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ALGEBRAIC Z%ACTIONS OF ENTROPY RANK ONE
MANFRED EINSIEDLER AND DOUGLAS LIND

ABSTRACT. We investigate algebraic Z%-actions of entropy rank one, namely
those for which each element has finite entropy. Such actions can be com-
pletely described in terms of diagonal actions on products of local fields using
standard adelic machinery. This leads to numerous alternative characteriza-
tions of entropy rank one, both geometric and algebraic. We then compute
the measure entropy of a class of skew products, where the fiber maps are
elements from an algebraic Z9%-action of entropy rank one. This leads, via
the relative variational principle, to a formula for the topological entropy of
continuous skew products as the maximum of a finite number of topological
pressures. We use this to settle a conjecture concerning the relational entropy
of commuting toral automorphisms.

1. INTRODUCTION

An algebraic Z% action is an action of Z? by automorphisms of a compact abelian
group. The action has entropy rank one if every element has finite entropy. Ex-
amples include commuting toral automorphisms, multiplication by 2 and by 3 on
the 6-adic solenoid, and Ledrappier’s example on a totally disconnected group [16].
Such actions share many dynamical properties with those of a single group auto-
morphism, yet also exhibit striking rigidity phenomena (see, for example, [12] and
[13).

We give here a systematic account of all algebraic Z%-actions of entropy rank
one. Each such action can be built up from prime actions of entropy rank one.
Our main method is a modification of standard adelic machinery to show that each
prime action of entropy rank one is algebraically conjugate to a diagonal action on
a finite product of locally compact fields modulo an invariant cocompact discrete
subgroup.

There are just three types of locally compact fields: finite extensions of the
reals R, of the p-adics Q,, or of Laurent power series F,((t)) over a finite field F,,.
Actions of commuting toral automorphisms use the reals, and actions on solenoids
combine the reals and the p-adics. As we will see, Ledrappier’s example uses the
third and last type of locally compact field. More precisely, it is algebraically
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1800 MANFRED EINSIEDLER AND DOUGLAS LIND

conjugate to a diagonal action on the product of three isomorphic copies of Fa((t))
modulo an invariant cocompact discrete subgroup. Thus Ledreppier’s example can
be viewed as being generated by two commuting “toral” automorphisms, where R
has been replaced by Fa((¢)). This new viewpoint perhaps explains why Ledrappier’s
example has played such a central role in the development of algebraic Z%-actions.

This structure theory for prime actions allows us to easily compute entropy for
each element of a general algebraic Z%action with entropy rank one. The generators
of the action modify Haar measure in each locally compact factor by a multiplicative
constant, analogous to the absolute value of an eigenvalue for a toral automorphism.
We assemble this information into a finite set of Lyapunov vectors for the action.
Then the entropy for a particular direction vector is just the sum of the positive
dot products of this direction vector and the Lyapunov vectors.

Skew product transformations have been continual sources of interesting exam-
ples in dynamics. One important instance is the so-called “T-T~'" transformation,
which is a skew product of the 2-shift and its inverse with base transformation also
of the 2-shift. This simply-defined transformation is Kolmogorov but not Bernoulli
with respect to the direct product of Haar measure on the base and the fiber [I1].
Its entropy with respect to this measure is log 2. This transformation is also contin-
uous. As shown by Marcus and Newhouse [21], its topological entropy is log(5/2)
and there are exactly two invariant measures of maximal entropy. Marcus and
Newhouse compute the entropy of similar skew products, where the fiber maps are
powers of a single transformation, in other words drawn from a Z-action. They ask
“What happens if one skews into other groups?”

We answer this question for skewing with elements from an algebraic Z%-action
of entropy rank one. The measure entropy of such a skew product has a simple
expression in terms the Lyapunov vectors of the action. Using the relative varia-
tional principle of Ledrappier and Walters [I7], we then show that the topological
entropy of a continuous skew product is the largest of a finite number of topological
pressures, analogous to the result of Marcus and Newhouse [21, Thm. B]. When
the base transformation is a shift of finite type, these pressures can be explicitly
computed in terms of the Lyapunov vectors.

Finally, we apply our results to compute the “relational entropy” of commuting
group automorphisms, settling in the negative a conjecture made by Geller and
Pollicott [9].

2. STATEMENT OF RESULTS

Let X be a compact abelian group. An algebraic Z%-action on X is a homo-
morphism a: Z¢ — aut(X) from Z? to the group of (continuous) automorphisms
of X. Denote the image of n € Z? under a by a®, so that a™™™ = o™ o o™ and
a® =Idx. Let e; = (0,...,1,...,0) be the jth standard basis vector of Z%, so that
« is generated by the d commuting automorphisms a®. For a detailed account of
algebraic Z?-actions, see Schmidt’s comprehensive book [28].

Let p be Haar measure on X, normalized so that p(X) = 1. Then every auto-
morphism of X preserves . By [3, Prop. 7] the topological entropy of a™ coincides
with its entropy with respect to p, and we denote both by h(a™). Say that « has
entropy rank one if h(a®) < oo for all n € Z4.

Denote by Ry the ring Z[ufl, e ,ufl] of Laurent polynomials in d commuting
variables with integer coefficients. As explained in Section[3] duality theory provides
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ALGEBRAIC ACTIONS OF ENTROPY RANK ONE 1801

a one-to-one correspondence between Rg-modules M and algebraic Z?-actions ay
on compact abelian groups Xy = M. Actions of the form QR,/p, Where p is a
prime ideal in Ry, are called prime actions. They form the basic building blocks
for algebraic Z?-actions.

Our first main result is a structure theorem for prime actions of entropy rank
one, which extends earlier work of Schmidt [27] for connected groups.

Theorem 2.1. Let ag,/, be a prime action of entropy rank one on an infinite
group Xg,/p. Then there is a finite product A = k™M x ... x k(™ of locally compact
fields, a diagonal action B of Z* on A for which 3% multiplies the jth factor k) by
ffj) e kY, and a discrete cocompact B-invariant subgroup A C A such that QR /p
is algebraically conjugate to the quotient action of 5 on AJA.

If k is a locally compact field, py is a Haar measure on k, and £ € k, then
pk(EE) = mody (§)ux(E) for all compact subsets E C k. Here modg (&) € [0, 00) is
called the module of &, and plays the role of the modulus of an eigenvalue.

For a prime action ag,/,, let 8 be the diagonal action of Z% on A = kM) x
.-+ x k(™ described in the previous theorem. For each factor kU) define the jth
Lyapunov vector v for aR,/p to be

v = (log mody ) (éj))7 ..., log mody) ( fij))).

Define the set of Lyapunov vectors of ag,/, to be L(ag, /) = (v vmY (Gf
Xg,/p is finite, put L(ap,/,) = @). The Lyapunov vectors, for example, can be
used to compute h(a™) to be Y7, max{n - v\, 0}.

Next, consider a general algebraic Z%action a = ays corresponding to an Ry-
module M. For reasons explained in Section @] we will confine our attention to
Noetherian Rg-modules M, and call such actions Noetherian. In this case, the
corresponding group X = X, has a filtration

Xo={0}cX;cXoC---CX,1CX, =X

of a-invariant compact subgroups X; for which the restriction of o to each X;/X;_1
is algebraically conjugate to a prime action ag,/,,. Also, a has entropy rank one
if and only if each of these prime actions does. In this case we define the Lyapunov
vectors of a to be L(a) = L(ag, /p,)U---UL(agr,p,), with multiplicity taken into
account. This set turns out to be independent of the particular filtration used. The
addition formula for entropy shows that h(a™) = ZveL(a) max{n - v,0}.

We now turn to skew product transformations. Let (Y,v) be a measure space
and T: Y — Y be a measurable transformation preserving v. To construct a skew
product with base transformation T using fiber maps from an algebraic Z%-action «,
let s: Y — Z? be a measurable skewing function. Define the skew product T x5 «
onY x X by

(T x* a)(y,x) = (T(y), a>¥(z)).

Clearly T' x® « preserves the product measure v X p.
To obtain useful results, we need to assume that s is v-integrable, namely that

/ Is(w)]) di(y) < oo,
Y
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1802 MANFRED EINSIEDLER AND DOUGLAS LIND

where Il denotes the Euclidean norm on R?. Hence s has an average value
fy Ydv(y) € RL In addition, we often need to assume that s is T'-
ergodzc namely that the ergodic averages
1

—[s(y) +s(Ty) +--- +s(T" 'y)] — / sdv = v(s)

n Y
for v-almost every y € Y. Of course this condition automatically holds if T itself
is assumed ergodic, but the extra flexibility turns out to be needed.

Theorem 2.2. Let o be a Noetherian algebraic Z-action of entropy rank one with
Lyapunov vector set L(a). Let T be a measure-preserving transformation of (Y, v)
and let s: Y — Z% be o v-integrable and T-ergodic skewing function with average
value v(s) € RY. Then

hy s u(T x5 ) = h, (T) + Z max{ v(s)-v,0 }.
vel(a)

Suppose now that Y is compact, that T is a homeomorphism, and that the
skewing function s: Y — Z¢ is continuous. Then T x® « is also a homeomorphism,
and we ask for its topological entropy in terms of the Lyapunov vectors in L(«).
For each subset ' C L(a) define fr(y) = > ,cps(y) - v, which is a continuous
function on Y. By convention we put fz(y) = 0. Denote the topological pressure
of a continuous function f: ¥ — R with respect to T by P(f,T) (see Walter’s book
[30] for a lucid account of topological pressure and its properties, especially the
variational principle).

Theorem 2.3. Let o be a Noetherian algebraic Z%-action of entropy rank one with
Lyapunov vector set L(a). Suppose that Y is a compact space, and that T:Y —Y
ands: Y — Z* are continuous. For every E C L(a) define fr(y) =Y veps(y)-v.
Then the topological entropy of T X® « is given by
S
h(T x5 a) = S P(fe,T).

We remark that when T is a shift of finite type, each of the pressures P(fg,T)
can be computed explicitly. Hence in this case the topological entropy of the skew
product is easily calculated.

For example, let A and B be commuting automorphisms of T™ with real eigen-
values &1, ..., &n and 11, ..., My, respectively, on their common eigenspaces.
The corresponding Lyapunov vectors for the Z2-action « they generate are v(9) =
(log|&jl,log|n;]) for 1 < j < m. Let Y = {1,2}2, T be the 2-shift on Y, and
s(y) = ey,. Thus T x® « is the skew product of A and B over the 2-shift. Comput-
ing pressures, we find that

(2.1) h(T x*a) = O log(H &1+ 11 Inl )

JjEE

Let Z be a compact metric space, and let R C Z x Z be an arbitrary closed
subset, or relation. Friedland [8] defined a “relational entropy” h(R) for R to be
the entropy of the shift map on ZN restricted to the compact subset {(z;) € ZV :
(ziyzi41) € Rfor all i € N}. If Rg is the graph of a continuous transformation
S: Z — Z, then h(Rg) coincides with the usual topological entropy h(.S), so in this
sense relational entropy generalizes topological entropy.
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Geller and Pollicott [9] studied an entropy e(A, B) for a pair of commuting
transformations A and B, by using the union R4 p of the graphs of A and of B
and putting e(A, B) = h(R4,p). They showed that if Z = T and A and B are
multiplication by p and by ¢, respectively, with p # ¢, then e(4, B) = log(p + ¢q),
confirming a conjecture of Friedland. They also conjectured a formula for e(A, B)
when A and B are commuting toral automorphisms.

