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IDENTITIES OF GRADED ALGEBRAS
AND CODIMENSION GROWTH

YU. A. BAHTURIN AND M. V. ZAICEV

ABSTRACT. Let A = ®ycqAy be a G-graded associative algebra over a field
of characteristic zero. In this paper we develop a conjecture that relates the
exponent of the growth of polynomial identities of the identity component A,
to that of the whole of A, in the case where the support of the grading is finite.
We prove the conjecture in several natural cases, one of them being the case
where A is finite dimensional and A, has polynomial growth.

1. INTRODUCTION

Let A be an associative algebra over a field F' and let G be a finite group. We
say that A is G-graded if there exists a decomposition of A into the direct sum of
subspaces A = ®geqAy such that AgA, C Agy. If e is the identity element of G,
then the subspace A, is called the identity (or the neutral) component of A with
respect to the given G-grading. Clearly, A, is a subalgebra of A. We study the
relationship between the polynomial identities of A and A..

In the case of an infinite group G we can easily construct an example of a G-
graded algebra A without non-trivial identities such that A. is a Pl-algebra. For
instance, any free associative algebra A = F(X) admits a natural Z-grading by
degrees of its elements in X. With respect to this grading the identity component
Ay is zero and satisfies all possible polynomial identities. Obviously, A itself has no
non-trivial identities. The situation is quite different in the case of finite groups.
It is well known that A = ®yeqdy is a Pl-algebra if and only if A. satisfies a
non-trivial polynomial identity provided that |G| < oo [I]. Moreover, even if G is
infinite but the number of elements g € G such that A, # 0 is finite, any non-trivial
identity of A, implies a non-trivial identity on whole of A (see [3]).

There are a number of results concerning the relationship between the identities
of A and A.. For instance, if A, is nilpotent and G finite, then it is not hard to
show that A is also nilpotent. If A. satisfies a standard identity of degree m, then
A satisfies a power of the standard identity of degree dm where d = |G| [1]. If A,
satisfies an identity of degree d, then A has a non-trivial identity of degree bounded
by a function of d and |G| (see 2], [3]).

Another approach to the connection between the polynomial identities of A and
A, is based on the notion of the codimension growth. Let F'(X) be a free associative
algebra over F' with a countable set of generators X = {x1,22,... }. We denote by
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3940 YU. A. BAHTURIN AND M. V. ZAICEV

P,, the subspace in F(X) consisting of all multilinear polynomials in the variables
Z1,...,Zn. For an arbitrary algebra A we denote by Id(A) the T-ideal in F(X)
consisting of all identities of A. In the case char F' = 0 the ideal Id(A) is uniquely

defined by its intersections Id(A) N P,, n =1,2,.... The integer
P,
A) =dim —*
en(4) = dim 57

is called the nth codimension of A. It is known ([4]) that for any Pl-algebra A
the sequence ¢, (A) is exponentially bounded. One of the ways of proving that any
identity on A, implies an identity on A is to show that ¢, (A) < n! for n sufficiently
large (see [2]).

Recently it was shown [3], [6] that asymptotically c¢,(A) ~ d", where d is
a positive integer depending on A. This integer is called the exponent of A,
d = EXP(A). Clearly, EXP(B) < EXP(A) for any subalgebra B of A. In par-
ticular, if A = ®4eqAy is a G-graded algebra, then the identity component A.
is a subalgebra of A and EXP(A.) < EXP(A). On the other hand, in all known
examples the exponent of A can be bounded by a function depending on EXP(A,)
and the order of G. For example, if A = F = Ey @ E4 is an infinite-dimensional
Grassmann algebra with the canonical Zs-grading, then Ej is a commutative sub-
algebra and EXP(Ep) = 1. It is also known that EXP(F) = 2 and in this case one
has EXP(E) < |G|EXP(Ey). Another example is given by a full matrix algebra
A = M, (F) of order n graded by the cyclic group G = Z,,

A=A @ - DAy,

where
Ay = Span{Ej;j|j —i = k(mod n)}.

In this case Ay is a commutative algebra of all diagonal matrices and EXP(4y) =
1. The exponent of A is also known, EXP(M,,(F)) = dim M,,(F) = n?, and we
have EXP(A) = |G|? EXP(Ap).

