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THE LOSS OF TIGHTNESS OF TIME DISTRIBUTIONS
FOR HOMEOMORPHISMS OF THE CIRCLE

ZAQUEU COELHO

ABSTRACT. For a minimal circle homeomorphism f we study convergence in
law of rescaled hitting time point process of an interval of length £ > 0. Al-
though the point process in the natural time scale never converges in law, we
study all possible limits under a subsequence. The new feature is the fact
that, for rotation numbers of unbounded type, there is a sequence €, going to
zero exhibiting coexistence of two non-trivial asymptotic limit point processes
depending on the choice of time scales used when rescaling the point process.
The phenomenon of loss of tightness of the first hitting time distribution is
an indication of this coexistence behaviour. Moreover, tightness occurs if and
only if the rotation number is of bounded type. Therefore tightness of time
distributions is an intrinsic property of badly approximable irrational rotation
numbers.

INTRODUCTION

Let f be a minimal orientation preserving homeomorphism of the circle S' =
R/Z with rotation number «. Let p be the unique invariant Borel probability
measure of f. Fix a point z € S* and consider the interval J. = [z,2 +¢] C S
For w € S define the first hitting time of J. by

Te(w) = inf{k>0: ffw)ed}.

The restriction of 7. to J. is called the first return time of J.. The problem we
address here is whether 7. when suitably rescaled converge in law when € tends to
zero. Due to Kac’s Lemma, which states that conditionally to starting at J. the
expected return time is 1/u(J:), the natural time scale to be used for this problem
is 7e = u(Je). We are interested in the convergence of the distribution function of
the random variable X.(-) = u(J:) 7-(+), i.e. in the convergence of the non-negative
function
Fe(t) = p{we St p(3e)1e(w) <t}

as ¢ — 0, for every t belonging to the continuity points of the limit function.
When e = ¢, is chosen such that J., corresponds to a sequence of renormalisation
intervals for f as done in [CF], it is proved in [CH] that for Lebesgue almost every
rotation number «, the rescaled hitting times X.(-) = u(Jc) 7e(-) do not converge
in law as € tends to zero, and all possible limit laws under a subsequence of ¢,, are
obtained. Here we complement this statement by proving the following theorem.
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4428 ZAQUEU COELHO

Theorem 1. For any irrational rotation number «, the rescaled hitting times
Xo(1) = 1(3e) 7=(+) do not converge in law as € tends to zero.

We prove the above result by studying all the possible limit laws under a subse-
quence &, of ¢ — 0. In the process of proving Theorem [I] we obtain the following
unusual phenomenon. Let I,, be the interval with endpoints {z, f9"(z)} contained
in the same connected component of S*\ {z, f(2)}, where p, /g, are the sequence
of rational convergents of a.

Theorem 2. Let o be an irrational rotation number with continued fraction ex-
pansion a1, az, - -] such that {a;};>1 is unbounded. Let 0 < ¢ < 1 be any fized
real number. If aj, — oo take e, such that (1(Jc, ) = cu(l;,—1). The distribution
functions F¢ (t) of Xc, () = w(Je,) 7, (+) converge uniformly on compact sets to
the continuous piecewise linear function

t if 0<t<c;

(1) Fu(t) = _

c if t>c;
and F,(t) = 0 if t < 0. Therefore the distributions of X., () = p(Je,) 7, (-) are
not tight.

This means that in the natural time scale (3., ), there are subsets A,, in the
circle with measure bounded away from zero, whose points “asymptotically never”
reach J. , i.e. there exists N,, — oo such that u{w € S*: p(J.,) 7, (W) > Np} —
1—c>0.

Since Lebesgue almost every irrational number is not of bounded type, Theorem[2
implies that for Lebesgue almost every rotation number «, the distributions of
Xo(1) = p(3:) 7= () are not tight. In fact, a stronger statement holds.

Theorem 3. The distributions of X.(-) = u(Je) 7:(:) are tight if and only if the
rotation number « is of bounded type.

The above result shows that tightness of time distributions is an intrinsic prop-
erty of badly approximable irrational rotation numbers. The loss of tightness may
indicate in general the presence of another time scale v. # u(J.) with a different
non-trivial limit law. This is indeed the case for circle homeomorphisms as the next
result shows.

Theorem 4. Let o be an irrational rotation number with continued fraction ex-
pansion [a1, az, - - -] such that {a;};>1 s unbounded. Let 0 < ¢ < 1 be any fized real
number. If aj, — oo take e, such that u(Je,) = cp(l;, 1) and define e, = p(I;,).
The distribution functions FY (t) of Yz, (-) = 7e, T, (-) converge pointwise to the
limit function

t+c if 0<t<l-—c;
(2) () = _

1 ift>1—c;
and F,(t) =0 ift < 0.

Theorems 2land [ show the coexistence of two non-trivial asymptotic time distri-
butions for the same sequence of shrinking intervals J.  ; see Figure[ll Note that if f
is a rigid rotation, i.e. f(z) = z+a (mod 1), then u(J.,) = e, = ¢|¢j,, —1¢ —Pj, —1]
and Ve, = |¢j, @ — pj.|-
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FIGURE 1. The coexistence behaviour:
N{W e St N(jsn)Ten (W) < t} - F/t(t)a
pwe St e, 7, (W) <t} — Ey(t).

In Section [0 we show that convergence in law of the first hitting time under
a subsequence €, — 0 implies convergence in law of the full hitting time point
process of J. and we obtain all possible limit processes. Under the hypotheses
of Theorems [ and F] we show the coexistence of two non-trivial independent limit
point processes depending on the choice of scale v.,,. Choosing 7., = u(Je,) the
limit point process is degenerate giving probability 1—c to infinity or it is the lattice
point process of increment ¢ with probability ¢. Choosing v., = u(I;,) the limit
point process has no increment with probability one and the first hit is a mixed
random variable with distribution given by F ().

