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CONVOLUTION ROOTS OF RADIAL POSITIVE DEFINITE
FUNCTIONS WITH COMPACT SUPPORT

WERNER EHM, TILMANN GNEITING, AND DONALD RICHARDS

Abstract. A classical theorem of Boas, Kac, and Krein states that a char-
acteristic function ϕ with ϕ(x) = 0 for |x| ≥ τ admits a representation of the
form

ϕ(x) =

∫
u(y)u(y + x) dy, x ∈ R,

where the convolution root u ∈ L2(R) is complex-valued with u(x) = 0 for
|x| ≥ τ/2. The result can be expressed equivalently as a factorization theorem
for entire functions of finite exponential type. This paper examines the Boas-
Kac representation under additional constraints: If ϕ is real-valued and even,
can the convolution root u be chosen as a real-valued and/or even function?
A complete answer in terms of the zeros of the Fourier transform of ϕ is ob-
tained. Furthermore, the analogous problem for radially symmetric functions
defined on Rd is solved. Perhaps surprisingly, there are compactly supported,
radial positive definite functions that do not admit a convolution root with
half-support. However, under the additional assumption of nonnegativity, ra-
dially symmetric convolution roots with half-support exist. Further results in
this paper include a characterization of extreme points, pointwise and integral
bounds (Turán’s problem), and a unified solution to a minimization problem
for compactly supported positive definite functions. Specifically, if f is a prob-
ability density on Rd whose characteristic function ϕ vanishes outside the unit
ball, then ∫

|x|2f(x) dx = −∆ϕ(0) ≥ 4 j2(d−2)/2

where jν denotes the first positive zero of the Bessel function Jν , and the esti-
mate is sharp. Applications to spatial moving average processes, geostatistical
simulation, crystallography, optics, and phase retrieval are noted. In partic-
ular, a real-valued half-support convolution root of the spherical correlation
function in R2 does not exist.

1. Introduction

1.1. Convolution roots of characteristic functions. A probability density f ,
being nonnegative, can always be written as a square. Clearly then, its character-
istic function or Fourier transform ϕ admits a convolution type representation, a
result that is known as the Wiener-Khintchine criterion [22, p. 640]. Matters be-
come more subtle if support conditions are added. The key result here is a theorem
of Boas and Kac [9], stating that a characteristic function with compact support
always has a half-support convolution root: Suppose the characteristic function ϕ is
such that ϕ(x) = 0 for |x| ≥ τ . Then there exists a complex-valued square-integrable
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function u with u(x) = 0 for |x| ≥ τ/2, and such that

ϕ = u ∗̃u,
where

u ∗̃u(x) =
∫
u(y)u(y + x) dy

denotes the folded-over (self-)convolution of u. We call any function u satisfying
these conditions a Boas-Kac root of ϕ.

If ϕ is known to have additional, special properties, one might ask which addi-
tional properties this entails for the Boas-Kac roots u. In particular, if ϕ is an even
function, can u be selected so as to be even, too? Can u be chosen as real-valued,
or as both real-valued and even? These questions are motivated mainly by their
relevance to the higher-dimensional case of radial positive definite functions. Un-
der what conditions do such functions admit Boas-Kac (half-support) convolution
roots with useful additional properties? This paper provides a complete solution
to the existence problem for even (radial) and/or real-valued convolution roots.
The results have applications in various areas and provide interesting examples and
counterexamples.

1.2. Outline and results. We write x · y =
∑d

l=1 xlyl for the inner product of
x = (x1, . . . , xd) and y = (y1, . . . , yd) in Rd, and we use operator notation for the
Fourier transform of a complex-valued function g on Rd,

Fd g(y) =
∫
eiy·x g(x) dx, F−1

d g(x) =
1

(2π)d

∫
e−ix·y g(y) dy.

If d = 1, we frequently put F1 = F and F−1
1 = F−1. Note that g is a real-valued

function if and only if h = Fd g is Hermitian, i.e., h(−x) = h(x) for x ∈ Rd. If f
is a probability density, we denote its characteristic function or Fourier transform
by ϕ = Fdf . Then ϕ is continuous with ϕ(0) = 1 as well as positive definite, the
latter meaning that

n∑
k=1

n∑
k=l

ckcl ϕ(xk − xl) ≥ 0

for all finite systems of complex numbers c1, . . . , cn and points x1, . . . , xn ∈ Rd.
Conversely, Bochner’s theorem [10] states that every such function ϕ is the Fourier
transform of a probability measure F on Rd. If ϕ is integrable, then F has a con-
tinuous density given by f = F−1

d ϕ. Since a positive definite function is Hermitian,
the following three conditions are equivalent for densities f : f is symmetric; ϕ is
symmetric; and ϕ is real-valued.

Let ϕ be a characteristic function on R with ϕ(x) = 0 for |x| ≥ τ . Its probability
density f = F−1ϕ admits an analytic continuation to the entire function given by

f(z) =
1

2π

∫
R
e−izx ϕ(x) dx, z ∈ C.

A straightforward estimate shows that f satisfies the growth condition

lim sup
r→∞

r−1 log max
|z|=r

|f(z)| ≤ τ,

so that f is an entire function of finite exponential type τ . This is a consequence
of the Paley-Wiener theorem [52, p. 13] which characterizes the class of entire
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Table 1. Existence and Properties of Boas-Kac Roots: Summary
of Results in Theorem 2.1 (d = 1, ϕ even) and Theorem 3.1 (d ≥ 2,
ϕ radial).
Dimension d = 1 d = 2 d ≥ 3
Existence (B) (A) (B)
Real-Valued (A) (B) (C) (A) (B) (C)
Radial (A) (B) (A) (B) (A) (B)
Real-Valued and Radial (A) (B) (C) (A) (B) (C) (A) (B) (C)

functions of finite exponential type τ that are square integrable on R: A function
g(z), z ∈ C, belongs to this class if and only if it can be represented as

g(z) =
1

2π

∫
R
e−izx γ(x) dx

for some γ ∈ L2(R) with γ(x) = 0 for |x| ≥ τ . Hence, the Boas-Kac convolution
theorem can be stated equivalently as a factorization theorem for entire functions
of finite exponential type: If f is an entire function of finite exponential type τ
that is nonnegative and integrable on R, then there exists an entire function ψ of
exponential type τ/2 such that

f(z) = ψ(z)ψ(z), z ∈ C.
The connection between f and ϕ, and between ψ and u, respectively, is furnished
by the Fourier transform, in terms of which the theorem assumes a third equivalent
form: If f is a band-limited probability density with spectrum contained in [−τ, τ ],
then there exists a function ψ ∈ L2(R) with spectrum contained in [−τ/2, τ/2] such
that f = |ψ|2 on R.

Here we focus on conditions under which the Boas-Kac root u of ϕ can be chosen
as a real-valued and/or even function. The basic conditions required for our results
involve the zeros of the analytic continuation of the probability density f associated
with ϕ.

Condition (A). If f has a zero at the origin, then its order is a multiple of 4.

Condition (B). Any purely imaginary zero of f has even order.

Condition (C). Any zero of f that is neither real nor purely imaginary has even
order.

The results are stated in Theorem 2.1, and the respective necessary and sufficient
conditions are summarized in the left-hand column of Table 1.

In Section 3 we consider the analogous problem in dimensions d ≥ 2, for radially
symmetric positive definite functions with compact support. The corresponding
density f then is radial, too, and the relevant conditions can be stated in terms
of the zeros of the analytic continuation of the radial part of f . These results are
detailed in Theorem 3.1, and summarized in the second and third columns of Table
1. Unlike in the case d = 1 and contrary to previous claims [59], the existence of a
Boas–Kac root is not guaranteed without further restrictions if d ≥ 2, and explicit
counterexamples will be given. However, a Boas-Kac root does exist whenever ϕ
is nonnegative. These results and the examples presented later on suggest that
existence of a real-valued Boas-Kac root is an exception rather than the rule if
d ≥ 2.
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Section 4 turns to pointwise and integral bounds for positive definite functions
with compact support. Under the heading of Turán’s problem, questions of this
type have recently been studied by Arestov, Berdysheva, and Berens [4, 5, 6] and
Kolountzakis and Révész [41, 42], among others. Theorem 4.1 presents pointwise
bounds for radial functions, and Theorem 4.4 reviews an integral bound of Gor-
bachev [33] that does not assume radial symmetry.

In Section 5 we present a unified solution to a class of previously scattered
extremal problems. Specifically, Theorem 5.1 states that if f is a probability density
on Rd whose characteristic function ϕ vanishes outside the unit ball, then∫

|x|2f(x) dx = −∆ϕ(0) ≥ 4 j2
(d−2)/2

where jν denotes the first positive zero of the Bessel function Jν . Corollary 5.2
is a related minimum variance result for unimodal densities. The aforementioned
bound is sharp and does not assume radial symmetry. However, a common feature
of the proofs in Sections 4 and 5 is a reduction to radial functions, and the results
allow for simplified proofs under the additional assumption of the existence of a
Boas-Kac root. As we now know, a Boas-Kac factorization may fail to exist if
d ≥ 2, and our proofs resort instead to a more general representation of ϕ as a
possibly infinite sum of self-convolutions that is due to Rudin [57].

1.3. Applications. Our results have applications ranging from probability theory,
time series analysis, and spatial statistics to optics, crystallography, and signal
processing, and we sketch them below.

The optical transfer function is the frequency response of an optical system to
light intensity distributions in the object plane [61]. It is a continuous and positive
definite function; hence, optimization problems translate into extremal problems
for positive definite functions. The extended generalized Fejér-Riesz theorem in
optics [59] claims that every compactly supported, radial positive definite function
in R2 admits a Boas-Kac root. This is disproved by Theorem 3.1 and the examples
that follow. However, Corollary 3.2 proves the existence of Boas-Kac roots in
the practically important case of nonnegative functions, and the minimum-bias
result in [59] remains valid, as we show in Section 5. Similar questions about
convolution roots occur in small-angle scattering in crystallography [25, 26] and in
phase retrieval problems [56, 49].

