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VARIATION INEQUALITIES
FOR THE FEJER AND POISSON KERNELS

ROGER L. JONES AND GANG WANG

ABSTRACT. In this paper we show that the p-th order variation operator, for
both the Fejér and Poisson kernels, are bounded from LP to LP, 1 < p < oo,
when g > 2. Counterexamples are given if p = 2.

1. INTRODUCTION

Let T denote the interval [—m, 7), thought of as the unit circle, with normalized
Lebesgue measure. For a function f € L!(T), we have

A 1 ™ .
fln) = o~ » f)e™ da.
We denote by K, (z) the Fejér kernel given by
" 7]\ s 1 ysinZlgy2
Ko@) = 3 (1 e L (sintiey
(z) ];n( n—l—l)e n+1\ sing

We let o, f(z) = (K, * f)(z), where as usual, f % g denotes the convolution of f
and g.

We will also consider the Poisson kernel, which for 0 < r < 1 is given by

= . 1—r?
P.(z)=1+ 2;7'3 COS T = T

The operators associated with these convolution kernels play a very fundamental
role in harmonic analysis, and understanding their behavior has been the subject
of considerable research. In this paper we study the degree of oscillation of the
family of operators associated with each of these kernels as they approach their
limit. We do this both by looking at the maximum p-variation (defined below)
and by counting the number of times that the family of operators takes a jump
of a certain size. (The number of these jumps can be related to the number of
upcrossings of the family of operators.) Our method of proof involves relating
these operators, via square functions, to the dyadic differentiation operator. (See
[7] for an interesting historical discussion of the role of square functions in classical
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4494 R. JONES AND G. WANG

analysis.) The dyadic differentiation operator can in turn be related to a dyadic
martingale. For the martingale (and hence for the differentiation operator) we can
use already established results for the g-variation and the number of jumps (see [2]).
The connection of these operators to the differentiation operator is of independent
interest since it shows clearly why many results are true for operators considered
in Fourier analysis.

We define the p-variation operator for the Fejér and Poisson kernels as follows.

Definition 1.1. For the Fejér kernel,

(n5)

1 us
onf(z) = (Kn* f)(z) = Dy flz —t)K(t)dt,
we define the p-variation operator
o0 0 %
Vo (K f)(w) = sup (Z on, f (@) = oy f(@)] )

where the supremum is taken over all increasing sequences (n;). For the Poisson
kernel,
1 s
P, P,
F@) = (P f)(w) = 5=

we define the p-variation operator

f(x —t)P.(t) dt,

1

2\ o
Vo(Pf)( —iup(Z‘Pst —stﬂf(x)‘ ) :
where the supremum is taken over all increasing sequences (s;), with 0 < s; < 1
for each j.

We also define the A-jump operator for the Fejér kernel as follows.

Definition 1.2. The A-jump operator for the Fejér kernel will be denoted by
A(K, f,\)(z) and is defined by

AK, f,\)(z) = sup{n € Z" : there exist 51 <t; <859 <to < - <5, <ty
such that |os, f(z) — oy, f(z)| > A fori=1,2,...,n}.

For the Poisson kernel the A-jump operator A(P, f, A\)(x) is defined in the anal-
ogous way.

Remark 1.3. If the A\-jump operators is finite a.e. for each choice of A > 0, then we
must have a.e. convergence of our family of operators.

For example, with the Fejér kernel, note that finiteness of the A-jump operator
implies that for any given A the terms in the sequence (o, f(z)) can differ by more
than A\ only a finite number of times. After that finite number of terms all the
remaining terms are within a band of thickness 2\, and convergence follows by
Cauchy’s criterion.

The first issue to address regarding the p-variation is that of measurability. In the
case of the variation operator for the Fejér kernel, we can first take the supremum
over all sequences bounded by N for N fixed. Then we have a supremum over only
a finite number of sequences, and there is no problem with measurability. We can
then let N increase to infinity, and again, there is no problem with the measurability
of this increasing family. For the variation of the Poisson kernel, we first consider
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VARIATION INEQUALITIES 4495

sequences (r;) selected from the set {k/2N : k = 0,1,..., N — 1}, and then let N
go to infinity. The “smoothness” of the Poisson kernel allows us to the pass to
general increasing sequences.

Remark 1.4. If for some p < 0o the p-variation is finite at a point x, then we have
convergence at the point x.

To see this in the case of the Fejér kernel, assume that convergence fails. Then
we know that there is an € > 0 such that lim sup o, f(x) —liminf o, f () > €. In this
case we will show that we can select a sequence (ny) to make the variation infinite.
First select nq so that o, f(x) is close to limsup o, f(z). To be precise, select nq
so that |limsup oy, f(x) — on, f(z)] < §. Next select ny > ny such that o, f(z)
is close to liminf o, f(z), in particular, so that [liminf o, f(z) — on, f(2)] < §.
Then select ng > ng so that o, f(x) is close to the limsup oy, f (), etc. In the end

we have a sequence such that |oy,, f(z) — op,., f(x)] > § for each k > 1. Thus
1
V(K@) = (232 (5)) " = +oo.
We will prove the following four theorems.

Theorem 1.5. For 1 <p < oo and ¢ > 2 we have ||[V,(K f)|, < c(p, o)l fllp-

Theorem 1.6. For 1 < p < oo we have ||[\/A(K, f, N, < Cf)Hpr.
Theorem 1.7. For 1 <p < oo and ¢ > 2 we have |Vo(Pf)|lp < ¢, o)l fllp-

Theorem 1.8. For 1 < p < oo we have |[\/A(P, f,A)|l, < Cf)||f||p.

It would be interesting to know if we can replace the Fejér or Poisson kernels
by the Dirchlet kernel and still obtain a variation inequality or a A-jump inequal-
ity. Since a norm inequality for either the variational operator or for the A-jump
operator associated with the Dirchlet kernel would imply Carleson’s theorem on
a.e. convergence of Fourier series, one would expect this to be hard. However as a
consequence of the above results we can prove the following.

Theorem 1.9. Let S, f(x) denote the nth (symmetric) partial sum of a Fourier
series and fix a lacunary sequence (ny). Then for o > 2 and 1 < p < oo the

o-variation operator associated with the sequence (Sp,) is a bounded operator on
LP.

