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COMMUTING TOEPLITZ OPERATORS ON THE POLYDISK

BOO RIM CHOE, HYUNGWOON KOO, AND YOUNG JOO LEE

ABSTRACT. We obtain characterizations of (essentially) commuting Toeplitz
operators with pluriharmonic symbols on the Bergman space of the polydisk.
We show that commuting and essential commuting properties are the same for
dimensions bigger than 2, while they are not for dimensions less than or equal
to 2. Also, the corresponding results for semi-commutators are obtained.

1. INTRODUCTION

Let D be the unit disk in the complex plane C. For a fixed positive integer n, the
unit polydisk D™ is the cartesian product of n copies of D. Let LP = LP(D™) denote
the usual Lebesgue space with respect to the volume measure V on D" normalized
to have total mass 1. The Bergman space A2 is then the closed subspace of L?
consisting of all holomorphic functions on D™. Let P be the Bergman projection
from L? onto A2%. For a function v € L>, the Toeplitz operator T, with symbol u
is defined by

Tuf = P(uf)
for f € A2. It is clear that T}, : A?> — A? is a bounded linear operator.

In this paper we consider the problem of when two Toeplitz operators with
pluriharmonic symbols commute or essentially commute. Recall that a complex-
valued function u € C?(D") is said to be pluriharmonic if its restriction to an
arbitrary complex line that intersects D" is harmonic as a function of single complex
variable. So, the notions of harmonicity and pluriharmonicity coincide on D. Tt
turns out that every pluriharmonic function on D™ can be expressed, uniquely up to
an additive constant, as the sum of a holomorphic function and an antiholomorphic
function. See Chapter 2 of [7] for details. Also, recall that two bounded linear
operators S7, .52 on a Hilbert space X are said to be essentially commuting on X
if the commutator 5152 — 5257 is compact on X.

The problem of characterizing commuting Topelitz operators has been studied
on various settings. Axler and Cutkovi¢ [1] first obtained a complete description of
harmonic symbols of commuting Toeplitz operators on D: If two Toeplitz operators
with harmonic symbols commute, then either both symbols are holomorphic, or both
symbols are antiholomorphic, or a nontrivial linear combination of the symbols is
constant (the converse implication is also true and trivial). Later, some extensions
of this characterization were obtained on higher-dimensional balls as in [3], [9] or
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[17]. Also, the same problem was considered on the annulus [6] and for more general
symbols [2]. For related results on the (pluri)harmonic Bergman space, see [5] and
[10].

For essentially commuting Toeplitz operators, Stroethoff [L3] obtained charac-
terizations of harmonic symbols on D. Choe and Lee [4] extended the result of
Stroethoff to pluriharmonic symbols on the ball. On the other hand, the polydisk
case was studied by Sun and Zheng [14]. However, Sun and Zheng considered holo-
morphic or antiholomorphic symbols only. They proved that given f,g € H*, the
following three conditions are equivalent for n > 1: (i) Ty and Ty are commut-
ing, (ii) Ty and Ty are essentially commuting, (iii) for each j, either 0;f = 0 or
0;9 = 0. Here, H* denotes the class of bounded holomorphic functions on D™ and
0; denotes the partial differential operator with respect to the j-th variable.

Our results obtained in this paper are characterizations of general pluriharmonic
symbols of commuting or essentially commuting Toeplitz operators. For n > 3, as in
the result of Sun and Zheng mentioned above, our results show that the commuting
property and the essential commuting property are the same for Toeplitz operators
with pluriharmonic symbols. However, they are different for n = 2. Our method,
whose main idea is adapted from [], is entirely different from that of Sun and
Zheng.

Following [1T], we say that a complex-valued function v € C?(D") is n-harmonic
if u is harmonic in each variable separately. More explicitly, v is n-harmonic if

83‘5]"11,:0, ]: 1,2,...,’/7,.

For a characterization of pluriharmonic symbols of commuting Toeplitz operators,
we have the following. In what follows H(D™) denotes the class of all holomorphic
functions on D".

Theorem 1.1. Let u,v € L™ be plurtharmonic symbols and assume u = f + 7,
v = h+k for some f,g,h,k € H(D™). Then the following statements are equivalent:

(a) 1,17, =T,T, on A2,
(b) fk — hg is n-harmonic.

In addition, we obtain characterizations of functions f, g, h, k € H(D™) for which
fk — hg is n-harmonic. Before stating our result, we first introduce some notation.
Let I = {1,2,....,n}. For J C I, we write H(J) for the set of all holomorphic
functions independent of variables z; with j € I\ J. Also, for J; C Jy C I, we
write H(J2)/H(Jy) for the set of all holomorphic functions in H(J2) whose power
series (at the origin) do not contain any nonzero terms in H(.Jy).

Theorem 1.2. Let f,g,h,k € H(D™). Then the following statements are equiva-
lent:

(a) fk — hg is n-harmonic.

(b) There are pairwise disjoint sets Iy, ..., L, with U;nzo I; = I for some non-
negative integer m < m, functions fo, ho, 9o, ko, P1s---> Pms q1, ---, §m holo-
morphic on D™, and constants aq, ..., au, with the following properties:
(b1) fo,ho, 90, ko € H(Iy) and pj,q; € H(Io U I;)/H(ly) for each j.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



COMMUTING TOEPLITZ OPERATORS 1729

(b2) We have

f=rfo+> p h=ho+ Y ajp;,

j=1 j=1
m m
gzgo+ij, k:ko+zajq]‘~
j=1 j=1

(b3) For each r € Iy, one of the following four cases holds:
(1) Orfo = 0rho =0 and O,p; =0 for all j.
(ii) Orko = Orgo =0 and Orq; =0 for all j.
(ili) Orfo = 0rgo =0 and Orp; = Orq; =0 for all j.
(iv) Orko = 0rho =0 and Orp; = Orq; =0 for all j.

(c) There are subsets Ji,...,Jy of I for some integer £ > 1, and holomorphic
functions Ay, ..., A¢, B, ..., Bg with A; € H(J;) and B; € H(I'\ J;) for each
i such that

¢
fE — hg = Z Algl
i=1
Our next result is the essential version of Theorem [I.1] To state it, we need
some more notation. First, we let

Aju(z) = (1~ |%[*)°0;9;u(z)
for j =1,..,n and u € C?(D"). Here and elsewhere, z; denotes the j-th component
of z € D". Note that u is n-harmonic if and only if u is annihilated by all Ej.
Thus, we will say that u is boundary n-harmonic if lim,_gpn ﬁju(a) =0 for all j.
Here, 0D™ denotes the topological boundary of D™. Also, we let ® denote a class

of functions related to the maximal ideal space of H*°. See Section 2 for the precise
definition.

