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DIALGEBRA COHOMOLOGY AS A G-ALGEBRA

ANITA MAJUMDAR AND GOUTAM MUKHERJEE

ABSTRACT. It is well known that the Hochschild cohomology H*(A, A) of an
associative algebra A admits a G-algebra structure. In this paper we show
that the dialgebra cohomology HY *(D, D) of an associative dialgebra D has
a similar structure, which is induced from a homotopy G-algebra structure on
the dialgebra cochain complex CY*(D, D).

1. INTRODUCTION

It is well known, since the pioneering work of M. Gerstenhaber [2], that the
Hochschild cochain complex C*(A, A) of an associative algebra A admits a brace
algebra structure. Moreover, in [3], M. Gerstenhaber and A. A. Voronov have shown
that C*(A, A) admits a homotopy G-algebra structure which induces the G-algebra
structure on the Hochschild cohomology as introduced in [2]. These structures on
C*(A, A) are in fact induced from a natural operad structure on C*(A, A), where
only the non-Y part of the operad is responsible for inducing the above structures.

The notions of Leibniz algebras and associative dialgebras were introduced in [6],
by J.-L. Loday. Leibniz algebras are a non-commutative variation of Lie algebras,
and associative dialgebras are a variation of associative algebras. Recall that an
associative algebra gives rise to a Lie algebra by [z,y] = 2y — yx. The notion of
associative dialgebra is introduced in order to build an analogue of the couple

Lie algebras < associative algebras,

when Lie algebras are replaced by Leibniz algebras. A cohomology theory associ-
ated with dialgebras has been developed by Loday, called dialgebra cohomology,
where in the construction of the dialgebra complex which defines the dialgebra
cohomology, planar binary trees play a crucial role. Dialgebra cohomology with
coefficients has been studied by A. Frabetti in [1]. In [7], it has been shown that
the dialgebra complex CY*(D, D) admits the structure of an associative algebra,
and also of a pre-Lie algebra. The aim of this paper is to show that, as in the
case of a Hochschild complex, CY*(D, D) admits a homotopy G-algebra structure
which comes from a non-¥ operad structure on CY*(D, D). As a consequence, the
dialgebra cohomology HY*(D, D) becomes a G-algebra.
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2444 ANITA MAJUMDAR AND GOUTAM MUKHERJEE

2. DIALGEBRA COMPLEX

In this section, we recall the construction of a dialgebra complex. Throughout
this paper, by dialgebra we mean associative dialgebra.

Definition 2.1. Let K be a field. A dialgebra D over K is a vector space over K
along with two K-linear maps, 4: D ® D — D (called left) and H: D® D — D
(called right), satisfying the following axioms:

x—|(y—|z)é(m—|y)—|z%x—|(yl—z),
(2.1) (ajl—y)—iziarl—(y—iz),
(m%y)Fzéml—(yl—z)i(xl—y)l—z,

for all z,y,z € D.

A planar binary tree with n vertices (in short, an n-tree) is a planar tree with
(n + 1) leaves, one root and each vertex trivalent. Let Y,, denote the set of all
n-trees. Let Yy be the singleton set consisting of a root only. The n-trees for
0 < n < 3 are given by the following diagrams:

Yo={h Y=V L u=00 =Y

For any y € Y,,, the (n + 1) leaves are labelled by {0,1,...,n} from left to right,
and the vertices are labelled {1,2,...,n}, so that the ith vertex is between the
leaves (¢ — 1) and 4. Recall from [6] that the only element | of Y, is denoted by
[0]. The only element of Y; is denoted by [1]. The grafting of a p-tree y; and
a g-tree yo is a (p + ¢ + 1)-tree denoted by y1 V yo which is obtained by joining
the roots of y; and ys and creating a new root from that vertex. This is denoted
by [y1 p+ ¢ + 1 y2] with the convention that all zeros are deleted except for the
element in Y. With this notation, the trees pictured above from left to right are
[0], [1], [12], [21], [123], [213], [131], [312], [321].

For any i, 0 < ¢ < n, there is a map, called the face map, d; : Y,, — Y,_1,
y — d;y, where d;y is obtained from y by deleting the ith leaf. The face maps
satisfy the relation d;d; = d;_1d;, for all ¢ < j.