Let Z(y), y ∈ Rd, be a real-valued stationary Gaussian process with covariance
function ϕ(x), x ∈ Rd. Stationary Gaussian random fields play key roles in the
statistical modeling of time series and spatial data, and in geostatistics they are
typically assumed to be isotropic, meaning that ϕ is a radially symmetric function.
Furthermore, it is well-known that the class of covariance functions of stationary and
isotropic random fields coincides with the class of radial positive definite functions.
If ϕ has a representation of the form ϕ = u ∗̃u with a real-valued function u ∈
L2(Rd), the process Z(y), y ∈ Rd, admits a spatial moving average representation,
namely

Z(y) =
∫
u(y − y′) dW (y′), y ∈ Rd,

where W is a Gaussian white noise process. The real-valued convolution root u
is then called a dilution function. If the dilution function has compact support,
the spatial moving average representation allows for the efficient simulation of the
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associated Gaussian random field [51, 18]. However, Chilès and Delfiner [14, p. 489]
note that “it has not been proved, to our knowledge, that every covariance with
bounded support can be related to a dilution function with bounded support”.

This problem is studied in Sections 2 and 3. Part (b) of Theorem 2.1 shows that
in dimension d = 1 real-valued Boas-Kac roots always exist. In the spatial case,
d ≥ 2, our results are negative. By Theorem 3.1, real-valued Boas-Kac roots, and
thereby spatial moving average representations with half-support dilution functions,
do not exist in general. In Section 3.5 we discuss the important case of the so-called
spherical correlation function,

ϕ(x) = 1− 3
2
|x|+ 1

2
|x|3, x ∈ Rd, |x| ≤ 1,

and ϕ(x) = 0 otherwise. A dilution function with half-support exists in dimensions
d = 1 and d = 3, but not in dimension d = 2. However, every stationary and
isotropic Gaussian process with a compactly supported correlation function ad-
mits a representation as a finite or countable sum of independent moving average
processes with half-support dilution functions. We intend to give details elsewhere.

2. Factorizations in dimension d = 1

2.1. Factorization theorem. Our basic result for the one–dimensional case is
stated in terms of the half-support (Boas-Kac) convolution representation

(1) ϕ(x) = u ∗̃u(x) =
∫
u(y)u(y + x) dy, x ∈ R,

of a positive definite function with compact support. Its proof in Section 2.2 relies
on the factorization

(2) f(z) = ψ(z)ψ∗(z), z ∈ C,
of the analytically continued associated density f into the product of an entire
function ψ, with half the type of f and the appropriate additional properties, times
its conjugate ψ∗(z) = ψ(z) obtained by reflection at the real line.

Theorem 2.1. Let τ be positive and finite, and let ϕ(x), x ∈ R, be a continuous
positive definite function with ϕ(x) = 0 for |x| ≥ τ . Consider the analytic continu-
ation f(z), z ∈ C, of its inverse Fourier transform f = F−1ϕ to an entire function
of finite exponential type τ .

(a) A Boas-Kac root exists: There exists a complex-valued function u ∈ L2(R)
with u(x) = 0 for |x| ≥ τ/2 such that (1) holds.

(b) A real-valued Boas-Kac root exists if and only if f , or ϕ, is even.
(c) An even Boas-Kac root exists if and only if f is even and satisfies conditions

(A) and (B).
(d) A real-valued and even Boas-Kac root exists if and only if f is even and

satisfies conditions (A), (B), and (C).

Statement (a) is the classical result of Boas and Kac [9]; statements (b), (c),
and (d) are new. Our proof follows the lines of Boas [8] and avoids an incomplete
half-type argument in [9]. Alternative proofs of statement (a) that are based on the
Fejér-Riesz theorem have been given by Achieser [1], who gives credit to Krein, and
by Garsia, Rodemich, and Rumsey [24]. Indeed, Krein [43] formulated statement
(a) in terms of entire functions in a research announcement in 1940. Akutowicz [2],
Walther [60], and Hofstetter [36] studied the nonuniqueness of the Boas-Kac root.
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If ϕ is nonnegative, the Boas-Kac root can always be chosen as an even function;
see Corollary 3.2 below. However, Example 2.3 shows that a nonnegative ϕ does
not necessarily admit a real-valued and even Boas-Kac root.

2.2. Proof of Theorem 2.1. It suffices to prove statements (b) through (d), and
we start by showing the necessity of the respective conditions. Note that the exis-
tence of a real-valued and/or even Boas-Kac root u implies that ϕ is even. Indeed,
if u is even, then so is ϕ = u ∗̃u. If u is real-valued, then so is ϕ = u ∗̃u, and since
ϕ is positive definite it is an even function. Hence, we may from now on assume
that ϕ, hence f , is even.

The necessity of conditions (A), (B), or (C) in statements (c) and (d) follows from
the equivalence of the Boas-Kac convolution representation (1) and the associated
factorization (2), where

(3) u(x) =
1

(2π)1/2

∫
R
e−ixy ψ(y) dy, x ∈ R,

and

(4) ψ(z) =
1

(2π)1/2

∫
R
eizx u(x) dx, z ∈ C.

For ease of reference, we recall that u is real-valued if and only if ψ is Hermitian,
i.e., ψ∗(z) = ψ(−z); u is even if and only if ψ is even, i.e., ψ(z) = ψ(−z); and u
is real-valued and even if and only if ψ∗(z) = ψ(z) = ψ(−z), for all z ∈ C.

To prove the necessity of conditions (A) and (B) in parts (c) and (d), suppose
that the Boas-Kac root u is even. Then ψ is also even, and f(iy) = ψ(iy)ψ∗(iy) =
|ψ(iy)|2 for y ∈ R. Hence f is nonnegative on the imaginary axis which implies
(B). Condition (A) holds because the even functions ψ and ψ∗ vanish to the same
even order at the origin. To prove the necessity of condition (C) in statement (d),
suppose that u is real-valued and even. Then f = ψ2, and the f -order of any zero
is twice its ψ-order.

The key tool in the proof of the sufficiency of the conditions in parts (b), (c) and
(d) is Hadamard’s factorization theorem [20, p. 21]: Any nonzero entire function g
of finite exponential type admits a representation of the form

(5) g(z) = eαz+βzm
∏
k

(
1− z

ωk

)
ez/ωk

where α and β are complex constants, the ωk are the zeros of g away from the
origin, and m ≥ 0 is the multiplicity of the zero at the origin. Furthermore, the
sequence ωk satisfies

(6)
∑
k |ωk|−1−δ <∞ for every δ > 0.

We recall two more facts that hold whenever g is bounded on the real axis; see [20,
pp. 22 and 23]. First, the series

∑
k |=ω

−1
k | is convergent. Second, the exact type

τ of g is attained along the imaginary axis and can be calculated as

(7) τ = max
{

lim sup
y→∞

log |g(iy)|
y

, lim sup
y→∞

log |g(−iy)|
y

}
.

We know that f(z) = (2π)−1
∫
e−izx ϕ(x) dx is an entire function of exponential

type τ . Since ϕ is even, we have f(z) = f(−z) = f∗(z) for z ∈ C. Thus, α = 0 and
the zeros ωk in the Hadamard product (5) for f lie symmetrically with respect to

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



CONVOLUTION ROOTS 4661

both the real and the imaginary axis. Moreover, f(x) ≥ 0 for x ∈ R and hence the
order of any real zero of f is even. We write ak for the strictly positive real zeros;
ibk for the purely imaginary zeros with strictly positive imaginary part; and ck for
the zeros in the open first quadrant with strictly positive real and imaginary parts.
Counting each ibk and ck according to its multiplicity, and each ak with half its
multiplicity, we can write the Hadamard product of f as

(8) f(z) = B z2p fr(z) fi(z) fc(z), z ∈ C,
with a positive number B, a nonnegative integer p, and factors

fr(z) =
∏
k

(
1− z

ak

)2(
1 +

z

ak

)2

=
∏
k

(
1−

(
z

ak

)2
)2

,

fi(z) =
∏
k

(
1− z

ibk

)(
1 +

z

ibk

)
=
∏
k

(
1 +

(
z

bk

)2
)
,

and

fc(z) =
∏
k

(
1− z

ck

)(
1− z

ck

)(
1 +

z

ck

)(
1 +

z

ck

)

=
∏
k

(
1−

(
z

ck

)2
)(

1−
(
z

ck

)2
)
.

All other factors in (5) vanish or cancel each other, and uniform convergence on
compact sets is guaranteed by (6). Since f is bounded on the real line we have

(9)
∑
k

b−1
k <∞ and

∑
k

|= c−1
k | <∞.

In the following we assume without loss of generality that B = 1.
The sufficiency of the conditions in parts (b), (c), and (d) is now proved by

assembling the factor ψ in (2) from suitable factors of f in such a way that the
respective properties hold. The proof that the products converge uniformly on
compacts and that ψ has exponential type τ/2 is deferred to the end of the section.

For part (b) put

(10) ψ(z) = (iz)p eiγz
∏
k

(
1−

(
z

ak

)2
)∏

k

(
1− z

ibk

)∏
k

(
1− z

ck

)(
1 +

z

ck

)
.

By (9) and since c−1
k − c

−1
k is purely imaginary, the exponential convergence gen-

erating factors for the complex zeros can, and have been, absorbed into the real
constant γ. The factorization (2) holds, and ψ(z) is Hermitian since each of the
following factors is such: g(z) = (iz)p; g(z) = eiγz where γ ∈ R; g(z) = 1− (z/a)2

where a ∈ R; g(z) = 1 − z/(ib) where b ∈ R; and g(z) = (1 − z/c)(1 + z/c) where
c ∈ C.

With respect to part (c) suppose that f satisfies (A) and (B). Define

(11) ψ(z) = zp
∏
k

(
1−

(
z

ak

)2
)∏

k

(
1 +

(
z

bk

)2
)∏

k

(
1−

(
z

ck

)2
)

where p is even and where the zeros ibk with bk > 0 are now counted with half their
multiplicity. Then (2) holds and ψ is even.
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As for part (d), suppose that f satisfies (A), (B), and (C). Define

(12) ψ(z) = zp
∏
k

(
1−
(
z

ak

)2
)∏

k

(
1+
(
z

bk

)2
)∏

k

(
1−
(
z

ck

)2
)(

1−
(
z

ck

)2
)

where p is even and where both the zeros ibk with bk > 0 and the zeros ck in the
open first quadrant are counted with half their multiplicity. Then (2) holds and ψ
is Hermitian and even.

