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ABSTRACT. We develop an analytic approach to the Radon transform f(¢) =
chc f(7), where f(7) is a function on the affine Grassmann manifold G(n, k)
of k-dimensional planes in R™, and ( is a k’-dimensional plane in the similar
manifold G(n, k'), k' > k. For f € LP(G(n,k)), we prove that this transform
is finite almost everywhere on G(n, k') if and only if 1 <p < (n—k)/(k' — k),
and obtain explicit inversion formulas. We establish correspondence between
Radon transforms on affine Grassmann manifolds and similar transforms on
standard Grassmann manifolds of linear subspaces of R*+1. Tt is proved that
the dual Radon transform can be explicitly inverted for k + k' > n — 1, and
interpreted as a direct, “quasi-orthogonal” Radon transform for another pair of
affine Grassmannians. As a consequence we obtain that the Radon transform
and the dual Radon transform are injective simultaneously if and only if k& +
k' = n—1. The investigation is carried out for locally integrable and continuous
functions satisfying natural weak conditions at infinity.

1. INTRODUCTION

In this paper we investigate integral Radon transforms of functions defined on
manifolds of planes in the euclidean space R™. Let G(n, k) and G(n, k") be a pair of
the affine Grassmann manifolds of k-dimensional and k’-dimensional planes in R,
respectively. We suppose 0 < k < k' < n. The case k = 0 corresponds to points
in R™. Given sufficiently good functions f(7) on G(n, k) and ¢(¢) on G(n, k'), we
consider the following integral transforms:

(1.1) (o) = / [0, @) = / 2(0),

TCC (DT

the integration being performed against the corresponding canonical measures. The
first integral is called the Radon transform of f and denotes integration over all k-
planes 7 in the k’-plane ¢. The second one is called the dual Radon transform of ¢
and integrates over all k’-planes ( containing the k-plane 7. Our first goal in this
paper is to find possibly maximal subclasses of locally integrable functions, like LP
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5046 BORIS RUBIN

spaces or weighted L! spaces, on which transformations (1.1) are well defined and
injective. The second goal is to obtain explicit inversion formulas which allow us
to recover f and ¢ from f and @, respectively.

These problems agree with the general set-up due to I. M. Gelfand [Ge]. Numer-
ous particular cases and their modifications are known and have a long history [H2],
[Rud]. The similar problems for standard Grassmann manifolds Gy, i, Gy i of k-
dimensional and k’-dimensional linear subspaces of R” were studied in [GR], where
one can find further references to works of S. Helgason, I. M. Gelfand, M. 1. Graev,
Z. Ya. Shapiro, S. G. Gindikin, E. E. Petrov, E. L. Grinberg, F. Gonzalez, T. Kakehi,
and others.

From the point of view of analysis, there is an important difference between
our problem and the similar one for standard Grassmannians. Namely, in con-
trast to G, i, the manifold G(n, k) of affine planes is noncompact, and one should
specify behavior of functions at infinity. For infinitely differentiable and rapidly
decreasing functions, the Radon transforms on affine Grassmannians were studied
by M. I. Graev, F. Gonzalez and T. Kakehi.

M. I. Graev [Gi] identifies planes in R™ with matrices, the entries of which
serve as local coordinates on G(n, k). Using this identification, the relevant Fourier
analysis and differential forms, he obtained an inversion formula for f in the case k' —
k even. This is the so-called local case, when in order to recover f at the “point” 7
one only needs f (¢) for ¢ infinitesimally close to 7. Another inversion formula in the
same case k' —k even was obtained by F. Gonzalez and T. Kakehi [GK1] in the form
f=D( f )V. Here D is a certain Pfaffian-type differential operator on G(n, k) which
is defined in the corresponding Lie algebra language. Such differential operators
were introduced in [GK1] and [GK2] to characterize ranges of transformations (1.1).
One should also mention the paper by Strichartz [Str], who developed L? harmonic
analysis on Grassmannian bundles.

The cited papers leave open the following important questions: (a) For which
locally integrable functions f is the Radon transform f well defined; (b) How do we
reconstruct f from f (explicitly and pointwise) under natural minimal assumptions
for f? The “nonlocal” case k' — k odd is of particular interest, because in this case,
no simple/readable inversion formulas are available, even for “good” f; see [Gr] for
comments on this subject.

Much less is known about inversion of the dual transform ¢ — ¢. For k =
0, ¥ = n — 1, the following results can be found in the literature. The case
n = 2 was studied by Radon [Radl, Section B] in 1917. He considered differentiable
functions, radial derivatives of which are integrable with the logarithmic weight.
An inversion formula for the dual Radon transform for all n > 2 was obtained in
1964 by Helgason [HI], [H2) pp. 17, 51] in the framework of Schwartz functions
orthogonal to all polynomials. For arbitrary Schwartz functions, such a formula was
obtained by Gonzalez [Go] (n odd) and Solmon [So2| (arbitrary n). By making use
of the Fourier transform technique, Madych and Solmon [MS| Corollary 2 on p. 84]
justified the inversion formula under weaker smoothness and decay assumptions.
See also [He] for the distributional approach.

For k > 0, characterization of the range of the dual Radon transform was ob-
tained in [GK2] for functions ¢ € C* provided k + k' > n. Of course, the dual
Radon transform ¢ is well defined for arbitrary locally integrable function, but we
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RADON TRANSFORMS ON AFFINE GRASSMANNIANS 5047

do not know how to invert it in such a general setup, rather than in the sense of dis-
tributions. In the present paper we obtain new inversion results under assumptions
that agree with [Rad], and much weaker than those in [So2| and [MS].

Main results. Our approach is purely analytical and different from those men-
tioned above. It enables us to investigate both “even” and “odd” cases, and get
rid of unnecessary restrictions. Moreover, it allows us to get for free a number of
important qualitative results by deriving them from those for compact Grassman-
nians.

Given a k-plane 7 € G(n, k), we denote by |7| the euclidean distance of 7 to the
origin of R".

Proposition 1.1. If f € L?(G(n, k)), 1 < p < (n—k)/(k' — k), then f(C) is finite
for almost all ¢ € G(n, k). If p> (n —k)/(K' — k) and

F(r) =@+ )P (log(2 + 7)) 7" (e LP),

then f(g‘) = oco. In particular, if f is a continuous function satisfying f(7) =
O(|7|=%), then f(C) is finite for all ¢ € G(n,k') provided A > k' — k, and can be
identically infinite if X < k' — k.

