppose that n > max{ng + r,2r + 3, 2pr}.
Suppose that 0 < i, <randi—j<a. Seta=n+a+1—-i,b=n—7j. We
then have
a—b=n4+a+l—i-(n—j)=a+l+j—i>2
3b-3=3n—5)—-3>3n—-3r—3>n+r>n+a+l—i=a.
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By Proposition B2 aptat1—in—j =01if ¢ — 7 < . So

r
0 = Zi,j:o bijanJraJrlfi,nfj
- i—j=a bijanJraJrlfi,nfj

ba,0 ifn=pt—1,

bat1,1 ifn=p,

brroo n=p+r—a-1

(This is where we use n > 2pr.) Thus b;; =0if i — j > a.

We have proved that b;; = 0if i —j > r, so by descending induction we conclude
that b;; = 0 for all 4, j, and @ = 0, a contradiction.

Let

h(m,n) = £(R/H*(W, Ow (—mCy — nD)))
be the function of (@). By the local Riemann-Roch formula (@), there exists a
quadratic polynomial A(m,n) such that

h(m, n) = E(R/HO(W, Oy (~mCo — nD))

= A(m,n) — h*(W, Ow (=mCy — nD)) if m,n > 0.

Thus the series (B3]
Z h(m,n)s™t"
m,neEN

is not rational.

9. IRRATIONALITY IN CHARACTERISTIC ZERO

In this section, we construct an example of a resolution X — spec(R) where
k = R/m has characteristic zero, there are 3 exceptional components, and the
associated Poincaré series is not rational.

Theorem 9.1. There exists a two-dimensional complete normal local ring R, con-
taining a field of characteristic 0, and a resolution of singularities g : X — spec(R)
with three exceptional divisors C, Fy and Fy such that the series

(37) Z hl ((’)X(—nlC — n2F1 — ’I’LgFg))t?lt;lztg?’
ni,n2,ng€EN
and
(38) > UR/T(Ox(—niC — noFy — ngFy)))t1 152158
ni,n2,nz€EN
are not rational series.
Lemma 9.2. Suppose that X is a nonsingular projective surface over C, and

Fy, ... F. are integral analytically irreducible closed curves contained in X such
that (F;-F;) is negative definite. Let F' = Fy+---+F,. Suppose that F' is connected.
Then there exist a complete normal local ring A with mazimal ideal m, and a pro-
jective A scheme 7 : Y — spec(/i) such that 7 is birational, and an isomorphism
away from m, =1 (m)rea = F, and the formal schemes Yr and Xr are isomorphic.
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Proof. By Grauert’s contraction theorem [10] there exist a neighborhood S of F
(in the complex topology), a normal analytic space U, and a bimeromorphic map
A : S — U such that F is the exceptional locus of A\. Let ¢ € U be the point
such that \(F') = ¢, A= O{},q with maximal ideal n. Since the F; are analytically
irreducible of dimension 1, there exist an effective divisor D on X whose support is
F, an ideal sheaf J on X such that the support of Ox /7 is 0-dimensional, and if
T = Ox(=D)J, then nO% = TO%L. Let A be the n-adic completion of 4, m = nA.

Let V4,...,V; be an affine cover of F in X, R; = I'(V;,0x), I; =T'(V;,Z) for
1 < j <t. We have compatible C-algebra homomorphisms A/n’ — R;/I jl for all 4
and j, defined by the composition

A/n' = T(S,0%/T'0%) =T(X,0x/T") — I'(V;,0x /T").
The middle equality is by [27]. We thus have homomorphisms A — ]:Bj, where

R; is the Ij-adic completion of R;. Each R; is a domain (since R; is regular and
excellent). We have isomorphisms

A= Az, ... 2]/ (21 — aq,... x5 — ay)
and
R; = Rj[[x1,... ,xa)]/(z1 — a1, ..., xq — ay),
where (a1,...,as) is a basis of n.

Since R; is of finite type over C, Rj is of finite type over A. Since F is con-
nected, we have an integral scheme Y = Uspec(Rj) of finite type over spec(/l),
with morphism 7 : Y — spec(zzl) such that Oy /m‘Oy = Ox /T* for all i. By the
valuative criterion for properness, Y is proper over spec(fi), since F' is proper over
C, and A has dimension 2.