To complete the proof we need to show that the function ψ defined by (10),
(11), or (12), respectively, is entire of exponential type τ/2. The zeros of ψ form a
subset of the zeros of f , and (6) and (9) imply that the defining product converges
uniformly on compacts. Thus ψ is an entire function, and by (6) and Theorem
2.6.5 in [8] its order is 1. It remains to be shown that ψ has exponential type τ/2.
If ψ is defined as in (11) or (12), then |f | = |ψ|2 both on the imaginary and on the
real axis. We may therefore apply (7) and it follows that the type of ψ is τ/2. If
ψ is defined as in (10) with a suitably chosen real constant γ, its type is τ/2 by
Theorem 7.5.1 in [8]. It suffices to note that ψ has all its zeros in the closed upper
half-plane and is constructed in the same way as in the reference. The proof of
Theorem 2.1 is complete.

2.3. Remarks. The factorizations of f constructed in the proof are not necessarily
unique. In (10) we can replace any bk by −bk and any ck by −ck, and in (11) we
can replace any ck by ck. See Akutowicz [2], Walther [60], and Hofstetter [36] for
a discussion of “zero flipping” and “phase retrieval.” However, if a real-valued and
even Boas-Kac root exists then it is unique up to sign and given by

(13) u = (2π)d/2F−1
d f1/2

which is a well-known result in crystallography; see [25] and references therein.
Indeed, (12) does not allow for zero flipping. This suggests a straightforward nu-
merical test for the existence of a real-valued and even Boas-Kac root. Given an
even characteristic function ϕ with ϕ(x) = 0 for |x| ≥ τ , find its inverse Fourier
transform f and compute Ff1/2. If Ff1/2(x) 6= 0 for some x > τ/2, then ϕ does
not admit a real-valued and even Boas-Kac root. A difficulty with this test is that
f1/2 is square-integrable but not necessarily integrable. Because the Fourier trans-
form Ff1/2 may not be well-defined pointwise, we instead estimate its integral over
small intervals, using the following lemma.

Lemma 2.2. Let g ∈ L2(R) be a real-valued, even, and differentiable function such
that

∫∞
A
|g′(y)| dy <∞ for A > 0. Then for all x2 > x1 > 0 and A > 0 one has

(14)

∣∣∣∣∣
∫ x2

x1

Fg(x) dx− 2
∫ A

0

sin(x2y)− sin(x1y)
y

g(y) dy

∣∣∣∣∣ ≤ 4 log
x2

x1

∫ ∞
A

|g′(y)| dy.

Proof. The Fourier transform Fg(x) may be defined as the L2(R) limit of the
clipped Fourier integrals vA(x) =

∫ A
−A cos(xy) g(y) dy as A → ∞. We fix x > 0

and study the asymptotic behavior of vA(x) as A → ∞. Let 0 < A < B. Partial
integration and a straightforward estimate give

(15)
1
2

∣∣vB(x)− vA(x)
∣∣ ≤ 1

x

(
|g(A)|+ |g(B)|+

∫ B

A

|g′(y)| dy
)
.
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Note that limy→∞ g(y) = 0 since g ∈ L2(R) and
∫∞
A
|g′(y)| dy < ∞ for all A > 0.

Hence, (vA(x))A>0 is a Cauchy net and v(x) = limA→∞ vA(x) exists pointwise for
all x 6= 0. Fixing A > 0 and taking the limit as B →∞ in (15) shows that

(16) |v(x) − vA(x)| ≤ 2
x

(
|g(A)|+

∫ ∞
A

|g′(y)| dy
)
≤ 4
x

∫ ∞
A

|g′(y)| dy.

Since pointwise and L2(R) limits coincide we have Fg(x) = v(x) for almost all
x ∈ R. The inequality (14) follows easily by integration of (16) and an application
of Fubini’s theorem. �

The numerical test is performed by putting g = f1/2 in (14), computing the
main term I and the error term E given by

I =
∫ A

0

sin(x2y)− sin(x1y)
y

f1/2(y) dy

and

E = log
x2

x1

∫ ∞
A

|f ′(y)|
f1/2(y)

dy,

respectively, and checking whether

(17) |I| > E for some x2 > x1 ≥ τ/2 and A > 0.

If this is the case, then the first term in (14) does not vanish, and a real-valued and
even Boas-Kac root does not exist. Note that if f(x) is nonincreasing for x > A,
then the integral in the error term E equals 2f1/2(A). Evidently, the test applies
to any suitably normalized version of f .

2.4. Examples. The conditions (A), (B), and (C) in Theorem 2.1 are logically
independent of each other and may occur in any combination. In fact, all possible
cases are covered by the class of characteristic functions ϕ whose densities f = F−1ϕ
have analytic continuation

(18) f(z) = c z2p
(
z2 + 1

)q (
z4 + 4

)r (1− cos z
z2

)s
.

Here p, q, and r are nonnegative integers, s is a positive integer greater than
p+ q+ 2r, and the proportionality constant c is chosen such that f is a probability
density on R. Then f(z) is an even entire function of exponential type s with real
zeros at multiples of 2π. The zero at the origin has order 2p, and since

2
1− cos z

z2
=
(

sin(z/2)
z/2

)2

=
∞∏
k=1

(
1− z2

(2kπ)2

)2

all other real zeros have order 2s. If purely imaginary zeros exist, then they are
at ±i with multiplicity q. Zeros that are neither real nor purely imaginary exist if
and only if r > 0, and then they are at ±1± i with multiplicity r. Hence condition
(A), (B), or (C) is satisfied if and only if p, q, or r, respectively, is even.
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Figure 1. The real-valued Boas-Kac root u1 (left) and the real
and imaginary parts of the even Boas-Kac root u2 (right) in Ex-
ample 2.3.

Example 2.3. The positive definite function defined by

ϕ(x) =


1− 1

123

(
150|x|+ 30x2 − 15x4 + 5|x|5

)
, |x| ≤ 1,

− 1
246

(
219− 225|x|+ 210x2 − 150|x|3 + 45x4 − 5|x|5

)
, 1 ≤ |x| ≤ 2,

1
246

(
3− |x|

)(
111− 108|x|+ 54x2 − 12|x|3 + x4

)
, 2 ≤ |x| ≤ 3,

and ϕ(x) = 0 for |x| ≥ 3 corresponds to the choice p = 0, q = 0, r = 1, and s = 3
in (18). Condition (C) is violated while (A) and (B) hold. Figure 1 illustrates a
real-valued Boas-Kac root given by

u1(x) =
√

205
164


1 + 4x+ 4x2, −3/2 < x < −1/2,
−2 + 16x− 8x2, −1/2 < x < 1/2,
25− 20x+ 4x2, 1/2 < x < 3/2,

and u1(x) = 0 for |x| ≥ 3/2, and an even Boas-Kac root defined by

u2(x) =
√

205
164


(3 + 2x)2 − 4i, −3/2 < x < −1/2,
6− 8x2 + 8i, −1/2 < x < 1/2,
(2x− 3)2 − 4i, 1/2 < x < 3/2,

and u2(x) = 0 for |x| ≥ 3/2. However, a Boas-Kac root that is both real-valued
and even does not exist.
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Example 2.4. The density associated with the characteristic function

ϕ(x) =


1− 5

4
|x|, 0 ≤ |x| ≤ 1,

−1
2

+
1
4
|x|, 1 ≤ |x| ≤ 2,

and ϕ(x) = 0 for |x| ≥ 2 is f(x) = (2− cosx) (1− cos x)/(2πx2). The nonreal zeros
of its analytic continuation f(z) are simple and at z = 2πn± iy, with n an integer
and y the positive root of the equation cosh(y) = 2. Conditions (B) and (C) are
violated, and an even Boas-Kac root does not exist.

Example 2.5. The characteristic function ϕ(x) = (1 − |x|)2
+, x ∈ R, has density

f(x) = 2(x − sinx)/(πx3), x ∈ R. Conditions (A) and (B) hold, but it is difficult
to check analytically whether condition (C) is satisfied. However, f decreases on
the positive half-axis and we may apply the numerical test (17). Putting x1 = 1/2,
x2 = 11/20, and A = 40 yields values of about 0.0116 and 0.0038 for the main term
I and the error term E, respectively. Hence, ϕ does not admit a real-valued and
even Boas-Kac root.

3. Factorization of radial functions in dimension d ≥ 2

3.1. Factorization theorem. A function g(x) on Rd is radial or radially symmet-
ric if it depends on the Euclidean norm |x| only. We denote its radial part by g0,
i.e., g(x) = g0(|x|) for x ∈ Rd, and we put g0(t) = g0(−t) for t < 0 so that g0 is an
even function on R. A function g defined on Cd is said to be radial if its restriction
to Rd is such.

Let ϕ be a positive definite function on Rd with ϕ(x) = 0 if |x| ≥ τ . We assume
that ϕ(x) = ϕ0(|x|) is radial, hence real-valued. As in the one-dimensional case we
seek representations of the form

(19) ϕ(x) = u ∗̃u(x) =
∫
u(y)u(y + x) dy, x ∈ Rd,

where u is a generally complex-valued, square-integrable function on Rd with u(x) =
0 if |x| ≥ τ/2. We call any function u satisfying these conditions a Boas-Kac root
of ϕ. Note that u is not required to be radially symmetric.

The d-dimensional inverse Fourier transform f = F−1
d ϕ of ϕ satisfies 0 ≤ f ∈

L1(Rd) and represents the density associated with ϕ. Clearly, f is radial, and it
admits an analytical continuation to an entire function on Cd given by

(20) f(ζ) =
1

(2π)d

∫
Rd
e−i ζ·x ϕ(x) dx , ζ ∈ Cd,

where ξ · η =
∑d
l=1 ξl ηl for vectors ξ = (ξ1, . . . , ξd) and η = (η1, . . . , ηd) in Cd.