Instead of LP-spaces we also consider weighted L' spaces

an mewm={ro = [ HI <),
G(n,k)

These consist of locally integrable functions having prescribed behavior at infinity.

Proposition 1.2. For A =n —k’, the Radon transform f — f is a linear bounded
operator from L}(G(n,k)) to L} 5(G(n,k')), V& >0.

The exponent A = n—k’ is best possible. For any € > 0, there exists f € Li_k,ﬂ
such that f(() = oo. By Holder’s inequality, the space LP(G(n,k)), 1 < p <
(n—k)/(k' — k), continuously embeds in L} _,,(G(n,k)).

In order to obtain explicit inversion formulas for (1.1), we reduce the problem
to the similar one for integrable functions on ordinary (compact) Grassmannians,
and make use of our previous results from [GR]. Given a k-plane 7 € G(n, k), we
denote by u(7) € Gpi1k+1 the smallest subspace of R"*! containing the “lifted”
plane 7 + €541, ent1 being the coordinate unit vector of the additional x,,41-axis.
For ¢ € G(n,k'), we denote by pi(¢) € Gpi1n—k the orthogonal complement
of u(¢) in R**1. We establish correspondence between transforms (1.1) on affine
Grassmannians and similar transforms on ordinary Grassmannians, and prove the
following

Proposition 1.3. For f € LP(G(n,k)), 1 < p < (n—k)/(k' — k), or f €
Ll (G(n,k)), the Radon transform f(1) — f(C) is injective if and only if k+k' <
n — 1. Under this condition, the function f(1) can be recovered by the formula
(1.3) Fr) = (4 |7 F 2R (u(r)),
where - .

V((Q)) = =1+ [P HVE(Q),

o and oy denote the areas of unit spheres (of dimensions k and k', respectively),
and R~ is the inverse Radon transform on the Grassmann manifold Grti kt1-
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5048 BORIS RUBIN

Explicit formulas for R~! were obtained in [GR] and presented in Section 4; see
formulas (4.7) and (4.8).
The similar result for the dual Radon transform reads as follows.

Proposition 1.4. For ¢ € L}, (G(n, k")), the dual Radon transform ¢(¢) — &(7)
is ingective if and only if k + k' > n — 1. Under this condition, the function ¢(Q)
can be recovered by the formula

(1.4) P(Q) = L+ |2 (R ) (11 (€)),
where
Uy (i (7)) = (1+ 7)) 20(7),
the operator R=1 being defined by the formulas (4.7) and (4.8) in which dimensions
k+1 and k' + 1 should be replaced by n — k and n — k', respectively.

Propositions 1.3 and 1.4 include continuous functions with suitable behavior at
infinity; see Theorems 4.2 and 4.4 for details.

Corollary 1.5. Let 0 < k < k' < n—1. The Radon transform f(7) — f(¢) defined
on f € Ll ,,(G(n,k)) and acting from G(n,k) to G(n,k'), and the dual Radon
transform ¢(¢) — @(7) defined on ¢ € Ly, (G(n, k")) and acting from G(n, k') to
G(n, k), are injective simultaneously if and only if k+ k' =n — 1.

Being applied to the case k = 0, the assumption ¢ € L}H_l(G(n, k")) is much
weaker than that in [So2], where ¢ is a Schwartz function. It is interesting to note
that for £ + k" > n — 1, our Proposition 1.4 allows increasing functions of order
O(I¢|Y), A< k' +k+1—n. In the case k + k' = n — 1 of simultaneous injectivity
we have to restrict to slowly decreasing functions. This is consistent with the
logarithmic assumption of Radon [Rad] but does not assume any smoothness.

Since the Radon transform and its dual on ordinary Grassmannians can be ex-
pressed one through another, it would be natural to find a similar “one-through-
another” representation on affine Grassmannians. We show (see Theorem 5.5) that
the dual Radon transform ¢(7) can be represented as a usual, “quasi-orthogonal”
Radon transform for the corresponding pair of affine Grassmannians. Such a rep-
resentation realizes by the map

G'(n,k) o7 —L—t=uv(r) € Gn,n —k — 1),
GO(n, k) = {r € G(n,k) : 0 ¢ 7};

see Definition 5.1. In the simplest case k = 0, when 7 =z € R™ \ {0}, v(x) is the
hyperplane orthogonal to the vector # and passing through the point —z/|z|?. We
call (1.5) a quasi-orthogonal inversion transformation from G(n, k) to G(n,n—k—1).

This paper is organized as follows. In Section 2 we give basic definitions and
investigate operators (1.1) on radial functions. These depend only on the distance
of the plane to the origin. We show that operators (1.1) on such functions are
represented by one-dimensional Abel-type integrals. Inversion of those is standard
[Rull], and we omit it. By using these representations and duality between operators
(1.1), we prove Propositions 1.1 and 1.2. In Section 3 we establish correspondence
between transforms (1.1) and similar transforms on ordinary Grassmannians. Sec-
tion 4 contains auxiliary facts from [GR] and justification of Propositions 1.3, 1.4.
Section 5 is devoted to the quasi-orthogonal inversion transformation (1.5) and the
corresponding connection between the Radon transform and its dual. For k = 0,

(1.5)
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RADON TRANSFORMS ON AFFINE GRASSMANNIANS 5049

this connection was established by Quinto for L? functions; see [Q], formula (3.4)
on p. 413.

This paper is essentially self-contained up to implementation of main results
from [GR] and minor technicalities from [Ru2|. Useful information about the case
k =0, related to Radon transforms on R™, can be found in [Ru3].

2. SOME PROPERTIES OF RADON TRANSFORMS

2.1. Basic definitions. Let G(n, k) be the affine Grassmann manifold of all non-
oriented k-dimensional planes in R”,0 < k£ < n. We denote by G, the standard
Grassmann manifold of all k-dimensional linear subspaces of R™. Each subspace
& € Gy i, represents a k-plane passing through the origin. Each plane 7 € G(n, k)
is parameterized by the pair (&, u), where ¢ € G, and u € &4, the orthogonal
complement to & in R™. We denote by |7| the euclidean distance of 7 = (§,u) €
G(n, k) to the origin of R™. Clearly, |7| = |u| (the euclidean norm of u). The
manifold G(n,k) will be endowed with the product measure dr = dédu, where
d¢ is the SO(n)-invariant measure on G, i of total mass 1, and du denotes the
usual volume element on £1. The group M(n) of isometries of R™ acts on G(n, k)
transitively.