Relational entropy is closely related to skew products. Let A and B be com-
muting group automorphisms, and let a be the algebraic Z?-action defined by
a® = A and a®* = B. The analogue of the condition p # ¢ above is that
u({z : Az = Bz}) = 0. We can then compute e(A, B) using Theorem 23] as
follows.

Theorem 2.4. Let A and B be commuting automorphisms of a compact abelian
group X that generate a Noetherian Z2-action o.. Assume that u({r : Ax = Bx}) =
0. LetY = {1,2}2 and T be the shift on Y. Defines: Y — Z? by s(y) = e,,. Then
e(4,B) = h(T x® a).

For example, suppose that A and B are commuting automorphisms of T
with real eigenvalues &1, ..., &, and 71, ..., Nm, respectively, on their common
eigenspaces. Suppose that pu({z : Az = Bx}) = 0 or, equivalently here, that
A # B. Applying Theorem 23] we see that e(A4, B) is given by the formula (21J).
This shows that the formula for e(A, B) conjectured in [J] is not correct.

3. ALGEBRAIC Z%-ACTIONS

We begin with a brief description of algebraic Z?-actions and their relationships,
via duality, with commutative algebra.

Let X be a compact abelian group, which we assume henceforth to be metrizable.
Then its dual group M = X is discrete, and is also countable by metrizability of X.

Denote by Ry the ring Z[ulil, e ,ufl] of Laurent polynomials in d commuting
variables with integer coefficients. An element f € R4 has the form

f=>" fau®,

nezd

where f, € Z for all n = (n1,...,nq) € Z%, fu = 0 for all but finitely many n, and
n__,ni Nng
u® =yt -uyt.
We use a and duality to make M into an Rg-module as follows. For n € Z? and
a € M put u™ - a = a™(a), where o™ is the automorphism of M dual to a®. This
extends naturally to all f € Ry by putting

fra= Z fn(u™ - a).
nezd
The Rg-module M is called the dual module of a.

This process can be reversed. Suppose that M is a countable R4-module. Then
Xy = Misa compact metrizable group. The R4-module structure on M gives an
algebraic Z%-action aps on Xy, in which of, is dual to the automorphism of M
given by multiplication by u™.

Thus via duality there is a one-to-one correspondence between algebraic Z9-
actions and Rg-modules.

An R;-module is said to be Noetherian if it satisfies the ascending chain condition
on submodules. We call an algebraic Z%-action Noetherian if its dual module is
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1804 MANFRED EINSIEDLER AND DOUGLAS LIND

Noetherian over Ry4. Duality shows that « is Noetherian if and only if whenever
X7 D X5 D ... is a descending chain of closed a-invariant subgroups, then there is
an m for which X, = X,,, for all k > m.

An ideal p C Ry is prime if it is a proper ideal with the property that if f-g € p,
then either f € p or g € p. A prime ideal p C Ry is associated to an Rg-module M
if there is an @ € M such that p = {f € Rq: f-a = 0}. If M is Noetherian over Ry,
then the set asc(M) of associated prime ideals is finite.

Algebraic Z-actions of the form ap, /p With p a prime ideal in Rg play a funda-
mental role. We call such an action a prime action. If s is an algebraic Z%-action
with dual module M, then the prime actions ap, /, for p € asc(M) are the associ-
ated prime actions of ays. The associated prime actions of an algebraic Z?-action
carry much of the information about its dynamical behavior.

To illustrate this point, let us characterize those algebraic Z%-actions having the
important finiteness property of expansiveness, a result due to Schmidt [28, Thm.
6.5]. Recall that « is called expansive if there is a neighborhood U of the identity 0x
in X such that

M a™() = {ox}.

nezd

Introduce the notations S = {z € C: |z| = 1}, C* = C \ {0}, and
Ve(p) = {z € (C*)?: f(z) = 0 for every f € p}.

Theorem 3.1. Let M be an Rgq-module and let aps be the corresponding algebraic
Z%-action. If apy is expansive, then it is Noetherian.

Assume now that apr is Noetherian, and let asc(M) be the finite set of its asso-
ciated prime ideals. Then the following are equivalent:

(1) apr is expansive.
(2) ag,/p is expansive for every p € asc(M).
(3) Ve(p)NS% = @ for every p € asc(M).

The following result shows that expansiveness is “exact.” One direction is proved
in [28, Cor. 6.15], and the other uses a simple argument in the proof of [0, Lemma
438].

Proposition 3.2. Let o be an algebraic Z%-action on X, and let K be a closed a-
invariant subgroup of X . Then the action « is expansive if and only if the restriction
ar of a to K is expansive and the induced action ax i of a on X/K is expansive.

It is often informative to examine a notion of expansiveness along subspaces
of R? (see [4] for details). Let H be a hyperplane of dimension d — 1 in RY. Say
that « is expansive along H if there is a neighborhood U of 0x and a ball B(r)
around 0 in R? such that

N o) ={oxh
ne(H+B(r))NZe

We let Ng—1() denote the set of all hyperplanes along which « is not expansive.
According to [4], if X is infinite, then Ng_; () is a closed nonempty subset of the
compact Grassman manifold of hyperplanes, and it determines all lower-dimensional
expansive behavior. For algebraic actions, this set is computed explicitly in [6].
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There is another place where prime actions arise. If M is a Noetherian Rg4-
module, then it is easy to find a chain of submodules

(3.1) O=MyCcMiCMyC---CM,_1CM, =M

such that M;/M;_1 = Rq/q; for 1 < j < r, where each q; is a prime ideal containing
one of the associated prime ideals of M (see [28] Prop. 6.1]). Dual to this filtration
is a reversed chain of closed ajs-invariant subgroups

(3.2) XMZXQDXlDXQD"'DX,«_lDXr:{O},

where X is the annihilator of M; in X, and the induced action of aps on X;_1/Xj;
is isomorphic to the prime action ag,/q;. In this sense an arbitrary Noetherian
algebraic Z%action can be built up as a finite succession of extensions by prime
actions.

Although the prime ideals q; appearing in the successive quotients in ([BI) are
not necessarily unique, we will see in Proposition B.3]that there is a strong relation
between them and asc(M).

4. RANK ONE ACTIONS

We introduce two notions of rank one for algebraic Z?-actions together with a
closely related notion of irreducibility.

Definition 4.1. Let a be an algebraic Z%action.

(i) a has entropy rank one if h(a™) < oo for all n € Z%.
(ii) a has ewpansive rank one if there exists an n € Z? such that o® is an
expansive transformation.
(iii) « is rreducible if every proper closed a-invariant subgroup is finite.

Remarks 4.2. (1) See [6] for a more general discussion of expansive rank and entropy
rank (with a slightly different definition of entropy rank which is equivalent in
the expansive case). For more information about irreducible actions and their
properties, see [7], [I3], [15], and [28, Section 29].

(2) More generally say that a has entropy rank k if the restriction of « to every
subgroup of Z% of rank k has finite entropy, and & is minimal with this property.
Then entropy rank zero corresponds to X being finite. Thus the property defined
in Definition [1](i) should really be termed “entropy rank at most one,” but it is
convenient to use the briefer term here. An analogous remark applies to expansive
rank.

Proposition 4.3. If an algebraic Z*-action has expansive rank one, then it also
has entropy rank one.

Proof. Choose n so that o™ is expansive. Then by [4, Thm. 6.3] or [29] it follows
that h(a™) < oo for every m € Z%, so that a has entropy rank one. O

The converse of Proposition E3lis false. For example, the identity automorphism
on an infinite compact group has entropy rank one but not expansive rank one.
Less trivially, so does an ergodic toral automorphism which has some eigenvalues
of modulus one. Example 7.4 of [6] gives an interesting algebraic Z3-action of
expansive rank three and entropy rank two.

We next characterize rank one in terms of the associated prime actions. The
case when X is connected is treated in [7} Theorem 4.4]; the argument here for the
general case is similar.
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Proposition 4.4. Let ap; be a Noetherian algebraic Z*-action. Then oy has
entropy rank one if and only if each of its associated prime actions ag,, for p €
asc(M) has entropy rank one. Similarly, apr has expansive rank one if and only if
each associated prime action ag,/, has expansive rank one.

Proof. First suppose that ap; has entropy rank one. Let p € asc(M). Then p =
{f€Rq: f-a=0}forsome a € M, andso Rq/p = Ry-a C M. By duality, ag,/,
is a quotient of aps. Hence h(ag ) < h(aj) < oo for alln € 74, so that ag,
has entropy rank one.

Conversely, suppose that for each p € asc(M) the associated prime action
ap,/p has entropy rank one. The restriction ax, ,/x, of ay to a partial quo-
tient X;_;/X; from the filtration (3.2)) is isomorphic to the prime action ag,/q,,
where q; contains some p € asc(M). The surjection Rq/p — R4/q; dualizes to an
inclusion Xg,/q, — XRg,/p- Hence for every n € Z* we have that

h(ak, ,/x,) = h(ak,/q,) < h(ag, ) < oo

Repeated use of Yuzvinsky’s addition formula (see [19] or [28] Thm. 14.1]) then
shows that

T
h(ady) =Y hlak, /x,) < oo
j=1

for every n € Z%, so that a; has entropy rank one.
Now suppose that a s has expansive rank one, so that o}, is expansive for some
n € Z%. Let p € asc(M). As before, @R, /p is a quotient of apr. By Proposition B.2]
a‘]‘%d /p is expansive, and so ap,/, has expansive rank one for every p € asc(M).
Conversely, suppose that ag,/, has expansive rank one for every p € asc(M).
We will see in Propositions [(.1] and that aﬁ‘d /p is expansive except for those

m lying in a finite union of hyperplanes in R%. It follows that there is an n € Z¢
for which R, /v is expansive for all p € asc(M). Then repeated application of
Proposition 3.2 to the filtration (3.2)) shows that o, is expansive, so that aj; has
expansive rank one. O

The analogue of Proposition [£4] for entropy rank greater than one can fail,
because the set of nonexpansive hyperspaces can have nonempty interior.

Example 4.5. Consider the Z>-action Q R, /p, Where p = (14w +uz, uz—2), treated
in [6] Example 5.8], which the reader should consult for details. This action has
expansive rank two, yet the set Na(ap, /) of nonexpansive 2-planes has nonempty
interior. Hence there are a finite number of prime ideals p;, each obtained from p
by a coordinate change of monomials in R3, such that every 2-plane is nonexpansive
for at least one of the ar,/p;. Let M = €P; R3/p;. Then aps has expansive rank
three, but all of its associated prime actions ag,/,, have expansive rank two.

There exist non-Noetherian actions having entropy rank one.