In Section [[lwe complete the paper by studying the above questions when condi-
tioning the hitting time point process to J.,, i.e. the study of the return time point
process of J. , and we show that the loss of tightness phenomenon does not occur
for return times, and also there is no coexistence of two non-trivial point processes
by choosing different time scales.

The results of this paper can be extended to diffeomorphisms of the circle which
are C''-conjugate to an irrational rotation and replacing the invariant measure y by
Lebesgue measure. This can be done in a similar way as done in Section 5 of [CE].
The limit distributions will have a scale factor g(z), where g(z) is the density of
the absolutely continuous invariant measure .

We should mention that asymptotic time distributions have been obtained in a
number of contexts, when studying hitting and return times of neighbourhoods of
generic points in the natural scale of the measure of the neighbourhoods. For finite
state Markov chains and Anosov diffeomorphisms [Pif], Axiom A diffeomorphisms
[Hir], piecewise expanding maps of the interval [CG|] and non-uniformly hyperbolic
interval maps with indifferent fixed point [HSV] (the finite measure case), the limit
laws of rescaled hitting times of shrinking neighbourhoods of a generic point are all
exponential of parameter one. This universal behaviour do not hold for low com-
plexity systems, since [CF| and the present paper show that for irrational rotations
the limit law does not exist. In [DM] the authors study this problem for a class of
low complexity Cantor minimal systems (which contains a class of substitution sys-
tems) and they obtain piecewise linear limit laws with many branches and slopes.
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4430 ZAQUEU COELHO

The loss of tightness appeared in [DM] when they considered the odometer, how-
ever they did not study another scale showing coexistence of different asymptotic
limit laws. For non-uniformly hyperbolic interval maps with indifferent fixed point
(the infinite measure case), the limit law is the independent product of the power
of an exponential law and an a-stable law; see [BZ].

1. INDUCING ON RENORMALISATION INTERVALS

Let G: [0,1) — [0,1) denote the Gauss transformation G(x) = 1/x mod 1 if
x > 0 and define G(0) = 0. We also introduce the double Gauss transformation
I:[0,1)°> — [0,1)® given by
1

[(a, B) = (G(Oé)7m)7

where a(z) denotes the integer part of 1/x (i.e. the first digit of the continued
fraction expansion of z). Here we are using the convention that a(0) = oo and
1/00 = 0. Note that for n > 1,

(3) (o, B) = (G”(a), [y Gp1, - - ’al,bhb%...]) 7

where a; = a(G'71(a)), b; = a(GI7(B)), for j > 1, and hence the convergent
subsequences of I'(a, 3) for n > 0 do not depend on S.

With the hypothesis of minimality, we recall that the homeomorphism f is conju-
gate to the rigid rotation R, () = x+a mod 1 under the map h: [0,1) — [0,1) given
by h(x) = [0, x), which carries the invariant measure y to Lebesgue measure on S*.
Given the interval J. = [z, z+¢) we consider the image h(J.) = [h(z), h(z) +7.(€)).
Note that for fixed z, the function € — r,(¢) = h(z + ) — h(z) is continuous and
non-decreasing. Since hitting times and return times are preserved by the conju-
gacy h and since p(J.) = |h(Jc)|, where | - | stands for the length, we may assume
without loss of generality that f = R, and prove our results in this special case.
Hence, in what follows we assume that f is the rigid rotation by a.

If the continued fraction expansion of « is given by [a1, as, -], then define the
rational convergents of « as the irreducible fraction p,, /g, given by

Pn 1
B o) = ———.
Qn a+ ——

cee b —
Qnp

The points {z, f(z)} divide the circle into two connected components which we will
refer to as the left and right side of z with respect to the natural local ordering of
the reals on S' = R/Z. It is a well-known fact that ¢, is exactly the sequence of
integers k such that i
_ ; _ i
o= ¥ < min, 2= f(2)
and that the points f9-1(z) and f? (z) lie on opposite sides of z. Let I,, be the
closed interval with endpoints {z, f9"(z)}, whose interior points are on the same
side with respect to z. Define J,, = I,, UI,_1. Hence z € J,, and I, N I,,_1 = {z}.

The intervals I,, and J,, are called renormalisation intervals for f.
Inducing f on the interval J, defines the first return map 7' = T),: J, — J,

given by
_ fan(x) if xel,_1\{z};
T(x) = { fir-r(z) if zel, .1
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It is interesting to note that f4*9-1(z) € I,,_; and hence f9"-* maps I,, onto a
closed subinterval of I,,_1 of the same length of I,, and with endpoints { f4 -1 (z),
fi=1(z)}. Similarly, f% maps I,,_1 onto a closed subinterval of J,, with endpoints
{f9(2), fanTan=1(z)}. Applying the return map T repeatedly on I,, we see that
Tk+1(In) ﬁTk(In) = {fkqn-i_qn_l(z)}v for k = ]-a T, Qn. Since Qn+1 = OnGn + qn—1,
we see that a, is the maximum number of copies of I,, that one can fit in I,,_; by
repeated applications of T'. From this we obtain |1, 41|+ an |I| = |In—1|. Therefore

we have
_ 1 I 1
(4) i R T and I| nl = T )
dn A1 + T | n71| an 4
+ — ap4+1 + —
a/l .« e
hence we see that
|In| gn—1 —1
5 , = I""(a,0).
(5) (|In_1| " ) (c, 0)

Inducing f on I,,_1 we obtain the map S =S,,: I,,_1 — I,_1 given by

B fan (z) ifo €l \T I, \ {z});
S(x) = { fqn+qn—1(x) ifx € T_l(fn \{z}) .