Theorem 1.3. Let u,v € L be pluriharmonic symbols and assume u = f + 7,
v = h+k for some f,g,h,k € H(D™). Then the following statements are equivalent:
(a) T, and T, are essentially commuting on A2.
(b) TuopTvop = ThopTuop 0N A2 for every p € ®.
(c) fk — hg is boundary n-harmonic.

Finally, only for n > 3, we show that the commuting property and the es-
sential commuting property of Toeplitz operators with pluriharmonic symbols are
equivalent. This will follow from Theorem [3.5] of Section 3 which asserts that the
n-harmonicity and the boundary n-harmonicity are equivalent for functions of the
form fk — hg under consideration.

Theorem 1.4 (n > 3). Let u,v € L be pluriharmonic symbols. Then the follow-
ing statements are equivalent:

(a) T,T, =T,T, on A2.

(b) T, and T, are essentially commuting on A?.

Remarks 1. In case n = 1, Theorem [[.1] together with Theorem [-2] reduces to the
result of Axler and Cuckovié [I] mentioned before. To see this, consider the case
n = 1. Then, there are two cases: I = I; or I = Iy. If I = I, then fy, go, hg and
ko are constants. Now, since v = ayu + (ho + ko) — a1(fo + go) by (b2), we find
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that a nontrivial linear combination of u and v is constant. If I = I, then p; =0
by (bl). Now, if condition (i) or (ii) holds, then (b2) shows that u and v are both
antiholomorphic or both holomorphic, respectively. Similarly, (iii) or (iv) implies u
or v is constant, respectively.

2. The class ® has the property that if u € L* is pluriharmonic and if ¢ € @,
then u o ¢ is also pluriharmonic. So, Theorem as well as Theorem can be
applied to get more conditions equivalent to (b) of Theorem [T.3]

3. Theorem [[4 fails to hold for n < 2, as mentioned before. For a counter-
example, see (3:5). Also, see an example at the end of Section 5.

This paper is arranged as follows. In Section 2 we collect basic materials which
we need in later sections. In Section 3 we prove Theorem [[L2. Also, we show that
the m-harmonicity and the boundary n-harmonicity of functions of certain forms
are equivalent for n > 3. In Section 4 we prove Theorem [Tl As an application we
obtain a characterization of normal Toeplitz operators with pluriharmonic symbols.
In Section 5 we prove Theorem .3l As a consequence we obtain Theorem L4l As
an application we obtain a characterization of essentially normal Toeplitz operators
with pluriharmonic symbols. As another application we recover the result of Sun
and Zheng [14] mentioned above. In Section 6 we modify our arguments used in
previous sections to obtain (essentially) semi-commuting Toeplitz operators with
pluriharmonic symbols. It turns out that the semi-commuting property and the
essential semi-commuting property are equivalent for n > 2.

2. PRELIMINARIES

We collect several basic facts which we need in later sections.

Bergman projection. Since every point evaluation is a bounded linear functional
on A?, there corresponds to every a € D™ a unique function K, € A? which has
the following reproducing property:

(2.1) fla)=(f.Ka),  feA®

where the notation (, ) denotes the inner product in L? with respect to the measure
V. The function K, is the well-known Bergman kernel and its explicit formula is
given by

- 1
Ka(z) = Hi(l—a»z»)f z,a € D™
j=1 Wiad)

The Bergman projection P is the orthogonal projection from L? onto A2. Thus,
by the reproducing property (ZII), the projection P can be represented by

Pw(a):/nwmdv, a€ D",

for functions v € L2. It follows that P naturally extends via the above formula to
an integral operator from L! into H(D™). Moreover, we have Pf = f for functions
f € Al. Here, A? = LP N H(D"). Also, it is well known that P : LP — AP is
bounded for p > 1. See, for example, Theorem 4.2.3 of [I§] for details on the disk.
The same proof works on D™.
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Invariant mean value property. For each a = (a1,...,a,) € D", welet p,(z) =
(a1 (21), "+ ,¢a, (2n)), where each ¢,, is the usual Mébius map on D given by

A; — Z;

©Ya; (2i) = , zi € D.

1-— Eizi

Then ¢, € Aut(D"), the set of all automorphisms of D™. Moreover, @, o @, is the
identity on D™. Now, it is clear that if u is n-harmonic, then so is w o ¢, for each
a € D"™. Therefore, every n-harmonic function v € L! satisfies the invariant mean
value property

/ (uoq)dV =u(a), ae€ D"

However, the converse of the invariant mean value property is known to hold only
for n = 1. See [§] and the references therein. Nevertheless, the converse turns out
to be true in general with a certain additional hypothesis. To state it, we associate
with each u € L' its so-called radialization Ru defined by

RU(Z) = /n u(zlgla ce 7ZnCn) dU(Clv SRR Cn)

for z = (z1,...,2n) € D™ Here and elsewhere, T™ denotes the cartesian product
of n copies of the unit circle T" and o = o, is the normalized Haar measure on T".
The following is taken from Corollary 3.7 of [g].

Proposition 2.1. Let u € L'. Then u is n-harmonic on D" if and only if

| wogav—u
and R(uo p,) € L™ for every a € D™.

Normalized kernel. We let k, denote the normalized kernel, namely,
n
ko = Kq H(l - |aj|2)'
j=1

First, we mention that the set {k, : @ € D"} spans a dense subset of A2, because
its orthogonal complement is {0} by (EI]). Next, since the real Jacobian of ¢, is
given by |kq|?, we have a change-of-variable formula,

(2.2) / (ho,)dV = / hlkq|* dV, a€ D",
whenever the integrals make sense. In particular, we have by the mean value
property
(23) f|ka|2 dV:f(a), (LED",
Dn

for functions f € Al

Hardy space. Given p > 0, the Hardy space H? = HP(D™) is the space of all
f € H(D™) for which

£ = sup / FrOP do(C) < oo.
0<r<1 n

By an integration in polar coordinates using n-subharmonicity, we have H? C AP.
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It is well known that if f € HP, then f(¢) = lim,_1 f(r({) exists at almost all
points ¢ € T™. Moreover, we have log |f| € L*(T™) for any nontrivial f € HP. In
particular, if the boundary function of f € HP vanishes on a set of positive measure
in T™, then f itself must be identically 0 on D™. See Theorem 3.4.2 of [L1].

From the above definition, one can easily verify

(2.4) R(fg) e L,  fgeH”

Also, by using the LP-boundedness of the Cauchy projection, one can easily verify
the following.

Proposition 2.2. Let f,g € H(D"™) and assume f + g € L. Then we have
f,9 € HP for all p > 0.