Proof. The p-variation operator satisfies a triangle inequality, and consequently
Vo (Sny f)(@) < Vo((Sny, — on ) f) (@) + Voo, f)(z). The first term on the right is

1
dominated by a constant multiple of (372, [Sn, f(z) — on, f(2)|?)? (see ZI) in
Section2]), and this is shown to be bounded on all LP, 1 < p < oo, by Zygmund [10],
Chapter XV. The fact that the second term on the right is bounded is a consequence
of Theorem O

Remark 1.10. Since, as remarked above, finiteness of the g-variation implies con-
vergence, this result gives a proof that we have a.e. convergence of lacunary partial
sums of a Fourier series.

Remark 1.11. Because the g-variation operators satisfy a triangle inequality, we
also have similar results for convolution with the de la Vallée Poussin kernel. This
follows since the nth de la Vallée Poussin operator can be written as 202,41 — oy,
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4496 R. JONES AND G. WANG

To see that ¢ > 2 is required, we also state (and prove in Section[8) the following
two negative results.

Theorem 1.12. There is a function f € L>(T) such that Vo(K f)(z) = oo a.e.
Theorem 1.13. There is a function f € L>(T) such that Vo(Pf)(x) = 0o a.e.

The proof of each of the above theorems will depend on comparison with another
operator, which in turn can be compared with a martingale. In the case of a
martingale the appropriate variation operator (for ¢ > 2) has been studied by
Lepingle [5] and shown to have bounds in LP, 1 < p < oo. See also [2], where
similar ideas were used to study the variation of ergodic averages.

Throughout the paper, ¢ and C, sometimes with additional parameters, will
denote constants, but not necessarily the same constant from one occurrence to the
next. Sometimes the values of ¢ or C' may differ even in the same line.

2. SOME NOTATION AND GENERAL TOOLS

In this section we give some notation and note some general properties of g-
variation and A\-jumps. The properties will be used later in the paper.

Let ¢ > 1. For a sequence of numbers = (z,,), we use the notation V,(z) =
Vo((z5)) to denote the p-variation number defined by the following:

o =

Vo((25)) = sup (Z |xnj — Tnjpa |g) )

(nj) k=1

where the supremum is taken over all increasing sequences (n;). When the sequence
x = (xy,) is clear from the context, we use V,(x) or V,(z,) to denote V,((zx)).
Similarly, if T = (T;,) denotes a sequence of operators, we will use the notation
Vo((Tnf))(z) to denote the g-variation operator defined by the sequence (7)) at
the point x. That is,
9) <

where the supremum is taken over all increasing sequences (nj;). Again, when
T = (T,,) is clear from the context, we use V,(T,,f)(x) or simply V,(Tf)(z) to
denote V,((T, f))(x). Note that V,(T, f)(x) = V(T f(x)).

We note some important properties of the variation operator. If p > 1, and
T = (T,),S = (Sn) are two sequences of operators, then

Vo(T + ) )(w) < Vo(T F) () + Vo (S f)(2).

Because for any sequence (ay), ||an||eer < ||an||eez when g1 > g2 > 1, we have

Vo, (Tf)(z) < Voo (T'f) ()
when g1 > g2. Finally, since (a + b)? < 2a® + 2b?, we also have

(21) BT <23 YT e)

oo

Vo(Tuf)) (@) = sup (3

(nj) k=1

Tnjf(x) - Tnj+1f(x)

Obviously, similar properties apply to variation numbers for sequences.

During the proofs of the main results we will need to work with a family of
conditional expectation operators. Let F,, denote the nth dyadic o-field associated
with T. That is, Fo consists of the two sets, {0, [—m,m)}, and F;41 is obtained
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VARIATION INEQUALITIES 4497

from F; by dividing each atom of F; into two disjoint intervals of equal length.
Throughout the paper, let E,f = E(f|F,), where integration is with respect to
normalized Lebesgue measure on T.

Remark 2.1. To see that variation inequalities are not a consequence of convergence,
we note the following simple example of a sequence of operators that converge to
zero a.e., but which fail to satisfy a variation inequality for every o > 0. On [0, 1),
let To, f(z) = 1~ f(x), and let T i1 f(2) = = f(x). Then for any f, we have

In2n In2n

Vo(Tnf)(x) = o0 on {z : f(z) # 0}.

Definition 2.2. Let x = (z,,) denote a sequence of real numbers. We define

Az, ) = A((zn), A) = sup{n : there exists 51 < t; < 83 <tg- - < 8 < tp
such that |z, —xs,| > Afori=1,2,...,n}.
When the sequence = (z,,) is clear from the context, we use A(x, A) or A(zy, A)
to denote A((xn), A).
The operator A(z, A) gives the number of times the sequence x = (z,,) changes

by a distance A. For a continuously indexed system, z = (z¢)ter, A(x, A) is defined
in the analogous way.

Remark 2.3. We first show there is a triangle like inequality for the jump numbers.
Let = (z,,) and y = (y,) be two sequences. Note

Alx +y,A) =sup{n: thereis s1 < t1 < s9 <tg--- < s, <t, such that

|xti T Yt — Ts; — Ysy| > >‘}

and

|xti + Y, — Ts; — Ysy < |xti — T, | + |yt1', — Ysi| -

Consequently if |(z¢, + yt,) — (ys; + ys;)| > A, then at least one of the two terms
on the right-hand side must be greater than A/2. From this we see that

(2:2) Az +y,N) <Az, 3)+ Ay, 3).

Next, we relate the jump number A(z, A) to the p-variation number V,(z). Let
s1 <ty <89 <ty < <5y <1y, be the indices used in the definition of A(z, A).
That is, |2, — x| > X for j =1,2,...,n. From this we see that

(2.3) M (2, \)F < (i e, — x5j|@)% < V,(2).

Definition 2.4. Let 1 < p < oco. For two sequences of LP operators (A,) and
(By), we say that (A4,) and (B,,) are equivalent, and will write (A4,) ~, (By), if for
any sequence () of complex numbers with |v,| < 1 and for every f € LP, we have

| s = Bus) v <clfll

for some constant ¢ independent of (v,,) and f.

Theorem 2.5. If (A,) ~p (By), then

[(bns = mar) [ < s
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4498 R. JONES AND G. WANG

Proof. Let v,, = ry,, the nth Rademacher function. First use Khinchine’s inequality
followed by Fubini’s theorem. Then we can apply the hypothesis of the theorem.
The details are as follows:

(St - mas) |

p/2

S B OSEWORE VT
< c/:; /O1 (S (A f @)~ Buf@)ra(t)) dtda
:C/O /_Tr(;(Anf(x)—an(x))rn(t)) dz dt

1
<e / 17112 dt
— | fIz.