Let 77: S' — N and 77: S' — N denote the first hitting time of J,, and I,,_;
respectively, i.e. for w € ST,

77(w) = inf{k >0: fFw)e J,} and 7/(w) = inf{k>0: f*w) e, 1}.

Consider the rescaled first hitting time random variables defined by X;(-) =
|Jn] 75(-) and X;(-) = |In—1|71(+), where |J,,| and |I,,_1| denote the length of the
corresponding intervals. Let F; and F; denote the distribution functions of X ; and
X7 respectively, i.e. for t € R,

Fr(t) = p{lwe St Xyw) <t} and Fr(t) = plwe S': Xi(w) <t}.

The collection of intervals {I,, f(In), -, f9 1 "Y(1,), In—1, f(In—1)," ",
f=1(I,,_1)} cover the circle and the intersection of any two of these intervals
is either empty or consists of a single point. This fact implies that for 0 < k& < ¢,,—1
we have

owe Stimw) =k} = ||+ Laa| = |l
and for g,—1 < k < gy,
plwe St T(w) =k} = L1 .
Similarly, we have for 0 < k < gy,
plw e St (w) =k} = [Lica \T L)+ T (1) = [In-a],
and for ¢, < k < qn + Gn-1,

plwe St m(w) =k} = [T (L)| = |La].
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These observations readily give
Proposition 5. (a) For J = J, we have
k|J,] if ko <t < (k+1)|Jy,
and 0 <k <qn_1;
(k - qn—l) |In—1| + qn—1 |Jn| Zf k |Jn| S t< (k + 1) |Jn| ’
and gn-1 <k < gy ;

Fr(t) =0 fort <0 and F;(t) =1 fort > qn|Jn|.
(b) For I =1I,_1 we have

k‘|In_1| Zf k|]n_1| <t< (k+ 1) |In_1|7
and 0 <k <gqy,;
(k= qn) In| + gn | In—1|  if k|l <t < (B+1) L],
and qn <k < qn + qn-1;
Fr(t) =0 fort <0 and Fr(t) =1 fort > (¢n + qn-1)|In-1]-

Fy(t) =

Fi(t) =

Let njp be a subsequence of n € N and consider the distribution functions
Fﬁlk = Fy, and F,{k = FI,,kal. By approximating by a continuous piecewise lin-
car function (as done in [CF]) we see that F,] converges pointwise and uniformly
if and only if the slope |I,,—1|/|Jn,| together with the endpoints ¢y, —1|Jn,| and
Gny.|Jn, | converges as k — oo. Similarly, F! converges pointwise and uniformly
if and only if the slope |1, |/|In,—1| together with the endpoints gy, |I,,—1| and
(Gny, + @np—1)|In,—1| converges as k — oo. The convergence occurs simultaneously
for F;) and F! and it happens if and only if either (a) |1, |/|/n,—1| converges to
zero, which is equivalent to

an—1|JHk| - 07 an|JHk| - 17 an|Ink—1| - 0 and (an + an—l)llnk—ll i 17

or (b) |In,|/|In, —1| converges to 8 > 0 and ¢, —1/¢gn, converges to v < 1. From (3)
and (B)), these conditions in terms of the Gauss map and the double Gauss map are
stated as follows.

Proposition 6. Both F,{k and F,{k converge pointwise and uniformly if and only
if either

(a) limg—0o G™ 1 (a) =0, which is equivalent to an, — o ; or

(b) there exist § > 0 and v < 1 such that limg_o, T™ (a,) — (6,v).

In case (a) both F; and F converge to the uniform distribution in [0,1].
However, case (b) is equivalent to

1, —
(6) lim [ | = ¢ and lim vt —
k—o0 |Ink71| k—oo  (Qn,

Therefore, using the identity ¢, [In—1| + gn—1|In| = 1, which holds for all n, we

have | | ( )
. In —1 1 . 1+9V
1 k = 1 . — Jn = -
R A pr R L L Bl wry
and Lo
+
li n n = .
Il = T
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We also have

1 . 1+v
14 6v and klln;o (e + nic—1) ny 1| = 1+0v

Hm gn, | 1n,—1] =
k—oo

Therefore, in case (b), F,{k and F,{k will converge to the same distribution function
if and only if = v and #(1+6) = 1,i.e. § = (—1++/5)/2 =[1,1,---] is the golden
ratio.

Let 7.: S' — N denote the first hitting time of J, i.e. for w € S,

7e(w) = inf{k >0: fF(w)ed}.

Consider the rescaled first hitting time random variables defined by X.(-)
=13:]|7-(-) = e7:(:). Let F. denote the distribution function of X, i.e. for ¢t € R,

F.(t) = p{lwe St X (w) <t}.

From the above considerations, taking subsequences e, = |J,| and Elnk =
|1, —1], we have proved the following result.

Lemma 7. If X, converges in law as € — 0, then the rotation number « satisfies
necessarily one of the following possibilities:
(a) limy—oo G™"(a) =0 or
(b) limy— 0o G™(c) =[1,1,- -] is the golden ratio, i.e. there exists N > 0 such
that GN(a) = [1,1,---].

2. INDUCING ON THE INTERVAL J.

Here we take J. = [z,z + ¢] with £ > 0 small enough such that there exists a
unique n > 0 such that |I,| < ¢ < |I,—1|. We wish to induce the map f on the
interval J.. We will show that the first return map U = U.: J. — J. is an interval
exchange transformation of three subintervals of J. with permutation (321), which
is a classical fact[] Note from the construction of the map T that f~9(z) belongs
to the interior of J.. Assume without loss of generality that (for this fixed n)

fi(2)<z< f7i(z)<z+e< fiI1(z).

