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THE COHOMOLOGY OF CERTAIN HOPF ALGEBRAS
ASSOCIATED WITH p-GROUPS

JUSTIN M. MAUGER

ABSTRACT. We study the cohomology H*(A) = Ext’ (k, k) of a locally finite,
connected, cocommutative Hopf algebra A over k = F,. Specifically, we are
interested in those algebras A for which H*(A) is generated as an algebra by
H'(A) and H?(A). We shall call such algebras semi-Koszul. Given a central
extension of Hopf algebras ' — A — B with F monogenic and B semi-
Koszul, we use the Cartan-Eilenberg spectral sequence and algebraic Steenrod
operations to determine conditions for A to be semi-Koszul. Special attention
is given to the case in which A is the restricted universal enveloping algebra
of the Lie algebra obtained from the mod-p lower central series of a p-group.
We show that the algebras arising in this way from extensions by Z/(p) of
an abelian p-group are semi-Koszul. Explicit calculations are carried out for
algebras arising from rank 2 p-groups, and it is shown that these are all semi-
Koszul for p > 5.

1. INTRODUCTION

A quadratic algebra over a field k is an associative algebra of the form A =
T(V)/(R), where (R) is the two-sided ideal of relations generated by some R C
V®V, and V is a locally finite graded vector space. In [I3], Priddy defines a
quadratic algebra A to be a Koszul algebra if H*(A) = Ext’ (k, k) is generated as
an algebra by Extl (k, k). Basic examples include tensor, polynomial, and exterior
algebras.

When A is Koszul, Priddy constructs projective resolutions over A which are
“small” subcomplexes of the bar resolution. He also shows that if H*(A) is itself
Koszul, then A ~ H*(H*(A)) (Koszul duality). Equivalent definitions of Koszulity
include:

(1) A certain complex associated to A, the Koszul complex, is acyclic [10]
Theorem 1.2].
(2) There exists a graded projective resolution

PP PPl kS0
of k such that P? is generated by its component of degree i, Pi=A-P! 2
Definition 1.2.1]. Equivalently, Ext’ (k, k) = 0 if ¢ # j.

Now assume A = T'(V))/(R) is a more general algebra which is not necessarily
quadratic, i.e. R C Y .o, V®. We are interested in the case when H*(A) is
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3302 JUSTIN M. MAUGER

generated as an algebra by H'(A) and H?(A). Following Priddy, we shall call
such algebras semi-Koszul. The quintessential example is the truncated polynomial
algebra Fp[z]/(2P), whose cohomology is generated by a one-dimensional exterior

class z and a two-dimensional polynomial class u. In this example, u = —B?Po(z).
In general, it will often be the case that the generators from H? are related to those
of H' by some algebraic Bockstein operation or Massey product. Since we allow A
to not be quadratic, none of the results cited above for Koszul algebras necessarily
hold for semi-Koszul algebras. It is unknown at this time whether there are any
interesting relationships between A and H*(H*A), or anything like a semi-Koszul
resolution.

We will focus on locally finite, connected, cocommutative Hopf algebras over k =
F,,. Consequently, we will be able to use algebraic Steenrod operations. In Section
Bl we analyze extensions of Hopf algebras F — A — B, where F' = F[z]/(xP) is
central in A. There is a first quadrant spectral sequence converging to H*(A) with
E3* ~ H*(B) ® H*(F). The behavior of this spectral sequence is determined by
the differential da(1 ® 2z) = u € H?(B), where z € H(F). We prove in Theorem

that A is semi-Koszul provided that B is semi-Koszul, [fﬁ’o(u) = 0 and the
annihilator ideal of p is either zero or generated in dimension one.

Section @ delves into Hopf algebras arising from p-groups. For a finite p-group
G, the mod-p lower central series filtration {I"*G'} has as associated graded object
a restricted Lie algebra LG. The universal restricted enveloping algebra VLG is
isomorphic to the associated graded algebra E°(F,G) of the group ring F,G with
respect to the augmentation ideal filtration [I5]. Working with Lie algebras is help-
ful because many of the algebraic Steenrod operations vanish there, in particular
50 [14]. In Section {2] we explore central extensions of p-groups H — G — @,
where H ~ Z/(p). Using Theorem [B.3] we show that VLG is semi-Koszul if @Q is
abelian (Theorem F15). In Section [£3] we prove a corresponding statement for
Hopf algebras which do not necessarily arise from p-groups. Given a central ex-
tension of Hopf algebras ' — A — B with F = F,[z]/(2P), we show that E°A is
semi-Koszul provided that B is commutative.

A rank two p-group is a finite p-group whose largest elementary abelian subgroup
has rank two. In Section [5l we show that VLG is semi-Koszul for all rank two p-
groups G with p > 5. One would hope to show that this holds for any finite p-group,
but such is not the case. A counterexample is given in [5.3.1]

Section [2 introduces notation and covers the necessary algebraic preliminaries
such as algebraic Steenrod operations and the Cartan-Eilenberg spectral sequence
associated with a central extension of algebras. We relegate to the Appendix defi-
nitions of the cobar complex C*(A), Massey products in H*(A) and computations
in the cohomology of F,[z] /(z?").

2. ALGEBRAIC PRELIMINARIES

In this section we introduce notation and conventions. For more details on the
cohomology of algebras, the reader is referred to Adams [I, Chapter 2]. We also
summarize algebraic Steenrod operations, the Cartan-Eilenberg spectral sequence,
and Lie algebras.

Let k = IF,, be the field of p elements. By an algebra A we mean a non-negatively
graded, associative k-algebra with product p : A® A — A, unit n : k — A
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and augmentation € : A — k. We assume A is locally finite, that is, each A,
is finite dimensional over k. We also assume A is connected, i.e. Ay = k. Let
I = I(A) = ker € denote the augmentation ideal.

Tensor products are taken over k, unless otherwise noted. The tensor product of
two algebras A and B is defined by (A® B),, = Ei-}-j:n A; ® B;, with multiplication
(a®b)(x®y) = (—1)d8bdeerqy @ by. If the algebras in question are bigraded,
we define (A ® B)pm = ZJI:m A; ; ® By, and the total degree is used in the
multiplication formula. For z € A, « has homological degree (or dimension) s,
internal degree t and total degree s +t. By the commutativity of A we shall mean
graded-commutativity, also called anticommutativity: ab = (—1)de8@ degbpq,

A Hopf algebra is an algebra with coproduct, or diagonal, v : A — A® A
which is an algebra map. We shall assume that ¢ is (graded) coassociative and
cocommutative. Since the algebra A is assumed to be connected, it has an antipode
o : A — A, but we shall not make use of it. See [12] for more details on Hopf
algebras and their structure.

Let Ext%(—, k) denote the i-th right derived functor of Hom4(—, k) in the cat-
egory of graded left A-modules. The cohomology H*(A) of A is defined to be
Ext’ (k, k), where k is given an A-module structure by the augmentation map e.
The Yoneda product makes this a graded algebra [1]. We recall some basic facts
about the cohomology of algebras.

(1) Let A, B be locally finite algebras. Then H*(A® B) ~ H*(A) ® H*(B).
(2) If A is a connected cocommutative Hopf algebra with unit, then H*(A) is
anticommutative.

We introduce the following definitions.

Definition 2.1.

(1) A graded algebra C'is called bigenerated if it is generated as an algebra by
elements of homological degree 1 and 2.
(2) An algebra A is semi-Koszul if C = H*(A) is bigenerated.

We shall make use of a reindexed form of algebraic Steenrod operations. In [11]
Theorem 11.8], May defines operations P* : H®*(A) — HsT@=O{r=1):pt(A) for
p > 3. These operations are zero if 2i < ¢t or 2i > s+ t. We would like to reindex
these so that P raises homological degree by 2i(p—1) and is trivial for i < 0, 2i > s.