The radial part f0 of f satisfies f0(t) = f(t, 0, . . . , 0) for t ∈ R. Hence f0(z) =
f(z, 0, . . . , 0), z ∈ C, is its continuation to an entire function on the complex plane.
Since f0 is even, there exists an entire function F such that f0(z) = F (z2) for z ∈ C.
Then f(x) = f0(|x|) = F (x·x) for x ∈ Rd, and since f(ζ) is everywhere holomorphic
by (20) this relationship extends coordinatewise to the complex domain. Therefore,
the relations between f , f0, and F may be summarized as follows,

(21) f(ζ) = F (ζ · ζ), ζ ∈ Cd; f(z, 0, . . . , 0) = f0(z) = F (z2), z ∈ C.
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Straightforward estimates using (21) and (20) show that f0 is an entire function
of exponential type τ , and that f is an entire function of radial exponential P-
type τ , in the following sense. An entire function g on Cd is said to be of radial
exponential P-type ρ if (i) it has finite exponential type on Cd, i.e., if |g(ζ)| ≤
A exp (a (|ζ1|+ . . .+ |ζd|)) for all ζ ∈ Cd, where A > 0, a > 0 are finite constants;
and if (ii) for any pair of vectors x, y ∈ Rd with |y| = 1 one has

(22) lim sup
r→∞

r−1 log |g(x+ iry)| ≤ ρ.

This notion of exponential type differs from the usual one used in the previous
section. It refers to the Plancherel-Pólya extension of the Paley-Wiener theorem,
which connects the growth indicator of an entire function on Cd to the support
of its Fourier transform [55]. Here we require only the special case in which the
support is contained in a ball around the origin. The Plancherel-Pólya theorem
then asserts the following: Let ρ > 0. Then g(ζ), ζ ∈ Cd, is an entire function of
radial exponential P-type ρ with g ∈ L2(Rd) if and only if

(23) g(ζ) =
1

(2π)d

∫
Rd
e−i ζ·x γ(x) dx

with a function γ ∈ L2(Rd) such that γ(x) = 0 if |x| ≥ ρ. Note that g is not
required to be radial. Returning to ϕ and f the following equivalence holds for
such function pairs: A Boas-Kac root u of ϕ exists if and only if there is an entire
function ψ of radial exponential P-type τ/2 such that ψ ∈ L2(Rd) and

(24) f(ζ) = ψ(ζ)ψ∗(ζ), ζ ∈ Cd,

where ψ∗(ζ) = ψ(ζ). We call any representation of the form (24) with a function ψ
satisfying these conditions a Boas-Kac factorization of f . The relationship between
the Boas-Kac root u and the Boas-Kac factor ψ is then given by

(25) u(x) =
1

(2π)d/2

∫
Rd
e−ix·y ψ(y) dy, x ∈ Rd,

and

ψ(ζ) =
1

(2π)d/2

∫
Rd
eiζ·x u(x) dx, ζ ∈ Cd.

We now state the analogue of Theorem 2.1 in the higher-dimensional radial case.
The respective conditions pertain to the zeros of f0.

Theorem 3.1. Let ϕ be a continuous radial positive definite function on Rd with
ϕ(x) = 0 for |x| ≥ τ . Consider the analytic continuation f0(z), z ∈ C, of the radial
part of the density f = F−1

d ϕ associated with ϕ.
(a) If d = 2, a Boas-Kac root exists if and only if f0 satisfies (B). The Boas-

Kac root can be chosen as a radial function if and only if f0 satisfies (A)
and (B).

(b) If d ≥ 3, a Boas-Kac root exists if and only if f0 satisfies (A) and (B).
Furthermore, any Boas-Kac root is necessarily a radial function up to a
translation.

(c) If d ≥ 2, a real-valued Boas-Kac root exists if and only if f0 satisfies con-
ditions (A), (B), and (C). Furthermore, any real-valued Boas-Kac root is
necessarily a radial function up to a translation.
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The phrase “radial up to a translation” in statements (b) and (c) means that
there exists a µ ∈ Rd such that the shifted Boas-Kac root u(x+ µ) is a function of
|x| only. If f0 has exact exponential type τ , i.e., if [−τ, τ ] is the smallest interval
that contains the support of ϕ0, the translation is necessarily trivial. In contrast
to the one-dimensional case and contrary to earlier claims in the literature [59], a
Boas-Kac root may not exist if d > 1. We give explicit counterexamples below.
However, there is a large class of functions that are of particular importance in
applications and for which Boas-Kac roots exist.

Corollary 3.2. Let d ≥ 1. Suppose that ϕ satisfies the assumptions of Theorem
3.1 and is furthermore nonnegative. Then a Boas-Kac root exists and it can be
chosen as a radial function.

Proof. If ϕ is nonnegative, then f(iy), y ∈ Rd, is the Laplace transform of the
nonnegative measure ϕ(x) dx. Hence, f0 is strictly positive along the imaginary
axis and satisfies conditions (A) and (B). The corollary then follows from part (c)
of Theorem 2.1 if d = 1, from part (a) of Theorem 3.1 if d = 2, and from part (b)
of Theorem 3.1 if d ≥ 3. �

The proof of Theorem 3.1 is given in Section 3.2 and relies on the analytical
tools introduced above. An alternative construction of a radial Boas-Kac root
under conditions (A) and (B) makes use of the Radon transform and is given in
Section 3.3 along with other remarks. Sections 3.4 and 3.5 provide examples and
applications, and Section 3.6 discusses related results.

3.2. Proof of Theorem 3.1. Similar to the case d = 1, the proof depends on
the equivalence of the Boas-Kac convolution representation (19) for the positive
definite function ϕ to the Boas-Kac factorization (24) for the density f = F−1

d ϕ,
where the Boas-Kac root u and the factor ψ are connected as in (25). We first
prove the sufficiency of the conditions in parts (a), (b), and (c).

As seen above, the radial part f0 of f is an even entire function of exponential
type τ and therefore admits the factorization (8). In view of (21) we obtain the
representation f0(z) = F (z2) where

(26) F (w) = Bwp
∏
k

(
1− w

a2
k

)2∏
k

(
1 +

w

b2k

)∏
k

(
1− w

c2k

)(
1− w

ck
2

)
is an entire function of w ∈ C, and where all quantities involved have the same
meaning and the same multiplicities as in (8).

Suppose first that f0 satisfies conditions (A) and (B). Then p = 2q is even and
we can define a subproduct of F (w) in analogy to (11) by setting

χ(w) = B1/2 wq
∏
k

(
1− w

a2
k

)∏
k

(
1 +

w

b2k

)∏
k

(
1− w

c2k

)
where we count the bk factors with half their original multiplicity. Then

(27) F (w) = χ(w)χ∗(w), w ∈ C,
and as shown in the proof of Theorem 2.1, z → χ(z2) is an even entire function of
exponential type τ/2. Therefore, χ(w), w ∈ C, is of order 1/2 and type τ/2, i.e.,

(28) lim sup
r→∞

r−1/2 log max
|w|=r

|χ(w)| ≤ τ/2.
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The factorization (27) is lifted to d dimensions by putting ψ(ζ) = χ(ζ ·ζ) for ζ ∈ Cd,
so that

f(ζ) = F (ζ · ζ) = χ(ζ · ζ)χ∗(ζ · ζ) = ψ(ζ)ψ∗(ζ), ζ ∈ Cd.
The function ψ is entire and of radial exponential P-type τ/2. Indeed, by (28) and
the estimate

|ζ · ζ|1/2 ≤ (|x|2 + |y|2)1/2 ≤ |ζ1|+ · · ·+ |ζd|, ζ = x+ iy, x, y ∈ Rd,
it has finite exponential type on Cd; if ζr = x + iry with x, y ∈ Rd and |y| = 1,
then the modulus of ζr · ζr behaves like r2 (1 + o(1)) as r →∞, and since

|ψ(ζr)| = |χ(ζr · ζr)| ≤ max|w|=|ζr·ζr | |χ(w)| ,
we conclude from (28) that

lim sup
r→∞

r−1 log |ψ(ζr)| ≤ lim sup
r→∞

|ζr · ζr|−1/2 log max
|w|=|ζr·ζr|

|χ(w)| ≤ τ/2.

Evidently ψ is radial and square-integrable on Rd and so is the Boas-Kac root u in
(25). We have shown that if d ≥ 2, then conditions (A) and (B) are sufficient for
the existence of a radial Boas-Kac root.

The proof of the sufficiency of conditions (A), (B), and (C) in statement (c)
is very similar. The only difference is that the factors 1 − w/c2k in the product
defining χ(w) need to be replaced by (1−w/c2k)(1−w/ck2) and counted with half
the original multiplicity of ck. It then suffices to note that the resulting function
z → χ(z2) is even and Hermitian.

As for the sufficiency part in statement (a) suppose that d = 2 and f0 satisfies
condition (B). By (21) and (26) we may write

f(ζ) = F (ζ · ζ) = (ζ · ζ)p G(ζ · ζ), ζ = (ζ1, ζ2) ∈ C2,

where G(w) = F (w)/wp, w ∈ C. If condition (A) does not hold, then p is odd
and it is clear from the above that the factor (ζ · ζ)p presents the only obstacle
for a Boas-Kac factorization of f . However, if we define Q(ζ) = (ζ1 + iζ2)p, then
(ζ · ζ)p = Q(ζ)Q∗(ζ), and the existence of a Boas-Kac factorization follows.

The key result in the proof of the necessity of the respective conditions is the
following theorem of Lawton [45].

Theorem 3.3 (Lawton). Let d > 1. Let ψ ∈ L2(Rd) be such that its Fourier
transform has compact support and its modulus |ψ| is radial and different from the
null function. Then ψ can be extended to an entire function on Cd given by

(29) ψ(ζ) = Aeiµ·ζ P (ζ)R(ζ · ζ), ζ ∈ Cd,
with a nonzero complex constant A; µ ∈ Rd; P a polynomial that for d = 2 is of the
form (ζ1 + iζ2)k(ζ1 − iζ2)l and for d ≥ 3 is of the form (ζ · ζ)m, with nonnegative
integers k, l, or m; and R(w) =

∏
k (1−w/λ2

k), w ∈ C, with an infinite sequence of
nonzero complex numbers λk such that the product converges uniformly on compacts
and z → R(z2) is an entire function of finite exponential type.

The possibly different form of the polynomial P in dimension 2 causes the dis-
tinction between the cases d = 2 and d ≥ 3.

Suppose then that a Boas-Kac factorization (24) of the density f associated
with ϕ exists. Then f(x) = |ψ(x)|2 for x ∈ Rd, so that |ψ| is radial. Therefore,
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Lawton’s theorem applies and ψ(ζ) can be written as in (29). This representation
is continually made use of in the following.