Let D be a dialgebra over a field K. The cochain complex CY*(D, D) which
defines the dialgebra cohomology HY *(D, D) is defined as follows. For any n > 0,
let K[Y;,] denote the K-vector space spanned by Y;,, and let

CY™(D, D) := Homg (K[Y,] ® D®", D)

be the module of n-cochains of D with coefficients in D. The coboundary operator
§: CY™(D, D) — CY™(D, D) is defined as the K-linear map § = 31~} (—1)7d",

where
. ay of f(doy; ag, ..., ant1), if i =0,
(0" fy;a1,az2,...,an41) =1 fldiy;ar,...,a; 0 aiz1,...,ap41), f1<i<mn,
f(dn+1y;a1a"'7an) OZ+1 An+1, IfZ:7’L—|—]_7
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DIALGEBRA COHOMOLOGY AS A G-ALGEBRA 2445

for any y € Y415 a1,...,an+1 € D and f : K[Y,,] ® D®"* — D. Here, for any i,
0<i<mn+1, the maps o; : Y41 — {,F} are defined by

ooy) = ol = 4 ifyis (?f the form | V y1, for some n-tree y1,
F otherwise,
y - if the i*" leaf of y is oriented like \’,
o;(y) =of := . th . RS
v F  if the ¢* leaf of y is oriented like ¢/,

for 1 <i <n, and

{ F if y is of the form y; V |, for some n-tree y,

Y [
On+1(y) = %41 = -1 otherwise,

where the symbol ‘V’ stands for grafting of trees [6].

3. BRACES FOR A DIALGEBRA COMPLEX

In this section, we introduce braces or multilinear operations in CY*(D, D)
of a dialgebra D, generalizing the o; products as introduced in [7], which endow
CY*(D, D) with a brace algebra structure.

Definition 3.1. A brace algebra is a graded vector space with a collection of braces
(or multilinear operations) x{x1, za,...,z,} of degree —n satisfying the identity
(brace identity)

x{x1, 22, T H{Y1, Y2, -y Yn} = Z (=D x{y1,- - Yi»
0<is <ji<io <. <im <jm <n
T{Yir 10 Y b Vit s -0 Vi
To{Yist 1o s Yia bs Yjat s - s Yign
T Yim+1s s Y s Yjmt1s - - -1 Yn}
where z{} is understood as just z, deg z{z1,...,z,} = deg x + >, deg z; —
n, |z| =degz—1, and e = 337" |z, Zf]”:l [Yq]-

Definition 3.2. Let n,iq,19,...,%., M1, Mso,...,m, be non-negative integers with
n,mi,...,m, > 1 such that

r
0<141,%21 +m1 Sig,...,ir_l—l-m,«_lSi,«,i,«—i—mrSN:n—i—Zmi—r.
1

For each 7, 0 < j < r, we define maps

j{ﬁ"“(N;n,ml, cooymy) YN — Yo,
with mg = n, in the following way. For j = 0,
Rihm’ir (Ny n,mi,... 7m7") = H (diz-‘rl T die-}-mz—l) if 2 <mp < Na
ngQ
1<f<r

where II stands for composition of terms and sz et (N;n,mq,...,m,) is the iden-
tity or the obvious constant map according to whether mg is N or 1.
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2446 ANITA MAJUMDAR AND GOUTAM MUKHERJEE

For 1 <j<r, if 2<m; <N we have
(do s 'dijfl)(dijerJJrl s 'dN), ij Z 1 and

o tm+1< N
R (Nyn,my,...,myp) = yhmy s A,

j+1 (dij ... dN)7 i; =0,
(dO"'dij—l)7 ij—l—mj—|—1>N,
and Rﬁ_ll (N;n,mq,...,m,) is the identity or the obvious constant map according

to whether m; = N or m; = 1.

Definition 3.3. Let D be a dialgebra over a field K. For non-negative integers
naila'“irvmla"'?mr with 0 < Z’lv Z‘1 +my < i27~'~7ir71 +mr_a < ira ir + m, <
N =n+ > m; —r, the multilinear maps

T
%i....i, : CY™(D, D) @ (R) CY™ (D, D) — CYN(D, D)
j=1

are defined as follows. Let f € CY™(D,D),g; € CY™(D,D),1 < j < r. For
y €Yy and z1,...,2xy € D we have

f Oill,...,irl (gla cee 7gT)(y;x17 .. 71‘]\/')

= f(R?,...,zT‘(N;n7m1,...,m,«)y;l‘l,...,xil,
gl(Rthm,%T (N7 n,mi,... amr)y; Lig41y--- ,l‘i1+m1), B
gT(R;:.i.JT (N7 n,mi,... 7m7')y; Tip41y--- 7mir+mr)7 s axN)-
In the above definition, if m; = 0 for some j, then
g; € CY°(D, D) = Homg (K, D) = D

and the corresponding input is simply g;.
Next we use these generalized o; products to define braces as follows.

Definition 3.4. For f € CY"(D,D), g, € CY™ (D,D),v=1,...,r,
o, 90} = Z (=1)"f Ody,nip (91,5 9r),
T1yeenylp
where n ="' _, |g,|iv, and |g,| = deg g, — 1 =m, — 1.