Our conjecture is as follows.

Conjecture. For any Pl-algebra A = ®gyecqAy graded by a finite group G, the
following inequality holds:

EXP(A) < |G]?EXP(A,).

Our latter example shows that this bound cannot be lowered.

In the present paper we deal with abelian gradings and we prove that this con-
jecture is true in some particular cases. First, we consider the case of a finite-
dimensional algebra A over a field of characteristic zero graded by a finite abelian
group G. Since all exponents of growth are integral and there are no algebras
whose growth is intermediate between polynomial and exponential, the inequality
EXP(A.) < 1 means that c¢,(A4.) is bounded by a polynomial function Cn? for
some constants C q.

The main result of our Section dis as follows.

Theorem 1.1. Let A = @4eqiy be a finite-dimensional G-graded algebra over a
field of characteristic zero and G a finite abelian group. If c,(A.) is polynomially
bounded, then EXP(A) < |G|*.
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All necessary notions and definitions will be recalled in the next Section[2l Here
we only reformulate the above result in the following way: if A = ®gecdy and A
has polynomially bounded codimension growth then

cn(4) < Cng"

for some constants C,a where ¢ = |G|?.

In Section Bl we consider the case of a semisimple algebra A graded by a finite
abelian group G. We prove that EXP(A) < |G|? EXP(A.) provided that A is finite-
dimensional semisimple (Theorem EI)). As a consequence of this result, we prove
that our conjecture is true for arbitrary finitely generated semisimple PI-algebras

(Corollary BE.TI).

2. CODIMENSION GROWTH AND GRADINGS
OF FINITE-DIMENSIONAL ALGEBRAS

Let A be a P.I. algebra over F. It was recently proved [5], [6] that there exists
a limit
EXP(A4) = lim {/c,(A)

which is called the exponent of A. Moreover, EXP(A) is a positive integer for any
non-nilpotent A. If dim A < oo and F is algebraically closed, then EXP(A) can
be computed in the following way (see [5]). Let A = B 4+ J be a decomposition
of A into the sum of a semisimple subalgebra A and the Jacobson radical J. We
decompose B into the sum of simple ideals, B = B1 & - -- ® By, and assume that
F' is algebraically closed. Then EXP(A) is equal to the maximal value of sum of
dimensions

dim B;, +---+dim B
are distinct and satisfy the condition

B;,JB;,J ... JB,;, #0.

This result immediately implies the following.

tm)

where B;,,..., B

im

Lemma 2.1. Let A be a finite-dimensional non-nilpotent algebra over an alge-
braically closed field F', char F = 0, and EXP(A) = d. Then for any decomposition
A= B+ J, where J is the Jacobson radical, B = By @ ---® By, is semisimple, and
By, ..., By are simple, there exists m < k such that after a renumbering of B;’s
one has B1JBsoJ ... JBy, # 0 and

d=dmBy +---+dmB,,. O

Now we would like to recall the structure of finite-dimensional graded algebras
and relations between abelian gradings and actions by automorphisms in the case
of algebraically closed fields of characteristic 0. Let G be a finite abelian group and
G its dual group, i.e. the group of irreducible G-characters. Consider a G-graded
algebra A = ®4cqAy. Then G acts on A by automorphisms

X:ag— X(9)ag, x€G, ag€ A,
Moreover, a subspace V' C A is graded with respect to the G-grading (ie. V =
BgecV NAy) if and only if x(V) C V for any x € G. This duality provides us with
useful information about abelian gradings on finite-dimensional algebras.

Recall that an algebra is called G-graded simple if it has no non-trivial graded
ideals.
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Lemma 2.2. Let A = ©geca Ay be a finite-dimensional algebra over an algebraically
closed field of characteristic zero graded by a finite abelian group G. Then the
Jacobson radical J = J(A) is graded with respect to the G-grading and there exists
a semisimple subalgebra C' graded with respect to the G-grading such that A = C+J.
Moreover, C can be decomposed as the direct sum C = C1 & ...® C, of graded two-
sided ideals and any C; is a G-graded simple algebra.