Consider the interval W, = [f~9(z),z + ¢]. Since f% sends W to the interval of
the same length [z, f%(z + €)] C J., we have U(z) = fo(z) if z € W..

Let a. with 1 < a. < a, be defined as the smallest k& > 1 such that fFan+an—1(z)
belongs to the interior of J.. Note that this is the smallest £k > 1 such that
T*(I,) N J. has non-empty interior. Define q. = a.q, + ¢,—1. Since f~%(z + ¢)
belongs to [z, f~%(z)], the interval J. is subdivided into the three intervals K. =
[z, [T (z+¢)], Ve = [f % (2 +¢€), f T (2)] and W,.. However, V. may be a single
point if z + € = f9= 7% (2); we will assume this is not the case in what follows.

Since f% takes K, to the interval of the same length [f% (z), z+¢| C T\ fI(We),
we have U(z) = f%(x) if x € K.. Now f% 19 takes the interior of V. to the open

1For the study of combinatorial, spectral and ergodic properties of three-interval exchange
transformations and general background on interval exchange maps see [FHZI| [FHZ2, [FHZ3|
FHZ4, [FHZ5| and references therein.
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interval of the same length (f9"(z + ¢€), f%(2)) C J.. Therefore, we obtain the
following expression for the first return map U of J.:

[ (x) ifex e K. ;
(7) Ulw) =  fer7(2) ifzeint(Ve);
fm(x) ifeeW, .

The collection of intervals
{st f(K€)7 ] fqail(KE)a ‘/67 f(‘/e)a Tt quJrqnil(VvE)a Wev f(WE)a ) fqnil(WE)}

covers the circle and the intersection of any two of these intervals is either empty
or consists of a single point. This fact implies that for 0 < k < ¢,, we have

we St m(w) =k} = |Ke| + [Ve| +[We| = [T = e,
for ¢, <k < ¢,

we St n(w) =k} = K| +|Vel = [T7HI)| = al,
and for ¢. < k < q- + qn,

oe st n(w) =k} = |Vl
These observations readily give
Proposition 8. The distribution function of X, is given by
ke if ke<t<(k+1)e,
and 0 <k <qy;

(k—qn) | In] + gne if ke<t<(k+1)e,
and q, <k <gq.;
(k—qo) Vel + (g — gn)In] +ane if ke<t<(k+1)e,
and qe <k < e+ qn ;
Fs(t):()iftgo; G'NdFs(t)Zin‘/s|+(QE_Qn)|In|+qn5:1iftZ(QE+qn)5-

In order to study pointwise convergence of F(t) as e — 0, we approximate F.
by the continuous piecewise linear function given by

¢ if 0<t<gne;
I, .
O L) = { t-00) e i g <i<qe:
Ve .
(t—q€6)| |+(QE_Qn)|In|+Qn€ if gee<t<(ge+aqn)e;

L.(t)=0fort <0and L.(t) =1fort > (¢-+¢n)e. Notethat 0 < L.(¢t)—F.(t) < e
for all t € R. Therefore, F. will converge pointwise or uniformly on compact sets if
and only if L. does.

3. THE CASE I'*~!(q,-) — (#,v) FOR SOME 6 > 0 AND v < 1,
AND THE PROOF OF THEOREM

Let ¥ denote a subsequence {ny} of n € N and suppose the rotation number «
satisfies

lim T Ya,-) = (0,v),

n—oo,neEY
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for some # > 0 and v < 1. We will take a particular subsequence of ¢ given
by €, = ¢|lh—1] with 6 < ¢ < 1 for n € ¥. Let N > 0 be given such that
|I,| < en < |In—1] for all n € ¥ larger than N. Fix n > N in what follows.
Inducing f on J. as in the previous section we note that a., is the maximum
number of copies of I, that one can fit in I,,_y \ Jc, plus 1. Therefore a., =
1+ [(|[Tn—1|—€n)/|In|], where [-] denotes the integer part. Increasing N if necessary,

we obtain
1—c¢
Ag,, = 1+ 9 = Q0 ,

which does not depend on n € ¥ for n > N. Define V,, =V, and L,(t) = L, (¢).
From the definition of L. in (@) we obtain

(10)
t if 0<t<cqgn|ln-l|;
I, .
(t —C4n |In*1|) | | +cqn |In71| if Cdn |In71| <t and
ClI _1|
Lo(t) = t < clacoqn+an-1) In-1|;
Vol .
(t—c(ac,a Qn+Qn—1)|In_1|) C|I | if C(ac,GQn+Qn—1) |[n_1|
n—1
+((ac.o = 1) gn + gn—1) ] <tand t <
+can |In71| C((1+ac,0) Qn+Qn71) |In71| )

L,(t)=0fort<0and L,(t) =1fort>c ((1 + ac,0) gn + qn_l) [Tp—1].
From the computation of the induced map U on J., and the definition of a. g
we obtain

Vol = |(In-1\Jc,) \ ( U Tk(In))‘ = L1 —en— (ac,O — 1) |1,
k=1

if acp > 1, and |Vy,| = [In—1 \ Je, | = |In—1] —€n if acp = 1. Since for n € ¥,
|I.|/|In—1| is asymptotically equal to 6, we have

. |Vn| - . 1—c _ 1—-c¢
(11) n—})lor,r}LEE |In71| - (1 C) (ac,G ]-) 0 = (1 C) 0 0 =0 9 ’
where {-} denotes fractional part. From (G and the identity qn |[In—1|4+Gn—1|In] = 1
we have

1 v

d li n—1In—1] = .
1+ 6v an nﬁolor,%ez Gn—1] 1l 1+ 60v

(12) hmEE Qn|In71| =

n—o0,n

Define the constants
c

(13) d = 1+6v’

dy = (aco+v)dy and d3 = di+dsy.