To prove the necessity of condition (B) for the existence of a Boas-Kac root, for
every d ≥ 2, consider any purely imaginary zero ib of f0, with b ∈ R, b 6= 0. Let
β = (b, 0, . . . , 0) ∈ Cd. Then 0 = |f(iβ)| = |ψ(iβ)ψ(−iβ)| and since P (iβ) 6= 0 in
(29), we must have λ2

k = −b2 for some k. The factor 1 + (ζ · ζ)/b2 then appears
in both ψ(ζ) and ψ∗(ζ). Hence, it appears with even multiplicity in the product
representation of f . The necessity of condition (B) follows by (21).

As for the necessity of condition (A), note that it is satisfied whenever the
polynomial factor in (29) is of the form P (ζ) = (ζ · ζ)m. Indeed, in this case
f(ζ) = ψ(ζ)ψ∗(ζ) = F (ζ · ζ) contains the factor ζ · ζ with even multiplicity, and the
order of any zero of f0(z) = F (z2) at the origin is a multiple of 4. If d ≥ 3, then P is
always of the above form and the existence of a Boas-Kac root implies (A). If d = 2
and the Boas-Kac root u, hence ψ, is radially symmetric, the same holds. It remains
to consider the case in which d = 2 and a real-valued Boas-Kac root u exists. Similar
to the case d = 1 we then have ψ∗(ζ) = ψ(−ζ) for ζ ∈ C2. Suppose that the poly-
nomial factor of ψ is of the form P (ζ) = (ζ1 +iζ2)k (ζ1−iζ2)l with k 6= l. Extracting
the factor (ζ · ζ)m where m = min{k, l}, we may assume that P (ζ) = (ζ1 + iζ2)n

for some positive integer n. This form of P is incompatible with the assumption
that ψ∗(ζ) = ψ(−ζ) for ζ ∈ C2. Indeed, if ζ1 = iζ2 and 0 < |ζ1| < infk |λk|, then
P ∗(ζ) = (ζ1 − iζ2)n = 0, hence ψ∗(ζ) = 0 whereas ψ(−ζ) 6= 0. The contradiction
shows that once again P takes the form P (ζ) = (ζ · ζ)m. Thus, condition (A) holds
in all relevant cases.

To show the necessity of condition (C) in statement (c), suppose there exists a
real-valued Boas-Kac root u of ϕ. Consider any zero c of f0 that is neither real
nor purely imaginary and let γ = (c, 0, . . . , 0) ∈ Cd. Then 0 = f0(c) = f(γ) =
ψ(γ)ψ(−γ) since ψ∗(ζ) = ψ(−ζ). By (29), |ψ(±γ)| = |A| |P (±γ)| |R(c2)| with
AP (±γ) 6= 0, so we must have R(c2) = 0, and hence λk = c or λk = −c for some
k. Therefore, the product representation of f0(z) = ψ(z, 0, . . . , 0)ψ(−z, 0, . . . , 0)
contains the factor 1 − (z/c)2 = (1 − z/c) (1 + z/c) with even multiplicity, and it
follows that (C) holds.

The second assertion in statements (b) and (c) follows easily from what has
already been shown. It suffices to note that the effect of the factor eiµ·ζ in (29) on
the Boas-Kac root u = (2π)d/2F−1

d ψ is simply a translation, and that it is the only
factor of ψ that is possibly nonradial if d ≥ 3, or if d = 2 and u is real-valued. The
proof of Theorem 3.1 is complete.

3.3. Applications of the Radon transform. The Radon transform provides a
useful complement to the complex variables methods applied so far. Here we only
consider radial functions g ∈ L1(Rd), in which case the Radon transform Rd g is
defined as the even function on R given by

(30) Rd g(t) = σd−1

∫ ∞
|t|

g0(u) (u2 − t2)(d−3)/2 u du

where σk = 2πk/2/Γ(k/2) denotes the surface area of the unit sphere Sk−1 in Rk [50,
pp. 22–23]. The Radon transform is connected to the Fourier transform through
the relation Fd g(x) = F1Rdg(|x|), x ∈ Rd, that is known as the projection theorem
in computer tomography [50, p. 11]. In probabilistic terms, the Radon transform
maps a radial density to its one-dimensional marginal density.
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As an application, we give an alternative construction of a radially symmetric
Boas-Kac root under conditions (A) and (B). Consider a radial positive definite
function ϕ with density f(x) = f0(|x|), x ∈ Rd. Then

f0(|x|) = f(x) = F−1
d ϕ(x) = (2π)−d Fd ϕ(x) = (2π)−d F1Rd ϕ(|x|)

since F−1
d g = (2π)−d Fd g for even, and hence for radial, functions g. By (30),

the support condition ϕ(x) = 0 for |x| ≥ τ implies that Rd ϕ(t) = 0 for |t| ≥
τ . Since F−1

1 {(2π)df0} = Rd ϕ, we conclude that F1f0(t) vanishes for |t| ≥ τ .
Furthermore, f0 is nonnegative, even, and integrable on R. Thus by part (c) of
Theorem 2.1 we can find a complex-valued, even function ψ1 ∈ L2(R) such that
(2π)d f0(t) = |ψ1(t)|2 for t ∈ R and F−1

1 ψ1(t) = 0 for |t| ≥ τ/2. The idea now
is to represent the even function u1 = F−1

1 ψ1 as the Radon transform of a radial
function u on Rd that vanishes for |x| ≥ τ/2. The latter is obtained by Radon
inversion [50, pp. 22–23], applied separately to the real and imaginary part of
the even function u1. Then u1 = Rd u, and the projection theorem implies that
Fd u(x) = F1Rd u(|x|) = F1 u1(|x|) = ψ1(|x|) for x ∈ Rd. Hence

f(x) = f0(|x|) = (2π)−d |ψ1(|x|)|2 = (2π)−d |Fd u(x)|2, x ∈ Rd,
and the desired convolution representation ϕ = u ∗̃u follows by Fourier inversion.
This method of constructing a radial Boas-Kac root is used by Stark and Dim-
itriadis [59, p. 430] and Janssen [38, p. 334], who suggest that it works in full
generality. However, the construction remains valid only if ψ1 can be chosen as an
even function, i.e., only if conditions (A) and (B) are satisfied. The latter may well
fail to hold, and we give explicit counterexamples below.

As in dimension d = 1 the Boas-Kac root may not be unique, except for the
case of a real-valued and radially symmetric Boas-Kac root that is given by (13)
up to its sign. In Section 2.3 we used this fact to develop a numerical test for
the existence of a real-valued and even Boas-Kac root. Another application of the
Radon transform yields an analogous test for the higher-dimensional radial case
that uses one-dimensional calculations only. Suppose that ϕ(x) vanishes for |x| ≥ τ
and admits a real-valued and radially symmetric Boas-Kac root u. Then the Radon
transform u1 = Rd u is a real-valued and even function with u1(t) = 0 for |t| ≥ τ/2.
Furthermore,

F1u1(|x|) = F1Rd u(|x|) = Fd u(x) = (2π)d/2 (f0(|x|))1/2
, x ∈ Rd,

showing that u1 can be calculated by one-dimensional Fourier inversion as

u1 = (2π)d/2 F−1
1 f

1/2
0 = (2π)−d/2 F1f

1/2
0

where f1/2
0 ∈ L2(R) and hence u1 ∈ L2(R). The test then checks whether F1f

1/2
0 (t)

6= 0 for some t ∈ R with |t| > τ/2. If this is true, we conclude that a real-valued
and radial Boas-Kac root does not exist. Lemma 2.2 applies with f0 in place of f .

3.4. Examples. To adapt (18) to the case d ≥ 2, consider the class of radially
symmetric densities f on Rd whose radial part has analytic continuation

(31) f0(z) = c z2p
(
z2 + 1

)q (
z4 + 4

)r (1− cos z
z2

)s
.

Here p, q, and r are nonnegative integers, s is a positive integer larger than p+ q+
2r + d/2, and the proportionality constant c is chosen such that f is a probability
density. Then f0 has exponential type s and satisfies condition (A), (B), or (C) if
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and only if p, q, or r, respectively, is even. All cases in Theorem 3.1 occur within
the class, depending on the choice of p, q, r, and d.

Using polar coordinates, the Fourier transform of a radial function g on Rd can
be calculated as

(32) Fd g(x) = σd

∫ ∞
0

g0(t) Ωd(|x|t) td−1 dt

where

(33) Ωd(t) = Γ(d/2)
(

2
t

)(d−2)/2

J(d−2)/2(t)

is the radial part of the characteristic function of the uniform probability measure
on Sd−1 and J(d−2)/2 is a Bessel function. This is repeatedly made use of below.

Example 3.4. The positive definite function ϕ(x), x ∈ R3, defined by

(34) ϕ(x) =



1− 5
6
|x|, |x| ≤ 1,

1
12|x|

(
15− 18|x|+ 5|x|2

)
, 1 ≤ |x| ≤ 2,

− 1
12|x|

(
9− 6|x|+ |x|2

)
, 2 ≤ |x| ≤ 3,

and ϕ(x) = 0 for |x| ≥ 3 corresponds to the case in which p = 1, q = 0, r =
0, and s = 3 in (31). Condition (A) is violated and a Boas-Kac root does not
exist. The density f that is proportional to (2 − cos |x|)(1 − cos |x|)2/|x|4 on R3

has a characteristic function of the same form, but with different coefficients. A
comparison with Example 2.4 shows that conditions (B) and (C) are violated in
this case, so again, a Boas-Kac root does not exist.

The following example presents a radial characteristic function in R2 with a
particularly simple nonradial Boas-Kac root.

Example 3.5. The characteristic function ϕ(x), x ∈ R2, defined by

ϕ(x) = 1− 2
π

(
arcsin |x|+

(
3|x| − 2|x|3

)(
1− |x|2

)1/2)
, |x| ≤ 1,

and ϕ(x) = 0 for |x| ≥ 1 admits a complex-valued nonradial Boas-Kac root u,
defined by

u(x) = 4
(

2
π

)1/2

(x1 + ix2), |x| =
(
x2

1 + x2
2

)1/2 ≤ 1
2
,

and u(x) = 0 otherwise. The radial part f0 of the density f = F−1
2 ϕ has a zero

of order 2 at the origin. Condition (A) is violated and a real-valued and/or radial
Boas-Kac root does not exist.

