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POINCARÉ’S CLOSED GEODESIC ON A CONVEX SURFACE

WILHELM P. A. KLINGENBERG

Abstract. We present a new proof for the existence of a simple closed geo-
desic on a convex surface M . This result is due originally to Poincaré. The
proof uses the 2k-dimensional Riemannian manifold kΛM = (briefly) Λ of
piecewise geodesic closed curves on M with a fixed number k of corners, k

chosen sufficiently large. In Λ we consider a submanifold
≈
Λ0 formed by those

elements of Λ which are simple regular and divide M into two parts of equal
total curvature 2π. The main burden of the proof is to show that the energy

integral E, restricted to
≈
Λ0, assumes its infimum. At the end we give some

indications of how our methods yield a new proof also for the existence of three
simple closed geodesics on M .

1. The Theorem

1.1. Let M be a convex surface. We may assume that M lies in R3. 〈 , 〉 denotes
the Riemannian metric (scalar product) on M and d( , ) the distance. We choose
on M the usual orientation with the normal field N pointing into the interior of
M . Put R/Z = S. A regular smooth simple closed curve c : S →M on M bounds
to its left a domain D(c) which is the image of an orientation preserving injective
homeomorphism ϕ : D → M of the plane disc D with ∂D = S. ϕ is differentiable
of rank 2 in the interior of D.

With K the Gaussian curvature on M we define for such a c the function

(1.1) Ω(c) =
∫ ∫

D(c)

KdM − 2π = −
∫
S

κ(t)|ċ(t)|dt ∈ ]− 2π,+2π[.

Here, the second equation is the Gauss-Bonnet formula with κ(t) the geodesic
curvature of c(t).

Ω(c) = 0 means that the image curve N ◦ c of c under the normal mapping
N : M → S2 divides S2 into two parts of equal area. We ask whether there exists
a c with minimal energy among the simple closed curves with this property. In a
famous paper, Poincaré [1905] formulated the following theorem.

Theorem. On a convex surface M there exists a simple closed curve of minimal
energy among the set of simple closed curves which divide M into two parts, each
having total curvature 2π. Such a curve is a closed geodesic, which we also call a
Poincaré closed geodesic.
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2546 WILHELM P. A. KLINGENBERG

Remark. For every simple closed geodesic c on M we have Ω(c) = 0. A Poincaré
closed geodesic has, in addition, minimal energy and minimal length among the
simple closed geodesics on M . There may exist on M geodesic loops which are
shorter than a Poincaré closed geodesic.

The problem of finding a shortest curve among the simple closed curves on
M which divide M into two parts of equal total curvature constitutes a modified
isoparametric problem where area is replaced by total curvature.

1.2. A proof of the Theorem could run along the following lines (cf. also Blaschke
[1930]): We consider the variation DΩ(c) . X of Ω(c) by moving the boundary c of
the domain D(c) in the direction of the vector field X(t) along c(t). One finds

(1.2) DΩ(c) . X =
∫
S

−ċ(t)K(t) ∧X(t)dt = −
∫
S

|ċ(t)|K(t)〈X(t), n(t)〉dt.

Here, K(t) is the Gaussian curvature in c(t) and n(t) is the normal field along c(t),
pointing into the interior of c. Putting

(1.3) grad Ω(c)(t) = −|ċ(t)|K(t)n(t),

we may write (1.2) also in the form

(1.4) DΩ(c) . X =
∫
S

〈grad Ω(c)(t), X(t)〉dt.

Consider a c with Ω(c) = ρ ∈]−2π,+2π[. The maximal decrease of E(c) goes along
the vector field

(1.5) −grad E(c)(t) = ∇ċ(t) = α(t)ċ(t) + κ(t)|ċ(t)|2n(t).

Here, κ(t) is the geodesic curvature of c in c(t).
In general, the decrease of E(c) in the direction of −grad E(c) will not preserve

the property Ω(c) = ρ. Therefore, we consider the modification

(1.6) −grad E(c) = −grad E(c)− µ(c)grad Ω(c)

of the field −grad E(c) such that −grad E(c) becomes orthogonal to grad Ω(c).
This means

(1.7)
µ(c) = 〈−grad E(c), grad Ω(c)〉/|grad Ω(c)|2

= −
∫
S κ(t)K(t)|ċ(t)|3dt/

∫
S |ċ(t)|

2K(t)2dt.

If c has minimal E-value with Ω(c) = ρ, this implies

(1.8) −grad E(c) = 0, i.e., ∇ċ(t) = −µ(c)|ċ(t)|K(t)n(t).

