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SURFACE SUPERCONDUCTIVITY IN 3 DIMENSIONS

XING-BIN PAN

ABSTRACT. We study the Ginzburg-Landau system for a superconductor oc-
cupying a 3-dimensional bounded domain, and improve the estimate of the
upper critical field Hg, obtained by K. Lu and X. Pan in J. Diff. Eqns., 168
(2000), 386-452. We also analyze the behavior of the order parameters. We
show that, under an applied magnetic field lying below and not far from Hc,,
order parameters concentrate in a vicinity of a sheath of the surface that is
tangential to the applied field, and exponentially decay both in the normal and
tangential directions away from the sheath in the L? sense. As the applied
field decreases further but keeps in between and away from Hg, and Hc,,
the superconducting sheath expands but does not cover the entire surface,
and superconductivity at the surface portion orthogonal to the applied field
is always very weak. This phenomenon is significantly different to the surface
superconductivity on a cylinder of infinite height studied by X. Pan in Comm.
Math. Phys., 228 (2002), 327-370, where under an axial applied field lying
in-between Hc, and Hc, the entire surface is in the superconducting state.

§1. INTRODUCTION

Surface nucleation of superconductivity in applied magnetic fields decreasing
from the upper critical field He, has been studied based on the Ginzburg-Landau
theory by many authors; see, for instance, [SAG]|, [dG], [SST] and [T] for early
references, and [C|, [BPT], [GP], [BS|, [DFS|, [LP1], [LP2], [LP3], [LP4], [HMI],
[HM2] and [HP| for recent mathematical research. It is the estimate of He, and
the location of nucleation that we are most interested in.

In [LPI], [LP2], [LP3] and [HP] we studied the surface nucleation phenomena
for a cylindrical superconductor of infinite height placed in an axial applied mag-
netic field H. Then the Ginzburg-Landau system is reduced to a two-dimensional
problem on the cross section D of the cylinder, and hence this case is called a
2-dimensional superconductivity. It has been proved in [HP] that, for large &,
(1.1) He, (k) = ﬂi + C;—}QKmax +0(k™13),

o By
where k is the Ginzburg-Landau parameter given by the ratio of the penetration
depth and the coherence length of the superconductor, Gy is the lowest eigenvalue
of the Schrédinger operator with the unit magnetic field on the half plane, C; is
a universal constant (see Section 2 for the definition of Gy and Ci), and Kmax is
the maximum value of the curvature of the boundary curve 9D of the cross section
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D. Moreover, when the applied field is spatially homogeneous and decreases from
He,, a superconducting sheath nucleates on a subset of the lateral surface where
the curvature of 9D is maximal. In [P1] we further showed that, if the applied field
lies in-between and keeps away from He, and He,, the sample is in the surface
superconducting state, namely, superconductivity persists uniformly at a thin sheath
surrounding the entire lateral surface of the sample, while the interior of the sample
remains close to the normal state. For relative works see, for instance, [C], [BPT],
[GP], [BS), [EN1], [S9), [A1].

Our understanding of surface nucleation on a 3-dimensional bounded supercon-
ductor is far from being complete. Before stating our main questions and results,
we recall that, according to the Ginzburg-Landau theory, superconductivity is de-
scribed by a complex-valued function ¢ (order parameter) and a real vector field A
(magnetic potential), and (¢, .4) is a minimizer of the Ginzburg-Landau functional.
Let us consider a homogeneous applied field H = och where h is a constant unit
vector and o is a parameter, and set A = 0 A. With proper scaling, we may rewrite
the Ginzburg-Landau functional as follows ([GI, [dG], [CHQO], [DGP]):

2
10 A) = [ (Varadl? = W[l + 510l Ydo 4 6%% [ el A~ bPds,
Q R3

where Vioa® = VY — ikocAvy, i = /—1. Then we write the Ginzburg-Landau
system for (3, A) (the Euler equation of the functional &) as follows:

~Vieat = & (1= [¥[*)y in Q,
curl’A = —%(&W — V) — [Y2A in Q,
o

(1.2) curl?’A =0 in R?\ Q,

(Vioa®) - v=0, [vxA]=0, [vxcuwlA]=0 on 99,

curlA — h as |z| — oo,
where V49 = (V —iA)?Y) = Ay — i(2A - Vi + pdiv A) — |A|*¢, v is the unit
outer normal vector at the boundary of Q, and [ - | denotes the jump in the

enclosed quantity across 0. Note that in the above system the unit of length is
the penetration depth. A (global) minimizer of the Ginzburg-Landau functional
is called a minimal solution of (1.2). Throughout this paper we assume that € is
a bounded, smooth (say, C*) and simply-connected domain in R3. Let Fy, be a
smooth vector field on R? such that

(1.3) curl Fy, =h and divF, =0 inR3.

For a given h, Fy, is unique up to a harmonic gradient field (gradient of a harmonic
function)E (0, Fy) is a trivial solution of (1.2) and corresponds to the normal state.
A mathematical definition of the upper critical field He, has been given in [LP3],
[LP4]:
Hey(h,k) =inf{oc > 0: (0,Fy) is a minimizer of £}.

The nucleation of superconductivity can be described by the fact that, as an applied
field decreases from He,, (1.2) has a nontrivial minimal solution (¢, A) with |¢]
being small; see [LP3], [LP4].

Hence the eigenvalues of the operators involving Fy, discussed in this paper are independent
of the choice of Fy,.
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In [LP4] we proved that, for a 3-dimensional bounded, smooth and simply-
connected domain,

(1.4) L oRY3 < Hey(hy k) = — + o(k),

o Bo
and showed that, as the applied field decreases from Hc, (h, k), a superconducting
sheath nucleates at the tangential set (0Q2)n, which is a subset of the surface that
is tangential to the applied fieldB:

(OMNn ={z € dN: h-v(x) =0}

Note that if the applied field is very close to Hc,, the nucleation set, to which
superconductivity is confined, is a proper subset of (0Q)n. As the applied field
decreases further, the order parameters will grow up and the superconducting layer
will expand; see [SST], p. 87. Thus we want to ask

Question 1. Find the geometric characterization of the nucleation set, and find
the profile of the superconducting layer when the applied field is below and close to
He,.

Question 2. Find the concentration behavior of order parameters when the applied
field lies in-between and keeps away from He, and He,.

In this paper we are able to give an answer to Question 2, and give some prepa-
ration for solving Question 1. In order to answer Question 1, we have to improve
the estimate (1.4) by catching the next higher order term in the expansion, which
will enable us to locate the nucleation set more precisely. For this purpose we need
the following notation. For € 09, let x1(x) and k2(x) be the principal curvatures
of 9 at x, and let 0, = O (z) be the angle between h and the principal direction
corresponding to x1(x). We define a function P(x) on 9Q by

P(z) = [k2 cos® Oy + k2 sin? Oy — ap(k1 — K2)? cos? Oy, sin? O] /3,

where the constant o will be given in (2.4) in Section 2, and 0 < ag < 1. Let
Pmin = min P(J?),

(1.5) xe(aﬂ)h
P = {J) € (8Q)h : P(J?) = Pmin}-

Let Ao be the lowest eigenvalue of (2.14) in Section 2, and let

(1.6) Cy = Mo(1 — ag)'/?.

We have:

Theorem 1. Let Q be a bounded, smooth and simply-connected domain in R and
h a unit vector. We have, for large k:

LA %Pmin kY3 4 O(kY°) < Hey(h k) < S Mg/,
Bo B Bo

where M is a constant independent of h and k.

(1.7)

2The situation will be different for samples with nonsmooth surface; see [JRS], [J] and [P2]

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3902 XING-BIN PAN

In the proof of Theorem 1, the eigenvalue estimate and classification of the
eigenfunctions of the Schrédinger operator with a nondegenerately vanishing mag-
netic field established by Montgomery [M], Helffer [H] and Pan-Kwek [PK] play an
important role.

The right side estimate in (1.7) should be improved. In fact, we have the following

Conjecture. Let Q) be a bounded, smooth and simply-connected domain in R® and
h a unit vector. Then
(1.8) He,(h _5_ Gy s 2/9

. cs(h, k) 573 Prin 6777+ O(K*7).

Bo B

The estimate (1.8) will enable us to answer Question 1 by proving that, as the
applied field decreases from H¢,, superconductivity nucleates first at the subset
P of 99, where the applied field is tangential to 92, and the function P(z) is
minimalE

With only (1.7) in hand, however, we are still able to investigate the behavior of
the order parameters for a superconductor in an applied field which is below Hc,
by a gap of scale x!/2, and give a satisfactory answer to Question 2; see Theorem 2.
We use the following notation: Given a unit vector h and x € 99, let ¢n(z) denote
the angle between h and the outer normal vector v(z), 0 < pn(x) < 7. Note that
¢n(z) = /2 on (0Q)n. We can extend pn(z) to a continuous function on €2; see
Remark 2.4 in Section 2. Given ¢ > 0, let

Q) = {x € Q: dist(z,00Q) < §}.

Using Theorem 1 and adapting the methods from [HP] involving Agmon’s idea [A]
and the techniques developed by Helffer [HI, we can prove the following.

Theorem 2. Let Q) be a bounded, smooth and simply-connected domain in R and
h a unit vector. Under the applied field H = oh, the order parameters 1 have the
following concentration behavior for large k:

(1) If 0 = He, (h, k) — a1k? where a; > 0, there exist positive constants 1, 11
and My, such that for large K,

(19) [l < Mesp(ne®) [ s,
O\S. (h) Q(s—1)

where S, (h) is a thin layer surrounding (0Q)n and is defined by
Si(h) = {x e Q™Y - |g0h(x) — g‘ < 77,%73/16}.

(2) If o = k/b, where By < b < 1, there exist positive constants 9(b), n(k), Y2
and My, all depending on b, where 0 < 9(b) < /2 and n(k) — 0 as kK — o0, such
that for large k,

(1.10) [ Wl e [ s
O\Sp, . (h) Q(r~1)

where

Sin(b) = {2 € QUY)  VB) (k) < pnlw) <7 - V(b) + (k) }.

3Note that, if Pyi, = 0, (1.8) is still not good enough, and we should carry out further analysis
to catch a non-zero next higher order term in the expansion of Hc,, and we expect a formula
similar to (1.1) holds, with kmax replaced by the principal curvature corresponding to the direction
orthogonal to h.
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Remark 1.1. From (1.9) we see that, if the applied field H = ch is not far from H¢,
in the sense that 0 = He, (h, k) —aq k'/? with a; > 0, superconductivity is confined
to a vicinity of (9Q)n, and in the L? sense the order parameters exponentially decay
away from (09)n both in the direction normal to the surface and in the directions
tangential to the surface.