Corollary 3.2 shows that a radial Boas-Kac root exists whenever ϕ is nonnegative.
However, a nonnegative ϕ does not necessarily admit a real-valued Boas-Kac root.

Example 3.6. Consider the characteristic function ϕ(x) = (1−|x|)3
+, x ∈ R3. The

associated density is

f(x) =
3

π2|x|6
(
|x| sin |x|+ 4 cos |x| − 4 + |x|2

)
, x ∈ R3.
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Conditions (A) and (B) hold but it is difficult to check analytically whether (C) is
satisfied. The Radon transform argument in Section 3.3 shows that we can apply
the numerical test (17) to the radial part f0, which is decreasing on the positive
half-axis. Putting x1 = 1/2, x2 = 11/20, and A = 30 yields, after renormalizing so
that f0(0) = 1, values of about 0.0117 and 0.0039 for the main term I and error
term E, respectively. Thus, ϕ does not admit a real-valued Boas-Kac root.

3.5. Factorization of the spherical correlation function. In geostatistics, cor-
relation models are fitted to spatial data [14], and a fundamental requirement on
any correlation model is that of positive definiteness. The so-called spherical cor-
relation model, defined by

(35) ϕ(x) = 1− 3
2
|x|+ 1

2
|x|3, x ∈ Rd, |x| ≤ 1,

and ϕ(x) = 0 for x ∈ Rd, |x| ≥ 1, is widely used in environmental and geological
applications. In geostatistical practice, Euclidean distance |x| in (35) is replaced
by |x|/r and the range parameter r is estimated from the data. As shown in [28,
pp. 94–95] the spherical correlation model (35) is a positive definite function in Rd
if and only if d ≤ 3. In what follows, we consider the existence of Boas-Kac roots
in dimensions d = 1, 2, and 3.

If d = 3, the associated density

f(x) = F−1
3 ϕ(x) =

3
2π2|x|6

(
4 + |x|2 − (4 − |x|2) cos |x| − 4|x| sin |x|

)
admits the factorization f(x) = |ψ(x)|2, where

ψ(x) =
√

3
π |x|3

(
2 sin

(
|x|
2

)
− |x| cos

(
|x|
2

))
is real-valued and radially symmetric. The Boas-Kac root (25) can be computed by
Fourier inversion. We recover the well-known result that the spherical correlation
function in dimension d = 3 is the self-convolution of a suitably normalized indicator
function of a ball with radius 1/2.

If d = 1, the density associated with the spherical model is

f(x) =
3

2πx4

(
2 + x2 − 2 cosx− 2x sinx

)
which can be factored as f(x) = |ψ(x)|2, where

ψ(x) =
(

3
2πx4

)1/2 (
x sin

(x
2

)
+ i
(
x cos

(x
2

)
− 2 sin

(x
2

)))
is a Hermitian function. Fourier inversion of ψ yields a real-valued Boas-Kac root u
given by u(x) =

√
3/2 (1− 2x) for |x| ≤ 1/2 and u(x) = 0 for |x| > 1/2, as in Table

A.1 of Chilès and Delfiner [14]. By Corollary 3.2 an even Boas-Kac root exists but
its explicit form is unknown. A real-valued and even Boas-Kac root does not exist.
Indeed, it can be shown as in Section 2 of [12] that the analytic continuation of
f has a simple zero near z = 7.461 + i2.089. Condition (C) is violated and part
(d) of Theorem 2.1 applies. Alternatively, the numerical test (17) with x1 = 1/2,
x2 = 11/20, and A = 30 yields, after renormalizing so that f(0) = 1 and noting
that f(x) decreases for x > 0, values of about 0.0387 and 0.0131 for the main term
I and error term E, respectively.
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The case d = 2 has been an enigma in the geostatistical literature. Oliver [51,
p. 944] provides tables of convolution roots and thereby reports that the “square
root of the spherical covariance [. . .] in two dimensions [. . .] proved to be an in-
tractable problem”. Cressie and Pavlicová [18] compute a numerical approximation
to a real-valued and symmetric Boas-Kac root, but the resulting convolution does
not appear to match the spherical model very closely. A first obstacle toward a
rigorous analysis is the calculation of the density f = F−1

2 ϕ. Table 1 of Mantoglou
and Wilson [48] gives a complicated expression for f that attains negative values
and is therefore, unfortunately, invalid. The correct hypergeometric expansion

f(x) =
1

20π 1F2

(
3
2

; 2,
7
2

;−|x|
2

4

)
follows from (32), Eq. (6.569) of Gradshteyn and Ryzhik [35], and straightforward
manipulation of the coefficients in the resulting power series. As for the existence
of Boas-Kac roots, we once more apply Corollary 3.2. A complex-valued, radial
Boas-Kac root exists but its explicit form is unknown. A real-valued Boas-Kac
root does not exist, which may explain the challenges that Cressie and Pavlicová
[18] report. For the renormalized radial part 20πf0, x1 = 1/2, x2 = 26/50, and
A = 30, the test (17) yields a value of about 0.0173 for the main term I, and an
upper estimate of about 0.0137 for the error term E. Alternatively, surface plots
indicate that the radial part f0(z) has a simple zero near z = 8.279+i1.257, thereby
violating condition (C). We intend to provide details elsewhere.

3.6. Related results. For ease of reference we state, and continually make use of,
the following definition.

Definition 3.7. The class Φτd consists of all continuous, radially symmetric positive
definite functions ϕ(x), x ∈ Rd, with ϕ(0) = 1 and ϕ(x) = 0 for |x| ≥ τ .

Under conditions (A), (B), and (C), any function ϕ ∈ Φτd can be represented as

(36) ϕ = u ∗̃u
with a real-valued u ∈ L2(Rd) such that u(x) = 0 for |x| ≥ τ/2; see Theorem 3.1.
Assuming only (A) and (B), a complex-valued Boas-Kac root u = u1 + iu2 exists
where both u1 ∈ L2(Rd) and u2 ∈ L2(Rd) are real-valued; hence

(37) ϕ = u1 ∗̃u1 + u2 ∗̃ u2.

By a result of Rudin [57], all radial, continuous positive definite functions with
compact support admit a series representation in analogy to (36) and (37).

Theorem 3.8 (Rudin). For any ϕ ∈ Φτd there exists a finite or countably infinite
collection of real-valued functions uk ∈ L2(Rd) with uk(x) = 0 for |x| ≥ τ/2 such
that

(38) ϕ =
∑
k

uk ∗̃uk,

where the convergence of the sum is uniform.

Rudin’s [57] original formulation assumes that ϕ is smooth, and it involves
complex-valued functions uk ∈ L2(Rd). However, the smoothness assumption in
Rudin’s Eq. (3) is not required for the representation (38), as is clear from his
lemma and straightforward Fourier inversion. Furthermore, we can separate real
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and imaginary parts as in (37) so that each uk is real-valued. However, the uk in
(38) are not necessarily radial. A closer look at the arguments in [57] shows that,
in fact,

(39) ϕ =
∑
k

vk ∗̃ vk +
∑
k

d∑
l=1

wkl ∗̃wkl

where

(40) wkl(x) =
∂

∂xl
wk(x), x = (x1, . . . , xd) ∈ Rd, l = 1, . . . , d,

with real-valued and radial functions vk ∈ L2(Rd) and wk ∈ L2(Rd) that vanish for
|x| ≥ τ/2, for all k.

The following result characterizes the extreme points of the convex set Φτd defined
above. The case d = 1 is given in Theorem 6 of [63] and Theorem 8 of [64]. For
d ≥ 2, the result is stated in [34] without proof.

Theorem 3.9 (Zastavnyi-Trigub and Gorin). A function ϕ ∈ Φτd is an extreme
point of Φτd if and only if the analytic continuation of the radial part f0 of its density
f is of exact exponential type τ and has only real zeros.

We omit a proof, since the arguments of Zastavnyi and Trigub [64] for d = 1
carry over to the case d ≥ 2 if the terminology and tools of Sections 3.1 and 3.2
are used. Alternative proofs of the result for d ≥ 2 use Rudin’s representation (39)
and the Radon transform methods of Section 3.3. Perhaps surprisingly, there are
extreme points of the class Φτd that do not admit a real-valued Boas-Kac root. If
d ≥ 3, there exist extreme points that do not admit any Boas-Kac root. These cases
occur whenever f0 is of exact exponential type τ , and f has only real zeros, and
violates condition (A). For instance, the characteristic function (34) is an extreme
point of the class Φ3

3 that does not admit a Boas-Kac root. In terms of Rudin’s
series representation (39), a detailed study of the arguments in [57, pp. 51–52] shows
that an extreme point ϕ that does not admit a real-valued Boas-Kac root can be
expressed as

ϕ =
d∑
l=1

w1l ∗̃w1l,

with all the vk terms and all but one of the wk terms in the series vanishing.

4. Turán’s problem

4.1. Boas-Kac bounds, the Lukosz staircase, and Turán’s problem. Boas
and Kac [9] showed that if ϕ ∈ Φτ1 , i.e., ϕ is a continuous, even positive definite
function on R with ϕ(0) = 1 and ϕ(x) = 0 for |x| ≥ τ , then one has

(41) |ϕ(τ x)| ≤ cos
π

d1/|x|e+ 1
, |x| < 1,

where dye denotes the least integer larger than or equal to y. Furthermore, the
estimate is sharp. This result has various applications and has been rediscovered
both in the optics [46, 47] and in the statistics literature [13, 19]. In optics the graph
of the upper bound in (41) has become known as the Lukosz staircase. Under the
same assumptions, Boas and Kac [9] also proved the integral bound

(42)
∫
|ϕ(x)| dx ≤ τ.
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Similar to the development of (41), this inequality has been rediscovered and ap-
plied to problems in optics [46, 47] and time series analysis [3]. More recently,
questions of this type have attracted considerable attention in the mathematical
literature, where they are referred to as Turán’s problem, and discussed in the works
of Gorbachev [33], Arestov, Berdysheva, and Berens [4, 5, 6], and Kolountzakis and
Révész [41, 42], among others.

In what follows we give analogues and generalizations of the Boas-Kac bounds
to compactly supported positive definite functions in Rd, d ≥ 2. The main result
in Section 4.2 is the pointwise bound (43). Its proof relies on Rudin’s convolution
representation (38) and is deferred to Section 4.3. In the brief Section 4.4 we review
Gorbachev’s recent extension of the integral bound (42).

