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GREEN’S FUNCTIONS FOR ELLIPTIC AND PARABOLIC
EQUATIONS WITH RANDOM COEFFICIENTS II

JOSEPH G. CONLON

ABSTRACT. This paper is concerned with linear parabolic partial differential
equations in divergence form and their discrete analogues. It is assumed that
the coefficients of the equation are stationary random variables, random in
both space and time. The Green’s functions for the equations are then random
variables. Regularity properties for expectation values of Green’s functions are
obtained. In particular, it is shown that the expectation value is a continuously
differentiable function in the space variable whose derivatives are bounded by
the corresponding derivatives of the Green’s function for the heat equation.
Similar results are obtained for the related finite difference equations. This
paper generalises results of a previous paper which considered the case when
the coefficients are constant in time but random in space.

1. INTRODUCTION

Let (2, F, ) be a probability space and a :  — R4+1)/2 3 bounded measurable
function from 2 to the space of real symmetric d x d matrices. Let I; be the identity
matrix in d dimensions. We assume there are positive constants A, A such that

(1.1) Ag<a(w)<Al weQ,

in the sense of quadratic forms. Let Z denote the integers and Z¢ the integer
lattice in d dimensions. We assume Z¢ x Z acts on © by translation operators
er 2 Q — Q, z € Z% t € Z, which are measure preserving and satisfy the
properties Ty ¢ Ty.s = Taty, t+s, 70,0 = identity. For functions g : 7% x 7Z — R we
define the discrete derivative V;g of g in the ith direction, 1 < ¢ < d, to be

vi g(x,t) = g(x"_e'mt) —g(x,t), T € Zda te Za

where e; € Z? is the element with entry 1 in the ith position and 0 in the other
positions. The gradient Vg(x,t) of g(z,t) is the column vector (V1 g(z,t),...,
Va g(x,t))T. The formal adjoint of V; is given by V7, where

v: g(.l?,t) = g(x _eiat) _g(x7t)a S Zd7 teZ.

The formal adjoint V* of V then acts on vector fields v : Z¢ x Z — R? by the

formula
d

Viv(a,t) = Vivi(a,t),

i=1
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4086 JOSEPH G. CONLON

where .
v(z,t) = (vl(:c,t), ...,vd(x,t))

We shall be interested in solutions to the initial value problem
(1.2) w(zr,t+1,w) —u(z,t,w) = —V*a(ry+ w)Vu(z, t,w),
reZl teZ, t>0, weQ,
u(z,0,w) = f(r,w), € Z¢ weqQ,

where f : Z% x ) — R is a given measurable function. We may write the equation
in (C2) as

u(z,t+ 1,w) = Ag o u(z, t,w),
where A; ,, is a self-adjoint operator on L?(Z?). It is easy to see that if the constant
A of (IJ) satisfies 2dA < 1, then A;, has norm ||A; || with the property that
|Aro|l < 1. If 4dA < 1, then A, is also nonnegative definite. The solution to
(C2) can be written as

(1.3) u(z, t,w) Z Ga(z,y,t,w) f(y,w),
yezZ?

where Ga(x,y,t,w) is the Green’s function for (I.2). Denoting by |-| the Euclidean
norm on Z%, it is clear that Gq(z,y,t,w) = 0 if |z —y| > V/dt. It is easy to see also

that

(1.4) > Galz,y,t,w) =1
yEZ?

If 2dA <1, then ||Atw| <1 implies

(1.5) > Galw,yt,w)® < 1.
yEZ?

Note that (L4) implies (LA if the equation of (L2)) generates a Markov chain. Now
let Ga(x,t), x € Z%, t € Z, t > 0, be the expectation of the Green’s function,
(1.6) (Ga(@,y,1,)) = Galw — y,1).
From ([L4), (T3] we have that if 2dA < 1, then
(1.7) Y Galwt)=1, Y Ga(z,1)’<

TzEZ? TzEZ?

Let |-|oo be the norm on Z? defined by |z|o = sup{|z1, ..., |z4|}, for z = (21, ..., 74)
€ Z?. We have then the following:

Theorem 1.1. Suppose 4dA < 1 and v € Z%, t € Z, t > 0. Then there is a
universal constant C > 0 and a constant Cy depending only on d such that:

O (A/N\)34+6 ; o o2 /(14 AL
(a) [Gale,t)] < ST exp |- minlleles B/ QAL
Ca(A/X 3d+6 min{|z|eo, |x ic 1+At
(b) |VGa(z, 1) < MM{% exp [_ {lz| |C| [Q+An} ]
Let § satisfy 0 < 0 < 1. Then there is a constant Cqs depending only on d and
such that: , s ]
A" Ca.s(A/A in{|z]oo, |z[2,/(1+A
(c) |Ga(z,t+1) = Ga(z,t)] < % exp {_ min{lales, l2l2/0+AD)

Ca,5(A/N)346 in{|2|oo, 2|2 /(14+At)
(@) VGl )] < T exp |- 2ol H.
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Remark 1. Tt is likely that the condition 4dA < 1 in Theorem 1.1 can be relaxed
to 2dA < 1.

Remark 2. The estimates in the proof of Theorem 1.1 (c) and (d) diverge as 6 — 1.

Consider now the situation where there are translation operators on 2 which
are continuous in time but discrete in space. Thus we assume there are translation
operators 7, : Q — Q, z € Z¢, t € R, which are measure preserving and satisfy
the group properties 7, ¢ Ty,s = Taty, t+s, 70,0 = identity. We also assume that the
function from R x Q to Q defined by (t,w) — 70+ w, t € R, w € €, is measurable.
Hence for every z € Z¢ the function a(7,; w) is a measurable function of t € R
with probability 1 in w. In analogy to (L2) we can consider solutions to the initial
value problem

du * d
—(x,t,w) = =V*a(1,: w)Vu(z, t,w), x € Z% t e R, t >0, w € Q,
(1.8) ot '
u(z,0,w) = f(r,w), € Z¢, weqQ,

where f : Z% x @ — R is a given measurable function. As before, the solution
may be written in the form (I3]) with the Green’s function satisfying (I4)), (T5).
Defining now Ga(w,t), = € Z4, t > 0, by (L6, then it is easy to see that (IL.7)
holds. We have the following:

Theorem 1.2. Suppose x € Z¢, t € R, t > 0. Then there is a universal constant
C > 0 and a constant Cy depending only on d such that:

Ca(A/N)34+6 min{|z|e, | io A
(a) |Ga(xat)| < (lii(//\i\;d/z eXp |— {lz] lcl [UHAD) .
Ca(A 3d+6 min{|z|e, | io A
(b)  |VGa(z,t)| < 1+d,((At§;\/)2+1/2 exp [_ {l=] |C| /(1+A8)} )

Let § satisfy 0 < § < 1. Then there is a constant Cqs depending only on d and §
such that: s s siss )
—t'|°A°C A min{|z|eo,|T A
(©)  [Galw,1) = Gala,t')] < MEECASBLIT o [ mindlel= e LJULAL ]
provided [t —t'| < t/2.

Cas(A )\)3d+6 min{|z|c, z|2 1+At
(@) [VVGa(w,t)] < S22 exp |- mindlel= i/ (A0} ],

Theorem 1.2 could be deduced directly from Theorem 1.1 if one could show that
solutions of the discrete equation

u(z,t +e,w) —u(z, t,w)

. —V*a(r,t w)Vu(z,t,w),

reZl tecZ, t>0, weq,

converge to solutions of the continuous equation (X)) as ¢ — 0. We prove the
theorem in §5 by using the continuous version of certain formulas we have derived
in the proof of Theorem 1.1 for discrete time. In this way we avoid the use of
infinitesimal generators.

Finally, we consider the situation where there are translation operators on €2
which are continuous in both time and space. Thus we assume there are translation
operators 7, ¢ : {2 — §, x € R?, t € R, which are measure preserving and satisfy
the group properties T, ; Ty.s = Toty, t+s,70,0 = identity. We also assume that
the function from R? x R x Q to Q defined by (z,t,w) — 7, w, * € R, t €
R, w € Q, is measurable. Hence the function a(7,,; w) is a measurable function
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of (z,t) € R? x R with probability 1 in w. In analogy to (L) we can consider
solutions to the initial value problem

0
(1.9) a—?(m,t,w) = —V*a(r w)Vu(z, t,w), x € RY teR, t>0, weq,

u(z,0,w) = f(z,w), zeRY weQ,

where f : RY x Q — R is a given measurable function. The solution to (L3) may
be expressed as

o) = [ Galant)f(0.)ds

where the Green’s function Gu(x,y,t,w) is a symmetric positive and positive defi-
nite kernel satisfying the identity

Ga(l', Y, tv (U)dy = ]- .
Rd
We can now define the function Ga(z,t), © € R%, t > 0, in terms of this Green’s
function by the equation (L6). We have the following:

Theorem 1.3. Suppose x € R? t € R, t > 0. Then there is a constant Cy
depending only on d such that:

C (AN 3d+6 2
(a) |Ga(w,t)] < SRV exp [— L.

3d+6 T 2

(b) |VGa(z,t)] < ST exp [
Let § satisfy 0 < 0 < 1. Then there is a constant Cqs depending only on d and
such that:

, \tft’\‘SA‘S Cd,S(A/)\)SCH—G |$|2

(¢) |Ga(z,t) = Ga(z,t')| < (At)d/z + eXpP |~ ga¢| >

provided [t —t'| < t/2, t' < t.
7126—1 3d+6

(@) |[VGa(a,1) = VGa(a!, )| < Qs AT o |- kL]

provided |x — x| < |z|/2, 2’| > |z|, 1/2<d§ < 1.

Theorem 1.3 could be deduced from Theorem 1.2 if one could show that solutions
of discrete space lattice approximations to ([I-9) converge to the solution of the pde
(C9) as the lattice spacing converges to zero. Theorem 1.3(a) is a consequence of
the Aronson inequality [1] (see also [11]], Appendix A). In [1I] the factor 1/8 also
appears in the exponential bound. In [5], Chapter 3, an improvement of the factor
1/8to 1/4(1+¢), € > 0, is obtained in the case when the coefficients in the diffusion
equation are time independent. It seems likely that Theorem 1.1(a) and Theorem
1.2(a) should be a consequence of a discrete Aronson inequality. These discrete
Aronson inequalities do not appear to be in the literature. See, however, [3] for
discrete Aronson inequalities in the case of time independent coefficients, and [7]
for an Aronson inequality in the case of time dependent coefficients.

The proofs of Theorems 1.1-1.3 do not require any ergodicity assumptions on
the translation operators 7, ¢, (x,t) € R¢ x R. In Lemma 2.5 we prove, under an
ergodicity assumption, that a function related to the Fourier-Laplace transform of
the expectation of the Green’s function is continuous at zero energy and momentum.
This fact is related to the existence of homogenization for equation (CJ). In [2]
homogenization for a different equation was proven using the same strategy as
in the proof of Lemma 2.5. A proof of homogenization for equation (LH) was given
in [g].
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This paper is a sequel to [4]. In that paper we proved inequalities for Green’s
functions in the case where the coefficients of the pde are time independent. Here
we follow the same strategy as in [4], suitably modified to take into account the
time dependence of the coefficients. We also keep more careful track of constants,
whence we are able to show that the exponential decay rate of the expectation of
the Green’s function depends only on A.

Just recently it has been shown in some beautiful work of Delmotte and Deuschel
[6] that one can take § = 1 in parts (¢) and (d) of Theorem 1.2 and Theorem 1.3.
To prove this they work in configuration space instead of in Fourier space as is done
in this paper and the previous one [4]. They then use the Harnack inequality for
parabolic equations, a deeper inequality than the interpolation theorems used here.

2. FOURIER ANALYSIS

We consider the function Ga(x,t), 2 € Z¢, t € Z, t > 0, defined by (LB). Our
main goal here is to obtain a formula for the Fourier-Laplace transform G’a(f , 1)

of Ga(z,t) and to prove some pointwise estimates for it. We define Ga(f,n) for
¢ € [-m 4, neC, Re(n) >0,by

(2.1) Ga(&m) =D > Gala,t)expliz - £ — nt].

t=0 xcZd
Since Ga(z,t) = 0 if |2| > /2t it follows from (IT7) that if 2dA < 1, then the RHS
of () absolutely converges. It follows further that Ga(&,n) is a C°° function of

(€,7m), analytic in 7, and Ga(z,t) can be recovered from Ga(€,7) by the inverse
transform,

1 - 4 .
22) Gt =gy [ e [ dmerGaten)
where = Re(n) + i Im(n) and Re(n) > 0 is kept fixed in the integration.

To obtain a formula for Ga(f ,m) we proceed in a way similar to that developed in
[4]. We first rewrite the equation of (I2)) in terms of the function v(x,t,w) defined
by v(z,t,w) = u(z,t, 7_4 —¢ w), where w is the solution to the initial value problem
(C3). Hence v(z,t,w) satisfies the equation

(2.3) v(z,t+1, 101w) —v(x,t,w)

d
=— Z {ai’j(Tej’() w) [v(z 4 ej — €, t,Te,—e;0 W) — V(T — €;,t, T, 0 W)]
ij=1

—aij(w) [v(fc +ej,t,Te; 0 W) — v(x,t,w)} } =0,

reZt teZ, t>0, weq

From (2) the initial condition on v(x,t,w) is v(z,0,w) = f(2,7—s0 w), T € Z4,
w € Q. Assume now that f(x,w) = f(z) is independent of w € Q and has finite
support in Z?¢. Then v(z,t,w), © € Z%, also has finite support. Hence we may
construct the Fourier transform 9(¢, ¢, w) of v(z,t,w) by

D& tw) = Y v(atw)e™, £ l-mm]t.

r€Zd
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It is easy to see by Fourier transforming ([23)) that (&, ¢, w) is the solution of an
evolution equation.

We wish to write the equation for 9(§,t,w) by using certain operators on func-
tions g : 2 — C which are analogous to differential operators. For 1 < j < d,
¢ € [n,7]? we define the ¢ derivative of g in the jth direction to be the function
0j.¢9 given by

(2.4) djeg(w) = e "8 g(1e, w) — g(w), w e

It is clear that 9; ¢ is a bounded operator on L?(2) with norm which does not exceed
2. The ¢ gradient d¢g(w) of g(w) is the column vector (91 ¢g(w), ..., ae9(w))T. Let
H () be the Hilbert space of vector fields v : Q — C¢, v(w) = (vi(w), ..., va(w))T
with the standard inner product. Then ¢ : L?(2) — H(€2) is a bounded operator.
The adjoint 97 : H(S2) — L%(Q) of ¢ is given by

d
0iv(w) =05 cv(w),
j=1
where 97, is the adjoint of ;¢ : L3(Q) — L*(Q). From (Z4) we have that
0; cg(w) = €' g(Te, ow) — g(w).
From (2:3) we see that (&, ¢,w) satisfies the equation

(2.5) (& t+1,101w) — V(£ t,w)
= —dfa(w)ded(§,t,w), € € [, 7, teZ, t>0, we.
The initial condition is given by 9(¢,0,w) = f(f), ce[-mmd t>0, weQ.

Since f has finite support we may also take the Laplace transform of 6(&,¢,w).
Thus for 5 satisfying Re(n) > 0, we put

[M]8

0§ mw) =) 0(& tw)e ™.

t

Il
o

From (23) and the fact that 9(£,0,w) = f(f), we see that 0(¢,n,w) satisfies the
equation

26) e"9(&,n, 10,1w) - 0(&,m,w) + dga(w)0: v (&, n,w)
=ef(¢), € € [-mm|%, Re(n) >0, we.

It is easy to see that ¥(&,n,w) is related to Ga(&,7n) by the identity

(2.7) (8(&,m,7)) = Ga(&;mf (&), € € [, 7%, Re(n) > 0.

We can use (Z6)), [Z7) to obtain an estimate on Ga(&,7) provided 2dA < 1.