Remark 1.2. From (1.10), if the applied field lies in-between and keeps away from
He, and He, in the sense that

(1.11) o= %
then superconductivity is confined to the vicinity of a portion of the surface where
the angle between the applied field and either the normal vector v or —v is smaller
than 9(b). Note that if x is fixed and b increases to 1, then Sp . (h) expands and
gradually covers the entire surface, which means that when the applied field de-
creases to He,, the whole surface will turn into the superconducting state; however,
before the applied field reaches H,, there always exists a subset of the surface with
positive area which remains close to the normal state. In particular, the subset of
the surface that is orthogonal to the applied field is always close to the normal state.
This phenomenon illustrates a significant difference between 2-dimensional super-
conductivity (on a cylinder of infinite height) and 3-dimensional superconductivity
(on a 3-dimensional bounded domain). As was proved in [P1] and mentioned above
that, for a 2-dimensional superconductor, as the applied field decreases from Hc,,
a superconducting sheath forms quickly over the entire boundary, and the sample
turns into the surface superconducting state much earlier than the interior nucle-
ation occurs. However, for a 3-dimensional superconductor, superconducting sheath
will not cover the entire surface when the applied field is between H¢, and Hc,.
Thus the uniform surface superconducting state will not occur on a 3-dimensional
bounded superconductor. Our Theorem 2 is a mathematical verification for the
observations of Saint-James and Sarma [SST] mentioned above.

bis fixed, (g <b<1, &«islarge,

In order to estimate the value of Hc, and prove Theorem 1, we must study the
eigenvalue problem for the Schrodinger operator —V?,th in Q:

(1.12) —Vg,thcﬁ =pep in Q, (Ve—2p,¢)-v=0 on 09,

where € > 0 is a small real number. In has been proved in [LP4] (Appendix) that,
for a 3-dimensional bounded, smooth and simply-connected domain,

1
=2

(1.13) é(ﬁo +0(1)) < p(e *Fp) < 6 (Bo + Ce*/?).

In this paper we are able to improve the estimate (1.13) and prove a satisfactory
upper bound

1 .
(1.14) u(e2Fy) < =1+ Co Pine?’® + 0(e%/9)}

for all small ¢ > 0, where Cy is the number given in (1.6). We expect that the
equality in (1.14) holds up to an error O(7/?), namely

1
(1.15) pu(e*Fy) = g{ﬁo + Oy Paine™® + O(£7/7)}.
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Remark 1.3. In this paper we consider the homogeneous boundary condition for
order parameters ¢. As in [LP1], [LP2], [LP3| and [LP4], we can also consider a
boundary condition

vmwa'V—*'wa:O

with 4 > 0, which was posed by de Gennes [dG] for superconductors adjacent to
other material. It will produce more technical complexity.

This paper is organized as follows. In Section 2 we discuss several auxiliary linear
differential equations, leaving some computations in Appendix A. An analysis on
the local coordinates at boundary is given in Section 3 and some computational
details are given in Appendix B. This analysis is needed in Section 4, where we
prove (1.14) and obtain a lower bound estimate for Hc,. The proof of (1.14)
consists of careful analysis of functions and vector fields near a boundary point,
carefully choosing test functions, and controlling error terms. In order to show
clearly the intuition of choosing the test functions, we present a formal analysis in
Appendix C. In Section 5 we establish the upper bound estimate for He, based
on a series of elliptic estimates. In Section 6 we discuss the location of nucleation
of superconductivity as well as the behavior of order parameters for applied fields
lying in-between and keeping away from H¢c, and Hc,.

We proved the upper bound estimate (1.14) and conjectured the formula (1.15)
independently and simultaneously with B. Helffer and A. Morame. Just after we
submitted the first version of this paper in October 2001, we received from Professor
Helffer his preprint with A. Morame: “Magnetic bottles for the Neumann problem:
Curvature effects in the case of dimension 3”, where they proved an asymptotic
estimate for p(¢~2Fy) under some geometric assumptions on the domain Q. In
March 2002 we received from Professor Helffer the preprint: “Magnetic bottles
for the Neumann problem: Curvature effects in the case of dimension 3 (general
case)’, which is an improved version of the first one, and in which they proved
the asymptotic estimate for (¢ ~2Fy,) under a very slight condition on the domain,
and they also proved that their formula is equivalent to (1.15) up to the error term
O(2/3%9) for some § > 0. In February 2003 we received from Professor Y. Almog his
preprint: “Non-linear surface superconductivity in three dimensions in the large K
limit” , where he considered superconductivity on a 3-dimensional bounded domain
under an applied field H = ch with o —k > k'/2, and proved that order parameters
exponentially decay in the normal direction away from surface.

§2. AUXILIARY EQUATIONS

In this section we study several auxiliary linear differential equations and collect
some facts which will be used in this paper. For fixed z, let 5(z) denote the lowest
eigenvalue of the following eigenvalue problem

(2.1) { —u” + (z+t)’u=B(z)u fort >0,
W(0)=0,  u(+o0)=0.

The following results were proved by Dauge-Helffer in [DH]|; also see [LP1], and
ILP3] (Section 2 and Appendix).

Lemma 2.1. (1) There is a unique zg, zo < 0, such that 3(zo) = inf,er B(2) = Bo.
Moreover, By = |20
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(2) Let u(t) be a positive eigenfunction of (2.1) for z = zy associated with the
lowest eigenvalue By. u(t) is strictly decreasing in t and exponentially decays as
t — +o0, and

(2.2) /Om(zo + ) (t)dt = 0, /Om(t + 20)2u(t)dt = % /Oﬂo w2 (t)dt.

It has been proved in [LP3| that 0.5 < By < 0.76. The number C; appearing in

(1.1) for 2-dimensional superconductors is defined by an eigenfunction u of (2.1):
2
0
o O
3||u||L2(R+)

It was shown in [LP3] that

O = 1 {UQ(O) _ /0+°°(t n ZO)?’uz(t)dt}.

||u||2L2(R+) 2

Lemma 2.2. Given a solution u of (2.1), the solutions of the equation

{ —uf + (t+ 20)*u1 — Bour = —(t + z0)u  fort >0,

(23) u1(0) =0, u1(00) =0

are given by uy = “7/ + cu, where ¢ is an arbitrary constant. For any solution uy of
(2.3), let

4 oo
(2.4) ap = —27/ (t + zo0)uuydt.
TelZam ) o
ag s independent of the choice of ui, and 0 < ap < 1.
Proof. u"(0) = 0 since By = 23. Hence 1u/(t) satisfies (2.3). Obviously, the solu-
tions up of (2.3) are given by u'/2 + cu. Integrating by parts we find that

4 e 2(0
040:_27/ (t+zo)uu1dt=1+$()=1—3C1|Zo|<1-
lullZ2 e,y Jo lellZ2 g,

On the other hand, multiplying (2.3) by u; and integrating, and using the simplicity
of the eigenvalue [y, we find that

+o0o +oo
—/ (t + z0)uuydt = / {Ju)|? + (t + 20)*u? — Bout}dt > 0,
0 0
so aqg > 0. O

In the following we shall always choose the positive eigenfunction u of (2.1) such

that [Jul|z2r,) = 1. Let uy = “7’ + 3%y, Then uy is a solution of (2.3) and satisfies

f0+oo uuirdt = 0. ap always denotes the number given in (2.4). u and u; will be
used to construct test functions in Sections 3 and 4.

Next, given a unit vector h, let Fy, be the vector field satisfying (1.3), and
let An be the lowest eigenvalue of the following problem in the half space Ri =
{(z1,22,23) : 3> 0}:

Vi ¥ =M iR}, Vg -v=0 ondRi.

Let J(OR3,h) be the angle between h and the unit outer normal of OR. 0 <
19(8[&3_, h) <.
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Lemma 2.3. There exists a continuous function A(9) on [0,7] such that An =
A(W(ORZ, h)) for all unit vectors h.
(1) X(¥) is strictly decreasing for 0 < 9 < w/2, A\(0) = 1, XM(§) = Bo, and

A(W) = A(w — 9).
(2) For 0 <9 < m/2, it holds that
(2.5) Bosin? ¥ + cos? ¥ < A(¥) < By sind + cos V.

(3) For small e > 0,
9= 2] < (1= o) V22 L OE) if AD) < fo+<.
|q9—g|25+0(52) if \(9) = fo +e.

Proof. The conclusions of Lemma 2.3, except (2) and (3), were established in [LP4]
(Theorem 4.2). It was also proved there that, if 0 < ¥ < 7/2, then A(J) = b(9),
where

fmﬂvqﬁlz + (21 cos ¥ — a9 sin 9)?|¢|? }dx
b(v) = inf .
7 et o,

The right side inequality of (2.5) was proved in [LP4] (Lemma 3.8) by making a
change of variables. To prove the left side inequality, we make a change of variables
y1 = o1 cosV, Y2 = x2sind, w(y) = ¢(x), and fin

R e

b(v) = inf )
(9) wEVVl{va(]Rﬁ_){COS

2
Tl e,

L fRi[layzwl2 + (y2 — y1)*w|?]dy
-+ sin }
Tl
e d it Jaz (10w + (y1 = y2)? [w]*|dy
> cos in:
w€W1’2(R3—) ||wH%2(R2+)

L2y fRi[layzwIQ+(y2—y1)2lwl2]dy

=+ sin mn

weWL2(RY) Hwniz(Ri)

= cos? ¥ + [y sin? 9.

Therefore, b(1)) > cos® 9 4 fosin?¥. If the equality holds for some 0 < ¥ < 7/2,
then b(¥9) is achieved by a function ¢(z) € WH?(R3)) (see [LP4], Theorem 3.1). Let

- Y1 Y2
wly) = (b(cosﬁ’ sinﬁ)'

Then w(y) must satisfy

[, 1000 + (2 = ) Pll)d = ol

+

This contradicts conclusion (1) of Lemma 2.1.
To prove (3), we assume 0 < ¥ < 7/2. If A(¥) < By + ¢, from (2.5) we have

Bosin? ¥ + cos® 9 < A(W) < By + ¢,

4Such techniques were used several times in [LP4] and [P2] in the estimates of various eigenvalue
problems.
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so cost < 4/e/(1 — Bp), and hence

T_ / /
5 V< 1_BOJFO(“).
)

If A(¥) > Bo + ¢, using (2.5
Bosin®d + cos? > A(J) > By + &,

and hence f () = Bo(sind — 1) + cos} > e. The function f(9) is strictly decreasing
for ¥ € (arctan(By),n/2). So ¥ < f~1(e) =¥.. Let t. = /2 — J.. Then

e = f(¥e) :f(g —t.) = Po(coste — 1) +sint, =t. — %ﬁ—i—O(t?).