Remark 2.6. The above argument shows that the condition
1/2\p
(2.4) |(XC1aus = Bus?) 7| <l

is weaker than (Ay,) ~p (Bp). In fact, all the results in this paper are true under
this weaker condition.

In case p = oo, we say (A,,) and (B,,) are equivalent and write (A,) ~o (Bp) if

H Z(Anf - an) *Up

<
oSl fle

for some constant ¢ independent of (v,) and f.

Lemma 2.7. Let 1 < p < 00,0 > 2, and (A,) ~p (Byp) (or under the weaker

condition of (Z4)).

(1) If
IVe(AN)lp < ellflps
then
IVo(BA)lp < cll flp-
(2) If

Vo(Af)(x) = a.e.
for some f € L*>, then

Vo(Bf)(z) = o a.e.

C
IACAL N2 < 1 £l

Cc
1AL N2l < S1£ 1
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VARIATION INEQUALITIES 4499

Proof. For (@), using (2]), since
Vo((A=B)f)(x) < Va((A—B)f)(x) < 2\/5(2 |(Anf — an)(m)|2>1/27

the lemma follows from the triangle inequality and Theorem 2.3

For the proof of () note that V,(A) = V,(A— B+ B) < V,(A— B) + V,(B) <
V2(A—B)+V,(B). Arguing as above, we have that the first term on the right-hand
side is finite a.e. Since the left-hand side is infinite a.e. the second term on the
right-hand side must also be infinite a.e.

For @), by ([Z2)), we have
ABf,N)(x) < A(B = A)f, 3)(x) + AAS, 3)(x).

Taking the square root of both sides, and using the fact that va+b < /a + Vb,
we see that

MWABFN@) < MW/A(B — A)f, 3)(x) + A JAAF. D) (@),

Taking the pth norm of both sides, we see that

|wamrN| < HM/A«B A1) + HA\/MAf, )

Now the result follows from the assumption and equations (2.3 and (24). O

p

Throughout the paper we will make use of known results about an additional
family of operators, in particular, the family of Lebesgue differentiation operators.
Let

n'n

Do f() = %/; flo+t)dt = %[ nx(oz. ) () (@ — £) dt.

The reason to introduce the family of operators, (D,,), is that we already know
a variation inequality for these operators (see [2]), and these operators can be used
to approximate the behavior of other families of operators. This approximation is
the content of the following lemma.

Lemma 2.8. Suppose a sequence (A,) of kernels satisfies

1=An(G) <c-li/nl? il <n,
[An() < c-[n/jl7 1il >n,

for some o > 0. Then for any lacunary sequence (ny) we have (Ap,) ~2 (Dp,).

Proof. We need to show for any sequence (vy) of complex numbers with |v;]| < 1
and for any f € L2,

(2.5) | >t = Du) | < clif 2
k

for some positive constant ¢ > 0 independent of (1) and f.
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4500 R. JONES AND G. WANG

Since
HZ Auf = D), = / (Ane ) (@) = (Du f)(@)) - vie|” do
”k 1
=SS (A G)TG) - Do DF )
J n=1
=S IFGPY (A () = Da ()|
J k=1
< S IFGP Y VA ()~ Do, )]
J k=1

it is enough to show that

is bounded uniformly in j.
Computing the Fourier series, we see that

1 [ ¢t dt = sin(7rj'/nk).
)= U
Expanding
o . . 3
sin(mj/ng) = 7j/nk + O(ﬂ'j/nk) ,
we see that for k such that |j| < ny, we have

26) |20 0) = Bun)] £ 1A 0) ~ 1]+ D) -1 < (),

where 01 = min{2,0}.
Similarly, for k such that |j| > ng, we have

(2.7) |4 () = D ()] < A0 ()] + 1D )] < © (5 j o)

where 09 = min{l,0}.
Therefore, by the above two inequalities,

(oo}
‘Ank(J)_an(J)‘ = Z ‘Ank(j)_an(j”
k=1 {k:ing <|l}
+ Y [Duh) = K (9)]
{k:ni>151}
o2 ] o1
< ¥ oo(F)+ X oc)
{k:ing <|il} {k:ink 2|51}
<C.
This completes the proof. O

Remark 2.9. If FE, denotes the conditional expectation operator with respect to
the dyadic o-field with 2" atoms, then in [3] it was shown that (E,) ~, (D2n)
for 1 < p < oo. Since ~, is an equivalence relation, this will allow us to transfer
properties of the conditional expectation operator to other families of operators.
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VARIATION INEQUALITIES 4501

The idea of comparing Da» and E,, was used in [2], but there the comparison was
via a square function rather than the above equivalence relation.

3. L2 RESULTS FOR THE FEJER KERNEL

To prove the L? variation result for the Fejér kernel we need to split the variation
into two parts. One part will involve the case when there are long gaps between ny,
and ng41, and the other part will involve shorter gaps. It turns out that the longer
gaps are the more difficult to deal with, and are the source of the requirement that
o > 2. We will see that the short gaps are controlled by an operator that has
been studied as early as 1925 by Kaczmarz [4] and 1926 by Zygmund [9]. To study
the case of “long gaps” we will approximate the operators of interest by simpler
operators that are already understood.

3.1. The long variation. In this section we will study the variation along lacunary
sequences. In particular, we will prove the following theorem.

Theorem 3.1. Let (ny) be a lacunary sequence. Then (o4, ) ~2 (Dn, ). Further,
for 0> 2 we have |[Vo(om, f)ll2 < c(o, ()| f12-

Remark 3.2. We will see later that the constant in the above inequality does not
actually depend on the sequence (ny), but that will not be established until later
in the paper.

Proof. The Fejér kernel has a Fourier transform given by

N —_ iy 4 <
_ - jl <n,
lcn(j): ( +1) . ||
0 it |5] > n.

Applying Lemma 2R we see that (o4, ) ~2 (Dy,,). From [2] we know that for o > 2
we have ||V,(Dy, f)ll2 < ¢(0)]fl2- Now apply Lemma 27 O

Remark 3.3. In the special case when (ng) = (2¥) we will sometimes refer to
Vo(oan f) as the long variation. One reason to work with this fixed lacunary se-
quence is to have a fixed constant for later computation.

Theorem 3.4. Let Sy, f(x) be the nth (symmetric) partial sum of the Fourier series
for f. That is,

n

Suf(x) = > f(G)e’".

j=—n

If (ng) is any lacunary sequence then (Sp,) ~2 (Dn,), (Sny) ~2 (on,) and for
0 > 2 we have ||Vy(Sn, f)l2 < e(o, (nx))[[ f]2-

Proof. Note that

0, [j]>n.