Lemma 2.1. Suppose 2dA < 1. Then Ga(&,7) satisfies the inequality

(Gal€m)] < R0 /[0 —1), ¢ € [—m,m]", Re(n) >0,
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Proof. We multiply (Z6) by exp[—i Im(n)]o(§,n, 70,1w) and take the expectation
value. Thus we obtain the equation

(28) ePO(Ji(e,n,)[2) = "N Ga(€,m) F(E)P

+oxpli L) (TE o - 02 0o(€. ) ).
Observe now that for any function g € L?(£2) there is the inequality

0 < (9eg()al)0eg()) = (90I0ta()deg()) < 4dA(g()?) < 2(g()I).

It follows that I —9;a(-)0; is a self-adjoint operator on L?() with spectrum in the
interval [—1,1]. Hence the Schwarz inequality applied to the RHS of [28) yields
the inequality

et — 1] (Ji (&, )*) < R |Ga(&, ) ()

If we combine the previous inequality with Jensen’s inequality and (Z7), we obtain

(R0 1]|GalePIFO < W |Gale m)IF O

Our only requirement on f is that it has finite support. Since functions of finite
support are dense in L2(Z?) the result follows. O

We can obtain sharper estimates on G‘a(f ,m) than that given in Lemma 2.1. To
do this we write

(2.9) 5(€,n w) = a(&,n) + P& n,w),

where ((€,n,-)) = 0. If we subtract the expectation value of ([2:6) from ([2.6) we
obtain the equation

(210) en¢(€7 m, 7'071(4)) - 77;(§7 7, (U) + Paga(w)8§¢(€7 m, W) = ’LAL(E, U)Paga(w)e(_f)7
where P : L?(Q) — L?(Q) is the projection orthogonal to the constant function.
The column vector e(€) = (e1(£),...,eq(€))T, € € [-m, 7|9, has entries e, (£) given
by

er(§) =1—expliey-&], 1<k<d.
Suppose now (&, n,w) = (P1(&,n,w), ..., Pq(€,n,w)) is the row vector which sat-
isfies the equation
(2.11) e"®(&,n, 0,1w) — (€, 1, w) + Pofa(w)deP (&, n,w) + PIia(w) = 0.
If the solutions of (ZZI0), (ZI1) are unique, then we must have

1/)(57 n, w) = _ﬂ(fa 77)‘1)(57 n, w)e(_f)'
If we substitute this last formula together with (Z29) into (2Z.8) and take the expec-
tation value, we obtain the identity

) [~ 1+ () a()e(-6) + < (al06(Ern. ) )el )]

=ef(€).

Comparing this last expression with ([2.7), we conclude that éa@ ,m) is given by
the formula

(2.12) Ga(€n) =" [ [e" = 1+ e(€)a(&, me(=E)),
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where ¢(&,n) is the d x d matrix

(2.13) a(&m) = @() + (al)0c(En, ) )-

The formulas @T12), @I3) for the expectation of the Fourier-Laplace transform
of the Green’s function hold provided we can prove existence and uniqueness of
solutions to (ZIM), ZII). We establish this next.

Lemma 2.2. Suppose 2dA < 1, Re(n) > 0, £ € [-m,7]¢ and ¢ € L*(Q). Then
there is a unique solution v € L?(2) to the equation

(2.14) e"Y(to1w) — Y(w) + P@ga(w)ﬁgw(w) =pw), we.
Further, if () = 0, then () = 0.
Proof. Observe that if ¢ satisfies (214, then

(€= 1)) = (¢)

Since Re(n) > 0, it follows that (@) = 0 implies () = 0. We also can see that if ¢
satisfies ([2.14), then ¢ also satisfies the equation

(215)  Mplmow) = PIT - 0a)oeé() + — () + Polw).

Conversely, if ¢ satisfies [ZI0)), then it satisfies (ZI4) as well. We already observed
in Lemma 2.1 that the operator I — dfa(w)dg on L?(2) has norm which does not

exceed 1. Hence the Lax-Milgram theorem implies that (2:15)) has a unique solution
P € L2(Q). O

In Lemma 2.2 the estimate on the norm of the solution ¢ to (ZI4)) diverges as
Re(n) — 0. In the following lemma we show that the norm of the £ gradient of ¢
can remain finite as Re(n) — 0.

Lemma 2.3. Suppose 4dA < 1, Re(n) > 0, & € [-m,7]? and ¢ € H(Q). Let
W € L2(2) be the solution to the equation

(2.16) e"P(10,1w) — P(w) + Pofa(w)deh(w) = POip(w), w e Q.
Then there is the inequality

@171) [0 1] (uP) + 5 (B0Ia00()) < 5 (P00 ()

Proof. We multiply (ZI6) by exp[—i Im(n)]¥(101 w) and take the expectation
value. Since () = 0 we have

(2.18) R (2 = e~ I (G 11T - gal)delu(-))

e 0 (B (o) ()
Since 4dA < 1 the self-adjoint operator I —d;a(-)J¢ on L?(Q) is nonnegative definite.
Hence, applying the Schwarz inequality to the RHS of (2:I8) we have

() < 2 (Tl — 0aC)del(roa)) + 5 (I — da()au ()

2
L= L /== -1
+ 5 (Pra0al) 0 (roa)) + 5 (#0al) ()
The inequality (ZI7) follows from this last inequality. O
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We can use Lemma 2.3 to establish regularity of the matrix ¢(§,n) of (ZI3)).

Lemma 2.4. Suppose 4dA < 1, Re(n) > 0, & € [—m, 7] Then q(&,n) is a C
function of (&,m), periodic in &, and analytic in 7.

Proof. For « satisfying 0 < 4da < 1, Re(n) > 0, ¢ € [—m, 7]? we define an operator
T e on H(Q) by

(219) Ta,n,f Y= Oéag ¥, Y e H(Q)7

where 1 is the solution to the equation
(2.20) e P(10,1w) — (W) + adfd¢ Y(w) = Ofp(w), w €.

By the argument of Lemma 2.2 we see that ¢ € L?(2) is unique. By the argument
of Lemma 2.3 we see that T, , ¢ is a bounded operator on H(€2) with norm satisfying
[T nell < 1. We put b(w) = [Al; — a(w)]/A, w € Q. From (L) b(w) is a real
symmetric matrix satisfying the inequality

A
(2.21) 0<b(w) < [1 - X] I, weq,
in the sense of quadratic forms. Note now that the solution 1 of (2:16)) also satisfies
the equation

(2.22) Oep(w) — TpnePb(w) Ph(w)
% Tame Ppw), weQ.

In view of (Z2I)) and the fact that | T, ¢| < 1 equation ([Z22) is uniquely solvable
for Ogyp € H(Q).

Let M be the space of complex-valued d x d matrices A with adjoint A* . We
define the space L?(£2, M) to be the space of measurable functions A : @ — M
with norm

JAI2 = (Tr A*()A() ).

Now the operator Th ¢ on H(2) can be extended to an operator on L?(Q, M)
by simply allowing T, ¢ to act on each column vector of A(w). It is easy to
see then that T} , ¢ is a bounded operator on L?(2, M) and ||Ta ¢l < 1. Let
V(& n,w) = 0:P(E,n,w) € M, where @ is the solution of (ZI1]). Comparing (2.17)),
B14), (2:22) we see that U (&, n,w) satisfies the equation

(223) \I’(§7naw) - TA,n,EPb(w)\II(§7naw)
1
A
From (ZI3) we see that ¢(&,n) is given by the formula

(2.24) a(€m) = @() + (a)W(En.)).

In view of (ZZI)) it follows that (¢, n,-) € L?(2, M), whence (ZZ4) implies q(&,n)

is a finite matrix.

+ TapePa(w) =0, wel
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In order to prove regularity of ¢(&,n) we obtain a representation for the operator
T ¢ defined by (2.19), 220). To do this we let G, (z,t) be the Green’s function
for (L2) in the case a(w) = o I4. Thus G, (x,t) satisfies the initial value problem

(2.25) Go(z,t+1) = Golz,t) + aV*VGy(2,1) =0, z € 24, t € Z, t >0,
Golr,0) = d(z), = €2

where d(x) is the Kronecker § function, 6(0) = 1, d(z) = 0, = # 0. The Fourier
transform G, (&,t) of Go(x,t) is evidently given by

. t
Gal€t) = [1 - a|e(g)|2} Leel-mad teZ, t>0.
The Fourier-Laplace transform Gy, (&,m) of Gy (x,t) is given by
(226)  Gal&m) =e€"/[e" = 1+ ale(©)]’], € € [-m, @)%, Re(n) >0
The function G, (z,t) satisfies an inequality

Cy min{|z|,|z|?/(1 + at)}
2.2 <Gz, t) L —————= — )
(2.27) 0 < Gu(z,t) 5 (0t)7 exp )

where Cy > 0 is a constant depending only on the dimension d. Observe now that
by the argument of Lemma 2.2 the equation

(2.28) e"Y(to1w) — Y(w) + aagagw(w) =p(w), weqQ,

has a unique solution ¢ € L*(Q2) provided ¢ € L*(2), Re(n) > 0, & € [—7, 7], 2da
< 1. The formulas (2:26), (227) also hold for the same range of values 7, &, «
Consider now the function w(w) iven by

(2:29) Pw) = e M N Goa,t)e T p(re, 1 1w), wE
t=0 xezd

It is clear that if ¢ € L2(Q), Re(n) > 0, & € [, 7%, 2da < 1, then ¥ € L?(9)
and v is a solution to (Z28)). It follows from (ZI19), (Z20), Z21), [Z2Z9) that the

operator Ty, 5 ¢ is given by the formula

(2.30) Tonpep(w —aZe n(t+1) Z VV*Golz,t)e ™ p(1, —4—1w), w € L,
zezZd

where VV*G,(z,t) denotes the d x d matrix with entry in the ith row and jth
column given by V;ViG,(z,t).

We shall conclude the regularity of ¢(¢,7) from the regularity of ¥(&,7,-) re-
garded as a mapping from [—7,7]¢ x {Re(n) > 0} to L*(Q, M). From (2:23)
U (&, m,-) can be written as a Neumann series,

[e )

(2.31) U(En )= [TanePb()]

n=1
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From (230) we may define the derivative operator of Ty, , ¢ with respect to n by

9 — —n(t+1
(2.32) %Ta,n,gw(w):—a;(tﬂ)e n(t+1)

Z VV*GQ(:U,t)e*”'gga(m,,t,lw), w e N
YA
It follows from (ZZT)) that 9/9n Ty, ¢ is a bounded operator on H($2) and L*(2, M).

From (Z31)), (232) we see that U(£,n,-) is differentiable with respect to n and its
derivative is given by the formula

(2.33) g 1) i zn: [TAnng }
m=0

n=0
0 n—m
| 5T ePb0)] [ThPbC)
We can see similarly that ¥(&,n,-) is C* in (£,n) and analytic in 7. d

Lemma 2.5. Suppose 4dA < 1, Re(n) > 0, ¢ € [~m,7|¢. Then the limit q(£,0)
= lim, 0 q(&,n) exists for all £ € [—m,w|% If any of the translation operators

Te;,0o 1 <14 <d, orTo,1 are ergodic on §, then q(&,0) is continuous at & = 0.

Proof. We show that the solution ¥ (¢, 7, -) of (Z.23)) converges for fixed & € [, 71]¢
to a function ¥(¢,0,-) € L?(Q, M) as n — 0. To see this we use the representation
[@3T). We shall define an operator T 0 on L?(Q, M) provided 0 < 4da < 1.
Then ¥(¢,0,-) is given by the series (231]) with n = 0.

To prove the existence of the operator Ty, o ¢ we argue as in Lemma 3.1 of [4].

In view of [Z19), (Z20) we define
(2.34) Taoep =0, peH), OJfp=0.

From (Z30) we define

(2.35) Tapepw)=ad > (VV)V*Galz, t)e " (r, 1 1w),
t=0 zeZd

wEQ p=20, e L* Q).
In view of the inequality
I Cd min{|z|, |z[/(1 + at)}

where Cy > 0 is a constant depending only on dimension d, it follows from (Z39)
that if ¢ € H(Q) satisfies ¢ = 9¢) for some ¢ € L2(), then T, 0.¢ » € H(Q). One
can also see further in this case that

(237) i [ Taune = Tao 91 = 0.

Since To,5e ¢ = 0 if 9fp = 0 for Re(n) > 0, it follows that (Z3T) holds for
¢ € H'(Q), where H'(Q2) is the linear span of functions dep, 1 € L?(Q2) and
¢ € H() with 0 = 0. Since ||Ta,5¢ll <1, Re(n) > 0, the norm of the operator
Tooe : H(Q) — H(Q) satisfies [|[Tw,0,¢]| < 1. Observe now that H'(€2) is dense
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in H(2). We conclude that T, ¢ extends to an operator on H () with norm
ITw,0.¢ll <1 and (237) holds for all ¢ € H(Q).

We consider ¥(&,1,-) defined by (231)) for Re(n) > 0. Since ||Ta el < 1 for
Re(n) > 0, it follows that ¥(¢,n,-) € L%(Q, M), Re(n) > 0. We conclude from

&37) that

n—

Hence from (224)) lir% q(&,m) = q(&,0) exists for all € € [, 7]¢.
n—

Observe from (Z31)) the continuity of ¢(£,0) at £ = 0 will follow if we can show
that for any ¢ € H(Q2) with (¢) = 0, and any € > 0, there exists § > 0 such that
|€] < d implies

(2.38) [ Taner = Tamopll <&, Re(n) > 0.

To prove (2.38) consider first the case when ¢ = 95, ¥, ¥ € H(Q). Then from
(E30) one has

Ta,n,&@(w) = _ek(_g)Ta,n,Ew(u})

+ aexp[—iey - ] Ze_”(tH) Z VkVV*Ga(x,t)e_i”'gw(T%_t_lw), w e N.
t=0 rxezd

Since |V VV*Gq(z,t)| is bounded by the RHS of (238) and || Ta,5.¢|| < 1 one can
find § > 0 such that |¢| < ¢ implies (Z38). Note now that if the operator 7e, , is
ergodic on €2, then the linear space {95, ¢ : ¢ € H(Q)} is dense in P[H(S)]. Thus
[238) holds for all ¢ € H(Q) satisfying (¢) = 0. One can similarly prove (2.38)
under the assumption that the operator 7 ; is ergodic on 2. (I

Remark 3. The proof of the continuity of ¢(£,0) at £ = 0 given above is closely
related to questions of proving the homogenized limit for (ILZ). In fact, one ex-
pects the homogenized limiting equation to be a parabolic equation with constant
coefficients given by ¢(0,0). A proof of homogenization for equation ([.9) has been
given in [§] using different techniques than those given here.

Let ¢*(£,n) be the Hermitian conjugate of the matrix ¢(&,n) defined by (ZI3)
or (ZZ4). It was shown in [4] that if the operator 71 = identity, then

(2'39) q*(&n) = Q(Evﬁ)a IS [—71',71']‘17 Re(n) > 0.

The identity (Z39) appears not to hold for the general situation here as we see in
the following lemma.

Lemma 2.6. The identity [239) holds provided 79,2 = identity.

Proof. Recall that the solution ®(£,n,w) of (1)) is a row vector. Let ®*(€,n,w)
be the column vector whose entries are the complex conjugates of the row vector
®(¢,m,w). Then from (Z.I3) one has

0" (&) = (al)) + (" (&,m, )oa() ).
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Observe now from (Z.I1)) that
(0"(&m.)0za()) = (*(&,m, ) POga() )
= - (wen{eaenn - aen

_l_

P8§a(-)35‘1’(§7n7')}>
_ <{enq><g,n,m,_1 )= (&,m, )
+ Paga(')agq’(f,ﬂa')}*‘I’(f,ﬁa')>~

If we use now the assumption 79,1 = 79,1 the last identity implies
(o (€n0a0) = ({ora0)} atenn)
= (al)2e@(&, 7)) = al&n) - (al));
Hence (239)) follows. O

We return now to the problem of obtaining sharper estimates on G’a(f ,m) than
that given in Lemma 2.1. To accomplish this we shall obtain estimates on ¢(&,7),
which by Lemma 2.2 is defined for ¢ € [—7,7]¢, Re(n) >0, 2dA < 1.