Forming the scalar product with ċ(t) we get 〈∇ċ(t), ċ(t)〉 = 0, i.e., |ċ(t)| = const =
L = length of c. The scalar product of (1.8) with n(t) yields

(1.9) κ(t)|ċ(t)| = −µ(c)K(t).

If, in particular, Ω(c) = ρ = 0, we get with (1.1) from (1.9) µ(c) = 0, i.e., κ(t) = 0,
c is a closed geodesic.

In case Ω(c) = ρ 6= 0, it still can be said that c is parametrized proportionally
to arc length and κ(t) is proportional to K(t).
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1.3. For a rigorous proof, many details must be filled in. In a carefully written
paper, Croke [1982] did this. He worked not with the family of smooth closed
curves on the surface M but with a family of piecewise geodesic simple closed
curves.

In the proof given in Section 2, we too employ piecewise geodesic closed curves
on M , with an a priori fixed number k of corners, k chosen sufficiently large. In
Klingenberg [2002] one finds an exposition of the 2k-dimensional Riemannian mani-
fold, obtained in this way. Strangely enough, this very natural object, associated
to M and, more generally, to any compact Riemannian manifold, does not seem to
have been considered before in the literature. A manifold considered by Bott [1983]
is different from our manifold.

The manifold of regular piecewise geodesic closed curves has two components;

cf. Smale [1958]. We consider the component Λ̃ which contains the submanifold
≈
Λ0

of simple regular piecewise geodesic closed curves whose image under the normal
mapping divides the sphere into two parts of equal area. The Theorem states that

E|
≈
Λ0 assumes its infimum. A c ∈

≈
Λ0 with E(c) = inf E|

≈
Λ0 is a simple closed

geodesic on M having shortest length among all simple closed geodesics.
I wish to thank Chris Croke for the helpful comments which he made through

various versions of this manuscript.

2. The proof

2.1. The symbol 〈 , 〉 for the scalar product on the convex surface M will be used
also for the scalar product (Riemannian metric) induced on the k-fold product Mk

of M . k will be a positive number divisible by 4. Below we will prescribe a lower
bound for k. By ι we denote the injectivity radius of M .

A piecewise geodesic (briefly: p.g.) closed curve with k corners is a
continuous mapping c : S →M satisfying the following conditions: Put c(j/k) = pj.
pj is called the j-th corner of c with pk = p0. d(pj , pj+1) < ι/2 for j = 0, . . . , k−1.
c|[j/k, (j+1)/k] = (briefly)cj is the unique shortest geodesic from pj to pj+1, called
j-th edge of c, j = 0, . . . , k − 1. A p.g. closed curve c is determined by its k
corners {p0, . . . , pk−1, pk = p0}. Hence, the set kΛM of p.g. closed curves on M
with k corners is an open, nonempty subset of Mk and in this way becomes a 2k-
dimensional Riemannian manifold with scalar product 〈 , 〉. Having fixed M and
k, we also write Λ instead kΛM . On M we have the energy (integral) E and the
length L:

E(c) =
1
2

∫
S

|ċ(t)|2dt =
k

2

∑
j

d(pj , pj+1)2,

L(c) =
∫
S

|ċ(t)|dt =
∑
j

d(pj , pj+1).
(2.1)

L(c)2 ≤ 2E(c) with = if and only if all edges of c have the same length |ċ|/k =
L(c)/k. Put ċ(j/k+) = D+

j , −ċ(j/k−) = D−j . Then one gets for the differential
DE(c) . Y on the vector Y ∈ TcΛ with components Yj ∈ TpjM the expression

(2.2) DE(c) . Y = −
∑
j

〈D−j +D+
j , Yj〉;

cf. Klingenberg [2002].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2548 WILHELM P. A. KLINGENBERG

Hence, the vector – grad E(c) ∈ TcΛ has in TpjM the component D−j + D+
j .

This vector points towards the midpoint of the shortest geodesic from pj−1 to pj+1.
This is the direction in which one has to go if one wants to decrease with maximal
effect the energy of the broken geodesic from pj−1 over pk to pp+1. We have

(2.3) grad E(c) = 0⇐⇒ c is a closed geodesic.

Indeed, D−j + D+
j = 0, all j, means ċ(j/k−) = ċ(j/k+), all j. Thus, c is smooth

and ċ(t) = const = L(c) ≥ 0. The converse is obvious.
Denote by φsc, s ≥ 0, the positive integral curve of the field – grad E on Λ with

φ0c = c. The following statements are easy to prove; cf. Klingenberg [2002]:
(i) E(φsc) ≤ E(c).
(ii) φsc is defined for all s ≥ 0.
(iii) For a fixed s is φs : Λ→ Λ continuous.