Proof. Consider the G-action on A defined above. Since J is stable under all
automorphisms, one has @(J ) = J, and J is graded with respect to the G-grading.
In [8] it was proved that there exists a maximal semisimple subalgebra C' C A such
that @(C’) = C. Hence C is graded with respect to the G-grading and A = C + J.
Now C is the direct sum of simple ideals, C' = By @ ... ® By, as a non-graded
algebra, and G acts on the set {Bi,...,Bx}. Clearly, any

T; =Y (B
ped
is a two-sided ideal of C'. On the other hand T; is a minimal ideal of C stable under
the é—ac‘cion7 that is, T; is G-graded simple. Obviously, C' is the direct sum of some

If G is an arbitrary group and A = @4cqAy a G-graded algebra, then for any
normal subgroup H C G one can define a G/H-grading on A by setting

Agr = ®regu Ay

for any left coset gH. In the case of abelian groups the G-graded simple algebras
of finite dimensions have been described in [9].

Lemma 2.3 ([9], Theorem 7). Let G be a finite abelian group and C = G4eccCy a
finite-dimensional G-graded simple algebra over an algebraically closed field F, char F
= 0. Let B be a simple (non-graded) two-sided ideal of C' and A = {\ € G|A(B) =
B}. Then B is a G/H-graded subalgebra in C, where H = A+ = {g € G|\(g9) =
1 for all A € A}. O

Since F' is algebraically closed, the subalgebra B of the previous lemma is a
matrix algebra over F'. All abelian gradings on matrix algebras have also been
described in [9]. Let G be an abelian group and S, T two subgroups in G. First, we
consider an S-graded algebra A = @545 and a T-graded algebra B = @ic7 By.
Then the tensor product C' = A ® B acquires a natural G-grading if we set

C = @geccg, C = EBstngs ® Bt-

Now let R = My(F) be the k x k-matrix algebra and G an arbitrary group.
Consider any k-tuple (g1,...,9x) € G* (i.e. any element of the direct kth power
of G). A G-grading R = ®ycq Ry is called elementary if all matrix units F;; are
homogeneous and E;; € Rgi—lgj,]. <ij<k.

We call a G-grading on an algebra A “fine” if dim A, < 1 for any g € G. A
subset Supp A = {g € G|A4, # 0} is called the support of the grading. All “fine”
gradings have been described in [0]. We will use some of their properties here.

Lemma 2.4 ([9], Theorem 5, Lemma 4). Let M,,(F) = R = ®4cq Ry be a “fine”
grading on the matriz algebra over an algebraically closed field F', char F = 0, and
G an abelian group. Then H = Supp R is a subgroup of G of order n® and any
non-zero homogeneous element of R is invertible.
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Any grading on a matrix algebra can be constructed from elementary and “fine”
gradings.

Lemma 2.5 ([9], Theorem 6). Let M (F) = R = ®4ecRy be a G-grading on the
k x k-matriz algebra over an algebraically closed field F', char F' = 0, and G an
abelian group. Then there exist a decomposition k = pq, a subgroup H of order ¢*
and a tuple (g1,...,9p) € GP such that My, is isomorphic as a G-graded algebra to
M, (F)® My(F), where Mp(F') has an elementary G-grading defined by (g1, ..., 9p)
and My(F) has a “fine” H-grading.

In the proof of Theorem 6 in [9] it was shown that R = BC, where B ~ M,(F")
and C' ~ M,(F) are commuting G-graded subalgebras of R with elementary and
“fine” gradings, respectively. Moreover, R, = B, where e is the identity of G.
Set T = Supp B, H = SuppC and suppose that TN H contains a non-identity
element g. Then Cy-1 # 0 by Lemma [Z4] and there exist b € By, ¢ € Cy-1 with
0 # bc € R, \ B. This contradicts to the equality R. = B, and we have proved the
following.

Lemma 2.6. In Lemmal[Z0 we can also claim that

Supp M, (F') N Supp My(F) = {e}.

3. GRADED SIMPLE ALGEBRAS WITH POLYNOMIAL CODIMENSION GROWTH
OF THE IDENTITY COMPONENT

First we reduce our problem to the case of algebraically closed fields. Let A =
DgeaAy be a G-graded algebra over F, char F' = 0, and A. has polynomially
bounded codimension growth. If F O F is any extension of F and A = A ®@p F,
then A is also a G-graded algebra, A, = A, ® F. It is not hard to see ([5], Remark
1) that the nth codimension ¢, (A) over F coincides with the nth codimension
cn(A) over F. In particular, the identity component A, of an F-algebra A has a
polynomially bounded codimension growth. It follows that we need to prove our
theorem only for algebraically closed fields.