Now we see by Grauert’s comparison theorem (cf. Chapter III, Section 3 of [4]),

[27] and the theorem on formal functions ([12], III, section 4) that

A =1lmT(S,0%/T"08) = limT(X,0x /") =T(Y,0y) = | R;

is integrally closed in the function field C(Y) of Y. Since Y and A have dimension
2, the function field C(Y) of Y is finite over the quotient field Q(A), so that

Q(A) = C(Y). By Zariski’'s Main Theorem, 7 : ¥ — spec(A) is an isomorphism
away from m, and 771 (m)eq 2 F.

Finally, we will show that 7 is projective. There exists an effective divisor D =
> b; F; with support F' such that

(=D -F;)>0for1<i<r.
Thus there exists ng such that Op(—nD) is very ample and
HY(D,0p(-nD)) =0 if n > ny.
From the exact sequence
0 — Op(—nD) — Oy1yp — Onp — 0
we conclude that

HY(X,0y(—=ID)) = lim H (Y, 0,p(~1D)) = 0 if | > ny.
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We thus have a surjection
HO(Y, Oy (~=nD)) — H(D, Op(~nD))

if n > 1. In particular, K, = H°(Y,Oy(—aD)) is generated by global sections if
a > 1, so that @@, Ky is a finitely generated A algebra (cf. Proposition I11.3.3.1
in [12]). Thus there exists ¢t > I such that €, ., K¢n is generated in degree 1, so
that Ky, = K[ for all n > 1. If v; is the discrete valuation with valuation ring
OY,FH then

Ko={f€A|vi(f)=abfor 1<i<r},

so that each K, is an intersection of valuation ideals, and is thus integrally closed.
Thus @,,~, K{* is a normal ring, and Z = proj(€p,,~, K}') is a normal scheme.
Since KO0y = Oy (—tD) is invertible, we have a birational morphism 7 : Y — Z
which is an isomorphism away from F. As K;Op is very ample, 7 does not contract
any component of F'. By Zariski’s Main Theorem, 7 is an isomorphism. ([

Lemma 9.3. There exists a rational, complex Gorenstein projective curve C which
has an isolated singularity p, with local ring

Oc = Clt?, t5](t2,t5),

and the following properties:

(1) C has arithmetic genus p,(C) = 2.

(2) If L is a line bundle on C and deg(L) > 8, then L is generated by global
sections.

(3) If L is a line bundle on C and deg(L) > 10, then L is very ample.

(4) If L is a line bundle on C of negative degree, there exist a nonsingular
projective surface S and an embedding C' C S such that C-C ~ L.

Proof. Let Cy = V (2323 —x]) C Xo = P&. Cp is a rational curve with two singular
points, go = (0: 0: 1) and ¢ = (0 : 1 : 0). We will resolve the singularity at ¢;.
o P

There are regular parameters y = T 2= ooatqr, and

OCO,ql = (C[y, Z]/ZB - yB)(y,z)'

Let m : X7 — Xo be the blowup of ¢;. Let C; be the strict transform of Cy on
X1. Let By = ﬂfl(ql), g2 = E1 NCy. Let (y1,21) be the regular parameters at go
defined by y = y1,2 = y121. Then zi?’ — y% = 0 is a local equation of C at go. Let
79 : X9 — X1 be the blowup of ¢go. Let Cs be the strict transform of C'; on X5, and
let By = 717 *(g2) and g3 = E> N Cy. Let (ya,22) be the regular parameters at g3
defined by y; = y229,21 = 22. Then 2z —y5 = 0 is a local equation of Cy at g3, and
(5 is thus nonsingular at q3. Set m = m; o mo. Identify E; with its strict transform
on Xs. qo is the only singular point on Cy. We have

WT(CQ) =(C1 +3E;. W*(CQ) = (Cs +5FE5 + 3F,
C2 . CQ ~ 71'*(00) . CQ — 5E2 . C2 —3E1 . CQ.