2.2. An element c ∈ Λ is called regular, if all edges of c are nonconstant and if at
each corner pj of c the oriented angle βj from the incoming direction ċj−1(j/k) to
the outgoing direction ċj(j/k) belongs to the interval ]− π,+π[.

The regular p.g. closed curves on M form an open and dense subset of Λ, hence,
a 2k-dimensional Riemannian manifold. It is well known (cf. Smale [1958]) that
this manifold possesses two connected components. The component which contains
the simple regular p.g. closed curves will be denoted by Λ̃. Λ̃ contains also all odd
coverings of simple closed p.g. curves and among the closed geodesics it contains
those which have an even number of selfintersections. Thus, Λ̃ contains, in partic-
ular, the simple closed geodesics—if there are any. The other component contains
the even coverings of simple elements in Λ and those closed geodesics with an odd
number of selfintersections.

If c ∈ Λ̃ is simple, it bounds to its left a domain D(c) on M . D(c) is the image
ϕ(D) of an injective orientation preserving homeomorphism ϕ : D → M of the
plane disc D with ∂D = S, which in its interior is differentiable of rank 2. We use
this to define the function

Ω(c) =
∫ ∫

D(c)

KdM − 2π = −
∑
j

βj(c) ∈]− 2π,+2π[.

Here, the second equation is the Gauss-Bonnet formula.
If E(c) is small, Ω(c) will have a value near −2π or near +2π. To make sure that

all values in ]− 2π,+2π[ occur, we must choose k sufficiently large. Recall that the
length of an element in kΛM is bounded from above by kι/2. Let N : M → S2 be
the normal mapping. The length of the counter image onM of a great circle on S2 is
bounded from above by some a > 0. Such a closed curve on M is simple. Assume
it to be parametrized by S, proportional to arc length. If we choose k > 2a/ι
sufficiently large, then the points on such a curve with parameter values t = j/k,
j = 0, . . . , k − 1, will be the corners of a simple c in Λ̃ with Ω(c) near 0. Small
modifications of c yield simple curves in Λ̃ with Ω-value 0.

We want to extend Ω to all of Λ̃. For that purpose observe that an arbitrary
c = c1 ∈ Λ̃ can be joined in Λ̃ by a regular homotopy {cs, 0 ≤ s ≤ 1} to a simple
c0 ∈ Λ̃. Starting from the injective homeomorphism ϕ0 : D → M which has as its
image the domain D(c0) bounded by c0, the curve {cs, 0 ≤ s ≤ 1}, determines a
family {ϕs : D →M, 0 ≤ s ≤ 1} of mappings depending continuously on s. Putting
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ϕs(D) = D(cs) we define

Ω∗(cs) =
∫ ∫

D(cs)

KdM +
∑
j

βj(cs).

Ω∗ can assume as values only integer multiples of 2π, i.e., Ω∗(cs) = 2π, for all s.
Writing D(c) instead D(c1) we define

(2.4) Ω : Λ̃→ R;c 7→ Ω(c) =
∫ ∫

D(c)

KdM − 2π = −
∑
j

βj(c).

One could define Ω also on the second component of regular p.g. closed curves by
taking the negative sum of the exterior angles. Among the closed curves in this
component taking the value 0, there will be arbitrarily short ones, formed like the
number eight. This is quite different for a c ∈ Λ̃ with Ω(c) = 0: In this case, the
integral over D(c) of KdM has the value 2π. Hence, L(c) and E(c) are bounded
away from 0.

2.3. As a differentiable function, Ω : Λ̃→ R possesses on the Riemannian manifold
Λ̃ a gradient field grad Ω. This means

(2.5) DΩ(c) . X = 〈grad Ω(c), X〉, for all X ∈ TcΛ̃.
We want to calculate grad Ω. For that purpose consider the normal unit field nj
along the edge cj, where {ċj/|ċj |, nj} forms a positive orthonormal frame along cj .
Along cj(t) define the Jacobi fields n+

j (t) and n−j (t) by the boundary conditions

(2.6)
n+
j ((j + 1)/k) = nj , n+

j (j/k) = 0,

n−j ((j + 1)/k) = 0, n−j (j/k) = nj.

With this we define

(2.7)
σ+
j (c) = (briefly) σ+

j = |ċj |
∫
Ij
〈Kj(t)n+

j (t), nj〉 dt,

σ−j (c) = (briefly) σ−j = |ċj |
∫
Ij
〈Kj(t)n−j (t), nj〉 dt.

Here, Ij = [j/k, (j + 1)/k], Kj(t) the Gauss curvature in cj(t).

Proposition 1.

(2.8) grad Ω(c)j = −σ−j (c)nj − σ+
j−1(c)nj−1 ∈ TpjM,

where σ−j (c) and σ+
j−1(c) are both positive. Hence, grad Ω(c)j points into the

exterior of c.