~ 1, | <n,
Sn0)=={ il

Since the hypothesis of Lemma 28 is satisfied, we have (S,,, ) ~2 (D, ) and applying
Theorem B, (Sy, ) ~2 (0n, ). Now apply Lemma 27l as above. O
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4502 R. JONES AND G. WANG

An immediate corollary of Theorem [3.4] and Remark [Z9is the following.

Corollary 3.5. With S,, as above, we have (San) ~o (Ey) and

1

(o] 2
<Z S f (@) — Enf<x>|2>
n=1
is a bounded operator on L2.

3.2. The L? short variation. We now consider the short variation. For each
integer k > 0, let I, = [2%,2¥*1). Define the “short variation operator” by

o=

VIEN@ = (D s Y fow f@) — on, f(@)]°)

dngmje1)Cln}

Note that the sequence (n;) can, and usually does, depend on z.
Since when g > 2,

Vo (Kf)(@) < V3 (K f)(@),

we will study V5* (K f) for the rest of the section.
In the study of this operator we will encounter the operator

Gf(z) = (fjaoef(x) - ae_lf@c)f)%.
=1

This is the operator studied by Zygmund. See [10], Chapter 15, page 223.

Remark 3.6. In Zygmund [10] this operator is denoted by vz (z, f) and at first glance
appears different from G f(z). However, easy algebra shows that they are the same.
Zygmund first considers the power series case, but later in the chapter shows how
to deduce the more general case, needed here, from the power series case. Stein [7]
mentions G f explicitly.

Theorem 3.7. The operator Vi’ (K f)(z) satisfies |Vs® (K f)|l2 < ¢ fll2.

Proof. Let Sy f(z) denote the sum over the kth dyadic block I;, = [2F,2K*1) | that

is, let
Sf@=(sw S fowf@) —ow. f@))"
()7 il myea) C I}
Then
VEE @) = (Y Iser@)] )’
k=1
Using the fact that
nj+1—1
On, (@) = oy, f@) = D ouf(@) —orgr f(x)
l=n;
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and the fact that 2% < ¢ < 28! when ¢ € I}, we can dominate Sy f(z) as follows:

1
Sf@=(sw 3 ow f@) —on. @)
(n‘j)/{ji[nmnﬁl)ch}
nj+1—1

< ( sup Z | Z (oef(2) - U€+1f(x))|2)

(3)7 iy myea)CIe} L=ny

1
2

nj+1—-1

< sup Z | Z (oof (@) — opg1f(2))]
j:[nj,nj_H)CIk} Z:nj
nj+1—-1

< sup Z Z ‘Uéf(x) — o f(@)|

(nj)/{j:[nj,nj+1)clk} l=n;
ok+1_q
< Y ouf(@) —oea f ()|
(=2F
ok+1_q 1
< Z;:k —m\/e‘f' 1‘U€f(x)_04+1f(m)|
2k+171 1 1 2k+171 1
(T 77) (Z ervles@ -es@l)’
(=2k L=2k
ok+1_1 ) %
gC( Z (L+1)|oef(x) — ors1 f(2)] )
=2k

Hence
VEEN@) = (Y I1Suf@))" < CGf (@),
k=1

Thus we will be done if we can show that |G f||2 < ¢||f||2, but as remarked above,
this is contained in [10]. O

We can now complete the proof that the operator V, (o, f) is bounded on LZ.
For an increasing sequence {n;} and j > 1, let u; = max{k : n; +1 < 2% <njy}
and v; = min{k : n; +1 < 2% <nj} if the set is not empty. Otherwise, they are
undefined. Then either the term

|0n‘7‘+1f - Unj-i-lf'g
is part of the short variation when the set {k:n; +1 < 2k < n;y1} is empty, or
|Unj+1f - Un]+1f|g < 3g(|0nj+1f — Ogyj f|g + |02“a =09 f|g + |02“a f— Unj+1f|g)

when the set is not empty. In the latter case, the first and the third terms are part
of the short variation operator and the middle term is part of the long variation or
zero. So the variation is bounded by at most three times the sum of the short and
long variations. Both of these are bounded in L?, so the proof of Theorem [[H in
the case p = 2 is complete.
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4504 R. JONES AND G. WANG

4. THE CASE 2 <p < 00

In this section we maintain the notation from the previous section. We again
consider the case of long variation and short variation separately. We will show
that the “long variation” operator will map L* to dyadic-BMO, and hence we can
interpolate between L? and dyadic-BMO, obtaining LP results in the case of the
long variation operator for 2 < p < co. To study the short variation we can again
dominate the short variation by the operator

Gt = (S tont @) - s f@)) .
(=1

which Zygmund [10] showed to be bounded for all p, 1 < p < 0.
We will first prove the following two theorems.

Theorem 4.1. The long variation operator Vy(oan f) is a bounded operator from
L to dyadic-BMO.

Theorem 4.2. Let (ny) be a lacunary sequence; then (op,) ~co (Dn,)-

To prove these theorems we will use the following result from [2] (suitably re-
stated for our purposes here).

Theorem 4.3. Let A be an operator defined on L*°(T). Assume the following five
properties:

(1) The operator A is a bounded L* — L? operator.

(2) There is an operator B which satisfies |Af(x) — Af(y)| < C - Bf(z,y) for
some constant C and every f,x,y, and which satisfies the following three
properties.

(3) With some constant C, if f = g+ h, then

Bf(z,y) < C - (Bg(z,y) + Bh(x,y)).
(4) With some constant C, we have

(5) There is a constant C so that for any interval I C T, if I denotes an
interval with the same center as I, but three times the length, and f € L
is supported on T \ I, we have

sup Bf(z,y) < C-[|flle.

xz,yel
Then there is a constant C such that || Af||pyo < C||flloo- The constant C' depends
only on the constants in @), @), @), @) and the L> — L? bound of A.

Remark 4.4. A similar result is true if we restrict the intervals I in (@) to dyadic
intervals, but then the conclusion is that A maps L to dyadic-BM O. This is the
case that we will use, since it is sufficient for our needs.