Lemma 2.7. Suppose ¢ € [—m,7]%,  Re(n) > 0, 2dA < 1 and q(£,7) is given by
@I3). Then for any column vector p € C¢ with adjoint p* € C? there are the

inequalities
(2.40) 0 < Re[p*q(¢,m)p] < Alp|?,
(2.41) [Im[p*q(&,m)pl| < Alpl*.

Proof. Observe that since the solution ®(&, n,w) of (ZII) is a row vector, the func-
tion 9(€,1,w) = B(E, 1,w)p is a scalar. From (II) (&, 7,w) satisfies the equation

(242) e”<p(§, 7,70,1 LU) - 50(57 m, W) + Paga(w)gfgo(ga m, (U) + Paga(w)p =0.
From (213) we also have that
(2.43) pra(&mp = p*(al-))p+ <[3§a(~)p]s0(£7 n; -)> :

Let 0 = I'm(n), multiply 432) by e~ (¢, n, 70.1w) and take the expectation value.
This yields

= Greyn)
= O (e )P) — (& Je R En 1))
+ (e E n o)A )D€, ))
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If we take the real part of the previous equation we have
(2.44) ~ Re ([0:a()le"o(En, 70,0 )
= [ — 1 (le,n,)1*)
+ %(Iw(f,n,-)—ei%(f,nmo,1~)l2>

+ Re <€_i990(f;77770,1')85*3(')85<P(5;777 -)>~
Since 2dA < 1, there are positive numbers A and B satisfying

A? = i<{‘P(é,n,-)+ei9s0(€77777071'>}
0¢a()k [o(€m.) + (€01 ).
B = i<{V’(fﬂ?w)—6”’%0(5777’7071')}

[2- 9za0)0¢| [ol€.m. ) — (e, m.m0.0)] ).
We see from ([Z44]) that there is the identity
(2.45) - Re <[8§a(-)p]e’”’so(£v77,70,1-)>

[ — 1] (&, m.)?) + 4% + B2,

Observe now that one has
(2.46) — ([ozaC)ple ™ o€ m 70,07 )
1

= a0yl [olen) —ePolemron))

B % <[8§a()p] |:50(€7777) +@i9¢(§a77a7'0,1')}> .
It is clear from the Schwarz inequality that
(2.47) ‘%<[3§a(')p] [so(&n, )+ 6i0¢(faﬂ770,1')} >‘
< (pra()p)? A.

Next observe that
1., .
5 (19:a()p) [9l€ n, ) = (€ m 7017)| )
L/ i0
= 5 (7'M La = a()) [9ep(€n) = 0o (Em m00)| )
Since 2dA < 1, we also have that

l< [[8g<p(§, 1) — e 0p(€, 77,7071')}

4
[A I; — a()] [8550(57777 ) - eieagsﬁ(faU,TO,l'ﬂ > < B2'

We conclude then from the last two inequalities that
(2.48) |5(12ea()e] [pE&m ) = ePoEn o) )|
< (p"[ALa—a()]p)'* B.
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The inequalities (2Z45)), (246), (Z47), (2:48) now imply the inequality
1/2
A2+ 82 < (pa()p) " At (AL~ a0]p)? B.
If we apply the Schwarz inequality to this last inequality, we have
(2.49) A% + B2 < AJp]%.

Observe now that from (Z43),

p*q
1 )
= 5 {(Bzal)pl [p& n,) + e, n, 707 )
1/ — A
5 (P20 (&) — (&, m,7011)] )
It follows from this last identity and [2:47)), (2:48), ([2.49) that

lp*a(&,mp — p*(al))p| < Alp]*.

The inequality (2:41)) clearly follows from this last inequality.
We turn to the proof of (2.40). We note from (2.43) that one has

FraEme = p @)+ (Patinle (& n.m.0)
+ (122000 [(&,m. ) — (€ m7017)] )
Hence from (2:45), (248)) it follows that

Re[p*q(&m)p) < p*(a())p — A* - B?
+2(p* AL —a()|p)/? B < Alp]? — A2 < AJp]”.

To obtain the lower bound in (ZZ0) we write
ga&me = p'at)e - (Bzalile e nm.0))
+ <[m] [p(&,m, ) + e”@(é,nﬁo,l-)]> :
Hence from (2:45), (Z47) it follows that

Relp*q(§,m)p] > p™(al:
~2(p"a()p)"?A4 > B?>

Yp + A% + B?

o —

This last inequality completes the proof of ([2-40).

4099

O

Lemma 2.8. Suppose £ € [—m,7|%, 2dA <1, Re(n) >0 and 0 = Im(n). If ¢(&,n)
is given by (ZI3) and p € C¢ is a column vector with adjoint p* € C%, then there

is the inequality,

) 1
(250)  Rele *pq(&mp) = 5(1+ cosO)N|pl* — 5(1 — cosO)AJpl?.

N =
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Proof. We first prove the inequality assuming A = 0. To see this note the identity
Re [e’w < [32‘61(-)4 P&, )ﬂ
= — Re(|9za()p] (g n.70.07))

+ Re{<¥> (|9za00] [(e . ) +e”<p(§,n,fo,1-)]>}

- re{ (250 (o700 e - et}
On using the inequalities (Z45), (Z47), (Z48) we have from the last identity,
Rele™p*q(&,m)p] > cosb(p*a(-)p)
+A2+ B2~ 2[cos(0/2)] (p*a(-)p)'/? A
— 2|sin(8/2)| {p*[ALs — a()]p)"/* B.

V

On using the Schwarz inequality we conclude from the last inequality that
(2.51) Re [e™"p*q(&,m)p] > —Alp|* sin®(6/2),

which is the same as ([2.50) with A = 0.
To get ([2.50) for A > 0, observe that

os?(0/2) (p"al)p) = Re (|0Falp (€ 10.))
At { (#) <[W} [p(&m,-) + ei%(&n,m,r)w}
= [ 1] (lp(&,n,)*) + B

+ (| costo/erzp + J0epten )+ gemocsen ) |)

a) [cost0/2162% + J0cplen. ) + e elenman] )

Since a(-) > Aly, the quantity on the RHS of the last equation is bounded below by
Alp|? cos?(0/2)+ B?. Proceeding now as we did to prove (Z51]) we obtain (Z50). O

Corollary 2.1. Suppose ¢ € [—m,7|%, 2dA < 1, Re(n) > 0 and 6 = Im(n). If
q(&,n) is given by [I3) and p € C? is a column vector with adjoint p* € C¢, then
there is the inequality

1 1
(2:52) |6 = 1+p"g(€,)pl = €M) — 1+ Z(1+cos O)N|pf? + 5 (1 —cos0)(2— Alp[?).

Proof. The result follows from Lemma 2.8 by observing that

le" =14 p*q(&,m)p| = e — cos 6 + Rele™ " p*q(&,m)p].
0

Remark 4. Observe that Corollary 2.1 gives an improvement on Lemma 2.1 by
taking p = e(=¢) in (Z52) and using the formula (ZTIZ).
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If the matrix a(w) of (1)) generates a Markov chain in (I2)) for all w € €, then
the function Ga(x,t) is nonnegative for x € Z4, t € Z, t > 0. From (L) it then
follows that the function Ga(,t) defined by

Ga(&,t) = Y Ga(z, 1), €€ [-m 7,

r€Z9

satisfies |Ga(&,1)] < 1. We wish to show now that the inequalities obtained in
Lemmas 2.7, 2.8 imply that |Ga(¢,t)| is bounded by C(A/)) for some universal
constant C. To prove this we first observe from (1)) that

253) Gale) = o= [ Gal€ne™ dltm()

eRe(n)t T .
= Tox /O [Ga(&n)JrGa(g,ﬁ)} cos[Im(n)t] d[Im(n)]
ieRe(n)t

21

| [Gatecn = Gaten)]sintrmime) ditm)
where the integration with respect to I'm(n) is for fixed Re(n) > 0.

Lemma 2.9. Suppose £ € [—m, 7% 4dA < 1, Re(n) > 0. Then there is a universal
constant C' such that

/ow (Ga(&,m) + Gal&, M) ld[Im(n)] < C (g) .

Proof. By Lemma 2.1 it is sufficient to show

e [ fnlen) + Gatemiatimtn] < € (5.

From ([252) we have if 7/2 < |[Im(n)| < m, then

" =1+ e(€)q(§,me(=5) = 1/2,
whence (212) implies

¢~ R / 1Ca(€.m) + Cal€, M) d[Im(n)] < 2.
w/2

Next we define o > 0 to be
o= min{g, efem _ 1 4 7rA|e(§)|2} .

It follows again from (2:52)) that

e [ Gt + Gntemlaltmn] < ax (5 )

Next we consider I'm(n) in the interval o < Im(n) < w/2. Observe from Lemma
2.7 that we have the inequality

" — 1+ e(€)q(&,n)e(—&)| > sin[Im(n)]
(2.54) +Im [6_”’”(")6(5)61(5777)6(—6) > % Im(n) — AV2]e(€)[?
(2-v?2)

™

>

Im(n).
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We also have from Lemma 2.7 that
|7+ =2+ e(§)al€,me(—€) + e(€)a(&, me(=E)|
<2 — 1 4 VA2 + 1 - cos[Im(n)]].

We conclude from these last two inequalities that

23 2

2 VRRImm)? | 2 v2)?

e*Re(n) }éa(g, 77) + Ga(f; 7_’)| S (
Hence,

w/2 R N
efRem)/ Ga(€,n) + Ga(€,)|d[Im(n)] < C,

for some universal constant C. O

Lemma 2.10. Suppose ¢ € [, 7% 4dA < 1, Re(n) > 0. Then there is a
universal constant C > 0 such that for anyt > 0,

/oﬂ Ga(€,m) sin[Im(n)] d[Im(n)]‘ <C <§> .

Proof. By the arguments of Lemma 2.9 it will be sufficient for us to show that there
is a universal constant C' such that

/2
/ Gal€,m) sin[Im(n)t] d[Im(n)]

(2.55) e~ fem) <C.

Note that if 0 < ¢t < 8, the inequality ([2.55) follows from (2.54). Hence we can
assume t > 8. Observe also that if o > 7/4, then (255) follows from (252)). Thus
we are left to prove (2.55) when ¢t > 8, a < 7/4. In that case we write

/2
o~ Fe(n) / Ga(€,m) sin[Im(n)t] d[Im(n)]

w/2—m/t . i
= g [ [Ga<f,n> — Galen+ T sinfm ()] dim(n)

a+7r/tA
g0 [ Gl mysinlTm{ne] dirm()

1 71'/2 .
b / Ga(€, ) sinlTm(n)t] d[Im(n)].
T/2—7/t

It follows from (2.54)) that the last 2 integrals in the previous expression are bounded
by a universal constant. To bound the first integral in the expression we use the
identity

e PN Ga(,m) = e~ Ga (€ + =)
= WGy me R Galen + )

{ei I [ — =i/t — e~ M e ()q (€, m)e(—£)

+e O (€)g(e, + e},
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Hence from (Z54) and Lemma 2.7 there is a universal constant C' > 0 such that
the first integral is bounded in absolute value by the expression

o /QJ”T/t d[Im(n)] i C /7T/2 -/ d[Im(n)]
[Im(n) + /] atan Amm)Im(n) +n/t]
w/2 — 7/t
o Im(n)[Im(n) + /1]
It is easy to see that the previous expression is bounded by a universal constant.
We have proved (Z5H) when ¢ > 8, a < /4. O

From (253) and Lemmas 2.9, 2.10 we see, by letting Re(n) — 0, that there is a
universal constant C' > 0 such that |Ga(&,t)] < C(A/N), € € [-m, 7|4 t € Z, t > 0.
We can also obtain a bound on the discrete derivative of G(&,t) with respect to t.

Lemma 2.11. Suppose & € [—m, 7%, 4dA < 1, t € Z, t > 0. Then for any &
satisfymgAO < <1 there is a constant Cs > 0, depending only on &, such that the
function Ga(€,t) of (ZRJ) satisfies the inequality

A CsA
|Ga(ét+1) = Ga(&,0)] < — [Ale( ).

Proof. From (Z12), (Z53) we have that

R R T (t+1) el
G+ -Galen) = o [ O i)

)
L [ el

3 ) e T el€al& me-6)
= 5 [ c©aeme-9

—T

d[Im(n)]

Gal&m)e d[Im(n)).

We have, therefore, from Lemma 2.7 that

V2AJe(§)?
2w

|Ga(é,t+1) = Gal&,1)] < eftetmt /_W |Gal& m)d[Im(n)].

We argue as in Lemma 2.9. Observe now from (254]) we have the inequality

w2
_Rem)/ |Ga (€, m)ldIm(n)]

/2 Im (n)] ™ ™
sl T eat@@)

The result follows from the previous 1nequahty and the observation that Ale(£)]? <
4dA < 1, since we may bound the integral of |Ga(€,n)| on the intervals (0, a) and
(m/2, m) exactly as we did in Lemma 2.9. O

3. INTERPOLATION ESTIMATES

Let E be a Banach space with norm || - ||. For 1 < p < co we define the space
LP([—m, 7)1 E) in the usual way. Thus if p < oo, the space consists of all
measurable functions A : [—m, 7]9"! — E with finite norm ||A]|,,, where

A= [ e
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Correspondingly we define the p = oo norm ||Al|s by
[Allso = sup [LA(Q)].
+1

¢e[—m,m
We shall also be interested in weak LP spaces. Thus for 1 < p < co we define the
space LP ([—m, 7|9t E) as all measurable functions A : [—, 7]9T! — E with finite
norm ||A||p,w, where

1Al = sup [a? meas {¢ € [, 7] JA(Q)] > a}].

Here we shall be interested in situations where F is in fact a Hilbert space. In §2
we already introduced the space M of complex d x d matrices A with adjoint A*.
Evidently we can make M into a Hilbert space by defining the norm of A € M to
be
|A||? = Tr[A* A].

In § 2 we also introduced the Hilbert space L?(£2, M) of square integrable functions
A:Q — M. In the following we shall be taking E = M and E = L%(Q, M).

For a function A : [—7, 7]9*! — M we define its Fourier transform F(A)(y) =
Aly), y € Z, by

o 1 )
A) = Gy /[ o AT e

The Plancherel theorem then yields the identity

(3.1) 1415 = o™ Y AW

yEZd+1

Similarly, one sees that for two functions A, B : [, 7]¢"1 — M, the Fourier
transform of the product AB(¢) = A(¢)B(¢), ¢ € [—m,w]**!, is given by

(3:2) FAB)y)= Y. AW)By-v), yezt.

y/Ezd+1

We assume now that the symmetric d x d matrix b(w) satisfies ([Z2I) and also
that 4dA < 1. Hence the operator Ty , ¢ of (Z30) is bounded on L?(£2, M) with
norm not exceeding 1, provided Re(n) > 0, ¢ € [—m,7]?. We define an operator
S on functions A : [—7, 7]t — M with the property that A has finite support
in Z*!. To do this we denote by R the reflection R : Z*tt — Z4*1 given by
R(z,t) = (v, ~t), * € Z%, t € Z. For ¢ € [-m, 7%, n € C with Re(n) > 0 we put
¢ = (& Im(n)). Then S;(A) is a mapping from [—7, 7|4t to L2(Q, M) given by

(3.3) S1(A4)(¢) > A@)e ™ try Pb Y (Tane PH)™

ycZd+1 m=0
= Y Aye ¥ rr, Pb[I — Ty, Pb) .
yezd+1

In (33) the operator 7., z € Z%*! on functions g : @ — C is given by 7.g(w) =
g(T.w), w € Q. Hence S; takes a function A : [—m, ]9t — M to a function S; (A) :
[r, w]4+1 — L%(Q, M). The operator S; depends on the parameter Re(n) > 0. We
shall obtain bounds on various norms of S; which are independent of Re(n). The
following two lemmas are analogous to Lemma 3.4 of [4].
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Lemma 3.1. S; estends to a bounded operator from L*(|—m, w4t M) to
Lo ([—m, 7| L2(Q, M)). The norm ||Si||« of S1 satisfies the inequality

(3.4) 1S1[loo < Vd (%) (1 - %) .