Now let C be a G-graded simple algebra and B a non-graded minimal ideal as
in Lemma 2.3]

Lemma 3.1. Let C, B be as in LemmalZ3 If C, is the identity component of C
with respect to the G-grading and Bg is the identity component of B with respect to
the G/H-grading, then Bz ~ C..

Proof. Consider a decomposition of G into the disjoint union of cosets
a:)(lAU...UXkA

and set B; = x;(B),i =1,...,k. Then all By,..., By are simple and C = B; @ - - @
By, Set, for convenience, x1 = 1 and By = B. Recall that A = {¢ € G|p(B) = B}.
Now if e, € are the respective identity elements of G,G/H, then

Ce = {ce Clp(c) = ¢, Vp € G},

Bz = {be B|\b) =b, VX € A}.

Consider some b € Bz and set b = x1(b)+- - -+ xx(b). Then A(x; (b)) = xi(A(b)) =

Xi(b) since b € Bz and G is commutative. Hence x;(b) = b for any i = 1,. ..,k since
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{X1s---, Xk} is a transversal for G over A. It follows that go(g) =b for any ¢ € G
and b € C.. N

Clearly, b — b is the injective homomorphism Bz — C.. On the other hand,
let c € Cey ¢ = b1+ -+ + bk, by € B, i = 1,...,k. Then A(by) = by for any
A € A since A(¢) = ¢ and A\(B;) = By, that is, by € Bz. From the relations
Xi(B1) = B, xi(c) = ¢ it follows that x;(b1) = b;,i = 1,...,k, and ¢ = by. Thus

the mapping b +— b is an isomorphism of Bz onto C.. O

The proof of the next statement is obvious for any non-trivial group H.

Lemma 3.2. Let H be a finite group with the identity element e, |H| = ¢*>. Then
for any p > 1 one can choose some elements hgj) €eH,i=1,...,q—-1,57=1,...,p,
such that for any fixed j € {1,...,p} all products

e, hgj), hgj)hgj), o ,hgj)hgj) . héj)l

are distinct and the total product

T

1<i<g—1
1<j<p

is not equal to the identity in H. O

Now we consider a G-graded algebra R = ®4ecq Ry and a right R-module W. We
say that W is a G-graded R-module if W = @4ecW, and W R;, C Wy, for any
g,h € G. Any element a € W, is called homogeneous and by definition its weight
wt(a) is equal to g.

First we consider the case of matrix algebras with a polynomial codimension
growth of the identity component, and their G-graded modules.

Lemma 3.3. Let k = pq and R = My(F) = M, ® M, be a G-graded matriz al-
gebra, where G is an abelian group, M, has an elementary G-grading, M, has a
“fine” H-grading and H 1is a subgroup of G of order ¢*. Suppose that the iden-
tity component R. has a polynomially bounded codimension growth and W is a
G-graded right R-module such that y = yE;; # 0 for some homogeneous y € W
and some E; € My,. Then there exist homogeneous bi,...,by € R such that
wt(y), wt(yb1), ..., wt(yby - - - bi—_1) are distinct elements of G and yby - - - by, = y.

Proof. Let us prove first that H N Supp M, = {e}. Assume that h € H N Supp M,
and h # e. By the definition of elementary gradings there exists a matrix unit
Es with s # t and wt(Es) = h. Since H = Supp M, is a subgroup, one can
find a € M, with wt(a) = h™!. Hence Ess ® 1,Et ® a,Eyy ® 1 € R, and form
the subalgebra C isomorphic to the algebra of upper triangular 2 x 2 matrices.
Therefore 2 = EXP(C) < EXP R., a contradiction.