Proof. We first consider the case where c is simple. Then

(2.9) DΩ(c) . X =
∑
j

∫
Ij

−ċj(t) ∧Kj(t)Xj(t) dt.

Here, Xj(t), t ∈ Ij , is the Jacobi field along cj(t) determined by the boundary
conditions Xj(j/k) = Xj , Xj((j + 1)/k) = Xj+1, where Xj is the component of X
in TpjM .

The integrand in (2.9) can be written as

(2.10) −|ċj|〈nj(t),Kj(t)Xj(t)〉 = (briefly)− |ċj |Kj(t)xj(t)
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with
ẍj(t) + |ċj |2Kj(t)xj(t) = 0,

(2.11)
xj(j/k) = 〈Xj , nj〉 , xj((j + 1)/k) = 〈Xj+1, nj〉.

Hence,
xj(t) = 〈Xj+1, nj〉〈n+

j (t), nj〉+ 〈Xj , nj〉〈n−j (t), nj〉,
which yields (2.8). �
Complement to Proposition 1. Using the Jacobi functions xj(t) = 〈Xj(t), nj〉
along cj(t) we also can write

(2.12) DΩ(c) . X =
∑
j

(x′j−1(j/k)− x′j(j/k)).

Here, the dash denotes derivation with an arc length parameter.

Proof. From (2.10) and (2.11) we have

DΩ(c) . X =
∑
j

∫
Ij

ẍj(t)dt/|ċj | =
∑
j

(ẋj((j + 1)/k)− ẋj(j/k))/|ċj |.

�
Remark. The field grad Ω has a continuous extension from Λ̃ to the closure of Λ̃
in Λ: Whenever ċj = 0, put σ+

j (c) = σ−j (c) = 0.

2.4. Since grad Ω 6= 0 on Λ̃, Ω has regular values only. Hence, for ρ ∈
] − 2π,+2π[, Ω−1(ρ) = (briefly) Λ̃ρ s a submanifold of codimension 1 in Λ̃. Λ̃ρ
is connected. Λ̃0 contains the closed geodesics of Λ̃. We consider the orthogonal
projection −grad E(c) of − grad E(c) in TcΛ̃ρ, c ∈ Λ̃ρ. This projection can be
written as

(2.13) −grad E(c) = − grad E(c)− µ(c) grad Ω(c)

with

(2.14) µ(c) = 〈− grad E(c), grad Ω(c)〉/〈grad Ω(c), grad Ω(c)〉.
Proposition 2. Let c be a critical point of grad E(c) on Λ̃ρ. This means: Ω(c) = ρ
and

(2.15) −ċj−1 + ċj = −µ(c)(σ−j (c)nj + σ+
j−1(c)nj−1), for all j.

If ρ = 0, then µ(c) = 0 and c is a closed geodesic in Λ̃. If ρ 6= 0, then µ(c) 6= 0 and
µ(c) and ρ have the same sign. Moreover,

(2.16) tgβj(c)/2 = −µ(c)(σ−j (c) + σ+
j−1(c))/(|ċj−1|+ |ċj |).

Hence, all exterior angles βj(c) have the same sign equal to (−1) sign ρ.

Proof. Forming the scalar product of (2.15) with nj and nj−1, respectively, we get

(2.17)
|ċj−1| sinβj(c) = −µ(c)(σ−j (c) + σ+

j−1(c) cos βj(c)),

|ċj | sinβj(c) = −µ(c)(σ−j (c) cosβj(c) + σ+
j−1(c)).

Taking the sum we get (2.16). Thus, if µ(c) 6= 0, all βj(c) are 6= 0 with the sign
(−1) sign µ(c). If ρ = 0, Σjβj(c) = 0, hence, µ(c) = 0, grad E(c) = 0, c is a closed
geodesic. �
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2.5. Denote by φsc, s ≥ 0, the positive flow line on Λ̃ρ of the field −gradE, starting
from c ∈ Λ̃ρ.

Proposition 3. (i) E(φsc) ≤ E(c).
(ii) φsc is defined for all s ≥ 0.
(iii) For a fixed s ≥ 0, φs : Λ̃ρ → Λ̃ρ is continuous.

Proof. (i) follows from
dE

ds
(φsc) |s=0= −| grad E(c)|2 + 〈grad E(c), grad Ω(c)〉2/| grad Ω(c)|2 ≤ 0.

To prove (ii) we derive a contradiction from the assumption that φsc is defined
on [0, s∗[ only, with some finite s∗ > 0. Let {sm} be a monotonously increasing
sequence in [0, s∗[ with limit s∗. One easily shows that {φsmc} = (briefly){cm} is a
Cauchy sequence, cf. Klingenberg [2002]. Let c∗ be its limit. We must prove that
c∗ is regular.