Condition (@) of Theorem H3] usually needs most of the work to verify when
applying this theorem. We formulate the following lemma for verifying condition
(B) in our setting.
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Lemma 4.5. Let (T},) be a family of operators on L*°(T) given by

1 s
Tnf(z) = (W= f)(@) = o~ | Walz —1)f(t) dt.
If there exists a constant ¢ > 0 such that for any x,y € T,
c
4.1 W < —
(4.1) Wa@)] < =5
and
(4.2)
cen®lz -y, max{n|z — y|, min{n|z[, n[y|}} <1,

[Wa(z) = Waly)| < {

x

then there exists a constant C' > 0 such that for f € L with support outside I,
and z,y € I,
CnlIl[| f]loo, nll| <1,

(43) It @) =Tt )] < {c<n|f|>1||f|oo, nll| > 1

Further, for any lacunary sequence (ny) and any o > 1 the operator

e

Hgf(x,y) = (Z |Tnkf(x) - Tnkf(y)|g>
k=1

satisfies
sup Hyf(2,y) < C- || f| oo

z,yel

Proof. For notational convenience we will only give the proof in the case (ny) =
(2%). The general case follows in exactly the same way. We show the second half
of the lemma first. Suppose ([@3)) holds. Let I be any interval in T and f € L*™ be

supported on T\ I. We need to show

sup Hof(z,y) < C| flloe
z,yel

for a constant C' independent of I and f.
Note that

D | Ton f(&) = T f()|°
k
< Y T f(@) =T fW)I°+ Y [ Tom f(@) = Tomn f(y)]°

2mk <1/|1| 2k >1/]1]
— A+ B.

For A, since 2™ |I| < 1, by (&3], each term in the sum defining A satisfies
| Tori f(x) = Tom f(y)| < C2"* ]| f|so-

Thus, summing the geometric series, we have

A< Y c@™Iflle)® < CIf 1%
{nr:2"k<1/|I|}

B is shown similarly. Consequently in only remains to show (Z3)).
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Assume n|I| < 1. Let ,y € I. Since f has support outside I, we see for ¢ in the
support of f, min{|x — ¢|, |y — ¢|} > |I|. Let

. . 1
R(z,y,n) = {t: min{|z — t|, |y — t|} > |I|, min{|z —¢|, |y — |} < E}’
and
. . 1
S(x,y,n) = {t: min{|z —t|,|y —¢|} > [I], min{|z —1|,[y —¢[} > ﬁ}'

We have the estimate

1,00 = Tuf W) = | [~ (Walo =)= Waly = 0) 01t

‘/R(xyn) n(z—1t) - Wn(y—t))f(t)dt’

\/ Wl 1)~ Waly — 1) (1) d|
S(xyn)
n) + B(n).

We first estimate A(n). Since min{|z —¢|, |y —¢[} < 2 and [z —y| < [I| < L, we
have max{|z —¢|, |y — t|} < |z —y| + min{|z —¢|, |y — t|} < 2/n. Thus R(z,y,n) C
{lzr—t] < 2/n}U{|ly—t| <2/n}. Because z,y € I and |z —y| < |I| < 1/n, we have
max{n|z — y|, min{n|z —t|,nly — t|}} < 1. So by ([E2)

‘Wn(ﬂc —t)— Wh(y — t)| < en?lz —y).

Thus
Aln) < / anIﬂc—y||f(7f)|clrf+/ en? |z — y| |f ()] dt
TI<le—tI<3 1< ly—t/<2
2
< en?[I][|fll =
< enlIffll

Next, we estimate B,,. Note in this case, by (&2,

ms/ m:mmnﬂ+/ o — gl ()| dt
S(z,y,n) | t|2 S(z,y,n) |y t|2

< I f dt—i—/ I f dt
/z t|>1/n |x — |2| MO y—t|>1/n |y—t|2| [f ()]
< enlI]][ f]lse-

This finishes the proof of [3)) in the case n|I| < 1. Finally, assume n|I| > 1. By

(ET), we have

c c
[Wh(z) = Wy(y)| < o) + n—y2
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So
1

1
@) -Tfl e[ M}( o )z)lf(ﬂldt

sc(/lx i n(x_t) 5 |f(t )|dt+/y o 7y — TP |f()|dt)
= Wl\fl\oo.

This completes the proof. O

Proof of Theorem We will apply Theorem [£3] Let

Af(x) = Vo(oan ) ().

Because of Theorem Bl we have already established ([IJ) of Theorem A3l
We have for any pair (z,y) that

Vy(ow f)(@) = sup (Z 0w f(2) — ons f(x)lg>
™ \k=1

e

1
o

< sup ( |(o2me f(x) = o9me f(y)) = (0201 f () = 09mesa f(y))l">

e \k=1

+ sup <Z |o2ni f(y) — ogmwsr f (y)lg>
e \k=1

1
o

< 2sup (Z looni f(2) — Uwf(y)lg) + Vo(o2n f)(y).
™ \k=1

Hence, since we can interchange the role of z and y, we have

e

[Vo(o2n [)(2) = Vo(o2n f)(y)] < 25711113 <Z logni f(x) — o2m f(y)|g>

We take

4]

2.y) = <Z|szf(x) —Uznkf(y)lg> ,
k=1

where for each pair (z,y) we may use a different sequence (ny) in the definition.
(The sequence is selected in such a way that for each pair (z,y) we get to within
a factor of 2 of the supremum.) Properties @), @), and @) follow easily from the
triangle inequality for the variation numbers. It remains to check the condition
in (H). To this end we will apply Lemma by verifying that K, (x) satisfies
conditions (€Tl and (@2]) where

onf(x 27r/ Ky(z—t)f(t)dt

and
. +1
Kolx) = 1 (Sln'”Tx)Q.
n+1 sm%
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jus

Since 2|z| < |sinz| < |z| when |z| < Z, it is easy to see that

27
c
[Kn(2)] < —-
To verify ([f2), we need only to consider n > 2. Let g (z) = S‘Sﬂlj—zm;, where m = n+1.
Then
J(x) = 2m sin (ma) cos (mx) sin? z — 2sin z cos x sin? (mx)
sin
_ 2sinma (m cosma sinx — cos x sinmax)
B sin® 2 .

Since 2|z| < |sinz| < |z|, when |z| < 2, we see that when 0 < |nz| < 2, we have
|9 (5)] < en.
Thus, if max{n|z — y|, min{n|z|, n|y|}} < 1, we have
max{n|z|,nlyl} < nlz —y| + min{n|z|,nly[} < 2.

Using the Mean Value Theorem, this leads to

-l 1o () -0 (3)] <3,

z
g (5)‘ |z —y| < en®lz -y,

where z is between x and y, whence n|z| < max{n|z|,n|y|} < 2.
Next, assume min{n|z|, n|y|} > 1.