Remark 3.5. It may be noted that by the above definition of braces on CY*(D, D),
f{g} coincides with the pre-Lie product f o g as introduced in [7].

Henceforth, we shall use the symbol fog in order to denote f{g}. The following
proposition will follow from Lemma [5.1]

Proposition 3.6. The braces as defined above make the dialgebra cochain complex
CY*(D, D) into a brace algebra.

4. OPERAD STRUCTURE

In this section we show that the dialgebra complex CY™*(D, D) of a dialgebra D
admits the structure of a non-¥ operad.

Definition 4.1. A non-X operad C of K-vector spaces consists of vector spaces
C(j), 7 > 0, together with a unit map K — C(1) and multilinear maps

7:CRk)®C() @--- @ C(k) — C(J)

for k> 1;js >0and j = Z§:1 js- The maps « are required to be associative and
unital as in [g].
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DIALGEBRA COHOMOLOGY AS A G-ALGEBRA 2447

The following maps on trees will be used to define a non-3 operad structure on

CY*(D, D).
Definition 4.2. Given an integer j, with j = Zlejr, k > 1 and j,. > 1, define
maps
TO(ks gy e yin) @ Y — Yy,
Fr(k;jlw"ajk) : Y}—>}/jr’ 1STS]€)
by
Fo(k;jla e ajk)
=dy - djadj 41 djytjo—1dgy o1 dyr goadyr G
L RN
:dl-wczpl -~'dp2 -~-dp,,,-~-dvpk_1--~dpk,1 forall1<r<k-1,
and

Fr(k;jla"'vjk) = do'”dzz;ijsfldzgzljs'i'l'.'dZ,;:ljs
= do--dp,_,—1dp, 41 dj,
where p, = j1 4+ jo + -+ jr, 1 < r < k, and the symbol d; appearing in any
expression means that the map d; has been omitted.

Remark 4.3. Given integers j, k > 1, j,. > 1 with j = Zle jr, we shall often
write the map I'"(k; j1,...,jx) simply as I'", for all » = 0,1,...,k. However, to
avoid confusion we shall write the maps I'" explicitly, along with the values of
k, ji,---,Jk, whenever necessary.

Theorem 4.4. For a dialgebra D over a field K, the dialgebra complex CY*(D, D)
is a non-% operad of K-vector spaces.

To prove the above theorem we need the following lemma.

Lemma 4.5. Let j. > 1,1 <r < k be integers with j = Elej,«. Leti = Zg:1 it,
with integers iy > 1. Set ps =j1+jo+ -+ +Js and gs =ip, 41+ +ip,. Then
for1 <s<j., 1 <r <k the corresponding maps

Fo(k;jla"'ajk) : }/j —)Yk7
Fo(j;ilv"'vij) Y _)}/}a
DO(kiqus.oosqr) - Yi — Y,

!

(s ipy s t1s - slpert4,) * Yo, — Y,

D2 (rsip, a1y fpeatd) P Yo — Yip 4o
(ks gy dk) 2 Y5 — Y,
Pr=¥8(jiiy, ... ,05) 1 Y, — Y
7 (ksqu, .o oqr) - Yi — Yy,

r—1+s?

satisfy
(a) TOk; gu, -, )0 (G ins -0 i5) = TO(ks s - - qi),s
) T (ks gy - 3T (G5 1y -+ 0 55) = T000ns i, at1s - oo ipr 1t ) DT (K3 qus - Qi)
(C) Fpr—1+s(j;i1, . ,ij) = Fs(jr;ipr_l—i-l; . ,’L.pr_1+jr)FT(k; q1, ... 7qk)-
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2448 ANITA MAJUMDAR AND GOUTAM MUKHERJEE

Proof. The above lemma is a repeated application of the simplicial identity d;d; =
d;j—1d;, i < j. We sketch below the proof of (a); the proofs of the other cases are
similar. The operator T'°T'° on the left hand side of (a) is given by two strings of
operators as

Q¢

r're = (dy--- m"'C?pg"'dpkjl"'dpk—l)
(dy - z‘l"'dil+z‘2"'dzg;;it"'dz‘—l)-

<

Now that the operator d; at the extreme left in

d1"'dp1 ...Jpz ...dpk_l cdp,
can be brought to the extreme right by successive application of d;d; = d;_1d;,
1 < j, yielding
dy-dp, 1 dpy1dp,_ -1 dpy,—2dy.
Now, by applying d;_1d; = d;d;, i < j, the operator d; at the right of the above
string can be pushed into the string

dl"'dil"'CZilJriz"'Civzg;llit"'difl,

to recover the operator d;,, thus yielding

oro — (dy--dp, 1 dpy1-dpy 1 dp,_2)
(dy -~ dyy - diy 14 "'CZZf;ll . codi_y).