Cs - E5 and Cs - Fy are supported at go, y2 = 0 is a local equation of F; at ¢o, and
zo = 0 is a local equation of Fs at go. Thus Cs - E1 = ¢, Cy - E5 = 2¢o, and

CQ . CQ ~ W*(Co) . CQ — 13(]2.
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Let V be a general quintic curve on Xy. We have
V-Co=p1+ -+ pas,
where p1, ... ,p2s € Cp are distinct nonsingular points. Also,
7 (Co) - Cy ~ (V) - C2 = p1 + -+ + pas.
Thus
Cy-Cy ~p1+ -+ p2s — 13¢a.

Set D = C5 - C3. We have that deg(D) = 12,
g X1 X1

Ocya0 = ClI=—, —11/(-5)* = (

T2 T2 T2 T2

20y5 = C[[2, )] ¢ C[[Y]

and £(C[[t]/O¢y.q0) = 2- Let C = Cy.
The arithmetic genus of C is thus

pa(C) = pa(P') +2=2

(cf. Exercise IV 1.8 [14]).

Since C'is a local complete intersection, the Riemann-Roch theorem is applicable
on C (cf. Exercise IV. 1.9 in [14]). In particular, there is a canonical bundle we on
C such that for any line bundle £ on C, h'(C, £) = h%(C,wc ® L71) (Serre duality)
and x(£) = deg(L) + 1 — po(C). We further have deg(we) = 2p,(C) — 2 = 2.

C has an affine cover by open sets U; = spec(C[t?,t°]) and Uy = spec(C[1]).
Let 0o be the point on C' with maximal ideal (%) oo is the point g3 on Cj.
Let p be the point ¢y on C. Let m be the the ideal sheaf of the point p. Then

(U, m) = (t3,t°) C C[t?,t%]). Consider the line bundle £; defined by
HO(Uy, L) = C[t2,15)¢2,
HO(Us, L1) = C[3],
and the line bundle £y defined by
HO(Uy, L2) = C[t2, t5]t5,
HO(U,, L3) = C[1].
Multiplying £1 by t% and Lo by t%, we see that £1 2 O¢(—200) and Ly
Oc(—500). We thus have short exact sequences
(39) 0— Ky — Oc(—200) @ Oc(—500) — m — 0,
(40) 0 — K2 — Oc(—400) ® Oc(—~To0) — m?* — 0
of coherent O¢ modules, for some modules K1 and K.

Let a € C be a closed point, with ideal sheaf m,, and let £ be a line bundle on
C. From the exact sequence

0—Lmg — L—L/Lmy — 0

we see that £ is generated by global sections if H'(C, Lm,) = 0 for all a € C. By
Serre duality, we have that if A is a line bundle of degree > 2, then H'(C, ') = 0.
By (B9) we see that £ is generated by global sections if deg(£) > 8.
By Proposition 11.7.3 in [14], a line bundle £ on C' is very ample if
(1) L is generated by global sections,
(2) H°(C, Lm,) — H°(C, Lmgy/Lmgmy) is surjective for distinct closed points
a,be C, and
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(3) HY(C,Lmg) — HO(C, Lm,/Lm?2) is surjective for every closed point a € C.
From the exact sequences
0— Lmgmpy — Lmg — Lmg/Lmgmy — 0
and
0 — Lm? — Lmg — Lmg/Lm? — 0,

Serre duality, (89) and ({0), we see that L is very ample if deg(L£) > 10.
Suppose that £ € Pic(Cs) has degree —e < 0. Let r = e+12. Then deg(D—L) =
r > 10 implies D — L is very ample, so by Bertini’s theorem,
D—-—L~a+ - +a,,

where a1,...,a, € Cy are distinct nonsingular points in Cs. Let A : X3 — X5 be
the blowup of a1, ... ,a,. Let F; = A\"1(a;) for 1 <i <r. Let C3 = C be the strict
transform of Cy. Then A\*(Cy) = C5 + Fy +--- + F,., and
Cg'CgN)\*(CQ)'Cg—al—"-—CLTND—al—"-—aTN[/.
O

Let C be the curve of Lemma [I3], with singular point p. Let 7 : P! — C be
the normalization of C, with function field C(P') = C(t), where ¢t = 0 is a local
equation of ¢ = 7~1(p). Let co € C be the point with local equation % =0. Let

Div® = group of Weil divisors of degree 0 on C' — p.
Pic’(C) 2 Div’/~,
where Dy ~ Dy if Dy — Dy = (f) for some f € C(t) which is a unit in O¢; (cf.
I1.6 in [14]).