1sin?(mZ)  sin?(2Y)
Kn(z) — Kaly)| < = 20 _ |
| n( ) n(y)| =7 SiDQ% SiDQ%
. 2/mx 2/ my 2/m 2/m
< 1sin“(%%)  sin (T)‘ 1sin®(%%)  sin 7)‘
“nl osin®Z sin® £ nl sin®Z sin® £
1sin®(2Z2) —sin®(ZL)) 1) 1 1
< E -2 ‘ + == 2z 2 E‘
sin® & nlsin® g sin® %

= Bl(xa yvn) + BQ(xvya TL)

Applying the Mean Value Theorem and using the fact that |sinz| > y when

|z| < Z, we have

Bl(xayvn) = -

1 Sin%%)—sin%%)
n sin” 5

c Zm@ sin(0) cos(6)
n 2

IN

n X
clzr —yl
2 b)

IA

T

where 6 is between %% and “5¥.
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For Ba(n) we proceed in a similar way. Because min{n|z|,n|y|} > 1, we have

1 1
-

2z

1
BQ(xvyan) = ﬁ‘sin
2

S b

K
COS b}

R P
_ ! .
n sin?’g Y

clz —y|

IA

n|z[3
clr —y

IN

nmin{|zl, y|}3
clx —y|l  cz -yl

<
TP lyl?
Consequently,

clr =yl  clz—yl

|z lyl?

This completes the proof. (I

Proof of Theorem [[.34 We have already established the L? case, so it only remains
to establish conditions @), @), @) and @) of Theorem 3 We let

Bf(z,y) =Y (| (0nef (@) = Doy f(2)) = (0, f(4) = Dy f(9))] -

k

This is clearly dominated by

k k

Conditions (), B) and (@) follow easily.

We have already shown that the first term satisfies the required estimates to
apply Lemma Consequently the first term satisfies condition (&). For the
second term, fix an interval I. Let I denote an interval with the same center as I,
but three times the length. We need to estimate

k=1

where x € I, y € I and f € L™ is supported on T\f.
First note that if « € I, then D,, f(z) = 2& ot /n f(t)dt will be zero if

27 T—7m /N
m/ny < |I| since in this case the domain of integration does not include any of the
support of f. Hence we only need to sum over those k such that w/ng > |I| or
ny < w/|1].
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Without loss of generality, assume =z < y. Then

> D f(@) = D, f(y)l

nE<w/|I]
T /n y+m/n
ng
= > 2—</ f(t)dt—/ f(t)dt)
ng<m/|I| g T /N y—7/ng
—7/ng Y/
% v
= > 2—(/ f(t)dt—/ f(t)dt)‘
np<m/|I| 4 z—m/ny x4 /Ny
y_ﬂ—/nk y+7'r/nk
< > Z—k</ f(t) dt +/ f(t)dt)
np<w/|I| g T—m /N T+ /ng
ng
np <m/|I|
23
<l Y2
np<w/|I|

where in the last line we used the fact that a partial sum of a lacunary series is
dominated by a constant times the last term in the sum, and hence

Nk
— < .
> E<on
n<m/|I|
Thus, the second term satisfies condition (&). Hence condition (B is also satisfied
by Bf(x,y)- O
Corollary 4.6. For 2 < p < oo we have (oy,) ~p (Drn,) and [|[Vo(on, il <
c(p, 0 (n&))[| flp-
Proof. We have already shown that the operators ), (on, f(x) — Dy, f(z))vy, are
uniformly bounded from L? to L? and from L*> to BMO. By interpolation, the

result follows for all p, 2 < p < oo. For the second part of the corollary apply
Lemma [Z7] and the fact from [2] that ||V,(Dn, H)llp < c(p, o)1 flp- O

5. THE CASE 1 <p <2

In this section, we show that the operator V, (o, f) is bounded on LP, 1 < p < 2,
thus completing the proof of Theorem

Theorem 5.1. Given any lacunary sequence (ny) we have (oy,) ~p (Dy,) for
1<p<oc.

Proof. Because (0, ) ~p (Dp,) for 2 < p < co we know that the operators
Tl,f(J?) = Z (Unkf(m) - anf($)) Vk
k

are uniformly bounded from L? to LP for 2 < p < oo for any sequence (v,) of
complex numbers satisfying |v,| < 1. Because the operators D,, and o, are self-
adjoint, so is the operator T,,. Since T}, is a bounded operators from L? to L? when
2 < p < o0, by duality, T, is a bounded operator from LP to LP when 1 < p < 2.
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Thus T, is bounded for all 1 < p < co. Further, the constant (although possibly not

the best constant) can be taken independent of the sequence (v,,). More precisely,
for1<p§2wehave(with%—i—%:l)

1T fllp = sup /{Z(Unkf(x)—anf(x))V(/f)}g(x)de

llgllg=1 k=1
= l;ﬁgl{;/onkf(x)g(x) dx —/anf(x)g(x) dﬂ?} v(k)
= |;|L221{;/f(m)0"kg(m) dx —/f(w)ang(x) dx} v(k)
= sup /f(x) {Z(Unkg(x) —ang(x))l/(k)} dx

llgllq=1 k=1
= su z)T,q(x)dx

Iglqpl/f( Jrole)
< | Suulil £ llplI T gllq
< ¢ Sup 1£1Ipllgllq = cll f1-

O

Completion of the proof of Theorem[I.Al We already know the short variation op-
erator is a bounded operator for all p, 1 < p < oo, because of Zygmund [10]. Hence
we need to show that V,(o2n f) is a bounded operator on LP for 1 < p < co. We
have already shown that (o2n) ~p (Dan). From [2] we know V,(Dan f) is a bounded
operator on all L”, 1 < p < co. Thus, by Lemma 27 we know V, (02~ f) is bounded
on all LP, 1 < p < oco. We could also use the fact that (ogn) ~, (Ey), and apply
Lepingle’s result for martingales [5]. O

Remark 5.2. Before we go to Poisson kernel, we end this section by stating a general
theorem whose proof is essentially given by arguments of the previous sections.

Theorem 5.3. Let (T},) be a family of integral operators on L?(T), with kernel
(Whn(x)) satisfying the following properties:

(1) There exists a constant ¢ > 0 such that the Fourier transform W, (4) satis-

fies
1=Wa() <c-lj/nl”,  lil<n,
W)l <c-n/jl7, il >mn,

for some o > 0.
(2) There exists a constant ¢ > 0 such that the kernel Wy, (x) satisfies

— nx?
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(3) There exists a constant ¢ > 0 such that the difference of the kernel W, (x) —
W (y) satisfies

en?|z -y, max{n|z — y|, min{n|z|,n|y|}} < 1,

e(E + 222 mingnfal, njy} > 1.