We repeat the above method, each time starting with the operator d; at the left
of the first string to recover an omitted operator in the second string. After (p; —1)
steps, we get

rore = (d2 e dp2*p1dp2—(p1—2) T dprr~fp1dpr—(p1—2) T
C{Pk—l*l{ldpk71—(p1—2) o 'dpk*pl)(dl o 'dil o 'di1+i2 t
dg o dyjor oo disa),

t=1 1t

since ¢ = 43 + -+ + ip,. Again we apply the above method starting with the
operators da, . .., dp,—p, at the left end of the first string to replace all the omitted
operators between dg, 41 and dg,4¢,—1, of the second string. Proceeding this way,
all the operators of the first string can be exhausted to yield

oo _
T = di-dg—1dg 41 dgtge—1dgy4go41
A5y a1dyr g Aoy g a9y g i

Observe that 25:1 qs = 1.
But this is the operator 'Y of the right hand side of the equality (a). This proves
part (a). O

Proof of the theorem. For each j > 0, set
C(j) = CY’(D, D) = Homg (K[Y;] ® D®?, D).

Note that
C(1) Hompg (K[Y1] ® D, D)

Homg (D, D).

R
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DIALGEBRA COHOMOLOGY AS A G-ALGEBRA 2449

Define the unit map n : K — C(1) by n(1) = idp. Now, for & > 1,5, > 0 and
j =>_j» we define multilinear maps

k
(4.1) v:CY*(D, D) Q) CY?(D,D) — CY’(D,D)

r=1

as follows: For f € CY*(D, D), g, € CYJ (D, D)

V(3915 90) Wi wn . 2))
= f(FO(y)§gl(F1(y);xl7 - vxj1)792(r2(y)§ Ljri+1y--- ’xj1+j2)a )
gk(rk(y); xz’;;f Gelot e 7552’;:1]'5)
= f(FO(y);gl(Pl(y);xlv s 7xp1)a92(
gk(Fk(y); Lpp 1415 - 7m;0k))7
where I'® =T0(k; j1,...,jk) : Y; — Yi, and I" = T7(k; ju, ..., i) : Y; — Y, are
the maps as defined in Definition[42], 1,...,2; € D and y € Yj.

Note that if j, = 0 for some r, then g, € CY%(D, D) = Homg (K, D) = D, and
the corresponding input in f is simply g,.

To check associativity, let f € CY*(D,D),g, € CYJ¥(D,D),r = 1,...,k,
and hy € CY*(D,D),t = 1,...,j = Zlejr. As in the above lemma, let i =
Zizl i, ps =J1+ 2+ + 75,05 =ip,_,41+ - +ip,. Also set q(r,s) = bp,_1+1 T+
ipp 142+ F+ip _14s, 1 <8< jp. Then

(42) yo(y®@id)((fig1,---,9k), b, has o hg) = y((f5 91,5 gk)s s Bg).
On the other hand, shuffle yields

shuffle
((f)gla"'7gk)7h17"'?hj) h—) (.f)(glahla'"?hjl))(gQ;hj1+17"'?hp2))'"7

(gkv hpk—lJrla ) hpk:j))'

)
F2(y);xp1+lv'"7xp2)v"'v

Now, composing with v o (id ® (®,7)), we get

Yo (Zd® (®7"7)) o (SthHe)((f7gl7 s 7gk)a hla .. ah])
(4.3) = v(f;7(g1; has - '7h;01)a’7(925 hpi41s - - 'vhpz)v cees
Py(gk;hpk—lJrlv .. '7hpk:j))'

To show that (4.2) and (4.3) are the same cochain in CY*(D, D), let y € Y; and
T1,%2,...,2; € D. Then,
YO (i 915 gr)ihas e Ry (s, i)
(44) = W(f;gla'-4'7gk)(F0y;h1(F1y;xl7"'axi1)7h2(r2y;xi1+17"'axi1+i2)a
o ’hj(ij;xZ{;% b1 ,J)i)),
where
FOy = Fo(j;il, L ,ij)y =d;-- 'dil .. 'd’il-'rig .. dZi;ll i di_1y,
Mty = T(ii,.. i)y =do- - dyu-i; dyw g diy, 1 <u <.
Now by definition of +, as given in (4.1), the equation (4.4) is
= f(FOFOy;gl(FIFOy;hl(rly;xh"'71‘1'1)7""
. 19, ) )
(4 5) h]l (1—]; 1(:’)/’ szL;1 G100 7xlzil=1 it:lh))’ )
' 9 (DT 0y; iy  (TPe1F y;xzfiflu+1"'"xzfg;l“i,,)"“’

hj (ij; xZi;% G ,J)i)))
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2450 ANITA MAJUMDAR AND GOUTAM MUKHERJEE