(May denotes these reindexed operations by Tz.) This regrading has the effect of

~0
making P~ the first possibly non-trivial operation on H*(A). It also eliminates all
operations on H**(A) for p > 2 when ¢ is odd. This will not be of concern to us,
as most of our algebras will be concentrated in even degrees.

Theorem 2.2. Let A be a cocommutative Hopf algebra over F,,. There exist natural
homomorphisms

(1) Sq'+ HoH(A) — H*2(A) for p =2,
(2) ?z ;Hs’Qt(A) N Hs+2i(p—1),2pt(A) and
B\j)z : HS’Qt(A> _ Hs+2i(p—1)+1,2pt(A) fOT‘p > 3

with the following properties.
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(1) Sq =01ifi<0ori>s,
P —Ozfz<00r22>s
Bi]" =0ifi<0or2i>s;
(2) 5,7(/]1(3:) =22 ifi=s,
fJNDz(m) =P if 2{ = s.
(3) Cartan formulae .
54 (xy) = iy 54 ()54 (w),
P (wy) = X 2 (@)% (9),
O (ay) = 55 (87 (@2 (4) + P ()%

(4) Adem relations

i—j

);

(a) if a < 20,
~a—~—>b i1\ o atb—i 51
Sq Sq =32, (0, 1%)Sq Sq,
(b) if a < pb,
——a~}p i ——a+b—i ~
BP P =3 (— 1)a+z((b )(fml) 1)66 g) )
(c) if a < pb,
——a~}p i —~a+b—i ~;
BPP = (1—e) ¥, (~1)eti(C-e D apt

a+b 7T ~1

_Zi(_ )a+z((b ;)(Zt 1)— 1)/86 8P,

where € = 0 or 1, the binomial coefficients are taken modulo p and, by abuse
—'s ~ — —~ s
of notation, 9P = P° and B1P = BP .

~i/2 —~i/2
Remark. One can actually define operations ?1/2, 8P / on elements of odd internal
degree such that the Cartan formulae and Adem relations still make sense. See [L6]
Appendix 1.5] for details.

A decreasing filtration of A is a sequence of k-modules A = F°A > F'A D
F2A > ... such that FSA- F*A C F*T*A. Let ps denote the natural map F*A —
Fs/st14 = FSA/FSHA. We will sometimes suppress the A when it is clear from
context. We will say that elements in F**? are of lower filtration level than elements
in F'®, even though the indices are greater. Let the filtration degree of an element
x € A be the largest i such that z € F'A (if such an i exists).

Let F' C A be a subalgebra. We say F is normal in Aif I(F)-A=A-I(F). In
this case, there is a well-defined quotient B = A/A-I(F) denoted by A//F. In the
case that I is a sub- Hopf algebra, B is also a Hopf algebra. We say I is central in
A if each element of F' anticommutes with each element of A. By an extension or

exact sequence F' — A — B of algebras we shall mean that F' is normal in A and
B~ A//F.

Theorem 2.3. Let F - A5 B be a central extension of graded, connected alge-
bras. There is a first quadrant spectral sequence converging to H*(A) with
(1) Ey* ~ H*(B) ® H'(F).
(2) Bl ~ FSHTH(A)/FsT Hst(A) where {F*®} is a decreasing filtration of
H*(A).
(3) The ring structure of H*(B) @ H'(F) is defined by
(z@y)(zew) = (=1) 6T ) 22 @ yw, where y € HY (F), z € H>S (B).
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(4) d, : B3t — EsTU+ s q graded derivation, meaning
d-(ab) = d.(a) - b+ (—1)4°e% - d,.(b).

(5) The map H*(B) ~ E3° — E50 ~ FsH*(A) — H*(A) corresponds to the
induced map 7 : H*(B) — H*(A).

The map H'(A) = FOH!(A) ~ E% — EY' ~ H'(F) corresponds to the
induced map i* : H*(A) — H*(F).

(6) Kudo transgression theorem. Assume, in addition, that F S A5 Bisan
extension of Hopf algebras over F,. The transgression d, : E&"~1 — ET0
anticommutes with Steenrod operations: if x € E@"~! and 6 is a Steenrod
operation of homological degree i, then 6(x) survives until EOr it

drs(B(2)) = (~1)0(ds(0)). "

Since the algebras F', A and B are graded, the spectral sequence is actually
trigraded, with the third grading being the internal degree. We have suppressed
this third grading, as it is preserved by the differentials d,.. This spectral sequence
was used by Adams [I] 2.3.1]. Ravenel [I6, A1.3.14] calls it the Cartan-Eilenberg
spectral sequence. For (6) see [1I7, Proposition 2.3].

The Lie algebras we shall work with are all graded over either Z or F,. A
restricted Lie algebra is a Lie algebra over I, with restriction €.

For L a restricted Lie algebra, let Tens(L) be the tensor algebra on L, and let
J C Tens(L) be the two-sided ideal generated by elements of the form z ® y —
(—1)desz desyy @ 7 — [z,y] and 2®P — ¢(x) for x,y € L.

and

Definition 2.4. The universal restricted enveloping algebra of L is defined to be
VL = Tens(L)/J.

We can put a Hopf algebra structure on VL by setting ¢(z) =z ® 1+ 1 ® z,
€(x) =0 for x € L. The cohomology of a Lie algebra L is defined to be H*(VL).

Theorem 2.5 ([I4] 5.3], [II} Theorem 8.5]). Let L be a Lie algebra over F,,. Then
~ —~0
the Steenrod operations 7 and Sq are identically zero on H*(VL).

3. AN EXTENSION THEOREM

Let A be a cocommutative Hopf algebra over F,. In this section, we will find
sufficient conditions for H*(A) to be bigenerated. Let z € A be a central primitive
element of height p. This means z anticommutes with every element of A, zP = 0
and 2* # 0 if i < p. Let F = Fp[z]/(2P) be the central sub-Hopf algebra of A
generated by z. Let B = A//F. We have the central extension of Hopf algebras

(3.1) F—A—RB
with corresponding spectral sequence
(3.2) Ey' ~ H(B) ® H'(F) = H*"'(A).

Let n be the internal degree of z € F. Note that when p is odd, n must be even.
We recall that the cohomology of the fiber F' is

H*(F) ~ Al @ Fyle], ¢ € H'™, e e H>™, with §P (¢) = —¢ p odd,
H*(F) ~ TF,[c], ¢e HY, with S¢ () = ¢ p=2.

See Theorem [A9] for more details on the Steenrod operations.
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Theorem 3.3 (Main Theorem). Let F, A, B be as in (31). In the spectral sequence
B2), let d2(¢) = p € H>"(B). Assume

) —1

(1) BP (u) =0 or Sq p=0.

(2) The annihilator ideal of p in H*(B) is either zero or is generated in di-
Mension one.

(3) B is semi-Koszul.

Then A is semi-Koszul.

Proof. By the transgression theorem 2.3(6),

d3(€) = _B\ﬂ/bo(u), p Odda
ds(¢?) = Sq (), p=2.

If [3??0(#) =0or S’:]l(u) =0, then

~1

dopt1(”) =P (ds(e)) =0 or
d5(¢") = 84’ (ds(¢%)) = 0.

Likewise for all other powers of € or (. Thus in this case, the spectral sequence
(B2) collapses at Es.
In order for H*(A) to be bigenerated, we need Eo, to be bigenerated. Assume

—~—0 —1
BP (u) =0o0r Sq (u) = 0. If p is a zero divisor in H*(B), we may run into the
following problem. Let € H'(B) be in the annihilator ideal of . Then

dy(n® () = da(n) @ (+ (1)@ d2(¢) = +n @ p = 0.