Maximal ideal space. Let M be the maximal ideal space of H* which is defined
to be the set of all multiplicative linear functionals on H*°. As is well known, the
space M becomes a compact Hausdorff space as a subset of the dual of H* with
weak-star topology. See Theorem 11.9 of [I2] for details. Identifying z € D™ with
the multiplicative evaluation functional f +— f(z), we can regard D" as a subset of
M.

Given z € D™, since D™ is a subset of M, we can think of ¢, as a map from D"
to M. In other words, ¢. € MP". Equipped with product topology, the function
space MP" is compact by Tychonoff’s theorem. Hence, for any net {¢._} of auto-
morphisms, there is a subnet {¢.,} of {¢.,} such that ¢., converges (pointwise)
to a map ¢ : D™ — M. Now, we let

® = closure{y, : 2 € D"} \ {p, : z € D"}

where the closure is taken in MP".

We will use a couple of basic facts concerning the maximal ideal space M and
the class ®. First, note that H>* C C(M) via the Gelfand transform. For bounded
pluriharmonic functions, we have the following.

Proposition 2.3. Fach bounded pluriharmonic function on D™ extends to a con-
tinuous function on M.

In what follows we will use the same notation for a bounded pluriharmonic
function and its continuous extension on M.

Proposition 2.4. If a net {¢._ } of automorphisms converges to some ¢ € ®, then
for any pluriharmonic function w € L*°, the function u o ¢, converges to uo ¢
uniformly on every compact subset of D™. So, uop € L* is also pluriharmonic on
D™,

The above two propositions are proved in [16] on the ball. The same proofs work
on the polydisk and thus proofs are omitted.
3. N-HARMONIC FUNCTIONS

In this section we prove Theorem [[L2, which will play an essential role in the
proof of Theorem [LTl We begin with a simple lemma.

Lemma 3.1. Suppose Jy,J1,J> are pairwise disjoint subsets of I. Let p; €
H(JoU J;)/H(Jo) for j =1,2 and assume p1 + p2 = 0. Then p1 = p2 = 0.
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Proof. Let 2/ = (2r)req; for j = 0,1,2. Changing the coordinate system if nec-
essary, we may write p; = p;(z°,27) for j = 1,2. Now, taking z? = 0, we have
p1(2%,2Y) = —pa(2°,0) and thus p1 € H(Jo U J1)/H(Jo) N H(Jy) = {0}. So, we
have p; = po = 0. The proof is complete. O

We are now ready to prove Theorem [[.2]

Proof of Theorem First suppose (a) and show (b). So, assume that the func-
tion fk — hg is n-harmonic. Then, for each r € I, we have 0,0, (fk) = 0,0, (hg)
and thus

(3.1) (0-f)(0rk) = (0rh)(Drg)-

Let Iy be the set of all » € I with (9, f)(0,h)(0rg)(0rk) = 0. Then, for each r ¢ I,
we have

8rh_ Ork
orf B Org

and therefore there exists a constant 3, # 0 such that
Orh = 3,0, f, ok = B,0,g.

Now, define an equivalence relation on I'\ Iy by r ~ s if and only if 3, = 3, and let
I, ..., Iy, be the equivalence classes induced by ~. It follows that there are nonzero
constants asq, ..., a,, such that

(3.2) Orh = a0, f, Ok =@;0,9, r € I,

for each j > 1.
Note that, for r € I;, s € I; with ¢,7 > 1 and i # j, we have

(0 — @j)0r0s f = ;0,05 f — @j0r0s f = 050rh — 0,0sh =0

and thus 0,0;f = 0. This means that the power series of f cannot contain any
terms involving both z, and z; with » € I;, s € I; whenever ¢,7 > 1 and ¢ # j.
Similarly, the same is true for g. Also, since «;’s are nonzero, the same holds for h
and k. Therefore, we may decompose functions f, g, h and k as

f:ijv g:Zg]a h:Zhj, k:ija
=0 =0 =0 =0

where fo, go, ho, ko € H(Io) and f}, g5, hj, k; € H(Io U ;) for j > 1. Since we have
fo, 90, ho, ko € H(Ip), we may further assume f;,g;, hj, k; € H(Ip UI;)/H(Iy) for
i>1

Now, we prove (bl) and (b2). Fix j > 1. Note that we have by (B2

Or(hj —ajfj) = 0r(h—ajf) =0

for all r € I;. It follows that h; —a f; € H(IpUI;)/H(ly) N H(Iy) = {0} and thus
hj = a; f;. Similarly, we have k; = @;g;. Thus, (bl) and (b2) hold with p; = f;
and ¢; = g; for j > 1.

Finally, we prove (b3). Let r € I. Then by (31I), one of the following four cases
should occur:

(1)/ 87«f = 8rh = 0, (ll)/ 87«k = 8Tg — 0,
(iii)’ 9,f = 8,9 =0, (iv) 8.k = -h = 0.
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In the case (i)', we have by (b2)

Orfo+ Y 0rpj=0rho+ > _ a;Omp; = 0.
J=1 Jj=1
Note that, for each j, we have 0,p; € H(IyUI;)/H(Iy), because p; € H(IyUI;)/
H(Ip). Also, we have 0, fy, 0rho € H(Iy). Thus, by repeated applications of Lemma
B, we conclude 0, fo = 0rho = 0 and 0,p; = 0 for each j, which is just the case
(i). Similarly, the remaining cases (ii)’, (iii)" and (iv)’ correspond to the cases (ii),
(iii), and (iv), respectively. Therefore, we have (b).

Now, suppose (b) and show (c). By (b3), given r € Iy, we have either 9, fy =
Orpj = 0 for all j or 0.ky = 0,q; = 0 for all j. This means that we can decompose
Ip=J1UJy where J; N Jy = ( such that f() S H(Jl), k?() S H(JQ), pj € H(Jl UI]’),
q; € H(J2 U I;) for all j. Since

fE o Z ajpjaj = fOEO + Zajfoaj + ijEO + Z O‘jpiaj

j=1 j=1 j=1 i

by (b2), we see the function fk — >_a;p;q; can be written as a finite sum of
functions of desired form. Also, a similar argument shows that the same is true for
hg — % a;p;q;. Hence, we conclude (c).

Finally, it is trivial that (c) implies (a). The proof is complete. O

As a special case of Theorem [[L2], we have the following consequence.

Corollary 3.2. Let f,g € H(D™). Then the following statements are equivalent:

(a) |f]? — |g|?* is n-harmonic.

(b) There are pairwise disjoint sets Iy, ..., I, with U;nzl I; = I for some pos-
itive integer m < n, functions p1,...,pm with p; € H(I;) for each j, and
unimodular constants o, ..., oy, such that

m m
F=Y 05 9= ajpi+A
j=1 j=1
for some constant \.

