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MULTI-POINT TAYLOR EXPANSIONS
OF ANALYTIC FUNCTIONS

JOSE L. LOPEZ AND NICO M. TEMME

ABSTRACT. Taylor expansions of analytic functions are considered with re-
spect to several points, allowing confluence of any of them. Cauchy-type for-
mulas are given for coefficients and remainders in the expansions, and the
regions of convergence are indicated. It is explained how these expansions can
be used in deriving uniform asymptotic expansions of integrals. The method is
also used for obtaining Laurent expansions in several points as well as Taylor-
Laurent expansions.

1. INTRODUCTION

In deriving uniform asymptotic expansions of a certain class of integrals one
encounters the problem of expanding a function that is analytic in some domain
Q of the complex plane, in several points. The first mention of the use of such
expansions in asymptotics is given in [I], where Airy-type expansions are derived
for integrals having two nearby (or coalescing) saddle points. This reference does
not give further details about two-point Taylor expansions, because the coefficients
in the Airy-type asymptotic expansion are derived in a different way. Other men-
tions of the use of such expansions in asymptotics are given in [7] and [5]. In [7],
two-point Taylor expansions are used with applications to Airy-type expansions of
parabolic cylinder functions. In [5] we used two-point Taylor expansions to derive
convergent expansions of Charlier, Laguerre and Jacobi polynomials in terms of
Gamma, Hermite and Chebyshev polynomials respectively.

To demonstrate an application in asymptotics of multi-Taylor expansions we
may consider contour integrals of the form

(1.1) I\ a) = / g(2)e MEX) d
C

where « is a vector of parameters, & = (ayq, ..., a2), and the phase function f(z, )
has m saddle points z1, 23, . . ., zmm. The asymptotic behaviour of these integrals for
large values of A is determined by the saddle-point structure of the phase function
[9], Chapter 7, Section 6. One method for obtaining an asymptotic expansion of
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this integral for large values of X is based on expanding g(z) at the saddle points
of the phase function,

[e e}

(12)  g(z) =Y lao+arz+ -+ amrz" Nz = 2)"(z — )" (2 — 2)"

n=0

and substitution of this expansion into (ICTl). When interchanging summation and
integration, the result is a formal expansion in m series in terms of functions related
with the functions
(1.3)
Forha)= [ 2Fa—2)"(z—2)" - (z—2p)"e MEDdz k=12, ,m—1.
c

In [7], these functions F,, x(A; &) are the Airy functions, whereas in [5] these func-
tions are the Gamma function, or the Hermite or Chebyshev polynomials.

In a future paper we will use multi-point Taylor expansions in the asymptotic
analysis of integrals arising in diffraction theory, such as the Bessel function integral
(see [3] and [4])

(1.4) J(x,y) = /OO tJo(yt)ei(#“”tQ) dt,
0

which is related to the Pearcey function

(1.5) /OO it + 5t +yt) gy

The Taylor-Laurent expansions will be used to study integrals with two saddle
points and a pole of the integrand. Other applications in asymptotics include the
study of Hermite-Padé approximations to the exponential function; in [2] integrals
are considered with three saddle points.

In a recent paper [6] we have introduced the theory of two-point Taylor ex-
pansions, two-point Laurent expansions and two-point Taylor-Laurent expansions.
The purpose of the present paper is to generalize that theory from 2 to m points,
m > 2. We give details on the region of convergence and on representations in terms
of Cauchy-type integrals of the coefficients and the remainders of the expansions.
Earlier information on this type of expansions is given in [8], Chapters 3 and 8.
The theory of several-point Taylor expansions was already formulated in Chapter
3 of Walsh’s book, although in a different setting. Chapter 8 of [§] presents also a
theory of rational approximation of analytic functions, but is different from the the-
ory of multi-point Laurent and Taylor-Laurent expansions presented here. Whereas
the multi-point polynomial approximation of Chapter 3 may be reformulated as a
multi-point Taylor approximation, the rational approximation of Chapter 8 can not
be written as a multi-point Laurent or Taylor-Laurent approximation. For more
details, see Section 5.

2. MULTI-POINT TAYLOR EXPANSIONS

We consider the Taylor expansion of an analytic function f(z) in several points
and give information on the coefficients and the remainder in the expansion. In
what follows empty sums and derivatives of negative order must be understood as
zero and empty products as one. We will deal with the following set of points.
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Definition 2.1. We define the set
(2.1) S ={21,21, -, 21522, 22, - - 122, - -} Zpy Zpy - -y Zp}

of m points consisting of p different points 21, 22, ..., 2, (2 # z; if ¢ # j), each z;
repeated m; times: my +mo + -+ - + my, = m.

For clarity in the exposition, we first introduce the multi-point Taylor expansion

for m different points z1, 22, ..., zm (m =p, m; = 1) in Theorem[23 In Theorem
.0 we assume that the points z1, zo, ...,z may coalesce. We will need the

following elementary lemma.

Lemma 2.2. Given z, w € C, take m different points z1, za, . . ., zm in C and define
m m
w— zg) — z—z
(2.2) Hy(w, 2521,y 2m) = [z k) = 1l € k)
w—z

Then

O s ey (w0 — 20) Ty ey (2 — 20)

k=1,k k) 1lg=1k k

(23) Hm(wvz;zlv"'vzm)zz sk m ] k7 .