Suppose that D € Div?. There exists fp € C(t) such that (fp) = D (divisor
computed on P1), and fp is unique up to multiplication by a nonzero constant in
C. Define A : Div? — C? by

3

AD) = (108 7o) o Glox( o) o)

A(D) is a well defined group homomorphism.
For D € Div’, we have an expansion

(o]
fo=> ait' € Op1 , = C[t]],

i=0
where ag # 0. We have fp € @C’,; if and only if a3 = ag = 0. Since fp € C(t) and
Oc = Ocs NC(t) (cf. Lemma 2 in [1]), fp € Ocp if and only if a; = a3 = 0.
Since A(D) = 0 if and only if a; = ag = 0, we have A(D) = 0 if and only if D ~ 0.
By allowing a; and ag to vary, we see that A is onto. Thus A is a group isomorphism
of Pic(C) with C2.

We will consider the Abel-Jacobi map

AJ:C —{p} — C?

defined by AJ(a) = A(a — 00). We have

dlog(t — ) d®log(t — ) 1 2
At = (FE G oo S ) = (2 )
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Define the image of the Abel-Jacobi map to be

W = AJ(C —{p})-
W is the subvariety of C? defined by y = 223.
Lemma 9.4. Suppose that D € Div®. Then

0 i AD)¢W,

h'(C,0c(D + 0)) = h°(C, Oc (D + o)) = { 1 if A(D) e W.

Proof. There exists f € C(t) such that (f) = D (divisor computed on P'). Then
H°(P',0p1(D + 0))
has C basis %, %, and

H(C,0¢(D + 00)) = {A € H*(P',0p1(D +00)) | A€ Oc 3} .

There is an expansion

t t + ast? +
Lot +ay
f

in C[[t]] = @plﬂ, where a; # 0, so % & Ocp. For 0 # a € C,

tha € Ocp @A(—D-FO&—OO):O
< A(D) = AJ(a).

We further have

1

7 €0cp & A(—D)=0< A(D) = AJ(0) =0.
Since p, (C) = 2, the equality of h° and h! follows from the Riemann-Roch theorem.
O

Suppose that M is a line bundle on C of degree —d with d > 3, and p1, ps are
distinct points on C — {p}. Let L= M®@Oc(p1 +p2). LemmalI3 shows that there
exists a nonsingular surface S and an embedding C' C S such that C-C = L. Also,
deg(£) < 0 and C is a local complete intersection in S, so by Lemma L2 there is a
birational (projective) morphism 7 : ¥ — spec(R), where R is a complete normal
local ring of dimension 2, with exceptional divisor C' such that Y is nonsingular,
C-C=L.

Let X — Y be the blowup of Y at the points p; and po, with exceptional divisors
Fy and F5 (both isomorphic to P1). Identify C with its strict transform on X. Then
X — spec(R) is a resolution with exceptional curves Fi, Fy and C, C - C' ~ M,
C'Fl = P1, CFQ = P2, (Ff): —1, (F22)= —1.

Lemma 9.5. Suppose that N is a line bundle on X such that
WN-C)>4—d, (N -F1)>0,(N-F) >0
or
N-C)=4—d,N -CAwc+L,(N-F)>0,(N-F)>0.
Then HY(X,N) = HY(C,Oc @ N).
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Proof. We have exact sequences

0— 0F1+F2(—n(F1 +F2+C) — C)@N — O(n+1)(pl+p2_|.c) QN

= On(pitmtoyrc ®N — 0

for n > 0, and

(42)

0= Oc(—n(F1 + P>+ C) 9N = Opp 4 morcyre @N — Ongry 4 myp0) @N — 0

(41)

for n > 1. Moreover,

(C-(—n(FL+ F+C))+(C-N)

and
(F - (—n(Fi+FB+C)-C)+ N F)=-1+N-F)>-1
for i = 1,2. Thus
HY(X,0p(p 4 yrc) ®N) 2 HY(C,0c @ N)
for all n > 0, and
HY(X,N) 2 lim HY(X, Op(ry 4 1)) @N) 2 HY(C,0c @ N).
O

We will now fix d = 3, and continue to assume that M is a line bundle of degree
—d=—-3on C. Let L =M + 300. Set

A1 =—2F1—F2—C,
Ay =—F —2F,—C,
As =-F—-F-C.