Thus t. = O(e) and @t2 —t.+e+0(3) =0. So

again we have

1—\/1—2606+O(53)]—6+0( ),

and
— > - — — — 2.
5 9 5 Ve = t, e+0(5)
U

We would like to mention that the inequality A(9) > cos® 4 + By sin? ¥ for 0 <
¥ < m/2 has been proved in [HM2]. Our argument yields the strict inequality.

Remark 2.4. Let on(z) be the angle between h and the outer normal vector v(z)
on 09, as defined in Section 1. ¢n(x) is well defined on 9 and is continuously
differentiable in the set {z € 92 : 0 < pn(z) < 7}. Let A(¢) be the function given
in Lemma 2.3. Then A(¢n(z)) is a continuous function, and

(2.6) Men(z)) =60 on (0Q)n, Bo < A(pn(x)) <1 on 9N\ (0Q)n.

In Sections 5 and 6 we shall extend the function ¢n(z) onto Q. The extension can
be done as follows. There exists a number dp > 0 such that, for any z € Q(dy) we
can find a unique point P(z) € 9 such that |P(r) — x| = dist(x, 012). Then we
define
vn(z) = pn(P(x)) for « € Q(do).

We can further extend it over Q to get a continuous function on ), such that
0 < pn(x) <7, and gn(z) is continuously differentiable in the set {x € Q(dp) : 0 <
¢n(z) < 7). Now A(pn(z)) is also well defined and continuous on , and By <
Alpn(2)) < 1.

In Section 3 we need bounded solutions of an Euler equation associated with the
variational problem for the functional p:

plo] = /R {11190 + 105V 30 + 210R((0,, 0 + 10} y30)(0,6 + i} 47 0)]

+ c22|0,0 — ial Py Ld }

Here a(2 ), ag ) are real numbers, c11 > 0, ca2 > 0, and c11¢92 — 0%2 > 0. Define

plg]

2.7 = in —_—
@7) = i) Tol o

)
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where
W(R?) = {¢ € L*(R*) N W, (R®) : p[¢] < oo}

loc

We can show that the infimum g, is not achieved in W(R?), however, the associated
Euler equation

11Dy, + a5 y3)20 + c12{ (9, + iay >y§><ay2 - m?)y%)w
+ (Dy, — ia\Dy2) (0, + 10 Y30} + c22(Dy, — 1a$DY2) P + pptp = 0

in R? has a nontrivial bounded solution v(y). This equation can be written as

follows:
(2.8) €110y, 5, + 2¢120y, 5,V + €220y, y, Y — 21 10y, — 2i f20y, ) — fotp + ppyp = 0,
where
fo = en(a$”)?ys — 2c12a5Yafydu3 + ean(al”) 2yt
(2.9) +2icrz(aPyr — M),

fr = croaPy} — enafy3,
f2= C22a§ )y1 - Cl2ag )yz-
In order to simplify equation (2.8), we introduce new variables £ = (£1,&2) by

v/ C11

=" (6161 + €282),
2.10 \/C
(2.10) Y2 = 222 (e1&1 — €282),
where
92 1/2 9 1/2
:(2+ C12 ) 7 522(2— C12 ) .
VCiic22 Veiicaz
Then we can write the equation for v (£) in the following form:
(2.11) —V(QQ’Lpl = Mglpl in RQ,
where
€[?
Q) = —7(71,72) + Vn(§).

Here n(€) is a homogeneous polynomial of &1, & of degree 3, and

cr1c22 — (c12)? ( (1) (2))
) b N S VR Y/ _ ./
Y1 c1+/C11Ca2 C2209 C110q s

c11c22 — (c12)? ( (1) (2))
=2———=— |/ + \/ .
Y2 cov/C11Ca2 C2209 C110q

For the details see Appendix A.
Let us introduce p and 9 by

(2.12)

)2 4 =pcosd, 42 = psind,

p=(5+
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and introduce new variables = (x1,z2) by

1
&1 = —= (21 cos — xgsin ),
pl/3
1
(2.13) & = m(acl sin ¥ + x2 cos V),
p

o(x) = 1(8) exp(éx? - in(é))

Let
Ao = pipp~ %3,
Then we can write the equation for ¢(z) as follows:
1
(2.14) —Ap — i2305, 0 + chgga =Xy in R%

Equation (2.14) has been studied by Montgomery [M], Helffer [H] and Pan-Kwek
[PK]. Montgomery [M] proved that the lowest eigenvalue A\ of (2.14) is given by
Ao = infrer A(7), where A(7) is the lowest eigenvalue of the following ordinary
differential equation

1
(2.15) —v" + 1(152 +27)20 = A(1)v, —o00 <t < oo.
Pan-Kwek [PK] further showed that the function A(7) has a unique minimum point
70, To < 0,
(2.16) MT0) = Ao = inf A(7),

and the eigenfunctions of (2.14) corresponding to Ay are given by

iToIl

p(x) = ce™ M (22),

where v(t) is the eigenfunction of (2.15) with 7 = 7. Hence, the lowest eigenvalue
of (2.8) is pp, = Xop?/?, and the bounded eigenfunctions do not lie in W(RR?). Thus
we have obtained the following conclusion.

Proposition 2.5. The lowest eigenvalue of (2.8) is

(2.17) o = o (i +3)"?,

where 1, Y2 are gwen in (2.12), and X is the lowest eigenvalue of (2.14). pyp
is not achieved in W(R?). After the transformations of coordinates (2.10) and
(2.13), the bounded solutions of (2.8) associated with the lowest eigenvalue p, are

(y) = cp(y), where

(218) Uo(y) = (s exp (i — gt +in(©)):

here 1 is given in (2.16), v is the eigenfunction of (2.15) with T = 19, and n(§) is
a homogeneous polynomial of degree 3.

Remark 2.6. Let 1¢,(y) be the function given in (2.18). For any R;, Ry > 0, we
have

/ yilbp(y)Pdy =0,  j=1,2.
{ly1|<Ru1,|y2|<R2}
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§3. LOCAL COORDINATES NEAR BOUNDARY

In this section we give some analysis in the local coordinates determined by
a diffeomorphism that straightens a piece of surface. This analysis is needed in
Section 4 to obtain estimates of the eigenvalues. Let us fix a point Xy € 912, and
introduce new variables yi, y2 such that 9Q be represented (at least near Xg) by
r =r(y1,y2), and r(0,0) = Xy. Here and henceforth we let

y=(y1,92)
and use the notation r;(y) = Jy,r(y), rij = Oy,y,r(y), etc. Let
_ n(y) xna(y)
[r1(y) x ra(y)|
We choose (y1,y2) in such a way that n(y) is the inward normal of 9€2; and that
the y1- and yo-curves on 9N are the lines of curvatures; thus, ri(y) and ra(y) are
orthogonal to each other everywhere on 0f). Let
9ii(y) =ri(y) -r;(y),  9(y) = det(gi;(y)) = 911(¥)g22(y)-
Let €;;(y) denote the coefficients of the second fundamental form of 9€2. According
to the choice of y; and ys, we have
Q1 = gi1k1, 2 =0, Qoo = gaoka;
here k1 and kg are the principal curvatures of 9. Let d; denote 0, for j = 1,2,
and 03 denote 0,. For scalar functions f, let f; denote the partial derivative in y;.
Let us define a map F by
X =F(y,z) =r(y1,y2) + 2n(y1, y2).
F is a diffeomorphism in a small neighborhood of O. As in [LP4] (Appendix) we
calculate 0;F and G;j(y,z) = 0;F - 0;F:
WF =[1=rm)zlri(y),  OF =[1—-ra(y)zra(y), 9.7 =n(y);
( gL — ki (y)2]?,
Gaa(y, 2) = gaa(y)[1 — ka(y)z]?
G33 (y7 Z) = 17
Gi12(y, 2) = G13(y, 2) = Gas(y, 2) = 0,
G(yv Z) = det(G’L] (ya Z)) = Gll(ya Z)G22(y7 Z)
Let G%(y, z) denote the elements of the inverse of the matrix (G;;(y,z)). Then
1 1

=, GQQZ—, G33:1,

G G2z

Given a function ¢ and a vector field A, in the set £(J) (see Section 1 for the
definition) we can write them in the new variables (y, z) as follows:

)

Gll G12 — GlS — G23 =0.

D(y, z) = P(F(y, 2)),
3
(3.1) A(y,z) = A(F(y,2) = ZG” (y, 2)a;j (y, 2)0; F (y, 2),

where a;(y,2) = A(F(y,2)) - 0;F(y, 2).
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Later we need the Taylor expansions near X of various functions and vector
fields. Let

(3.2) e = I‘1(0, 0), €y = I‘Q(O, 0), e3 = II(O, 0)

Note that e; and e may not be unit vectors. In the following computations, g, g ;,
gjj» Kj, §155, etc. denote the values of these quantities at Xo. The indices i, j, k, ,
m, etc. run from 1 to 2. We also take the summation convention, that is, when the
summation is taken over repeated indices, the summation symbol is omitted. We
have

ri(y) = (1 +T1y5)e1 +T5y5€2 + Quyies + O(Jy[*),
(3.3) ra(y) = Tjy5e1 + (14 T5;y;)e2 + Qaoyses + O(|y[?),
n(y) = ez — g” Qy5y5e; + O(|yl?),

and

911(y) = g11 + 911,595 + O(|y]?),

g22(y) = g22 + 922,jyj +O(ly?),

Vo) = VL + 5 (4 4 22y ] 4 o),
(3.4)

22
92“) yi] + Oy,
g22

gll(y) 911 1+ 9113
922(9) V 922 911
g22 y) 922 9223 gi11,j5

\/ — +0
911(y) 922 g11 ) } (|y| )

where I‘fj denote the value of the Christoffel symbols at X, and |y| = \/y? + y3.
Let Oy denote O(|y|* + |2|*). We have