= Hk:l,k;ﬁj (25 — 2k)
Proof. The numerator of H,,(w, z;21,...,2m) is a polynomial of degree m in the
variable w that vanishes at w = z. Therefore, H,,(w, z; 21, ..., 2m) is a polynomial
of degree m — 1 in the variable w. Let P, (w,z;z21,...,2,) denote the function

on the right-hand side of (Z3]), which is also a polynomial of degree m — 1 in the
variable w. Moreover,

(2.4) Hp (25,2521, ooy 2m) = (z—zk) = Pn(2s, 2521, - -+, Zm)
k=1,k#s

for s =1,2,...,m. Hence,

(25) Hm(TU,Z;Zl,...,Zm) :Pm(U),Z;Zl,...,Zm).

O

Theorem 2.3. Let f(z) be an analytic function on an open set  C C and S C Q
with S consisting of m different points (m = p). Then, f(z) has the multi-point
Taylor expansion

m

N—-1
(2.6) F) =Y anm@) [[(z—2)" +ru(2),
n=0

k=1
where qn,m(2) is the polynomial of degree m — 1,
_ H?:l,k;éj (z — 2k)
! H?:l,k;éj (2 — zn)’

and the coefficients ay_ ; of this polynomial are given by the Cauchy integral

(2.8) = — /C f(w) dw

2mi Jo (w— z) [y (w — 2)™

The remainder term ry(z) is given by the Cauchy integral

N
1 w) dw -
L f(w) [H@—zw] |

(w—2) [Ty (w — 2] i

m

(27) Qn,m(z) = Zan

(2.9) rn(z)
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(a) (b)

FIGURE 1. The case m = 3. (a) Contour C in the integrals (2.])
and (Z9). (b) For z € O,,, we can take a contour C in  that
contains O,, inside and, therefore, [T}, |z — zx| < [Ti=, lw — 2|

Vw € C.
r=r.

=T, r="p

FIGURE 2. The shape of the “lemniscate domain” O,, for m = 3,
which depends on the size of the parameter r defined in (210). In
these pictures |z2 — 23] < |21 — 23, |21 — 22| and rq > 1 > 7.

The contour of integration C is a simple closed loop which encircles the points
21,22, Zm (for anj) and z,z1,22,...,2m (for rn(z)) in the counterclockwise
direction and is contained in Q) (see Figure 1(a)).

The expansion ([2:6) is convergent for z € O,,, where:

m m
(2.10) Om={z€q, H|z—zk| <r}, TEInfwe(c\Q{H|w_Zk|}.

k=1 k=1
That is, (2.6) is convergent for z inside the lemniscate [ [, |z —zi| = (see Figure
2; if m = 1 this domain is a disk; if m = 2 this domain is bounded by a Cassini
oval). In particular, if f(z) is an entire function (2 = C), then the expansion (2.0)
converges Vz € C.

Proof. By Cauchy’s theorem,

1 f(w) dw
2.11 =— | —F
(211) 1) = 5 [ 522
where C is the contour defined above (Figure 1(a)). We write
1 H 321y 1
(212) — m(,ll:),;z’ Zl? azm) )
w—z i (w—2z) 1-u

where H,,(w, z; 21, .. ., 2m) is given in (23) and

w= [Ty (= — 21)

(2.13) = e
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Now we use Lemmal[ZZ and introduce the right-hand side of (Z3]) and the expansion

1 n
(2.14) o= > ur+
in @2I2)) and this in @II). After straightforward calculations we obtain formulas

2.6)-@9).

For any z € O,,, we can take a contour C in {2 such that
m m

(2.15) H|z—zk|< H|w—zk|, Yw e C
k=1 k=1

(see Figure 1(b)). On this contour |f(w)| is bounded by some constant C: |f(w)| <
C. Introducing these two bounds in (Z.9]) we see that limy_o rn(2) = 0 and the

proof follows. U
We need the following lemma to consider the case of coalescing points in the

set S.

Lemma 2.4. Given z,w € C, take m different points z1,za,...,2m n C, all dif-

ferent from w too. Let those m points coalesce at z.,, say. Then

m m_ (2 — 2 m—1 _ j
(2.16) lim 3> ( H’“—lv’jfj( K) -y (2~ 2m)
1—2Zm w

21,2200y 2m =~ — 2j) [They pzj (25 — 28) (w — 2 )3 tL

j=0
Proof. We first note that the identity

n

(2.17) Z 1:[ - z) H (z1—21)=0

I=j+1
holds for any set of points 21, 29,..., 2,, n > 1. It may be checked in the following
way: we take the first two terms of the sum, which gives
(2.18) (zn — 22)(21 — 23)(21 — 24) * - - (21 — 2Zn—1)(21 — 2n).

Next we add to this the third term of the sum, which gives

(2.19) (zn — 22)(2n — 23)(21 — 24) -+ - (21 — 2Zn—1)(21 — 2n).