Nothing can hit 7 ® ¢ € E-! because d, = 0 for r > 3, and dy = 0 from the E}”>
line. Thus n ® ¢ is a non-bounding permanent cycle of dimension ¢ + 1. If i = 1,
then n® (¢ € EL! is a two-dimensional generator of E.. If i > 1 on the other hand,
n® ( is a possibly indecomposable element in E%! of homological dimension larger
than 2. (It will be indecomposable if, for example, 7 is indecomposable in H*(B).)
Consequently E.—and thus H*(A)—is not bigenerated.

Assume then that the annihilator ideal of p in H*(B) is either zero or is gen-
erated multiplicatively by elements of dimension one. Assume also that H*(B) is
bigenerated. Then F, has the following possible set .S of multiplicative generators:

(1) 1® € for p odd, 1 ® (2 for p = 2;

(2) elements of the form n ® ¢, where n € H'(B) and nu = 0;
(3) elements 0 ® 1, v ® 1, where 0 € H'(B) and v € H?(B);
(4) 1®¢ (if d2 = 0).

All these elements have homological degree less than or equal to two, and thus
E is bigenerated. Recall that H*(A) has a decreasing filtration F*H*(A), and
that we denote the natural projection F*H"(A) — F*/sT1H™(A) ~ E3"~* by p,.
Choose a set of representatives T' C H*(A) for each of the types of generators in S:

(1) e € FOH?(A);
(2) = € F1H?(A);
(3) a € F*HY(A), v e F2H?*(A);
(4) z € FOH(A).
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We claim that H*(A) is generated as an algebra by T, from which it follows
that A is semi-Koszul. Let S’=SU{1® 1}, T/ = T U {1}. The proof will proceed
by reverse induction on filtration degree s in H"(A). Let y € F"H™(A). Then
y € H™(B), which is bigenerated. Now let y € F*H"(A), where s < n, and assume
FiH™(A) is bigenerated for i > s. Projecting y to F*/st1H™(A) ~ E%"=5, p.(y)
can be written as a sum of products fiAi; Ay, -+ i, where f; € k and \;; € S’
So y is a sum of products fi;\il e 5\1 and a term -, where 5\1-]. € T’ are lifts of
Ai; under p, and v € FstLH™(A). By induction, v is also a linear combination of
products of elements from T”. Thus y is of the desired form. O

4. HOPF ALGEBRAS ARISING FROM p-GROUPS

The mod-p lower central series of a group G gives rise to a restricted Lie algebra
L, whose universal restricted enveloping algebra V' L is a Hopf algebra. Starting
with a central extension of p-groups H — G — @, we take enveloping algebras of the
associated Lie algebras and get a central extension of Hopf algebras FF — A — B.
In Section 2] we show that A is semi-Koszul if @ is abelian and H ~ Z/(p). In
Section[£.3] we generalize to extensions of Hopf algebras FF — A — B which do not
necessarily arise from extensions of p-groups. We show that E°A is semi-Koszul if
B is commutative.

4.1. Definitions. Let G be a group, and let G = F'G O F2G D - -- be a descend-
ing sequence of subgroups (also called a filtration) with F'G>F'*'G, FiG/FTG
abelian. Let gr.f'G = D, FiG/Fi+1G be the associated graded object, and let
er,F'G = FiG/Fi+1G. When the filtration is understood, we shall simply write
gr.G and gr;G. Recall the natural surjection p; : F'G — gr;G.

For H, K subgroups of G, let (H, K) be the subgroup generated by all commu-
tators of the form (h, k) = h='k~'hk for h € H, k € K. Let H" be the subgroup
generated by h™ for h € H. An N-sequence is a normal series G = G1>Go>G3>- - -
such that (G;, G;) C Git; [9]. The successive quotients gr,G = G;/G;41 of an N-
sequence are abelian, since (G;, G;) C Ga2; C Gi41. The associated graded abelian
group gr.G =&, Gn/Gn_H has the structure of a Lie algebra over Z, with bracket
[or@, psy] = pris((z,y)). A p-restricted N-sequence is an N-sequence {G,} such
that G, C Gpn. The associated graded group gr.G is then a vector space over
F,. We can define a restriction §(pr (x)) = Ppr (a:p) on gr. G which makes it into a
restricted Lie algebra over F,,.

The fastest descending p-restricted N-sequence of G is the mod-p lower central
series {I"G} (see [9], [5]):

(4.1) 1@ =12"G = ((y1,...,7 )" such that r-p* > n),

where (y1,...,7%) = ('yl, ( . (’yrfz, (’erl,'yr)) .. )) The associated object gr.'G
is thus a restricted Lie algebra over F,. Let L(G) = LG = gr.'G. It can easily be
checked that L is a functor from the category of groups to the category of restricted
Lie algebras over F,,.

The definition we have given here is slightly different from that of [15] or [5].
Our I'?" equals their I'™. We have doubled the filtration degree in order not to have
to worry about signs for p odd.

Let kG be the group ring of G over k, with augmentation e(g) = 1 for g €
G. A diagonal ¥ : kG — kG ® kG is induced by the map ¢ — g ® g, giving
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kG the structure of a cocommutative Hopf algebra over k. Let I = kere be the
augmentation ideal of kG. Filter kG as follows: F2"~! = F2" = I" for n > 0. The
associated graded algebra E°(kG) = gr.f'kG has the structure of a restricted Lie
algebra over k inherited from the multiplication in kG. Specifically, [p,z, psy] =
Pris(xy —yx), E(prx) = prp(xP). Since 1 respects the filtration on kG, it induces
a cocommutative diagonal on E°(kG). It is clear that E°(kG) is generated as an
algebra by ES(kG) = I/I?. These elements are all primitive by reason of dimension.
Thus E°(kG) is primitively generated, and by a theorem of Milnor-Moore [12}
Theorem 6.11], E°(kG) is isomorphic to the restricted universal enveloping algebra
of its restricted Lie subalgebra L = ESkG.

The map ¢ : LG — E°(kG) given by p.(x) — p.(z—1) is a restricted Lie algebra
homomorphism. In fact, the image of ¢ lies in the primitive elements P(E°(kG))
of E°(kG).

Theorem 4.2 ([15, Theorem 1.4]). The induced map
LG — P(E°(kG))
is an isomorphism of restricted Lie algebras.
Therefore,
(4.3) V(LG) ~ V(P(E°(kG))) ~ E°(kG)

as Hopf algebras over k.
Let VLG denote V(gr.'G). Studying the cohomology H*(E°(kG)) over k is
thus equivalent to studying H*(VLG). The advantage of working with cohomology

—0 ~
of Lie algebras is that the Steenrod operations Sq = 0, 7 = 0 there ([14], [11l
Theorem 8.5]), which greatly simplifies the situation.
We shall need the following result.

Lemma 4.4. Let G be a finite abelian p-group. Then VLG is a semi-Koszul algebra.
Proof. Let G =Z/(p™). It is clear that

VLG ~ E°(F,QG) ~ x]/(xp ).
For a general finite p-group G = Z/(p™ ) x -+ X Z/(p™), then
VLG ~Fplzy,...,x /xfl).

Thus

H*(VLG) ~ Alz1, ..., 2] @ Fplen, ..., exl,
where z; € H2, e; € H>?"'_ If p = 2 and some n; = 1, replace A[z;] ® F,le;] by
]F2 [Zz] |:|

4.2. Extensions of p-groups. Let G be a non-trivial finite p-group, and let k =
F,. There is an element x of order p in the center of G. Let H ~ Z/(p) be the
subgroup generated by x. We have the central extension

(4.5) HLq%o=ac/H

Our plan is to apply the L functor, and then the V functor, to (f3) in the hope of
obtaining an exact sequence of Hopf algebras of the form (BI).
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First, note that g(I'"G) = I'Q. Refilter H by F"H = f~*(I'""G). According to
Theorem 2.4 of [9], the following is an exact sequence of graded Lie algebras over
Z:

(4.6) gr.f'H N gr.GG 4, er. Q).