Proof. By Theorem [2lwith h = g and k = f, we see that |f|?> —|g|? is n-harmonic
if and only if there are pairwise disjoint sets Iy, ..., I, with U;.nzo I; = I for some
nonnegative integer m < n, functions fy,g0 € H(Ip), constants aq, ..., @y, and
D1, -y D With p; € H(Io U I;)/H(Iy) for each j, such that

m m
F=fo+> pii g=g0+> a;p

j=1 j=1
and
|04j|2pj = Pjs arfO = 3r90 = arpj =0

for all € Iy and j > 1. By the first equation of the above, we may take |a;| = 1.
By the second equation, we see that functions fy, go are constant. Thus, we may
take fo =0, Ip = 0 and p; € H(I;) for all j > 1. The proof is complete. O
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Remark. In case f,g,h,k € H? for some p > 0, all the functions fy, go, ho, ko, pj, ¢;

in (b) of Theorem are also members of HP. To see this, let 27 = (z)re,
for j = 0,...,m. By changing the coordinate system if necessary, we may assume
z = (2924 ....,2™) for z € D". Also, write fo = fo(2°) and p; = p;(2°,27) for

simplicity. Since the power series at the origin of each p; does not contain any
nonzero terms in H(Iy), one can easily verify p;(z° 0) = 0 for each j. Therefore,
taking 2' = ... = 2™ = 0, we have f(2°,0,...,0) = fo(2°). This yields fo € H? (see
Lemma [3.3). Now, taking 22 = ... = 2™ = 0, we have f(z°,21,0,...,0) — fo(2°) =
p1(2°% 2') and therefore p; € HP. Continuing this, we obtain p; € HP for all j.
Similarly, we have go, ho, ko, q; € HP for all j. Also, by the proof of (b) = (c) of
Theorem [[.2] one can see that the functions A;, B; in (¢) of Theorem [[2] can be
chosen in the same class H?.

For functions of the form fk — hg with a certain regularity, the n-harmonicity
and the boundary n-harmonicity turn out to be equivalent in the case n > 3, while
they are different for n = 2. In order to see this, we need the following lemma
which might be known. A proof is included here for completeness.

Lemma 3.3. Let m,{ be integers with 1 < m < n, £ > 0 and assume f € H?.
Then, 0{f(z,-) € H?>(D"™™) for each z € D™. Furthermore, there erists a set
E CT" ™ with op—m(E) =1 with the following properties:

(a) 0{f(z,m) = lim,_1 0y f(z,mn) exists for each = € D™ and n € E.

(b) The function 8% f(-,n) is holomorphic on D™ for each n € E.

In the proof below we will use well-known facts about maximal functions. For
a measurable function ¥ on D™ let N be the nontangential maximal function of
1) with respect to nontangential approach region of a fixed aperture. Also, given
u € LY(T"~™), let Mu be the Hardy-Littlewood maximal function of u. As is
well-known, the operator M is bounded on L?(T™~™). Also, it is well known that
if ¢ is the Poisson integral of some u € L'(T™~™), then Ny < CMu for some
constant C independent of wu.

Proof. Let z = (z1,...,2m) € D™ and n € T" ™. Let maxi<j<m |%;| < t < 1.
Then, for arbitrary 0 < r < 1, we have by the Cauchy integral formula

¢ _ f(t¢,rn) 17V 4o
e =0 | e e ) (@

and therefore

| etsrml o)

e M UL
< ™ |f (¢, mn)|” do (C) don—m(n)
(t = 1) TI2: (8 = |250)2 Jn-m Jom
Cy
< m 1 f 177
(t =z )P ITm (= |2
Hence, 8% f(z,-) € H>(D"~™).
Now, pick a sequence of positive numbers {¢;} increasing to 1 and let K; = {¢;z :
z € Em} for j > 1. Fix j and t; <t < 1. Then the above estimate shows

(3-3) 01 (z,rw)? < Cj [ |F(t¢,rw)[? dom ()

Tm
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1736 BOO RIM CHOE, HYUNGWOON KOO, AND YOUNG JOO LEE
for all z € K;, 0 <r <1and w € D" ™. Here and in what follows, the letter

C; = Cj(t) denotes various constants independent of f, z, r and w. Let z € D™
and 0 < r < 1. Then, it follows from (33)) that

2
(SUP Nafme(U)) < Cj . th(,r(n)2 dam(Oa neT" ™,

z€K;

where we use the notation h, ,(w) = h(z,rw) for holomorphic functions h on D™.
Integrating both sides of the above on T"~™ we have

2
/ (Sup Naffzr(ﬁ)) dUn—M(n)
n—m \ z€Kj

< Cj /m /nim th(,?"(n)z dan—m(n) dam(()
Cj /m /nim Mft(,?"(n)z dan—m(n) dam(()
< Cj /m /nim |ft(,r(77)|2d0'n—m(77) dam(()

= [ [ GG o) don(€)
< O3l

IN

Thus, by Fatou’s lemma, we have

2
(3'4) /nim <SUP Na{fz,l(”)) doy—m(n) < CJ”f”%{?

2€K;
Having the above inequality, one may now follow the well-known proof of Fatou’s
theorem to conclude that there exists a set E; C T~ with ¢, (E;) = 1 such
that nontangential limits of 8{ f(z, ) exist at all points in E; for each z € K. Let
E =(;2, Ej. Then we still have ,,,,(E) = 1 and nontangential limits of 04 f(z,-)
exist at all points in E for each z € D™. This proves (a).
Note that (34) yields

sup N(‘)ffz71(77) < 00
2€K;

for almost all points 1 in 7"~". We may assume the above holds for n € E;. Thus,
given a compact set K C D™ we have

sup Naffz,l(n) <X
zeK

for each n € E. In particular, given n € E, we see that functions 0§ f(-,rn),
0 < r <1, form a normal family and thus (b) holds. The proof is complete. O

The following is taken from Lemma 9 of [3].

Lemma 3.4. Let Q) be a given connected open subset of C*. If A; and B; (1 <1i <
are holomorphic functions such that Zle A;B; =0 onQ, then Zle Ai(2)Bi(w) =
0 for all z,w € Q.

<)
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Now, we prove the following theorem, which does not extend ton < 2. Forn =1,
it is not hard to find counterexamples. For n = 2, we have a counterexample:

(3.5) f=—g=(1-2)(1 - z), h=k=(1+z)1+ 22).
Theorem 3.5 (n > 3). Let f,h,k,g € H?. Then the following statements are
equivalent:

(a) fE — hg is n-harmonic.
(b) fk — hg is boundary n-harmonic.

Proof. The implication (a) = (b) is trivial. We prove (b) = (a). So, assume (b).
By symmetry we only need to prove

(3.6) (01)(91k) = (01h) (D1 g).