We first derive a contradiction from the assumption that c∗ has a constant edge.
Since not all edges of c∗ are constant, we may assume that ċ∗j−1 = 0 and ċ∗j 6= 0.
Hence, − grad E(c∗)j = ċ∗j . This vector tends to push apart the coinciding corners
p∗j = p∗j−1 of c∗. Hence, the same will hold for the vector − grad E(cm)j , for large
m. However, it is not the vector − grad E(c∗)j but the vector −grad E(c∗)j =
− grad E(c∗)j − µ(c∗) grad Ω(c∗)j which is operating on p∗j = p∗j−1. Observe now
that grad Ω(c∗)j = −σ−j (c∗)n∗j . This vector is orthogonal to − grad E(c∗)j . Hence,
it still remains true that −grad E(c∗)j is pushing apart p∗j = p∗j−1 and the same is
true for −grad E(cm)j , m large.

Next we show that βj(c∗), which is the limit of the sequence {βj(cm)}, in absolute
value is different from π. Otherwise, − grad E(c∗)j = −ċ∗j−1 + ċ∗j , where the two
summands point into the same direction. Hence, for large m, βj(cm) in absolute
value is pushed away from π. Again, it is not− grad E(c∗)j but −gradE(c∗)j which
is operating on βj(c∗). However, since grad Ω(c∗)j is a multiple of −n∗j = n∗j−1,
the effect of −grad E(c∗)j on βj(c∗) is the same as the effect of − grad E(c∗)j and
again we get the desired contradiction. This shows that c∗ ∈ Λ̃ρ.

With standard arguments we now prove that the flow line φsc can be extended
to values s ≥ s∗; cf. Klingenberg [2002].

The proof of (iii) is obvious. �

2.6. Next we prove the existence of critical points.

Proposition 4. Fix ρ ∈] − 2π,+2π[. Then inf E|Λ̃ρ = λρ > 0. Let {cm} be a
sequence in Λ̃ρ with E(cm) ≥ E(cm+1) and limE(cm) = λρ. Then {cm} has a
subsequence with limit a regular c∗ with E(c∗) = λρ. Possibly, c∗ has some edges
with length = ι/2 instead of < ι/2. In any case, c∗ is a critical point of E in the
canonical extension of Λ̃ρ, formed by the p.g. regular closed curves where the edges
have length < (1 + ε)ι/2 instead of < ι/2, some small fixed ε > 0. At least if
ρ = 0 or if |2π − ρ| is sufficiently small, c∗ belongs to the original Λ̃ρ. According
to Proposition 3 this means that, for ρ = 0, c∗ is a closed geodesic. For ρ 6= 0 see
Proposition 3 for the properties of c∗.

Proof. λρ > 0, since we consider curves with Ω-value ρ ∈] − 2π,+2π[. Each cm is
determined by its k corners. M is compact. Therefore, we have a subsequence of
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{cm} which again we denote by {cm} which converges to a c∗ in the closure of Λ̃ρ.
The sequence {φ1cm} then will converge to φ1c

∗. E(φ1c
∗) = E(c∗) = λρ implies

grad E(c∗) = grad E(c∗) + µ(c∗) grad Ω(c∗) = 0.

Here we use the fact that the field grad Ω can be extended to the closure of Λ̃ρ; cf.
the remark at the end of 2.3.

We claim that c∗ is regular. Indeed, if we had ċ∗j−1 = 0, ċ∗j 6= 0, grad E(c∗)j =
−ċ∗j , grad Ω(c∗)j = σ−j (c∗)n∗j . Hence, µ(c∗) = 0 and grad E(c∗) = 0. That is, c∗

is a closed geodesic and therefore regular. Thus, all edges of c∗ are nonconstant. If
the exterior angle at the corner pj of c∗ has absolute value π, then grad E(c∗)j =
−ċ∗j + ċ∗j−1 = αċ∗j 6= 0 cannot be a multiple of grad Ω(c∗)j = βn∗j . Thus, c∗ is
regular, with some edges possibly having length = ι/2 instead of < ι/2.