Now gr.F'H is generated by & € F?"/?2"*1H where 2n is the filtration degree of
f(z) in G. Since LH is generated by z € T?/3H, gr.”" H ~ LH as ungraded Lie
algebras. The sequence (&0 is actually a sequence of graded restricted Lie algebras
and—if we regrade L H appropriately—is isomorphic to

(4.7) LH — LG — LQ.
Now let
(4.8) L -5 Ly ™ Ly

be an exact sequence of graded restricted Lie algebras over F),. Recall that VL; is
defined to be the quotient of Tens(L;) by some specific ideal J;. It is clear that
7(J2) = Js, and that i~1(J2) = J;. Therefore,

(4.9) Tens(Ll)/Jl — Tens(Lg)/Jg — Tens(Lg)/Jg

is an exact sequence of Hopf algebras over k.
We have just proven

Proposition 4.10. Let H,G, and Q be as in ([@LB). Regrade VLH as in ({E1).
Then the following sequence of Hopf algebras is exact:

(4.11) VLOH — VLG — VLQ.

Since VL H ~ F[x]/(aP), the central extension ([@II) is of the form F — A — B,
as in (3]). Associated to this extension is the Cartan-Eilenberg spectral sequence
B2):

Ey ~ H*(VLQ) @ Alz] @ Fple] = H*(VLG), p odd,

(4.12) Ez ~ H*(VLQ) ® Fa[z] = H*(VLG), p=2.

Let us now examine conditions on the group G which will assure that the assump-
tions of Theorem [33] are satisfied.

Theorem 4.13. In the spectral sequence (A12), assume p = da(z) is a sum of
products of one-dimensional elements. That is, assume p is decomposable. Assume
also that conditions (2) and (3) of Theorem[3.3 hold. Then VLG is semi-Koszul.
Proof. This result follows from the fact that
—~0 ~0,  ~0 ~0, ~0

(4.14) BP (o1) = pP (0)P (1) +P (0)BP (1) =0 and

: —1 —~1,  —~0 —~0, —~1
Sq (o7) = Sq (0)Sq (1) + Sq (0)Sq (7) =0,

~ —~—0
since P = 0 and Sq = 0 on the cohomology of a Lie algebra. Condition (1) of
Theorem B.3 is thus satisfied. O

Theorem 4.15. If @ is abelian, then VLG is semi-Koszul.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3310 JUSTIN M. MAUGER

Proof. By Lemma 4] H*(VLQ) is isomorphic to a tensor product of algebras of

the form A[z;] ® Fyle;] (and Fa[z] for p = 2), so H?(VLQ) is spanned by {z;z;,€;}.
~—0 —1 —~—0

Now (P (ziz;) = 0 = Sq (#i2;) by @I4) and SP (e;) = 0 by reason of internal

degree. Thus condition (1) of Theorem B3]is satisfied. Condition (2) is satisfied

because the annihilator ideal of H?(VLQ) is generated by one-dimensional elements
{z;}. Finally, condition (3) is satisfied since H*(VLQ) is bigenerated. O

4.3. Generalization to Hopf algebras. The results in §42 can be generalized
somewhat to Hopf algebras. Let A be a Hopf algebra over F,. Assume A contains
a central, primitive element = of height p. This means x anticommutes with every
element of A, P = 0, and 2% # 0 if i < p. If p is odd, z is forced to have even
internal degree. Let M = F,[x]/(zP) be the central sub-Hopf algebra of A generated
by x.

We have the central extension of graded Hopf algebras

(4.16) M-La % B

For an augmented algebra C, let {F?"~1C = F*"C = (IC)"} be the modified
augmentation ideal filtration, and let E°C' = gr.F'C. Since €®(g(y)) = €*(y), we
see that g(IA) C IB, and more generally, g(TA™) C IB™ . Thus g respects the
augmentation ideal filtration, and we can form the maps

Gon : P22 A = JA™ [TA™TY — [B™ [IB™H! = /"1,
E°g: E°A — E°B.

Each g, is a map of graded modules, while E°A and E°B are bigraded algebras
(by internal degree and filtration degree). It is easy to check that E°g is surjective.
If g2, (%) = 0, this means g(y) € F?>"T1B. Since g is surjective, y can be written as
y=a+b, where a € F?"1A and b € kergN F?"A. Since kerg = im f, b = f(b')
f9r some b’ € M. Unfortunately, we cannot tell if &’ € F?"M. If we refilter M by
F2n)M = f~1(F?"A), we obtain the exact sequence of bigraded algebras

er M — E°A — E°B.

In our case, gr.pM ~ F°M ~ M, except that the generator of gr.pM has a
filtration degree equal to the filtration degree of f(x) in A. With the understanding
that M is regraded as such, let us investigate the extension

M — E°A— E°B

of primitively generated Hopf algebras with associated Cartan-Eilenberg spectral

sequence
(4.17) Ey' ~ H*(E°B) @ HY(M) = H*T'(E°A).

We recall that a Hopf algebra C' is monogenic if it is generated by one element
x.

Proposition 4.18 ([12]). A monogenic Hopf algebra over Fy, has the form
(1) An esterior algebra Alz] = F,[x]/(x?), with degz odd for p odd.
(2) A truncated polynomial algebra A =TF,[z]/(x*") as in (A6).
(3) A polynomial algebra Fplx] with degx even for p odd.

In all cases, = is primitive by reason of dimension. We have excluded the case
p=2,n=1from (2), as Fa[z]/(2?) ~ A[z].
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Lemma 4.19 ([I7, Proposition 2.2]). For each monogenic Hopf algebra C above,
(1) H*(C) ~Fplz], with z € H 48z,
(2) H*(C) ~ Alz] @ Fple], with z € H»d%8% ¢ ¢ [2:p"degr,
(3) H*(C) ~ Alz], with = € HVd¢8®,

Theorem 4.20 (Borel, [12]). A locally finite, connected, primitively generated,
commutative Hopf algebra over Fy, is isomorphic to a tensor product of monogenic
Hopf algebras.

Theorem 4.21. Let M, A, B be as in [I8). If B is commutative, then E°A is
semi-Koszul.

Proof. The fiber M has cohomology generated by z € H'(M) and possibly e €
H?(M). The element e is related to z by the Steenrod operation 6, where 6 is one

of [3?0 or §Z]1. The spectral sequence (A7) will collapse if ds(e) = 6(d2(z)) = 0.
Since B is commutative, so is E°B. By Borel’s theorem, E°B ~ ®,;B;, where the
B; are monogenic Hopf algebras. Then H*(E°B) ~ H*(B;) ® --- ® H*(B,) ~
Alzi] @ Fp[2f] @ Fylex] with 2, 25 € H', e, € H?. We can show § = 0 on H?*(E°B)
by using the same argument as in Theorem O

Remark. A theorem of Wilkerson [17] states that a finite-dimensional, graded, con-
nected, cocommutative Hopf algebra A # k always contains a non-trivial central
monogenic sub-Hopf algebra C'. In the case that C' is a truncated polynomial alge-
bra of height p™, we can always find a central primitive element x € A of height p.
The conditions of Theorem [£.21] then hold.

5. RANK TWO p-GROUPS

In this section we show that the cohomology of the Lie algebra associated with a
rank 2 p-group for p > 5 is bigenerated. A rank 2 p-group is a finite p-group whose
largest elementary abelian subgroup has dimension 2. In the case p > 5, Blackburn
[3] has classified these as belonging to one of the following four families: abelian,
metacyclic, C(r) and G(r,e) of order p". A metacyclic p-group P is an extension
of a cyclic group by a cyclic group. A presentation for C(r) is given by

C(r)=(a,bcla? =P =c? =1, (a,b)=c ,ce Z(C)),

where r > 3, (a,b) = a~'b~tab, and Z(C) is the center of C. A presentation for
G(r,e) is given by

Gre)=(f.g.h | [7 =g =W =(9,h) =1, (f,h7") =g, (f.9) = h),
where r > 4, e is 1 or a quadratic non-residue mod p.