We continue this process until we add the n — 1-th term of the sum, obtaining
(2.20) (zn — 22)(2n — 23)(2n — 24) - - - (20 — 2n—1)(21 — 2n)-

But this is just the last term of the sum with opposite sign.
Using the above identity we have

k—1 s j—1 s m
(221) H - Zl Z H - Zl H (Zk - Zl) H (Zk - Zl) =0
=1 =k 1=k I=j+1 I=s+1
forany s =1,2,3,...,m and any k =1,2,3,...,m with k # s. Then
s j—1 m m j—1 m
(2.22) ZH s — 21) H 2k — 21) ZH —Zl H (zk —Zl) =0
Jj=k =1 l=j+1 Jj=11=1 l=j+1

for any s,k =1,2,3,...,m with k # s.
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Now, for every s = 1,2,3,...,m, we define the following polynomials of degree
m — 1 in the variable z:

(2.23) Rs(2) = H (z — 21), SS(Z)EZH z—2) H Zs — 21)-
1=1,l#s j=11=1 =741

The zeros of Rs(z) are zj, for k =1,2,3,...,m, k # s and from ([222)), Ss(zx) =0
for k=1,2,3,...,m, k # s. Moreover, the leading coefficient of R(z) and that of
Ss(z) coincide. Therefore, Rs(z) = Ss(z) for s =1,2,3,...,m

Finally, define the following polynomials of degree m — 1 in the variable w:

w. 5) = “ HZLLk# (z — z) H?:l,k;éj (w — 2x)
(2.24) P(w,z) = ; T G =) :
m j—1 m
(2.25) Qw,2)=> [[G-=) [[ (w- 2
j=1 k=1 k=j+1

For every s = 1,2,3,...,m we have P(zs,2) = Rs(z) and Q(zs,2) = S5(z). But
Rs(z) = Ss(z) and therefore P(w, z) = Q(w, z). Then,

% Hzl:uc?sj(z - 2k) _ P(w,2)
Z w — ;) HZ;M#(Z;- —2) [Tiz (w — 21)

j=1
(2.26)
_ Q=2 Z [T (2 — =)
szl(w - Zk) j=1 Hk:1( - Zk)
Taking the limits z1, 22,...,2m—1 — 2m on the left- and right-hand sides of these
equalities, we obtain the desired result. O

Theorem 2.5. Let f(z) be an analytic function on an open set Q@ C C and S C Q.
Then, f(z) has the multi-point Taylor expansion

N—-1 D
(2'27) f(Z) = Z Qn,m H z — Zk nmk + TN( )
n=0 k=1

where qn,m(2) is the polynomial of degree m — 1,

mjfl

Hk 1k;é
2.28 Qn.m(2) = J an,j1(
(2.28) o (2) g klw _kak Z "

and the coefficients ay_j; of this polynomial are given by the Cauchy integral

(2.29) nj = L/C s J(w) dw

2 TR (w — zg)wme”

The remainder term ry(z) is given by the Cauchy integral

p N
(2.30) ry(z) = %/C - f(w) dw = lH(Z _ Zk)mk] )

et (w = ze)™ ] (5

The contour of integration C is a simple closed loop which encircles the points
21,22, .., 2p (for an ;i) and z,z1,22,...,%, (for rn(2)) in the counterclockwise
direction and is contained in Q (see Figure 1(a)).
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The expansion (Z2T) is convergent for z € Op:
P P
(2.31) Op={z€Q, H |z — z,|™ < 1}, r = Inf,cc\n {H |lw — zk|mk} 7
k=1 k=1

that is, inside the lemniscate [[}_, |z —zx|™ = r. In particular, if f(z) is an entire
function (2 = C), then the expansion (ZZI) converges ¥z € C.

Proof. If all the points in S are different, we have from (27 and (23)

T i Hk 1 k;ﬁj( — 2)

(2.32) Gn,m(2) = —2j) [ty g (25 — 2)

)
2mi CH?:l( w — 2,)

J=1

This last sum may be also decomposed in the form

i_l: I oty (2 — — + Z H?:l,k;éj(z—zk)

—Zj Hk 1 k;é]( j=ma +1 - 2j) H?:l,k;éj (zj — 1)
(2.33)

= ITity pr (2 = 28)
n Z k=1,k+#j

(w — 25) H?:l,k;éj (2 — 2k)

j=mp_1+1

Now let the first m; points coalesce to z1, the second mo points coalesce to zo, and
so on, and apply Lemma [24] to every one of the p sums above to obtain (2.27),
[228) and (2:29). Equation ([Z30) follows from (2.9). The proof of the convergence
of (Z27) in the region O, is a straightforward generalization of the corresponding
proof in Theorem [2:3] O

2.1. Explicit forms of the coefficients. Formula (2:29) is not appropriate for
numerical computations. A more practical formula to compute the coefficients of
the above multi-point Taylor expansion is given in the following proposition. First
we have a definition:

Definition 2.6. Let f(w) be analytic at w; then for n = 0,1,2,... the differential
operator D} f(w) is defined by

n 1 d»
(2.34) Dy, f(w) = o dwnf(w).
Proposition 2.7. The coefficients ay i, forn =1,2,3,..., j =1,2,...,p, | =
0,1,...,m; — 1 in the expansion [Z2ZT) are also given by the formula:
f(w)
An,j,l = Dnm]Jrl

’ " [ I; 1, 37’53( - zs)nms w=z;

(2.35) ’

- nmg—1 f(UJ)
+ Z Dy, l(w DT, (W _Zs)nms‘|

k=1,k#j w=z

Proof. We deform the contour of integration C in equation (Z229) to any contour
of the form C; UCy U --- UC,, also contained in €, where C, k =1,2,...,p, is a
simple closed loop which encircles the point z; in the counterclockwise direction
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F1GURE 3. Integration contours Cy for p =3 and ¢ = 1.