First, let us introduce some notation. For simplicity, put F' = 01 f, G = 014,
H = 0,h and K = O1k. Then, by Lemma [3.3] there exists a set F C T with
01(F) = 1 such that, given n € E, the functions F(-,n), G(-,n), H(-,n) and K(-,n)
are holomorphic on D"~ !. Also, we may assume that, given ¢ € E, the functions
F(-,¢,9), G(+,¢, ), H(-,¢,-) and K(+,¢,-) are holomorphic on D"~! = D"=2 x D.

Now, since we have
Jtim Ay (fF — hig)(a) = 0
by assumption, it follows that

lim(FK — HG)(z,tn) =0

t—1
for all z € D" ! and n € T. In particular, we obtain

(FK — HG)(z,m) =0
for all z € D" ! and n € E. Thus, we have by Lemma [3.4]
(3.7) F(z,n)K (w,n) = H(z,7)G(w,n)

for all z,w € D"~ ! and n € E.

Let Ef be the set of all n € E such that F(-,n7) = 0. Define the sets Ey, Ej, and
Ey in a similar way. First, consider the case where one of the sets Ef, Ey, £}, and
E}, is of positive o1-measure. Without loss of generality, assume o1(Ey) > 0. Let
z € D""1. Note that F(z,-) € H%(D) by Lemma[3.3 Since the boundary function
of F(z,-) vanishes on a set of positive oy-measure, we have F(z,-) = 0 on D. It
follows that £ =0 on D". Thus, we see from (3.7) that

H(z,n)G(z,n) =0

for all z € D™ ! and n € E. This means that, for each z € D"!, the boundary
function of H(z,-)G(z,-) € H'(D) vanishes on E. Hence, HG = 0 on D". So, we
have

Now, assume that all the sets Ey, £y, E} and Ej, are of oi-measure 0. We may
further assume that, for each n € E, all the functions F'(-,n), G(-,n), H(-,n) and
K (-,n) are not identically 0 on D"~!. Thus, we see from ([B.7) that, for each ) € E,
there exists a constant «(n) such that

(3.8) F(b,A,n) = a(n) H(b, A\, n)
forallbe D™ 2 and A\ € D.
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Repeating exactly the same argument as above, we may assume that, given
¢ € E, the functions F(-,¢,-), H(-,¢,-) are not identically 0 on D"~! and there is
a constant (¢) such that
(3.9) F(b,¢,A) = B(¢) H(b,(, A)
for allb € D"2 and A\ € D.

Now, choose by € D"~2 for which F(bg,-) and H (b, ) are not identically 0. By
Lemma B3] we have F(bg,-), H(bo,-) € H?(D?) (it is in this step where we use
the hypothesis n > 3). Hence, F'(by, ) and H (b, ) have nonzero boundary values
at almost all points of T2. Therefore, we may further assume that F(by,-) and
H (bg, -) have nonzero boundary values on E x E. Thus, given n,( € E, we obtain
a(n) = B(¢) by BR) and @T). It follows that a(n) = « is also independent of 7.
We now have

F(z,n) = at(z,n)
for all z € D" ! and n € E. This yields F = aH on D" as before. Similarly, we
have G = aK. So, (B8) holds. The proof is complete. O

Now, Theorem [[4] follows from Theorem [[LIl, Theorem and Theorem [B.5]
Also, as a corollary of the proof of Theorem 35, we have the following.

Corollary 3.6 (n >2). Let f,g € H?. Then the following statements are equiva-
lent:

(a) fg is n-harmonic.
(b) fg is boundary n-harmonic.

4. COMMUTING TOEPLITZ OPERATORS

In this section we prove Theorem [[Jl The following fact is very useful for our
purpose.

Proposition 4.1. Let f,g € A%, If9;f =0 or d;g =0 for each j, then we have

(4.1) P(fgKa) = f9(a)Ka
for a € D™. The converse also holds for f,qg € H?.
Proof. Suppose 0;f = 0 or d;¢g = 0 for each j. Then there are disjoint sets Jp, Jo
with J; U Jy = I such that f € H(J;) and g € H(Jy). Write 27 = (2r)reg; for
j = 1,2. By changing the coordinate system if needed, we may write z = (21, 22)
for z € D™. By assumption, we may regard f and ¢ as functions holomorphic on
lower-dimensional polydisks. That is, we may write f(z) = f(z') and g(z) = g(2?)
for z € D™. Also, note K,(2) = K, (2')K42(22) for z,a € D". Here, we abuse
the notation K, and K,» for the kernel functions on the corresponding lower
dimensional polydisks. Thus, for every a,z € D", we have
<fKaa ng> = <fKa1Ka27 ngle2>
= ([Kar, K.1)(Ko2, 9K 2)
= <fKa1 ) Kz1><ng2a Ka2>
(1) Kq (21)g(a?) K2 (a?)

z

= f
= J(2)g(@)Ka(2)
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and therefore

P(nya)(Z) = <f§Ka;Kz> = <fKa7ng> = f(z)g(a)Ka(z)

for every a,z € D™.
Now, let f,g € H? and assume (&1 holds. Let a € D™ be an arbitrary point.
Then, by 23) we have

<P(f§ka)v ka> = <fg(a‘)ka7 ka> = f(a’)g(a‘)'
On the other hand, we have

<P(f§ka)vka> = <f§ka;ka> :/ (fy)OSOa av
Dn
by (2:2)). It follows that

(/HU@O¢QMf:meGJ

Note R(fk) € L™ by (Z4). Now, by Proposition ZI we conclude that fg is
n-harmonic and therefore 9;f = 0 or dj9 = 0 for each j. This completes the
proof. O

We now turn to the proof of Theorem [Tl

Proof of Theorem [L1l We first prove (a) = (b). So, assume T, T, = T,T, on A%
Since u and v are bounded, the functions f,g,h and k are all in H? and hence
in A% by Proposition Fix a point a € D™ By Proposition I, we have

P(gk,) = g(a)k, and hence
Tyigka = P[(f +9)ka] = [f + g(a)lka.
Therefore, we have
T, 5T 1gka = Pl(h +k)(f + g(a))ka]
— fhky + Hg(@)ka + 9(@) B@)ka + P(fFka).

Similarly, we also have
Ty 45T, 5ka = fhka + fk(a)ka + g(a) k(a)ka + P(hgka).
It follows that
(4.2) [Tt 15T04% — Tnywlr+glka = [FR(a) — hg(a)lka — P[(f& — hg)ka].
Since T'r147T}, 5 = T},, 5T r+7 by assumption, we get

P[(fk — hg)kd] = [fk(a) — hg(a)]ka.