These also define rank 2 p-groups for p = 3. We include the families for p = 3
in the calculations to follow because they are the source of most of the interesting
behavior.

We will be performing explicit calculations in the cobar complex and with Massey
products. See the Appendix for a review of these concepts.

5.1. G of type C(r). Since " is a central element of order p, we have the central
extension

Z/(p) — G — Z/(p) X Z/(p) x Z/(p" ).
As the base is abelian, Theorem tells us that VLG is semi-Koszul. We shall
now explicitly calculate H*(VLG).
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5.1.1. Case 1: r > 4.

I?={a,bc) =G %3 =F,(a,b,c)
P = () = 2/ (") I/ = Fy ()
I =@ ) =2)p) TP =)

D/ =0 for i £ 2p7, j <r— 3.
Since a='b~tab =" * € I2?" "’ falls below I'*, LG is an abelian restricted Lie
algebra over IF,,. Moreover, §(6) = 5(6) =0, §(cpi) =cP Letrx=a,y=>b, z =
P for 1 <i<r—2. Then

VLG = Tens{z,y, 2}/ (zp FY=0 = )

_5=0,z,y,2z; commute

~Fylz,y, z]/(:vp, yP, zpr_2) as Hopf algebras.

So H*(VLC(r)) ~ Alz,y, 2] ® Fplu, v, w], wherez,y, z € Ext!?, and u,v € Ext>?P
and w € Ext>?" . As usual, the one-dimensional classes x,y are related to the

—~—0 -
two-dimensional classes u,v by the algebraic Bockstein —3P | and w = (z)P ’

See Appendix [A3 for details.

5.1.2. Case 2: v = 3. Let G = C(3) = {(a,b,c|a? = ¥ = ¢ =1, (a,b) = c €
Z(G)). This case is more interesting, as the filtration is different. The filtration
degree of ¢ is 4, which makes LG non-abelian: [EL,B] = ¢ € %5 We still have
£(@) = ¢(b) = 0. Thus VLG ~ Tens{a,b, c}/J, where J is the ideal generated by
the relations {ab —ba = ¢,ac = ca,bc = cb,a? = b = P = O}. The central
extension of groups

(5.1) Z/(p) G Z/(p) x Z/(p)

zr—c a,b—z,y

induces the central extension of algebras

(5.2) Fpl2]/(27) e VLG

Fp[xv y]/(xpv yp)

which we abbreviate as FF — A — B. This sequence will be exact as graded
algebras if we set deg z = 4. The induced Cartan-Eilenberg spectral sequence has
FE5 term

(5-3) Ey"(C(3)) = H*(B) ® H*(F) ~ Ao, 7|®F,[u, v] @ A[(]@F,[e],

a,b—z,y

—~0 —~0
o7 € Ey™? pve EYO p=—pBP (o) = (), v=-6P (1)=(n)",
Ce Byt e B L5500 = (o

The third superscript is the internal degree. The elements ¢ ® 1 and 7 ® 1 in
E21 0 are permanent cycles converging to non-zero classes a and 3 in H%2(A). Put
a reverse lexicographic order on A : ¢ > b > a. Choose the basis for A induced
by this ordering: B = {cibjak |0 <i,5,k<p-— 1}. The non-trivial relations are
generated by the following:

ab=ba+c, ac=ca, bc=cb, aP =b" =cP =0.
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Let B* = {z*|z € B} denote the dual basis, i.e.,

(=", y) 1 ify=ux,
{L‘ ) = .
Y 0 otherwise.

Identify «, (8 with the classes [a*], [b*} in the cobar complex C*(A). Now, (5[0*] =
[a*|b*] = af =0in EZ°. This implies

(5.4) da(1®¢)=X-0®T

for some A € F, because that is the last differential which can hit E°. We
can ignore the constant A; all that matters is that it is non-zero. Since o ® 7 =
1®0-1® 7 is a product, (ZI4) implies that the spectral sequence (B3) collapses
at F3. Moreover, it can be easily seen that

(1) da : Tens(u,v) @ (¥ — Ideal(oT) ® €* is never zero,

(2) dy =0 on Ideal(o, 7) @ b c E32FHE

(3) da =0 on the €* lines.

The permanent classes
(5.5) S={o, 7L, pelL,vel,c(T7R( 1R¢€}
in E,, converge to elements
(5.6) T ={a,Bu,v,x1,22,€}

in H*(A), with o, 3 € H"?(A), u,v € H??P(A), 1,20 € H?%(A) and e €
H?4(A). Every element in E,, can be expressed as a sum of products from S, for
example, op'v! ® (¥ = (0 @ ()(u® 1) (v @ 1)/ (1 ® €)*. Therefore,

Theorem 5.7. T generates H*(A) = H*(VLC(3)) multiplicatively.
We shall look at the relations in H*(A) in the following section.

5.2. Relations in H*(VLC(3)). We will use a theorem of Ravenel [16, Appendix
1.4] on Massey products in spectral sequences. Refer to [A.2] for the definition of
Massey products. The formulation is somewhat complicated, but the main idea,
due to Kahn [6], is that we do not want any higher “cross-differentials” to interfere
with ds. Since d, = 0 for r > 3, this is not an issue. Thus we can safely state that
if a; € E3™ converge to u; in H*(A), then the Massey product (ay,...,a,) € Es3
(when defined) will converge to (uq,...,un), up to indeterminacy, of course. We
shall also make use of the following “juggling theorem”:

Lemma 5.8 ([16, A1.4.6]). If (u1,uz,us) and (ug,us,us) are defined, then

w1 (ug, us, ua) = (U1, Uz, Us)Ud,

degu+1

where 4 = (—1) u and deg u means total degree of u.

Proposition 5.9. In H*(VLC(3)), the multiplicative relations are generated by
the following:

(1) > =ap=p%=0.

(2) azes = —fx1.
(3) oz = fu,  p=3, Bug— 17OV P
0, p >3, 0, p > 3.
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—UTo, —UV, VT, =3,
(4) x%wxlx%x% = 2 ' P
0,0,0, p> 3.

In addition, we have the following Massey products:
(5) z1 = (v, a, B) = —=1/2(e, B, ) = (B, v, ).
(6) 22 = — (.. 8) = 1/2(8,0.8) = — (8. 3.0).
(7) ()P = =BP (a) =u, (B)’ =—pP (B) =v
We will prove the last three first.

Proof of [5.9(5) and[5.9(6). Using the notation of §A2] let (U,§) = (E3*,ds). The
elements a; = ao = o0®1, a3 = T®1 are in EQI’O, and have total degree 1. Therefore
a; = a;. Now ajaz = 0?2 ®1 =0, and azaz = 0 @ 7 = da(1 ® (), so we can take
u; =0, ug = 1®¢. Then (a1, az2,a3) =0®1-180(+0-7®1 = o @7, which converges
to z1. The indeterminacy is aH' + H'3, which is 0 since H'(A) = F,(a, 3) and
a?=af=p%2=0.

Bya,0) =7®1-04 (-1®()-0®1=0® (. The minus sign comes from the
fact that Sa = —a3. It disappears because 1 ® ( and o ® 1 anticommute.

(, ,0) =0 @1 (-1®()+1®C-001=-20R¢(.