Proof. We put ¢ = Pb[I—T} ,, ¢Pb]~!. Now T ; ¢ is bounded on H(f2) with norm
not exceeding 1. Hence for any column vector p € C? with adjoint p* there is the
inequality

AN? 2\’
) * NoA*(. <[ - 2.
(3.5) PP () < (A> <1 A> ol
It is clear that S1(A) is given by the formula

Si(A)(¢w) = Y Ale ™ olrry w), ¢ € [-m Al we .

yEZd+1

By Bochner’s theorem there is a measure du, on [—m, 7]4*! taking values in the
self-adjoint nonnegative definite matrices on M with the property that

(3.6) <(p(TRy Vo (Try )> = / ei(y—y’)(’duw(c/), y,y' € Z41,

[—m,m]d+1

Hence,

(Tr S i)
=Tr ! _ ! AN 2 . N
7 /[] A(C — Qg (YA — O < A% /[] Tr ()

It follows now from (BH), (B8) that

/ / / * A ? A ? 2
Tr A= Qdup (A =) <d{ +) (1= 5 ) [l
[77r77r]d+1
The inequality (34]) follows from this last inequality. O

Lemma 3.2. S; estends to a bounded operator from L2([—m, w4t M) to
L3([—m, 74t L2(Q, M)). The norm ||S1||2 of S1 satisfies the inequality

(3.7) ISi] < 2 (%)2 (1 - %) .

Proof. We write

(3.8) S = Z S1,m, where
m=0
Sim(A)(Q) = > A(y)e < 7pyPb(Ty ¢ Pb)™.
yeZLH»l

For k =0,1,2,... we define operators S{’k, similar to Sy, by

(3.9) S = Y Al)e ™ Tryb(Th e b)".

yEZd+1
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It is easy to see that there is the identity

(3810) S1m(A)(C) = 81, (A)(Q) = A=) (b(Ta e PH)™ )

=D SL(A)Qe(=)e(=€) Ae "G A (=€, 1) (b(Th e PH)™ 7).

)

Here e(—&)* is the row vector which is the adjoint of the column vector e(—¢).
Hence the d x d matrix e(—¢&)e(—¢)* is self-adjoint and

(3.11) Trle(—€)e(—€)"]? = [e(=)[*

In view of (2.26) and the inequality

(3.12) " =1+ > "My, neC, yeR, Re(n) 20, 0<y<1,
we have that

(3.13) Ale(=9)* [Ga(=&m)] < 1,

since we are assuming 4dA < 1. Tt follows from BI0), (II), (3I3) and the
boundedness of T , ¢ on H () that

)\ m—+1
(3.14) IStn(Ale < 1Ll + 4l (1- 1)
m—1 A m—k
£ XISk (1-3)
k=0

We need now to estimate ||S] ,(A)[|2. To do this we write the operator T ¢ of

2.30) as

(3.15) Tame plw) = Z eiiy(ﬁ(y)sﬁ(TRy w),

yezd+1
where ¢ = (¢, Im(n)) and F : [-7, 7] — M is given by the formula
(3.16) F(g, Im(n) = Ae~Te(€)e(§)"Gal€, 1),

where 7 is the complex conjugate of n. It follows from (226, B3Il), (BI3)) that
F € L>®([-7, )4 M) and || F||e < 1. From ([33), (3I5) we have that

Le(A)(Cw) = Y. Al eplily + -+ i) - €]

YLy Y41 €L

b(Try, w)F(y2)b(TR(ys+y2) W)FU3) ++ FWrs1) DT+ typir) @)

Hence,
. TSGR LA e
= 2™ Y Tr{e(rw) el W),
where =
O(rw)= Y. Al)b(try, @)F(ys)

Y1+ +yr41=r

b (TR(y1+yz) w) F(y??) e F(yk-i-l)b (TR(y1+~~yk+1) w) .
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Note that, in view of (ZZI), (3.1]), there exists B, € L?([—, n]4*1, M) such that

. N A
B,(y) = A(y)b(TRy w), yE Zd—Hv ||Bw||2 < (1 a K) ”A”Q

We may also define an operator T, on L?([—m, 7|1, M) by

F(T. G)y)= Y, GW)Fy—y)blrry w), ye 2z

y/eZzH»l

Since ||F|lo < 1, it follows that T, is a bounded operator on L?([—m,x]4*1 M)
and ||Ty]l2 < (1= A/A). We also see that

O(r,w) = F(TEB,)(r), reZ%
Hence from [Bl), (317) we have that

/[_ s Tr S 1, (A)(¢,w)* Sy (A) (¢, w)dC

A\ 20641)
- Imegs (1-3) IR

Taking the expectation of the last inequality, we conclude that

A k+1
! <[1-— .
Istal < (1- %)

It follows now from (3.14]) that

)\ m+1
ISiml < m2) (1-3)

The inequality (B7) follows from this last inequality and (3:8]). O

Corollary 3.1. For2 < p < oo the operator S extends to a bounded operator from
LP([—m, )4 M) to LP([—m, w]4+E L2(Q, M)). The norm ||S1||, of S1 satisfies the

inequality
B AN A
Isill, <22 = (1) (1- 1))

Proof. This is a consequence of Lemmas 3.1, 3.2 and the Riesz convexity theorem
[10] for Banach space-valued functions (p. 212 of [10]). O

Corollary 3.2. For2 < p < co the operator 81 extends to a bounded operator from
L2 ([-m, w4t M) to LE ([—m, w]4TL, L2(Q, M)). The norm ||Si||p.w of S1 satisfies

the inequality
B A 1+2/p A
[S1llp,w < Cp dal/z = e (X) (1 — K) )

where Cy, is a constant depending only on p.

Proof. This is a consequence of Lemmas 3.1, 3.2 and the Hunt interpolation theorem
[9. O
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We consider next multilinear operators on functions A : [—, 7|41 — M with
the property that A has finite support in Z4*t!. Suppose we have N such func-
tions Ay, ..., Ay. Then we define the mapping Sy (41, ..., Ay) from [—m, )¢+ to
L?(2, M) by

Sn(A1, ..., AN)(C)
N
3.18 ) , -
(3.18) = Z H {Ak(yk)e_m'cTRyka [[ — Ty, Pb] 1}-

Y1soyn €Z4H k=1

The following is the analog of Lemma 3.7 of [4].

Lemma 3.3. Suppose 00 > p1,....,pN,p > 2 and 1/p1 + ... + 1/py = 1/p. Then
Sy extends to a bounded multilinear operator from

N
Hka([—W,W]d+1,M) to L”([—ﬂ,w]d"’l, LQ(Q,M)>.
k=1

Further, one has the norm bound

2N N N
319)  ISw(ranlly < Va0 (5) (1-3) TT 14el
k=1

Proof. Note that Corollary 3.1 implies the result for N = 1. We shall use induction
to prove it for NV > 1. Observe that by the argument of Lemma 3.1 we have the
inequality

A

(3820) [ Sn(Aseos Ax)p < VA <§> <1 -2

) 1At lls [Sx-1(Ass oo Ax) e

provided p; = co. We also have by the argument of Lemma 3.2 that

AN A i
Iy (s, )l < 2 (5 ) (13 ) IS-1(Ans e A1)

A
where Ay is given by Ay (¢) = An(—=(), ¢ € [—m, w1, Hence if we choose g > 2
to satisfy 1/q+ 1/pny = 1/2, we have, by Holder’s inequality,

A2 A
320 Isn(rn )l 2(5) (123 ) ISvor(ns Ao lAn

We have already seen that the inequality (BI9) holds for N = 1. Suppose now it
holds up to N = m — 1 for some m > 2. We show it holds for N = m. To see this
consider A, ..., Ay, as fixed functions with Ay € LP*([—7, 7|9t M), 2 < k < m,
where 1/ps + -+ + 1/pr < 1/2. We consider the linear operator S on functions
Ay ¢ [, — M, defined by S(A1) = Sin(A1, .., Am). If p1 = oo and hence
satisfies the identity

1 1 1 1 1

P m Pm D2 Pm

Y

then (3:20) and the induction assumption implies that S is a bounded operator
from

LPY ([—m, 74T M) to LP([—m, 7)4TE, L2(Q, M)
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and

. A 2m /\ m m
(3.22) Is| < 2™ (5 1-= 1T 1Akl
k=2

If p1 > 2 satisfies the identity

1 1 1 1

==

PP Pm 2
then (3:21]) and the induction assumption implies that S is a bounded operator from
LP (=, 7] M) to LP([—m, 7|4+, L2(Q, M)) and the inequality (B:22) holds.
Now we can apply the Riesz convexity theorem as in Corollary 3.1 to conclude that
if p; > 2 satisfies

1 1 1

— 4+ — ==

b1 Pm p
then S is again a bounded operator from

LA ([—m, 7] M) to LP([—m, 74T, L2 (Q, M)

and holds. Hence (3.19) holds for N = m. O

?

N =

Lemma 3.4. Suppose 0o > p1,....,pn,p > 2 and 1/p1 + -+ 1/py = 1/p. Then
Sy extends to a bounded multilinear operator from

N
HLka([_Waw]dJrlvM) to qu([_ﬂaﬂ—]dJrlv LQ(QaM))
k=1

Further, there is a constant C(p1,...,pNn), depending only on p1,...,pN, such that

A 2N A N N
323) IS (A1 Anlp < Connr) (5) (1-3) 1T 14l
k=1

Proof. Let K C R” be the convex set
K= {(ml,...,mN) cx; >0,i=1,..N, z1+---+ay < 1/2}.

Lemma 3.3 shows that the inequality (I9) holds provided (1/p1,...,1/pn) € K.
Here we wish to prove that (3223)) holds provided (1/p1,...,1/pn) is in the interior
of K. It follows from the Hunt interpolation theorem and Lemma 3.3 that

(3.24)

A 2N Y N N
o < Cren) (5) (1-3) 41l TT 14el

k=2

SN (A1, - AN

provided (1/p1, ..., 1/pn) is in the interior of K. Next we suppose A; € LP!, Ay €
LPx k> 3 are fixed and consider the linear mapping

A2 — SN(A17A27 ceey AN)

By (24)) this maps LP? to L2, provided (1/p1, ..., 1/pn) lies in the interior of K. By
the general interpolation theorem, Theorem 3.15 from Chapter V of [10], it follows
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that it also maps LP2 to L provided (1/p1,...,1/pn) lies in the interior of K, and
there is the inequality

”SN(Alv ey AN)HP,UJ

A 2N A N N
<) (3) (173) M1l Ll T 144l
k=3

for a constant C’'(p1, ..., pn) depending only on py,...,py. It is clear that now we
can continue to apply this argument to obtain (323). O

We have already seen in Lemma 2.4 that the function ¢(§, n) defined by (Z13)) is a
C™ function of (¢,7n) for £ € R4, n € C, Re(n) > 0, and analytic in 1. Lemmas 2.7
and 2.8 give us estimates on ¢(§,n) which are independent of Re(n) as Re(n) — 0.
We shall use Lemma 3.4 now to obtain similar estimates on derivatives of ¢(&, 7).
In the following we shall denote the integer part of a nonnegative number z by [z].

Lemma 3.5. Suppose 4dA < 1, Re(n) > 0, ¢ € [—m,7]¢. For fived Re(n) > 0
consider q(€,m) as a function of ¢ = (¢, Im(n)) € [, 7|4t Then for 1 <m <

[£L] + 1, the derivatives 9™q/On™ are in L(1+d/2)/m([ 7, | M), Further,
there is a constant Cy depending only on d such that

A 2(m+1)
(3.25) ) .

H mq H < CyAl-md/(@+2) (_
(1+d/2)/m, w A

Proof. From (Z24)), (231)) we have that
(a()) = A(B()¥(E, . ))

= (a( < iTAme >

=1

(3.26) q(&m)

3

Hence from (Z33) we have that

_ 0 _
321) Gh6n) = ~A(DO U = T ePbl | 000 ePB] [~ TanePbl ).
Observe now that
0 _
(3.28) [%TA,n@Pb} [~ Ty e Pb]™" = 5,(A)(0),

where A(¢) = A(§, Im(n)) is given by

- OF(&, Im(n))

A= o]

and F is the function defined by (3.16). From (2.26]) we see then that

e’r_]

(3.29) AlG) =~ [e" — 1+ Ale(§)]?]

E(&, Im(n)).
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We have already observed that F' € L°°([—7r,7r]d+1,/\/l> with ||F]lec < 1. Note
also the inequalities

2
(330) "= 14912 =™ [Im(n)], n € C, [Im(n)| < T, ¥ € R,
e = 14| > e, n € C, Re(n) 20,

(3.31) 7r
§§|1m(77)|é7r, yER, 0<y <1,

It follows from (B12), (330), (B3T) that

e’ T
.32 — < 1, =<|I <
63 |G| < L 5 < w7,
e’ 27 T
_ o <
T EAR@P| = 2T+ AP =3
We conclude that the function A(¢) of (3:29) is in quu+d/2([ , w41 M) and there

is a constant Cy depending only on d such that
Al 14d/2, w < Ca A=)
Now Corollary 3.2 implies that S1(A) is in LiT2([—, 7]+, L2(Q, M)) provided
d > 3, and
—a/@+2) (A)?
[81(A)l144/2. < Ca A (3)"
for some constant Cy depending only on d. From (3:27), (B:28) we have that

Igheni<a(1-3) () Iswaxol,

where ( = (¢, 1 m(n)). The inequality (B:2H) follows now from the previous two
inequalities provided d > 3, m = 1.

We consider the cases d = 1,2,...,m = 1. Note that the convolution formula
(B2) implies that

(3.33) > F(AB)(y)e € 7ay

yezd+1

Z /Al(y)e*iy'c TRy Z B(z)e
yEeZdtt z€Zd+1
Hence, if we write the matrix A({) of (329) as A(¢) = A1(¢)*A2((), then we see
from (B:27) and (3:33)) that
0

(3.34) 5 (67) = ~A(S1(AD(C, )" Si(42)(¢, ),

where the operator S is defined in exactly the same manner as the operator S; by
(B3). The only difference is that the operator Ty , ¢ on L?(2, M) is replaced by
the operator TK%5 on L?(Q, M). The operator TX,T],E is defined just like T , ¢ as
in (BIH). The difference is that the function F'(¢) of (BI6) is replaced by F(¢)*.
Evidently T§ , . is the adjoint of T 5 ¢ as an operator on L?(Q2, M). Now we choose
A1(C) to be

4@ =[i-er{i-ae@r}] "

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4112 JOSEPH G. CONLON

where I is the identity d x d matrix. Note that A;(¢) is analytic in 7 for Re(n) > 0.
From (B29) we see that A2(() is given by

Q) =~ [1-e{1-ae©P}] " Fe mn).

We see from (F32) that A; and As are in L2 ([—m, 7], M) and there is a
constant Cy depending only on d such that

HA1”2+de + ||A2||2+d,w < Cd Aid/2(d+2).

Hence by Corollary 3.2 S;(A;) and S;(Asg) are in L2 ([—7, 7|4+, L2(Q, M)) for
d > 1. Further, we have

A 2
ISH A et + 1 (A2l < CaA=20 ( )

The inequality (B2H) follows now from the previous inequality and ([3:34). Here we
have used the fact that if A, B € L%(Q, M), then (A(-)B(:)) € M and

(3.35) IAC)BE)I < [IALIB-

We have proved the result for m = 1.
To deal with the case m > 1 we differentiate 3:27). Thus ™q/In™(&,n) is a
sum of terms of the form

(3.36) ~A (B() [ = TanePb] " Si(Ar, s A(Q) )

where k <m, A; € Lif ([-m, )4, M), pj = (d+2)/2r;, 1<j <k, and the r,
are nonnegative integers satisfying r1 +--- +ry = m. If m <[(d —1)/2] + 1, there
is a constant Cy depending only on d such that

||Aj||pj,w é Cd Aidrj/(d+2)7 1 é] é k.