Gy, z) = g1 + g11,;y; — 2112 + Oo,

G22(y, 2) = ga2 + 922,55 — 20227 + Os,

G(y,2) =g+ 95Y; — 29(k1 + k2)z + Oa,

VG, 2) = gl + % — (k1 + #2)2] + O,

(y ) _ 1(922,]’ o gll,j)
G11(y, 2) gi1 2" go2 gi1

Guly, 2) g11 1,911, 9225
Gty =\ o L5 (520 =7 =)y + (k2 = ka)z] + O2.
GQQ(yvz) 922[ 2( g11 G2 )yj ( 2 1) ] P

Now we fix a unit vector h. Let

y; + (k1 — Kk2)z] + Oa,

(36) hlzh-el, h2:h~62, hgzh'e;g.
We have

h2 h2
(3.7) L+ 2 1 Ri=1

g11 g22

Note that if X € (0Q)n, then hg = 0.
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Lemma 3.1. Assume Xy € (0Q)n. Given any constant &, we can define a vector

field Fy, in a neighborhood of Xo such that curl F, = h, and in the coordinates
(y, z) introduced above with r(0,0) = Xo, Fn has the expression

ij (ya Z)d](ya Z)ajf(y7 Z)7

M-

(3.8) Fu(y,z) =

Jj=1
where

a1 (y, 2) = hay [ 22 (2 + &) — a2 + Yy (2 + &)

922

+a)ya(z + &o) + aly 22 + Os,

3.9 R
(39) az(y,z) = —h gji (z+§0)+a(1 )yf—i—a(m)yl(z—kgo)
+ aég)yQ(Z + &) + a( )22 + Os,
d&(ya Z) = 07
where
h
aél) _ __2\/51,{;27
all) = ——(h1g11,2 + h2g11,1),
13 2\/—
1
1
aég) = 2\/—( h1g22,1 + hogi1,2),
(1) ha  [g11
G33 = =57/ KL
(3.10) 2V g2

h
af¥) =~ Vg,
(2 _ @O

Q13 = Qo3

a§2) = ——(h1922 2+ h2g22.1),
3 2\/—
NONSUSY N
33 2 gi1

The conclusion is obtained by direct computations. The details are given in
Appendix B.

Under the conditions of Lemma 3.1, the eigenvalue equation for the operator
—V?,th can be written as follows:

e G” 5400 = 20220, 20010 = &gy, 2) P} + B
Jj=1
(3.11) ’ [ ai(y,2)
+ 6 9 ,ll)_ 3 5
]zz:l J y J ie ;{m a’j(y )

+ By, 2)a(y, 2) Jo + p =0,
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where
 [Gaa(y, 2)  Guly, 2) _
al(yv'z) - Gll(y,2)7 a2(y7'z) - G22(y7z)7 ag(y,z) - G(y,z),
B(yv’z)zwa ]:1a273
G(y, 2)

The boundary condition is

0,¢%(y,0) =0 if z=0.

For later use we choose the constant £, in Lemma 3.1 to be £z, where zj is the
number given in Lemma 2.1. Consider the following rescaling for small € > 0:

By, z) = P(*/7y, e2),

Gjjely,2) = Gy, e2),

Ge(y,2) = G(e*Py,e2),

bi(y,2) =e ta (e 23y ez),

je(y, 2) = aj (e %y, e2),

Bie(y,z) = ﬁj(e 3y,e2), j=1,23.
From (3.9) we find that, when X € (0Q)n,

bi(y; z) = he g;; (2 + 20) — s /3y

£2/3 (1) (1)

a5 y1 + a8'ya] (= + 20) + alye2?
O(e)lyl* + 0(e"?),
3.12
B b= gjj (20 P
+ 230Dy + a@ya] (2 + 20) + aDe?
Oyl + 0(e¥?),
b3(ya Z) = 0
Equation (3.11) is changed to
2

Jj=1

(3.13) +s{63683¢ zZ[a” 8253 + Bj,eb }aﬁ}

&”% & — 2ie'3b;(y, 2)0;6 — |bj(y, 2)* ¢} + D330
ij,e y)

+ /3 Zﬂj,eﬁjd) +&2u¢ = 0.

j=1
Note that
(3.14) 03bi(y,2) = O(E"?),  j=12.

These computational results will be used in Section 4.
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§4. UPPER BOUND OF p(¢~2Fp) AND LOWER BOUND OF Hc, (h,k)

Let the vector field Fy, satisfy (1.3). In this section we give an upper bound
estimate for the lowest eigenvalue pu(e~2F}), which is optimal up to the second
term.

Theorem 4.1. Assume that Q is a bounded 3-dimensional domain of class C*.
We have

1 .
(4.1) p(E?Fn) < 5 {Bo + ¥ CoPuin + O("%)},
where Puyin 18 given in (1.5) and Cs is given in (1.6).

Proof. Let us recall the definition of (0Q)n, the function P(z) and P given in
Section 1. In the proof we write

(42) Hp = CQPmin = )\0(1 - Oéo)l/gpmin.

We fix a point Xy € P, and in a neighborhood of Xy we use the coordinates
(y, z) introduced in Section 3. To save notation, we will not distinguish a function
in the original coordinates or in new coordinates. As in Section 3, we choose
Fn = E;Zl G9a;0;F; here a;’s are given in (3.9). For a function (x) with
compact support, we have

3
[ Veem s = [ 57 VGG . 910y, 6~ i a0 Pdydz,
Q R3

1 =1
e = [ V@G
+

Here dy = dy1dyz. Let us define Gj; ., G- and b;(y, z) as in Section 3 (see (3.12)),
and choose a test function in the form

b(@) = (. 0).

™ | N

We compute

Jo Veep,¥Pde _ _, I[¢]

72F < _ ,
weEn) < T Ukd T )
where
Gaze | 13 o2 Giie | 13 2
1) = 2222\ 1139, ¢ —ib ZILE |30, ¢ — ib
0= [ |Gl 00— indf + G| 00— i
+VGe|o-0]” faydz,

iyl = [ | VEijoldyd

Let us choose
¢(ya Z) = ¢0(y7 Z) + 61/3¢1 (yv Z),
where  ¢o(y,2) =w(y)u(z),  d1(y,2) = wi(y)ui(2),

where u is a positive eigenfunction of (2.1) with z = 29 and § = (o, and u; is a
solution of (2.3) for this u (see Section 2); w is to be determined later and w; is
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determined by w through the equality

2
(4.3) wi(y) = %[ihgalw — ih10ow — (a§2)h1y% + aél)hgyg)w],

where agl) and a§2) are given in (3.10). We also assume that u, u1, w and w; satisfy

lullL2r,) =1, uilleey) =1,

@y e =1 ol =1
/ w(z)uy(z)dz = 0, / yj|w(y)|2dy =0, j=1,2.
0 R2

Recall that v and wu; exponentially decay. So, in the following computations we
can drop various small terms. In the following, g;;, etc. denote the value of the
involved functions at Xo. Using (3.5) and equation (3.13), we find

Gao,c ) -
FE (€120, — ibig|* = B3 [T (2 + 20)2 |0 + 25" ha(z + 20)R(ido R)
11,e 922
2/3 922 2 22 /91 2 9 -
+e =\ Ri|* + ¢jhiy [ 7= (2 4+ 20)°y;|d0|° + 2ha(z + 20)R(ipo R2) ¢ + O(e),
gi11 g22

|G : -
S [130,,6 — iboo|” = B[22 (2 + 20)?160[? — 267 (= + 20)R(i60 1)
22 g11

+ 23 B2 = b [ 22 (2 4 20)y310]% — 2 (= + 20)R(i60Z2) | + O(e),
g22 g11
VG 0.0 = /9|03¢0|* + 263 /gR(0: ¢00-b1) + 273\ /g(d;y;10-d0|* + |0201 %)

+0(e),
where
¢ = 1ogn; guj
2" goo g11
dj:% %+%), i=12,
45) Ry = 810 + ias y3 ¢ — z‘hQ\/g—E(z + 20)1,

Ry =011 + iaél)y§¢1 - i(a%)m + a(213)y2) (2 + 20) o,
Zy = 0o — ial?yR by + iy %(z + 20)1,

11
Zy = a1 —iai” 31 — i(al3 y1 + %y y2) (2 + 20)do.

We compute

I1¢) = g{lo + 2¢"° I + L} + O(e),

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3916 XING-BIN PAN

where
h2
:/R { 000 + +9722)(Z—|—Z0)2|¢0|2}dydz,
:/Ri{a% 0. 400-41) + zj;;o%[w;o(hzm—hlzl)}}dydz,

1021 1” + djy;10=00]* + —|31|2 + —IZ 2

h: K3 5 2(z+ 20)
+o (22 - )y(z+ 22T
c](g22 911)yj(z 20)° 160l V3

Recall that h?/g11 + h3/g22 = 1, and

%[i(ﬁo(thQ — h1Z2)] }dydz

+oo +oo
/ {u/u + (2 + 20)%uuy }dz = 60/ uurdz =0,
0 0
T e 2,2 2 @0
| AP+ Gy = ol e, + 5
see Section 2. Using (4.4) and (4.5) we find Iy = By, Iy =0, and

—+oo
b= [ AR+ G0 [Py
0

1
+ ||u||2L2(R+)/ {—|8y1w+w( )y2w| + —‘8y2w —za( )y1w| }
R2 * 9g11

h2 h% e 2,2 2
Ol Bomy + 6 (2 = 70) [ v zoparas} [ gty
922 g11° Jo R2

+o0o
7 / (2 + 20)*u’dz /]R2 [ha(alyyn + aSyya) — ha (a3 yr + a$3)ya)] [w|?dy
0

4 +oo i
_/ (z+zo)uu1dz/ %{iwl [ha(Dy,w + iy y3w)
9Jo R2
(2
— h1(0y,w — ialytw)] bdy
o
= 50||U1||2L2(R+)||w1||2L2(1R2) + _||w1||2L2(R2)

+/ {g—‘aylw—i—m(l)wa‘ +—|8y2w—m(12)y1w‘ }
11

= /OJrOO(Z + zo)uuidz /11%2 %{iu’u [h2(Dy, w + iay" y3w)
— h1(Oy,w — zag )ylw)] }dy
= BollurllFaqe o 172qe) + /Rz{m\%w +ia 3w + 0y, w — iafytul
+ 2002 R[(Dy,w + 10§ i) (0,0 + 10l i) fdy

= 50||U1||2L2(R+)||w1||2L2(1R2) + plw],
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where p[w] is the functional defined in Section 2, and

1 h3
c1 = —(1—ap—2),
11 g22
Oé()hlhg
C12 =
g11922
h2
c2 = —(1—ap—1),
(4.6) 922 gi1
1 1) (2 2
fo = cnn(ay)?yh — 2c12a8”aP Y32 + caa(af?)?yd
+ 2i012(a(12)y1 - aél)yz),
fi = ci2al?y? — crnadVy2,

fo= 0226152)3/% - C12a§1)y§~

On the other hand, we have
1] = {1+ & |lunl[ 72 [wrl| 722y} + O(e).