Now let U = C**(A), the cobar complex of A. « is represented by a; = as =
[a*], B by a3 = [b*]. Let us calculate (o, a,3) in U. uy = [a®"], ug = [c*], and
(a1, az,a3) = [a*|c*] + [a*"|b*]. We now have a representative for z; in C*(A).

Other representatives are

6100 = —glafia) = 5 (o] - [e7le’] - [o%[ba).
(5.10b) T = (B,oz,oz> = [b*|a ] = [¢*]a*] + [ba*|a*].
The procedure for xz is similar. Some representatives are
(5.11a) 2y = —(a, 3, 8) = =[a*|p*] — [e*|b"],
(5.11b) w2 = — (B, 8, a) = =[b*[ba”] + [b*]e”] — [b*"|a"],
(5.11c) v = (8,0, 8) = 2 (°1e"] + ba’[°] — [e" 7).
O
Proof of[5:9(7). Follows from naturality of the algebraic Steenrod operations.
Proof of [59(1). Follows from relations in Ex
Proof of EH(2). azs = —ala, B, ) = —(a, a,Bm Y T
Proof of[B9(3). ax1 = oo, o, 8) = (@, a, ) = (o, o, )3 = uf for p = 3. For

«
larger primes, (a)3 = 0, since for {a)? to be defined, we need all lower symmetric
Massey products to vanish. Similarly, Szo = —3(8, 5, @) = — (8, 8, B)a = —va for
p = 3, while it vanishes for larger primes. In either situation, the products fall to
the lower filtration level F3H3(A) = E30.

Proof of EA(4). Since (0 ®()* = —0?®(? = 0in B2 ~ F23HY(A) = F2HY(A)/
F3H*(A), we deduce that 3 € F3H*(A). Since F?H*(A) is spanned by {uz1,uzs,
vx1, VT2, u?, uv,v?}, we can express x1 as a linear combination

(5.12) a:f = crux1 + CouTs + c30x1 + T + cxu® + cguv + crv?, ¢ € Fp.
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The element 22 has internal degree 12, while the elements on the right-hand side of
(B12) have internal degree larger than or equal to 2p + 6. For p > 3, we are forced
to conclude that 2% = 0. As usual, the case p = 3 requires special attention.

Let p = 3. Multiplying both sides of (5.12) by «a gives us ax? = Bux; on the
left, and c1 Bu® — cafBuzt + c3fBuv — caBvxt + csau? + cgauv + crav? on the right.
The summands are linearly independent in H®(A) because their representatives in
E, are linearly independent. Therefore, c; = —1, and all the other ¢; are zero.
Starting with linear combinations in H*(A) for x1z2 and 22, then multiplying by
a, will yield the other two identities.

These relations all come about from the fact that 02 =72 = (2 =0, o7 = —70
in F.. Since there are no other identities of this type in F, there are no new
relations in H*(A).

5.3. G of type G(r,e). We next turn our attention to groups G of type
r—2 r—3

G(rie) = (f,g;h | [P =9g" ~=h"=(g,h) =1, (f,h7")=g" °, (f,g9) = h).
We will soon see that for our purposes, we can take e = 1.
Lemma 5.13. ¢? € Z(G).
Proof. Since (f,g) = h, we have f~1g=1f = hg™!, and
(5.14)  (f,g") =F'g7Pfd" = (f'g ) " = (hg™")'g" = hPgPg" = 1.
The second-to-last equality follows because (g, h) = 1. O

We will investigate the exact sequence

(5.15) Z/(p)(d) G(r) —— Q(r —1).

d—g r—3

This is a central extension by Lemma[5.T3l As the base is not abelian, we cannot
use Theorem T3l The cokernel Q has generators f, g, h and relations

fr=hr=(g,h)=1,(Fb")=3% "=1, (f,5)=h

Therefore Q(f— 1) ~{a,b,c| a? = W= = 1, (a,b) = c € Z(Q)), where a = 1,
b=g,c=h. Forr =4, Q(r—1) = Q(3) =~ C(3). We will focus on this case
presently. The case r > 4 is taken up in Section [5.3.2]

5.3.1. Case 1: r = 4. For the extension (5.17), we have
(5.16) Z/(p) — G(4) Q=0C(3)

d—gP f,g,h—a,b,c

with f,g,h,d in filtration degree 2,2,4,2p, respectively. The Lie algebra LG is
generated by {x =fy1 =092 =gP, 2= B}. Since 2+4 =2p & p =3, [f,ﬁ] =0
for p > 3. Since h—! = —h, [sz] = —[f,F] = —g? = —egP for p = 3.
Summarizing, the non-trivial structure of LG is as follows:

—ey2 p=3,

) =we lwl=2lr2]= {0 p>3.

For p = 3, e can only equal 1, so we see that e does not really matter.
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Taking the usual quotient of Tens{z,y1,y2, 2} by the ideal J of relations as in
Definition [2.4]

P_ pzzhp: —h
Tens{f.g.h}/ (J;g”igpf, fhzohj}?ghiifgjv p>3

2
FP=g?" =hP=0, fg—h+gf —
Tens{f’g’h}/(fgp:ggf,fh:*g’”rghf,gfi]:hg) p=3

under the mapping  — f, y1 — g, y2 — g¢°, 2 — h.
The central extension of Hopf algebras,

(5.17) VLG ~

Py _* u _
(5.18) Fpld]/(dP) o VLG PR VLQ = VLC(3),

denoted by F' A B , gives us a spectral sequence
(5.19) E;"(G(4)) = H*(B) ® (Al2] @ Fylw]) = H*(A),

2
where z € Eg’mp and w € Eg 22" We shall suppress tensor notation in spectral
sequences (e.g. 1 ® z = z) from now on.

Proposition 5.20. In the spectral sequence (5.19)

V=1, p:?’a
dQ(Z):{v ' p>3

Proof. Put an ordering h > g > f on A = VLG. A basis for A consists of
{hig7f¥0 < i,k < p—1,0 < j < p?> —1}. Using the relations (5.17) for A,
we see that in the cobar complex C*(A),

sty = { S = 1 - ] p=3,
> le 1P p>3.
Under the edge map 7* : H*(B) — H*(A), v — ClaSS(Zf;l[gi*wp_i*]) and

z1 > class([f*|h*] + [f*"[g*]). The only differential that can cause the right-hand
side in (5.21)) to be zero is da(2). O

(5.21)

Proposition 5.22. Bﬁ’o(v) = BTPO(xl) =0 in H3(B).

—~0 .
Proof. v,z1 € H>?(B). The image of 8P : H**(B) — H32P” is zero because
the internal degrees of the elements of H3(B) are all less than or equal to 2 + 4p,
which is less than 2p2. O

Proposition 5.23. da(z) is not a zero divisor in H*(B).

Proof. Assume da(z)y = 0 for some non-zero element y € H*T'(B) of filtration
degree s. Project y to gy € F*/st1H*+(B) ~ E3!(C(3)).

For p > 3, the equation vy = 0 projects to vy = 0. Since v is not a zero divisor
in Ex (C(3)), ¥ = 0. This means y € F¥™ H*(B), which is a contradiction.

For p = 3, we have (v —z1)y = 0, or vy = z1y. This projects to vy = o(y. Note
that vy € E5F2!, while oy € EST1TL. The two cannot possibly be equal, unless
of course they are both zero. But v is not a zero divisor, and the same contradiction
ensues. U
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We conclude

Proposition 5.24. The spectral sequence (5:19) collapses at E3, and

H*(B)/(v— 1) @ Fp[w],  p=3,

H7(4) ~ {H*(B)/(v)@Fp[w], p> 3.