Example 4.6. Let A =[] }], and consider M = Q? as an Ry-module via u; - q =
Aq. Then M,, = (n!)~1Z? is a strictly increasing sequence of R;-submodules whose
union is M, showing that M is not Noetherian over R;. However, X My, 182 finite
extension of Xy, for j > 1, and so aps has entropy rank one.
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This example works because each intermediate group is a zero entropy extension
of its predecessor. But are there examples of non-Noetherian actions of entropy
rank one where the action on successive quotients has at least one element with
positive entropy? Answering this question turns out to be equivalent to answering
Lehmer’s Problem, which has been open for almost 70 years. According to [18],
the original number-theoretic version of Lehmer’s Problem can be reformulated as
follows.

Problem 4.7 (Lehmer). For every e > 0 is there an automorphism ¢ of a compact
abelian group for which 0 < h(¢) < €?

To see the equivalence between these problems, first suppose that My C Ms C
. is an increasing chain of Noetherian Rg-modules such that for every j there is
an n € Z< for which h(ey,,, /ar,) > 0. Using prime filtrations of the form (1), we
may assume that M;41/M; = Rq/q; for prime ideals q;. Anticipating our results
on entropy, our assumption that h(a%d / qj) > (0 for some n is equivalent to the
existence of a nonzero Lyapunov vector v; € L(ag,/q,) for all j > 1. It is then
easy to see that there is an n € Z? for which n - v; > 0 for infinitely many j. The
addition formula for entropy shows that
o0
h(a11\1/1) - h(Oéan) + Z h(a%d/qj) < 0,
j=1
and h(agd/qj) 2 n-v; > 0 for infinitely many j. Hence for every € > 0 there is a j
for which 0 < h(a‘l‘%d /a ) < €, showing that the answer to Lehmer’s Problem would

be affirmative. Converjsely7 if Lehmer’s problem has an affirmative answer, it is easy
to use a direct product of a countable number of automorphisms with summable
positive entropies having the desired non-Noetherian and entropy properties.
Rather than formulate our results as conditional on Lehmer’s Problem, which
may not confer any essentially new generality, we will confine our attention to

Noetherian actions.

5. ALGEBRAIC PRELIMINARIES

We sketch here the algebraic ideas needed to describe the structure of algebraic
Z%-actions of entropy rank one. For more algebraic background see [5] and [10].
Detailed accounts of global fields and local fields are contained in [25] and [31].

An integral domain D has characteristic zero if n-1p # Op for all n > 1, in
which case we write char D = 0. It has characteristic p if p- 1p = Op for some
prime number p > 2, denoted by char D = p. In the latter case we also say that D
has positive characteristic.

By definition we require that all prime ideals p in R4 be proper. Observe that p is
prime if and only if R4/p is an integral domain. If pNZ = {0}, then char Ry/p = 0,
and Xpg,/, is a connected topological group whose topological dimension we denote
by dim X/, = 1. If pNZ = pZ for a prime p, then char Ry/p = p, and Xg,/, is
totally disconnected, or equivalently, dim Xg,/, = 0.

If K is an extension field of F, the transcendence degree trdegy K is the maximal
number of elements in K that are algebraically independent over F. For a prime
ideal p in Ry, let K denote the fraction field of Ry/p. If char Ry/p = 0, we define
trdegg Ra/p to be trdegy K, while if char Ry/p = p, we put trdegp Ry/p to be
trdegy K.
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1808 MANFRED EINSIEDLER AND DOUGLAS LIND

The Krull dimension of a ring R is the length r of the longest chain pg C p1 C
-+ C p, of prime ideals in R. The following result clarifies the relationship between
transcendence degree and Krull dimension for quotients Rq/p. Roughly speaking,
it says that the set of prime ideals p in Ry consists of d + 1 layers with respect to
inclusion, where the kth layer consists of those p for which kdim Ry/p =d+1—k.

Proposition 5.1. The ring Ryq has Krull dimension kdim Ry = d+1. Every prime
ideal p is contained in a mazimal chain
0)Sp1 S Cpr=pS- Cpap

of prime ideals p;. Its position k is the same for all such chains and is given by
k=d+1—kdim Ry4/p.

If char Rq/p = 0, then kdim Ry/p = 1 + trdegg Ra/p, while if char Ry/p = p,
then kdim Rq/p = trdegg, Ra/p.

Every mazimal ideal m C Ry has finite index, and Rq/m is a finite field. A
prime ideal p satisfies kdim Rq/p = 1 if and only if |Ra/p| = 0o and |Rq/a] < oo
for every ideal a D p.

Proof. Almost all of this is standard commutative algebra for polynomial rings. The
only differences are the use of integer coefficients (which contributes the extra 1 in
kdim R4/p in characteristic zero) and the use of Laurent polynomials (easily handled
by forming fractions from Z[uy,. .., uq] using the multiplicative set of monomials
for denominators).

Although there are elementary arguments for the statements in the first two
paragraphs, they also follow from the observation that Ry is a Cohen-Macaulay
ring [, Prop. 18.9], and therefore universally catenary [5, Cor. 18.10].

For the last paragraph, first observe that if m is a maximal ideal, then R;/m is a
field that is finitely generated over Z as a ring, and is therefore finite. Next, suppose
that kdim Rg/p = 1, and let a 2 p be an ideal. Considered as an R;/p-module,
Rg/a has a prime filtration as in (3.1]), where each quotient M;/M;_1 = Rq/m;
for some maximal ideal m;. Hence M;/M;_; is finite for every j, and therefore
so is R4/a. Conversely, suppose that p is a prime ideal such that |R;/a| < oo for
every ideal a 2 p. Let q be a prime ideal with q 2 p. Then R;/q is a finite integral
domain, hence a field, so that q is maximal. Hence kdim R;/p = 1. O

An absolute value | -| on a field K is a function | - |: K — R such that there is a
constant C' so that for all @, b in K we have that
(i) |Ja] > 0 and |a| = 0 if and only if a = 0,
(ii) |ab| = |a||b|, and
(iii) |a + b < Cmax(|al,|b]).
If instead of (iii) the stronger property |a + b| < max(|a|, |b|) holds, we say that | - |
is a nonarchimedean absolute value; otherwise | - | is archimedian. We will always
assume that | - | is nontrivial, namely that |a| # 0,1 for some a € K. Two absolute
values | - |1 and | - |2 are called equivalent if the metrics they induce on K give the
same topology. This is the case exactly when there is a positive constant x such
that |- |1 = |- |5. An equivalence class of absolute values is called a place on K.
Places are denoted by letters like v and w, and the set of all places on K is denoted
by P(K). If v € P(K), we let K, denote the completion of K with respect to any
absolute value in v; this is well defined since absolute values in v give equivalent
metrics on K.
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A global field K is a finite field extension of either @, in which case K is also
called an algebraic number field, or of Fy,(t), where K is called a function field over
F,. A local field k is the completion k = K, of a global field with respect to a place
v € P(K).

Ostrowski’s Theorem [25] Thm. 4-30 (i)] states that every place on Q is either
the infinite place oo corresponding to the usual absolute value |- |, or the place p
corresponding to the p-adic absolute value | - |, for some prime number p, defined
by |m p*/n|, = p~* where p { mn. Places of the second type are called finite places.
The local fields for Q are therefore Q. = R and the p-adic fields Q,,.

Similarly, by [25, Theorem 4-30 (ii)] every place on F,(t) is either the infinite
place oo defined by

‘i‘ :pdegf*degg, where f,g € Fplt],
9l

or the place r defined for an irreducible polynomial r € [F,[t] by

(5.1) grk =q %, where f,g € F,lt], vt fg, and g = paes”,

T

In this case the infinite place oo is determined by some choice of transcendental
element in F,(¢), and we choose this element to be ¢. Then |- |« is defined by
(1)), where r = 1/t, and so we say that 1/¢ is the infinite prime in F,(¢). The
completion I, (¢); of Fp(t) with respect to the place defined by using r = ¢ in (E1I)
is isomorphic to the field F,((¢)) of Laurent series in ¢ defined by

F,((t) = {Zajtj ‘n€Za; € Fp}.
j=n
If r € F,[t] is irreducible, then F,(t), is isomorphic to F,((u)), where ¢ = pies”,
while Fp,(t)oo = Fp(t)i—1 2 F,(t1)).

Let K be a global field, and let F be the field Q or F,(¢) according to the
characteristic of K. Let w be a place on K and let | -| be an absolute value from w.
The restriction of |- | to F defines an absolute value and therefore a place v for F.
We say that w lies above v. For each place on F there is at least one, but only
finitely many places lying above it. We put

P (K) = {w € P(K) : w lies above oo},

and call elements of Py (K) the infinite places of K. We also define Py(K) =
P(K) \ P (K), whose elements are the finite places of K. If charK = 0, then a
place w lies above oo if and only if the corresponding local field K, is isomorphic to
R or C, or, equivalently, w is archimedian. Note that when char K > 0, all places,
including oo, are nonarchimedian.

Every local field is locally compact and nondiscrete. In fact, the classification
theorem [25, Thm. 4-12] shows that every nondiscrete locally compact field is iso-
morphic to either a finite extension of R, or of Q,, or of F,((¢)). Thus the class of
nondiscrete locally compact fields coincides with that of local fields.

Therefore a local field k has a Haar measure pg. For 0 # a € k the automorphism
x — ax multiplies Haar measure by a fixed number denoted modg(a), so that
px(aFE) = modg(a)ux(F) for every compact set E C k. We define modi(0) = 0.
It turns out that |alx = modg(a) is an absolute value on k, which is the one we
will always use. This choice agrees with the absolute values on Q and F,(¢) defined
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above. It also provides the correct normalization of absolute values for the product
formula for global fields K, which asserts that

(5.2) H lal, =1 for every a € K*.
veP(K)
Let K be a global field and let P(K) be its set of places. Define the adele group
Ak of K to be

Ag = {(av) € H K, : |ay]y < 1 for almost every v € TPO(K)}.
veP(K)

There is a restricted direct product topology on Ax making it a locally compact
group with coordinate-wise operations [25, Sec. 5.1]. The diagonal embedding
i: K — Ak is defined by i(a), = a for all v € P(K). It turns out that i(K) is
discrete and cocompact in Ag [25] Thm. 5-11]. This will be the key to using adeles
to determine the group Xg,/p-

6. STRUCTURE THEOREM FOR PRIME ACTIONS

In this section we show that a prime action ag,/, of entropy rank one is alge-
braically conjugate to a diagonal action [ on a finite product of local fields modulo
a (-invariant discrete cocompact subgroup. This structure results from the crucial
observation that the quotient field K of R;/p is a global field, and then applying the
adelic machinery described in the previous section to the finite set §, of places v
on K for which Rg/p is unbounded in K,. The required conjugacy from ag,/,
to [ is then dual to the diagonal embedding R;/p — Hvesp K,, and we invoke
self-duality for local fields to complete the description. Several examples show how
this conjugacy works for actions on tori and solenoids. In positive characteristic, it
allows us to locally decompose examples like Ledrappier’s into a direct product of
Laurent power series local fields over a finite field, leading to explicit “eigenspaces”
for such actions.