A1, Ao, A3 generate the integral lattice 7% in RFy +RF,+RC, and if C = F3, then
(A;- Fj) =05 for 1 <4, < 3. Set A; = A;-C for 1 <4 < 3. For a point p € C' —p,
set p = p — co. Then

Al ==2p1—ps—-M ~=2p, —D, - L

Ay =-p1—2pp—M ~-p, —2py— L
Now we will fix p1, p2 and M so that p; = (0,0), p, = (—1,-2), L= (1,1). Then
A; =(0,1), A2 = (1,3). By Lemma @4 for m,n >0

1 — — [ 1 m=2n-3n,
(43) h(C, Oc(mAy +nls + F1)) = { 0 otherwise.
Lemma 9.6. There exists at most one divisor D = —aF} — bFy — ¢C on X such
that D - C ~ wc¢.

Proof. Suppose that D - C ~ we. Then
deg we =2po(C)—2=2=(D-C)=—a—b+ 3c,

we — 200 ~ —ap; — bpy — cL
~=b(-1,-2)—¢(1,1) = (b—¢,2b—¢),

which implies that there exists at most one value of (b,¢) such that D - C ~ wc.
Since a = 3¢ — b — 2, there is at most one value of (a, b, ¢). O
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Lemma 9.7. There exists a number A such that a+b-+c > X\ and a,b,c > 0 imply

0 ifc>2,
RYX,Ox(ah; +bAy +cA3)) =4 1 ifc=1,a=2b>—3b—1,
0 ifc=1,a#2>—-3b—1.

Proof. By Lemma [0.0] there exists A > 0 such that a,b,c > 0and a+b+c¢ > A
imply
(ah1 +bAs+cA3) - C fwe+ (F1 + o+ C)-C ~wc+ L
and
(a1 + bAg + cA3z) - C # we.
By Lemma @5l a,b >0, ¢ > 2 and a + b+ ¢ > A imply
HY(X,0x (a1 + bAy + cA3z)) = HY(C,Oc(al; + bAs + c¢A3)) =0,
since (C - (aA1 4+ bA2 + cA3)) > 2 = 2p,(C) — 2. By Lemmal@5]
HY(X,0x(aM; +bAy + A3)) = H(C,0c(al + bAs + A3))
= H'(C,0c((a+ 1)A; + bA; + 00)),
since
aly +bAy+ Az = (a+ 1)A; + bAs + F,
and Lemma 07 follows from (Z3). O
We will now give the proof of Theorem II. Set R = A, and let the notation be

as above for the surface X. Set a;jx = h'(Ox(—iFy — jF, — kC)). We will first
show that the series

e}

— § : i 17 1k

f = aijktﬁtQt?,
1,7,k=0

of (1) is not rational.
Suppose that f is rational. Then there exists a nonzero polynomial

T
Q= ) birtityts
i, F=0

such that f@ is a polynomial. Thus there is ¢ > 0 such that

T
Z l—im—jn—kbijk =0
1,J,k=0
whenever [ +m +n > o and [, m,n > r.
We will prove that Q = 0, and derive a contradiction to the assumption that f
is rational, by induction on 0 < « in the following statement:

If 7,4, k are such that 0 < i,5,k <r
and 3r+1)+i+j—3k<1+a,
then b;j, = 0.
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The statement is vacuously true for a = 0, so we will assume it to be true for a
and prove it for a4+ 1. Set

I =2a+b—-1+4aq,
m =a-+2b,
n =a+b+r,

where a, b are abitrary, subject to the conditions
a> max {o,A\+4r}, b> max {o,\+4r},
where ) is the integer of Lemma 07 For 0 <14,5,k < r, set
Dijy =—(1—9)F —(m—j)F, — (n—k)C.

We have (Dyji - Fi) > 1, (Diji - F2) > 1 and

(Diji - C)=Br+1)—a+i+j— 3k.
We have (by Lemma [0.7))

A—im—jn—k =0if 3r+1)—a+i+j—3k>1
and (by assumption)
bijk =0if Br+1)—a+i+j—3k<1.