From the expression of L, (¢) in (I0) and (I2)) we obtain the next result.

Theorem 9. Let ¥ be a subsequence of n € N. Suppose the rotation number a
satisfies limy 0o nexs I (e, -) = (0,v), for some § > 0 and v < 1. Let g, =
c|In-1] with @ < ¢ < 1 for n € X. The distribution functions F., (t) of X¢, (-) =
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EnTe, () converge uniformly to the continuous piecewise linear function

t Zf0§t<d1,

0 .
L(t): (t—dl)z-f—dl if di <t<dsy;

0 (1-— 0
(t_dQ)E{ c}+(d2—d1)z+d1 if do <t<ds;

L(t) =0 fort <0 and L(t) =1 for t > d3, where the constants d1,da,ds are given
by (03); see Figure

A L(t)
0 [1-—
tanp) = & {15
| I s , <170
L(dy) [ --------- LTI 2
’ I(pll ]
di F------4#% N L] 1
| 2 taner) = ¢
i o i
! 1 1 1
N ! .
0 dy 1 ds ds t

FIGURE 2. The graph of L(t).

By taking subsequences e, = |I,,_1| and e, = ¢|I,,_1 |, with (=1+/5)/2 < ¢ < 1,
Theorem [ together with Lemma [7] gives

Lemma 10. If X, converges in law when & — 0 then the rotation number a satisfies
necessarily lim,, .. G™(a) = 0.

Now we discuss the problem of tightness of the distributions of X, for arbitrary
€ > 0, when the rotation number « is of bounded type.

Proof of Theorem [3 Using Theorem[2 we need only to show that if « is of bounded
type then the distributions of X. are tight. Suppose a,, < a for alln > 0. Then a. <
a for all € > 0. The support of the distribution of X, is contained in [0, (g- + gn) €]-
However, since ¢,—1 |In| + ¢n [In—1] = 1 for all n > 0, we have

(@ +an)e < ((a+1)gn+dn-1) [In-1] < at2.
Therefore the distributions of X, for € > 0 have uniformly bounded support in this
case. (|
4. THE CASE G™~!(a) — 0 AND THE PROOF OF THEOREMS [I] AND

Let ¥ be a subsequence of n € N such that the rotation number « satisfies

lim  G" '(a) = 0.

n—oo,nEX
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Take the subsequence of ¢ given by €, = ¢|I,—1| with 0 < ¢ < 1 for n € 3. Let
N > 0 be given such that |I,| < e, < |I,—1] for all n € ¥ larger than N. Fix
n > N in what follows. As in the previous section we have

[In—1] —€n (1—c)[ln1]
(14) as, = 1+ |:7 =14 |—-,
1| 1 1n|

where [-] denotes the integer part. Define V,, =V, and L,(t) = L., (t), where L
in given by (@)). Therefore we get

t if 0<t<cgn|ln-1];
I, .
(t—an|In,1|)L if CQn|In71| §t<C(I6n In71| ;
C|In_1|
(15) Lyn(t) = +eqn [In-1]
Vol .
t—cqe |Ih_ fcqe |In_q| <t
( C{e, 1|)C|In_1| I cge, 1|
+(q6n - qn)|In| +can |In—1| <c (QE,L + qn) |In—1| )

Ln(t) = 0 for t < 0 and Lyn(t) = 1 for ¢ > ¢(ge, + gn-1) [In—1], where ¢., =
Qe, Qn + Qn—1-

Proof of Theorem [2 Since gn—_1|In—1]| is bounded, limy, o0 nesx gn |[In—1] = 1, and
ae, diverges to infinity, we conclude that

lim 5 @en I,_1| = .

n—oo,ne
Since |Vi,|/|In-1] < |In|/|In—1| convergent to zero, from the expression (5] we see
that L,(t) converges uniformly on compact sets to F),(t) of (). Hence the same
holds for F . O

Proof of Theorem [1I By Lemma [Tl we need only to worry about the case when the
rotation number « satisfies lim,,_,o, G™(a) = 0. However, by taking subsequences
en = |I,_1| and €, = ¢|I,,_1|, with 0 < ¢ < 1, on one hand we have F., converges
uniformly to the uniform distribution on [0, 1] (see Section [l), whereas by the proof
of Theorem 2] F_, converges uniformly on compact sets to the function F),(t) of ().
Therefore there cannot be convergence in law of X, as ¢ — 0. O

5. ANOTHER TIME SCALE IN THE CASE G™ ~!(a) — 0
AND THE PROOF OF THEOREM [

Here we show that in the case lim,,— o0 nes G”fl(a) = 0, for ¥ a subsequence
of n € N, another scale 7. # u(J:) can be used to obtain convergence in law of
the corresponding rescaled hitting time distribution for certain subsequences ¢,, of
e—0.

Consider the random variable Y. (-) = . 7(+). Let FY (¢) denote the distribution
function of Y.. Then we note that FY (t) = F.(ct/v.), where F.(t) is given by (&).
(We remark that we are still assuming as in Section [l that f is the rigid rotation
by a and hence p(J3.) = ¢.) By Proposition B we may approximate FY (¢) by the
continuous piecewise linear function LY (t) = L.(et/7.), where L (t) is given by ().
For 0 < ¢ < 1, define €, = ¢|I,—1| and take 7., = |I,,|. Define as before V,, = V.,
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and q., = e, Gn + qn—1. Then LY (t) = LY (t) is given by

I, _ .
C||I|1|t it 0<t<gyl|ly;
t=aqn|lnl + cqn [In-1] if gn [In| <t <., ] ;
(t =g, [Inl]) |I—n| if ge, [In| <t < (qe, + qn) [In];
+(4=,, — @) Inl + cqn [In-1]