(a) The function H’S):L#k(w — z5) ™™= f(w) is analytic inside C
fork=1,2,...,p

(b) The functions

Hi:Ls;ﬁk(w — 24) "™ g (w) and H§:17S¢k(w — zs)(nJrl)msgk(w)
are analytic inside Cy, for k =1,2,... p.

(¢) The functions

Hé):l,s;ék(w — 25) " g (w),

HZ:LS;ek(w —25) T H5=q+17s;§k(w — 25)""= g (w) and

H(SI:I,S;ék(w — 2,)~(nHLme Hé):qul,s;ék(w — 25) (D™ g (w)
are analytic inside Cy for k =1,2,...,p.

and does not contain any other point z;, j = 1,2,...,p, j # k inside (see Figure 3

(a)). Then,
f(w) dw
n,jl = j{: ‘/1 l+1 _ nmsg _ nm
(2.36) b k= ety U C [T (w = 2)mme (w — zg)nme
/ (w) dw
27TZ HS 1 s;éj — 2z )nmg (w _ Zj)nmj+l+17
from which equation ([2:35) follows. O

2.2. Multi-point Taylor polynomials. In Theorem we have assumed that
the function f(z) is analytic in Q. If f(z) is not analytic in © but has a finite
number of derivatives at z1, 22,..., 2y, we can still define the multi-point Taylor
polynomial of the function f(z) at 21, 22, ..., 2, in the following way:

Definition 2.8. Let z be a real or complex variable. If f(z) is Nmy — 1 times
differentiable at z1, 22, . . ., 2, we define the multi-point Taylor polynomial of degree
mN — 1 of f(z) at the points of S as

N—-1 p
(2.37) Py(2) =Y gnm(2) [[(z = 2)"™,
n=0 k=1

where gy, m(2) is the polynomial of degree m — 1

|
(2.38) qmm(z) = Z Hk k::J(z o Z Cln,]l )l
1,k#£j\%J —

and the coefficients a,, ;; are given in (Z3H]).
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Proposition 2.9. In the conditions of the above definition, define the remainder
of the approximation of f(z) by Py (z) at the points of S as

(2.39) ry(z) = f(z) — Pn(2).

Then, (i) rn(z) = o(z — zp)N™ =L as 2 — 21, k= 1,2,...,p. (i) If f(2) is Nmy,
times differentiable at zj, for some k, then rn(2) = O(z — zx)N™ as z — zj.

Proof. The proof is trivial if f(z) is analytic at every z1, 22, ..., 2, by using (230).
In any case, for a real or complex variable, the proof follows by using ’Hopital’s

rule and (Z35). O

Remark 2.10. Observe that the degree mN — 1 Taylor polynomial of f(z) at the
points of S is Hermite’s interpolation polynomial of f(z) at 21, 22, ..., 2, with data

FCr) f/(20)s oo f™ D (2), k=12, p

3. MULTI-POINT LAURENT EXPANSIONS

In the standard theory of Taylor and Laurent expansions much analogy exists
between the two types of expansions. For multi-point expansions, we have a similar
resemblance in the representations of coefficients and remainders.

Theorem 3.1. Let Qg and Q be a closed and an open set, respectively, of the
complez plane, and Qo C Q@ C C. Let f(z) be an analytic function on Q\ Qy and
21,22,...,2p € Qo (that is, S € Qo). Then, for any z € Q\ Qo, f(z) has the
multi-point Laurent expansion

N-—-1 P N-1 p
= gum( H (z=21)"™ 4+ Y tnm(2) [[(z—2) TV 4y (2),
n=0 k=1 n=0 k=1

where qnm(2) is the polynomial of degree m — 1,

mjfl

k 1,k
(32) In,m (2 Z H # — 2p,)™ Z n, (2 )

k= 1k;é_](

and the coefficients ay_ ;1 of this polynomial are given by the Cauchy integral

(3.3) n i = L/F TR f(w) dw

271 j +1 H£=1(U’ _ Zk)nmk :

Also, tn,m(z) is the polynomial of degree m — 1,

m;—1
Hk 1 k;é Zk)mk J
(3.4) - bn.ji(z = 2;)',
ZHk 119;&;( — 2™ ; . 3
where the coefficients by, ji of this polynomial are given by the Cauchy integral
o) = o [l ey Sl
T o ] (w— z;)H1
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FIGURE 4. The case p = 3. (a) Contours I'y and I'; in the integrals
B3), B5) and B.G). (b) For z € A,, we can take a contour I'y in
2 located between {y and A, and a contour I'; in 2 such that A, is
inside this contour. Therefore, [T4_, |z — zx|™ < [Th_, |w— zx|™*
Vwel and [Th_, |w— zi|™ < [Th_, |z — zk|™ V w € Ta.

The remainder term ry(z) is given by the Cauchy integrals

1 f(w) dw - Nrma
TN (2) /1“1 w=2) H(Z = zk)

= o

(3.6) = (w0 = 2N k=1
2mi Jr, k:l( 2 w—z [[h_y(z— zg)Nme

In these integrals, the contours of integration I'y and I's are simple closed loops
contained in Q\ Qo which encircle the points z1, za, ..., zp in the counterclockwise
direction. Moreover, z is not inside 'y, whereas I'y encircles I's and the point z
(see Figure 4(a)).