Now, as in the proof of the second part of Proposition 1] the above leads to the
n-harmonicity of fk — hg.

Next, we prove (b) = (a). So, assume fk — hg is n-harmonic. Note that the set
{ky : a € D"} spans a dense subset of A%2. Thus, in order to prove T, T, = T, Ty, it
is sufficient to show

(4.3) P[(fk — hg)ks] = [fk(a) — hg(a)lks,  a€ D",
by (@2).
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Now, write fk — hg = 3 A;B; where A;, B; are functions as in (c) of Theorem
[C2Z. Let z,a € D™. Then, by Lemma 3.4 we have

f(2)k(a) — h(z)g(a) = Z Ai(2)Bi(a).

By the remark at the end of Section 3, we may assume A;, B; € A2. It follows from
Proposition 4] that

P[(f% - hy)ka](z) = ZP(AZEzka)(Z

So, we conclude (.3), as desired. The proof is complete. O

Note that the adjoint of T, is 1. It follows that T, is normal if and only if
T, Ty = TiT,. Thus, by Theorem [[.1] and Corollary B.2, we have the following.

Corollary 4.2. Let u € L*° be a pluriharmonic symbol. Then the following state-
ments are equivalent:
(a) T, is normal on AZ.
(b) There are pairwise disjoint sets I, ..., L, with U;nzl I; =1 for some pos-
itive integer m < n, functions p1,...,pm with p; € H(I;) for each j, and
unimodular constants o, ..., oy, such that

(4.4) uw=> o;(p; + ;) + A
j=1

for some constant \.

Remarks 1. In the case n = 1, () is equivalent to the fact that «(D) is contained
in a straight line, which is also pointed out in [I]. However, such a characterization
for a normal Toeplitz operator is no longer true for n > 1. In fact, it is not hard to
see that u(D™) is contained in a straight line if and only if u = a(p+p)+ A for some
constants «, A and p € H(D"™), which belongs to only a small part of functions of
the form (@A).

2. The same arguments used in this section work for the Toeplitz operators on
the Hardy space H2. Thus, the Hardy space versions of Theorem [[1land Corollary
are also valid.

5. ESSENTIALLY COMMUTING TOEPLITZ OPERATORS

In this section we prove Theorem The proof will be completed by proving
the following sequence of implications:

(a) = (b) = (¢) = (b) = (a).

Since proofs are somewhat long, we will prove each implication separately.
For the proof of the implication (a) = (b), we introduce some notation. For
each a € D", we define a linear operator U, on L? by

Usp = (w o Soa)ka
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for ¢» € L. One can readily see that U, is an isometry taking A2 onto itself. Also,
since 4 0@, is the identity on D™, one can see that U,U, is the identity. Moreover,
for u € L>°, we have

(5.1) Tuop, = UsTuUs,  a € D™

This is proved in [1] on D and the same proof works on D™.

Proof of (a) = (b). Let ¢ € ®. Since the set {k, : a € D"} spans a dense subset
of A2, it is sufficient to show that

(5'2) (TuowTvoga - Tvo¢Tuo<p)ka =0, aec D"

Choose a net {wq} in D™ such that ¢, — ¢. First, note wo ¢, — uoy
and v 0 ¢, — v o ¢ uniformly on every compact subset of D" by Proposition 24]
Moreover, since v and v are bounded, we have

U O Py, — UO P, Vo, —voyw in L2

Fix a € D™. Then it follows from the above that (v o ¢y, )ka — (v o @)k, in L2
So, P[(v o ¢uw, )ka] — P[(v o ¢)k,] in L?. Since u o ¢, is bounded and converges
pointwise to u o ¢, it is not hard to see

Plu o @y, P(vopy, ki) — PluopP(voypk,)] in L2
In other words,
Tuop g Toop o ka = TuopToogka n L2,
Similarly, we have
Toop, Tuopw, ka = ToopTuopka in L2
It follows from (BT) that
(TuowToop = ToopTucp)kallz = W [[(Tuoyp, Toopu, = Toopu, Tuopu, JKall2
= ligl Uw, (TuTy — ToTy) U, ka2
— lim (1T, — L)V, il
where || ||2 denotes the L2-norm. It is easy to see that U,,_ k, converges to 0 weakly

in A%, Hence, the compactness of T, T, — T, T}, yields (52)). This completes the
proof. O

For the proof of equivalence (b) < (c), we first prove the following lemma. In
the proof below, we will use the well-known fact that

(53) KJ(UOQD) = (ﬁju)o% j=1..4n,
for all ¢ € Aut(D") and u € C%(D™).

Lemma 5.1. Let u = f+ G, v = h+ k be as in the hypothesis of Theorem
Suppose {py, } is a net such that oy, — ¢ € ®. Ifuop=F+G,vop=H+ K
where F,G,H, K € H(D"), then

A;(fk = hg) o pu, — A;(FK — HG)
for each j.
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Proof. Fix j. Put fo = f o puw, — f(wa) and ky = ko @, — k(w,) for simplicity.
First, by (@.3]), we have

Aj(faka = haFa) = 8i[(F — 1ig) 0 pu,] = A;(fk ~ g) © pus,.
Thus, it remains to show
(5.4) Aj(faka — hag,) — Aj(FK — HG).

Note that
UO Poy, — U(We) = uop —uop(0)
uniformly on every compact subset of D™. In particular, since u and v are bounded,
U0 Py, — u(we) — uop —uop() in L2
Now, using the L2-boundedness of the Bergman projection P, we have
Pluo ¢y, —u(ws)] = Pluoyp —uop(0)] in L2

Note that an application of Proposition Bl yields

Pluo oy, — u(Wa)] = fas Pluop —uop(0)]=F — F(0).

Hence, f, — F — F(0) in L2. It follows that f, — F — F(0) uniformly on every
compact subset of D™ and therefore 0; fo — 0;F. Applying the same reasoning to
v, we have 0k, — 0;K. Since

Aj(faka)(z) = (1= |2]*)°0; faDsFa,
it follows that B B B o
Aj(faka) = (1= 12?20, FO; K = Aj(FK).
Similarly, we have A;(hog,) — A,;(HG). Hence, (54) holds. This completes the
proof. O

We now prove that (b) implies (c) and vice versa.