W) — Waly)] < {

(4) The corresponding G—operator

Ge(n = (3

n=1

1
2

T ()~ Toaf (@) )

is bounded in LP, 2 < p < oo.
Then for 0 > 2 and 2 < p < 0

HVQ(Tf)Hp < c(p, 0| flp-

If in additional, (T},) is self-adjoint, and @) holds for 1 < p < oo, then we also

have
when 1 <p <2 and o > 2.

Proof. Condition () and Lemma 28 show that (Ton) ~2 (D2n). By Remark 2Z9]
(Dan) ~9 (Ep). Thus, (Tyn) ~2 (E,). We know that V,(E,,) is bounded in L? by
Lepingle’s Theorem for martingales [5]. Thus by Lemma P27 V,(T5x) is bounded
in L?. Conditions () and (@), Lemma A5 and Theorem Al shows that V,(Tan)
is bounded from L* to BMO. Thus, by interpolation, V,(T%») is bounded in LP,
2 < p < oo. Condition @) and the fact that V°(T) < ¢Gr as shown virtually
in Section [3.2] implies that V,*(T)) is bounded in L?, 2 < p < oo. Thus, V,(T) is
bounded in LP, 2 < p < co. In addition, the linear operators between (T5») and
(E,,) defined similarly to those in Section @ are also bounded in L? and from L to
BMO, and hence in L?, 2 < p < oo. Namely, (Ton) ~p (Ey), 2 < p < co. Thus, we
can handle the case 1 < p < 2 by the same arguments given in the beginning of this
section by using duality arguments. First, by duality, (Ton) ~, (E,), 1 <p < 2. So
by Lemmal[27land Lepingle’s result which says V,(E,,) is bounded in L?, 1 < p < oo,
we have V,(T%n) is bounded in P, 1 < p < 2. Next, condition (4) and the fact that
V2 (T) < ¢Gr show that V7 (T) is bounded in LP, 2 < p < co. Therefore, V,(T) is
bounded in LP, 1 <p < 2. O

VD) <cw.0lfly

Note if only conditions (@)-(B]) hold, then we have that the “long variation”
Vo (Ton f) is bounded in LP, 2 < p < oo, and bounded in L?, 1 < p < oo, if T), is
also self-adjoint.

6. THE POISSON KERNEL

The results in this section parallel those in the earlier sections for the Fejér
kernel. We will verify that conditions (@), @), @) of Theorem B3] hold for (P;,)
where 7, = 1 — % Thus, the corresponding “long variation” of Poisson operator
Vo(Pr,. f) is bounded in LP, 1 < p < co. We will see that the short variation can
be handled by an operator studied by Zygmund and is bounded in LP, 1 < p < oc.

Thus, by the triangle inequality, V,(P, f) is bounded in L?, 1 < p < o0.
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Theorem 6.1. If r, = 1 — L, then V,(P,,, f) is a bounded operator on LP,1 <
p < o0.

Proof. Tt is enough to verify that the family of operators (T),,) = (P;_1) satisfies

conditions (), @), @) of Theorem 5.3 h
First note the kernel of T, is

Wp(x) =P _1(x)=1+2 1——) cosjz
e (-1)

n

2
1—2(1 )cosa:—l—(l—%)

-1
n2
2

2
n
4(1-4)sin (3) + %

and

Clearly,

<_
Wa(z) < na?’

Thus condition (2) holds Next, since 1 —x < e~® when x > 0, for n < |j| we have
(1- —)|J| < e lil/n < ji- Note also by calculus,

1—(1—3:) <rx

when 0 < z < 1 and r» > 1. The above inequality also holds when r = 0. Conse-
quently, for |j| < n, we have

- (-
Hence condition holds. To verify condition (@), note
1(1-7) (3 - ) (5* (3) —si0* (3))
n(T) = Wy =
W) = Waly) (4(1 - %) sin? (2) + A) (4(1 - _) sin? (¥) + A)
4( —%) (%—#) sm(’c"’y) sin { %52 |
(4(1 - —) sin” (£) + #) (4(1 - %) sin” (%) + #)

Thus, when max{n|z — y|, min{n|z|,n|y|}} < 1, we have n|z| < 2 and n|y| < 2. So

[N}
ke

1
[Wa(@) = Wa(y)| < en~ o+ ylla - y| < enlo — y.

If min{n|z|,n|y|} > 1, then L <|z|, + <|y|. So

o)~ W] < Sl (L Ly

z2y? x
This verifies (B). O
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We now need to consider the short variation. Let Iy = [1 — 1/2F 1 — 1/2k+1),
and define the short variation operator by

VEENE = s Y (X [Pt - P f@f)

[N

(S7L)/1_k 1 ni(sn,Snt1)Clk
Let
1
o
VEP @ = s (> [P f@) = Py f@)]F)
(sn) /17 n:(Sn,Sn+1)Clk
We have

(vEEn) <3 (Ve @)

k

We will first get an estimate of ka (P, f)(z). Fix = and a sequence (s,) /" 1~. Let

A ={n: (Sn, Snt+1) C Ix}.
We know that

Py, f(@) = Ps, i f(@ ‘—‘/+ Op, £ () dr| </+

Hence we have
/Sn+ 1
S,

Vo (Prf)(z) <

0
0

0
or

Prf(x)‘ dr

%Prf(xﬂ dr} 2)%

%Prf@) ‘X[smsn+1] (r) d?“} 2)

1

2

D b )] )

Z (Sp+1 — sn))% dr

neAyg

< (1) ( /I‘apf ‘dr)%
(/ |I’“|‘a x)‘ dr)
§2(/ 1—7“‘8 m)fdr)é
Iy

Consequently the square of the short variation is dominated by a constant mul-
tiple of

zk:/lka —r)‘%Pf(r,x)fdr < /01(1 —r)‘%Pf(r,x)‘zdr = Gf(x).

Since G f (z) is a bounded operator on LP, 2 < p < 00, so is the short variation
operator.

With the G—operator in condition (@) of Theorem B3 replaced by G f(x) above
and an application of Theorem (3] we get the following.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



VARIATION INEQUALITIES 4515

Theorem 6.2. The variation operator

VePH)@ = (5w 30 IPe @) = P S @)%

is a bounded operator on LP for 1 < p < co.