Hence

I

T = T+ 30 = Dol e, e} + O6) = fo + /plu] + OC).

Now we look for a proper function w which satisfies all the requirements needed
in the above computations, and such that all the error terms of order O(g) in the
estimates can be controlled. By careful analysis on each term of order O(g), we see
that they can be controlled by the integral of the function £(|y|? + |2|?)|¢|?. From
Proposition 2.5 we know that (2.8) has a bounded solution ,(y) given in (2.18).
In the new coordinates 2/ = (24, z4) determined by the transformations (2.10) and
(2.13), we have

[¥p(y)| = cv(=1),

which depends only on 2 (here, in order to avoid confusion, we write the new
coordinates given by (2.13) by 2’ = (2}, z}), instead of z). Moreover, 9,(y) and its
partial derivatives exponentially decay as ) goes to infinity. However, 1,(y) does
not decay in x4 direction. Hence we choose w in the following form:

w(y) = cp(y)n(ay),

where n(z) € L?(R) and is an even function. Then, using Remark 2.6 we have

/2 yilwy)Pdy =0,  j=1,2.
R

Since u(z) and ui(z) exponentially decay in z, and |1,(y)| = cv(z}) exponentially
decays in 7/, we find that

Tk < B plul + b [ ooy -+ Mo

To determine the function 7, we consider the following variational problem:

F00 01 47 (4) 12 1/3,42 2
(4.7) S = gt A-e UZOF + M PEIGOF)dt
PEWLA(R) e
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By rescaling s = £'/?t, we see that §(g) = £'/%6y, where

SR + M ()P s
PEWL2(R) H‘PH%z(R) .

(4.8) 8o =

The minimizers ¢o(s) of the latter problem (4.8) exist. They are even functions
and exponentially decay in s. So the minimizers ¢g(t) of the former problem (4.7)
exist, they are even functions and exponentially decay in ¢, and

$o(t) = po(s) = po(e!/1?).

Now we choose a cut-off function 7,,(t) such that, 7, (¢) is an even function, 7, (t) = 1
it [t| < m, nn(t) = 0if [t| > 2n, and |n,,(t)| < 2/n. Then we choose a suitable integer
ne, and let

0(h) = e(e)n. () po (e 12a)),
w(y) = c(e)tp(y)n(zs),

where c(e) is chosen so that the requirement ||w||z2(r2) = 1 is satisfied. Using this
w, we defined the function w; by (4.3). Then we let

By, 2) = ey (y)n(zh)u(z) + e/ wi (y)us (2),
(4.10) y =z
Y(z) = ¢(m7 g)-

(4.9)

We have
plw] +M1€1/3/ ly|2|w|*dy
]R2
=lnp +0(2) + O@ENlIwlIZ2 g2y = [y + OO )]0l 2 g2)-
Hence
I [ [
u(e"*Fn) < % < Bo + €3, + O(e0)] < Bo + /3y, + O(7/6).

O

Theorem 4.2 (Lower bound estimate for He,). Assume that Q is a bounded 3-
dimensional domain of class C*. Then for any unit vector h and large k, we have

K
(4.11) Hey(h, k) = G
Proof. Note that, if u(ckFp) < x2, then the Ginzburg-Landau functional £ has a
nontrivial minimizer; see [LP3] (Lemma 2.1). Thus, the lower bound of H¢, can
be obtained by using the upper bound of the lowest eigenvalue p(okFy) given in
Theorem 4.1, and using the argument in [LP3]. d

§5. ELLIPTIC ESTIMATES

In this section we establish some estimates for the minimizers of the Ginzburg-
Landau functional £. Throughout this section we assume that €2 is a bounded and
simply-connected 3-dimensional domain of class C*. For convenience, we introduce

N
€= = .
Vor' T o
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Note that A. depends actually on both £ and 0. From (1.4), He, (h, k) = 4 +o(k).
We also believe that He,(x,h) ~ & for large value of k. Since we are considering
applied fields in the range between Hc, and Hc,, we assume in the following that

(5.1) imA. =\ f<A<L

The functional £ can be written as follows:

Ae Ae
N R N

Let W12(Q, C) be the Sobolev space of all complex-valued functions defined on €.
Let

1
|| da + o /J |curlA — h|?dz.
"

D'2(R%) = {A € L;,(R%) : |[VA| € L*(R?)},
D'?(R3,div) = {A € DV"3(R?) : divA =0 in R?}.
Given a unit vector h, let Fy, be the smooth vector field satisfying (1.3) and let
W(Q) ={(,A): ¢ € W-*(Q,C), A —Fp € D*(R?)}.
We consider the variational problem for £ on W(2), and define

Cle)= inf £, Al
= Al S A

It is easy to show that the minimizers exist. By the gauge invariance of £, we can
restrict the functional £ on a subspace

W(Q,div) = {(¢, A) e W(Q) : div A =0 in R?}.

Then, the minimizers satisfy the Euler equation

Ae :
~Vieav=Z0-[P)Y in Q,

(5.2) curl’(A — Fp) = SV, 2a¥)xa in R,

(Ve2a7) v =0, on 0},

A —Fy, € DM(R3 div),

where xq(x) =1 for z € Q and xq(z) =0 for z € Q. (5.2) is a weak form of (1.2);
see [P4], also see [L] (Chapter 5, Section 4). It has been proved by many authors
that the minimal solutions of (5.2) satisfy

[Vl o) < 1.

The regularity of the minimal solutions has been discussed in [P4]. In the following
we shall always write a minimizer of £ by (¢°, A®) and assume divA® = 0 in . We
always let C' denote a generic positive constant that is independent of &, but may
vary from line to line. Let Br denote the open ball centered at the origin and with
radius R, B = {y € Bg: y3 >0} and I'g = {(y1,42,0) : vy} +y3 < R}. Let
t(z) = dist(z, 0Q).
Lemma 5.1. Under the condition (5.1), ¢° € C***(Q) and A® € C*+*(Q) for
any 0 < a < 1. Moreover, we have the following estimates:
(1) There exists C > 0 independent of € such that

|A® = Fyllrems) < C5|W€H%4(Q)v
[[curl A —hl2(rs) < CE||¢€||2L4(Q)-
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(2) For any 0 < a < 1, and for any R > 0 such that Q@ C Bg, there exist
C(a, R) > 0 independent of € and ¢ = 3/(1 — ) such that, for all small e > 0,

IV(A® = Fn)llca(rn) < Cla, R){ellvf|faq) + €07 Ve-2ac % Lagey }-

The proof is similar to the proof of Lemma 3.3 in [P4] and hence is omitted
here. In the next lemma we need the estimate of the solutions near boundary. In a
neighborhood of a point Xy € 99 we introduce the local coordinates (y, z) by the
diffeomorphism F introduced in Section 3 such that F(0,0) = Xo. We define 1)
and A° as in (3.1):

Oy, 2) = V7 (Fly, ),

(5.3) o 6 L 6
A (yaz) =A ("T(yaz)) = ZGH (y,z)aj(y,z)ajf(y,z),
Jj=1
Where Yy = (y17y2)a 81 = 8@/15 82 = 8@/27 83 = 827 aj(ywz) = AE(]:(yaz)) : 83‘7:(yaz)
Then, since v = —83.7: on 0f) and G12 = G13 = G23 = O7 G33 = 1, we have

3

1 L L R

Ve Z{aﬂ’(\/aG”aﬂbe) — 27 %iVGGY a5 050
j=1

(5.4) 4 JEii e 2ge L e e

—e VGGG P = S0 - [ in B,

D3 —ia5y° =0 on I'g,.
Lemma 5.2. Assume that (5.1) holds.

(1) There exist positive constants C' and €y, such that for any 0 < € < g9 we
have

R C
IVe-2a-v®llo@ <~

(2) Given 0 < a < 1, there exist positive constants Ci(a)and €1(a), and q¢ =
3/(1 — ), such that for any 0 < & < g1(a),

V(A — Fh)HC@(Q) < 5C1(04){|W6H%4(Q) + ||1/1€||Lq(9)|\1/)€”Lac(Q)}~

(3) Given 0 < a < 2v/1 — [y, there exist positive constants Ca(ar) and e2(a),
such that for all 0 < e < e2(a),

(5.5) [ e (EH) T + 21V net o < Cafae.

Proof. Note that, in the 2-dimensional case we have C?*< estimates on the closed
domain for the magnetic potential, while in the 3-dimensional case, we only have
Ac € G () NCH(Q) for any 0 < o < 1.

To prove conclusion (1), we modify the blow-up arguments that were used to
study the 2-dimensional case in [LP3] (Proposition 3.1) and [HP] (Proposition 4.2).
Let X ¢ be the maximum point of the function |V,-2-%¢|. In the interior blow-up
case, namely, if dist(X¢, 9§) > ¢, then the argument of [HP| remains valid in the
3-dimensional case and we find

|Ve2a-0°(X°)| < Ce™t.