LY(t)=0fort <0and LY (t) =1 for t > (q., + qn) |In]-
Proof of Theorem [f] We recall that

i I, =0 d i I,_1|=1.
1m2qn|n| an nﬁogH}L62Qn|nl|

n—oo,nec 5

Since for n € ¥ we have

In—1| |In| |In—1|

we see that

qe, In| = (asn Gn + anl) |In| - 1—c.
Since |V,,|/|I,] is bounded above by 1 and (g, + ¢»n) |In| also converges to 1 — ¢,
we conclude from (6] that LY (¢) converges pointwise to the limit function F,(t)

of @). O
6. THE HITTING TIME POINT PROCESS

Define the hitting time point process 7. of J. with time scale 7. to be the map
T.: S' — M|[0,00) given by
(17) T.(w) = Y X5 (f*w) bk
k>0
where d; denotes the Dirac measure at the point ¢ > 0, M[0,00) denotes the o-
finite Borel measures on [0, 00), and X denotes the indicator function of J.. The
support of 7; defines the sequence of rescaled hitting times
XM W) = 7en(@), XPW) = 1P (W),

In [CE] we studied convergence in law of 7. as ¢ — 0 in the particular case of
€ =¢&n = |I| + |In-1| and . = &,. For this particular choice of ¢,, we obtained
Proposition 11. The point process Tgnk converges in law if and only if either

(a) limg—0o G™ () =0 ; or

(b) there exist § > 0 and v < 1 such that limy_,o T™ (o, -) — (6,v).

Here we address the problem of choosing different subsequences ¢,, and different
scales e, . Let Dgl) = Xe(l)7 and for k > 1, Dék) = Xg(k) —Xe(kfl). In order to study
convergence in law of ([I7) we need to study convergence of the finite-dimensional
joint distributions of {Dék)}. For 0 < k1 < --- < k, define

Ekvek) gy o) = plwe St DFI(w) < ty, s=1,---,7}.

We start with the case of F\% (t). For k = 1, we have Fe(l)(t) = F.(et/:), where
F.(t) is given by ([8). (Here again we may assume f is the rigid rotation by « and
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then 1(J.) = e.) Consider the continuous piecewise linear approximation of Fg(l)(t)
given by Lél)(t) = L.(et/:), where L.(t) is defined in ([@).

In order to have pointwise convergence of LSL) (t), a necessary condition is that
either |I,y_1|/7e, converges (where n’ is the unique solution of |I,/| < e, < |I_1]),
or |I/|/7e, converges. Therefore the interesting cases to consider are €, = ¢ |I,_1]
with 0 < ¢ < 1, where ., satisfies either (i) 7., = ep, or (ii) 7., = |I,|; and n
belongs to an infinite subset ¥ of N.

The study of convergence of LSL) (t) in the above cases have been carried out in
the previous sections, and again pointwise convergence occurs only in the cases (a)
and (b) of Proposition [Tl Since the case ¢ = 1 is very similar to what is done
in [CE], we will fix 0 < ¢ < 1. We start by choosing 7., = .

Case (b) of Proposition . Let X be a subsequence of n € N such that
lim - " a,-) = (6,v),

n—oo,ne

for some # > 0 and v < 1. Note that we must have ¢ > 6. On J.  there are
only three return times ¢, ¢-,, and ¢., + gn, assumed respectively on W,, = W,_,
K, = K., andV,, =V, . Therefore, for k > 1, Déﬁ) assumes only the values g, €,
e, €n and (qe, + qn)En. Rescaling the interval J., to [0,1] using an affine map,
we see that the return map U of J,,, becomes an interval exchange map U, of [0,1]
with parameters (|K,|/en, |In|/en) and permutation (321). By () and the fact
that | Ky, | 4+ [Va| = 1] we get

biey 0 l1-c Vol 0 (1-c
oA = 2 (1= Dl oy = 2
len] A1 c ( 0 ) T en Az c 0 ’

0
— )\3 = 1—)\1—>\2 =1—-.
Cc

Therefore we see that l_'an converges to the interval exchange map U, ¢ of parameters
(A1, A1+ A2) and permutation (321), when (1 —¢) is not divisible by §. When (1—c¢)
is divisible by 6, Un converges to the rigid rotation of the circle of rotation number
(¢ — 0)/c, which we will also denote by U, g.

Restricted to J., we have {w € T, : Déi) (W) = quen} = UFYW,) and
{lwed.,: Déi) (W) = qe, en} = U7F1(K,,). Building the Rokhlin-Kakutani tower
of f on top of J., we conclude that

plwe ' DI (w) = gnen}
(18) = qup(U W) + (g2, — @n) p(UFH (W) N T (1))
+ g p(UFH W) N V)
Similarly we have
p{we ' DM (w) = q., n}
(19) = g (U (KD)) + (¢e, — gn) p(UF (Kn) N T7H(IL))
+ g p(UFHIG) N VL)

Multiplying and dividing by &, on the right hand side of both ([I¥) and (), and
using the fact that g, e, — dy and ¢., €, — da, where dy,dy are given by (I3) we
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obtain
(20)
pfwe St DP(w) =gnen} — M1 =diAs+ (do — d1)#(U;§+1(W) ni)
+d (U W)NV),
where we define K = [0, \], V=[A, M1+ X], W=[M+ X, ]]and I= KUV =
[0, A\1 + Ag]. Similarly,
(21)
pwe S DI (w) =g, en} — M2 =di A+ (d2 — di) p(U_ 7+ (K) N 1)
+dip(Usg ™ (K) N V).
The above shows that Fg(k ) (t) converges in law for every k > 0. Figure Bl shows
the graph of F¥)(t) = lim,, o0 Fg(k) (t), for k > 1, and Figure 2 shows the graph of
L(t) = limy, oo FXV(8).