For k' > k and € Gy i, we denote by Gi(n) the Grassmann manifold of all
k-dimensional linear subspaces of 1. In the following ¢,_1 = 27"/2/T'(n/2) is the
area of the unit sphere S™! in R™; ey, ..., e, are coordinate unit vectors. Given
1 <k <k’ <n, we use the following notation for coordinate planes:

RF=Re; ®...0Re;,, RF =Re1®...®Rew,
R¥* =Repy1®...®Rery, R F =Repy1 @ ... P Rey.

If 79 is a plane in R"*! = R™ @ Re, 41, and S™ is the unit sphere in R"*!, then
d(en+1,70) denotes the geodesic distance (on S™) between the north pole e, 1 and
the totally geodesic submanifold S™ N 7.

The letter ¢ stands for a constant that can be different at each occurrence. Given
a real-valued expression A, we set (A)ﬁ‘r = AMif A > 0and 0if A < 0. More notation
will be introduced in due course.

2.2. The Radon transform and the dual Radon transform. Let G(n, k) and
G(n, k') be a pair of affine Grassmann manifolds of k-planes 7 and k’-planes ( in
R™, respectively, 1 < k <k’ <n—1. We write

(21) T:(f,u) EG(TL, k)v uegL; CZ(U,’U) GG(n,k"), U€7IL~

The Radon transform of a function f(r) on G(n, k) is a function f(¢) on G(n, k')
defined by

(2.2) f©) = /f(T): /dnf / f(& v+ 2)d.
TCC £Cn &lnny

Here d,¢ denotes the normalized measure on the Grassmannian Gy (n) of all k-
dimensional linear subspaces of 1. The right-hand side of (2.2) gives precise meaning
to the integral [ _ of (7) which denotes integration over all k-planes 7 in the k’-plane
¢. Assuming g € SO(n) to be a rotation such that

g: R =n,  giewir— v/,
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5050 BORIS RUBIN

and denoting f,(7) = f(g7), one can write (2.2) as

(2.3) f(nv) = / do / £y (0. [olers 1 +y) dy

Gur ke oL NR*
or

(2.4) F(n,v) = / dy / £y (YR + [olex 41 + 2)) dz.
SO(k') RN —k

The dual Radon transform of a function ¢(¢) = ¢(n,v) on G(n, k') is a function
&(7) on Gy, i, defined by

(2.5) ¢(7) = / p(C) = / p(n + u)den = / (1, Pryou)den.

[@oky n>E nDE
Here Pr, . u denotes the orthogonal projection of u (€ &) onto nt(C &4), where
d¢n is the relevant normalized measure. This transform integrates ¢({) over all
k’-planes ¢ containing the k-plane 7. In order to give (2.5) precise meaning, we
choose a rotation g¢ € SO(n) so that g¢R* = &, and let SO(n — k) be the subgroup
of rotations in the coordinate plane R"~%. Then (2.5) means

(26) s =eeu= [ oo +u)dp
50(n—k)
Lemma 2.1. The equality

(27) | fewoic= [ s

G(n,k’) G(n,k)
holds provided the integral in either side exists for f and ¢ replaced by |f| and |p|,
respectively.

Proof. This statement follows from the rather general fact for the double fibration
[H2l p. 57]. For convenience of the reader and in order to check normalization of
measures under consideration, we give a direct proof. Let G = SO(n), and denote
by I the left-hand side of (2.7). We have

I = / F(Op(0)de

G(n,k")

- / dg / Fo® +w))p(g(R +w))dw
G Rn—k

= [dg e(g(RY + w))dw dy Flor(RF +w + 2))dz
G/ Rn/k’ 504’) ]R’C[’C

I
—
QU
)
Q.
)

dz / DB + ) F(g7(RS +w + 2))dw
SOy G RW-k Rn-K

= [dg [ iz [ ola® +w)fo@ +w s 2)dw
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Now we replace R* by p™1R¥, p € SO(n—k), then integrate in p, and set w+z = s.
We obtain

I = / dp G/ dg / (R +9)f(g(p ' R* +5))ds (s = p~Ly)

(n—k) Rn—k

= / dp/dg / g®Y + 7)) flgp  (R" +y))dy (9= p)

O(n—k) G  Rn—*

= /d/\ / SR +y)) / P(M(PRF +y))dp
SO(n—k)
(set AR* =&, Ay = u)

_ /dg/f(€+u (€ +u)d /f p(r

Gn,k ¢l G(n,k)

Corollary 2.2. If f € LY(G(n,k)), then

28) | fow= [ sear
G(n,k") G(n,k)

and therefore f(C) is finite for almost all ¢ € G(n, k).

2.3. Radon transforms of radial functions. A function f(7), 7 € G(n,k), of
the form f = fo(|7|) is called radial.

Lemma 2.3. For7 € G(n,k) and ¢ € G(n, k'), letr = |7|, s =|(|. If f(T) = fo(r)
and ©(€) = @o(s), then f(C) and @(7) are represented by Abel-type integrals

29  f(Q) = op_i 1/f0 _ @)K k)21 g
- Ok'—f—1 On—k'—1 , . ,
(2.10) @(r) = S ———— /@o (r2 — 2) (K —R)/2=1 gk =1 g

0

provided the corresponding integrals exist in the Lebesgue sense.

Proof. For k = 0, when 7 is a point in R"”, these formulas are known; see, e.g.,
[Ru3]. For k > 0, (2.4) yields

f(©) = / fo(lw + 2|)dz = op——1 /lfk/_k_lfo(\/t2 + s2)dt
0

Rk —k

because |w+z|? = |w|]? +|z|?, |2| =¢, |w| = |¢| = s. This gives (2.9). Furthermore,
by (2.5), (2.6),

p=elcw= [ eolPry vl
50(n—k)
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5052 BORIS RUBIN

where g¢ € SO(n), geR* = ¢ and u € &+, By setting u = gerf where 6§ €
R™"~* N gn—1 = §n=F=1 e have

1
30(7-) = / ¢O(|PrpRn_k/r9|)dp = p— / 300(|PI‘]R,,_;€/’I“O'|)dO'.

SO(n—k) gn—k—1

To transform this integral we pass to bi-spherical coordinates on S™~*~1 [VK], pp.
12, 22]. Namely, we set o = a cosy) + bsin,

aeSHRL RN R pe g Ml e RN 0 < < /2,
so that do = sin™ % 1 wcoskl_k_lw dy dadb , and obtain
/2
< Ok —k—10n—k'—1 . con—k'—1 K —k—1
o(1) = ——————— | @o(rsiny) sin 1) cos Y di.
On—k—1
This coincides with (2.10). O

We observe that integrals (2.9) and (2.10) transform one into another (up to
weights and constant multiples) if we replace r and s by their reciprocals. This
means that the Radon transform can be regarded as a dual Radon transform and
vice versa (at least on radial functions). We study this important phenomenon in
full generality in Section 5.