We first relate entropy rank one, Krull dimension, and global fields.

Proposition 6.1. Let p be a prime ideal in Rq and let K be the quotient field
Of Rd/p

(1) kdim Ryq/p = 0 iff p is a mazimal ideal in Ry iff Rq/p is a finite field.

(2) kdim Ry/p =1 iff K is a global field.

(3) ag,/p has entropy rank one iff kdim Rq/p = 0 or 1.

Proof. (1) The definitions show that kdim R4/p = 0 iff p is a maximal ideal in Ry
iff Ry/p is a field. Any field that is finitely generated as an algebra over Z is finite,
and any finite integral domain is a field.

(2) First consider the case char Ry/p = 0. By Proposition [5.1] kdim R;/p = 1
iff trdegy K = 0 iff K is global. Now assume that char Ry/p = p > 0. Then by
Proposition 5], kdim Ry /p = 1 iff trdegg K = 1, and Noether normalization shows
that the latter is equivalent to the existence of a transcendental element u € K such
that K is a finite integral extension of Fp(u), which is the same as K being global.

(3) The proof that kdim Rq/p = 1 implies that ap,/, has entropy rank one
follows immediately from the adelic framework we will develop. However, here we
give a direct proof of both directions.
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First consider the case char Rq/p = p > 0. Then kdim Ry/p = trdegy K. If
kdim Rg4/p > 2, there are distinct monomials u™ and u™ in R;/p that are alge-
braically independent. It follows that the subring N that they generate, considered
as a module over F,, [u*™], is isomorphic to a direct sum of countably many copies
of Fp[u®™]. Thus a% is the product of infinitely many p-shifts, and so h(a%) = oco.
Since X is a quotient of X/, we see that h(a%d/p) = 00, and so ag, /, does not
have entropy rank one.

Continuing with the case char Ry/p = p > 0, suppose that trdeng K < 1. Fix
n € Z4 If u® is algebraic in K over F,, then R;/p is an increasing union of
finite subgroups, each invariant under multiplication by u™. Therefore Xg,/, is
the inverse limit of finite quotients by subgroups invariant under g, /p> SO that

n

h(a%d/p) = 0. Next, suppose that u” is transcendental in K over F,. Since

trdeg]Fp K < 1, the image of every monomial u® in K is algebraic over the sub-
field Fp,(u™). Hence K has finite dimension m over Fp(u™). Pick fi, ..., fm € Rq/p
that are linearly independent over F,(u®), and let N be the F,[u*!]-submodule
of K that they generate. Then o is isomorphic to a product of m copies of the
full p-shift, so that h(ay) = m - p. Now K is the increasing union of multiples
N; = a;N of N with finite quotients N;y1/Nj;, so that h(ag) = m - p. Hence
h(a']‘%d/p) < h(ag) < oo, showing that ap,/, has entropy rank one.

Next, consider the case char R4/p = 0, so that by Proposition EIl we have
trdegg K = kdim R4/p — 1. First suppose that kdim Ry/p < 1. The case kdim R4/p
= 0 cannot arise in characteristic zero, so assume that kdim Ry/p = 1. Then K
is algebraic over Q. The images c; of u; in the quotient field K can therefore be
considered as algebraic numbers,

Ra/p = Zlc, ..., CK=Qlct,...,cq),

and multiplication by u™ corresponds to multiplication by ¢® = ¢ ---¢)? in K.
Let k£ = dimg K and choose a basis for K over Q. Multiplication on K by ¢™ has a
rational matrix A with respect to this basis. Then R, /p is a quotient of the dual

Aon K= @k, and h(A\) < oo by [20]. Thus ap,/, has entropy rank one.
Finally, suppose that kdim R;/p > 2. Then some monomial u™ must be tran-
scendental. Hence Z[u*™] C R4/p is invariant under 'k, /p> Which means via duality

that o, has a quotient that is the full shift on T%, and so h(ak, /p) = 0. O

Let p be a prime ideal in R4 such that kdim R4/p = 1. Then by the above the
quotient field K of Ry/p is a global field, and let P(K) denote its set of places.
Recall that for each v € P(K) we choose the absolute value | - |, in v defined by
lal, = modg, (a). For a given v € P(K), we say that Rg/p is v-unbounded if there
is an a € Rq/p for which |a|, > 1. Put

Sp = {v € P(K) : Rq/p is v-unbounded}.

Since Rq/p is finitely generated, 8, is a finite subset of P(K), and it always contains
P oo (K).
Define the adele group of Rq/p to be

ARd/p = H KU;
VES,
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and the diagonal embedding i: K — Ag_/, by i(a), = a for all a € K and v € §,,.
Our goal is to show that i(R/p) is discrete and cocompact in Ag, /.
To do this, introduce

(6.1) T, ={a€K:|a], <1forallve PK)\S8,},
sometimes called the ring of 8,-integers in K.

Proposition 6.2. Let p be a prime ideal in Rq such that kdim Ry/p =1, let K be
the quotient field of Rq/p, and define the ring T, of 8y-integers in K by (G.I)).

(1) Ty is the integral closure of Rq/p in K.
(2) Ty is finitely generated over Rq/p.
(3) i(T},) is discrete and cocompact in Ag,/,, and therefore so is i(Rq/p).

Proof. Statement (1) follows from the characterization of integral closure of a do-
main in terms of valuations [I0, Thm. 10.8]. Statement (2) is a consequence of the
finiteness of the integral closure for affine domains (see [3l, Cor. 13.13], which also
applies to finitely generated algebras over Z).

Let j: K — Ak denote the diagonal embedding of K into its adele group, and
retain the notation i: Ry/p — ap,/, for the restricted diagonal embedding defined
above. By [25, Thm. 5-11], j(K) is discrete and cocompact in Ag. Hence there is
a compact set C C Ag such that C' + j(K) = Ag. Let Bg,(r) denote the ball of
radius r around 0 in K,. By definition of the restricted product topology on Ak,
there is a finite set F O P (K) of places and an r > 0 such that

ccBet)x J] B

veF veEP(K)NF

The Approximation Theorem [25, Thm. 5-8] shows that there is an a € K* such
that |a|, < 1/r for all v € F\ 8, and |al, < 1 for all v € P(K) \ (FUS,). Hence
there is an s > 0 such that

aC c [] Bx,(s) x ] Bx (),

vES), veEP(K)N8y

and clearly aC + j(K) = Ag. Put D = Hvesp
We claim that it also has the property that i(T,) + D = Ag,/,. For suppose that
T = (Ty)ves, € Ar,/p. Extend x to an element y € Ax by putting y, = x, for all
v € 8, and y, = 0 for all v ¢ S,. Since aC + j(K) = Ak, there exists an element
b € K such that y — j(b) € aC. Then |b|, < 1 for all v ¢ §;, so that b € T},. Hence
x —i(b) € D, showing that i(T,) + D = Ag, /p, as claimed.

Finally, since T, is finitely generated over Rq/p, thereis a b € K* for which bT, C
R4/p. Thus i(R4/p) is trapped between the two cocompact discrete subgroups
i(bTy) and i(T}p), so itself must be discrete and cocompact. O

Bk, (s), which is obviously compact.

We next describe the self-duality of local fields.

Proposition 6.3. Let k be a local field, and for a € k define ¢o:k — k by
¢a(x) = ax. There is a topological isomorphism identifying k with k such that the
dual map ¢, corresponds to ¢, .

Proof. Fix a nonzero character x € k. For b € k define the character y;, by xo(a) =
x(ba). Then the correspondence b < Y, is a topological isomorphism between k
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and k (see [31, Thm. I1.5.3]). Clearly xs(da(z)) = x(bax) = X4, 1) (2), so that ba
is identified with ¢,. O

Using Proposition [6.1] the following result implies Theorem 211 our main result
on the structure of prime actions of entropy rank one.

Theorem 6.4. Let p be a prime ideal of Rq such that kdim Ry/p = 1. Then
there is a diagonal action 3 on the adele group Agr,,, and a B-invariant discrete
cocompact subgroup A C Ag,/p,, such that ag,/, is algebraically conjugate to the
quotient action of B on Ag,/,/A.

Proof. Abbreviate Ag,/, by A. By Proposition [£2] the image i(Rs/p) C A is
discrete and cocompact. Let A be the annihilator of i(Rq/p) in A. Then A is also
discrete and cocompact. The dual of the inclusion i: R;/p — A is the quotient
A— 1&//\ = Hvesp ]I/{;/A = Xg,/p- Finally, by Proposition [6.3, H/{:, is identified
with K,, and under this identification ag, /, corresponds to a diagonal action 3 on
A/A. O

Example 6.5 (Single toral automorphism). Let d = 1 and p = (u? — u; — 1).
The roots of the generator for p are £ = (1 ++/5)/2 and & = (1 — v/5)/2. Hence
R1/p =2 Z[€], and its quotient field is K = Q(+/5). Since £ is an algebraic unit, Ry /p
is v-bounded for all finite places on K. There are exactly two infinite places 0oy
and ocog on K, corresponding to the two real embeddings of K. These are given by
la + bv/5|0o, = |a + bV/5|r and |a 4+ bv/5|ee, = |a — bV/5|r, where a,b € Q and | - g
is the usual absolute value. Thus here 8§, = {001,002}, and so

Ap, /p = Koo, X Koo, X R%

The diagonal embedding of R;/p into Ag, /, has image corresponding to the lat-
tice A in R? generated by (1,1) and (¢,¢’). Thus aR, /p corresponds to the Z-action
on the torus Ag, /,/A = T? generated by the matrix [¢1].

Example 6.6 (Commuting toral automorphisms). Let d = 2 and p = (u? — 2u; —
1,u3 — 4u, +1). The roots of the first polynomial are & = 14+ +1/2 and ¢ =1 — /2,
and those of the second are n = 2+ V3 and n =2- V3. All of these are algebraic
units. Then Ro/p = Z[¢, 1] = Z[v/2,V/3], and K = Q(v/2,/3). As in the previous
example, Ro/p is v-bounded for all finite places v on K. There are exactly four
infinite places co, on K, one for each element ¢ in the Galois group G of K over Q,
defined by |a|oo, = |o(a)|r. Hence 8, = {oo, : 0 € G} and

ARy yp = H Kooy = R*.
ceG

Then i(Ry/p) is a lattice in Ag, /, and the quotient is isomorphic to T*. Using this
lattice the Z2-action ap, /p 18 generated by the toral automorphisms A and B given

by
0010 0 -1 0 0
00 0 1 1 4 0 0
A=11 0 20" Z=lo 0o o0 -1
010 2 0 0 1 4

Example 6.7 (Commuting solenoidal automorphisms). Let d = 2 and p = (ug —
2,us — 3). Then Ry/p = 7Z[1/6], K = Q, and ag,, is the natural extension of
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the N2-action on T generated by multiplication by 2 and by 3. Hence Ry/p is
unbounded exactly at the places 2, 3, and co on Q, so that 8§, = {2,3,00} and
Apr,/p = Q2 x Q3 x R. Then Xg,/, is the quotient of Ag,,, modulo the invariant
lattice i(R2/p), and so is locally the product of the 2-adics, the 3-adics, and the
reals.