This possibility is excluded, if ρ = 0, since in this case a critical point c∗ in Λ̃0 is a
closed geodesic. All edges of c∗ then have the same length equal to (2E(c∗))1/2/k ≤
(2E(cm))1/2/k < ι/2. Also, if |2π − ρ| is sufficiently small, c∗ will lie in a disc on
M where the curvature is almost constant, say K0. Now, on the sphere of constant
curvature K0, the critical points of E|Λ̃ρ are regular polygons. The length of the
edge of such a polygon will be small since |2π − ρ| is small. Hence, an edge of
c∗ ∈ Λ̃ρ will have length < ι/2. �

2.7. In Proposition 4 we proved the existence of closed geodesics in Λ̃0 with E-value
= inf E|Λ̃0. Λ̃0 contains also curves with selfintersections. To prove the Theorem,

it remains to show that E assumes its infimum also on the open submanifold
≈
Λ0 of

Λ̃0 which is formed by the simple p.g. closed curves with Ω-value 0.

We start by assuming that the compact set C0 where E|
≈
Λ0 assumes its infimum

is not empty. C0 is formed by simple closed geodesics; cf. the proof of Proposition
4.

Since k is fixed, E|Λ = E|kΛM is bounded from above. We will show that a
simple closed geodesic c not only does not touch itself but actually, if t0 and t1
are different points on S, ċ(t0) and ±ċ(t1) are uniformly bounded away from each
other, for all simple closed geodesics in Λ. In particular, this holds for the c ∈ C0.

In other words, if I0 and I1 are disjoint, sufficiently small intervals on S, having
t0 and t1 as midpoints, respectively, then c|I0 and c|I1 are bounded away from each
other uniformly, for all c ∈ C0. This means, in particular, that C0 is bounded away

from the boundary ∂
≈
Λ0 of

≈
Λ0 in Λ̃0. Elements in ∂

≈
Λ0 will touch each other without

having a selfintersection.
This is a qualitative statement. We therefore may consider not just M , but

a family {Ms, 0 ≤ s ≤ ε} of convex surfaces Ms with M0 = M . Here, the scalar
product 〈 , 〉s on Ms shall depend smoothly on s. ds( , ) and ιs denote the distance
and the injectivity radius for Ms. On kΛMs = (briefly)sΛ we have the functions Es
and Ωs defined in the same way as the functions E0 = E and Ω0 = Ω on M0 = M .
sΛ̃0 denotes the manifold of regular p.g. closed curves on Ms having Ωs-value 0.

We also consider the submanifold s

≈
Λ0 ⊂ sΛ̃0 of simple regular p.g. closed curves on

Ms as well as the boundary ∂s
≈
Λ0 ⊂ sΛ̃0.

Proposition 5. The compact set sC0 ⊂ sΛ̃0 of simple closed geodesics having

minimal Es-value is uniformly bounded away from ∂s
≈
Λ0, 0 ≤ s ≤ ε.
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POINCARÉ’S CLOSED GEODESIC ON A CONVEX SURFACE 2553

Proof. We may assume that sC0 is not empty. The norm of the initial vector of
an element c ∈ sC0 belongs to a compact interval on R not containing 0, for all s.
We follow c until it closes up. Hence, if the initial vectors of two closed geodesics c
and c of the set sC0 are sufficiently close to each other, c and c will stay close to
each other. Choose a c : S → Ms in sC0. Let t0 and t1 be different points on S.
We assume t0 = 0 and 0 < t1 < 1. If ċ(t1) is getting very near to ċ(0), then c|[t1, 1]
must squeeze through the arcs of c near t = 0 and t = t1 since c is simple closed.
This means that there exists t′1, t1 < t′1 < 1, such that −ċ(t′1) is even closer to ċ(0)
than ċ(t1). Write again t1 instead t′1 and consider the geodesics c|[0, t1] and c̄|[0, t1]
with c̄(t) = c(t1 − t). The initial vectors ċ(0) and ˙̄c(0) = −ċ(t1) are close to each
other. Therefore, c|[0, t1] and c̄|[0, t1] will stay close to each other. In case they
have an intersection point, the tangent vectors at this point will form a small angle.
Observe now that the two geodesics c and c̄ intersect at t = t1/2 with opposite
tangent vectors. This shows, in reality, the arcs of c near t = t0 and t = t1 cannot

get very close. This means that sC0 is bounded away from ∂s
≈
Λ0 uniformly for all

s ∈ [0, ε]. �

2.8. We now have everything prepared for the proof of the Theorem. We start
with a 1-parameter family {Ms, 0 ≤ s ≤ 1} of convex surfaces where M0 is a sphere
of constant curvature K0 and M1 is the given convex surface M . Such a family
can be obtained by viewing M as a surface in R3 and choosing for M0 the smallest
sphere containing M . Every ray starting from the midpoint o of M0 will meet
M0 and M = M1 in exactly two points, say p0 and p1. Consider the homotopy
ps = (1 − s)p0 + sp1, 0 ≤ s ≤ 1. Define Ms to be the set of points ps, for all rays
starting from o.