Example 2.4. The following useful formulas can be obtained from (2.9), (2.10) by
elementary calculations. For Rea > 0 and a > 0,

(2.11) oK A e
Nl N V)
1 I((a+k —k)/2)
(2.12) R e TE R WO 14 e
)\2 = )\1.
(2.13) (a2 _ |T|2)i71 A} /\3(@2 _ |C|2)i+(k/7k)/2717
Ny = 7M=R/2 T (a)
T(a+ (K — k)/2)
(2.14) ot = X Ay|rfetE
M= I(a/2)T((n—k)/2)
! T((a+k —k)/2)T((n—k)/2)
(2.15) (G =a®3™t v (e ety
| = s
A _ ﬂ(k/,k)/Q On ki —1 F(O[)
5 On—lk—1 F(a+(k1_k)/2)
|<|a+k’7n y |7—|Ot+klfn
2.1 e
10 (L [CE)erF=nrz = St |rR)er’
Y (K k) /2 Ol 1 F(a/2)

On—k—1 D((a+k —k)/2)
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The last equality is especially important, and we present its proof (all the rest
are left to the reader). Let

[tk Ok —k—1On—k'—1
p(Q) = 2\ (ath —k)/2° =0
(1+]¢?) Tn—k—1
Then (2.10) yields
V(T) = c (7‘2 — 52)(k/—k)/2—1 Sa—l e
® pn—k—2 (14 s2)(a+k'—k)/2
0
1+r2

dt

B c (1 + r2 — t)(k’—k)/Q—l (t _ 1)a/2—1
2pn—k—2 tlat+k'—k)/2
1

K =R/2g I(a/2) otk —n
on—k—1 D((a+ Kk —k)/2) (1 +r2)/2"

Combining (2.11)-(2.16) with the duality (2.7), we get the following equalities
that give precise information about behavior of f({) and ¢(7), in particular, about
possible singularities.

Theorem 2.5. For Rea > 0 and a > 0, the following formulas hold:

d
(2.17) @(T)W
G(n,k)
d¢
= A\ —_
1 / @(C)KP‘?
G(n,k")
5 dr
(2.18) / ¢(7) (1 + |7[2) etk =k)/2
G(n,k)
_ &
= A / @(C)(1+|C|2)a/27
G(n,k")
(2.19) p(r)(a® = |r[*)*~ dr
IT|<a
= X / P(O)(a® = ¢t =R,
I<I<a
(2.20) / F(Ql¢l+ —mdg
G(n,k')

= M [ H@l

G(n,k)
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. 2 2va-1
(221) [ G
I¢i>a
2 a+(k'—k)/2—1
- / s U= |T|)n — dr,
|[T|>a
(2.22) ot
| T+ T2
G(n,k")
_ / f |a+k —n d
1+|T|2)a/2

G(n,k)

It is assumed that either side of the corresponding equality exists in the Lebesque
sense.

Corollary 2.6. If f € LP(G(n,k)), 1 < p < (n—k)/(K — k), then f(C) is finite
for almost all ¢ € G(n, k). If p> (n—k)/(kK' — k) and

F(r) =@+t (og(2 + |7))) 7 (€ LP),

then f(g‘) = oo. In particular, if f is a continuous function satisfying f(7) =
O(|7|™), then f(C) is finite for all ¢ € G(n,k') provided A > k' — k, and can be
identically infinite if X < k' — k.

Proof. By Holder’s inequality, the right-hand side of (2.22) does not exceed
AXsl||fl|p, where

0o
, |,7_|(a+k'7n)p' T(aJrk'fn)p'Jrnfkfl
AP = 7( dr = op—r—1 dr
0

1+|T|2)o¢p//2 (1+T2)ap//2
G(n,k)

(I/p+1/p =1). If
1<p<(n—k)/K —k), a>k—k+(n-k)/p,

then A < oo, and the left-hand side of (2.22) is finite. It follows that the Radon
transform f(¢) is finite for almost all ¢ € G(n, k). If

p=(n—k)/(K —k), f(r)=@@+[r)* P (og2+]|7]))"" (€ L?),

then the integral in (2.9) diverges, and therefore f (¢) = oo. If f is continuous and
f(r) = O(J7|~?), then, for each ¢ € G(n, k'), the integral in (2.9) is dominated by
¢ / (L4720 = [¢)E Ry,
1<l
This is finite if A > k" — k. In the case A < k' — k one can use the same counter-

example as before. O

Remark 2.7. The particular case k = 0 of Corollary 2.6, corresponding to the k’-
plane Radon transform on R”, is due to Solmon [Sol]. His proof is different and
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based on the estimate

(©) f(x)dx
W<C/W’ V6 >0, f>0.
G(n,k") Bn

We generalize this inequality, make it more precise, and give a simpler proof.

Theorem 2.8. For f >0,

f(¢)d
(2.23) / (1_|_|(<| R S / f

G(n,k") G(n,k)
where ¢ = ¢(n, k', k),
(1 + |T|)k’—n—min(6,0) if 80,
p(1)) = K oo
(1+17]) log(1+|7|) i 6d=0.
Proof. By (2.7), the left-hand side of (2.23) is

1
/k) 1 A= T
Owing to (2.10),
fan—k' 10,2 _ 2\(k'—k)/2—1
. _ kt2—n [ S (r 5%)
o(r) = cr / (1 +s)n—F+o ds

r=|7|.

1 tnfk'fl(]_ _ t2)(k’fk)/271
= ¢ / - dt,
(14 rt)yn—k+o

This integral is bounded on any finite interval 0 < r < A. If r is big enough, say,

r > 2, we write
1/r 1/2 1

@(T)zc(/+/+/)(...),

0 1/r  1/2

and estimate each summand. After simple computations, we obtain ¢(7) < ep(7),
and (2.23) follows. O

The case § > 0, k = 0 in (2.23) gives Solmon’s result. Modification of (2.23) for
more general weight functions of the form |¢|%(1 + |¢|)?, and the similar estimates
for the dual Radon transform, can be obtained by the same reasoning; cf. Lemma
2.6 from [Ru3] for k = 0. We leave this exercise to the interested reader.