4.2. Pointwise bounds for radial functions. Our key result here is a pointwise
bound for radial positive definite functions defined on Rd, d ≥ 2. The result for
d = 2 is stated in Section 3.1 of [39], with a proof that depends on the existence of
a Boas-Kac root and is therefore incomplete.

Theorem 4.1. Let d ≥ 2. For any ϕ ∈ Φτd one has

(43) |ϕ(τ x)| ≤ Gd(κ(|x|)), |x| ∈ [1/2, 1),

where

Gd(t) =
Γ(d2 )

Γ(1
2 ) Γ(d−1

2 )

∫ 1

t

(1− s2)(d−3)/2 ds, t ∈ [0, 1],

and κ(t) is defined piecewise as κ(t) =
(
1− (4t2)−1

)1/2 if t ∈ [1/2,
√

2/2) and
κ(t) = t if t ∈ [

√
2/2, 1).

Applications are straightforward. Consider the truncated power function ϕ(x) =
(1− |x|λ)κ+, x ∈ Rd. Kuttner [44] and Golubov [32] showed that for λ ∈ (0, 2) and
d = 1, 2, . . . the truncated power function is positive definite if and only if κ ≥ kd(λ)
where the right-hand side is a nondecreasing function of λ. The lower bounds on
kd(λ) that follow from (43) complement recent results in [29] and [31].

The estimate (43) applies to nonradial functions if we replace the point value
ϕ(x) by the spherical average at |x| ∈ [1/2, 1). Indeed, let H denote normalized
Haar measure on the group SO(d) of rotations ρ in Rd. Given a continuous positive
definite function ϕ(x), x ∈ Rd, with ϕ(0) = 1 and ϕ(x) = 0 for |x| ≥ 1, its
radialization

(44) ϕrad(x) =
∫
ϕ(ρx)H(dρ)

is a radially symmetric function for which the assumptions of Theorem 4.1 hold.
Among nonradial positive definite functions, those depending on an lα norm or
quasinorm have been of particular interest. We refer to [62] and Section 4 of [29]
for recent results and reviews, and to Lemma 3.7 of [27] for a pointwise bound on
α-symmetric positive definite functions with compact support.

For d = 1, 2, . . . and t ∈ (0, 1) define

md(t) = inf
ϕ∈Φ1

d

ϕ0(t) and Md(t) = sup
ϕ∈Φ1

d

ϕ0(t).
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Figure 2. The lower estimate (45) and the upper estimate (46)
of Md(t), for d = 2 (left) and d = 3 (right).

Boas and Kac [9] showed that both −m1(t) and M1(t) equal the upper bound in
(41). If d ≥ 2, only partial results are available. The Euclid’s hat function

ϕ(x) = 2
Γ(d+2

2 )
Γ(1

2 ) Γ(d+1
2 )

∫ 1

|x|
(1 − s2)(d−1)/2

+ ds, x ∈ Rd,

is the self-convolution of a suitably normalized indicator function of a d-dimensional
ball of radius 1/2 and therefore belongs to the class Φ1

d. Using the notation of
Theorem 4.1 we find the lower estimate

(45) Md(t) ≥ 2Gd+2(t), t ∈ (0, 1),

while (43) implies the upper estimate

(46) Md(t) ≤ Gd
(
κ(t)

)
, t ∈ [1/2, 1),

and an analogous estimate for md(t). As Figures 2 and 3 illustrate, the estimates
(45) and (46) are surprisingly sharp. Finally,

(47) infr>0 Ωd(r) ≤ md(t) ≤Md(t) infr>0 Ωd(r), t ∈ (0, 1),

where Ωd is defined by (33). The first inequality in (47) is immediate from Schoen-
berg’s representation [58] of a radial characteristic function as a mixture of the
functions Ωd(r|x|), x ∈ Rd, over r > 0, that is, the representation (32) with g
being a probability density. If ϕ belongs to the class Φ1

d, then so does the product
ϕ(x) Ωd(r|x|) for all r > 0, thereby proving the second inequality. Frieden [23]
provides numerical estimates of M2(t) while Barakat and Newsam [7] give approx-
imations to both m2(t) and M2(t). The numerical results in the latter reference
violate the second inequality in (47) in various instances and are therefore incon-
sistent.
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Figure 3. The lower estimate (45) and the upper estimate (46)
of Md(t), for d = 5 (left) and d = 7 (right).

4.3. Proof of Theorem 4.1. Without loss of generality, we may assume that
τ = 1. Let H denote normalized Haar measure on the group SO(d) of rotations ρ
in Rd, and consider Rudin’s representation (38) of a function ϕ ∈ Φ1

d. For each k
the function

hk(y) =
∫
|uk(ρy)|2H(dρ), y ∈ Rd,

is radially symmetric and such that∫
hk(y) dy =

∫
|uk(y)|2 dy = (uk ∗̃ uk)(0).

The latter terms sum to ϕ(0) = 1. Hence

|ϕ(x)| =
∫
|ϕ(ρx)|H(dρ) ≤

∑
k

∫
|(uk ∗̃ uk)(ρx)|H(dρ)

≤
∑
k

∫
Ax

hk(y) dy ≤ Gd(κ(|x|))
∑
k

∫
hk(y) dy = Gd

(
κ(|x|)

)
where the second and third inequalities are justified by (48) and (49), respectively.
Thus, the two lemmas below complete the proof of the theorem.

Lemma 4.2. Suppose that v ∈ L2(Rd) vanishes for |x| ≥ 1/2. Let x ∈ Rd with
|x| ∈ [1/2, 1] and put Ax = {y ∈ Rd : |y| ≤ 1/2, |y + x| ≤ 1/2}. Then

(48)
∫
|(v ∗̃ v)(ρx)|H(dρ) ≤

∫
Ax

∫
|v(ρy)|2 H(dρ) dy.
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Proof. Note that |v(y)| |v(y + ρx)| vanishes unless y ∈ Aρx. Hence∫
|(v ∗̃ v)(ρx)|H(dρ) ≤

∫ ∫
|v(y)| |v(y + ρx)| dy H(dρ)

≤
(∫ ∫

Aρx

|v(y)|2 dyH(dρ)
∫ ∫

Aρx

|v(y + ρx)|2 dy H(dρ)

)1/2

and it suffices to show that either double integral under the square root equals the
right-hand side of (48). Consider the second integral. Within the inner integral ρ
is fixed. Under the change of variables y → z = ρ−1(y + ρx) the integration region
y ∈ Aρx is mapped to z ∈ A−x = −Ax which does not depend on ρ. By Fubini’s
theorem and radial symmetry,∫ ∫

Aρx

|v(y + ρx)|2 dy H(dρ) =
∫ ∫
−Ax
|v(ρz)|2 dz H(dρ)

=
∫
−Ax

∫
|v(ρz)|2H(dρ) dz =

∫
Ax

∫
|v(ρz)|2H(dρ) dz.

The first integral under the root is handled similarly, by substituting y = ρz. �

Lemma 4.3. Suppose that h ∈ L1(Rd) is nonnegative and radial. If x and Ax are
as in Lemma 4.2, then

(49)
∫
Ax

h(y) dy ≤ Gd
(
κ(|x|)

) ∫
h(y) dy.

Proof. Fix x ∈ Rd with |x| ∈ [1/2, 1] and let Kx denote the smallest spherical cone

Kx,α =
{
y ∈ Rd :

y · x
|y| |x| ≥ cosα

}
that contains the set A−x. Geometric arguments in analogy to those in Section
3.1 of Janssen [39] show that the smallest admissible angle α satisfies the relation
cosα = κ(|x|). Let µ denote normalized uniform measure on the unit sphere Sd−1

and let K1
x = Kx ∩ Sd−1. Then∫

Ax

h(y) dy =
∫
A−x

h(y) dy ≤
∫
Kx

h(y) dy

= σd

∫
θ∈K1

x

∫ ∞
r=0

h0(r) rd−1 dr µ(dθ) = µ(K1
x)
∫
h(y) dy .

If θ is a random vector with distribution µ, then for every ξ ∈ Sd−1 the projection
length λ = θ · ξ is a random variable that takes values in [−1, 1] and whose density
gd(λ) is proportional to (1− λ2)(d−3)/2. Hence

µ(K1
x) =

∫ 1

κ(|x|)
gd(s) ds = Gd

(
κ(|x|)

)
and the proof of the estimate (49) is complete. �
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4.4. Integral bounds. In this section we review Gorbachev’s [33] multivariate
analogue of the integral bound (42). Note that ϕ is not assumed to be radial.

Theorem 4.4 (Gorbachev). Suppose that ϕ(x), x ∈ Rd, is a continuous positive
definite function with ϕ(0) = 1 and ϕ(x) = 0 for |x| ≥ τ . Then

(50)
∫
ϕ(x) dx ≤ 2−d τdυd

where υd = πd/2/Γ(d2 + 1) denotes the volume of the unit ball in Rd.

The elegant recent proof of Kolountzakis and Révész [41] uses the radialization
formula (44) and Rudin’s series representation (38) to show that∫

ϕ(x) dx =
∫
ϕrad(x) dx ≤

∑
k

∫ ∫
|uk(y)| |uk(y + x)| dy dx(51)

=
∑
k

(∫
|uk(y)| dy

)2

≤ 2−d τdυd
∑
k

∫
|uk(y)|2 dy = 2−d τdυd

by the fact that each uk is supported on a ball of radius τ/2, the Cauchy-Schwarz
inequality, and the relationship

∑
k

∫
|uk(y)|2 dy = ϕ(0) = 1. For radial functions,

the first equality in (51) remains valid with ϕ and ϕrad replaced by their absolute
values, respectively, and we obtain a slightly stronger result.

Corollary 4.5. If ϕ ∈ Φτd, then

(52)
∫
|ϕ(x)| dx ≤ 2−d τdυd.

If d = 2 the corollary reduces to Proposition 7.2 of [38]. In Eq. (3.2, 7a) of [47],
the estimate (52) is stated for d = 2 and general, not necessarily radial functions.
However, the proofs in these references depend on the existence of a Boas-Kac root
and therefore are incomplete. We conjecture, but have not been able to prove, that
(52) remains valid under the conditions of Theorem 4.4.