=

7. JUMP INEQUALITIES

We can now give the proofs of Theorems and We only give the details
for the proof of Theorem [[L since the details are similar in both cases.

Proof of Theorems [0 and [.8. Let Byf(x) = oanf(x) if 2" < k < 2"H1 k =
1,2,.... Then we have

A((on), £ N)(@) < A(on = Ba), f. 3)() + A((Bn), f, §)(@).
For the first term on the right-hand side we note that

VAo = B, 1 3)@) < Vallon — B @)

and this is just the short variation operator which we have already shown to be
bounded on all LP,; 1 < p < oo. The second term on the right-hand side is the same
as A((o2n), f,5)(z). We have established that (o2n) ~, (D2n) and in [2] we saw
that [[\/A((Da2n), f,M)p < $IIfll- (We could also note that (oan) ~; (E,) and
apply the well-known result for martingale jumps.) In either case the result now
follows by applying Lemma[2-7 Theorem follows in the same way. (I

8. NEGATIVE RESULTS

In the above results regarding variation operators we always assumed that o > 2.
It is natural to ask if this is necessary or just an artifact of the proof. In this section
we prove Theorems and [[LT3] stated in Section [[] showing that in fact ¢ > 2
is necessary.

Both of these results follow from the analogous theorem for dyadic martingales.
To see that this is the case, assume for now that we have the following proposition.

Proposition 8.1. There is a function f € L*(T) such that Va(Ey f)(z) = o0 a.e.

Proof of Theorems and [[.13. Assuming Proposition B.1] we immediately ob-
tain Theorem [T.12] by using Lemma 2.7, Remark and Theorem B.1]
The same argument works for the Poisson kernel and proves Theorem [L131 O

Before we can make the construction required to prove Proposition we need
some preliminary results that were obtained by Qian [6].
For a sequence of random variables, Y;, let S = Ele Y; and let

Vgn(Sk)( = Vgn((Sk))) = (m)/Stl(Bi)Sn (2 |Sn; — Sm+1|g)%.

We will abbreviate loglogn by LLn.

Theorem 8.2 (Qian). Let (Y;) be i.i.d. with EY; =0, E(Y?) =1 and E(|Y1|'+°) <
o for some § > 0. Then for any c € (0, 75) we have P(V3*(Sk) > ev/nLLn) — 1

712
as n — oQ.

Proof of Proposition[81. The proof of this will depend on the following lemma.
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Lemma 8.3. Let Ny, L, and € > 0 be given. Then there is a function f € L>°(T)
and an integer N such that

)HNWSL

) Ex(f) =0 for all k < Ny,

) [ is measurable with respect to the o-field Fny+n,

) Va(E, f)(x) > L except possibly on a set of measure less than e.

(1
(2
(3
(4

Proof. Let () denote the sequence of Rademacher functions. Let f, = ZQOEZ Th.

Note that E,, fr, = fn, if No <n; < Ng + n. From Qian’s result, taking ¢ = 1/20,
we know that given € > 0, if N is large enough, then we have

})( sup (j{:|ﬁhqu- l2”+1fN(mﬂ2>% > 56 ]V[JJV) > 1-%.

(ns) /(i) <N

Increase N, if necessary, so that

< eand 4/logloglog N > 100L.

logloglog N
1og log N
Take

.Mz2bﬂW%—L

Define the stopping time 7 by 7 = inf{n : |f,] > M}. Let f7 denote the
martingale stopped at time 7. Then

P(T < N) </{T<N} (Mf]ily

1
< —F(|fX
1
< ———E(|fn)?
< GrE B
< N
(M +1)%
Using our choice of N and M, we see that P(7 < N) <
We now have

£
3
1

P((m) Sup (Zlfﬁ,— ) >% NLLN)

S (ng) <N

;2P(()§$? (}:L%, me|> 0 NLLN, 7= N)

zP( sup (}:m%—hwj>ﬁ>% Nqu—Pﬁ<N)

(ni) /" (ni) <N
>1-S- S
= 7272 ‘
Now let g, = ﬁf; Then ||gnllco < 1 and
P( (§:| |>% ! NLLN>>1
sup In; = Gn; 90N zl1l-e€
(ni) 7, (n)<N o +120
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Consequently we have

P( sup (i|gm—gm+l|2>% >1L00\/10g10g10g]\f) >1—ce.

(ni) /(na) <N 52

Since N satisfies v/logloglog N > 100L the proof is complete. O

We now need to use the lemma to put together pieces as done in [I] to finish the
proof of Proposition BIl First assume that Ny = 0. Let L = 100 x 2! and ¢ = 2%
Let f be the function obtained by Lemma B3, and define g; = %f Let b1 = g1.
Denote by Nj the integer N obtained by Lemma [83 We then have V2(by) > 100
for x in a set X; C X of measure greater than 1 — % We now take Ny in Lemma
to be N;. We take L = 1002 x 22 and € = 2% Let f be the function obtained
by Lemma B3] and define go = Q%f Since E,f =0 for 0 <n < Ny, and F,g1 = ¢1
for all n > Ny, if we define by = g1 + ga, we see that Va(ba) > 1002 for z € X C X
with measure at least 1 — 2% We repeat the construction, so that at the kth stage
we have Ng = N1+ Na+- -+ Ni_1. We have by measurable with respect to F,,
and Vabe—1 > 100*7! on X; 1 C X with p(Xp—1) > 1— 5. We take L = 100%2"
and e = 2% We construct the function f using Lemma B3] and define g, to be 2% f.
We let by, = bp_1 + gr. Hence Vab, > 100% on a set X, C X of measure greater
than 1 — J. At each stage ||gk|lsc < 5 S0 Y., gk converges. Let b=, gr. Then
[b]lsc <1 and for all k Vab(x) > Va(by) > 100* on a set of measure at least 1 — 5.
Since k was arbitrary, we are done. (I

9. DIFFERENTIATION

Recall that Dan f(z) = g—ﬂ ffjr f(z + t)dt. We conclude this section with a
o
negative result about the variation for the Lebesgue differentiation operator. The
positive result obtained in [2] was
Theorem 9.1. For o > 2 the operator V,(Df) is bounded on all L?, 1 < p < o0,
and is weak type (1,1).
Using the above techniques, we now have the following theorem.

Theorem 9.2. There is an f € L™ such that Vo(Df)(z) = oo a.e.
Proof. Apply Proposition [8.1], Remark 2.9, and Lemma 2.7 O
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