Following Theorem 2.8, we restrict our consideration by locally integrable func-
tions belonging to weighted L! spaces with a suitable weight at infinity. Owing
to Theorem 2.5, this class of functions can be essentially extended by including
functions with nonintegrable singularities at the “origin” {7 : 7 O 0} and/or on the
“spheres” {7 : |t| = a}, a > 0, but we shall not consider this generalization. We
denote

) riemm) = { o) = [ HE <}
G(n,k

In this notation Theorem 2.8 reads as follows.
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Corollary 2.9. For A\ = n — k’, the Radon transform f — f is a linear bounded
operator from L} (G(n,k)) to L}, 5(G(n, k")), V&> 0.

Remark 2.10. As in Corollary 2.6, one can readily see that the exponent A = n —k’
is best possible. In other words, there exists f € L}L_k,+5(G(n,k)), e > 0, such
that f(() = oo. Furthermore, by Hélder’s inequality, the space LP(G(n,k)), 1 <

p < (n—k)/(k' — k), continuously embeds in L’ _,,(G(n,k)).

3. CORRESPONDENCE BETWEEN RADON TRANSFORMS ON AFFINE
GRASSMANNIANS AND COMPACT GRASSMANNIANS

3.1. Basic relations. We shall regard the euclidean space R™ = Re; @ ... ® Re,,
as a coordinate hyperplane in R"*! = Re; @ ... ® Re, 1. Given a linear subspace
V of R""! and a positive integer k < dimV, we denote by G%(V) the Grass-
mann manifold of all k-dimensional linear subspaces of V. In particular, we have
Gp(R™) = Gpky Grp1(R"™) = Gyi1 k41. To each k-plane 7 in R™ we associate a
(k+1)-dimensional linear subspace 7 in R" ™! containing the “lifted” plane 7+e€,,41.
This leads to a map

(3.1) Gn,k)>1 = (&) — = w(r) =€ ®Rug € Grg1kt1s
(32) - U+eny1 Ut Ept €S,

lu+tensil  /1T+ [u?

S™ being the unit sphere in R**1. If § = d(e,+1, 70) is the geodesic distance (on S™)
between the north pole e, 1 and the k-dimensional totally geodesic submanifold
S™ N1y of S™, then |7| = |u| = tané.

Remark 3.1. The map p : G(n, k) — Gp1,k+1 IS not one-to-one, but it becomes
such if we change the definition as follows:

(3.3) j: G(n,k) — Goprpgr \ Groa (R") < GO .

The subset Gi4+1(R"™) of Gy41 k+1 has measure zero.

The map (3.3) extends to a one-to-one correspondence between functions on
G(n,k) and Gy41 k+1 so that

(3-4) F(ro) = f(u™"(r0)),  f(r) = F(u(r)),

where 70 € GO 1 1y, T € G(n, k).

Lemma 3.2. Let 7 € G(n, k), 70 = (1) € Gpt1,k+1, f(7) = F(10). Then
d n

(3.5) / % -z / F(ro) dro,

Gri1,kt1

G(n,k)
(3.6) / f(r)dr = Z—: / F(ro) dro

cos"tld(ent1,70)
G(n,k) Grnt1,k+1

Proof. Let us transform the integral I = [, P
(2.5) from [Ru2|,

F(70) drp. Owing to the formula

n41,k+1

/2
(3.7) I= c/ sin" "1 w costw dw / F(ygy 'RF ) dy,
0 SO(n)
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where g,, denotes a rotation in the plane (ex41,ent1) so that
. k+1
Jwbnil = €x+1C0SW + €541 SiNw, d(guweni1, S" MR = o
k+1
C:O'klfkfldk/gkl, RFF :Rel@...@Rek+1,

and SO(n) is the group of rotations in the coordinate hyperplane R™. By taking
into account that

—1pk+1 k -1 -1 ;
g, 'R =R* ® Ry 'ept1, 9w Ck+1 = €k4+18INW + €41 COSW,

the inner integral in (3.7) can be written as

F(y(RF @ R(epy1 sinw + e,11 cosw))) dy
SO(n)
(3.8) (replace v by vA, A € SO(n — k), and integrate in \)
= / dry / F(7(R* ® R(Aepy1sinw + e,q1 cosw))) dA.
SO(n) SO(n—k)

Here SO(n — k) is the group of rotations in R"™* = Repy1 @ ... ® Re,. We plug
(3.8) in (3.7) and change the variable tanw = s. This gives

n—k 1d8
I = | —
0/(4/1_‘_82)7%}-1

SAek+1 €n+1
3.9 X d F(y(R* &R + d\
(3.9) / ! / o (\/1+52 \/1—1—52)))
SO(n) SO(n—k)

_ ok / i / F(~ (Rk@Rey))dy. _ Ytenp

€, = )
On (L+[y)t02 7 7y e
SO(n) Rn—k

By (3.1) and (3.2), Rk@Rey—u()forT—(R )EGnk) Hence

Rk—i—y )dy Ok d§
1—|—|y| (n+1)/2 - 1—|—|u| (n+1)/2’

SO (n) Rn—Fk

as was required. (I

3.2. Correspondence between Radon transforms. Our next goal is to extend
the correspondence (3.4) to Radon transforms and to dual Radon transforms. Let
Grn+1,k+1 and Gy41 k741 be a pair of (ordinary) Grassmann manifolds, ¥’ > k. For
a function F'(19) on Gpy1,k+1, we consider the Radon transform

(3.10) (RF)(Co) = / F(m), Co € Gni1,k/ 415
T0CCo

that integrates F'(7p) over the set Gp41(Co) of all (k 4 1)-dimensional subspaces of
Co against the canonical normalized measure on Gi41(¢o). If g¢, is a rotation such
that ge, R¥ *1 = (o, then (3.10) reads

(3.11) (RF)(C:O / F g(oTO)dTO

Gk’+1 k+1
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The dual Radon transform (R*®)(7p) of a function ®({p) on Gp41 k41 integrates
®((p) over the set of all (K’ + 1)-dimensional subspaces (p containing the (k 4 1)-
dimensional subspace 7y, namely,

(3.12) (R*®)(m0) = / (o), 70 € Grti,kt1-
CoDTo

Precise meaning of this integral is as follows. We denote by g, a rotation satisfying
g-oR¥1 = 75 and let K{ be the subgroup of rotations in the coordinate plane of
(R*+1)L. Then (3.12) reads

(3.13) (R*®)(10) = /@(gToyRk/Jrl) dy.
Ko
The duality between R and R* has the form

(3.14) / B(Co) (RF)(Go) dCo = / (R*®)(r0) F(y) dro;

Grg1,k/ 41 Gri1,kt1
see, e.g., Lemma 4.3 in [GR]. This equality holds provided that either integral
exists in the Lebesgue sense.
By setting ® =1 or F' =1 in (3.14), we get the following

Lemma 3.3. The Radon transform R and its dual R* are linear bounded operators
Jrom LY (Gry1ks1) to LYGry1 1), and from LY (Gryip41) to LYNGry1pt1),
respectively.