Thus

0= Z a1—i,m—jn—kDijk-
(3r+1)—atitj—3k=1

If 3r+1)—a+i+j—3k=1, we have (Djjx — F1)-C) =0, so
Diji ~ AL +vAo +
with

B=(1—-i+1l)—(n—k)=a+a—-r—i+k,
y=m—j)—(n-k)=b-r—j+k

For fixed (a,b) and (i, j) satisfying 0 < ¢,j <rand 3r+1)—a+i+j+3k =1,

0 if B#2y% -3y -1,
hl(X,Ox(Dijk))_{ 1 ifgiz%—?g—l

by Lemma since
Diji; ~ (8 —1)A1 +vA2 + As.

We now observe that, given n > 0, there exists m(n) > 0 such that if g > m(n)
is an integer, and yo = 223 — 3x9 — 1, then

([0 = 1,20 + 1] % [yo = n,yo +n]) N 2% N {y = 2% = 30 — 1} = {(x0,10)}-

We can thus choose (a, b) so that for any i, j, k such that 0 < 7,7, k < r satisfying
Jr+l—a+i+j+3k=1,

T
0= E Qi—i,m—jn—kbijk = by
i\7 k=0

We thus conclude that the series of (31 is not rational, and by the local Riemann-
Roch theorem (B), (B8) is not rational.
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10. A NONTRIVIAL SEMI-PERIODIC Al

We give an example showing that A' is a nontrivial function.

Let Z = P? be two-dimensional complex projective space. Let C' be a nonsin-
gular cubic curve in Z.

Fix a point ps € C as the 0 in the group law on C. For p € C, let p be the
divisor p — peo. We then have a group isomorphism C' — Pic?(C) given by p — p.
Let p1,p2 € C be distinct points such that p; = —p, # 0.

By Bertini’s theorem, there exists a cubic curve V' in Z such that

V- C=Q1+ Q2+ -+ Qo,

where Q1,...,Qg,Poo,P1,p2 are distinct points. Let 7 : X — P2 be the blowup

of Qla"' 7Q9;p1ap27poo~ Let E_|1 = Wﬁl(}?l), E2 = Wﬁl(}b), F’L - Wﬁl(@i); for
1<i<9, Ex =7 Y(pso). Let C be the strict transform of C' on X. Then

ﬂ*(C)-UNV'C=Q1+"'+Q9
and 7 (C) = C+ Fy + -+ + Fy + Eo, + Ey + Es, so that
C.-Cn~ ~Poo — P1 — P2.
By Lemma [0 there exist a complete normal local ring R, and a birational mor-
phism X : Y — spec(R), where the reduied exceptional fiber of A is C + E; + Ey
and the formal completion of Y along C'+ Ej + E» is isomorphic to the formal
completion of_X ilong C+ FE+ Es.
Let L=—-C-C — 3ps. Then
'C = pl +p2 ~ 07
L —2py — Py ~ —Dys
L —Dy — 2Py ~ —Dy ~ Py-

Set
A1 = —U—ZEl _E27
Ay =-C—E, —2E;,
A3 =-C—E; — Es,

Ay -C~L—2p —py ~ =Py,

A2'CN£—2_71 — 2Py ~ Py,

1, a=0b,

0, otherwise.

h'(C, Oz(ah; + bAs)) = (T, Oz((b — a)p,) = {

Suppose that A is a numerically effective line bundle on Y. We have exact
sequences
0— Oa(—n(a-f- Fi + FQ)) QN — On(5+F1+F2)+6 QN — OTL(6+F1+F2) QN =0
forn > 1 and

0 — OF1+F2(_n(6+ Fl + F2) - 6) ®N — O(n+1)(6+F1+F2) ®N

= Op@rr+ryrc ®N — 0

for n > 0. Since

HY(Y,N) = liinHl(Y, O, riry) @N),
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we have

HYY,N) = H'(C,053N)

from the above exact sequences. Thus

Y, Oy (—iEy — jE; — kC)=h* (Y, Oy ((i — 1)Ay +(2k — i)Ag):{

10.
11.

12.
13.

14.
15.
16.
17.
18.
19.

20.

21.

1 o ]-7 a = ba
WY, Oy (ahs +bAz)) = { 0, otherwise.
Thus if 4,5,k > 0 and i + j = 3k, we have
1 ifi=yjy,
0 otherwise.
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