This local product structure for solenoids was first developed in [20] to explain
Yuzvinsky’s formula for the entropy of solenoidal automorphisms. Shortly there-
after, Katok and Spatzier [14] used these ideas to, among other things, give a geo-
metric understanding of Rudolph’s result [26] about measures on T simultaneously
invariant under x2 and x3.

Example 6.8 (Ledrappier’s example). Our adelic viewpoint allows us to take apart
Ledrappier’s example to see what makes it tick. Let d = 2 and p = (2,1 4+ uq + u2).
Then

(6.2) XRz/p = {x S (Z/2Z)ZQ ST+ Tig1,; T Tij41 =0 for all 7,j € Z}

Here char Ry/p = 2. Then Ra/p = Fo[t*!, (1 + t)~!], where the isomorphism
is defined by u; — t and ug — 1+ ¢. The quotient field is K = Fa(t). The only
places on K where Rs/p is unbounded are the finite places corresponding to the
polynomials ¢ and 1 + ¢, together with the infinite place corresponding to ¢!, so
that 8, = {t,1+¢,¢t~'}. Thus

Ap,/p =Fa(t)s x Fo(t)14¢ x Fa(t);-1 2 Fa((t) x Fo((1 4 ¢) x Fo((t™")).

Each of these three completions of Fo(¢) induces a subgroup of Xg,,,. Let us
first describe this subgroup explicitly for the place ¢. Since we are in characteris-
tic 2, it is convenient to write characters on Fo((t)) additively with values in Fo,
consistent with the isomorphism in (§.2]). Define the basic character x € Fa((¢)) by

X(Z;‘i_n ajtJ) =ap € Fy. For f € Fy((¢)) define x5 € Fao((t) " by xs(9) = x(f9).
As in Proposition [6.3, the correspondence f < xy identifies Fo((¢)) with its dual
group. Thus each f € F2((t)) corresponds to a point we call zy € Xg,,, defined by

(@f)(m.my = xp(ui"uz) = xp (" (1 +)") = x (" (1 +8)" ).

Note, for example, that when n < 0 we use the Laurent expansion (1 +t)~1 =
1+t+t2+t3+. .. in F2((t)) when defining z¢. Explicitly, if f = ap+ait+ast®+...,
a portion of the corresponding point xf is shown in Figurei(a). In Figure O(b)
we depict the overall structure of such points. There is a half-space of 0’s on the
right, bordered by a line of 1’s, and the double-hatched half-line of coordinates,
corresponding to the coeflicients of f, determines the rest of the point in the single-
hatched half-space.

Carrying out a similar analysis for the places 1+t and ¢! yields points in X, /p
having structures depicted in Figure 2i(a) and (b), respectively. For each there is
a half-space of 0’s, bordered by a line of 1’s, and the double-hatched half-line of
coordinates determines the rest of the coordinates.

This analysis shows that Ledrappier’s example has the same formal structure as
a Z2-action by automorphisms of T3, except that the local field R has been replaced
by three isomorphic copies of the local field Fo((t)). For example, let X; denote the
image of Fa((t)) x 0 x 0 C Ag,/p in Ag,/,/A. Similarly define X;,; and X,
using the other two factors. Then Xp, , is locally the direct product of these three
subgroups, which play the role of “eigenspaces” for the action. Explicitly, suppose
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Gg+2a,+ay  2ap+a, a; 0 0 0 %
a; ay agta;  ag 0 0 0
Qg aq a 0 0 0 O
ag+a;+ay ag+a; ag 0 0 0
3agt+2a1+ay 2a9+a;  ay 0 0 0
(a) (b)

FIGURE 1. Points corresponding to the completion at the place ¢

O

0%
_

(a) (b)

FIGURE 2. Points corresponding to the completions at the places
1+tand ¢!

that x € Xg,, is close to 0, so that = contains a large triangle of 0’s with the origin
well within its interior. To find the projection of x to X¢, use the coordinates x_, o
of x for n > 0 together with the half-space of 0’s bordered by 1’s matching the
left-hand boundary of the triangle of 0’s, to construct a point m(z) € X; having
the form shown in Figure[(b). Construct similar projections 7y 4+(x) € X4+ and
mi-1(z) € Xy-1. A simple verification shows that

x=m(x) + mi4e(z) + mp-1 ()

is the local product decomposition of z. In addition, we can easily recover the
three directional homoclinic groups described in Example 9.5 of [6] as the three
intersections X; N X744, Xy N X4-1, and X744 N X1,

Example 6.9 (Action defined by a point). Let K be a global field, and let ¢ =
(c1,-..,cq) € (K*)4. Define the evaluation map ne: Rq — K by ne(f) = f(c). The
image of 7 is the subring of Z[c¢{, ..., ci'] of K. We denote the kernel of 7. by
Pe, which is prime since 7. maps to a field. Here

Po. = {w € Po(K) : |¢j|w # 1 for some j} U P (K).

When char Ry4/p. = 0, the adelic structure has already been used to provide a
description of the action (see [7] or [28] Section IL.7]).

7. CHARACTERIZATIONS OF ENTROPY RANK ONE

This section contains a number of different characterizations of entropy rank one
for prime actions. -
We begin with the connected case. Here Q denotes the algebraic closure of Q.
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Theorem 7.1. Suppose that p is a prime ideal in Rq with char Rg/p = 0. Then
the following are equivalent:

(1) ag,/p has entropy rank one.

(2) ag,/p is irreducible.

(3) dim Xp,/p < oo.

(4) There exists a finite product A = kM) x - .. x k(™) of local fields k) of char-
acteristic zero, a diagonal Z%-action 8 on A, and a B-invariant cocompact
discrete subgroup A of A, such that ag,/, is conjugate to the action of 3
on A/A.

(5) kdim Ry/p = 1.
(6) trdegg Ra/p = 0.
(7) The quotient field K of Ra/p is global.
(8) The wvector space Rq/p @ Q is finite dimensional over Q.
(9) The variety Ve (p) is finite.
(10) There exists ¢ € (@X)d such that p =pc = {f € Rq: f(c) =0}.

If we assume furthermore that ag,,, is expansive, we have three more equivalent

conditions.

(11) ag,/p has expansive rank one.
(12) There exists a finite union U of hyperplanes in R? such that O‘I;%d,/p s ex-

pansive whenever n ¢ U.
(13) The set Ng—1(ar,/p) of nonexpansive hyperplanes is finite.

Proof. By Proposition [6.1], (1), (5) and (7) are equivalent, and by Proposition GBI
(6) and (7) are equivalent. Standard algebraic arguments show that (6), (8), (9),
and (10) are equivalent. Equivalence of (1) and (2) follows from [7, Thm. 4.4]. By
[1, Thm. 3.4], (2) implies (4), which obviously implies (3) since local fields have
finite topological dimension. By [28] Cor. 7.4], (3) implies (10), completing the
proof that the first ten statements are equivalent.

Assume furthermore that ap,/, is expansive. Equivalence of (12) and (13) fol-
lows from [ Thm. 3.6], and clearly (12) implies (11). By Proposition B3, (11)
implies (1). Now assume that (4) holds. Let 8 be the diagonal action on A having
the form

(7.1) Bn(a(l), cee a(m)) = (c“a(l), e ,c“a(m)).

Since ag, /p is assumed expansive, and expansiveness for algebraic actions is deter-
mined locally at 0, each vector

(7.2) vi) = (1og le1lkGy s - - -, log |Cd|k(j)) #0.
Let HY) be the orthogonal complement of v&) in R%. Then the union U of the
hyperplanes HM) | ... H(™) satisfies (12). O

In the case of positive characteristic some conditions in the previous proposition
do not make sense, but expansiveness is guaranteed. The case when Ry/p is finite
has already been dealt with in Proposition &1l In the following we let IF,,(¢) denote
the algebraic closure of F,(1).

Theorem 7.2. Suppose that p is a prime ideal in Rq with char Rg/p =p > 0 and
|Ra/p| = co. Then the following are equivalent:

(1) ag,/p has entropy rank one.
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(2) ag,p is irreducible.

(3) There exists a finite product A = k1) x . x k™) of local fields k) of
characteristic p, a diagonal Z%-action B on A, and a B-invariant cocompact
discrete subgroup A of A, such that ag,/, is conjugate to the action of 3
on A/A.

aR,/p has expansive rank one.

kdim Rq/p = 1.

trdegy Ra/p = 1.

4)
)
)
) The quotient field K of Ra/p is global.
)
)

S Ot

8
9

There ezists ¢ € (Iﬁ‘p(t)x)d such that p = {f € Rq | f(c) =0}.
There exists a finite union U of hyperplanes in R? such that R, /o s ex-

s e~
-

pansive whenever n ¢ U.
(10) The set Ng—1(ar,/p) of nonexpansive hyperplanes is finite.

Proof. When char R;/p > 0 we know by [6, Prop. 7.3] that entropy rank, expan-
sive rank, and Krull dimension coincide, so that (1), (4), and (5) are equivalent.
Proposition [5.0] and standard algebraic arguments show that (5), (6), (7), and (8)
are equivalent. Finite ag,/p-invariant subgroups of Xp,/, correspond via duality
to ideals of finite index in R4/p, so that Proposition[5.]] also shows that (2) and (5)
are equivalent. Theorem [6.4] shows that (5) implies (3). By [4, Thm. 3.6], (9) and
(10) are equivalent, and (10) clearly implies (4). Finally, assume (3). Then since
aR,/p is expansive, the diagonal action in ([Z1I) has nonzero vectors v(D) defined by
(C2), and the argument that (10) follows is the same as there. O

8. LYAPUNOV VECTORS

The dynamical behavior of a toral automorphism is largely determined by the
logarithms of the absolute values of its eigenvalues, or its Lyapunov exponents. For
a Z%-action generated by d commuting toral automorphisms, we need to know the
d Lyapunov exponents in each eigenspace, which together form the components of
a Lyapunov vector for the eigenspace. Using our adelic machinery, we show that
these notions make sense for all Noetherian algebraic Z%-actions of entropy rank
one, and this can be used to easily compute entropy for individual elements of the
action.

Before we start, it is convenient to introduce the notion of list, which is a collec-
tion of elements where multiplicity matters but order does not. The list containing
ai, ..., ap is denoted by (a1, ...,an). Thus (0,1,1) = (1,0,1) # (0,1). The union
of lists is defined in the obvious way, by joining them together and preserving
multiplicities.

Suppose that ag,/, is a prime action with entropy rank one. By Theorem 2.1}
a g, /p is algebraically conjugate to a diagonal action 3 on a product k™ x - x k(™)
of local fields modulo a S-invariant discrete cocompact subgroup. Let § have the
form

667’, (a(l)7 ol a(m)) — (gi(l)a(l), L ,fl('m)a(m))7

where ffj) € k). Define

v — (1og |§§])|km ;.- log |f¢(1j) |lk(j))’
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which we call the Lyapunov vector for 8 on k). Then the Lyapunov list Lag,/p)
is defined to be

Llag,/p) = (v(l), . ,v(m)>.
If Ry/yp is a field, we define L(ag,/p) = @.