Proof of (b) = (c). It is sufficient to show that, for a given net {w,} such that
Pw, — ¢ for some ¢ € @,

(5.5) Aj(fk = hg)(wa) — 0

holds for each j. So, fix a net {wy} such that ¢, — ¢ for some ¢ € & and
let F,G, H, K be as in Lemma[bIl Since Ty, and Ty, commute by assumption,
Theorem [[I]shows the function FK — HG is n-harmonic. Hence Aj (FK—HG)=0
for each j. Consequently, by Lemma [l with evaluation at the origin, we have (5.5
as desired. The proof is complete. (I

Proof of (c) = (b). Let ¢ € ® and assume ¢, — . Let uo ¢ = F + G and
vow = H+ K as before. Fix an arbitrary point a € D™ and put z, = @u, (a).
Since @q © @y, © s, € Aut(D™) fixes the origin, it is a unitary transformation, say
Uqg,o. Thus we have

(5'6) Pza = Pwy © Pa © Ua,a-

Since the set of all unitary transformations is compact, we may assume U, , con-
verges to some unitary transformation U,. Now, for a given function ¢ € H*, since
1 0 Py, — P o uniformly on every compact subset of D" and ¢, 0Uq o — g0 U,
we see that 1 0 @y, 0@ 0 Us.a — Y0 pop, oU,. This, together with (5.6)), shows
Yz, — @ where ¢ = p o, o U,. By the same argument, we have uoy,, — uo¢@
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and v o ., — v o ¢ uniformly on every compact subset of D". Note that ¢ € ®
implies w, — dD" and thus z, — dD". So, p € ®.

Now, since uop = Fop,oU,+G o, 0o U, and vop = Hogp,oUy,+ K 0@, 0 Uy,
it follows from Lemma[5.1] and (5.3) that

0 = lim A;[f% - hg)(za)

AS[(FK — HG) 0 94 0 Uy)(0)
Ayl G(
Al Gl(a)

for all j. So, the function FK — HG is n-harmonic. Thus, Tyop and T'yo, commute
by Theorem [Tl The proof is complete. O

] Pa © Ua(o))

FK - H
FK - H

For the proof of the implication (b) = (a), we introduce some notation. Given a
pair of bounded pluriharmonic symbols u = f +§ and v = h + k where f,g,h, k €
H(D"™), we let

Ruo(z,0) = (£(2) = £(a)) (k(z) = k(a)) = (h(2) = h(a)) (9(2) — g(a))

for z,a € D™. The significance of the function R, , lies in the fact that the com-
mutator T, T, — T, T, can be expressed as an integral operator given by

(5.7) (T.T, — T, Tw)Y(a) = i Ry w(z,0)Kq(2)Y(2) dV (2)
for v € A? and a € D™. Recall that the functions f,g,h and k are all in H?
and hence in AP for all p > 0 by Proposition In particular, we have R(-,a) €
L? for each fixed a € D™. Thus, the above integral is well defined. The above
representation is well known. See, for example, [4] for details on the ball. The same
proof works on D™,

Finally, we prove that (b) implies (a).

Proof of (b) = (a). Put R = Ry, and R, = Ryop,vop for ¢ € ®. First, we claim
the following:

. . _ 14 _
(5:5) Jim it [ IR(u(2).0) — Ro(a 04V () =0
Suppose not. Then there exists a net {wq} such that wy, — dD™ and
(5.9) irelfp/ IR (0w, (2),wa) — Ry(2,0)[**dV(2) >0

Y n

for all w,. Now, by taking a subnet if necessary, we may assume ¢,,, — ¢ for some
¢ € ®. Note that

UO Py, — U(Wy) = wo @ —uop(0)
uniformly on every compact subset of D™. In particular, since u and v are bounded,
U0 Py, — u(wy) — uop —uop(0) in L.

Now, using the LP-boundedness of the Bergman projection P for p > 1, we have in
particular

Plu o @u,, — u(wy)] — Pluop —uop(0)] in L%,
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On the other hand, letting w0 ¢ = F + G and vo ¢ = H + K, we see that an
application of Proposition d1] yields

Pluo py, —u(wa)] = fopuw, = flwa),  Pluop—uop0)]=F—F(0).

Hence, f oy, — f(ws) — F — F(0) in L. Similarly, we have ko ¢y, — k(ws) —
K — K(0) in L. Tt follows that

[f 0 P, = F(wa)llk © pu, —k(wa)] — [F = F(O)][K — K(0)] in L™
Also, the same is true for functions h, g. Hence, we have
R(¢uw, (-)swa) = Ry(-,0) = 0 in L',
which is a contradiction to (5:9). Thus, we have (5.8)).
Fix ¢ € ® and ¢ € A%. Then Tyo, and T,o, are commuting by assumption.

Hence, a simple application of (51) yields Tuopop, Tvopop. = Tvopops Luopop, fOr
a € D™. In particular, we have

(Tuopopa Tvopopa — Tuopops Tuopop,)¥(a) =0,  a € D"
Note that
Ruogopavopopa(2,8) = Ruop,vop (Pa(2); $a(@)) = Ruop,vop ($a(2), 0)-
Thus, (571) shows

Ry (#a(2),0)
pr [Tj= (1 = a;%5)?

It follows from (BE.7)) again that

Y(z)dV(z) = 0.

R(z,a) — Ry(pa(2),0)
[1j—1 (1 = a;%z;)?

G10) LT = [ ere

for a € D™.

For each p € (0,1), let M, : L? — L? be the multiplication operator by the
characteristic function of pD™. Here, pD™ = {pz : z € D™}. Then M, is compact
when restricted to A2. Thus, the operator M, »(TuT, — T,T,) is also compact. Put

S,=(1-M,)T,T, —T,T,)
for simplicity. We note from (5.10) that

R(z,a) — R, (goa(z),O)
no T (1 =a525)?

S,(a) = xpla) / $(z)dV(z),  aeD",

where x, = Xpn\,pDn-
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By (22) and simple manipulations, one obtains

R = Ro(euOF
pr ITjo 11 = a;Z512 /1 = |22
[ R0 - RCOPRGE
pr [Ty 11 = ajpa, (2)) P/1 = Twa, ()2
S— 1 [R(¢a(2),a) — Ry (2,0)] V()

1 —la;[? Jor [Ty 11— aZ;]y/1 = |2
] 17
< — (/ |R(¢a(z),a) — Ry(2,0)|™ dV(z))
T Vi TaF \o ’

6/7
" dV(z)
pr [Ty 1= ayZ;|7/6(1 — |24]2)7/12 ’

where the inequality holds by Hélder’s inequality with the conjugate exponents 7/6
and 7. On the other hand, by an application of Lemma 4.2 of [I8], we can see

n
1
| | — dv(z) < C
/ i 1= agZ 70 (1 = [22)7/12

for some constants C'. Here and in the rest of the proof, we use the same letter C
for various constants depending only on n. It follows that

RE) = B2 0P
pr IT5oy 11 = a;Z2/1 = |22

Now, the Cauchy-Schwarz inequality yields

2
Syl < (ma) [ ey Relen )0 |w<z)|dV<z>>

V(z)