Theorem 5.25. H*(VLG(4)) is generated by {«, B, u,x1,x2,e,w}, with o, €
HY2, 21,29 € H*S, w € H?>?, e € H*>*, and w € H22P" The relations are
generated by
(1) o> =ap=p%=0.
(2) azy = —fz1.
BU, p= 3) _ {_ﬁua p= 37
B2

3) axry =
(8) azy 0, p>3, 0, »>3.

p— —_— —_— fr— 3
(4) $%7$11‘2,$% _ UT2, —UT1, —UT2, p )
Oa 07 Oa P> 3.
In particular, VLG (4) is semi-Koszul. The Massey products of Proposition [2.9 still
hold, except now (B)P = x1 for p =3, and (5)? =0, (ﬁ)p2 =w forp> 3.

Proof. This is simply a matter of setting v = 0 or v = x1 in the relations for
H*(VLC(3)) (Proposition £9). The class w is formally the coboundary of [gpz ].
For p > 3, this is equal to the representative of <[3>p2 in the cobar complex. (I

Remark. Notice that x% = —uxs implies zo+u is a zero divisor, with xs(z94u) = 0.
If we had a central extension of 3-groups Z/(3) — K — G(4) and the induced
spectral sequence ([EI2) had da(z) = z2 + u, then 22 ® z € E%! would be an
indecomposable element of dimension 3. In this case, VLK would not be semi-
Koszul.

5.3.2. Case 2: r > 4. Now let G = G(r,e), r > 4, p > 3. The situation is
Z/(p){d) ——— G(r) ——— Q(r —1),

d)—)gp".73 f,9,h—a,b,c
where
Q(r—1)~{a,b,c|a? = Wl = = 1, [a,b] = c € 2(Q)).

The filtration degrees of f, g, h,d are 2,2, 4,2p" 3, respectively.
Let us first deal with finding H*(VLQ(r — 1)). There is a central extension for
Q
Z/(p)(z) —— Qla,b,c) ——— Z/(p) x Z/(p"*){z,y)

zZ—cC a,b—x,y

which is very similar to (5)). The induced algebra extension
Fp[z]/(z”) —— VLQ(r—1) —— F,[xz, y]/(xp, y”rig), degz = 4,
gives us the spectral sequence
B3 (Q(r — 1)) = Ao, 7]@F, 1, v] ® A[(]@Fp]e]

with o, 7, p, v, (, € as in (53) except v has internal degree 2p" 2 and v = <7'>”7'73

Just as in (B4), d2(¢) = o7 and the spectral sequence collapses at Fs.
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Theorem 5.26. H* (VLQ(T - 1)) is generated by {«, B, x1, T2, u,v, e}, with a, B €
HY2 21,20 € H>5, u € H??, v € H>?° ande € H>*. Relations are generated

by
(1) o> =ap=p%=0.
(2) azes = —fx1.
(3) axy = g’u, ii 2: Bxo = 0.

—U{EQ,0,0, p= 37
0,0,0, p> 3.

The Massey products of Proposition [52.9 still hold, except (ﬁ)pw3 = for all p.

Proof. The proofs of () and () are the same as in[E9 For the second half of (&),

Bxo = —B(B,8,a) = —(B8,8,8)a = 0 even for p = 3. In the proof of {) for p = 3,
we are reduced to solving the equation

(4) x%vxlx%x% = {

(5.27) Tixj = C1uL + CouTo + csu?, ¢ € Fp,

by reason of internal dimension. Multiplying both sides by « and equating coeffi-
cients yield the desired identities. For example, az3 = —Bx122 = 0, while the right
side of (BZT) becomes c1Bu? — coBuzy + cyau?. O

We now turn to finding H*(VLG(r)). Notice that since (f,h™") = g"" " falls
below I'6G, [f, h} =0 in LG even for p = 3. Thus (&I7) becomes

fr=gr =1 =0, fg= h+gf)
fop=grf, fh="nf gh=hg )

As in (BIR), setting degd = 2p" 3 gives us the graded algebra extension

VLG(r) ~ Tens{f,gah}/<

Fold]/(dP) —— VLG(r) —=— VLQ(r — 1)
which induces the analogue of (G.19)
(5.28) Ey*(G(r)) ~ H*(VLQ(r — 1)) ® Alz] @ Fy[w].
Proposition 5.29. In the spectral sequence (28), da2(z) = v.

Proof. In the cobar complex C*(VLG(r)), 6[g” = 5:13_1 [gi*|gpr_3’i*},
which is the representative of 7*(v). Thus da(z) = v for all p. O

r_s*}

Proceeding in the same way as in Propositions [£.22, and B.24] we obtain
—0
Proposition 5.30. 8P (v) =0, and v is not a zero divisor in H* (VLQ(T - 1))
Thus the spectral sequence (5.28) collapses at E3 and
H*(VLG(r)) ~ B ~ H*(VLQ(r — 1)) /(v) @ Fp[w].
Finally,

Theorem 5.31. H* (VLG(T)) is generated by «, 3, u,x1,x2,e,w. The bidegrees

of the gemerators are as in Theorem [5.23], except w € H22" " Relations are as
in Theorem [A23 except now Bry = x119 = 23 = 0, (6)’{_2 = w for all p. In
particular, H*(VLG(r)) is semi-Koszul.
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5.4. G metacyclic. Let G be a metacyclic p-group. That is, there is an extension

Z/(p™) G Z/(p").
For p odd, any metacyclic p-group G has presentation

G = P(m,n,q,l) = (m,y | a?" =1, 9" =a*", (z,y) = 2" )

for integers m,n,l,q > 1 satisfying (p' + 1)?" = 1 mod p™ and (p' + 1)p? = p?
mod p™ [4]. We can get all groups up to isomorphism by requiring I < m, g < m,
n+1>m and ¢+ > m. Note that ypmﬂ_q =1.

It is clear that LG is generated by x; = = FQPFI/Q”FIH, 1 <i<m,and
Yy =yP € 2’7/ '4+1 1 < j < n+m — q, some of which may be zero.

Lemma 5.32. For alli,j, [z;,y;] =0.

Proof. y~lay = aP Tt = y P apyp = ) LN (xpi,ypj) g ((p"+1)”kl).
The exponent is ' ((p! +1)? —1) = pi (p?' +- - +p/p' +1-1) = p"itla, a€L.
Therefore, (a”",y"") = ()P e T C T2 ) even for i = j = 0. O

We can break the analysis of LG down into three cases:
Case 1: n <q.

&(y;) = yj41 for j < n. Since yP" = zP* falls down to a lower filtration level,
&(yn) = yP" = 0, and there are no y; for j > n. The other generators {z;}1<i<m
have restriction &(z;) = z;41 for i < m and &(x,,) = 0. Then

VLG = Fpla,y]/(a?",y?")  degz = degy = 2.

Case 2: n > q.
By the same reasoning as above, there are no x; for ¢ > q. &(x;) = x;41 for i < g,

§(xg) = 0. &(y;) = yj41 for j <n+m —q, and {(Yntm—q) = 0. So
VLG ~ Fp[x7 y]/(qu , ypn#»'m*lI) degx _ degy _ 2
Case 3: n=gq.
In this case, z?° = y?" in I?"" = I'??". Let z = ya?" "~'. Then (z,2) =

1 1—pm—m _q o
A T =P = (z,y).

m—mn_q

zyxP
Claim. zP"=1.

Proof. Tt can be shown by induction that (yxz®)’ = ybx“[(pl“)b*l]/pl. For a =
p™~™ — 1, b =p", the exponent of z is

™ =)@+ D =)/t = (" = ) e/t = 0™ - p")e
where ¢ = 1 + ﬁ(p;)pl + ﬁ(p;)pm + .- =1+ pld, for some d € Z. Then

m

n n n n ntl .
2P = " (P mp)e = " (metl) — " d — 1 gince n 41 > m. O

So G~ (z,z|zP" =1, 2P" =1, (z,2) = xpl>. Generators for LG are {z;}1<i<m
and {z;}1<j<n, and

VLG ~ F)plz, z]/(x”m,z”") degz = degz = 2.