If (d+2)/2m > 2, then by Lemma 3.4 and the previous inequality we have that
the function (B30 is in L$+d/2)/m([—7r, 7]4+1 M) and its norm is bounded by

A A 2k k ) A -
A<X> C(p1;7pk) <X> H”AJ”;DJ,UJ SCd Al md/(d+2) (X> ’

Jj=1

where Cy is a constant depending only on d. Hence (B2H) follows provided
(d+2)/2m > 2. To finish the proof note that if m < [(d — 1)/2] + 1, then
(d+2)/2m > 1. Suppose now 1 < (d+ 2)/2m < 2. Let k' be the smallest in-
teger such that 4(rq + ... + 7%) > d + 2. Then we may write r = T 1 + T 2
with
d+2 1
my=ri+re+...+rp_1+rp1=—"7-—73.
4 8
Evidently (1 + d/2)/m; > 2. Putting ma = m — mq, it is also clear that
(1+d/2)/mg > 2. We can write the matrix Ag (¢) as Ap ({) = Aw 1({)* Ar 2(C)
where
Apj € Lot ([=m,m] T M), 5=1,2,
with Prrj = (d + 2)/27%’,]';

”Ak/,j”pk/,j, w < Cd Afr’k/)jd/(dJrQ)7 ] = ]_72’
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and Cy depends only on d. We also have that the expression (3:36]) is identical to
(3.37) - A<S],€/ (Ak;/,l, AZ’*I? A;::/72, ceey AT) (C, ')*

Skt1-k (Arr 2, Arrg1, - Ar) (€, )>

Here the operator Sy is defined in the same way as the operator Sy of (BIR),
the only difference being that the operator T’a , ¢ is replaced by its adjoint TR ¢
on L?(Q, M). The functions A% are defined by A%(¢) = A;(¢)*, ¢ € [-m, 7"
Evidently Lemma 3.4 also applies to the operators Sy,. Hence the inequality (B2H)
follows from (B3H), (B37) and Lemma 3.4. O

Lemma 3.6. Suppose 4dA < 1, Re(n) > 0, ¢ € [—m, 7|4 For fived Re(n) > 0
consider q(€,m) as a function of ¢ = (&, Im(n)) € [—7, 7|+, Let m = [%} +1,
and € € R satisfy || < 1. Then for any o > 0 satisfying m + o < 14 d/2 the
function

(3.38) : {8m (¢ tmn) +<) - %(g Im(n))}

el

s in Lg+d/2)/(m+a)([—7r,7r]d+1,/\/l), Further, there is a constant Cq o depending
only on d and « such that the function B38) has norm bounded as

A d+5
(339) || . ||(1+d/2)/(m+a),w < Cd,(x Al—(m+a)d/(d+2) (X) .

Proof. We see from (B:20) that

(3.40) % {a(§, n+ie) —q(&n)} =

Tavsice — T _
—A <b(-) [I — T priccPb] [T mics = Thmel Pb[I — Ty, ¢Pb] 1> .

el

We see similarly to (B28) that

1
Jef

where A(¢) = A(§, Im(n)) is given by

A(Q) = [F(&, Tm(n) =) = F(&, Imm))] [ |e[°,

and F is defined by (3I6). Observe now that for any «, 0 < « < 1, the function

[Thn+ie.e — Tamel Ph I — Th e Pb] ™ = S1(A)(C),

1 en—ic e’
(3.41) e[ { [ — 1+ Ale(©)F]  [e" — 1+ Ale(€)]?] }

is in LG T2/ ([_x 7]4+1 C) with the norm of the function (ZT) bounded as

I+ ll14d/2) (ot 1) < Cg A7H@FD/(E42))

where Cy is a constant depending only on d. The result follows now by differenti-
ating (3-40) m times and using the argument of Lemma 3.5. O
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Remark 5. The conditions on « in Lemma 3.6 are « < 1/2if d isodd and o < 1 if d
is even. As « approaches its upper bound the constant Cy o of (8:39) diverges. This
is a consequence of the fact that as « approaches its upper bound the corresponding
value of p in Lemma 3.4 approaches 2.

4. PROOF OF THEOREM 1.1

Since the function Ga(&,7) of (Z1), & € [—m,7]%, Re(n) > 0, is O and analytic
in 7, it follows from (Z2) that for any integer m > 1, there is the identity

(4.1)
(-

i T 8méa(§a 77)
(27r)d+1Ga(x,t) = t—m/ dée™** E/ d[Im(n)|{e™ — 1}87’”
[—m,m]d -7 n
Lemma 4.1. Suppose d is odd, 4dA < 1 and v € Z?, t € Z, t > 0. Then there is
a positive constant Cq, depending only on d, such that

Cd(A/A)3d+4
(4~2) |Ga(x,t)| < W

Proof. The inequality (f2) follows from Lemmas 2.9 and 2.10 if At < 1, whence
we may assume At > 1. We use the representation (E1l) with m = [(d — 1)/2] + 1.
It is clear from (Z12), (Z52) and Lemma 3.5 that

O™ Gal(€,m) gm(€,m)

o [Im(n)| + Ale(§))?]
where the function g,, is in L$+d/2)/m([—7r,7r]d+1, C) with norm ||gm || (144/2) /m,w
satisfying the inequality
A > 3d+4

(4.3) Igm |l (1a/2) fmw < Ca A= (02 <X

The constant Cy in ([@3]) depends only on d. We write the integral on the RHS of
(@) as a sum over four regions A, B, D, E, where

(4.4) A = {tAle(©)* > 1, [Im(n)] < Ale(©)*},

B = {tAle(©)) >1, [Im(n)| > Ale(§)*},

D = {tAle(§)]> <1, [Im(n)| < Ale(§)[*},

E = {tAle()? <1, [Im(n)| > Ale(§)]*}.
Now we have that

9w &,1)] = ¢ N

(4.5) /A de dlIm)] o e @] g; o /A  dediImnllgm (& m)
where
(4.6) A, = {27 <tAle(§))? <27, tIm(n)| <271},

We use now the well-known fact that if f € L2 (-, 7]?*!, C), 1 < p < oo, then
for any measurable set F' one has

(4.7) /F|f| < Cpllfllpw m(F) 17,
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where the constant C), depends only on p. Hence, taking p = (14 d/2)/m, we have
from (A3) that

)

27} 14+d/2—m

/A T dgd[Im(n)]lgm (&, m)| < Ca (%)3‘”4 A2 {T

for some constant Cy depending only on d. Since d is odd, m > d/2. Hence the
series on the RHS of (M) converges, whence we obtain the inequality

In the case of region B, we have that

|gm (&, m)]
/B d¢ d[Im(n)] TTm()] < Ale(@ E:O 2T+k/ ded[Im(n)]|gm (&, 7)],
where
(4.10) By = {27 <tAle(§)F <27, 27HF < t|Im(n)| < 27

From (ET) we have that

or 1+d/2—m
} ok = 1/p),

/;%deUWKW]wm@ﬂﬂ|§6h<%)3M4A—wzﬂ_

t

for a constant Cy depending only on d. Again we see that the series on the RHS of
(E9) converges. We conclude that

A 3d+4
(4.11) tim /B %S,n) dgd[Im(n)] < Cq (;) W

To deal with the region D we consider the integral

[1m(n)] 19 (€.1)
@) [ dedim) GBIt Z/dwm g (€.

where
(4.13) D, ={27""" <tAle(6)? <277, t|Im(n)| <27"}.
In view of (@3], ([@0) we have that
_rql4+d/2—m

[ astim et <ca (3) a2

Since m < 1+ d/2 the series on the RHS of converges. We conclude that

1 OmGa(&.n) AN
4.14 —— <1 |Im I < - —_—.
w1 o [ FSED asamei < a (3)
We deal with the region F similarly. Thus we consider for any 4, 0 < § < 1, the
integral
[Im(m)° |gm (€, m)]
d€ d[Im(n

e o)

(4.15)

<> () [, dedmlan o
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where
(416)  Enp={277' <tAle(§)|? <277, 27 < tIm(n)| < 27T}
From ({3)), (&) we have that

14+d/2—-m

AR g—r
[ acirm@nllgn €.l < ¢ (X) ISL [T} 2k~ 1/p)

If we choose § to satisfy the inequality

(4.17) OSm—§<5<m/(1+d/2)<1,
then the series on the RHS of ([@IH) converges. We conclude that

1 9" Gal(€,1) p AN
4.1 — —=||I I < — —.
419 s [T i) < a (3) G
The inequality ([{2) for At > 1 follows now from (£8), (@11, @I4), (£1]), by
letting Re(n) — 0 in (EI). O

Lemma 4.2. Suppose d is even, 4dA <1 and x € Z%, t € Z, t > 0. Then there is
a positive constant Cq, depending only on d, such that

Cd(A/)\)BcH-G
4.1 al®,t)| < ———75 -
(4.19) (Gl < S
Proof. We can see similarly to the derivation of (@1l) that for any integer m > 1
one has
d+1 1 (_1)m+1 —ix-£ "
(4.20) (2m)*" Gal(z,t) = 3 dge d[Im(n)]
[—m,m]d -7
0" Ga(&n +mift) 0" Ga(& 1)
em —1 ’ — : )
{er 1) { S o
We take m = [(d — 1)/2] + 1 in ([@20). It follows from (212)), (252) and Lemmas
3.5, 3.6 that
(4.21) 8méa(€v77 + i€) _ 8méa(§777) _ le]* gm,a,s(fﬂ?)
o™ onm [Hm(n)| + Ale(§)[?]’

where the function g, o is in L1F4/2)/(mta) (g q]d+1 - C) for a > 0 satisfying
m+ a < 1+d/2. There is a constant Cy , depending only on d and « such that

3d+6
A—(m+a)d/(d+2) (é)
N .

We proceed now exactly as in Lemma 4.1, choosing o > 0 and ¢ to satisfy ([EI7)
with m replaced by m + . It is easy to see from ([{21), (£22) that the integrals
over A, B, D, E corresponding to the representation ([4.20) all converge. Hence we
obtain the inequality (19). O

(4.22) lgm,a.ell(i4+d/2)/m+a), w < Caa

Lemma 4.3. Suppose 4dA <1 and x € Z¢, t € Z, t > 0. Then there is a positive
constant Cy, depending only on d, such that

Cd(A/)\)Bd+6
(4.23) |VGa(z,t)| < T+ (Ayaz+ 172
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Let «y satisfy 0 < v < 1. Then there is a constant Cgq,., depending only on d,~ such
that

CdV(A/A)?’dJrG
. alz,t)| < =1
(4.24) [VVGa(w,t)] < 1 AT

Proof. We use the representation ({:20). Defining the regions A and A, by (@4),
(E6) we have that

(4.25) /Adfd[lm(n)] le(§)] |gm,a,e(€77)7)

[[Tm(n)| + Ale(§)[?]

sy (57 dEd{Im)] g (6]

r=0
From ({:22) we have that

or 14+d/2 —m—«
1

(4.26) /A dgd[Im(n)]|gm,a.e(&,m)| < Caa (%)MNA%/Q {_

The series on the RHS of ({L2H) converges if @ > 0 in the case of d odd and «@ > 1/2
in the case of d even. Choosing « appropriately, we conclude there is a constant
Cg4, depending only on d, such that

1 0" Ga(&,n+mift)  9™Gal&n)
o |l | e Tl

\ déd{Im(n)
(4.27)

3d+6 1
< Cu (X) (At)d/2+1/2°

Defining the regions B and B, by @4]), (II0) we have that

e(©)] |gm.a.e(€n)]
[Hm(n)| + Ale(§)?]

L& 2y
Aty < t > W/B ) déd[Im(n)]|gm.a.c (& n)l-
r, k=0

From ({.22), (£7) we have that
/B dgd[Im(n)] [gm,a.(&, 1)l

A 3d+6 or 1+d/2 —m—«
< Cd,o( (X) A—d/2 |:T:| 2k(1 — 1/p),

where p = (1 +d/2)/(m + «). The series on the RHS of (428) converges provided
a > 0 in the case of d odd and « > 1/2 in the case of d even. We conclude there is
a constant Cy, depending only on d, such that

@28 [ dealrmo)

L)

(4.29)

O™ Gal(E,m + mi/t) B O™ Gal€,n)
an™ on™

oy A 34+6 1
=d (At)d/Z+1/2 -

@30 o [ let| | adlrm(n)
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Defining the regions D and D, by (@4l), (II3) we have that

e Imm)] gm0 n)|
[[Tm(n)| + Ale(§)[?]

<Aty (2_T>1/2 [ acdtimnlan (e

t
r=0
From (#22), (£1) we have that
| dedltm(nigm ..

A 3d + 6 9 14+d/2 —m—«
<Cyal= e )
< Ca, <A> t

Taking o = 0 in the last inequality, we see that the series on the RHS of ({31
converges.
We conclude that there is a constant Cy, depending only on d, such that

(4.31) /D d¢ d{Im(n)]

O™ Ga(E,m + mi/t) B " GalE,n)
on™ on™

3d+6 1
= Ca (X) (At)a/z+1/2°

Defining the regions E and E, j by (4), (ZI6) we have for any 6, 0 < ¢ < 1, the
inequality

4 i [l i | dcdltm(o)]

le()] [ Tm(m)|° |gm.a.c(&n)l
[[Tm(n)| + Ale(§)[?]

<A i 2\ 1—5/ déd[Im(n)]| &)l
< ot t 9—r—1+k Bk mIm,o,e(S5M)|-

From ({L22), (@T) we have that
[ dgatm@lgn e

A 3d + 6 9 14+d/2 —m—«
< Cd (X) Afd/Q |:T:| 2k(1 — l/p)7

where p = (14d/2)/(m + «). If we choose o = 0 and ¢ to satisfy (£17), the series
on the RHS of (£33) converges. We conclude there is a constant Cy, depending
only on d, such that

@33 [ dsalrmo)

(4.34)

oM GalE,m +mi/t) 3 O™ GalE,n)
on™ on™

. A 3d+6 1
=Md\ N (At)d/2+1/2°

The inequality (£23)) follows now from the representation (fZ0) and the inequalities
(EZD), (E30), (E32), ([E39). The inequality (Z24]) follows by similar argument. We
obtain estimates similar to (Z1), (@30), ([E32), @E35) but with |e(£)| replaced by

(4.35)

s [ K] TG

\ déd{Im(n)]
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le(€)]?7 in the integrand. The estimates on the integrals over the regions A and B
diverge as v — 1. O

Lemma 4.4. Suppose 4dA <1 and x € Z%, t € Z, t > 0. Let v satisfy 0 <y < 1.
Then there is a positive constant Cq ~, depending only on d,~y, such that

A7 Cdy(A/A):SdJrG
. al\d, - Hal =< ’
(4.36) |Ga(x,t +1) — Ga(w, )] 1+ (A2 +7

Proof. The inequality (£36) is a consequence of Lemma 2.11 if At < 1, so we shall
assume At > 1. Tt follows from (2.2) that for any integer m > 1 one has

(4.37)

_1\m+1 ) s
@) Gatr 1) = Gale ] = 5 e [ deem< [ dmin)

(e~ 1} {Wéa(&wm/t) ) 8m@a(€m)}

an™ on™

1 (=ym*t —ive [T — (t+1)
SR . de d[I C1{ent) g
: [ deen [ dmonier -y -y

tm .

améa(fa n+ ’/Ti/t) _ amé’a(gv n+ Wi/t — ﬂ—i/(t + 1))
onm onm '

It is clear by the argument of Lemma 4.2 that the second integral in (&37) is
bounded by the RHS of ([36) with v = 1. We shall concentrate therefore on the

first integral in ([Z3T).
Defining the regions A and A, by (@4l), [EB) we have that

()" |gm.a.e(&n)]
[Tm(n)| + Ale()[?]