Now let us consider the boundary blow-up case, namely, dist(X¢, 99) < Ce for all
small . Choose Q¢ € 0N such that |X¢ — Q°| = dist(X¢,09). Let Fe(y,z) be
a diffeomorphism which straightens a portion of 99 surrounding Q¢ as described
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in Section 3 such that F.(0,0) = Q°. Similar to (5.3) we define ¢=(y, z) and
Ae(y, z), with F replaced by F.. Then ° satisfies an equation in the form of (5.4),
with coefficients depending on F. instead of depending on F. We make gauge
transformation and rescaling

be(y, 2) = e "Xy (ey, e2),

Adly2) = Z[A% ey, 22) - A%(0,0)),

where . is chosen properly; see [HP] (Proposition 4.2). Then ¢, satisfies an elliptic
equation in the form

{ - Aeﬁze = >\6(1 - |¢~)5|2)Q~55 in BEO/E’
Dys G = icac 30 onI'g, /e,

where A, is the representation of VQAE in the coordinates (y,z), and A (z) is a

vector field that corresponds in the coordinates = to A.. Repeating the proof of
Lemma 5.1 (see [P4], Lemma 3.3) we find that {A.} is bounded in C\.T*(R3).

loc
Applying the Holder estimate to the above equation we find that {¢~)€} is bounded
in CZE*(R3). So [V& 9°(0,0)| < C, and hence |V, -24:9°(X*)| < Ce™ L.
Conclusion (2) follows from conclusion (1) and Lemma 5.1. Conclusion (3) can
be proved by using (1) and (2). We omit the details but refer to [HP| (Lemma 3.2)

and [P1] (Lemma 7.2) for similar discussions in the 2-dimensional case. O

Conclusion (3) of Lemma 5.2 describes in the L? sense that, under condition
(5.1), the order parameters concentrate in a thin layer at boundary, and decay
exponentially in the normal direction away from the boundary. It means that,
under the applied field above H¢,, superconductivity persists within a thin sheath
near surface with thickness O(k~1). More precise information of the concentration
behavior of the order parameters will be given in Section 6. From conclusion (3)
we also find that, for any nonnegative integer k,

(5.6) / H@ ) {[UF 2 + €2V oo pe 6 [P} da < Creb*1.
Q

In particular, we have

(5.7) / °|2dz < Ce.
Q
Let, for ¢ > 3,
(5.8) d(e) = [|° 174y + 19 | Lo 197 || L= () -

From (5.7) we find

(5.9) d(e) < C{eV? 4 ey + el 3% )}

Now we recall the function A(¢) given in Lemma 2.3, and the function ¢n(x)
given in Remark 2.4.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3922 XING-BIN PAN

Lemma 5.3. Assume condition (5.1). There exists a constant C > 0 such that,
for any smooth function x and small € > 0, we have

/Wﬂmwwwzﬂ/mmmw%

(5.10) & @

e () / v Pz,
Q

where d(g) is given in (5.8) and

1 — Cel/? if dist(z,00Q) > 2174,

(5.11) Wh(z) = {)\(Qh(@) _Cel/2 if dist(x,aQ) < 9c1/4,

Proof. The function Wy(z) was given by Helffer-Morame in [HMQJE and it was
given in [HM2] (Theorem 4.3) that, for any small € > 0 and for any ¢ € WH2(Q),
the following inequality holds:

1
(5.12) /Q|VE_2thb|2dx2 g/QWh(x)|qb|2dx.

To prove (5.12) one applies the local analysis techniques developed in [HMI], and
uses the upper bound of p(e2Fy,) given in (1.13).

Lemma 5.3 can be proved exactly as in [P3] (proof of Theorem 6.2, Step 2), and
the details are omitted here. Note that, a result in the 2-dimensional case similar
to (5.10) has been proved in [HP], and in the proof the fact that we can choose
a gauge such that the magnetic potential vanishes at the boundary makes it easy
to control the error term; see (3.3) in [HP]. In the 3-dimensional case, however,
the magnetic potentials do not vanish at boundary, and harder estimates including
the decomposition of vector fields near boundary are needed. Then we can apply
(5.12) and the local analysis techniques in [HMT] to prove (5.10). For more details
see [P3]. O

Lemma 5.4. Let ¢° be the eigenfunction of the operator —VE_QAE associated with
the lowest eigenvalue j1(e~2AFf). Then (5.5) and (5.10) hold for ¢<.

Proof. The conclusion that the eigenfunctions ¢° satisfy (5.5) was given in [HMZ2],
and it can be proved exactly as for 1. Note that (5.10) holds for any function
satisfying (5.5), and hence is true for ¢°. O

Theorem 5.5. Assume that Q) is a bounded and simply-connected 3-dimensional
domain of class C*. Given a unit vector h we have, for large k,

(5.13) He,(h, k) < g + My,
0
where M is a constant independent of h and k.

Proof. We consider an applied field H = ch that is close to Hc, (h, k). From (1.4),
we can choose o ~ k/B as k — oo. Hence € = (ok)™/2 ~ /Bor~ L. Let (1°, A%)
be a nontrivial minimizer of the functional £. We show that

(5.14) He2A%) > 5 (6 — Mre?),

5The notation 9 and o(9) used in [HM?2] are related to our notation ¢y and A(py) through
9 =75 —¢n, o(¥) =A(5 — ¢n).
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where M is a constant independent of e and h. To prove (5.14), we let ¢° be an
eigenfunction of —V2_, . associated with p(¢~2A¢). From Lemma 5.4 we have

/Q|V572Aa¢€|2da?ZE_Q/QWh(a?)WEFdx—06_4/3d(€)2/3/Q|¢€|2da?.

For the applied field close to Hg, we have [[1%]| (o) = o(1). From (5.9) we find
d(e) = o(e'/9) for ¢ > 3. From (5.11), we have

1
M(E_QAE) > ?{60 —Cel/? 0(1)62(1+Q)/(3Q)}.

By choosing ¢ < 6 in the above inequality we get (5.14).
Since 9¢ # 0, from [LP3] (Lemma 2.1) we know that u(¢~2A¢) < k2. Now we
have e2(8y — M1e'/?) < k2. So

K K My 49 K
o< ——— =14+ —e240()] < = + My/k.
Bo — Mie'/?2 [y [ Bo @) Bo ?
Thus (5.13) is true. To show that M can be chosen independent of h, we replace h
by a unit vector h, which depends on €, and repeat the above discussion. O
Proof of Theorem 1. Theorem 4.2 4+ Theorem 5.5. O

§6. SURFACE NUCLEATION

In this section we study the nucleation of superconductivity of a bounded 3-
dimensional superconductor with large x and subjected to an applied field lying in-
between Hc, and He,. We shall use Agmon’s idea [A] and the techniques developed
in [H], and adapt the arguments from [HP]. For this purpose we shall modify
Aen(x)) — Bo to get a smooth function which measures the tangential distance
from (0Q)n, where A(9) and ¢n(z) are given in Lemma 2.3 and Remark 2.4[

Lemma 6.1. Fiz a small § > 0. There exists a function Cn with the following
properties:

(1) ¢u € CHQ); Cu(x) = 0 on Q, Cu(z) = 0 on (0w, and Cu(z) > 0 on
(02) \ (9.

(2) If x € Q(0) and § < pn(x) < 7 =46, then (n(z) = (o(pn(x)), where

/2
Glo)=| [ ) - g7 av).
]
(3) There exists a positive constant Cs depending only on Q, h and 6, such that
(6.1) IVén(2)| < Cs[Mpn(x)) — Bo] /> on Q.

(4) For ¢ close to /2 we have the following estimate for the function (o(yp):

%m&p— 37 +0((p—3)") <Gle) < %\so— 22 +0(e -3

6We cannot simply take A(pp(x)) — Bo to measure the tangential distance from (82)y, be-
cause pp () is not differentiable on (92)n, and we only know that A(9) is differentiable almost
everywhere but we do not know yet whether \'(9) € L*°[0, 7].
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Proof. Recall that A(9) is continuous for ¢ € [0,7] and Gy < A(¥) < 1. Thus (o
is a C! function on [0,7]. We first define (n(7) = (o(pn(x)) on {z € Q) : ¢ <
¢n(z) < 7 — 6}, and then extend it over 2 to get a C! function. It is easy to check
that (n satisfies (1), (2), (3). To verify (4), we use (2.5). For 0 < ¢ < 7/2 we have

w/2 .
CO(SO)Z/ \/1—ﬂocosﬁdz9:Vl—ﬂo[l—cos(i—sp)}
TR E-o oG -9

2
Now if m/2 — ¢ > 0 is small, we have

/2

Gole) < /

T/2—
= [T h R o a =2 -0 oG -0,

T/2—p
[Bo(sin®d — 1) + cos 19]1/2 dy = / [Bo(cost — 1) + Sint]l/Q dt
0

342 2
]

Similarly, given 8y < b < 1, we introduce (n(z) to measure the tangential
distance from the set {x € 9Q : A(pn(z)) < b}. Recall that A(¢) is strictly
decreasing on [0,7/2]. So the inverse function A~1(b) exists and is continuous
for b € [Bo, 1], and A"1(By) = 7/2. In the following we use the notation a, =
max{a,0}.

Lemma 6.2. Given a unit vector h and a number b € (fy, 1), for small 6 > 0,
there exists a function Cn,p € C(Q) with the following properties:

(1) Cap(x) >0 0n Q, Cap(x) =0 on {x € I : Aen(z)) < Db}, and Cnp(r) >
0 on 0N\ {z € 90 : Aepn(z)) < b}; Vinp(x) exists almost everywhere and
[VCnp(z)| € L>(9).

(2) If £ € Q(d) and § < pn(x) <7 — 6, then Cnp(z) = G(pn(z)), where

A71(b)
cb«o):/ D) — W20 if0<p<AD),
©

Glp) =0 f A7HD) < < 7/2, and G (p) = G(m — ) if 1/2 < p <.
(3) There exists Csp > 0 depending only on Q, h, § and b, such that

Vo ()] < Cop[(A(om (@) — b)4]/2.

(4) We have the following estimate for the function (,(p): For any fized | > 0,
there exists c;(g) satisfying c;(€) — 0 as € — 0, such that, if \(¢) < b+ 1e'/2, then

0< Glp) < ale)e!™.