Gorbachev’s bound (50) solves a specific instance of Turán’s integral problem:
Given a closed convex centrally symmetric domain D in Rd, maximize

∫
ϕ(x) dx

over the class of continuous positive definite functions ϕ(x), x ∈ Rd, with ϕ(0) = 1
and support contained in D. Theorem 4.4 shows that the Euclidean ball is a
Turán domain, meaning that the maximum is achieved by the self-convolution of
a properly rescaled indicator function of the half-body. Kolountzakis and Révész
[41] and Arestov and Berdysheva [5] show that a convex closed centrally symmetric
polytope in Rd is a Turán domain if it admits a tiling by translation. It is not
presently known whether non-Turán domains exist.

5. Minimum variance theorem

5.1. Extremal problems for characteristic functions and densities. This
section provides a unified approach to a class of previously scattered extremal
problems that arise in various formulations and various applications, ranging from
numerical Fourier inversion [11], to spectral density estimation [54, 40], imaging
[53, 59], and spatial statistics [30]. Let ∆ =

∑d
l=1 ∂

2/∂x2
l denote the Laplace op-

erator on Rd. We consider the following optimization problem: Minimize −∆ϕ(0)
over the class of characteristic functions ϕ on Rd, subject to the condition that
ϕ(x) = 0 for |x| ≥ τ . In terms of probability densities, the problem is equivalent
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to a minimum variance problem: Minimize
∫
|x|2 f(x) dx, subject to the condition

that Fd f(x) = 0 for |x| ≥ τ . Indeed, if the random vector X = (X1, . . . , Xd) has
characteristic function ϕ = Fd f , then

(53)
∫
|x|2 f(x) dx = E|X |2 = E

(
X2

1 + · · ·+X2
d

)
= −∆ϕ(0).

In particular, ϕ is twice differentiable if and only if f has a finite second moment.
If this is not the case, we put −∆ϕ(0) = +∞. Note that radial symmetry is not
assumed here.

The following result is stated for τ = 1 only, as the analogue for τ > 0 is obvious.
Recall the definition of Ωd in (33) and put

γ2
d =

4 j d−2
(d−2)/2

πd/2 Γ(d/2)J 2
d/2(j(d−2)/2)

and cd =
4 j2

(d−2)/2

4d πd/2 Γ(d/2)

for d = 1, 2, . . ., where jν denotes the first positive zero of the Bessel function Jν .

Theorem 5.1. Let ϕ be the characteristic function of a probability density f on
Rd and suppose that ϕ(x) = 0 for |x| ≥ 1. Then

(54) −∆ϕ(0) =
∫
|x|2 f(x) dx ≥ 4 j 2

(d−2)/2,

with equality if and only if ϕ = ωd ∗̃ωd, where ωd(x) = γd Ωd(2j(d−2)/2 |x|) for
|x| ≤ 1/2 and ωd(x) = 0 for |x| ≥ 1/2. The corresponding minimum variance
density is

(55) f(x) = cd

(
Ωd(|x|/2)

j2
(d−2)/2 − (|x|/2)2

)2

.

If ϕ is radial, the estimate (54) can be reformulated as

(56) −ϕ′′0 (0) ≥ 4
d
j 2
(d−2)/2.

Theorem 5.1 implies that the right-hand side of (56) is a strictly increasing function
of d, and we note in passing that this increasing property implies

(57) jn/2 >

(
n+ 2
n+ 1

)1/2

j(n−1)/2, n = 0, 1, 2, . . . ,

which forms a special case of Theorem 2 in Ismail and Muldoon [37]. For the case in
which d = 1, the theorem is due to Bohman [11] and Papoulis [54]. The minimizing
characteristic function then is

ϕ(x) = (1− |x|) cos(πx) +
1
π

sin(π|x|), x ∈ R, |x| ≤ 1,

and (56) reads −ϕ′′0 (0) ≥ π2. Note that in this case the inequality for −ϕ′′0(0)
can also be obtained from (41). The case d = 2 has been considered by Papoulis
[53] and Stark and Dimitriadis [59]. The results in these papers assume radial
symmetry as well as the existence of a Boas-Kac root. As Theorem 3.1 shows, a
Boas-Kac representation may fail to exist if d ≥ 2, and our proof uses Rudin’s series
representation (38) instead. The case d = 3 recovers a result of Kanter [40] in the
form given in [30]. The minimizing characteristic function is

ϕ(x) = (1 − |x|) sin(2π|x|)
2π|x| +

1
π

1− cos(2π|x|)
2π|x| , x ∈ R3, |x| ≤ 1,
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and (56) reduces to −ϕ′′0(0) ≥ 4/3π2. The statements in dimension d ≥ 4, the
general result in dimension d = 2, and our unified approach are new. Note the
similarity of the minimizing density (55) to the solution of the extremal problem in
Section 3 of [15] and Section 6 of [16], with its interesting and surprising connections
to the sphere packing problem.

The following minimum variance result for unimodal, radially symmetric densi-
ties is due to Kanter [40] if d = 1. The general case is new. Theorem 5.1 is proved
in Section 5.2, and the proof of Corollary 5.2 is deferred to Section 5.3.

Corollary 5.2. Suppose that f is a unimodal, radially symmetric probability den-
sity on Rd whose characteristic function ϕ(x) vanishes for |x| ≥ 1. Then∫

|x|2 f(x) dx ≥ 4d
d+ 2

j 2
d/2,

with equality if and only if

f(x) = 2π
∫ ∞
|x|

g0(t) t dt

where g0 is the radial part of the minimum variance density for dimension d+ 2 in
Theorem 5.1.

5.2. Proof of Theorem 5.1. Since (53) is invariant under radialization, we may
assume that ϕ and f are radial functions. By Theorem 3.8 there exist real-valued
functions uk ∈ L2(Rd) vanishing for |x| ≥ 1/2 such that

(58) f = (2π)−d Fd ϕ = (2π)−d
∑
k

|Fd uk|2 .

By Parseval’s formula,

1
(2π)d

∫
|−ixl Fduk(x)|2 dx =

∫ ∣∣∣∣ ∂∂xl uk(x)
∣∣∣∣2 dx

for k ≥ 1 and l = 1, . . . , d, which upon summing gives

(59)
∫
|x|2 f(x) dx =

1
(2π)d

∑
k

∑
l

∫
|xl Fduk(x)|2 dx =

∑
k

∫
|∇uk(x)|2 dx.

This allows us to draw on the variational formulation of the eigenvalue problem for
the Laplace operator with Dirichlet boundary conditions on the ball B of radius
1/2 centered at the origin of Rd. The minimum of the Rayleigh quotient gives the
smallest eigenvalue λd of the problem −∆u = λu in B, u = 0 on ∂B, i.e.,

(60)

∫
B |∇u|2∫
B
|u|2 ≥ λd,

with equality if and only if u is proportional to vd, the associated first eigenfunc-
tion. See, e.g., Section IV.2 in [17]. Inserting (60) into (59) and observing that∑
k

∫
|uk|2 = ϕ(0) = 1, we obtain∫

|x|2 f =
∑
k

∫
|∇uk|2∫
|uk|2

∫
|uk|2 ≥ λd

∑
k

∫
|uk|2 = λd,

with equality if and only if the sum reduces to a single term uk = u that is pro-
portional to vd. By (58), the optimal density f is proportional to |Fd vd|2, and the
optimal characteristic function ϕ is proportional to vd ∗̃ vd. It remains to determine
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the relevant functions and constants. The well-known expressions for vd and λd are
obtained as a by-product of the following calculations.

Let µ denote the normalized uniform distribution on Sd−1. The definition of ωd
and the fact that Ωd(|x|) =

∫
eix·y µ(dy) for x ∈ Rd show that ωd is an eigenfunction

of −∆, with associated eigenvalue (2j(d−2)/2)2 and vanishing on the boundary ∂B of
B. Since ωd is positive within B, it is the unique first eigenfunction corresponding
to the minimal eigenvalue, and we conclude that vd is proportional to ωd, and
λd = 4j 2

(d−2)/2. The factor γd is obtained from Eq. (6.521.1) in Gradshteyn and
Ryzhik [35]. As for the calculation of the corresponding density f , Green’s formula
gives

4j 2
(d−2)/2 Fdωd(x) =

∫
B

eix·y
(

4j 2
(d−2)/2

)
ωd(y) dy = −

∫
B

eix·y ∆ωd(y) dy

= −
∫
B

(
∆eix·y

)
ωd(y) dy +

∫
∂B

(
∂ne

ix·y)ωd(y) do−
∫
∂B

eix·y ∂nωd(y) do(61)

where do denotes integration with respect to surface measure on ∂B, and ∂n is the
derivative in the direction of the outward pointing normal vector. By radial symme-
try, ∂nωd(y) is constant on ∂B. Explicitly, ∂nωd(y) = 2j(d−2)/2 Ω′d( j(d−2)/2) γd =
βd, say, hence∫

∂B

eix·y ∂nωd(y) do = 2−(d−1) σd βd

∫
eix·(y/2) µ(dy) = 2−d+1 σd βd Ωd(|x|/2).

The other surface integral equals zero because ωd vanishes on the boundary of B.
Finally, −

∫
B

(∆ eix·y)ωd(y) dy = |x|2 Fdωd(x), so we get from (61)

Fdωd(x) = 2−d−1 σd βd
Ωd(|x|/2)

j2
(d−2)/2 − (|x|/2)2

.

The constant factor is easily evaluated, and since f = (2π)−d |Fd ωd|2 the proof of
Theorem 5.1 is complete.

5.3. Proof of Corollary 5.2. By Proposition 1 of Eaton [21] or Eq. (36) in [27],
the density f of a radial characteristic function ϕ(x) = ϕ0(|x|), x ∈ Rd, is unimodal
if and only if ϕ0(|x|), x ∈ Rd+2, is a characteristic function. Hence∫

|x|2f(x) dx = −∆ϕ(0) = −dϕ′′0(0) ≥ 4d
d+ 2

j 2
d/2,

with equality if and only if ϕ0 is the radial part of the extremal characteristic
function for dimension d+ 2 in Theorem 5.1. The associated minimizing density is
the d-dimensional marginal density of the minimum variance density for dimension
d+ 2 in Theorem 5.1. The proof of the corollary is complete.
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