where

I\OI‘Oy Fo(k,]lvvzk)ro(l,zla71]):’/

= di-dy,cdyy e dy e dyda
coody, o diy iy dZ, L N
and for 1 <r <k
Frroy = F’r(kjhjla7.77€)F()(.]7Z17alj)yv . .
= do-dp,_1dp, 1 dpdy - diy - diy iy 'dZ{;f G dicy.
On the other hand,
V(f;’)/(gl; hl; R hm)v S 77(91@5 hpk—1+17 sy hpk:j))(y; T1,.- wxi)
(46) - f(FOy;rY(gl;hlw"ah;ln (Fllg;xlw-'?xfh))"w
Y(Gks hp 1415 -+« Bpp=5 ) (T Tkl g1 Tk qS:i))7
where
% = T9%; Q- - ,gk)y
= dy-odgy o dgy g de 1o .d2§:1q5_1y
and, for 1 <r <k,
I“?"y = (k Cha---an)y
= do dZ; 14 1957, g1 "dZif:l q.=iY:
By definition of «, (4.6) can further be written as
= f(FOy gl(rorly hl(rlrlyy Tiyeeey Tiy)yenns
hj, (DT y; x ST 1,+1,.. 1 Tgi )y

(4.7) ge(DOT*y; s 1y (1T YiTstot g ree Egmt )
hy (DI T *y; sl it+1,...,xz))),
where
]_'\Ol'\ry = F (]T’ Z;Dy 1+l ipry~71+jry~v)rr(k; q1, .- - 7Qk)y
= ( gy gy A1y dgu—1)
cdsrorg gdsr g dys g )Y
and

STy

FS(jr; ipr—1+1’ s 7ipr—1+jr)rr(k; qi,--- ,Qk)y
= (dO T dq(r,sfl)fldq(r,s)Jrl e dqr)
(do--- dr—t g, 1457 g1 dyk_| go=i)Y

forl1<s<j.and 1 <r<k.

Comparing (4.5) and (4.7), and using LemmalZ5] it follows that the cochains in
(4.2) and (4.3) are the same.

To check commutativity of unit diagrams, let f € C(k) = CY*(D, D) and ay,

.,ar € K. Then,

vo(id@n")(f @ (a,...,ax)) = v(fian,...,an),
where we identify «a; € K with the map
a; + KWh|®@D — D,
(y;a) = aua,
foralli=1,2,...,k. If ¢ denotes the isomorphism
Clk)® K* = C(k),
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then
¢(f & (061, .. '7ak))(y;x1a cee 7xk) = f(y;()élxl, .. '7akxk)'
Now,
Y(fian, o)z, mk) = F(M0y a0 (Cly; aa), .o ak(TFy; 21)),
where [0 = y,as TO = T0(k; 1,..., 1) and IT"y = do - - - dp—2dyy1 -+ - dpy, 1 <7 < k.
Therefore,
'Y(f;ah cee 70%)(%1317 cee ,l‘k) = f(y;alxla cee ,Oékl‘k)-
Hence,
Yo (1d®77k)(f & (alv e 70”9)) = ¢(f & (061, .. '7ak))'
Also, for f € C(j) and a € K,
Y @id)(a® f) = y(a; f),

where « is regarded as an element of C(1) as above.
Now,

Yo )y an, .. x5) = a0y f(Dlys ey, 1y),
where % =T°(1;j)y =d; ...dj_1y and I''y = T'(1;j)y = y. Thus
Vs yson,..my) = oy fys ..., 1))
= af(y;z1,...,25),
where y’ is the only tree in Y7.
Note that ¢ : K ® C(j) =, C(j) is given by

1/)(04®f)(y;$17~~7$j) = Oéf(y;xla"'?xj)'
This completes the proof of the theorem. O

5. BRACES INDUCED BY THE OPERAD STRUCTURE

We recall from [3] that if C(j),7 > 0, is a (non-X) operad with multiplication
map 7, then the graded vector space C = @ C(j) admits a brace algebra structure.
For C(j) = CY’(D, D), the brace algebra structure is given by

f{gl7 tee agn} = Z(_l)er}/(f7ldD7 s 7idD7glaidD7 s 7idD7gnaidD7 s 7idD)

where the summation runs over all possible substitutions of gi,...,g, into f in
the prescribed order, and € = Z;)L:l |gplip, ip being the total number of variables
one has to input in front of g,. Here idp represents 7(1). The brace identity is a
consequence of the commutativity of associative and unit diagrams. Therefore, in
view of Theoreml[Z4] we see that CY*(D, D) admits a brace algebra structure. The
following lemma now shows that the braces as introduced in DefinitionB.4] make
the dialgebra cochain complex into a brace algebra.

Lemma 5.1. The braces on CY™*(D, D) induced by the operad structure coincide
with the braces as introduced in Definition [3.4).