In 2.2 we chose the integer k sufficiently large such that the function Ω assumes
all values in ] − 2π,+2π[. By choosing, if necessary, k even larger, we can make
sure that im Ωs =] − 2π,+2π[, all 0 ≤ s ≤ 1. Denote by s∗ the supremum of the

s ∈ [0, 1] with the property that the set sC0 ⊂ s

≈
Λ0 of simple closed geodesics with

Es-value equal to inf Es|s
≈
Λ0 is not empty. 0C0 is formed by the parametrized great

circles on the sphere M0. Thus, s∗ is well defined and ≥ 0. In Klingenberg [2002]
there is derived the estimate E(c̃s) ≥ 2π2/maxKs, Ks the curvature on Ms and c̃s
a geodesic biangle. Using this estimate, one can show s∗ > 0. But we don’t need
this.

We derive a contradiction from the assumption that s∗C0 = ∅. Choose a sequence
{sm} in [0, s∗[ with limit s∗ and smC0 6= ∅, all m. For simplicity we write Mm

instead Msm , m
≈
Λ0 instead sm

≈
Λ0, mC0 instead smC0, Em instead Esm , ιm instead

ιsm and dm( , ) for the distance on Mm. Similarly, we write M∗ instead Ms∗ , ∗
≈
Λ0

instead s∗
≈
Λ0, ∗C0 instead s∗C0, E∗ instead Es∗ , ι∗ instead ιs∗ and d∗( , ) for the

distance on M∗.
For each m choose cm ∈ mC0. The k corners of cm can be viewed as points on

M∗. A subsequence of {cm} which we denote again by {cm} will on M∗ converge to
a set {p∗0, . . . , p∗k−1, p

∗
k = p∗0} of k points. Since the cm are simple closed geodesics,

these points can be viewed as the corners c∗(j/k) = p∗k of a simple closed geodesic
c∗ on M∗. By hypothesis, ∗C0 = ∅. Hence, d∗(p∗j , p

∗
j+1) = ι∗/2. This means,

c∗ is not an element of kΛM∗ where the edges of an element must have distance
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< ι∗/2. But as we did already in 2.6, we consider the canonical extension of kΛM∗
by considering the p.g. closed curves where the edges are allowed to have length
< (1 + ε)ι∗/2 instead < ι∗/2, for some small ε > 0. We employ for this extension
the same notation as for the case where we restricted the length of the edges to
< ι∗/2.

Besides a sequence {cm}, cm ∈ mC0, we also consider a sequence {c̃m}, c̃m ∈

m

≈
Λ0. Again we may assume the corners of the c̃m converge in M∗ to, say, {p̃∗0, . . . ,

p̃∗k−1, p̃
∗
k = p̃∗0}. Here, d∗(c̃∗j , p̃

∗
j+1) ≤ ι∗/2. Thus, we get on M∗ a p.g. closed curve

c̃∗ with c̃∗(j/k) = p̃∗j . Since Em(c̃m) ≥ Em(cm) we have E∗(c̃∗) = (kι∗/2)2/2.

Therefore, d∗(p̃∗j , p̃
∗
j+1) = ι∗/2 and E∗(c̃∗) = E∗(c∗), i.e., E∗(c̃∗) = inf E∗|∗

≈
Λ0.

According to Proposition 4, c̃∗ is a simple closed geodesic on M∗ of minimal E∗-

value. From the construction of c̃∗ as the limit of a sequence {c̃m}, c̃m ∈ m

≈
Λ0,

subject only to the condition that the corners in M∗ converge, we get: The set ∗C0

of simple closed geodesics on M∗ with minimal E∗-value is not bounded away from

∂∗
≈
Λ0, a contradiction to Proposition 5.
To complete the proof of the Theorem we derive a contradiction from the assump-

tion 1− s∗ = ε > 0. With s instead of s− s∗ consider the family {Ms, 0 ≤ s ≤ ε} of

convex surfaces with 0C0 6= ∅. From Proposition 5 we know that for a c̃ ∈ 0

≈
Λ0\0C0,

but near 0C0, E0(c̃) > E0|0C0. This is a stable situation. That means, if we con-

sider, for sufficiently small s > 0, the function Es on s

≈
Λ0, then Es|s

≈
Λ0 still assumes

its infimum on s

≈
Λ0, i.e., sC0 6= ∅. If we write s again instead of s + s∗, we have

that there exists s > s∗ with sC0 6= ∅. �

3. Concluding remarks

In his paper Poincaré [1905] indicated that actually there exist three simple
closed geodesics on a convex surface. The example of an ellipsoid with three differ-
ent axes, all having approximately the same length, shows that three is the optimal
number of simple closed geodesics. In a short note, Lusternik and Schnirelmann
[1929] sketched a proof of the fact that actually three simple closed geodesics exist
on any orientable closed surface of genus 0, i.e., on a surface given by S2, en-
dowed with an arbitrary Riemannian metric. A complete proof of the theorem of
Lusternik-Schnirelmann is notoriously complicated. Over the years, many papers
have appeared on this subject and only a few are satisfactory; cf. Taimanov [1992].
It seems therefore worthwhile to indicate how the arguments used in Section 2 yield
yet another proof of the Theorem of the Three Closed Geodesics.