By our assumption W 3 y = yE; # 0. Using Lemma we will construct
a sequence by, ...,bg. First we choose bjqi2,...,b(j41)q for j = 0,...,p —2 in

the following way. By Lemma [3.2] one can find hgj) € Hforj=0,....,p—2,
i=1,...,qg— 1 such that

(1) eahgj)7hg])hgj)avhg]) hf]j—)l
are distinct and
(2) h= T[] n#e
1<i<q—1
1<5i<p—1
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in H. Now we take 0 # cl(.]) € M, with wt(cl(.])) = th) and define

qu+2 = Cg])v--wb(jJrl)q :Céj—)l S Mq,j =0,...,p—2.

Clearly, wt(bjqy2), Wt(bjqr2bjqes), - .., Wt(bjgr2 - - - D(j+1)q) are distinct non-identity
elements of H since they are equal to the respective elements in ().

Now we define b1,bg41,--.,bp—1)g+1 as the respective matrix units Ej;i1,.. .,
Ep—1p, Ep1, Erg,e .., Eicy,i in My,

Finally, using Lemma [32] one can find hq,...,hq—1 € H such that

h,hhi,hhiha, ... ,hhy---hg_o

are distinct non-identity elements of H for h from ([2). Now take 0 # cEp ¢ M,,
(.pfl)) =hi,i=1,...,q— 2, and set

wt(c;
(r—1)

(p—l).

goee e 7bpq—1 = Cq_2

b(pfl)q+2 =c

The remaining element b, will be chosen later.

Let us now check that wt(y), wt(yb1), ..., wt(yby - - - br—1) are distinct. It is suf-
ficient to show that wt(by), wt(b1ba), ..., wt(by ---br_1) are distinct and not equal
to e.

Suppose wt(by - - - by) = wt(by - - - b). Then either wt(bjq1r - - - bjq+s) = e for some
jwith2<r<s<gqor

5
(3) wi(e]) el B+ B e o) = e
for suitable j,s,«, 3,7, (we assume that c§-7) .- ~c¢(11)1 is empty if @ = ). The

former equation contradicts to wt(bjgt2 - bjgtr—1) 7 Wt(bjg42 - bjg+s). Now
since G is abelian, the element on the left side of [B]) is a product of the type
gwt(Eqa,g+41), where wt(Eq g+1) € SuppM,, g € H = Supp M,. As it was shown
before, H N SuppM,, = {e}, hence from (@) it follows that « =¢,8 =14 — 1. But in
this case the element on the left side of (B) is equal to hhq - - - hs, where h is defined
in ([@). This element is also a non-identity by the choice of hq, ..., hs.

We have proved that y, ybi,...,yby - - - by_1 have distinct weights with respect to
the G-grading. In order to find b; we notice that

by b1 =FEy; @b

for some homogeneous non-zero b € M,. Any non-zero homogeneous element in M,
is invertible by Lemma[ZZ and we can take by, = b~' = I®@b~! € M,, where [ is the
identity matrix of M,,. In this case yby - - by_1bp = y(Ey; @b)(I @b™1) = yE; =y,
and the proof is complete. (I

An easy consequence is as follows.

Corollary 3.1. If R = Mp,(F), as in Lemma 33 then |G| > pq. O

4. FINITE-DIMENSIONAL GRADED ALGEBRAS WITH
POLYNOMIAL CODIMENSION GROWTH OF THE IDENTITY COMPONENT

Lemma 4.1. Let A = ®4cqAy be a finite-dimensional G-graded algebra over an
algebraically closed field F', char F' = 0, and G a finite abelian group. Consider a
decomposition A = C + J, where C is a G-graded semisimple subalgebra and J is
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3946 YU. A. BAHTURIN AND M. V. ZAICEV

the Jacobson radical. Let C = C1 @ --- ® C)p be a decomposition of C' into the sum
of G-graded simple subalgebras as in Lemma and

Ci:Bi1®"'®Biqi

be the sum of (non-graded) simple ideals, i = 1,...,p. Suppose A. has polynomially
bounded codimension growth and

(4) ByJByJ -+ By, # 0,

where By, ..., By, are distinct By, 1 <i <p,1 <j <gq;. Then |G|? > dim By +
... 4 dim B,,.

Proof. By (@) there exist homogeneous y1,...,ym—1 € J and some by € By,..., b,
€ B,, such that

(5) b1yiba - - by 1Ym—1bm # 0.