Examples 8.1. (1) For the single toral automorphism in Example 6.3, L(ag, /) =

(log [¢|r, log [¢'|r)-

(2) For the commuting toral automorphisms in Example [6.6, the Lyapunov list
consists of four vectors (log |o(§)|r,log|o(n)|r) for o in the Galois group G.

(3) The action generated by x2 and x3 in Example has Lyapunov list

L(ar,/p) = ((log[2|g,,1og 3]g,), (log|2|gs,log(3|qs), (log|2[r,log|3[r))
= ((—log2,0), (0,—1log3), (log2,log3)).
(4) Ledrappier’s Example has Lyapunov list
Laryp) = ((logtlr ey, log |1 + try(ey), (08 [tlrs(a+1): 108 11+ tlraa+e)),

(10g |t|]F2((t*1))7 10g |1 + t|]F2((t*1)))>
= ((—log2,0), (0,—1log2), (log2,log2)).

Suppose now that aj; is a Noetherian algebraic Z?-action with entropy rank
one. Let
(81) OZM()CMlC"'CMr,lCMr:M, Mj/Mjflng/qj
be a prime filtration of M. If N is a submodule of M, it is easy to see that
asc(M) C asc(N) Uasc(M/N). Thus asc(M) C {q1,...,9-}. By Proposition B4}
each apr,/q, has entropy rank one. Thus we can define

T

Llam) = U L(O‘Rd/%)'

j=1
Although the list of q; appearing in (I) is not necessarily unique, those q; con-

tributing nonempty lists to L(aps) always appear, and with the same multiplicity,
in every prime filtration. This is a consequence of the following algebraic result.

Lemma 8.2. Let M be a Noetherian Rg-module such that kdim Ry/p < 1 for every
p € asc(M). Fiz a minimal element p of asc(M). Then the quotient Rq/p appears,
and with the same multiplicity, in every prime filtration [8I).

Proof. This is proved in [19], but there is a simpler argument using localization.
Let p be a minimal element in asc(M). Localizing (81]) at p and using standard
identifications, we obtain

0= (Mo)y C (My)p C -+ C (My)y = My,
where
(M;)p/(Mj—1)p = (Mj/Mj—1)p = (Ra/q;)p-
Letting K(p) denote the fraction field of R;/p, minimality of p shows that

K(p) if q; =
(Rafay)y = {0 SRS
,#p

Hence the number of j for which Rq/q; = Rq/p equals dimg ) M ®g, K(p), and
o is the same for every prime filtration of M. O
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Proposition 8.3. Let M be a Noetherian Rg-module such that kdim Ry/p < 1 for
every p € asc(M). If

OZM()CMlC"'CMr,lCMr:M, Mi/Miflng/pi,
OZN()CNlC"'CNS,lCNS:M, Nj/Njflng/qj
are prime filtrations of M, then

U Llap,/p.) = U Llar,/q,)-
j=1

i=1

Proof. The minimal prime ideals p in asc(M) are the only ones for which L(ag, /p)
is nonempty, so the result follows from Lemma [8.2] O

Remark 8.4. The product formula for global fields (£.2) shows that if ag,/, is a

prime action of entropy rank one, then ) .. (an, V= 0. Hence for a general
d

Noetherian action of entropy rank one, the sum of its Lyapunov vectors is 0.

We can use Lyapunov vectors to compute entropy of elements of an action.
The following result generalizes the classical formula that the entropy of a toral
automorphism with Lyapunov exponents log [A;] is >, max{log|A;],0}.

Proposition 8.5. Let o be a Noetherian algebraic Z¢-action of entropy rank one,
and let L(a) be its list of Lyapunov vectors. Then for every n € Z% we have that

(8.2) h(e®) = > max{v-n,0}.

vel(a)

Proof. First consider a prime action ag,/p,, and let 8 be the corresponding diagonal
action on k™ x - x k(™). Then ™ is uniformly continuous, and Haar measure is
homogeneous in the sense of Bowen [3]. It follows from [3] Prop. 7] that h(8") is
given by the right side of (8.2)), and therefore so is h(a, ). If v = ar is a Noe-
therian action, then the addition formula for entropy (see [19] or [28, Thm. 14.1]),
applied to a prime filtration for M, shows that (§:2) holds. O

Remark 8.6. For an arbitrary topological Z%-action Milnor defined its directional
entropy in the direction of a vector w € R? (see [22], and further investigations in
[, Sec. 6]). An easy modification of the previous proof shows that for a Noetherian
algebraic Z%action a of entropy rank one, its entropy in direction w is given by
> ves (o) max{v-w,0}, and is therefore a continuous function of the direction. For
more on continuity of direction entropy for general actions, see Park’s article [23].

9. VOLUME DECREASE IN LOCAL FIELDS

As a preliminary to computing fiber entropy in the next section, here we compute
the rate of fiber volume decrease for a skew product whose fiber is a local field.

Let (Y, v) be a measure space, and let T': Y — Y be a measurable transformation
preserving v. Recall that a function f: Y — R is called T-ergodic if the ergodic
averages

f(y)+f(Ty)+~~+f(T"1y)_)/fd,/ as m — 0o
n Y

for v-almost every y € Y.
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Let k be a local field with Haar measure uy and absolute value | - |x. Thus
ux(aE) = |algpx(E) for every a € k and compact E C k. Let g: Y — k* be
measurable. The following result computes the rate of volume decrease in fibers for
the skew product transformation of Y x k defined by (y, a) — (T'y, g(y)a).

Proposition 9.1. Let k be a local field with Haar measure px and absolute value
|'|k. Let T be a measure-preserving transformation of (Y,v), and let g: Y — k> be
measurable. Assume that log|g(y)|k is v-integrable and T-ergodic. Fory € Y and
e > 0 define

n
DN(E,y):{aek: ‘a Hg(ij)‘ <5f0r0<n<N—1}.
=0 B
Then for every € > 0 and almost every y € Y we have that

1
lim ——1oguk(DN(6,y)) = max{/ log | gk dI/,O}.
N—ooo N Y

For the proof we require the following elementary result.

Lemma 9.2. Let {a,} be a sequence of real numbers such that an,/n — a as
n — oo. Then

Qn
max — — max{a,0} as n — oo.
1<n<N

Proof. First suppose that a > 0. Fix ¢ > 0. There is an M > 0 such that
lan/n—a| < e foralln > M. Hence maxicn<n an/N = any/N > a—e for N > M.
Also, for M < n < N we have that a,/N < a,/n < a+ ¢, and for N sufficiently
large that a, /N < a+ ¢ for 1 < n < M. This completes the case a > 0.

Now suppose that a < 0. Fix ¢ > 0. Clearly maxi<n<n @n/N > a1 /N > —¢ for
large enough N. Since a < 0, there is an M such that a,/n < ¢ for all n > M. If
M < i < N and a; > 0, then a;/N < a;/i < &, while if a,, < 0, then a,/N < ¢
trivially. Thus for all N sufficiently large we see that maxj<,<n an/N < €. [l

Proof of Proposition[d1. Let B(r) denote the ball in k of radius r. Clearly

N—
paten = () BELT ) = (< Lo )
Hence
n
k(D (e, y)) = oggzr\l/q{ H 1|]k}

and so
1 1 1 & .
— log (D (e,y)) = = log pe(B(e)) + _max > "log|g(T/y)ls.

Since log |g(y)|x is assumed to be T-ergodic, we have for almost every y that

n—1
1 .
— > log|g(T7y)x —>/ log [glx dv.
n =0 Y
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Then Lemma [@.2 with the sequence a,, = Z?:_()l log |g(T7y) | shows that

1
— v log (D (e, 9)) — maX{/Yloglglk dv,O}

for every € > 0 and almost every y € Y. O

10. FIBER ENTROPIES

Let a be an algebraic Z%action of entropy rank one on a compact abelian
group X. To define skew products with «, let T' be a measure-preserving transfor-
mation of (Y,v) and s: Y — Z¢ be measurable. Define the skew product T x® «
onY x X by (T x* a)(y,z) = (Ty,a*¥)(z)).

Our goal in the next two sections is to compute the measure entropy h, x ,(T'x%«a)
and, in case T and s are continuous, the topological entropy h(T x* ).

According to a formula due to Abromov and Rohlin [I] and to Adler [2], the
measure entropy h, (T x5 ) equals h, (T') plus the integral over Y of the measure
fiber entropies of T' X% « on {y} x X. In this section we first introduce various
topological fiber entropies, and show that they coincide and equal the required
measure fiber entropy. We then show how to compute topological (and therefore
measure) fiber entropy for prime actions from the corresponding diagonal action on
an adele, by controlling possible wrapping in the adele modulo the invariant lattice.

In building up a general Noetherian rank one action from prime actions, we are
inevitably led to consider skew products with affine, rather than automorphism,
fiber maps. To describe these, let 7: Y — X be measurable. Define the affine skew
product T' x% « by

(T x5 a)(y,z) = (Ty, o*¥(2) + 7(y)).

Then
(T %3 )" (y,2) = (T™y, 0™ ® (@) + 7 (y),
where
su(y) =s(y) +s(Ty) +--- +s(T"'y)
and
n .
Ta(y) = o™ TYR(TTy).
j=1

Thus

(T x5 )" =T" x5 a.

Define the affine maps Ay on X by
(10.1) Al (z) = oW (2) + 7 ().

Then iterates of T' x3 o on a fiber {y} x X are effectively given by the maps A}
on X, and it is these we use to define fiber entropies. We abbreviate the notation
for various fiber entropies h,(T' x5 a, {y} x X) to h.(T X% o, y).

The following gives fiber analogues of standard definitions due originally to
Bowen [3].

Definition 10.1. Let the affine maps A} : X — X for the skew product 7" x7 o on
Y x X be given by (I0I). Let p be a translation-invariant metric on X compatible
with its topology.
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(1) Aset E C X is (N, e,y)-spanning for T x3 « if for every x € X there is an
2/ € E such that p(A}(z), Ay(2')) < e for 0 < n < N — 1. Let ry(e,y) be the
smallest cardinality of an (N, e, y)-spanning set, and put

1
hspan(T" X5 @, y) = lim limsup — logrn (e, y).
e=0 Nooo IV
(2) Aset F C X is (N,e,y)-separated for T x5 « if for distinct points z, 2’ € F
there is n with 0 < n < N —1 for which p(Aj (x), Ay (z)) > €. Let sy (e, y) be the
largest cardinality of an (N, e, y)-separated set, and put

1
heep(T' X7 v, y) = lim li]rvnsup v logsn(ey).
—00

(3) Let Bx(e) ={z € X : p(z,0x) < €}, and put
N-1
Dy (e,y) = ﬂ a5 W) (Bx(2)).
n=0

Define the volume decrease fiber entropy for skew products with automorphisms by

- 1
hyol (T x* 1, y) = lim limsup — log (D (e, y))-
Similarly, if 3 is a diagonal action on a finite product A of local fields, and By(¢)
is the e-ball in A, we define hyo (T X3 5, y) as above, with By () replacing Bx ().