<3 (£) [ dettimlomnctcn

From (f.26) we see that the series in (£.38) converges provided m + a — d/2 > 1.
Choosing a appropriately, we see there is a constant Cy -, depending only on d and
v < 1, such that

(4.38) /A déd(Im(n)]

O Cal&,n+mift)  0™GalE,n)
e )

<C A 3d+6 1
= AT X tr(At)2

Defining the regions B and B, by (@4)), [I0) we have that

I ()| |gm,a.e (&, )]
(aa0) [ aaimmn) et

P N A )

r,k=0

@39 7 [ 1rmop

T,
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From ([A29) we see that the series in ([L40) converges provided v < m + o — d/2
and v < (m+ «)/(1 + d/2). Choosing « appropriately, we see there is a constant
C4,y, depending only on d and vy < 1, such that

0" Ga(n+mi/t)  9™Gal,n)
st O \dgdumm)]

<o A 3d+6 1
=N 7 (At)d/2

Defining D by ([#4) we see from the argument of Lemma 4.2 that

@) g [ immr

1 8méa 3 ) 8WLG/\’& I
11) g [ ) [T O )
A 3d+6 1
<a(5)

for some constant Cy depending only on d. Defining the regions E and E,j by

(E4l), @I6) we have that

|Im(77)|7|gm,a,e(€v77)|
a3) [ acairmn) S

<y (2%) [ dcdttmnlon e

k=0 .k

It follows from ({.34) that the series on the RHS of (.43) converges provided -
satisfies the inequality

m+a—d/2<vy<(m+a)/(l+d/2).

Choosing o appropriately, we see there is a constant Cy ~, depending only on d
and v < 1, such that

OMGal&,n+mift)  I"Cal€,n)
e )

“c A 3d+6 1
=N 7 (At)d/2

It follows now from ({39)), ([E4l), @42), (£44)) that the first integral in (£37) is
bounded by the RHS of (£.30]). O

i) o [ mop

Evidently Lemmas 4.1-4.4 imply Theorem 1.1 except for the exponential fall off.
We obtain the exponential fall off by analytically continuing the function ¢(&,n) of
E13), (Z24). We have the following extension of Lemma 2.4.

Lemma 4.5. Suppose 4dA < 1. Then the function q(€,m), € € RY, Re(n) > 0,
extends analytically to the region e1 - £ € C satisfying

(4.45) efe _ 1> 2A[cosh @ 4 3][cosh 6 — 1], 6 = Im(e; - €).
Proof. We first establish for ¢ € L?(€2) the a priori bound,

— A
(4.46) (Pro IE = A0z0gJw()) + 5 [(1960) + (10gwl?)]

< <|1/;|2> + 2A[cosh 6 + 3][cosh§ — 1]<|1/)|2>,
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where we are assuming e - £ € R, k > 1, and e; - £ € C with Im(e; - £) = 0. To
see this let p > 0 be defined by

p= - (sevt) (),

where 8; ¢ is given by (Z7). Evi]dently p < 4(d—1). Since 4dA < 1, we have that
(447) |($lro1 )T — AFOEJ())|

< [1 = Ap = AR + A | (PTro )T = 05 cdnelv())]
From (Z4) we have that
(Do) (A1 = 0 cn elib())
(Dlrox) [21+ 07 21+ 01 Ju())
({Rr+o,dutoa )} { RI+aidv()}).

We conclude that
(4.48) (Do) [A1 - 07 0| ()|
< (11 + 0, w0 (21 + 01w ()2)

1/2

Let us write

expl—i Re(er - D07, ) [ (Jf2) = e,

where > 0, # € R. Evidently one has r < 1. Then we have

(120 + 00 b O)I) = [1 + €2+ 2¢8 rcos B0

Similarly, we have
(12140, () = [1+ 72 + 2677 rcos Bl{[ ).

From (£48) and the last two identities we conclude that

(449) (Do VI AT = 07 Dr e () )| < 2feoshd + r cos B,

Next we consider the second term on the LHS of (4.46]). We have
(10c0) = [p+1+e* —2¢" reos Fl(wf)
(10gv?) = [p+1+e " —2¢ % reos |y .

Hence we have
1
§[<|5‘§1/J|2> + (|0gp*) = [p+ 1 + cosh 20 — 2 cosh 6 r cos B]{|1h|?).

The inequality (£46]) follows now from this last inequality, (£.47) and ({{49).
Let @ be the bilinear form on L?(f2) defined by

Q' 6) = (Plrox ) [e"blmo +) — () + AT 0w ()] ).
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Evidently there is a constant A depending on 7, such that |Q (¢, )| < Al|¢’|||]¢]].
From (46]) we can see that if e - £ € R, k> 1, and e - &, € C satisfy (@45,
then

e mMQ(y, ) = 6|yl

for some 6 > 0. It follows from the Lax-Milgram theorem that if ¢ € L?(), then
the equation

e"p(ro1 w) — P(w) + A Oep(w) = p(w), wEQ,

is uniquely solvable for 1 € L?(Q). Hence the operator T , ¢ defined by ([219),
(220) continues to be well defined provided e; - £, 7 satisfy ([@45). It further follows
from ({46) that T ¢ as an operator on H(Q2) has norm satisfying ||Tx | < 1. It
is also easy to see that the mapping (1, &) — Th ;¢ from C? x R4~ to the bounded
linear operators on H(f2) is analytic in 1, e; - £ in the region (@Z5]). The analyticity
of q(&,n) follows from this and the representations (2.24), (2.31)). O

Next we extend Lemma 2.7 to complex e; - €.

Lemma 4.6. Suppose 2dA <1, ex-£ € R, k> 1, e & n e C satisfying

(4.50) e®e _ 1> Alcosh @ + 3][coshd — 1], 6 = Im(e; - £).

Then for any column vector p € C% with adjoint p* € C? there are the inequalities
(4.51) 0 < Relp*q(&,m)p] < Alpf?,

(4.52) [Imp*q(&,m)p]| < Alp|*.

Proof. By Lemma 4.5 the solution ®(&,n,w) of exists for (&, 7n) in the region
#4H). In the following we shall only need to assume that (£,7) is in the larger
region (£50). Defining ¢(&,n,w) as in Lemma 2.7, we see that

p*a(&,mp = p*(al-))p + p*(a()dep(&,m,-))

Let ¢ = I'm(n) and multiply 242) by e~ (€, 7, 70,1 w) and take the expectation.
This yields the identity

(4.53) - <[8§a(-)p]e’i9'¢(§,nﬁo,1 -)>
= P e, )2 ~ (pl&m e P Em 01 )
+ (e Bep(€m, 101 Ja()0ep(En, ) ),

We define positive numbers A and B by

ws) 4 =[G ¥ e o o ]
a() e (€,m,7) + € Ogple m 01 )] )
B* = £<[3£s0(£ﬂ7,~)—e“”ag@(f,nﬁo,l -)}

[AId - a(')] [8‘590(5, , ) - eielaéw(f’ 70,1 )} > '
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From ({53) we then have the identity
(4.55) — Re p"(a()e” 9epl€n 101 +) ) = RO (ol m, o))
— Re e (GE o M~ S0OCle(E )
— 29t ) + (ogeten 2] + 42+ B2

In view of the inequality (£4€) with A replaced by A/2 we see from the last equation
that if (¢,n) satisfies ({.50)), then there is the inequality

A*+ B? < —Re p*<a(-)ei9'05¢(€ﬂ7ﬁo,1 -)>.
Arguing now as in Lemma 2.7 we conclude that
(4.56) A? + B2 < AJp)%.

The remainder of the proof of ({L51), (£52) follows from (A56) in exactly the same
way as in Lemma 2.7. (]

Remark 6. Lemma 4.6 suggests that ¢(£,n) is analytic in the region (#:50) and that
we need only assume 2dA < 1.

We extend Lemma 2.8 to complex e; - £.

Lemma 4.7. Suppose 2dA <1, e;-§ €R, k> 1, e1-&, n € C satisfying [E50).
Then for any column vector p € C% with adjoint p* € C¢ there is the inequality

(14 cos0)\|p|* — %(1 —cos8)A|p|?,

|~

(4.57) Re [e’”'p*Q(E,n)p >
where ' = Im(n).

Proof. We note the identity

Re [ g (a()0ep(é,n, )]

=~ Re p*<a(-)ei9/3530(€777770,1 ')>

+ Re {<¥> p*<a(.) [85‘:0(§777a')+ei9/ DeplE2m, 70 .)} >}

~ Re {(1%) o (a() [Bep(e,n, ) — ¢ Dgple m, o '>}>}-

Proceeding as in Lemma 2.8 and using the inequality ([{56) we conclude from the
last identity that

—i0’ x : ¢’
Re [e “p q(é,n)p] > —Alp|* sin® (5)
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We also have from ([@55]) the identity

(4.58) cos? (%) <p*a(-)p> — Re<p*a(-)ei9/8§-go(€,77,7'0,1 )>

+ Re { <1+Tew’> <p*a(-) {8530(5777,.) + i’ 3@*@(5,77770,1 .)} >}
— eRe(n)<|¢(€7n,.)|2>

— Re e (G |1~ 3 006 elen. )

Klf%w(é}n, )P >+ <|3g<p(f,n7.)|2>} 4B

A
4
+ < [ ( )619/2p+ S0ep(&,m,-) + %6”' Iep(&,m, 70,1 -)1

a) [eos (5 ) 2 + 306e(En) + 5 € Oeet&mman )| ).

The inequality (Z57) follows from the last identity by arguing as in Lemma 2.8 and
using the inequality (46]) with A replaced by A/2. O

Lemma 4.8. Suppose 2dA < 1, e, - & € R, k > 1, e & n € C satisfying
#@350). Then for any column vectors p,o € C% with adjoints p*,o* € C? there is
the inequality

(450) Re [0 & mp] = 101 +cost) (1= 25 ) Aol + o)

1 1 1
— (1 - / 1 — A 2 27 — Alp — 2
10— cost) (14 50 ) AL 1017 = 5+ B)Alp - o,
where 8’ = Im(n), and o > 0, 8> 1/2 are arbitrary.
Proof. We write

(4.60) Re {6’i9/0*q(§, n)p} = Re [e’i"'p*Q(Em)p} + Re [e’w'(a - p)*q(&n)p} :
We have already observed in Lemma 4.7 that

(4.61) Re [e_wlp*q(f,n)p} > B? + D? —sin® (5> (p*a()p)

— Re {(#) P*<a(-) [8@(6,77,-)—6”/ Oz (€511, 70,1 ')} >}

where D? is the final term on the RHS of equation (Z58). We also have that
e 1

e (o= p)*a(&m)p = (T) (0 —p)*(a())p
e~ i’ v
SR <a<-> [(%) p+ 3¢ deolem, ) + 5 Deelem, o o] >

+ (0—p) <a(-) [%6_"9'35@(5777,-) - % Igp(€,m, 01 -)} >
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We apply the Schwarz inequality to the last equation. Thus for arbitrary positive
numbers «, 3, there is the inequality

e (0~ ) al€ | < S0~ )" (o~ 0)

+ % sin? <%/> p*a())p + g(a —p)a())(e—p)

If we apply the Schwarz inequality to the last term on the RHS of (E61) we see
that for any § > 0 there is the inequality

- 1
Re [e"e p*q(&n)p} > B [1 — g] + D?
!

—si? (5 ) (rath) — asind () o (Aka -l

We choose now § = 1+1/2a, v = 3+ «. Hence the last two inequalities and (H.60)
yield

v

Re [e‘iala*q(g,n)p} D? [1 - %]

1 .2 0’ 2 1 2
~ gsind () AP~ ek Ml ol

’

Using the fact that D? > cos? (%) Alp|?, we conclude that

(4.62) Re e_w/a*q(g,n)p} > —(1+cosf’) (1 — i) A p|?

2
1 1
(1 = cost/)(1 + 5 )Alpf* = 5 (a+B)Alp - of

[ Il Y I

To complete the proof of ({59) we note
Re [e*i"'a*q(&n)p} = Re [e”'p*Q*(f,n)U} :
We argue now as in Lemma 2.6. Thus
7 (&) = (al)) + (°(&,m.)9za() ),

where ®(&,n,w) is the solution to . Let ®(&,n,w) be the solution to the
equation

e (€, n, 10,1 w) — B (&, n,w) + POa(w)d: P (&, n,w) + Pdfa(w) = 0.
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Then we see that

We conclude that
" (&) = (a()) + (a()9: P (7, -)) -
Using the previous formula and the argument to obtain [@62)) we conclude that
0 % x 1 ! 1 2
Re [ pq (f,n)a} = (1 +cost) (1— | Ao
2 23
50— o)1+ 5 )Alof? = S(a+ B — pf
5 cos 5 Ao 5(a o—pl*.
The inequality (@59) follows now from this last inequality and (EG2]). O

Corollary 4.1. Suppose 2dA < 1, e - £ € R, k> 1, e & n € C satisfying
(E2H). Then there is the inequality

(14 cos@)A
2(cosh 8 + 3)

Al +1e-0]}.

€7 = 1+ e(©)a(&,me(=€)| = [le(©)1 + le(~&) 2]

B cosh @ + 2

1 /
* 5(1—(:050){2 coshd + 3
where 0/ = Im(n), 6 =1Im(ey-§).

Proof. We have

€7 =1+ €(€)g(&, Me(=€)| = e — cost + Re[e™" e(€)q(€, me(—¢)|.

Now we apply Lemma 4.8 with o = § = [cosh 6 + 3]/2[cosh 6 + 1]. O

Lemma 4.9. Suppose 4dA < 1, e - € R, k> 1, e & n € C satisfy (E45).
For fized Re(n), Im(ey &) consider q(§,n) as a function of ¢ = (Re(§), Im(n)) €
[—7, 7|4t Then q satisfies the conclusions of Lemmas 3.5 and 3.6.

Proof. Consider the function F' of (3.16)), defined for £ € R%, n € C, Re(n) > 0.
We need to show that F analytically continues to the region (£45) and that F,
regarded as a function of ¢ is in L ([—m, 7]4T!, M) with ||F|l < 1. To see this
it will be sufficient to show that

(4.63) €7 =1+ Ae(§)Te(=€)| = Ale(©)lle(=¢),
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provided (&, 7) satisfy (£45]). To see this observe that
d
(4.64) Ale@©lle(= < AD le(©)l?
k=2
Ar .

+ 5|:|ele1'§_1|2+|e*191'§_1|2

= AZ lex(€)]? 4+ A[1 + cosh 26 — 2 cosh 6 cos 3],
where e; - £ = § 4 0. Using the fact that 4dA < 1 we also have that

d

(4.65) [1—Ae(©)e(=¢)] < 1—AY |ex(§)* —4A

+ A |eiel'5 + 1| |e_iel'E + 1|

d
1= A [en()]* = 4A + 2A[cosh 0 + cos 3].

We conclude from the last two inequalities that
(4.66) Ale(©)]]e(=&)| 4+ 1 — Ae(€)Te(—€)| <1+ 2A[cosh + 3][cosh — 1].

The inequality (A63)) follows from (Z66]). Observe that the fact that |[F|je <1 in
the region ([f.45) gives an alternative proof of the result that the operator T ;¢ on
H(Q) satisfies ||Ta,¢l] < 1 provided (€, 7) lies in the region (E45).

To complete the proof of the lemma we need to prove analogues of the inequalities

B12), 330), (331, for the region ([£45). The analogue of ([B.12)) is the inequality

elen) 11
@61 = L AT > || Aetre P
which follows from (@GH). To obtain the analogue of (B30), observe from (FLGH)

that
le” — 1+ Ae(&)Te(—€)| > eft* — 1 4 2A[1 — cos 5] — 2A[cosh§ — 1].
We also have that
le” — 14 Ae(&)Te(=¢)| > eft*M|sin(Im n)| — 2A| sin §|| sinh 0]
> eftt) | sin(I'm n)| — 2A[1 — cos B8] — Alcosh® 6 — 1].
It follows then from the last two inequalities that
gy 2T 2 ) 1 O sin(Tm )|
— Afcosh @ + 3][cosh § — 1].

Hence from ({45) we have that

(4.69) le" =1+ Ae(€)"e(=6)| > %eRe(”)lfm(n)l, n € G, [Im(n)| <

|3

Evidently (@89) is the analogue of (33U). To establish the analogue of (B3
observe that

le” — 1+ Ae(&)Te(=¢)| > ef**™| cos(Im(n))| — 2A[cosh 8 — 1], g < |Im(n)| < 7.
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Hence from this inequality and (f68) we have that

20" — 1+ Ae(§)Te(~&)| > ™| cos(Im(n))

We conclude that

1
(4.70) €7 = 1+ Ae(§) e(~8)| 2 5™, Z < |Im(n)] <,
which is the analogue of (B:31)). The proof now proceeds exactly as in Lemmas 3.5,
3.6 using ({.67), (£:69), (ET0) in place of 3:12), (B30), (3:31). O
Proof of Theorem 1.1. We are assuming 4dA < 1, e; - £ € C with § = I'm(eq - §)
and
(4.71) efe _ 1 — 2A[cosh @ + 3][cosh 6 — 1],

whence we are at the limit of the inequality (£45)). Observe the inequality
le(©) + le(=&)I

le(Re(€))]? + 2coshfcoshf — 1] < 5
< le(Re(€))|? + 2[cosh @ + 3][cosh & — 1].