Any B; is an ideal in C; and is graded with respect to the G/Hj-grading for
a suitable H; C G. Hence we can assume that bs in (B) are homogeneous in
G/Hj-grading. Moreover, any B, is an algebra of all ks x ks matrices and for
any fixed s it is isomorphic to M, ® M, with an elementary G/H;-grading on
M,., with a “fine” grading on M;, and the identity matrix I € By is equal to
En®I + -+ E® I', where I’ is the identity matrix of M;. It follows that we
can take by = by E;; = byE;; ® I’ for some 1 <4 <r.

By Lemma[3J]the identity component of B, in G/ Hj-grading has a polynomially
bounded codimension growth, hence by Lemma [B.3] one can find homogeneous in
G/Hj-grading elements b1, ..., bs, € Bs such that bsbsy - - - bsk, = bs and

(6) wt(bs), wt(bsbs1), ..., Wt(bsbst -+ - bs k,—1)
are pairwise distinct in G/H;. Rewrite (@):
(7) bibi1 - b1k, y1babor -+ - bak, Y2 Ym—10mbm1 - - - by, # 0.

Notice that if some = € B, is homogeneous with respect to the G/Hj-grading, then
T = deT x4, where T is some coset of H; in G. Therefore we can express all b;, b;;
in () as sums of G-homogeneous elements and get

(8) C1C11 "+ C1hy Y1C2021 *** C2k Y2 Ym—1CmCml * * * Cmk,, 7 0,
where all ¢;, ¢;; are homogeneous with respect to the G-grading and all
wt(cs), Wt(csCs1), .., Wt(CsCs1 -+ Co lo—1)

are pairwise distinct in G for any fixed s € {1,...,m} since all elements in (@) are
pairwise distinct in G/Hj.

Now we denote by B, the G-graded simple subalgebra in A generated by Bg, for
each s = 1,...,m. Then from () it follows that

(9) ByJByJ - JBy, #0
and all El, e ,Em are some of C1,...,C), by the choice of B1,..., By,.

Notice that Ei, Ej can be equal in (@) even if i # j but if, say, C; = B; appears
among gl, .. .,Em exactly t; times, then C] contains at least ¢; distinct simple
summands and every summand is a matrix k; x kj-algebra with a G/H;p-grading
for a fixed subgroup H;. Besides, |Hy| > t1 since |H;| = [@ : A1] and the index
of A in @ is exactly the number of simple (non-graded) summands in Cy. In
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particular, dim C; > t;k?. By Lemma B0l and Corollary B, |G/H1| > ki, hence
|G| > t1k1.
Now we consider a set of integers 1 < 43 < ... < i, < m such that B;, =

Ciy. .o, Eir = (}, are distinct in (@) but all other Ej are equal to one of Eil, .., By,
(of course, i1 can be taken as 1). If gh appears among El, ceey Em exactly t; times
and k;; is the size of the matrix algebra, which defines Eij, then |G| > t;k;; as it
was shown before.

Next it follows from (B]) that there exist homogeneous z1,. .., z.—1 € J such that
(10) Ciyl " Ciyky, 21Cin1 """ Cigkyy 22 ** Zr—1Cip1 "+ Cinky, 7 0
and all wt(ci;1), wt(ci;1ci,2), ..., wt(cg1 - Cz'jk,;j) are distinct elements of the G.
Moreover, ¢;,o € Cj,, ..., ¢, 3 € C;, with distinct G-graded simple Cj,,...,Cj, .

Now we will show that the following k;, + - - + k;, elements of G are pairwise
distinct:

Wt(Cill), ce ,Wt(Cill e 'Cilkil ),wt(cill s cilkil zlci21), ceey
(].].) Wt(Ci11 e Ci'rki-,v)'
If two weights in () coincide, then
wt(ci,j - Cigl) = e.

The case o = [ is impossible, as it was mentioned before. Suppose o # f.
Then Cj, and Cj, are distinct graded simple subalgebras in A. In particular,
C;,Cj; = C;,C;5, = 0. Hence for identity elements 1,, 15 of the algebras Cj,_ ,Cj,,
respectively, and for z = ¢;; - - - ¢;,1 one has

(12) laz=21g=2#0, lgz=2z21,=0, 1,,15,2z¢€ A..