Lemma 10.2. All of the topological fiber entropies in Definition[10.1] agree:

hspan(T Xj— avy) = hsep(T Xj— avy)
= hgpan(T' X% @, y) = hsep(T' x* a, y) = hyoi (T x° a, y).

Proof. The equality of spanning set entropy for 7' x® o and its affine counterpart
T x% o follows because the metric p is translation-invariant; similarly for separated
set entropy.

If Fis maximal (N, e, y)-separated for T' x5, it is also (N, ¢, y)-spanning. Hence
rn(e,y) < sn(e,y), and S0 hepan (T X5 @, y) < hsep(T" X3 v, y). Furthermore, the sets
x4+ Dn(e/2,y) for © € F are disjoint, so sy (e, y)u(DN(6/2, y)) < 1, proving
that heep(T x® a,y) < hyot(T x® a,y). Finally, if E is (N,¢,y)-spanning, then
Uzer(z+Dn(e,y)) = X. Hence ry(e,y)u(Dn(e,y)) = 1, so that hyo (T x%a,y) <
hspan (T X% @, ). O

Next we turn to measure fiber entropy. Let H,, (P) denote the usual entropy of
a finite measurable partition P of X.

Definition 10.3. The measure fiber entropy of an affine skew product T' x% « is

defined by
N—-1
1
s — : - A" -1 P
hu (T % a ) = sup h]rvnjgopNHu(n\:/O( w7 )),

where the supremum is taken over all finite measurable partitions of X.

The following proposition, which is a special case of results due to Abromov and
Rohlin [I] and to Adler [2], computes the entropy of T' x% « in terms of the base
and measure fiber entropies.
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Proposition 10.4. Let T be a measure-preserving transformation of (Y,v), s be
v-integrable, and 7: Y — X be measurable. Then

P (T %3 @) =h(T) + | (T < ) dv(y).
Y
To make use of this result, we need to relate topological and measure fiber
entropy. The following fact, whose proof is exactly the same as in the proof of
Theorem 13.3 in [28|, shows that they are within a universal constant of each
other. We use this later to show that they in fact agree.

Lemma 10.5. The topological and measure fiber entropies satisfy
hvot (T %% a0, y) < hy (T X° o, y) < hvat(T X% @) + 1 + log 2.

The volume decrease fiber entropy is easy to compute for diagonal actions on
products of local fields.

Lemma 10.6. Let A =k x .- x k(™) be a product of local fields, and let 8 be a
diagonal Z%-action on A with Lyapunov list <v(1), . ,v(m)). Let T be a measure-
preserving transformation of (Y,v), and s: Y — Z% be v-integrable and T-ergodic
with average value v(s) € RE. Then for almost every y € Y we have that

(10.2) huot (T %% B,y) = Y max{v(s) - v\?), 0}.
j=1
Proof. Clearly we are free to choose a compatible metric on A when computing hy,y,
and we use
(10.3) p((@), (69) = max [t — b0,

Then By (g) = Bya)(g) X - -+ X Byem) (€). We can now apply Proposition[@.] to each
factor kU) separately, resulting in a contribution of max{v(s) - v{),0}. Adding
these together completes the proof. (I

Suppose that a = ag,/, is a prime action on X = Xpg,/, of entropy rank
one. Let 3 be the corresponding diagonal action on the adele A = Ag_ /,, with -
invariant cocompact discrete subgroup A C A such that A/A = X. If the skewing
function s is assumed to be bounded, then the local isomorphism between X and
A shows that hyo (T x® a,y) = hyo(T xX® 8,y) for every y € Y. This is effectively
Bowen’s calculation of the entropy of a toral automorphism from the entropy of the
covering linear map [3, Cor. 16]. However, when s is unbounded the intersections to
compute hyo (T X®a, y) can be much more complicated than those for hyo (T x5 3, y)
owing to wrapping phenomena in X for sets o=5(T"%) (Bx(E)) when s(T7y) is very
large. Marcus and Newhouse [2I] control this for Z-actions by inducing on a subset
of Y defined by a first exit time to reduce to the case of bounded s; however, this
technique is not available for Z%-actions.

Proposition 10.7. Let o be a prime action of entropy rank one, and let 3 be the
corresponding diagonal action. Let T be a measure-preserving transformation of
(Y,v), and s: Y — Z% be v-integrable. Then

hvo|(T xS a,y) = hvoI(T x5 ﬁay)

for v-almost every y € Y.
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Proof. Let A =k x ... x k(™ and 8 be the diagonal action defined by
6 (a(l), cee a(m)) = (c‘fa(l), cee c;‘@a(m)),

where ¢; € (k)% Let A be the S-invariant lattice in A such that X = A/A. We
use the metric on A in ([[Q.3), and its quotient metric on X. Thus the quotient
map ¢: A — A/A = X is a local isometry. We normalize Haar measure on A so
that ¢ is also locally measure-preserving, and let p denote Haar measure on both

A and X.
Define
N-1 N-1
DN(sy) = () e (Bx(e)) and Di(e,y) = () 87 (Bule)).
n=0 n=0

Since ¢ is a local isometry, for sufficiently small £ we have that ¢(D%(E,y)) C
DX (g,y). Hence hyo (T x5 a,y) < hyot(T x5 3,y) for every y € Y.

To prove the reverse inequality, we first claim that there is a constant 6 such
that if r; > 1 and Q is the rectangle By (r1) X -+ X Byem) (rm), then |Q N A| <
0u(Q). To see this, observe that since A is discrete there is 0 < 1 < 1/2 such that
pla,b) > 2n for distinct a,b € A. Hence the sets By(n) + a are disjoint for a € A.
Furthermore, since r; > 1 and n < 1/2, there is a v > 0 such that if a € @, then
1(Q N (Ba(n) +a)) = ~. Hence |Q NAly < p(Q), and so we can take § = 1/~ to
verify our claim.

Next, for n € Z% and £ > 0, define f.(n) to be the number of lattice points
a € A for which By(e) N 7™ (Ba(e) + a) # @. Clearly, for fixed n the function
f-(n) decreases as ¢ decreases, and f.(n) — 1 ase — 0.

If a € A is such that By (1) N 37™(Ba(1) + a) # @, then

a € B*(Ba(1)) + Ba(1) € Q = [ [ Buor (1 + I} 1)
j=1

where || - || is the sup norm on (k(j))d. Using obvious estimates on the measures
of balls in kU) together with the inequality |Q N A| < 6u(Q) from the previous
paragraph, we see that there are constants C' > 0 and A > 1 such that

(10.4) f-(m) < f1(n) < 0p(Q) < O,

Next, observe that for ¢ small enough, a5 (Bx(e)) N Bx(c) is made up
of at most f.(s(y)) pieces, one for each lattice point a € A for which By(e) N
ﬁ—s(y)(BA(E) + a) # @, and each piece is contained in a translate of
¢(Ba(2¢) N B75W) B, (2¢)). Continuing inductively, we see that

DX (e,y) = Bx() Na W (Bx(e)) N---Na~ V1) (Bx(e))

is the union of at most
N—1
pn(ey) = [] f-(s(T"y))
n=1
pieces, each contained in a translate of gi)(D‘f‘i, (2e, y)) Hence

(10.5) 1(Dx(e,9)) < p(e,y) - (Dy(2¢,9)).
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By ([[03), 0 < logfe(s(y)) < logC + [Is(y)l/logA, so that log fe(s(y)) is v-
integrable on Y since s(y) is. Also,

logpN £,9) og f-(s(T"y))

||F12

is an ergodic average of log fe(s(y)). By the ergodic theorem, there is an in-
tegrable function g. > 0 with [, g-(y)dv(y) = [, log fe(s(y))dv(y) such that
N~ tlogpn(e,y) — ge(y) as N — oo for almost every y. Clearly g. decreases
as ¢ decreases. Since log fe(s(y)) — 0 as ¢ — 0, it follows from the monotone
convergence theorem that

/Y lim g () dv(y) = im | g.() dvly) = Iim | log 1. (s(w) o)

e—0 e—0 Jy

/ lim log f-(s(y)) dv(y) = 0.
Y

e—0

Hence lim._,0 g (y) = 0 for almost every y.
Finally, from ([35) we see that

S
hvol (T %* . y) > huo(T' x® B, y) — lim - lim - logpn (e, y)

h
hvoI(T x5 3, y) - Ehf%gs(y) = hyol (T x® 6)
for v-almost every y, concluding the proof. O

To prove our entropy formula for actions built up from prime actions, we need
the following simple inequality.

Lemma 10.8. Let K C X be a compact a-invariant subgroup, and denote the
restriction of a to K by ax and the resulting action on the quotient X/K by
ax/i. Then

hvoI(T x5 a;y) = hvoI(T x5 04K7y) + hvoI(T x5 aX/Kvy)
for every y.

Proof. Let m: X — X /K be the natural projection map. We may assume that the
metric on X induces the metrics on K and on X/K.

Fix N and ¢ > 0. Define sets DX (¢,y), DX (¢,y), and DJ)V(/K(E,y) using these
metrics and the actions a, ag, and ax/g, respectively. Clearly W(D])V((E,y)) -

D])V(/K(E,y). If z,2’ € DX(e,y) and x — 2’ € K, then z — 2’ € DK (2¢,y). By
Fubini’s Theorem,

x (D (e,y)) = /X/K ik (DN (,y) — ) dux/x (T)
< /X/K(&y) K (Dﬁ(%,y}) dpx) i (T)

X/K
The result now follows using Definition I.T](3). O
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11. ENTROPY OF SKEW PRODUCTS

Our fiber entropy results of the previous section provide the basis for computing
the measure and topological entropy of skew products with Noetherian algebraic
Z%-actions of entropy rank one. The following result includes Theorem 2.2

Theorem 11.1. Let a be a Noetherian algebraic Z%-action of entropy rank one
and Lyapunov vector list L(a). Let T be a measure-preserving transformation of
(Y,v). Suppose that s: Y — Z4 is T-ergodic and v-integrable with average value
v(s), and that 7:' Y — X is measurable. Then the measure fiber entropy of T X% «
is given by

(11.1) hu(T x5 a,y) = heo(T x* a,y) = Y max{v(s)-v,0}
vel(a)
for v-almost every y. Hence the measure entropy of T' X5 « is
(11.2) hywu(T x5 a) = h,(T)+ Y max{v(s)-v,0}.
vel(a)
Proof. Consider first the case of a prime action a = ag,/,. Put
h=h(s) = Z max{v(s)-v,0}.
vel(a)
By Lemmas and and Proposition [I0.7]
h<h,(T x%}a,y)<h+1+log2
for almost every y. By Proposition M0L4]
(11.3) hy (T) + h < hyu (T x5 o) <h, (T) +h+1+log2.

Now (T x5 a)™ = T™ x5 a. Since

then h(s,) = nh(s) = nh. Applying ([[1.3) to (T x5 a)™ gives
ho (T™) 4+ h(sn) < hysp (T x2 a)™) < hy (T™) 4 h(sp) + 1 + log 2

or
nh,(T)+nh <nhyx, (T x3a) <nh,(T)+nh+1+log2.