It follows, in particular, that
(4.72) et — 1 < 2N Je(©)? + le(-©)?
We also see from Corollary 4.1 that there are universal constants cg, 0y > 0 such
that
(4.73) le" =1+ e(€)a(€, me(=E)| = colle(©) + [e(=€)I*),
provided || < 6y. In view of Lemma 4.6 we also have that
(4.74) " = 1+ e(§)q(&; ne(=] = [Im(n)|/m

provided |[Im(n)| < 7/2 and
TA[le(€)]* +e(=&)*] < [Im(n)].
We conclude from (L73), (ET4) that
(4.75)  [e" =1+ e(€)q(§, ne(=E)| = CZIX—A {lTm(n)| + Alle(€)]* + le(=€)I*]}

for some universal constant ¢; > 0, provided |Im(n)| < w/2, |0] < . It is evident
also from Corollary 4.1 that there is a universal constant ¢y > 0 such that

(4.76) le" =1+ e(§)q(§; me(—=E)| = 62,% <[Im(n)| <=, [6] < bo.

It is evident now from ({72), [ETH), ({L76) that the results of Lemmas 2.9, 2.10,
2.11 extend to complex e; - ¢ provided |0] < 6y and 7 satisfies (E71]). Note that the
result of Lemma 2.11 now becomes

|éa(€7t + 1) - éa(fvt)l S

CsA [ Alle(€))? + le(=6)12°
i { 2 } '
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We can also see that the results of Lemmas 4.1, 4.2, 4.3, 4.4 extend to complex e; -£
provided |6] < 6y and 7 satisfies [@.7T)). The theorem follows now from Lemmas
4.1-4.4 and the observation that, for some universal constant C,

min {2A[cosh6 + 3] [cosh® — 1]t + 0z - e1}
161<60

:—min{|x-el|, |$'el|2/(1+At)}/C' 0

5. PROOF OF THEOREM 1.2

We first obtain a generalization of (7)) for the expectation of the Green’s func-

tion for (Lg]).

Lemma 5.1. Let Ga(x,t) be given by (LB) where Ga(x,y,t,w) is the Green’s func-
tion for (LR). Then for any & € R? there is the inequality

d
Z 2 Ga(x, 1) < exp {ZAtZ (e € — 12 4 |e7or¢ — 1|2}} :

z€Z? k=1

Proof. We use the standard method (see Appendix A of [I1]). Thus if u(z,t,w)
satisfies (IL8) with initial condition u(x,0,w) = 6(z), then Ga(z,t) = (u(x,t,-)).
We put v(z,t,w) = e”Su(z,t,w). Hence v satisfies the equation

v
ot
with initial condition v(x,0,w) = d(x). On multiplying (&I) by v(z,t,w) and
summing over z € Z¢ we have that

%% Y vt —— 3 v[ vt w)} a(ros w)v[ew.év(x,t,w)}.

z€Z? z€Z?
Letting ®(z,t,w), ¥(x,t,w) € R? be the vectors
Oz, t,w) = [ et _ Doz + ey, t,w), -, (€28 — vz + ey, t,w)} ,
U(z,t,w) = [ 7815—1 (z+ep,t,w), - ,(e*ed'g—l)v(:c—i—ed,t,w)} ,
we see that

d1 Z v(z,t,w)?= — Z Vou(z,t,w)a(ry w)Vo(z, t,w)

dt 2
z€Zd z€Zd
- Z O (z,t,w)a(ry w)Vou(z,t,w)
z€Z?
- Z Vou(z,t,w)a(ry w)¥(z,t,w)
z€Z?

- Z O(z,t,w)a(ry w)¥(z, t,w).

TEZ?

(5.1) (2,t,w) = —e"SV*a(7, 4 w)V[e_’”'gv(x,t,w)},

Using the Schwarz inequality in the last identity and (I.1]) we conclude that
d

d1
Eg Z (mtw <AZ xth [leek~§_1|2+|e—ek.£_1|2}.
TEZD r€Z k=1
The result follows from this last inequality. O
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Lemma 5.1 enables us to define the Fourier-Laplace transform analogously to

(1)) by
(5.2) Ga(&,n) = /OO dt > Gal(x,t)explia - & — nt].
0 reZd

In view of Lemma 5.1 the RHS of (5.2) converges absolutely for Re(n) > 0, £ €
[—m, )% and Ga(€,7) is a C™ function of (¢,7), analytic in 7. It also follows from
Lemma 5.1 that Ga(z,t) can be recovered from the Fourier-Laplace transform by
the inverse transform

. 1 —iz- N t A
(53)  Galat) = lm o /[M]ddé“e ¢ / d[Im(n))e™ Ga(€, n),

N—oo _N

where Re(n) > 0 is kept fixed in the integration. In fact, for any x € Z?¢ the RHS
of (B3) converges in measure as a function of ¢ to the LHS as N — oo.

Our first goal here will be to show that there is a d x d matrix ¢(&,n) defined for
¢ € [-m, 74, Re(n) > 0 such that

(5.4) Ga(&m) = 1/[n+ e(€)a(&,m)e(=€)].

Proceeding as in §6 of [4] we define ¢(&,n) by ([224]) where ¥(&, n,w) is the solution
to (2223). The operator Ty ¢ in Z23) is now the continuum limit of the operator
defined by (Z:30). To be specific, let G(z,t), € Z¢, t > 0, be the solution of the
initial value problem

(5.5) %—f(x,t) +V*'VG(z,t) = 0, z€Z t>0,
G(x,0) = 6(z), v € Z%
The Fourier transform G(&,t) of G(z,t) is given by
G(&,t) = expl—[e(©)* 1], € € [-m, 7], £ >0.
The Fourier-Laplace transform G’(f ,m) of G(x,t) is given by

G(&m) =1/In+e(©)).
We define the operator Ty ;¢ on H(2) by
(5.6)  Tame plw) = A/ dte " Z VV*G(x, At)e " (1, ¢ w), w € Q.
0 TzEZ?

Lemma 5.2. Suppose Re(n) > 0, & € [—m,w|%. Then the operator Ta ¢ defined by
(B6) is a bounded operator on H(Y) satisfying | Tanell < 1. The function q(&,n)

defined by (2:23), (Z24) is a C* function of (&, 1), periodic in & and analytic in 7.

Proof. To show that Ta , ¢ is bounded on H(2) we proceed as in Lemma 3.1. Thus

| Thne o> = Tr / F(¢ — Qdpo(C)F(C — Q)"

[=m,7] 4 (—00,00)
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where

<<P(TRy " (Try ')>
-/ 0= (), yy € 2T x (—0,00),
[—7,m]4 X (—00,00)

is the formula analogous to (3.6). In analogy to (B:18), (B:16) we have that

(5.7) F(g, Im(n) = Ae(€)e(§)" /i1 + Ale(©)].
The fact that Ty ;¢ is bounded on H(Q2) with || Th 5 ¢|| < 1 follows as in Lemma 3.1

using the fact that Tr(p(-)¢*(-)) = |l¢[/*. The smoothness of the function g(¢,7)
can be seen by arguing as in Lemma 2.4. O

Lemma 5.3. Suppose Re(n) > 0, & € [—m,w|%. Then for any column vector p € C?
with adjoint p* € C? there are the inequalities

(5.8) Alpl® < Relp*q(&,m)p] < Alpl?,

(5.9) [Im[p*q(&,m)p] < Alp|*.

Proof. We follow the method of Lemma 6.2 of [4]. Thus, multiplying (Z23) on the
right by p and the left by p*¥ (¢, n,w)* and taking the expectation value, we have

p*<‘11(€, ) U (E,m, -)>p = <[TX,77,§\I'(§7 n,)p] ()T (E,n, -)> p
— ([T W€, )] [al) — M)

where T, . is the adjoint of T ;¢ on H(Q2).

We can apply the Schwarz inequality to the RHS of the last equation, using the
fact that the matrices b(w) and [a(w) — Al] are symmetric positive definite. Thus
we obtain the inequality

(W& n, ) U(En ) )
;<[Anf (677,)] (){TAnE\I’(gn’)}>

+ %<p*\1'(§,77,-)"'D(')‘I’('fﬂ%')P>

o ([T e¥(Em 0] [0) — Ml [T (6. 0])

N
* %< [a() ~ Mdp) < %<[TA*,n,s‘I’(€ﬂ7r)p}* (T3] o)

1
1
+ 5r(r'lal) = Mdp).
Since T}y , ¢ has norm less than or equal to 1 on H(£2), we conclude that
(5.10) {(p" (&, m,-)"a()W(E,n,-)p) < (p[al) = Alalp) .

Hence we have that

lp*q(&;mp — p*(@(-)p| = |p* ([a(-) = ALa]¥(&,n,-)) pl < (p*[al-) = Aldlp) .

IN
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We conclude from this last inequality that the lower bound of (B.8)) holds and also
o)
To obtain the upper bound in (5:8]) we observe again from (2:23)) that
p*<\If(£,77, )W, ')>p

= ([Thne¥(En. )0 D) [W(E ) + Ta)p)

([T e ¥(Em. o] BO) [T, ¥(E0, o))

P (W (& n, )" + La]b()[W(E,n, ) + Lal) p
Using the fact that ||}, .|| <1 and (ZZ1]) we conclude that

IN

+

N[

Re " (b()2(Em.) 0] + 50 (b())p > 0.

Hence,
Relp*a(6,m)o] = p*{a()p — Re[Ap (bOYU(E,n, o] < 507 (Alu+a())p,
which implies the upper bound (G.8]). O

Remark 7. The argument of Lemma 5.3 applies to the discrete time case provided
we assume 4dA < 1.

We can deduce from Lemma 5.3 the analogues of Lemmas 2.9, 2.10, 2.11.

Lemma 5.4. Suppose Re(n) > 0, & € [—m,w|¢ and Ga(&,n) is given by (B4).
Then there is a universal constant C' such that

“le - A
/0 ‘Ga(&n) + Ga(€,7)| dlIm(n)] < C (X) .
Proof. As in Lemma 2.9. O

Lemma 5.5. Suppose Re(n) > 0, ¢ € [—m,7]? and G’a(f,n) is given by (BA).
Then for any t > 0, the limit

N

Jim Ga(& ) sin[Im(n)t] d[Im(n)]
ey

exists. Further, there is a universal constant C > 0 such that

[ Gatcsntmima dirmin)| < ¢ (3)-
Proof. As in Lemma 2.10. O

It follows from Lemmas 5.4, 5.5 that for Gq(€,7) given by (5.4) we may define
Ga(&,t), t > 0, uniquely by

N—oo 27

(5.11) GalE,t) = hm —/ d[Im(n)]e" Ga(€,n),

where the integration in (5I1)) is over any contour with fixed Re(n) > 0.
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Lemma 5.6. Suppose éa(f,t) is given by (B.I1) for € € [—m,w]¢, t > 0. Then for
any 6 satisfying 0 < § < 1 there is a constant Cs > 0, depending only on & such
that

§
J , t,t' > 0.

Gale,t) — Gale, 1)) < S22 { Ale(©)?]t - t'

A LT+ Ale(©PlE -t

Proof. In view of Lemmas 5.4, 5.5 we have that |Ga(&,t)] < C(A/X) for some
universal constant C. Hence we can assume that Ale(¢)[?|t — /| < 1/4. We have

from (BI1) that
N
Cal6) = Gl t) = Jim o= [ {er = e Ynlé )
N A 1
[ oo S
1 1
- = NI — V[T
27 J\tm(n)|<4Ale()]2 T 2 4A\e<§>|2<um<n>|<|tft/|fl() [rmr)

1
+ Jim o f ()dlIm(n))
N—oo 27 [t—t'|=1<|Im(n)|<N

Let us assume t' < t. Then from Lemma 5.3 we have that
16A
[ (VlEm(n)]| < explRe(n)r] O [Ale(€) ]t — 1]
[Im(n)|<4Ale(€)]?

From the fundamental theorem of calculus we have that

nt nt’ A I e(§)q(& m)e(=£) ’ ! snt+(1—s)nt’
{er—e }[Ga“’m‘ﬁ}“n+e<g)q<g,n>e<—£> (=t [ s s,

Hence Lemma 5.3 implies that

|/ (Yd{m )]
4Ale(§)12P<[Im(n)|<[t—t'|~*
< oxplRe(n)ISAle(O)” [t — ¢ Tog [1/4Ale(©)]¢ — ¢1].

Finally, we have again from Lemma 5.3 that

jim | | (Ydlm(n)| < explRe(n)t] 8AIe(O)]t — ']
[t—t'[=1<|Im(n)|<N

N —o00
The result follows from the last three inequalities by letting Re(n) — 0. O

It is clear that the results of Lemmas 3.5 and 3.6 apply to the function ¢(§,7) of

Lemma 5.2, the only difference being that now
87774

(5.12) Wf{ e LOF/2/m([_r 719 x (—00, 00), M).
Now let us define Ga(z,t), = € Z%, t > 0, by (5.3) where Ga(&,n) is given by
(E4)). Then, in view of (5:12) the results of Lemmas 4.1, 4.2, 4.3 hold for G,(z,t)
provided we can establish the analogues of the representations (E.1]), (20). The
analogue of (&) is
(5.13)

_(_1)m : —iz-€ N nt 87”@3(5777)
R L | e -1y =gEs
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The identity (BI3) follows from (B3), Lemma 5.3 and the next lemma.

Lemma 5.7. Let q(&,n), € € [, 7% Re(n) >0, be the function of Lemma 5.2.
Then for any p € C?, m = 1,2, ... there is the inequality

a 7 A m+1
g RS o < Col? () et

where the constant C,, depends only on m.

Proof. From ([2:24) we have that
— —= >
o A( b() anm , m>1,

where (€, n,w) is given by ([2.31]). The result follows then if we can show that the
operator OFTy ,, ¢/Onk, k = 0,1,2,..., is a bounded operator on H(2) with norm
|0F T e /O < [Re(n)]~*. This last fact follows by the argument of Lemma
3.1. O

The analogue of Lemma 4.4 is the following:

Lemma 5.8. Let Gq(x,t), © € Z%, t > 0, be defined by (53) where Ga(€,n) is
giwen by (B4). Let v satisfy 0 < v < 1. Then there is a constant Cy - depending
only on d,~ such that

(At — t[]"Cay (A/A)*H°
1+ (At)d/2+y ’

|Ga(xatl) - Ga(xat” <

provided |t — t'| < t/2.