The expansion BI) is convergent for z inside the “lemniscate annulus” (see

Figure 5)
P
(3.7) Ay ={z€Q\Qy, r2 < 1_[|z—zk|m’c <ri},
k=1
where
P P

(3.8)  r1=Infuec\o {H |w — zk|m’“} , T2 = SuPyeq, {H |w — zk|m’“} .

k=1 k=1

Proof. By Cauchy’s theorem,
(3.9) f(2) = 1 flwydw 1 f(w) dw

2wt Jp, w—2z 2wt Jp, w—2

where I'1 and I'; are the contours defined above. First we assume that the m points
of the set S are all distinct and later we will let the first m; points coalesce to z1,

the second mg points coalesce to zz and so on. We substitute (Z12)-(2Z13)) into the
first integral above and

(3.10) 1 Hawzz,....%m) 1 _ T (w — 2x)
w—2z M, (z—2) 1—u’ T, (z—2)
where H,(w, z;21,...,2m) is defined in (ZZ), into the second integral. Now we

introduce the expansion (ZI4) of the factor (1 — u)~! in both integrals in (39).
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(rf,75) (r{,r3)

(r{,r3) (r,r5) (rg,75)

FIGURE 5. Shape of the “lemniscate annulus” A, for p = 3, which
depends on the relative size of the parameters r; and ro defined in
(33). The different forms are labeled by (r1,r2) with r1 > re. In
these pictures |22 — 23] < |21 — 23], |21 — 22| and 7§ > r§ > 7§.

Using (Z3)) and after straightforward calculations we obtain

N-1 m N—-1 m
(3.11) f(z) = Z Gn,m (2 H z—zp)" Z tn,m(2) H(z — ) " rn(2),
n=0 k=1 n=0 k=1
where ¢, m(2) is given by formulas 7)) and (Z38) replacing the contour C by T'y.
Also,
(3.12)
- he1 g (2 — 2 1 d
tn,m(z) _ an,j H:l_l,k;tfj( k) 7 bn,j = _/ H w— 2 n+1 f( ) w’
= [lezn ks (25 — 21) 2mi Jr, 5 W= Zj
and
1 f(w) dw M N
rn(z) = =— z—z
N( ) QWZ/F (w_Z)HZ%ZI(w_zk)N kl;[l( k)
(3.13)
L w0 L
©2mi Jp, Pt w—z [[i,(z—2zx)N

Now we write

n - JJI (z — zk)
(314) tn,m Z 27”/F +1f Z k=1,k#j

2 p—1 =1 —Zj Hk lkyéj( Zk?)

and repeat the steps following (Z332) in the proof of Theorem for gn,m(z) and
trm(2).
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For any z € A, we can take simple closed loops I'1 and I's in Q \ Qg such that
(see Figured (b))

P P
(3.15) H|z—zk|m’“ < H|w—zk e vV wely
and

P P
(3.16) 111z = zel™ > I lw — 2™ V weTy.

On these contours | f(w)]| is bounded by some constant C: |f(w)| < C. Introducing
these bounds in (B:6]) we see that limy_,o 75 (2) = 0 and the proof follows. O

If the only singularities of f(z) inside Qo are just poles at z1, z2,...,2p, then
alternative formulas of (3:3) and (B5) for computing the coefficients of the above
multi-point Laurent expansion are given in the following proposition.

Proposition 3.2. Suppose that gi(z) = (z — zx)** f(2), k = 1,2,...,p, are ana-
lytic functions in Q for certain p1,p2,...,px € N. Then, forn = 0,1,2,..., the
coefficients ap, ;1 and by j; in expansion BI) are also given by the formulas:

D
_ gr(w)
A j1 = Dt pe—1
n,J Z w (w _ Zj)l+1 Hi):l,s;ék (,w _ Zs)nms

k=1 k]
(3.17) 7 w=2,
to; g;(w)
+ D:zm.? +pi+l
Hg:l,ss‘éj (w = zg)mms w=z;
and
(3.18)
b _ : Dpkf(nJrl)mkfl gk(w) - (n+1)mg
gl = Z " w— )T I w-=2)
k=1,k#j s=1,s#k wezx
P
+ pri—(ntlym;+l j H (n+1)ms

s=1,s#j w=z,
Proof. We deform both contours I'y and 'z of equations (B:3) and (BH)), respectively,
to any contour of the form C;UC2U- - -UC,, contained in Q, where Cy, k =1,2,...,p,
is a simple closed loop which encircles the point z; in the counterclockwise direction
and does not contain the point z;, j =1,2,...,p, j # k, inside (see Figure 3(b)).