Dividing by n and letting n — oo proves (II2) in this case.

By Lemma [0A h = hyo (T' X° o, y) < hu(T x5 o, y) for almost every y, and by
the above, [, h,(T x5 a,y) dv(y) = h, which establishes (IT1)) in this case as well.

We prove the general Noetherian action case by induction on the length of a
prime filtration, the above establishing the result for filtrations of length one.

Suppose that K is a compact a-invariant subgroup of X, that ax is a prime
action, and that (ITT) and (IT2) hold for ax and for ax/x. We represent T' x5 a
as a succession of two skew products to which our results apply, as follows.

By [24] 1.5.1], there is a Borel cross-section o: X/K — X to the natural quo-
tient map 7: X — X /K such that 7 o o is the identity on X/K. This induces a
measurable isomorphism ¢: X — (X/K) x K, given by ¢(x) = (T,b(z)), where
T=x+ K € X/K and b(x) = z — o(Z). Under this isomorphism Haar measure
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p on X corresponds to the product pux/x x px on X/K and on K. Further-
more, o™ is conjugated to the map (T,k) — (o&/K(E),a}‘((lﬂ) + b(a™a(T))) for
(z,k) € (X/K) x K.

Define 7: Y — X/K by 7(y) = 7(y) = 7(y) + K. Consider the skew product
S=Tx%ax/g onY' =Y x(X/K). From our induction hypothesis, we know that

hVXMX/K(S) = huxMX/K(T X;Oéx/K)
(11.4) =h,(T)+ > max{u(s) v,0}.
vel(ax/k)

Next consider the skew product S xil, ag onY' x K, where s'(y,Z) = s(y) and
(y,Z) = b(a*Wa () + 7(y)). Observe that since s’ depends only on the first
coordinate, and agrees with s there, it follows that s’ is S-ergodic with respect to
v X px/k, and that (v x px/k)(s’) = v(s). Since ag is prime, our earlier work
shows that

(115) Do rrsenn (S X5 ) = hypy o (S)+ > max{u(s) - v,0}.
veLl(ak)

Now Idy x¢ conjugates T' X% o to
(T %2 ax/k) x5 ag = S x5 ag.

Putting together (IT4) and (ITH), and recalling that L(a) = L(ax/x) U L(ak),
we obtain ([T2) for a.
Let

hk = Z max{v(s) -v,0} and hx/x = Z max{v(s) - v,0}.
veLl(ak) veL(ax k)

By our induction hypothesis, we know that
hvo|(T XSOzK,y):hK and h\,o|(T XSaX/K,y):hX/K

for v-almost every y. By our calculation of h(T x3 «) and Proposition L4 we
have that

/Y hu(T x5 a,y) dv(y) = hi + hx/k.
Finally, by Lemmas [0.5] and [T0.8]
h, (T x5 a,y) = heo(T X° a,y)
2 hyo!(T' %% ag,y) +hwo!(T x® ax/k) = hx +hx/k-
It follows that h, (T x5 a,y) = hx + hx/k for almost every y, completing the
proof. O

We next compute topological entropy for continuous skew products. For this,
suppose that Y is a compact metric space, and that T: Y — Y, s: Y — Z%, and
7:Y — X are continuous. Thus T X% «a is a continuous transformation of the
compact metric space Y x X, whose topological entropy we denote by h(T x5 ).
The topological fiber entropies from Definition [0 we denote by h(T x5 a,y). We
let P(f,T) denote the topological pressure of a continuous real-valued function f
on Y with respect to T. The following includes Theorem [Z3]
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Theorem 11.2. Let a be a Noetherian algebraic Z%-action of entropy rank one
with Lyapunov vector list L(a). Let Y be a compact metric space, and assume that
T:Y —-Y,s:Y —Z% and 7: Y — X are continuous. For every E C L(a) define

fe(y) =>,cpsy)-v. Then

11. T x5 a) = P(fp.T).
(11.6) h(T x5 «) P (fe,T)

Proof. Let m: Y x X — Y be projection to the first coordinate. Fix an arbitrary T-
invariant ergodic measure v on Y. The relative variational principle of Ledrappier
and Walters [17] asserts that

sup  ha(T x5 ) =h,(T) +/ h(T % a,y) dv(y),
xen—1(v) Y

where the supremum is taken over all measures A invariant under 7' x$ o that
project to v. By Theorem [T1-1]

h(T <% a,y) = Z max{v(s)-v,0}

vel(a)
= sup Z v(s)-v= sup / fEdv.
ECL(e) yo gy ECL(a) )y

By the usual variational principle, we can compute h(T' x5 «) as the supremum
of hy(T x% ) over all ergodic measures A on Y x X. Such a measure projects under
7w to a T-invariant ergodic measure on Y. Hence

h(Txia):sup{ sup hA(Txia)}:sup{hl,(T)—i— sup /fEdz/}
v Aem—1(v) v ECcL(a)JY

= sup sup{hu(T)—l—/ fE dy} = sup P(fg,T),
ECcL(a) v Y ECL(a)
where in the last line we use the variational principle for the pressure of fr with

respect to T'. (I

For example, if T is a shift of finite type, then s depends on only finitely many
coordinates, and each of the pressures P(fg,T) can be computed explicitly.

Example 11.3. Let a be a Z?-action of entropy rank one with Lyapunov vectors
(vi,w1), «-vy (Um,wm). Let Yo = {1,2}% and Ty be the 2-shift on Y. Define
s: Yo — Z? to be s(y) = e,,. An easy calculation of pressure shows that

(11.7) h(T x° o) = Ec?llaxm}log [exp(z vj> + exp(z wj)}
r JEE JjeE

Note that taking ' = @ gives log 2 on the right side, corresponding to the fact that
h(T> x® /) must be at least as large as the entropy h(72) = log 2 of the base.
12. RELATIONAL ENTROPY FOR COMMUTING GROUP AUTOMORPHISMS

In [8] Friedland studies a general notion of entropy for relations, defined as
follows. Let Z be a compact metric space and R be a closed subset of Z x Z, or
relation on Z. Put

X(R)={x e Z": (x;,xi41) € R for all i € N}.
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Let oy (x) denote the one-sided shift on X(R). Define the relational entropy hee(R)
of R to be the topological entropy h(ox(x)).

As Friedland notes, if T: Z — Z is continuous and Ry = {(2,T2) : z € Z} is
the graph of T, then hy(R7) reduces to the usual topological entropy h(T') of T.
In this sense relational entropy generalizes topological entropy.

Using these ideas, Geller and Pollicott [9] introduced the relational entropy
e(S,T) of a pair S, T of commuting transformations. They put Rsr = Rg U Ry,
the union of the graphs of S and of T, and defined e(S,T) = hy(Rg ). This
definition has an obvious extension to e(T4,...,Ty) for d commuting maps T; by
using the relation Ry, .. 1, =R, U---URp,.

One of their main results is that if Z = T, S is multiplication by p, and T' is mul-
tiplication by g # p, then e(S,T) = log(p + ¢q), verifying a conjecture of Friedland.
They considered pairs of transformations that are commuting automorphisms of a
compact abelian group, and conjectured a formula for e(A, B), where A and B are
commuting toral automorphisms.

Let Ay, ..., Ay be commuting automorphisms of a compact abelian group X
with Haar measure p. Denote by a the algebraic Z%action they generate via
a® = A;. Assume that the A; are essentially distinct, namely that they satisfy
the condition p({z € X : A;(z) = A;(z)}) = 0 for all ¢ # j, corresponding to the
condition p # ¢ above. Then we can compute e(Aq,...,Ay) using our previous
results on skew products, in this case using the full d-shift as base. The following
result contains Theorem 2.4 as the case d = 2.

Theorem 12.1. Let Ay, ..., Ag be commuting automorphisms of a compact abelian
group X with Haar measure u. Assume that the algebraic Z%-action they generate
is Noetherian, and that p({x € X : Aj(x) = A;j(x)}) = 0 for all i # j. Let
Yy = {1,...,d}? and Ty be the d-shift on Yy. Define s: Yy — Z¢ by s(y) = ey,-
Then

e(Al, cee ,Ad) = h(Td x® 04),
where the right side is computed according to Theorem [11.2
Proof. Define ¢: Yg x® X — X(Ra,,.. a,) by

Py, x) = (xv Ay, (), Ay, Ay, (), Ay, Ay, Ay (), - )
Clearly ¢ is continuous, surjective, and intertwines Ty Xs a with the shift on
X(Ra,,....4,)- Therefore e(Aq, ..., Aq) < h(Ty x® ).

To prove the reverse inequality, recall that since Ty is a shift of finite type, Ty x5«
has a measure of maximal entropy of the form v x u. We claim that ¢ is one-to-one
on a set of full v x y measure. Suppose that ¢(y, z) = ¢(y', 2') with (y,z) # (v, ).
By definition of ¢ we have x = 2’. Choose n minimal so that y,, # y,. Then

Ay, (Ayn—l e Ay, (a:)) = Ay, (Ayn—l e Ay, (37)),
so that
-1 4-1 -1 -1
ve A A A (ker A Ay ).
But p(ker A, 3Ay, ) = 0 by hypothesis, and so z lies is a countable union of p-null
sets, verifying our claim. Therefore

Ad)) = e(Al, e ,Ad),
completing the proof. O

h(Ta x® a) = hyxpu(Ta X* @) = ho, (vxu) (Ox(Ra, .4 ,)
< h(O’x(ggAl
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We remark that some condition about distinctness of the A; is needed. For
example, if Ay = Ay = A, then e(A, A) = h(A), while h(T; x® ) = h(4) + log 2.
The discrepancy arises here because the map ¢ of the proof is no longer essentially
one-to-one.

Examples 12.2. (1) Let Z = T, A be multiplication by p, and B be multiplication
by ¢ # p. Here the local fields are Q,, Qq, and Q. = R, with corresponding
Lyapunov vectors for the generated ZZ2-action being (—logp,0), (0, —loggq), and
(logp,logq). Theorem MZTl then shows that e(A, B) = log(p + ¢), agreeing with
Theorem 2 of [9].

(2) Let A and B be commuting automorphisms of T", and suppose for simplicity
that all eigenvalues are real, say they are &; and 7; on the jth eigenspace. Then
the Lyapunov vectors for the Z2-action they generate are (log|¢;],log|n;]), and so
by Example [T3]we see that

e(A,B) = Ecrgagfm}log(ﬂ &1+ ] Injl)-

JjEE JjEE

This shows that the formula conjectured by Geller and Pollicott in [9] 5(3)] is not
correct.

(3) Let a be the Ledrappier Z? action from Example 68, and A = a®', B = a*2.
Here the Lyapunov vectors are (log2,0), (0,log2), and (—log2, —log2). Hence by
Theorem [[2.1], we find that e(A, B) = log4, not the value log(2 + v/2) reported
in [9, Sec. 3]. Unfortunately, this means that their claim that e can be used to
differentiate between Ledrappier-type examples defined using shapes with the same
convex hull is not correct. In particular, Theorem 3 of [ is false.
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