Note that the transformation y — z in G corresponds to the map y; — z1 = y1 —x1
in LG.
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Theorem 5.33. Let G = P(m,n,q,l). Then
H*(VLG) ~ Az, y] @ Fplu,v], z,y € HI? u= (2)? € HZ? v = (y)* € HZ?)
where a = p™, b=p" ifg>n and a = p?, b = p™ T4 if g < n.

We have finally proven

Theorem 5.34. Let p > 5, and let G be a finite p-group of rank 2. Then VLG is
semi-Koszul.

APPENDIX A.

A.1. The cobar complex. We summarize the construction of the cobar complex
of A, which can be used to calculate the cohomology of A. Refer to Priddy [13]
Section 1] for more details.

As in Section Pl let A be an algebra with augmentation ideal I. The cobar
complex of A, denoted by C*(A), is given by C*(A) = (I*)®%. A typical element is
written [aq]--- || and has bidegree (s,t), where t = Y°7 | deg; is the internal
degree inherited from A. Let C** be spanned by elements of bidegree (s,t). There
is a differential § : C*'(A) — C*tLI(A), which may be computed as follows.

Ty x g1
Let p* be the composite A* £a, (A ® A) Ly's ® A*, where u% is dual to the
multiplication map p4 of A, and 6 is the isomorphism defined more generally by

0:M*®N"— (M@N)", 0(f®g)(men)=(=1)1%9 9" f(m)g(n)
for A-modules M and N. If p*(a) =3, @, ® a, , then § is given by

(A1) §([aa] - las]) == 3 (=1 o] oy o |+ o],

1<i<s;r

where e; , is the total degree of [a1| e |a;’r] The cohomology groups of A are
then H(A) = H*(C*'(A),6).
C*(A) has the structure of a differential graded algebra with product

[aa]---Jas ] UG-+ [Bs] = [aa] - - fexs|Ba] - - - | B ]-

The induced product in cohomology coincides with the Yoneda Ext product as
given in [I}, 2.2].

A.2. Massey products. The following material on Massey products can be found
in [T6] A1.4] and [8]. We recall the definition of the 3-fold Massey product. Let
(U,5) be a differential bigraded algebra. Let a; € H®"%(U) be represented by
a;, and assume ajas = asaz = 0. Let s = 51 + so + s3,t = t1 + to + t3. For
any element a € U, let a = (—1)deg(“)+1a where, as usual, degree means total
degree. Let 5(1@) = @;a;+1. Then the Massey product (a1, aq,a3) € H*1HH(U)
is the class represented by the cocycle aius + wias. This 3-fold product is not
well defined because the choices made in its construction are not unique. The
choices of a; do not matter, but the u; could each be altered by adding a cocycle
x; € Usitsim—Ltittivn - This would alter (ai, as,a3) by an element of the form
arz2] + [z1]as € ay Heztss—biatts ()  geits2—Lbtt([) ag = Ind{ag, ag, as).
By [z] we mean the class of x in H*(U). The group Ind{as, as, as) is called the
indeterminacy of (ay,ag,as). If the indeterminacy is trivial, then (ay, ag, ag) is a
single class in H* x (U).
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Definition A.2. With notation as above, (a1, g, ag) C H5~1H(U) is the coset of
Ind{ay, ag, ag) represented by ayug + @ias.

Similarly, one can define k-fold Massey products (a1, ...,aq) for k > 3. Let
a; € H*"' be represented by a;, and let s; ; = Zi:iﬂ(s,« —1), ti; = Zi:iﬂ tr,
s=51+2, and t =ty .

Definition A.3. A collection of cochains A = {a;; € Usatb i} - s said
to be a defining system for the k-fold Massey product {a,...,ax) if
ai—1;=a; fori=1,...k,
5ai,j = Z Em«am.
<r<g

The cocycle ¢(A) € Us* defined by

k-1
c(A) = Z 1,00y
r=1

is called the related cocycle of A. The k-fold Massey product {ai,...,ax) C
H%*(U) consists of all classes [[C(A)]], where A ranges over all defining systems
of (a1, .., k).

It can be shown that the set (ai,...,ax) does not depend on the choice of
representatives of the «;. The k-fold product is then a cohomology operation of k
variables that is defined if all the lower products {(;,...,a;) for 0 <j—i<k—1
are defined and contain zero. Here the double product (o, ;1) is understood
to be the regular product o;a4+1. The indeterminacy can get quite complicated,
however [16 A1.4.4]. Kraines has constructed a “restricted” k-fold Massey product
on the cohomology of topological spaces which has no indeterminacy [8, Section 3].
This construction can be carried over to the Hopf algebra setting [7] Section 3]. If
a; = a for all i and a2 = 0, one can define the symmetric Massey product (a)*.

Definition A.4. Let o € H*!(U) be a class such that a? = 0. A collection of
cocycles A = {a; € U"(S_lH‘l’”}f:_l1 is called a defining system for the symmetric
Massey product (a)* if
a1 represents «,
i-1
da; = Zarai,r for2 <i<r-—1.
r=1

The cocycle ¢(A) € UFE=DF2:4 defined by

k—1
c(A) =S Tray_, € URE—DH2k
r=1
is called the related cocycle of A. The symmetric product (a)* is then the set of
all classes u € H¥s=D+2k(U) which are represented by some c(A), where A is a
defining system for (a)*. If (a)* is defined and equal to a single homology class
then () is said to be defined with zero indeterminacy.
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Lemma A.5. Let p be odd, and let A be a Hopf algebra over I,

(1) If a € H**LH(A), then ()P is defined with zero indeterminacy [7, Lemma
14).

(2) Ifa € HY'(A), then (a)? = — 3P (z) [[1, Remark 11.11].

A.3. Calculations. Let

n

AzIFp[x]/(a:p ), degz =m even,n >1, podd,

(A.6) n
A =TF,z]/(2*"), degz=m,n>1, p=2.
The augmentation in both cases is defined by e(x) = 0. It is known that the
cohomology of such a truncated polynomial algebra is the tensor product of an
exterior algebra on a one-dimensional class and a polynomial algebra on a two
dimensional class. We would like to identify specific generators in the cobar complex
C*(A) = Tens(I(A)*).

Choose for I(A) the natural basis {x%, 0 < i < p"}. Let {y;} be the dual basis

for I*. Then

(A7) Slue] = > [wily;]-
i+j=k
0<i<k

Clearly, in C1?™(A), z = [y1] is a cocycle. Let e = f:l_l[yi|ypn_i]. A routine

calculation shows that e is a nonbounding cocycle. By abuse of notation, we can
thus take z and e to be the generators of H*(A).

Lemma A.8. Let A be a truncated polynomial algebra as in (A.6). Then H*(A) ~
A(2)®@F,le], with = € HY™, e € H>™" as defined above. Moreover, the symmetric

Massey product <z>pn = e with zero indeterminacy.

Proof. Choosing a; = [y;] gives a defining system for (2)?". Tts related cocycle is

n_1 . . . .
P [yr|ypn_,«}, which represents e. There is no indeterminacy because for each

1, there is no other choice of a;. O

Remark. If p =2, n = 1, then A = Fa[x]/(2?) ~ Alz], and H*(A) ~ Fa[z] with
z = [z*] € HY:dee®,

Summarizing,

Theorem A.9. Let A = F,[z]/(2?"), then the following Steenrod operations and
symmetric Massey products are present in H*(A):

n

1) (2)P =, Ple—ep for p odd,

) BP z=—e forp odd, n =1,

3) (2)?" =e, %2(6) =e2 forp=2,n>2,
) Sq (2)=2% forp=2,n=1.

Proof. These are consequences of the axioms in Theorem and of the results just
stated. O
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