Then,
gr(w) dw
e / nm nm
(3 19) v k 121;7’5] Cr - Z l+1 HS 1 S;ék( - Zs) s (w —_ Zk) k+PK
(w) dw
"o ¢; Tlemt oW — 25)ms (w — zj)wmateatii
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and

bp.il = L - Hg:Ls#k(w - ZS)(nJrl)mS gr(w)dw

n’ k) - . —

T e (w —z;)!+1 (w — zg)Pr = (L
(3.20)
/ H n+1)m5 ( )dw
F)my i1
27rz Ci o1 5t (w 2 ) —(n+1)m;

From this, equations (317) and (BIR) follow. O
Remark 3.3. Let z be a real or complex variable. Suppose gx(z) = (z —z)PR f(2) is
pr — 1 times differentiable at every zk in S for some p € N, k = ..., p. Define
(3.21) g(z Z b ( H 7 — zg) " (DM

k=1

where M = |Max{(p1 — 1)/ma, (pg —1)/ma,...,(pp —1)/mp}| and t, n(2) is the
polynomial defined in (B4) and (BI8). Then, the thesis of Proposition holds
for f(z) replaced by g(z). Moreover, if [T;_, (z — zx)?* f(2) is an analytic function
in Q, then the thesis of Theorem applies to g(z).

4. MULTI-POINT TAYLOR-LAURENT EXPANSIONS

For multi-point expansions we have the possibility (that we do not have in the
standard theory) of expanding in Taylor series at some points and in Laurent series
at other points.

Theorem 4.1. Let Qy and Q) be closed and open sets, respectively, of the complex
plane, and Qo C Q C C. Let f(z) be an analytic function on Q\Qo, 21, 22,...,%4 €
O\Qo and zg41, 2g+2, - - -, 2p € Qo (g points are in Q\Qo and p—q points are in Qo).
Write s = mq + ma + -+ +mgq. Then, for z € Q\ Qo, f(z) has the Taylor-Laurent
expansion

—

N— nmig

p N—1 (1) Z 1(2 _ Zk)
=D tnm(z) || (z=2)"™ + ) b ()5
> 11 2 I

k=1

3

=0
(4.1) N H ( )( o
(2) pe1 (2 — 2) T
" Z fn k q+1(2 — Zk)(’“rl)mk +rw(2),

where qn,m(2) is the polynomial of degree m — 1,

Hk 1 k;é
4.2 J
(4.2) Qn,m Z Hk ) k7g]( )

mJ—l

l
Y Z anji(z = 2;)",
and the coefficients ay_j; of this polynomial are given by the Cauchy integral

(4.3) An,jl = L/ Jw )dw

— Zk

2mi Jr, (w— z) T (w — 2zg)mme
Also, tsll)m(z) and tgzn(z) are the following polynomials of degrees s—1 and m—s—1,
respectively:
-1
W) () — Iy (2 = 20)™ 'S
(4.4) Ho(2) = Z o 2 bnaile = 2)'
k 1, k;é]( | — 2k)
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where the coefficients bmj,l of this polynomial are given by the Cauchy integral

[Thegia (W —2)"™ f(w) dw

4.5 b )
( ) Jl 27.” T, Hk 1( _ zk)nmk (’LU _ Zj)l+1

and

m;—1

_ gt 1
(4'6) = Z H E g '_Zk Y ZCnJlZ_Z] )

j=q+1 L1k=q+1, k;éj(

where the coefficients cy j1 of this polynomial are given by the Cauchy integral

[Ty (w0 = 2) D™ () duw
27” T, Hk:l( _Zk)(n+1)m;C (w—zj)l+1~

The remainder term ry(z) is given by the Cauchy integrals

rn(z - f(w) dw - 2 — zp) N
(4 8) N( ) = om /F1 (w _ Z) £=1(w _ Zk)Nm,C ]};[1( k)
. H£=q+1(w —z2)N" f(w)dw T (2= z) N

Comi Jr, Tl (w—z) N w—z T[h_ (2 — z) N

In these integrals, the contours of integration T'y and I's are simple closed loops
contained in Q\ Qo which encircle Qg in the counterclockwise direction. Moreover,
the points z and z1,z22,...,24 are not inside I'y, whereas I'y encircles I'y and the
points z and z1, za, . . ., 24 (see Figure 6(a)).

The expansion @) is convergent in the region (Figure 7)

(47) Cn’j 1=

k=1

(4.9) .
H [(z = zi)|™ < rg H [(z — zi)|™*
k=1 k=q+1

where 11 = Infuec\o {TT2q [(w = z)|™*} and

P
re = Infueq, H| w—z)[™ T Iw—z) "
k=1 k=q+1

Proof. By Cauchy’s theorem,

(4.10) £z) = 1 [ fwdw 1 [ f(w)dw

2mi Jr, w—z 2mi Jr, w—z '

where I'; and I'y are the contours defined above.

First we assume that the m points of the set S are all distinct. Later we will
let the first m; points coalesce to z1, the second msg points to zs, and so on. We
substitute 2ZI2)—(ZI3) into the first integral above and

1 Fo(w,z;21,. .., 2m) 1

(4.11) w—z [Tiey(w—2) [T (2 — 21) 1 =0’
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FIGURE 6. The case ¢ = 2, p = 3. (a) Contours I'; and T's in the

integrals (E3), (@H), @1) and (@F). (b) For z € D, p, we can

take a contour I'y located between 2y and D, , and a contour I'y
in Q with D, inside this contour. Therefore, [[{_; |z — z|™ <
[Ty lw—2k|™ Yw € Ty and [Tf_, |2—2x|™* Hz:qﬂ |w—zx | <
[Tz lw = 2™ [T gr |2 — 2™ Y w € T