A F)(¢)
1 _____________ FTTTTT T T h
My + M2 [--=-~-"--=-- E“:—'—i
O —=
0 di 14, ds t

FIGURE 3. The graph of F(¥)(¢), for k > 1.

Now we consider the case of Fe(fl""’k")(tl, <oy ty), where 1 < by < -+ < k.
Introducing the indices ¢,, 1 = ¢, €, and £y, 2 = q.,, €, We have £, ; — d; fori =1,2.
Define Z,,1 = W), and Z,, 2 = K, and also Z; = W and Z; = K. First we note
that restricted to J., we have

T
(22)  {wede,: DFNw)=ln,, s=1,---,r} = (YU (Zaa),

s=1
for any choice of i, € {1,2}, s = 1,---,r. From the Rokhlin-Kakutani tower on
top of J., we conclude that
(23)

p{we St DENW)y =L, s=1,--- 1}

En

=dqn ,U( ﬂ U_ks-H(Zn,is)) + (e, — Qn)ﬂ( ﬂ U_kS—H(Zn,iS) n T_l(In))

s=1 s=1

K
(VU (Zni) N Va) -

s=1
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Therefore we obtain

p{we St DENw) =ty s=1,-- 1} — dip(() U gt (Z)
s=1

+ (dy — dy)p ﬂ U,y ™ (Zi,) NI + da o ﬂ U, s 2Z:,)nV).

s=1
This shows that FXF ") (4, ;) converges in law for every choice of 1 < k1 <
- < k. Finally, for the case of F(1 ez, k")(tl, -+« ,t,) we study the convergence
of
(1,k2,e- s kr) _ . -
(24) G2 (1) = pfwe St DU(w) <5 DEN(w) = L,y s =2, 7}

Suppose e, k <t < &, (k+1). For k < g,, we have

Gl @) = k() U5 (Za)) -

sl
s=2

For ¢, < k < ¢, we have

Lk, ks
G0 = aun(() U (i)
s=2

T
+(k=aqn) p( () U5 (Zni) NT (1)) -
s=2
For ¢, < k < ¢., + g, we have

T
G () = g () U4 (Zni,)

77‘7

s=2
T
+ (e, — Gn) ,LL( n UﬁkSJrl(Zn,is) N Tﬁl(In))
s=2
+ (k=g u(() U (Zni) O Va)
s=2
Therefore we see that Gnlzlzz’ "ff")(t) converges uniformly to the continuous piece-
wise linear function G (1, kz’z'y ok )( t) given by
tu(R) if 0<t<ds;
G(1k2, ; )(t)— (t —di) (RN I) +di p(R) it di <t<dy;
12,00 iy -
(t—dg)/.i(RﬂV) if d2§ﬁ<d3;

+(d2 — di) p(RNT) + dy p(R)
Gg’k"’:f () =0 fort<0
and

G () = dy W(RNV) + (dz — di) p(RNT) + dy p(R) for ¢ > ds,
where the constants di, da, d3 are given by (I3) and R =(,_, cek t(zZ:).
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The above computations show that the point process 7 with ., = &, (under
the subsequence n € X) converges in law to a non-stationary, inhomogeneous and

non-independent limit point process. For ., = |I,,| the result is the same since
|I,|/en converges to /¢, and hence the limit point process is just scaled by this
factor.

Case (a) of Proposition [[1l Let ¥ be a subsequence of n € N such that
: n—1 _
lim - G" (a) = 0.

n—oo,ne
As before, for k > 1, Déi) assumes only the values ¢, €n, ¢c, €n and (¢, + ¢n) €n,
assumed respectively on W, = W, ., K,, = K., and V;, = V., where we are taking
Ve, = €n. Note that in this case ¢, &, — ¢ and ¢., €, — 0o. Note also that (I8)
and (T9) still hold for n € X. Since for fixed k£ > 1 and for sufficiently large n € &
we have U~ *Y(T~1(I,)) N T~Y(I,) = @, and also ¢., |I,|] — 1 — ¢, we conclude
that multiplying and dividing by &,, the right hand side of [I8) and () give

p{w e St Déﬁ)(w):qnen} — c+(1—¢) =1 and
p{w e St Dg:’)(w)zqEn en} — 0.

(25)

We conclude then that Fe(lf) (t) converges in law for every k > 0. Now we study
the convergence of Fg(fl"”’k"')(t17 oo ,t,), where 1 < k; < --- < k.. As before we

introduce the indices ¢, 1 = ¢, €, — cand £, 2 = q¢,, €5, — 00. Put Z,, 1 = W, and
Zn.2 = K. Note that (23) still holds and when n diverges we obtain

p{w e St Dgfs)(w) =lni,,s=1,---,1} — 0
if i = 2 for some s, and

p{w e S*: DéﬁS)(w)zéml, s=1,---,r} — 1.

This shows that for every choice of 1 < ky < -+ < ki, Fg(fl"”’k"')(tl,--- Jtr)
converges in law to lim, oo nex [[ooy Fg(fS)(ts). Now, as before, for the case of
plke ’kr)(tl, .-+, t,) we study the convergence of Gfllfzkr) (t) of [24). Suppose

enk <t<ep(k+1). For k < g, we have
1,ka, - kr k.
G 07y = ku(() U4 (Z0s))
s=2

and hence if i, = 2 for some s > 1 then Gglllgzlk)(t) — 0 for t < c. Otherwise
k)

we have Gg,’llf,z,’,"l (t) — t for t < c. For ¢, < k < q., we have

s
G () = g () U4 (Zai,))

s=2
T
+ (k=g u(( U (Zni) N T (1))
s=2
and then if i, = 2 for some s > 1, we obtain Gszlzzzk)(t) — O for t > c¢. Otherwise
we have Gfif?.’f;’l’kr)(t) — ¢ for t > ¢. This shows that for every choice of 0 < k1 <
oo < Ky, Fg(kl 7]”)(7517 -+, t,) converges in law to lim, oo, nex [[oo; FE(fS)(tS).
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The above computations show that the point process 7 with ., = &, (under
the subsequence n € X) converges in law to a stationary and independent limit
point process. Moreover, the limit point process is with probability ¢ the so-called
lattice point process with increment ¢ and it is a degenerate process with probability
1—c.