We start with an (Z2 × Z2)-action on the manifold Λ = kΛM with generators

(3.1)
(−1) : Λ −→ Λ; c(t) 7−→ c(1− t),

(1/2) : Λ −→ Λ; c(t) 7−→ c(t+ 1/2).

(−1) reverses the orientation of c while (1/2) moves the initial point of c from
c(0) to c(1/2). One easily verifies that the (Z2 × Z2)-action consists of isometries
which leave E invariant; cf. Klingenberg [2002]. Moreover, if c ∈ Λ̃, we have
Ω((1/2) . c) = Ω(c) and Ω((−1) . c) = −Ω(c). Thus, the (Z2 × Z2)-action can
be restricted to Λ̃0 and here, the action is free and commutes with the φs-flow.
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On Λ̃0/(Z2 × Z2) we define a 1-dimensional Z2-homology class w1 by the cycle
which for the standard sphere S2 is given as follows: Take all parametrized great
circles starting from (1, 0, 0) ∈ S2 with initial direction tangent to the closed upper
half sphere. In addition, we define a 2-dimensional Z2-homology class w2 with the
following Z2-cycle for S2: Take all parametrized great circles which start from the
half equator {(cos 2πs, sin 2πs, 0); 0 ≤ s ≤ 1/2} with initial direction tangent to the
closed upper half sphere.

In Proposition 4 we have shown that there exists a closed geodesic, call it now
c0, with E(c0) = λ0 = inf E|Λ̃0. Similarly, we now consider

(3.2) λ1 = inf{(maxE|w̃1); all cycles w̃1 representing w1}.

Using the standard methods, which in our case are presented in Klingenberg [2002],
it is not difficult to show that there exists a closed geodesic, call it c1, with E(c1) =
λ1. This is the counterpart of Proposition 4.

It remains to show that there also exists a simple closed geodesic. Here, we argue
similarly as in 2.7 and 2.8. More precisely, put

(3.3)
λ̃1 = inf{(maxE|w̃1); all cycles w̃1 representing w1

and belonging to
≈
Λ0/(Z2 × Z2)}.

Let us assume that this infimum is assumed by the E-value of a family C1 of
simple closed geodesics. This is the counterpart of the set C0 and with the same
arguments as used in the proof of Proposition 5 one shows that C1 is bounded

away from ∂
≈
Λ0. One now continues as in 2.8 and thus gets a simple closed geodesic

c1 which is different from an appropriately chosen Poincaré geodesic c0, always
neglecting the parametrization, of course. Repeating everything with the cycles in
the Z2-homology class w2, one gets a third simple closed geodesic c2, different from
c0 and c1.

So far, we have restricted ourselves to a convex surface M . The property K > 0
here is essential to make sure that the function Ω on Λ̃ has regular values only. If
we now consider a general oriented closed surface M of genus 0, Poincaré’s method
for the construction of a simple closed geodesic does not work. In this case, one
has to use a method introduced by Birkhoff [1917] who considers the cycles in the
generating 1-dimensional homology class of the relative space (Λ,Λ0), where Λ0

is formed by the constant curves having E-value 0. A detailed exposition of this
method using the manifold Λ = kΛM of p.g. closed curves with a fixed number k
of corners is given in Klingenberg [2002]. In this way, we get a closed geodesic c∗0
on M . To show that a refinement of this method yields a simple closed geodesic c0
one proves the counterpart to Proposition 5. Note that in the proof we never used
the property K > 0. One then continues with arguments similar to the ones in 2.8.
Here we need a family {Ms, 0 ≤ s ≤ 1} of surfaces where M0 is a sphere and M1 is
the given surface M . The existence of such a family is a standard result.

After we got in this way a simple closed geodesic c0 on M , additional simple
closed geodesics c1 and c2 are constructed using a 2-dimensional and a 3-dimensional
Z2-homology class of the relative space (Λ,Λ0) modulo the (Z2 × Z2)-action de-
scribed above. The use of homology classes of this type goes back to Lusternik-
Schnirelmann [1929]. The most delicate point again is to make sure that c1 and c2
can be assumed to be simple. It is here that an analogue of Proposition 5 and the
arguments used in 2.8 come into play.
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