Proof. We only need to prove (4), and we only consider the case where 0 < ¢ < /2.
Assume \(¢) < b+1e'/2. Then ¢ > A1 (b+1e~/?). Since \(9) is strictly decreasing
in [0, 7/2], we have

AT1(b)
Golp) = / @) — B2 do < (A1 (B) — gl[A () — b2
173

< [)\_1(17) _ s0][1/261/4 < [A_l(b) _ )\_1(b+ 161/2)]11/261/4 _ 01(6)81/4,
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where
ale) =12 (X7Hb) = A (b +1Y/?)

and ¢;(e) =0 ase — 0. O

Theorem 6.3. Let Q be a bounded, smooth and simply-connected domain in R3
and h a unit vector. Under the applied field H = oh, the order parameters ¢ have
the following concentration behavior for large k:

(1) If o = He,(h, k) — ays'/? where ay; > 0, there exist positive constants o,
c1, My such that

(6.2) / exp(am[@h(:c) — cm_3/8])|w|2dx < Mml/Q/ [v|?dz.
Q Q(r—1)
In particular, there exist positive constants n and vy, such that
(63) [ uPds < Mo [ o
O\Sx (h) Q(s1)
where
Se(h) = Q™) N {|en(x) — /2| < pr /103

(2) If 0 = k/b, where By < b < 1, there exist positive constants as, ca and Ma,
all depending on b, such that

(6.4) / eXp(OéQIi[ChJ,(J)) — 02/(1/4])|1p|2dx < Mgﬁl/z/ |w|2da:.
Q Q(r-1)

In particular, there exist positive constants 2 and n(k) depending on b, and ¥(b) =
A7), where n(k) — 0 as k — oo, such that

(6.5) [ e < Maexp(—u’t) [ o,
Q\Sb, (h) (k1)
where
Sp () = Q&™) N{I(b) — (k) < pnlz) <7 —9(b) +n(k)}-
Proof. As in Section 5, we let € = 1/y/ok and A\. = k/o, and let (¢, A®) denote
the minimal solutions of (5.2). Let
n= exp(asflg),

where o is a positive constant and (¢ is a real-valued C! function, both to be
determined later. We multiply the first equation in (5.2) by 7%)° and integrate,
and use (5.10) to get

Ae
0= / (Vs ac () = [Vl = 250~ [ )y )
(6.6) @
>e? / (Wh(x) — a2V — Ao + ofe2/)} |y [2d.
Q

Let
p=Heo,(hk)—0,  Cs=Ca0;""* Puin.

From Theorem 1 we have

o=Hcy(h,k)—p=> ﬂi{l — Boktp — C3Bok 23 + O(k™ %)}
o
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Ife>p> coﬁ1/3, we have
6.7) A= g < Bo+ B2k p+ CsB2k23 4 O(k™7/) + O(p*k72).
Step 1. In case (1) we have
e=Vhor™ O, BinTp=de'?
for some d > 0. Then from (6.7),
Ao < Bo + de'/? + 0(e23).
Let ¢ = (i and choose o > 0 such that a2C§ < 1/2; where Cj is given in Lemma
6.1. From (6.1) and (6.6), we can find a constant ¢ > 0 such that

0> / (Wh(z) — 2|VG[? — Ae + 0(2/3)} e [2de
Q

> / {Apn(x)) = @*CApn(2)) = Bo] = Bo — (¢ + d)e' 2} ny* [dar
Q(2e1/4)

> %/ {Men(z)) — Po —2(c+ d)51/2}|771/)6|2dx
Q(2e1/4)
l

Lo
2 Q(261/4) N {A(pn () >Bo+e1/2}
- [% + (e+ d)&l/ﬂ / |771p6|2dat:7

Q(2e1/)N{Mpn(2))<Pot+ie!/?}
where [ is chosen such that | > 2(c + d). So, for some Ly > 0,

exp(2ae ™" Cu(x))[¢° [*dx

Vv

Imp®|*da

/Q(zew>n{A(¢h<x>>zﬁo+zsl/2}

§L15*1/2/ exp(2as ™ n (@))]° |Pda.
Q(2e/4)N{A(¢n(z))<Bo+lel/2}

In both sides we add

/ exp(2ae 1 Gn(2)) | de
Q(2e1/1N{ A (on(@))<Bo+el/2}

to get

/ exp(20e ™ () [¢° Pde
Q(2e1/4)

S(Lla_l/Q + 1)/ eXp(ZaE_lch(x))|w5|2dx.
Q(2e1/1)N{A(pn (@) <Bo-+=1/2)

From Lemma 2.3 (conclusion (3)), on the set
Q(2"*) N {A(¢n(2)) < Bo +1"/?}

we have 7r
|on() - 5‘ <V — Bo) V2V + O34,

Then from Lemma 6.1 (conclusion (4)),
Ch(x) _ C:O(QOh(l‘)) < ;[ll/Q(l _ 60)_1/251/4 +O(E3/4)]3/2 —|—0(55/4)

— §l3/4(1 _ BO)_3/453/8 + 0(67/8) < (:(1)53/87
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where ¢(1) is independent of €. So, for some constant Lo,
/ exp(20e 1 () |¥F |2 da
Q(2e1/4)

< Lo 112 / exp(20e ™ (n(2)) |47 2 da
Q(2e/4)N{A(on () <Bo-+le'/2}

< L2571/2/ exp(20eLe(1)e®®) |y |2 d.
Q(2e/4)N{A(¢n(z))<Bo+lel/2}

Thus

/ exp(2a5_1[gh(:c) — 0(1)63/8])|1/J€|2d{£
Q(2e/1)N{A(pn(x))>Bo+let/2}

< LQE*W/ o= [ dax.
Q(2e/1)N{ A (¢n(z))<Bo+lel/2}

Then we use (5.5) to control the integrals on 2\ Q(g) and find
/ exp(2ae ™ [(n(z) — 0(1)63/8])|1/J6|2d{£ < L35*1/2/ ¢ |2d,
Q Q(e)

where L3 > 0. Now (6.2) is proved.
If z € Q(0) and |pn(z) — Z| > ex~%/16, from Lemma 6.1 (conclusion (4)) we have

™

Gu(@) = Golion(@)) > %\/1 — Bo(n(@) = )"+ O((en(@) - 5)*)
> ST Bor /% + O(k¥/4).

2

[ V)

Let the constant ¢ be chosen sufficiently large. Then we can find a positive constant
m, such that on the set

Q(0) N {}gph(x) - g| > c#f‘g/m}

we have

a1 k[Cn(x) — 01/@_5/8] > mrd/8

for all large x, where o and ¢y are the constants in (6.2). From (6.2) we have

[v2de < Myk'/? eXp(—m/@_5/8)/ [v|?dz.

/ma)mwh(x)—;zcw/w} Qr—1)

Now we choose 0 < 71 < m such that

1/2

k1% exp(—mr %) < exp(—y1r~ %)

holds for all large k. Then (6.3) follows.
Step 2. In case (2) we have ¢ = Vbrs~! and A\, = b. We choose ¢ = (np and
choose « such that a*Cj, < 1/2, where Cs is given in Lemma 6.2. From (6.6)
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and Lemma 6.2 (conclusion (3)),
02 [ {Wa(o) = @2[VGsf? = b+ o) Pda
Q
2 [ XD — 02 CEIN () b —b e Pl
251 4

> /Q o () == G (0) L e P
2el/4

> (£ _ 0)51/2/

2 Q(2e/N)N{A(pn(z))>b+1e1/2}

—-(b4—c51/2)J/ y© [Pda,
Q2N { A (pn(z))<b+lel/2}

where [ is chosen such that [ > 2¢. Then we argue as in Step 1 and use Lemma 6.2
(conclusion (4)) to find

I P da

/ exp(20e (o (z) — cr(e)e ) [* [2da

Q(2e1/4)

SL45_1/2/ |w€|2dm,
Q2N { A (pn(z))<b+lel/2}

and hence

/Qexp(2a5’1[gh,b(x) - 01(6)61/4])|1/J6|2d{£ < Lye™1/? /Q( : Y *da,

where Ly and Ls are positive constants. So (6.4) is true.
Let ¢o be the constant in (6.4). For large x we define

n(k) = sup{n >0: /)\ o
~1(b)—n

Obviously, lim, . n(k) = 0. If 0 < ¢ < A71(b) — n(k), then

A
AW — b]Y/2d9 < 2@,{1/4}.

A7)
o) = / W) — B]Y/2d9 > 205m= /4.
A=1(b)—n(x)

Ifr— A7) +n(k) <@ <, then 0 < 71— < A71(b) —n(k), and by the definition
of ¢, we have

Go(p) = Go(m — @) > 2e0w M4,
Thus we can use (6.4) and argue as in the last part of Step 1 to derive (6.5). O

Proof of Theorem 2. It is a corollary of Theorem 6.3. O

APPENDIX A. COMPUTATIONAL DETAILS FOR EQUATION (2.8)

Consider equation (2.8). Using the new variables £ = (1, &2) defined in (2.10),
we write equation (2.8) as follows:

(A.1) —Vau = i + (€, EeR?
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where the vector field Q(&) = (Ql(g) Q2(€)) and the function f(§) are given by

1 1
Q1(§) = [ fiy) + \/@fQ(y)L
1 1 1

€1 \/_
Q2(8) = g[ﬁfl(y) - \/TEfQ(y)L
F&) = [i(y) + f2(y) = foly) +i divQ,
where fo, f1 and fo are given in (2.9). We compute Q1(§) and Q2(€) to get

Q1(8) = 1162 4 20196160 + 0283,
Q2(8) = Br1&l + 2612618 + Ba283,

where
€1
a1 = Z[—(\/Cuczz + 012\/022)61(1) + (c114/c22 + \/011012)6(12)],
Q1o = Z[(\/C1 1C22 + C124/C22 )az + (c114/c22 + \/011012)6152)]7

€2
Qo = E[_(\/Cl 1C22 + C124/C22 ) + (c114/c22 + \/011012)6152)],
2
€3
B = [( V112 + c124/Co2 ) + (—c11v/c22 + \/011012)6(12)],

Bi2 = Z[(\/C11C22 - 012\/022)612 + (—c11v/c22 + \/011012)6(12)],
£
Baz = (= eriea + eray/em)ay” + (—enyem + verien)al?.

Computations show that

f§)=o0.
Hence we can write the equation for 1 (£) in the following form:
(AZ) —Vélpl = Mglpl in RQ,

which is exactly (2.11). We can make a gauge transformation to rewrite (2.11) in
a form more convenient to us. Let us choose

(A.3) n() = %(0411 — ago + B12)EF + a12€ilo + 1261 €l + %(0412 — P11 + B2)E5,

and let
C11C22 — (012)2 (1) (2)
= — — g tt¥22  \M12)
7 = P2 — a2 oL oo (Veazay ' — /enag”’),

11622 — (012)2( W

(2)
Yo =g — P11 =2 220 c11a;);
€24/C11C22 2 '

see (2.12). Then

q© - 1L

—==(71,72) + Vn(8).
Let
p=07+ ’72)1/27 11 = pcosd, Yo = psind,

rote) - L
9(€) = —=—(cos?,sind).
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Then we have
Q = pAy(§) + Vn.
We introduce ¥2(€) = 91(£)e™™, and derive an equation for ¢y from (2.11):
(A.4) ~Voa, 02 = pipthy  in R?
We make further change of variables as in (2.13), and let

pla) = br(O ep(gad), Do = ppp .