Now we deal with the case of 7., = |I,|. For k > 1, Déi) assumes only the values
an | Inl, ¢, |In] and (qe, + qn) |In|, assumed respectively on W,, = W, , K, = K.,
and V;, = V. . Note that ¢, |I,| — 0 and q., |I,| = 1 — ¢. Note also that (I8)) and
([9) still hold with e, replaced by |I,|. Therefore we obtain as in (25)

p{w e St Déﬁ)(w)zqn|ln|} —c+(1—¢) =1 and

26
(26) wwe S DW= g |} — 0.

Hence Fg(f) (t) converges in law for every k& > 0. Consider Fe(fl""’k")(tl, cee ),
where 1 < ky < .-+ < k,. Introduce the indices £, 1 = ¢, |I,| — 0 and £, 2 =
Qen [ In] = 1 —c. Put Z,1 =W, and Z,, 2 = K,,. From (23), which still holds in
this case, we obtain

pl{we St Dg’jﬁ)(w):&,isa s=1,---,r} —- 0
if 75 = 2 for some s, and

plwe St DEI(w)y =Ly, s=1,---,1} — 1.

This shows that for every choice of 1 < k1 < -+ < k&, Fa(fl"”’kr)(tl, <+, t,) con-
verges in law to limy, o0, nex H:=1 Fe(fs)(ts). For the case of Fs(jkz ’k"')(th e ty)
(1,kz, k)

we study as before the convergence of G
|I,| (k +1). For ¢, < k < q., we have

(t) of 24). Suppose |I,|k <t <

nyig,0 i

s
G (@) = gu () U4 (Za,))
s=2

+ (k= qn) N( ﬁ Uﬁkerl(Zn,is) N Tﬁl(In)) ;

s=2
k)

and then if i5 = 2 for some s > 1, we obtain GS;T,’,’, i

(t) = 0for0<t<1-—c
flllhlkr)(t) — c+tfor 0 <t <1-—c This shows that

for every choice of 0 < k1 < -+ < ki, Fg(fl’""kr)(tl, -+« ,t,) converges in law to
limnﬂoo, nex H:;:l Fs(fg)(ts)

The above computations show that the point process 7¢, with v., = |I,,| (under
the subsequence n € ¥) converges in law to a non-stationary but independent limit
point process. However, in this case, the limit point process has no increment with
probability one and the first hit is a mixed random variable with distribution giving
probability ¢ to the origin and uniform distribution in the interval [0,1 — ¢] with
probability 1 — c.

Otherwise we have G

7. THE RETURN TIME POINT PROCESS

Conditioning the point process 7¢ to J. we obtain the return time point process

7. To study convergence in law we consider as before the sequence of random
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variables X , and defining D( ) = (k) Xe(kfl) we study the convergence of the
joint dlstrlbutlon functions

Fluokoq o) = e tpfwedo: DE (W) < by, s=1,---,7},

for 0 < k1 < --- < k;.. Suppose the time scale is given by 7.. Then the random
variables T assume only the values g, 7e, g=7e or (¢- + qn)7e, respectively on
We, K. and V.. Here n is the unique integer such that |I,| < ¢ < |I,,—1| and
we are assuming f is the rigid rotation by a. For a subsequence ¢, — 0 consider
ln1 = Gn e, and £, 2 = qc, Ve, . Define as in the previous section Z,, ; = W, = W,
and Z,, o = K,, = K.,. From (22)) we have for 0 < ky < -+- < ky,
(27)
T

et p{w e e, s DI W) = by s =1, ) = e w( () U (Zns)
for any choice of i, € {1,2}, s = 1,--- ,r. Suppose &, = c¢|I,_1| for some fixed
0 < ¢ < 1 and consider 7., = €,. Convergence under a subsequence occurs exactly
in the cases (a) or (b) of Proposition [[Il

In the case (b), we take ¢ > 6, and we have

r
Eglu{wE/JEn:Déﬁ)( )—fn,is,SZL---,?“}—),u ﬂ k+1 s))v

where we have defined Z; = W and Z; = K as in the previous section, and We note
that £,, ; — d;. It is interesting to note that the asymptotic distributions of Den (w)
for w € S with k& > 1 are different from the asymptotic distributions of Dén)( )
conditionally to J.,. Taking ., = |I,,| changes the asymptotic distributions only
in that the time scale is multiplied by a factor 6/c.

Now in the case (a) of Proposition [I] and ., = &,, we have £, 1 — ¢ and
{2 — oo. From (27) we obtain
(28) E;l,u,{wefjen D(k)( ) En“,S:L--',’I"}—)O

if i, = 2 for some s, and
(29) et p{wed.,: Dé’fj)(w) =lp1,s=1,---,7} — 1.

Therefore in this case 7. converges in law to a deterministic point process with
point masses at ¢N. Finally, for v., = |I,,|, we have £, ; — 0 and ¢, — 1 —c.
From (27) again we obtain (28) and ([29). Therefore in this case 7 converges in
law to the trivial point process with point mass at the origin.

This shows that there is no loss of tightness for return times and there is no
coexistence of non-trivial limit point processes by choosing different scales in the
case of return times.
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