Proof. Tf At < 1, the result follows from Lemma 5.6. Hence we shall assume At > 1.
The representation corresponding to ([£.37) is given by

d+1 / 1 (=™t —iz-g
2m)*Ga(x,t') — Ga(z,t)] = = ———— lim d¢ e
2 tm N—oo [_Wvﬂ']d
N . A
"Ga& 0+ 7ift)  9"Gal(€n)
dlIm e — e —
[ dmeig ) { X Cal
1 (_1)m+1 . —ix-€ N nt’
AT [, m]d dee /—N ttm(n)] {6 - 1}
ri(t! 1) I Gal&n+mi/t) | OCal€n + mift — i/t
exp | —| —1 - .
t on™ on™
The result follows now by following the argument of Lemma 4.4. O

Next we wish to show that one can analytically continue the function ¢(&,7n), £ €
R?, Re(n) > 0, in £&. The analogue of Lemma 4.5 is the following:

Lemma 5.9. The function q(&,n), € € R, Re(n) > 0, extends analytically to the
region e - £ € C satisfying

(5.14) Re(n) > 2A[cosh 8 + 1] [cosh® — 1], 6 = Im(eq -&).
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Proof. It will be sufficient to show that the operator T , ¢ of (5.6) on H(2) extends
analytically to the region (5.14)) and one continues to have ||Ta , ¢|| < 1. In view of
the formula (&7) it will be enough to show that if (£,n) satisfy (514, then

(5.15) 1+ Ae©) o) > 5 [[e(©) +le(~E)P)
We have that
(5.16) In + Ae(€)Te(—€)| > Re(n) + AZ lex(€)]? + 2A[1 — cos B cosh 6],

where e; - £ = f+i6. The inequality (&.15) follows from (5.16) and (£64) provided
(B14) holds. Note that one can also bound the LHS of (&IH) below by |Im(n)|/2.
In fact, we have

0+ Ac(©)Te(—€)] > [Tm(n)| — 2A]sin ] | sinh )
> |[Im(n)| — 2A[1 — cos 3] — A[cosh?® § — 1].
Adding this last inequality to (5.16]) we have
(5.17) 2|n+ Ae(€)Te(—=€)| > Re(n) + [Im(n)| — Alcosh @ + 3][cosh d — 1]
> [Im(n)l,

since we assume (B14) holds. We conclude from (EIR), (I7) that in the region
(ET4) there is the inequality

618) I+ Ac(©e(-9)1 = 3 {ITm@n] + S0P + (-9}
(I

Remark 8. The conclusion of Lemma 4.9 holds for Re(n) satisfying (514) in view
of (EI8). Here we are using the fact that |e(£)|? + |e(=€)|> > 2|e(Re €)%

Lemma 5.10. Suppose ¢ € RY, Re(n) > 0 satisfy (514). Then the function
q(&,n) satisfies the inequalities (B.8), [B9). Further, for o,p € C* with adjoints
o*, p* there is the inequality

A A
(5.19) Relo*a(€, ) = Sllo* + o) = 5 |7 =

Proof. We have already observed in Lemma 5.9 that if (5.14)) holds, then ||Ta , ¢|| <
1. Since the only assumption on T , ¢ in the proof of Lemma 5.3 is that ||Ta ;¢ <
1, it follows that (E8), (E9) hold in this case also. To prove (EI9) we use the

inequality (EI0). Thus
Re[o"(a(")¥(¢,n,"))p]

= Re [0*<[a(') — )\Id]\Il(f,n, )>p}
> Lot ()~ M) - 27 ([a) ~ M)
on using (B.10). We also have that
Re[o*(a(-))p] = %0*<a(~)> o+ %p*<a(~)>p
— 40" =) a0 (o~ p).
Adding the last two inequalities we obtain (2.19). O
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Proof of Theorem 1.2. If we assume that Ga(&,7) is given by (54) we can proceed
exactly as in the proof of Theorem 1.1 at the end of §4. Note that (2.19) implies
that, provided (B.14) holds,

A
Reln + e(€)g(&, me(=€)] = S[le(©F + le(=¢)].
We are left then to establish (5.4)). First we define an operator Sa ¢ @ H(Q2) —
L3(Q) by
(5.20) Samep(w) = A/ dte™"" Z VG (2, At)e ™ Sp(1, 4 w), w e Q,
0

reZd

where here we regard VG as a row vector in R, Evidently Sa n.¢ is a bounded
operator for £ € [—m, 7%, Re(n) > 0. Let ¥(£,n,w) be the solution to (Z23), where
the operator T ¢ is given by (5:6). We can then define a row vector ®(&,n,w) € C?
by

(5.21)

‘b(fﬂ%w) =P SA,"%E [b(){\l'@ﬂ% ) + Id} (w)af € [—7‘(77'('](1, R@(n) > 0’ w e Q.

It is clear that ®(£,n,w) corresponds to the solution of (ZIII). Next we define the
function 9(&,n,w) for € € [—m, 7%, Re(n) >0, w € Q by

(5.22) B(&,m,w) = Gal&,n) F(E)[1 — (&, n, w)e(—E)],

where ® is given by 2I), Ga(€,7) is given by (54) and f : [—7,7]¢ — C is
an arbitrary function with bounded Fourier transform. Observe now that for fixed
Re(n) > 0 if we regard the function © in (5.22) as a function of £ € [—7, 7|%, Im(n) €
R, w € Q, then it is easy to see that © is in L?([—7,7|? x R x ). Hence if we
define the function v(x,t,w) by

1 ,
1 —ix-€
(5.23) wv(z,t,w) = ngnoo (2m)d+1 /_Wm]ddée

N
/ dImm)em™o(E,mw), z € 2% ¢ >0, we O,
-N

then it is clear that the function e R (2, ¢, w) is in L?*(Z¢ x (0,00) x Q). We
may therefore define a function u(z,t,w) by

(5.24) u(z,t,w) =v(x,t, T w), T € 7% t>0, weQ.

It is clear that u is a measurable function of (z,t,w) and e~V y(z ¢, w) is in
L*(Z? x (0,00) x ). We shall show that u(z,¢,w) is a weak solution to the initial
value problem (LJ) with initial condition f(z,w) = f(x).

Lemma 5.11. Let g : Z% x [0, oo) — C be a function of compact support which is
C*® int, t >0. Then if u(x,t,w) is defined by (B24), there is the identity

(5.25) > g(z,0)f + ) / u(z,t,w)dt

z€Z4 r€Zd

Z/ Vg(x,t)a(ry: w)Vu(x, t,w)dt

z€Z
with probability 1 for w € Q.
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Proof. We already defined just after (Z4) the gradient operator d¢ : L*(Q2) —
H(Q), & € [m,m]% We can therefore combine d¢ with the operator Sa ¢ of
(E20) to obtain an operator d¢ S ¢ @ H(Q) — H(Q). It is easy to see that

¢ Same = Taye, where Ty ¢ is given by (B.6). Hence from (G2I) and (223)
we have that 0¢®({,n,w) = V¥(£,n,w). One can see from ([@.23), (G24) that
Vu(z,t,w) = 0v(z,t, 74+ w), where

7‘-7

1 )
2 = W G -
(5 6) 81)(1‘, t, (U) Ngnoo (27T)d+1 /[ P df e

N
/ dlIm(n)] "B (E, m, ).

-N

From (5:22) we have that

(5.27) Be0(&,m,w) = —Gal&,n) f(E)[e(—E) + V(& n,w)e(—E)].

Suppose now that h : Z¢ x [0,00) — C is a continuous function with compact
support. For ¢ € [—m,7]¢, Re(n) > 0 we can define an operator Ay, ¢ on L*(Q) by

(5.28)  Apnyepo(w / dt e Z h(x,t)e ™ Sp(T,s w), ¢ € L*(Q), w e Q.
z€Z4

Similarly, if h : Z% x [0, 00) — C? is continuous with compact support we can define
an operator Ap ¢ @ H(2) — L*(Q) by the formula (528), where we now regard
h(z,t) € C? as a row vector. One can easily verify the operator identity

1
(5.29) AvgneTame = Avgng + 1 Aog/otn.eSame,
where Ty ;¢ is given by (8) and Sa , ¢ by (B.20). Here we are using the equation
We consider the term on the RHS of (5.25). In view of (5:26), (5.28) we have
that

(5.30) Z / Vy(x,t)a(ry s w)Vu(z,t,w)dt

r€Zd

1 N )
= Jim gz 06 [ dlimvy lat)2ci(E )

Observe now that

(5.31) Avgnela()¥(En, )](w) = Avgne[V(En, )](w)
— AAvgpe[b()¥(En, )](w)
= — AMAvg,el <b( (& m,- >]
+ AAvgneV(En, )W) = AAvgpe[PP()¥(En, )] (w).
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We have from ([223)), (529) that

AAvge[V(En, )W) = AAvg e [Pb() (€7, )](w)
= AAvgne[V(En, )W) — AAvgye[Tane Pb()Y(E 1, )] (w)
+ Aag/at,n,ﬁsA,’r],E[P ()\11(57777 )]( )
= — Avugme [TA,n,EPa )} (w)
+ Aogotn.eSane [PV (E, 1, )](w)-
Letting g denote the Fourier-Laplace transform of g, we conclude that
Avgne@()¥(&n, )W) = —9(=& —n)e(§)[a(§,n) — (al())]

~AVgne| TanePal)] @)+ ApyjonneSanelPPOU(E D, ))w):

From the last equation, (5.27)), (5.21), (5.22) we see then that
Avgn.elal-)0so(§,n,-)](w)

_ éa@,n)f(s){g(—g, ne(©)ale.ne(~€)

= AvgpelPa()|(w)e(=8) + Avgn.elTanePal-)](w)e(—E)
= Aag/otne[®En,)(w)e(—E)

; Aag/at,n,g[PSA,n,fbo)](w)e(—s)}.

If we use (5.29) we have that
Avgme[TanePal)l(w) +  AagjotnelPSaneb()](w) = Avgne[Pa()](w).
We conclude therefore that
Avgnelal-)oso(€,n,)](w)

= Gal&n)f(©a(=¢ —n)e(©)a(&,n)e(=€)

+  Aag/ornel0(€n )](w) Ga(&m) (&) Aag o).
It is easy to see that

Apgyotn.ell] = —ng(=&,—n) — g(=§),

where § is the Fourier transform of the function g(x,0), z € Z%. Hence from the
last two equations we have that

Avgnela)0:0(&m,)l(w) = Aggorn.e[0(€:n, )] (w)
+ f(©3(=& =) + Gal& ) f(©)a(=6).

The identity (E28) will follow from the last equation on using (5.23)), (530) provided
we can show that

N
632 Jim o [ Ga€ndlim(n) = 5. € € [=m. Relo) > 0.

N—oo 27

and the identity

G(=¢), € € [-m, 7%, Re(n) > 0.

N =

(533) lim — / (=€ mdlIm()] =

N—oo 2T
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To see (532) observe that from Lemmas 5.2, 5.3 it follows that

N
lm L / {@a@,n)—%}dumm)}—o,56[—w,7r1d, Re(n) > 0.

N—oo 27 _N

Now (5.32)) follows from the fact that

The identity (E33) follows in a similar way. O

It is easy to see that (&) follows from Lemma 5.11. In fact, from (E23) the
function (&, n,w) is the Fourier-Laplace transform of v(z,¢,w) whence <1§(§, 7, )>
is the Fourier-Laplace transform of (u(z,t,)). Now (54) follows from (5.22). This
completes the proof of Theorem 1.2. O

6. PROOF OF THEOREM 1.3
We proceed as in §5. Let G(x,t), x € R%, t > 0, be the solution of the initial
value problem
oG

N + V*VG(z,t) =0, x € Rd, t>0,

G(x,0) = d(z), =€ R,

where 4 is now the Dirac ¢ function. The Fourier transform G(&,t) of G(,t) is
given by
G(&t) = exp[-[¢[*t], ¢€R7, £>0.

The Fourier-Laplace transform G(&,7) of G(x,t) is given by
G(&m) =1/In+|EP], € € RY, Re(n) > 0.

The function G(z,t) is, explicitly,

L S

(drtyaz P | Ty

The operator Th , ¢ on H(N) is defined as in (&) but replacing summation over
Z? by integration over R?. Thus

G(z,t) = }, reRI t>0.

Tane plw) = A/ dt e dx VV*G(x, At)e (1, 4 w), we Q.
0 R

It is clear that ||[Th ¢l < 1, € € RY, Re(n) > 0, whence we can define g(&,7)
by @23), @24), ¢ € R, Re(n) > 0. Following the argument of Lemma 5.2, it is
clear that ¢(&,7n) is a C*° function of (£, n), analytic in . We can also see that the
argument of Lemma 5.3 applies here. Hence the inequalities (5.8), (59) hold. In
analogy to (54) we define the function Ga(€,7) by

(6.1) Gal(&n) =1/[n+&a(&n)€], € €R, Re(n) > 0.

The results of Lemmas 3.5 and 3.6 apply to the function ¢(£,n) defined here. Now
one has

87774
WTZ e L(+d/D/m (Rd X (—oo,oo),/\/l).
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For M >0, z € R%, t > 0, we define Ga r(z,t) by

1 , N .
2) Ga — lim — iz I "G
(62) Gaslet) = Jim e [ g e [ dmile” Gateon),
where G’a(f,n) is given by (6I). Since Lemmas 5.4, 5.5 continue to hold in this
situation, the limit of (62) exists. Since Lemma 5.7 holds in this context also, we
have by integration by parts the analogue of (.13),
(6.3)
—1)m ‘ N OmGal€,
Gam(z,t) = (=1 lim dg 67”’"5/ d[Im(n)] {e" -1} 9" Gal&,m)
[7M7M]d

tm N —o0 _N anm
The analogue of Lemma 4.1 is now the following:

Lemma 6.1. Let Ga r(z,t) be defined by (6.2), where Ga(€,7) is given by (6.1).
Suppose d is odd, x € R%, t > 0. Then there is a positive constant Cy, depending
only on d, such that

Cd(/\//\)3d+4
(At)d/2
Further, there is a function Ga(z,t), * € R, t >0, such that

|Gan(z, )] <

(6.4) lim Gan(z,t) = Ga(z,t), € R > 0.

M —o00

The limit in (6.4) is uniform with respect to x € R

Proof. The argument is the same as Lemma 4.1. One notes that

Cd 6(A/)\)3d+4
Ga 9 t) — Ga ) t S 7—)
(ol ) = Carle, )| < TR s TRy 72
provided § > 0 is sufficiently small and Cy s is a constant depending only on d and
. The uniform convergence in ([6.4) follows. O

The analogue of Lemma 4.2 holds here by an identical argument. We consider
next the analogue of Lemma 4.3.

Lemma 6.2. The function Ga(x,t), * € R%, t > 0 defined by (64) is C* in ,
and there is a positive constant Cy, depending only on d, such that

Cd(/\//\)3d+6

|VGa($7t)| < W

Let § satisfy 1/2 < § < 1. Then there is a constant Cqs depending only on d,
such that
|x _ x/|25710d,5(A/>\)3d+6

(65) |VGa(J), t) - VGa(J?/, t)l < (At)d/2+5

Proof. We proceed as in Lemma 4.3. To prove (B.5) we use the inequality

efix{ _ efiz'-f < 2(175)|x _ x/|2571 |€|2571 ]
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The analogue of Lemma 5.8 is given by:

Lemma 6.3. Let v satisfy 0 < vy < 1. If Ga(z,t) is the function defined by (G.4)
there is a constant Cq .~ depending only on d,~ such that

[AJt = ]]7Cay (A/N)P046
Ga(@, ') — Galz, )] < (A0 !

provided [t —t'| < /2.
Proof. This is the same as the proof of Lemma 5.8. (|

Next we show that one can analytically continue the function ¢(&,7n), £ €
R?, Re(n) >0, in £&. The analogue of Lemma 5.9 is the following:

Lemma 6.4. The function q(&,7m), € € RY, Re(n) > 0, extends analytically to the
region e - £ € C satisfying

(6.6) Re(n) > 2A60%, 6 = Im(e; - €).

Proof. We follow the argument of Lemma 5.9. If (68) holds, then there is the
inequality

(6.7) n+AgTel > Al

Thus || Th,5.e]| < 1 in the region ([G8), whence ¢(&, n) is also analytic in this region.
We also have the inequality

(6.8) [+ A€l > [Im(n)| — 2A[3] 16,
where e; - £ = §+46. Adding (6.), (68) we conclude that
2|0 + AETEl > |Im(n)].
Combining this last inequality with () we obtain the analogue of (3.I8), namely

1
In+AETE| = 3| [Imn)| + AP,
provided (G6]) holds. O

Proof of Theorem 1.3. Note that Lemma 5.10 holds in the region (6.6). Hence one
also has

Re[n + &q(&,m)€] = A[¢)?,

in the region (G.6]). The factor 1/8 in the exponential bound in Theorem 1.3 comes
from the fact that

(7 -e1)?

8At

We are left then to establish (6.I). To do this we proceed as in Lemma 5.11,
replacing summation over x € Z¢ by integration over R?. Note that one needs to
establish that the distributional gradient Vu(z, t,w) of u(x,t,w) is indeed given by
the formula dv(z, t, 7, tw), where Ov(z,t,w) is defined by the analogue of (5:26). O

inf [206% + 0z - e1)] = -
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