The following theorem essentially generalizes the statement of Theorem 2.1 from
[Ku] related to totally geodesic Radon transforms on R™ and S™ (in our notation
this is the case k = 0).

Theorem 3.4. Let 7 € G(n, k), ¢ € G(n, k'), k' >k,

(315)  pulr) = QPR () = (L [gP) R,
(316)  pamo) = 1p(p (70) = (cosdlensr,m))

70 € Gnt1k+1- If f(7) = F(u(r)), then

(3.17) (mW)Q) = T QRE)HQ)),

(3.18) 1) = T m(QResF)(0(Q)

provided expressions in either side are finite. In particular, if f € L. _,.(G(n,k)),
then psF € LY(Gpi1,541) (and vice versa), and both sides of (3.18) are well defined.

Proof. We recall the notation for coordinate planes
R¥ =Re; @...®Re;, R¥ =Re; @...d Rey,

RE—k — Repi1 @ ... D Rey.

For C = (777U) € G(n7k/)a UBS Gn,k'7 v € nLa let C:O = /’L(C) € Gn-{—l,k’—i—la and
0 = d(en+1,Co) be the corresponding geodesic distance. Then tanf = |v| = |(|. We
choose a rotation g € SO(n) so that gR¥ =5 and gep 41 = v/|v]. If

Co = span(er, ..., e, ep418n0 + e,41c080) € Gyt p41,
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then, clearly, g(y = (y. Changing variables, we have

(319) EEG) = [ Fm)= [ Flm)
T0CCo T70€Gr+1(Co)

If gp is a rotation in the plane (eg/41, en+1) such that

(3.20) Co=go(R¥ ®Rent1), goeni1 = erry18inb + enqqcosb,

then (3.19) can be written as

mmm»:/me

Q
(3.21) Q={r0:70 € Grr1(R¥ &@Renp1)},  h(ro) = Flggomo).
Identifying 7o in the last integral with the k-geodesic 7o N S™ on S¥ = $" N
(R* & Re, 1 1), and making use of the formula (2.5) from [Ru2], we obtain

w/2 ,
(3.22) (RF) (o) :c/ sin® TF 1w costw dw / h(yg 'R¥1)dy,
0 SO(k')

where ¢, g, and R¥*! have the same meaning as in (3.7) and SO(K’) is the group
of rotations in the coordinate plane R¥". Since

g5 ' RFL =R o Ry tep i, g5 eri1 = erp1sinw + en 1 cosw,
the inner integral in (3.22) can be written as
R(y(R* @ R(epy1sinw + e,11 cosw))) dy

SO(k")
(replace v by YA, A € SO(K' — k), and integrate in \)

~ [ & / BB © R(Aeks1sinw + e 11 cosw))) dA.

SO(k')  SO(k'—k)
We plug this in (3.22) and change the variable tanw = s. We then get

TG k-1 g
(RF)(C) =
[

VI s2)k+1

X

Aekt1 en+1

d h(y(R* @ R(Z n d\
1 [ @ e R+ )
SO(k')  SO(k'—k)

/ / V(R* @ Rey)) dy y+eni

7 ; €y = .
1 =+ |y| (k +1)/2 v |y-|—en+1|

O’
SO(k") Rk —k

Owing to (3.21), h(m0) = F(ggeT0), and therefore

h(y(R* @ Re,)) = F(g907(R* & Re,)) = F(g7(R* @ Rgpe,))
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rotations v € SO(k’) and gp in (ex11,€eny1) commute). By (3.20),
+1, Ent

Y+ geeny1  eprp18ind+enqqcosd+y

goey = =
- NIEE Ve

epr1tand+ z +e
_ G + 2+ ent1 2 =1y/ cost.

VianZ0+ |22 +1

Combining these equalities, and setting y = z cos, we obtain

F(gy72,0) dz
RF
( )(CO) ow COSkJrlg / / tan 0+ |Z|2+ 1)(k’+1)/2’
SO(k') RK -~k

er+1tand + z + epqq

3.23 T.0 = RE®Re, g, erp = .
(3.23) 0 0 O = i ton0t 2 T en]

By (3.1) and (3.2),

To0 = (1), T= (R¥,epry1tan® + 2), tanf = <]
Hence the correspondence (3.4) yields
(3.24) F(gyrs) = f(g7(R" + [Clew+1 + 2)).
Comparing (3.23) and (3.24) with (2.4), we conclude that

(RF)(u(Q)) = ;’—Ij<1+|<|2>(k+”%<o, ¥ =5 +|Tf§;<)k/+1>/2-

This coincides with (3.17). The equality (3.18) is a consequence of (3.17). Further-
more, by (3.5),

F(’To)d’ro
F d =
[ wnman = [
Gnii,kt1 Grnitl,kt1
_ @/ f(r)dr
A N e e
G(n,k)

This means that f € L} ,,(G(n,k)) if and only if p3F € L'(Gpy1k+1). Hence,
by Corollary 2.9 and Lemma 3.3, both sides of (3.18) are well defined for f €
Ll _.(G(n,k)). The proof is complete. O

3.3. Correspondence between dual Radon transforms. The following state-
ment generalizes Theorem 3.2(1) from [BCK] corresponding to the case of points
in R™.