Proof. Let f € C(k) = CY*®(D, D) and g; € C(m;) = CY™i(D,D),1 <i<n.
Then, according to M. Gerstenhaber and A. A. Voronov [3], the brace induced
by the multilinear maps ~ is given by

f{gla cee 7gn} = Z(_l)sﬁy(falda ce '7idvglvid7 s 7idvgnvid7 s 7id)a
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where id = idp = n(1) and the summation is over all possible substitutions of
J1,---,Gn into f, in the given order, and € = ZZ:I |gplip, ip being the total number
of inputs in front of g,.

Observe that in the term

(=D)(f;1d,...,id, ¢1,id, ..., id, g, id, ..., id)

of the above summation, the total number of identity entries in y is k — n, the total
number of identity entries in front of g; is ¢; and the total number of identity entries
in front of g, is i, — Z:;ll myg, 2 < r < n. Moreover, the following inequalities hold:

n
0 <idpyin+my <o, yipro1 + M1 Syl + My §k+zmt—n:N (say).
t=1

By definition of v as given in (4.1), we have, for y € Yy,
’y(f;id,...,id,gl,id,...A,id,gn,id,...,id)(y;xl,...,xN)

_ 0,,. 1,,.
51 = [z, 2, gt (T Y a1 @iy )y Tigbma 415 - T
( . ) (P127m1+2 cx T ) T €Ti
g2 Y5 Tig+1s - oy Tig4+ma )s Tig+ma+1s - oy Ligs
L -l
gn(rzn Lk m,,+ny; Lip+1y--- 7mi7z+mﬂ,)7 s ,.L“N),
where
P = TP(k;l,...,1,mu, 1.yl moyees oy, 1,...,1
N—— N—— N——
i1 ig—mi1—1i1 Tp—Myp 1 %1
Mey 1, oo mp, 1,...,1)
——

N-—mp—i,

for 0 < p < k. Note that in the definition of v as given in (4.1), the map T'" yields
the only tree in Y7 when operated on y if j, = 1 by Definition@Z. In other words,
I'" is the obvious constant map. For instance, by Definition2 the map I'1+?2
appearing in (5.1) is given by

rat2 — gy dv(i1+m1+12—1d(il+m1+2)+1 cedy

= do - diytmy+1diy+my+2 AN

and consists of N — 1 face maps d;; hence I'* T2y = ¢/, where 3/’ is the only tree in
Y1. Hence the corresponding input id(y’; ;) in v is simply ;.
Now according to Definition[£2] we have

e = dy - ;'dildivlJrl T dil{rﬂhfldiljrml T dizfiinrl T di2+m2*1di2+m2
codiy o dymy, iy i, N
= dij+1-digymi—1dig 41 digpma—1 - dip 41
vl -1 i1 iy, 1
= R}"", as introduced in Definition B2
. r—1 . . .
Also the operator I''r=2¢=1 ™7 corresponding to gy, is given by
P T
=dy---d 1 ~dn

(ir =021 M)+ 52 me—1%( =02 m)+ 3020 matme 1

Recall that the number of identity entries in front of g, is i, — Z:;ll m; and
their degrees sum up to i, — Z:z_ll my, while the sum of the degrees of ¢1,...,¢9,-1
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is E::_ll myg. Thus,
[ir—Sizi metr  — do-+di,—1d;, 4,41 dy
= R, asintroduced in Definition[3.2l
It follows that the N-cochain
v(f;id,...,id, g1,1d,...,id, gn,id, ..., id)

is the same as fo;, _; (g1,...,9n). This sets up a sign-preserving bijective corre-
spondence between the terms of the summation

> (1) (f5id, .., id, g1,id, .. ., id, gn, id, . .. ,id),
where the summation is over all possible substitutions of gi,...,¢g, into f, in the
given order, € = ZZ=1 |gplip, ip being the total number of inputs in front of g,, and
the terms of the summation

Z(_l)nf Od1,yiiin (917 s agn)v

where the summation is over all 41, ...,4, such that 0 <iy,41+mq < 2,...,0_1+
Mp—1 <lnyin +mMmn <k +3500 mg —nand g =320 |gylip.

Thus the braces as defined in section 3 are precisely the braces induced by the
(non-X) operad structure. O

6. G-ALGEBRA STRUCTURE ON COHOMOLOGY

In this final section we show that the dialgebra cohomology HY*(D, D) of a
dialgebra D has a G-algebra structure which is induced from a homotopy G-algebra
structure on the dialgebra cochain complex CY*(D, D) with the differential altered
by a sign.

Let us first recall the following definitions from [3].