(ri,r3) (rf,r3) (ri,r5) (rf,rg)
O ® O
o G» @2
(r},r9) (r},r5) (rh,rs) (rh,r9)

@
®

(Tf,?“g) (Tf,?‘g) (rfﬂdg) (rf,r%)

FIGURE 7. The region D, , defined in Theorem [1] is given by
Dy, = Op N Byp, where O, is the “lemniscate domain” of foci
Z1,...,%p and parameter r1. Also,

Byp ={2 € C, [Tji_ [(z = z1)[™ <12 Hz=q+1 |(z — zi)[™*}.
These pictures show the topologically different forms of D, , de-
pending on the relative value of r; and ro when ¢ = 2 and
p = 3. The pictures are labeled with (r1,72). In these pictures
21 |21 — 22| < |21 — 23, |22 — 23] and ¢ > 7§ > 1§ > rd.

where
H2=1(Z — k) H;;n:s—i-l(w — k)

(4.12) T (w — 20) T 0 (= — 20)

S
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and
1 S m
Fm(w,z;zl,...,zm)zw_z H w — zk) H z—zK)
k=1 k=s+1
(4.13) . o
— H(z—zk) H (w— zg)
k=1 k=s+1

into the second. Next we introduce the expansion (I4)) of the factor (1 —u)~! in

both integrals in (I0). We observe that F,,(w, z; 21, ..., 2, ) may be written as

m
Fo(w,z;21,...,2m) = Hs(w, 2321, ..., %p H z— 2k)
(4.14) e
- Hm—s(wa 25 Zp+1y- .- 7Zm) H(Z - Zk)a
k=1
where H,,(w, z; 21, ..., 2m) is defined in (Z22). Using this decomposition, equation

(3), and after straightforward calculations we obtain

N—-1 m N-1 HS ( k)n
_ . G (1) () te=1Z 7%
2 I = D i O e

(4.15)

+ Z £2) ( HZ=1(Z —z)"!

HZL:SH(Z — 2t

where ¢, m(2) is given by formulas (Z7)) and (28] replacing the contour C by I';.

+rn(2),

Also,
- Iz (2 — 20)
(4.16) t) (2) = = b, =Lz
’ jz:; ! Hk:l,k;ﬁj (2j — 2x)
with
(4.17) by, [Ty (0 —2)" f(w) dw
| " 2w Jr, Thoy(w— 20" w—2;
2 k=1 7
S Hk s+1,k#j (2 — z)
(4.18) (2) Cn, j
gzs;d ij s+1, k;&;( — 2k)
with
(4.19) o [Ty (w = 2)" " f(w) dw
ng = 271'1 Ty Hk 1( _Zk)n-i-l w— 2
and
1 / f(w) dw m N
'n(z) =5 m zZ—z
(4 20) N( ) 27 Jp (u) — z) Hk:l( Zk) 1;[( k)

1 H;n:s-l—l(w — )Y fw)dw [Ty (z— z)Y

2mi Jr, [lher(w—z)V  w—2 [l (2 —2)N
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Now we write

(4.21)
tgzn(z) _ _L HZ%SJA(U} —z)" i: f(w) H2?17k¢j(z — 2) dw,
' 2mi Jp, Tl (w—2e)" = (w — zj) Hk:l,k;ﬁj (25 — zk)
ﬂf%&z) e [l (w —2)" 7 & f(w)IIZ;s+Lk¢j(z__Zk) dw,

o Iy szl(w — zk)n-‘rl Pt (w — zj) H;n=3+1,k;ﬁj(zj — Zk)

and repeat the steps following (Z32) in Theorem for ¢n.m(2), t%l)m(z) and

(2)
tym(2).

For any z verifying ([£9)), we can take simple closed loops T'; and T's in Q \ Qg
such that (see Figure 6(b))

P P
(4.22) H |z — 2™ < H |w — 2| ™" Yw e I'y
k=1 k=1
and
q p q P
(4.23) H |w — 2 |™* H |z — z|™* > H |z — 2| H |w — zg|™*
k=1 k=q+1 k=1 k=q+1

YV w € I'y. On these contours |f(w)| is bounded by some constant C: |f(w)| < C.
Introducing these bounds in ([8) we see that limy_.oo 7n(2) = 0 and the proof
follows. O

If the only singularities of f(z) inside Qg are just poles at zg41, 2Zg+2,- - - ,2p, then
alternative formulas of ([A3), L) and [@T) for computing the coefficients of the
above two-point Taylor-Laurent expansion is given in the following proposition.

Proposition 4.2. Suppose that gi(z) = (2 — 2)P* f(2) is an analytic function
in Q for certain p, € N and k = ¢+ 1,q+ 2,...,p. Define gr(w) = f(w) for
k=1,2,3,...,q. Then the coefficients an j i, bn ji and c, j; in the expansion (I
are also given by the formulas:

q
_ f(w)
a g = Dnmk 1
n,j kz;];#j w (’U} _ Zj)l+1 Hls):l,s;ék (’U} _ Zs)nms

W=2zg

P

(4.24) + Y D?Umﬁpkl[ gr(w) ]

h=q+1,k] (w = 2j) " T (w0 — 25) 7

+ Drmite; +1 g (U))
w H§=1,s¢j (U) _ Zs)nms

W=2Z}

W=zj

p
(4.25) bnji= »  Dorrmet
k=q+1

[gk (w) st):qul,s;ék(w - ZS)nmS‘|

(w— Zj)lJrl Hg=1(w — z)"ms
W=Z}

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4340 JOSE L. LOPEZ AND NICO M. TEMME