Theorem 3.5. Let 0 <k <k <n,

T € G(n, k), 70 = (7)) € Gpt1,k+1,
¢ e G(n, k), Go = () € Gnyrpr41-
We denote
(3:25) i) = QIR () = ()2,

)
(3.26) ps(Co) = 1/pa(n™"(Co)) = cos™ "d(ent1, o),
and set p(¢) = ®(u(¢))-
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() If ¢ € LYy (Gn k), e,

[p(O)] d¢

G(n,k)
then ® € L' (Gpi1 k741) and
(3.28) (Pap) ¥ () = ps(7)(R™®)((7))-
(ii) If ¢ € L1 (G(n, k), i.e.,
[p(O d¢
(3.29) / 0 )72 < o0,
G(n,k")
then pe® € LY (Gpi11r41) and
(3.30) @(7) = ps(7)(R*ps®)(1(7)).
Proof. (i) It suffices to show that for any function F(m) € C®°(Gpnt1,k+1),
(331 [ o wemin= [ Fe)im) i,
Gri1,kt1 Gri1,kt1
where 1(u(r)) = (pap)” (7)/ps(r). Tndeed, if
(3.32) R*® € Ll(Gn+17k+1) and ’Lﬂ(To) S Ll(Gn+17k+1),
then (3.31) implies (3.28) for almost all 7. By (3.5),
p(Qd¢  _ on
(3.33) / AE R = oy ®(Go) ddo-
n,k’) Gtk 41

Hence ® € L' (G 41 k+1), and by Lemma 3.3, R*® € L'(Gy41,5+1). Furthermore,
(3.5), (3.25), and (2.18) yield
[ / (palpl)(7) dr
(

/ [ (70)] dTo o 1+ [r[2)F+D/2
Gri1,kt1 G(n,k)
_ 220 / __lelO]d¢
Tn (1+ [¢[2)(nrnr/2
G(n,k")
Thus (3.32) holds, and it remains to prove (3.31). By making use of duality (3.14)
and (3.33), we obtain

IN

< 0

1= [ Foywemda= [ ®EG@
Grt1,k+1 Grg1,k/41
= 2 [ RE)O) 20 gz
" G(n,k")
Now we set f(7) = F(u(7)), ¢(¢) = ®(u(¢)), and make use of (3.17). We get
I= Z—: / (1) () #(C) w
G(n,k")
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Hence, by duality (2.7),

Ok f(7) ¢(Q) v
L= / [(1 n |T|2)<k'+1>/2} [(1 n |<|2)<nfk>/2} (r)dr
G(n,k)
(3:5) F(m) Q) Vo1
2| ool o] oy
Grg1,k+1
- / F(10) (7o) dro.
Grt1,k+1
(ii) The relation pg® € L'(Gp41x7+1) follows from (3.29) by (3.5):
oW ©(¢) d¢
(3.34) / (pe®)(Co) dCo = o / W <0
Grg1, /41 G(n,k")
Hence, the Radon transform in the right-hand side of (3.30) is well defined, and we
can derive (3.30) from (3.28) by changing notation. O

4. INVERSION OF THE RADON TRANSFORM
AND THE DUAL RADON TRANSFORM

4.1. Preliminaries. Owing to the correspondence (3.18) and (3.30), and the ob-
vious equality

(R*®)(r0) = (RO1)(15"),  @-(Cd) E @(Co)

(see Lemma 4.3 below), inversion of the Radon transform and its dual on affine
Grassmannians reduces to the similar problem on ordinary Grassmannians [GR].
We review some facts from [GR] and present them in our notation. Let Pji1 be
the cone of positive definite, symmetric (k + 1) x (k + 1) matrices r = (r;;). The
Siegel Gamma function associated to Py41 is defined by

(4.1) Tiri(a) = / et det(r)*~4dr, tr(r) = trace of r,
Prt1
d = (k+2)/2, dr = [[,<;dr;;. This integral converges for Reaw > d — 1, and
represents the product of the usual I'-functions:
1 k

(4.2) iy (@) = 7 EFDAT (@) (@ — 5) o Da= 5)

The Garding-Gindikin fractional integral of a function f on Pjy; is defined by
1 T
(4.3) IS h)(r) = =— /f(s) det(r —s)* %ds, Rea >d—1,
Fita(a) )

where for denotes integration over the set {s: s € Pry1, r — s € Pry1}. We define
a differential operator (in the r-variable)

0 1 if i = 7,
(4.4) Dy = det <ni,j %) v Mg = { 1/2 ifi # g,

so that
DYISf=17""Ff, meN, Rea>m-+d-—1,
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if f is good enough. Otherwise, differentiation in this equality is understood in the
sense of distributions.

Let 70 € Gni1,k+15 Co € G141, 0 <k <k <n—1. Given a function ¥({p)
on Gpi1,k+1, we introduce the mean value operator

(4.5) (M 0) () = / W(G) dm(Go), € Prss,
{¢o: Cos®(¢o,m0)=r}

where Cos?(Co, 7o) Lef Y'Preoy, Yy =1[y1,...,Yk+1), is a matrix whose columns form
an orthonormal basis of 7. Detailed explanations related to the integral (4.5) and
the matrix-valued cosine function are given in [GR], Section 3]. The operator (4.5)
is a matrix generalization of the averaging operator of Helgason (cf. formula (35)
in [H2, p. 96]) in his inversion procedure for the totally geodesic Radon transform
on the sphere.

Theorem 4.1. Let ®(1) € L'(Gpi1,k+1). Suppose that
(o) = (R®)(Co), €0 € Gnirprs1, 0<k<E <n-—1,

and denote
. K-k =~ _ a—1/2 * _ Fk+1((k+1)/2)
o= 2 9 \IITO(T) - det(r) (Mr \Il)(TO)v c= Fk+1((k/ + 1)/2)'
The operator R is injective if and only if
(4.6) E+k <n-1.

Under this condition, ®(79) can be recovered by the formula ® = R~1¥, where
() -
(4.7) (R710)(rp) = ¢ lim (DI "W)(r),  ¥m > k' /2, m €N,
L 3N §
Ij11, is the identity (k + 1) x (k + 1) matriz, and differentiation is understood in
the sense of distributions. In particular, for k' —k = 2£, £ € N,
() -
(4.8) (RM0)(10) = ¢ lim (DY T,)(r).
r—Iyq1
If @ is a continuous function on Gpi1 k+1, then the limits in (4.7) and (4.8) can
be treated in the sup-norm.

This theorem was proved in [GR] Theorem 1.2]. The necessity of the injectivity
condition k + k' < n — 1 was known before; see references in [GR].

4.2. Inversion of the Radon transform. Let 7 € G(n, k). According to Corol-
lary 2.9, we assume f € L} . (G(n,k)), ie.,

[f(T)] dr
| e <

G(n,k)
and set 7o = p(7), f(1) = F(70); see (3.1), (3.4). By Theorem 3.4,
(4.9) 7€) = 7 p2(Q)(BpsF) ((©)),

where ¢ € G(n, k'), pa(¢) = (1 + |¢|2)~*+D/2,
pg(TO):(COS d(en+177—0))7k/71 = (1+|T|2)(k/+1)/2, ngELl (Gn+17k+1).
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In particular, one can assume
feP(Gnk), 1<p<(n—k)/(k —k)

see Remark 2.10.
Theorem 4.1 implies the following result for Radon transforms on affine Grass-
mannians.