Definition 6.1. A homotopy G-algebra is a brace algebra V' = @, V™ provided
with a differential d of degree one and a dot product z - y of degree zero making V'
into a differentially graded associative algebra. The dot product must satisfy the
following compatibility identities:
n

(6.1) (w1 -2 {Y1, - Yn} = Z(—l)efﬁ{yh v Ukt Ykt - Un

k=0
where € = (|z2| + 1) 22:1 lypl, and

d(@{z1,.... 21 }) — (do){er, .. 2ur1}

_(_1)|x| E:L:-i-ll(_1)\x1|+~~~+\xi_1|x{m17 ey dTiy Ty}
(6.2) = (=1)HD=lgy gl .. g}

—(=DlelS (=Dl oy oy i, T )

+ (=)l lenl g oy oY g

Remark 6.2. It should be mentioned here that the notion of homotopy G-algebras
as defined above is different from the notion of strong homotopy G-algebras (Goo-
algebras, for short) as considered in [4]. A G.-algebra is an algebra over the
minimal model of the Koszul operad describing G-algebras. However, the notion of
homotopy G-algebras that we are considering do not really fit the general scheme
of quadratic operad theory [].
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Definition 6.3. A multiplication on an operad C of vector spaces is an element
m € C(2) such that mom = 0, where mom := m{m} and { } denote the associated
braces.

The following lemma shows that the operad CY*(D, D) is equipped with a mul-
tiplication.

Lemma 6.4. The 2-cochain m € CY?(D, D) defined by

(6.3) { W([Ql]fz,bg - Z:Z

for all a,b € D is a multiplication on the operad CY*(D, D).

Proof. By Remark[3.5] we only need to verify that 7 o 7 = 0. Now, by definition of
pre-Lie product as introduced in [7], we have, for y € Y5 and a,b,c € D,

mom(y;a,b,c) = (mogm —moym)(y;a,b,c).

The proof now follows from the dialgebra axioms. O

In order to show that the dialgebra cochain complex CY™*(D, D) admits a ho-
motopy G-algebra structure, we shall make use of Proposition 2(3) from [3], which
we describe below. Let C denote an operad, m a multiplication on C, and let mo x
denote m{x}.

Proposition 6.5. The product
z-y = (=D e, 4}
of degree 0 and the differential
dr=mox — (—1)‘”‘x om, d*>=0, degd =1,
define the structure of a differential graded (DG) associative algebra on C.
First, we observe the following two facts.

Remark 6.6. Note that by Lemma 6.12 of [7], the coboundary operator
§:CY™(D,D) — CY" (D, D)

can be expressed in the form

(6:4) of = (=)(mo f = (=)!/If o m) = (-1)/"laf.

Remark 6.7. The x product, as introduced in Definition 6.8 of [7], can be expressed
in terms of braces as

(65) frg= (DIl f g},
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This is because, by the definition of braces on CY*(D, D),

’/T{fag}(y;xlv"'?x;lﬂrq) = (_1)p(q71)7.r %0,p (fvg)(y;xla"'7xp+q)
= (1P Ia(RI"(p + 4;2,p, 0y
FRYP(p+ 42,9, QY3 w1, - ., ),
9(RSP (P + 42,9, Q)Y; Tpi1, - > Tpig))
= (_1)p(q71)7r(d1 coody1dprr - dpyq1(Y);
fldpt1- dpiq(y)iza,. .. 3p),
g(do -~ dp-1(y); Tp+1, - - -, Tpiq))
= (PO D) dprdppr - g (9):
fldprrdpir - dpig-1(y);z1, ... 2p),
g(dO t 'dpfl(y); Tp+1s--- 7xp+q))
= (1P V(R (p+1;2,p)RY(p+ a0+ 1,4)(y);
F(RYp+ L2, p)RI(p+ g0+ 1,q)(y); 21, - . -, 2p),
IR+ 0+ 1, 0)((Y); Tpt1,- -+ Tpiq))
= (_1)p(q71)f*g(y;xla“'?xlﬂrq)'
Here we make use of the fact that the operator dp,, in the string of operators
dpy1 - dprq can be moved to the extreme left of the same string using d;d; =
djfldi,i < J, to yield dp+1dp+1 s derq,l.

Therefore by equation (6.5), the dot product f - g determined by the multipli-
cation m as in Proposition[6.5lis in this case nothing but the x product, up to the
sign (—1){I/1+D U9+ Moreover, the differential d determined by m as in Propo-
sitionBH is merely the coboundary operator d, up to the sign (—1){I/D; that is,

df = (=1)\IDs(f).
Consequently, by Proposition[6.5land Theorem[44] we deduce the following corol-
lary.

Corollary 6.8. The graded cochain module CY*(D, D) equipped with the x product
f * g, as introduced in [7], altered by the sign (—1)(/1HDUIFD and the coboundary
df = (=D)\II5f, is a differential graded associative algebra.