From «a # f3 it follows that 22 = 215142 = 0 in (I2) and 1,, 15, 2 form a subalgebra
isomorphic to the algebra of upper triangular 2 x 2 matrices. Hence, again by [5],
EXP(A.) > 2, a contradiction.

We have proved that all elements in (1)) are pairwise distinct. Now we set, for
brevity, k;, = ma1,..., k;, = m,. We have obtained that

|G| > tima, ..., tpmp,my + - 4+ My
Now let us check that
dim By + -+ +dim B,, = tym? + - - - + t,m?.

Since Eij appears among El, ..., By, exactly t; times, it follows that ¢; matrix
algebras among Bi, ..., B, have dimension kizl, to have dimension kizz, and so on.
Hence the sum of dimensions of By, ..., By, is equal to t;ym? + - - + trmf.

In order to complete the proof of our lemma we need only to check the inequality

(13) tymi 4 - + t,m? < max{t?m?, ..., t2m2, (mi + - +m,)?}.
Set x; = t;m;,i=1,...,r. Then (I3) can be written as
(14) Timy + -+ xpmy < max{x%, . ,m%, (my+ -+ mr)Q}.

Also set t =mq + -+ +m,, a; = 5,0 = 1,...,r. After dividing by ¢, the latter
equation takes the form

1 1
(15) oz + -+ o, Smax{;m%,...,;xf,t}.
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Besides, a3 + -+ a, = 1 and aq,...,a, > 0 in ([[5). Now the left-hand side of
(I5) does not exceed

x; = max{xy1,..., 2, }.

The right-hand side of ([B) is at least max{t, %xf} Obviously, if z; > t,z; > 12,
then 22 > 22, a contradiction. Thus (II3) holds for all possible m;, t;, and the proof

of the lemma is complete. ([
Now we can complete the proof of the main result of this paper.

Proof of Theorem [l As it was shown in Section[3, we can assume F algebraically
closed. Consider the decomposition A = C+ B, C =C; @ --- & (), as in Lemma
22 If we write C; as the sum of minimal ideals, C; = B;, ¢ --- @ B, then
C = @©;,jB;; and by Lemma T one can find By, ..., B, € {Bi1,..., By, } such
that ByJBsJ - -+ JBy, # 0 and

EXP(A) =d=dim By + -+ + By

It follows from Lemma[@1l that EXP(A) = d < |G|?, and the proof of Theorem ]
is complete. O

From the definition of the nth codimension it follows immediately that for any
commutative algebra B one has ¢,(B) < 1 and ¢,(B) is polynomially bounded.
Hence we can apply our theorem to all graded algebras with the commutative
identity component.

Corollary 4.1. Let A = ®yecAy be a finite-dimensional G-graded algebra over a
field of characteristic zero and G is a finite abelian group. If A. is commutative,
then EXP(A) < |G|%.

5. SEMISIMPLE ALGEBRAS WITH FINITE GRADINGS

In this section we generalize our previous results to the case where a Pl-algebra A
is not necessarily finite-dimensional and the value of the exponent of A, is arbitrary,
provided that A is finitely generated and semisimple. We start with the finite-
dimensional case.

Theorem 5.1. Let A = ®yeqAy be a finite-dimensional semisimple algebra over
F, char F = 0, graded by a finite abelian group G. Then EXP(A) < |G|? EXP(A,).

Proof. Asin the previous Theorem[[Tlwe can assume that F is algebraically closed.
We first show that it is sufficient to prove our theorem only for G-graded simple
algebras.

Let A = B ® C be the sum of two G-graded algebras. Then, clearly, Id(4) =
Id(B) N1d(C) and

cn(B),cn(C) < cn(A) < en(B) + cn(C).

From these inequalities and the integrality of the exponents it follows easily that
EXP(A) = max{EXP(B), EXP(C)}. Let EXP(B) > EXP(C). Then EXP(A) =
EXP(B) and EXP(B.) < EXP(A.), where e is the identity of G since B, is a
subalgebra of A.. Suppose now that the inequality EXP(B) < |G|?> EXP(B,) is
already proved. Then

EXP(A) = EXP(B) < |G]?EXP(B.) < |G|* EXP(A,).
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By the hypothesis of our theorem, A is finite-dimensional and semisimple. Hence
by Lemma 22, A is the direct sum of G-graded simple algebras and applying the
previous remark we reduce our proof to the case where A is G-graded simple.