Then ¢(z) satisfies (2.14).

APPENDIX B. PROOF oF LEMMA 3.1

We keep the notation in Section 3. In particular, let Xy € 99 be fixed and (y, 2)
be the new variables introduced there. We first consider the following problem:
Given a vector field R satisfying div R = 0, find a vector field A such that

(B.1) curl A =R in Q(9).

To solve this question, we write

3
R =) GR;0;F, where R;=R-0,F.

j=1
Since div R = 0, we have
(B.2) 9;(VGGIR;) = 0.

1

3
Jj=

(B.1) has a solution
3
A=) GVa;0;F,
j=1

where a; are given by

als) = [ T DG (4, 1) Raly, D,

v =~ | G DE (. OR (g, )+ paly),
as(y,z) =0,

(B.3)

where
Y1
pQ(y) = / V G(Say270)R3(57y250)d8'
0

Now, given a unit vector h, we can use (B.3) to find a vector field A} that
satisfies

(B.4) curl A=h in Q(9).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3D SURFACE SUPERCONDUCTIVITY 3931

Write
3 ..
h=>"GR;0;F,
j=1
where
Ry = [1 = #r1(y)z]h-ri(y),
Ry = [1 = ra(y)z]h - ra(y),
R; =h-n(y).
Then the solution of (B.4) is
A=A+ vXa

where x is an arbitrary smooth function, and

Ay = 23: Gaj0;F,
=
where
r0.2) = | L = Gra)s (),
®5) caly2) = = | 2L - L) no)

n / " g m)h - n(s, yo)ds

a3(y7 Z) =0.

In the following we look for a solution to (B.4) which has a simple expansion in
a neighborhood of X(. Choose e; as in (3.2). Then (3.3) holds. For the unit vector
h, we have
h-ri(y) = hi + (haT1; + hal'3))y; + hsQuuyr + O(Jyl?),
(B.6) h-ra(y) = ho + (hiT3; + hol'3))y; + haQaays + O(ly[?),
h-n(y) = hs — hjg” Qy; + O(lyl*).

From (3.4), (3.6), (B.5) and (B.6) we get
a1(y, z) = ha 91, 4 o Wyrz 4+l +()2+O(| ®+ |2[%)
1 922 13 Y12 T Qo3 Y22 T Q33 % Y Z
(B.7) az(y,z) = ha\/gy1 — ha g z+ a§2)y? + 261(2 )y1y2 + a(m)ylz
V 911

T

a3(y7 Z) = 07

2+ 0(lyP + |2*),
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where
(1) h3 gi11,2 g22,2 ho
Qg " = —(—+ — —K2/|,
2 Vil 4 ( g11 922 ) 2 2
(1) g11 ho g11,1 g22,1 1 2
== [ (5 — Z20) Ty + halT'3 ],
s 922 [ 2 ( g11 922 ) a 2]
(1) g11 ho g11,2 922,2 1 2
= 7= [ (5= — ==2) + T3y + hol'3, + h3Qs],
2 922 [ 2 ( g11 922 ) a2 212 + ha 2]
(1) ha  [g11
T g™
(B.S)

- 5 k1],

@ _ ~rhs guin | g221y M
o = Vol (O o+ ) - ol

(2)_ 922 ﬁ 9111 9221 — Tt _hFQ — haQ
3 911[2 (911 922) i 2 u K 11]7

(2) g22 th1 9112 G222 1 9
o2 = 92l gue 922y g pL o2
% g11 [ 2 ( g11 go22 ) — 2 12}

(2) hi [g22
= g
2 911

From (B.2) we have

922(y) g1 (y)
n{| oyt~ R ra)}+ oo [T — sl walo)
+8z{ 9W)[L = k1(y)2][1 — K2(y)z]h - n(y )} 0.

Checking the Taylor expansion of this equality we find that

(B.9) aly) = afy + ha(k1 + K2) /3.

Now we fix the point Xy € (092)n, namely, h is orthogonal to n at Xy. Thus

h
of) =i, o =-Taa, ol =,
(B.10) 12 12
hs =0, -1 + =2 =1.
gi1 g22

Recall that y;, y2 were chosen such that the y;- and ys-curves are the lines of
curvatures on 9. Using (B.10) and the relation between the Christoffel symbols
and g;; ; we find

1
a%) = 2\/—(h1911 2+ h2gi1,1),
w_ 1
(B.11) Q3 = 2\/—( hig22,1 + hagi1,2),
a%) = _ﬁ(’hgm 2+ h2g22.1).

From (B.8), (B.10), (B.11) we get (3.10).
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To simplify our computations we modify Ay by a gauge transformation. Let &
be a real number, the value of which is to be determined later. Set

X(y)—az 15 — &o hz,/ 11y1 hlq/ Y2 + Cl13 yi + (1)y1y2+2aég)y2}

and let
3

Fh = Ah — VX = Z ijdjc?j}',
j=1
where a;(y, z) = a;j(y,z) — 9;x(y), i=1, 2, 3.
Using (B.10) we find that a,(y, z) satisfy (3.9). Now Lemma 3.1 is proved.

APPENDIX C. FORMAL EXPANSION OF THE LOWEST EIGENVALUE

In this section we look for a formal solution of (3.13). We shall keep the notation
in Section 3 and Appendix B. Recall that we fixed a point Xy € (9Q)n. Write

= poe 2 4 e 3 4 poe 3 1 0(e7h).
Using (3.5), (3.14) and (B.10), we can expand (3.13) as follows:
(C.1)
0220 — (2 + 20)°0 + o

2(z +
+ 51/3{ (Z\/;o) [ tho01¢ + th1020 + (a12)h1y1 + a h2y2)¢] + H1¢}

9 ¢ o ¢ (1) a(2) a(2) 2 a(l) 2
2/3{ L 2T 19 —y a«;s—zz—y D20 — [( ) yi‘+( 2) Y] ¢
g11 g22 922 g11

2h1 2ho
+ (2 + 20)2[ ﬁm%?ywaé?y)——<a§§>y1+a§§yz>

VI

+ = (h3g11,; + higaa ;)y;] o + #2¢7}

%r—*

+0(e) =
where 9; = 9,,, j = 1,2. Using (B.8), (B.10) and (B.11) we find that

29220 4 29l 4 910 — 2haaly) = 0,
(C2) Vo V9

9222 2911,2
h2 g h )
Thus we can write the equation as follows:

D220 — (2 + 20)%¢ + po¢

2(z + . .
+ 31/3{% [—ihodhd + ih102¢ + (P hay? + S hay2)e] + u1¢}

+ 2h1ag23) — 2h2ag§) =

) p;) (1) . (2)
(€8) eI 20 0220
g11 g22 g22

(2)\2 (1)\2
a a

_ [( 1 ) yzll ( 2 )
g22 g11

ys| o+ M2¢}
+0(e) =0.
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We look for a solution in the form
¢ = ¢o +/3p1 +e23py + O(e),

where ¢; are functions defined in Ri. Plugging it into (C.3) and checking the order
1 terms we find an equation for ¢q:

Ozzp0 — (2 + 20)2¢ + o =0 in Ri, 0,00 =0 on 8Ri.
Using Lemma 2.1 we find that

to = Bo, Po(y, 2) = w(y)u(z),

2o is the minimum point of 3(z) given in Lemma 2.1, and u is the eigenfunction of
(2.1) for zp and fp.
Next, by checking the O(¢'/3) terms in (C.3), we find an equation for ¢1:

02201 — (2 + 20)%P1 + Bodr
(C4) + 2(z + zo0)u
V9

We fix y, multiply (C.4) by u(z), integrate the equality in z over [0, +00), and use
the first equality in (2.2) to find that

[—thoOrw + th1Orw + (agmhlyf + a(;)hgyg)w] + pruw = 0.

p1 =0.
Let us look for a solution ¢; of (C.4) in the form
$1 = wi(y)ua(2).
Plugging it into (C.4) we find that u; satisfies (2.3), and

2 .
(C.5) w(y) = ﬁ[zhgalw — ih1Ow — (agmhlyf + a(Ql)hgyg)w].

Now we check the O(2/3) terms in (C.3) and find an equation for ¢:

D202 — (2 + 20)°¢2 + Bode
n 2(z + zo)u1
V9
P! p;) (1) (2)
u{ L QiGLy%alw - Qikyfagw
g11 922 g11 922
(2)y2
a
_ [( 1) yh oy 2
922 g11
Multiplying the equation by u and integrating in z, and using (C.5) and (2.4), we
find that, w satisfies the following equality:

[—ih281w1 + ih10owy + (af)hlyf + agl)hgyg)wl]

(a(l))Q

yg]w + ugw} =0.

(C.6)  c11011w + 2¢12012w + 2202w — 20 f101w — 2i fadow — fow + paw = 0,
where ¢;; and f; are given in (4.6). Computations show that
1—ap

g

where ag is the number given in (2.4). Comparing (4.6) with (2.9), we see that
the equation (C.6) is in the form of (2.8). From Proposition 2.5 we know that, the
lowest eigenvalue of (C.6) is Ao(77 4+ 73)'/2, where )¢ is the lowest eigenvalue of

2
C11C22 — Clg = >0,
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(2.14), and 1 and 7, are determined by (2.12). From the last equality in (B.10),
we can write

cos 6(Xo) M : r1(0,0)

o TV Von(0,0)
' . ho r2(0,0)
sinf(Xo) = =h-

VI2  \/g22(0,0)

0(Xo) is actually the angle between h and the principal direction e;(0,0) at Xj.
Then we compute

N+ = 4(011622 — &) [enn(a8?)? + 2c120 0l + e2a(af”)?]

h2 h2h2
=(1— ) —/<; 24 22 o 172 /<;—/<;22
[ ! g22 2 911922( ! ) ]

(1— oo [ cos” 0(Xo) + k3 sin® 0(Xo) — ao(k1 — k2)? cos® §(Xo) sin® 0(Xo)]
= (1 — ap)P(Xo)*.
So we obtain
p2 = Xo(1 — ao)/*P(Xo)
and
1= Boe 2+ Mo(1 — )P P(Xo)e™¥3 + O(e71).

To get the lowest eigenvalue, we choose Xy € P, i.e., P(Xo) = Pupin. Then we
get

Mo = )\0(1 )1/ min;
n= 50572 + AO(l — aO) /3P111111574/3 + 0(671)'

This ends our formal analysis.

(C.8)
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