Next we recall Theorem 3 of [3].

Theorem 6.9. A multiplication on an operad C defines the structure of a homotopy
G-algebra on @, C(k). A multiplication on a brace algebra is equivalent to the
structure of a homotopy G-algebra on it.

Thus in view of Theorem[Z4] Theorem[6.91 and LemmalL5] we have the following
corollary.

Corollary 6.10. The cochain complex (CY*(D, D), d), where df = (—=1)f16f, is a
homotopy G-algebra with the dot product f-g = (—1)I/HDUgI+D) £ 4 g

As a consequence, we have the following corollary.

Corollary 6.11. The cochain complex (CY*(D, D),d) is a differential graded Lie
algebra with respect to the commutator [x,y] = x oy — (—=1)11l¥ly o 2.

Proof. The brace identity, for m = n = 1, implies that

w{oiH{n} = o, v} + a{a {1} ) + (DI ey, 2,3,
as0<1; <51 < 1.
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Using Remark[3.3], we deduce from above that

(6.6) (xoxy)oyr —xo(x10yr) =a{z1, 1} + (—1)‘z1|lyl|x{y1,x1}.

A straightforward computation using equation (6.6) and the fact that |z oy| =
|z| + |y| shows that the commutator satisfies the graded Jacobi identity.
Moreover, the dot product is always homotopy graded commutative; that is,

6.7) x-y— (=) THEDWEDY 5 — (—1)l=l(d(z o y) — dz oy — (—1)"z o dy).

This follows directly from equation (6.2), as

x

||/-\

D oy) ~ droy — (-1l o dy

\
(-1) x\((_l)(\x\ﬂ)\y\y Sz (_1)\:8\95 -y)
z -y — (=1)U=HDyl+Dy g

Also, the differential is a derivation of the bracket. In other words,
d[(E,y] - [dl’,y] - (_1)|x|[x’dy] = 07

which is a direct consequence of the homotopy graded commutativity of the dot
product. This shows that every homotopy G-algebra is a differential graded Lie
algebra with respect to the commutator [z,y] =z oy — (—1)|x||y|y ox. 0

Next we recall the following definition from [3].

Definition 6.12. A G-algebra is a graded vector space H with a dot prduct x -y
defining the structure of a graded commutative algebra with a bracket [z,y] of
degree —1 defining the structure of a graded Lie algebra such that the bracket with
an element is a derivation of the dot product:

[,y - 2] = [ey] - 2+ (~D)IAWDy [ 2],

Corollary 6.13. The * product x *y, altered by the sign (—1)UHDWWIFY and the
bracket [z,y] = x oy — (=1)*IWly o x, defines the structure of a G-algebra on the
dialgebra cohomology HY*(D, D) of a dialgebra D.

Proof. First observe that
HY"(D, D) = H*((CY*(D, D),6)) = H"((CY*(D, D), d)).

The fact that the dot product z -y = (—1)** x{z ¢} lifts to the cohomology
follows from Proposition[6.5l Equation (6.7) implies that this dot product is graded
commutative. Moreover, by Corollory[G.11], the bracket [z, y] = zoy— (—1)*llWlyox
of degree —1 defines the structure of a graded Lie algebra on HY*(D, D). It remains
to show that the bracket with an element is a derivation of the dot product.

First we show that the commutator [z,y] =z oy — (—1)‘””9@ ox for all x,y €
CY*(D, D) is a graded derivation of the dot product up to null homotopy; that is,

[,y - 2] = [2,9] - 2 = (=) Dy [ 2]
== A(a{y, 23) — (do){y, 2} = (=1)a{dy, 2} — (1) afy, d2}).
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By definition of the commutator, we have
e,y 2] = [9] 2 = (~1) Iy )
—zo(y-2) — (~D)lEy 2y or — oy — (—1)Wyoa) . 2
— (=)D (g0 2 — (=1)212l2 0 )
= (@oly2) = (=)FWHy o 2) — (woy) - 2)
— (=)=l ) 0w — (=)W (g 0 2) - 2 4 (—1)I=IUVIHIIFDy L (56 )
— (woyz— (~)lElH Dy (362) — (woy) - 2)
— (=)D (. ) o —y - (zoa) + (—=1) =102+ 6 2. 2)
= woyz— ()Y (zoz)— (oy) -2

(as ((y-2)ox —y- (zox)+ (—1)=0=1HDy 6 2.2) = 0, by equation (6.1))

= () d(a{y, 2}) = (da){y, 2} = (~1)"le{dy, 2}
— (=)l Ly, dz))

by equation (6.2). This implies that [x,y - 2] = [x,y] - z + (=1)I#I(¥FDgy [ 2] for
all x,y,z € HY*(D, D). Thus HY*(D, D) admits a G-algebra structure. O
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