(4.26)
P n+1)mg
Cn,jl = i Dek—(nt1)mi—1 (W) TTez g 1,0 (w0 = 20) "D
e k=q+1,k#£j ’ (w — 2P TG (w — z) (v lme

. p _ n+1)msg
4+ Dri—(nt1)m;+l lg](w)nszq“v#j(w o ]

s (W — 2g) (HDms

w=zj

Proof. We deform both the contour I'; in equation (E3) and the contour I'; in
equations (@A) and (@) into any contour of the form C; UCz U -- - UC, contained
in , where C, k =1,2,...,p is a simple closed loop which encircles the point zj,

in the counterclockwise direction with z; not inside C, j = 1,2,...,p, j # k (see
Figure 3 (c)). Then,

gr(w) dw
An,j,l = Z /C _ Z l+1 HS L S;ék( _ Zs)nms (w _ zk)nkarPk

(4.27) " kLA
(w) dw
Hs 1 573] - Zg)nms (’U} - Zj)nmj+pj+l+1 ’
(4.28) 1= Z / omginopn(w —2)"™ gr(w)dw
' i 2772 er (w—z)) T (w = zg)mms (w — zp)pe—nme”
(4.29)
c zp: : / [T g1 o (w — z)Fme gr(w)dw
il = Py —
A, i e, (0= ) T T (w = 2) 00 (w = z)en (0
Hs q+1 S;ﬁj( zg)(mHms g;(w)dw
277@ )("+1)me (w— zj)pj—(n+1)mj+l+1 :

From this, equatlons (M), (m and (£:26) follow. O

Remark 4.3. Let z be a real or complex variable and suppose that (z — z)?* f(z)
is pr — 1 times differentiable at zj for certain py € N. Define
(4.30)

M o M q _ +1
9=t 5 i o Hlm s

T ga e = )07

where M = [Max{(pg41—1)/mgs1, (pgr2—1)/Mgr2. - -, (pp—1)/my}] and 4 (2)

and tgzn(z) are the polynomials defined in (Z4), (@6), (£25) and (@26). Then,
the thesis of Proposition 229 holds for f(z) replaced by g(z).
Moreover, if szqﬂ(z — 21 )P* f(2) is an analytic function in €2, then the thesis

of Theorem [2.5] applies to g(z).

k q+1(

5. DISCUSSION AND CONCLUDING REMARKS

In an earlier paper [6] we have discussed the theory of two-point Taylor expan-
sions, two-point Laurent expansions and two-point Taylor-Laurent expansions. In
the present paper we have generalized these two-point cases to multi-point cases.
We have given details on the regions of convergence and on representations of the
coefficients and the remainders of the expansions in terms of Cauchy-type integrals.
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Multi-point Taylor expansions are related with topics from interpolation theory,
in particular with the Newton interpolation theory with applications in numerical
analysis. For example, applications can be found in initial and boundary value
problems in connection with ordinary differential equations and in numerical quad-
rature of integrals.

From the point of view of interpolation theory detailed information on multi-
point expansions can be found in [§], Chapters 3 and 8. The theory of several-point
Taylor expansions is discussed in Chapter 3 of [§], although in a setting that is
different from our approach. Our approach gives explicit Cauchy-type integrals
of coefficients and remainders which cannot be found in Walsh’s approach. In
particular, we cannot find explicit formulas for the polynomials g, ,,(z) of formula
[:27) as we have in (2:28)-(2:29). Knowledge of these explicit formulas is necessary
to construct asymptotic expansions of integrals with several saddle points.

In addition to this, our Laurent and Taylor-Laurent expansions are new. They
have a formal similarity with the rational approximations of Chapter 8 of [§]: they
involve negative powers of z. But they are completely different. The rational
approximations, in particular the Padé-type approximations P,(z)/Qm(z), are of
interpolatory type. These are generalizations of the Taylor polynomial at several
points: a quotient of polynomials instead of a polynomial. However, our expansions
(B) or (E1) have a different form and a different approximation property: they
approach not only at regular points like Padé-type approximations but also at
singular points of f(z). And of course, the regions and convergence properties in
[8] are different from ours.

Apart from applying the present results in problems from interpolation theory,
in particular in problems from numerical analysis, we expect to find applications in
asymptotic analysis of integrals, which application area is our main motivation; see
[6]. In that paper certain orthogonal polynomials have been considered and we have
given new convergent expansions that also have an asymptotic property for large
values of a parameter (the degree n of the polynomials). Orthogonal polynomials
and special functions can be studied when the variable and several parameters are
large. In that case more than one or two so-called critical points occur that may give
the main contributions to the integral, and expansions of analytic functions at these
points again give the possibility of constructing new convergent expansions with an
asymptotic property. This method avoids the complicated conformal mapping of
the phase function of the integral into a standard form (say a cubic or higher
polynomial). In addition, when the critical points are multiple poles, Laurent-
type expansions may be considered. A few application areas are mentioned in the
Introduction (see the integral in (I4])), which we expect to approximate in terms
of Airy functions and the Pearcey integral (IL3) and its derivative with respect to
x and y.
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