Now let A be a G-graded simple algebra. Then by Lemma 2.3 (see also the proof
of Lemmal[3.0]) A is the direct sum of isomorphic simple algebras, A = B ®- - -® By,
By ~ ...~ By,and B = B; is a G/ K-graded algebra for some subgroup K C G. As
before, EXP(A) = EXP(B) and EXP(A.) = EXP(Bg) since A, ~ B by Lemma
(e, e are identity elements of G,G/K, respectively). Hence it is sufficient to
prove the relation EXP(B) < |G/K|* EXP(B;). In other words we have reduced
our proof to the case of a simple graded algebra.

Recall that F' is algebraically closed, therefore any finite-dimensional simple
F-algebra is isomorphic to the full matrix algebra My (F). Now let My(F) =
A = ®gecRy be a k x k matrix algebra graded by G. By Lemma 23] we have
A~ M,(F) ® My(F), where M,(F') has an elementary G-grading and M,(F') has
a “fine” grading. Moreover, by Lemma Supp M, (F') N Supp My (F) = {e}.

First we consider B = M,,(F') with an elementary G-grading defined by a p-tuple
(g1,---,9p). By the definition of an elementary G-grading we have

B, = Span{E;; € B| g, = g;}.
If pairwise distinct hy, ..., hs € G appear among g1, ..., gp exactly ki, ..., ks times,
respectively, then B, = B; @ --- @ By, where
B, = Span{E;; € B| g; =g; = h,} and B, ~ M (F).

In particular, EXP(B.) = max{k?,...,k?}. Set a = max{ky,...,ks}. Then p =
k1 + -+ ks < sa. Notice also that

Supp B = {h;'h;| 1<i,j <s} CG.
Thus we have s < |Supp B| < |G|. It follows that

EXP(B) = p? < s?a* < |G|> EXP(B).

In the general case, we set H = Supp My(F). If h;H = h;H for some i # j,
then e # h; 'h; € Supp M,(F) N Supp M,(F), a contradiction. It follows that
|G| > s|H| = sq? since |H| = dim M,(F) = ¢*. Finally, we get

EXP(A) = (pg)? < s%a’¢® < (s¢*)*a® < |G]PEXP(B,) < |G|* EXP(A.)
and the proof of Theorem b1l is complete. O

For an extension of the previous result we need the following general remark.

Lemma 5.1. Let A = ©4eqAy be a finitely generated semisimple Pl-algebra over
an algebraically closed field of characteristic zero graded by a finite abelian group
G. Then there exists a finite-dimensional semisimple algebra B = ®gecBy with a
G-grading which has the same graded identities as A.

Proof. Tt is known that a finitely generated semisimple Pl-algebra is residually
n-dimensional, i.e. it is a subdirect product of finite-dimensional algebras with
dimensions less than or equal to n (see, for example, [I1]). In other words, the
intersection of all ideals of codimension less than or equal to n is zero.

Let I be a two-sided ideal of A and dim A/ < n. Again we use the duality
between the G-gradings and the G-actions on A. Let |G| = k and G = {71, ..., 7% }.
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Then
IT=y(I)n...0y)

is a two-sided ideal of A and dim A/I < kn. It follows that A is a subdirect product
e Aq of G-graded algebras with dim A, < kn. Since A is semisimple, all factors
A, can be taken semisimple. From the description of all possible gradings on the
full matrix algebra (see [9], Theorems 5 and 6) and graded simple algebras (][9],
Theorem 7) it follows that over an algebraically closed field of characteristic zero
there exist only finitely many pairwise non-isomorphic G-graded semisimple alge-
bras of fixed dimension. Hence one can take a finite set of G-graded homomorphic
images Ap,..., A, of A such that Ay,..., A, are semisimple and 4; @ --- @ A,,
has the same graded identities as A. O

Applying Theorem [5.1] and replacing the base field by its algebraic closure, if
necessary, we immediately obtain our last result:

Corollary 5.1. Let A = ®gecc Ay be a finitely generated semisimple Pl-algebra over
F, char F = 0, graded by a finite abelian group G. Then EXP(A) < |G|? EXP(A,).
O
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