Hj:l 11— a;z;?
_ 2
S( @Iz 0) — Ro($a(2).0) dv(z)>
D Hj:1|1_a’jzj| 1— |z

/WH LR ave)

11 —a,z;

<C I fi;()w (/ IR(e (Z)’a)_R‘P(zvo)|14dV(z)>1/7
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It follows from Fubini’s theorem that

[ 1sfav

<c s ([ |R<¢a<z>,a>—R¢<z,o>|14dwz>)1/7

aeDn \pDﬂ

. T 9 dV (a)
<[ ALV /| T O]

J
Moreover, by an application of Lemma 4.2.2 of [18], we have
dV(a) < C
— — )
pr [Toy 11— aiZ P/ 1 = lag[® ™~ Ty V1= [2)?

and therefore, we have

1/7
[aswiivse sw ([ (R0 - meorave) [ e

a€D™\pD™

z€ D",

Note that the above holds for all ¢ € ® and 1) € A%. So, we finally have

1/14

1S, <C  sup {inf / |R(<pa(z),a) — R<p(,z,0)|14 dV(z)} .
aED"\pD" ped n

Now, taking the limit p — 1, we conclude S, — 0 in the operator norm by (G.3).

Hence, T:, T, — T, T, can be approximated by compact operators, so it is compact,

as desired. The proof is complete. O

We say that a bounded linear operator L on a Hilbert space is essentially nor-
mal if L and its adjoint operator are essentially commuting. As a consequence of
Theorem and Corollary [£.2] we have the following.

Corollary 5.2. Let uw € L™ be a pluriharmonic symbol and assume u = f +7g for
some f,g € H(D™). Then, the following statements are equivalent:
(a) T, is essentially normal on A2,
(b) |f|? = |g|? is boundary n-harmonic.
(c) For each ¢ € @, there are pairwise disjoint sets I, . .., I, with U;”:l I =1
for some positive integer m < n, functions p, ..., pm with p; € H(I;) for
each j, and unimodular constants aq, ...,y such that

m
wop =" a;(p;+p;) + A
j=1
for some constant \.

As a consequence of Theorem [[.4], Corollary and Corollary[5.2], we obtain the
following.

Corollary 5.3 (n > 3). Let u € L*® be a plurtharmonic symbol and assume
u= f+g for some f,g € H(D™). Then, the following statements are equivalent:
(a) T, is normal on AZ.
(b) T, is essentially normal on AZ.
(c) |f|I? = |g|? is n-harmonic.
(d) |£|? — |g|? is boundary n-harmonic.
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Also, as an immediate consequence of Theorem [[LT] Theorem and Corollary
B.6, we recover the result of Sun and Zheng [14] mentioned in the Introduction.

Corollary 5.4 (n > 2). Let f,g € H*®. Then, the following statements are equiv-
alent:

(a) TyTy = T4Ty on A2

(b) For each j, we have either 9;f =0 or ;g = 0.

(c) Ty and Ty are essentially commuting on AZ.

Example. Corollary [5.3 does not extend to n = 2, either. To see an example, let

fE) =Y ac| > A5, 2= (a1,2),
=0

i+j=t
where coefficients a; # 0 are chosen so that the series converges on all of C2. Then,
a little manipulation yields

af(z) =Y am | Y A4S | +ua),
=0 i+j=t
where 1(\) = 372 acA“TL. Define g(2) = 21 f(z) — ¥(z1). By symmetry, we have
9(z) = z2f(2) — ¢(22). Hence, we have d19(2) = 2201 f(2), d2g(2) = 2102f(2) and

thus
Aj(IF17 = 1911 (2) = (1 = |0 = |21 = [22|)|0; £ (2)?

for j = 1,2. Consequently, |f|? — |g|? is boundary 2-harmonic, but not 2-harmonic.

6. SEMI-COMMUTING TOEPLITZ OPERATORS

For Toeplitz operators T,, and T,,, we call T,, T}, — T}, the semi-commutator. For
Toeplitz operators with pluriharmonic symbols, the commuting property is very
closely related to the semi-commuting property.

To see what is going on, let us begin with functions f, g, h,k € H>*. Putu = f+7
and v = h + k. Then, one can easily verify that

TTy — Tyw = Ty15 — T5Ty.
Hence, the semi-commuting problem of T, and T, simply reduces to the commuting
problem of Ty and T%. Thus, for n > 2, the essentially semi-commuting property
is the same as the semi-commuting property by Corollary [5.4l
For general pluriharmonic symbols, our arguments used in this paper can be

easily modified to conclude the same. Lemma [6.1] and Lemma [6.2] below are valid
even for n = 1. For other characterizations on the disk and ball, see [15] and [16].

Lemma 6.1. Let u,v € L> be pluriharmonic symbols and assume u = f +7g, v =
h+k for some f,g,h,k € H(D"). Then, the following statements are equivalent:

(a) T,Ty = Ty on A2.
(b) For each j, we have either 0;f =0 or 9;k = 0.

Proof. As in the proof Theorem [[.1], one obtains
(TuTy — Tuv)ka = fR(a)ka — P(fEka).
Thus, T3, T, = Ty, if and only if
P(fkka) = fk(a)ka,
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which is in turn equivalent to the fact that 9;f = 0 or 9;k = 0 for each j by
Proposition @1, because f,k € H? by Proposition 21 The proof is complete. [

For essentially semi-commuting Toeplitz operators, we also have the following.

Lemma 6.2. Let u,v € L> be pluriharmonic symbols and assume u = f +7g, v =
h+k for some f,g,h,k € H(D™). Then, the following statements are equivalent:
(a) TuTy, — Ty is compact on A?.
(b) TuopTvop = Tiuvyop 0N A2 for every p € ®.
(¢) fk is boundary n-harmonic.

Proof. As in (5.7)), we have the following representation:

(TuT) — T )ib(a) = / (£(2) - £(@) (k) — K@) ) Ka(2)(2) dV'(2)

n

for a € D™ and v € A2. Hence, one can easily modify the proof of Theorem [T3 to
conclude the theorem. The proof is complete. O

Now, combining Corollary B.6] Lemma and Lemma [6.2] we see that the
essentially semi-commuting property is the same as the semi-commuting property
for n > 2.

Theorem 6.3 (n
u=f+g, v="h+
are equivalent:
(a) TuT, = Tyy on A2,
(b) For each j, we have either 9;f =0 or 9;k = 0.
(¢) T,T, — Tyy is compact on AZ.
)
)

2). Let u,v € L™ be pluriharmonic symbols and assume

>
k for some f,g,h,k € H(D™). Then, the following statements

(d Tngvw = T(uv)op ON A2 for every p € ®.
(e) fk is boundary n-harmonic.
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