Theorem 4.2. Let T € G(n,k), ¢ € G(n,k), 0<k< k' <n—1. For f¢€
Ll (G(n,k)), the Radon transform f(1) — f(C) is injective if and only if k+k' <
n — 1. Under this condition, the function f(1) can be recovered by the formula

(4.10) F() = (1 77) " WHIR(RT) (u(r)),

where
Ok

U(u(Q)) = —— (1 + ¢ 2 F(0),

and the operator R™1 is defined by (4.7), (4.8). If f(7) is a continuous function
satisfying f(1) = O(|7|=*), A > k' — k, then the limit in (4.7) and (4.8) can be
understood in the sup-norm on any compact subset of G(n, k). If X > k' + 1, this
limit is uniform on G(n, k).

O’

The inversion formula (4.10) is obvious thanks to (4.9). Concerning the case
of a continuous function f(7) = O(|7|~), we note that F(m) = f(u " 1(m)) =
O(cos*d), 0 = d(en+1,70). The function (p3F)(7p) in (4.9) is continuous on the set
Gnt1k+1 \ €,

s
E={m: d(ent1,70) = 5} =Ghiip

(see (3.3)). The “equator” & of Gyy1 k41 corresponds to |7| = oo on G(n,k).
Near it, (p3F')(79) may have an integrable singularity. This explains why the last
statement of Theorem 4.2 holds globally only if A > k' + 1, when (p3F)(10) =

O(cos* * =16) = o(1) as 6 — 3.

4.3. Inversion of the dual Radon transform. We start with the following
Lemma 4.3. Let 0 <k <k <n, 10 € Gnt1,k+1, 0 € Gnt1,k+1,

(4.11) to =79 € Gritn_k, 20 =Cy € Gnitm_i-

Given functions F(19) on Gpi1,k+1, and ®(¢o) on Gy k41, we denote
(4.12) Ft(ty) = F(ty), Ot (z9) = (27).

The following relations hold:

(4.13) / F (1) dig = / F(m) dr,

Gniin—k Gnii,kt1

(4.14) Ot (20) dzo = ®(Co) dco,
Gn+1,/nk/ Gn+1/,k’+1

(4.15) (RD5)(to) = (R*®)(10),  (RF)(¢o) = (R*F*)(20).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RADON TRANSFORMS ON AFFINE GRASSMANNIANS 5065

Proof. For (4.13), we have

/‘F%Mm:: / ﬂﬁ“%@:‘/zﬂwwﬂﬁm

Grt1,k+1 SO(n+1) SO(n+1)

/ F(to) dto.

Gniin—k

Furthermore, if Ky is the subgroup of rotations in the coordinate plane (R*¥+1)L
then, by (3.13),

m%ww:/é@ww%mm

Ko
where g,, € SO(n+1), g,,RFFt = 7y, i.e., gry (R¥F1)L = 5. The last integral reads
/@L(QTOV(R”“)H dy = / ® (gr \)dA = (ROH)(to).
Ko G (RFF)L)
The proof of (4.14) and the second equality in (4.15) is similar. O

The inversion procedure for the dual Radon transform is as follows. We suppose

that ¢ € L; ,(G(n, k'), i.e
[ e

(110 e @+ T

G(n,k")

Note that any function ¢ € LP(G(n, k")), 1 < p < oo, satisfies (4.16) provided
k+ k' > n — 1. Furthermore, any continuous function ¢(¢) such that

(4.17) o) =0, A<K+k+1-n,
satisfies (4.16). Indeed, in the first case, N, is dominated by A ||¢||,, where

, pn—k =1
j
AP = Un—k’—l/ (1 T 'r)(k""l)p' dr < oc.

In the second case,
(o]

n K 4+A—1
/ k+1dr<oo.

0
Let 7 € G(n, k), ¢ € G(n, k). We set o(¢) = D(u(C)),

(4.18) T0 = H(T) € Gny1ks1s Co = 1(¢) € Gni1,kr+1,

(4.19) to =T = Au( ) € Gnitn—t, 20=Cy o 11(Q) € Gnyin—ir-
By Theorem 3.5 and (4.15),

(4.20) ps (T)@(7) = (R*pe®)(u(7)) = (Rh)(to),

where ps(7) = (14 |7]?)* —™)/2,

p6(Go) = cos* " d(en+1, o) (14 [¢H)m=H72,
(4.21) h(z0) = (pe®)"(20) = ps(20 )@ (27))
P6(C0)@(Go) = (1 + ¢ 20(Q).
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Since pg® € LY(Gpni1k41), then h € LY(Gpy1n—i), and the Radon transform
in (4.20) can be inverted by Theorem 4.1 adapted to the corresponding pair of
Grassmannians. As a result we obtain the following

Theorem 4.4. Let 7 € G(n,k), ¢ € Gn, k'), 0<k<k <n-—1. Forg €
L} (G(n, k")), the dual Radon transform ¢(C) — @(7) is injective if and only if
k+ kK > mn—1. Under this condition, the function ¢(C) can be recovered by the
formula

(4.22) P(Q) = L+ ¢RI L) (1L (0)),
where

U (i (7) = (1+ 7)) 2(7).
The operator R~ is defined by the formulas (4.7) and (4.8) in which dimensions
k+1 and k' +1 are replaced by n—k and n—k', respectively. If ¢(¢) is a continuous
function satisfying p(¢) = O(|¢|*), X < k' +k+1—n, then the limit in the updated

formulas (4.7) and (4.8) can be understood in the sup-norm on any compact subset
of G(n,k'). If X < k —n, this limit is uniform on the whole manifold G(n,k').

For a continuous function ¢(¢) = O(|¢|*), as in the previous theorem, we
note that ®((y) = w(p (%)) = O(cos™8), 0 = d(ent1,(0). The function
(p6®)({o) in (4.20) is continuous on the set Gyy1 741 \ €', where the “equator”
& ={¢o: d(ent1,6) = 5} of Gry1,x41 corresponds to |¢| = co on G(n,k’). Near
it, (pe®)(¢p) may have an integrable singularity that disappears if A\ < k —n, when
(ps®)(Co) = O(cos*™726) = o(1) as § — 3.

Theorems 4.2 and 4.4 imply the following interesting corollary.

Corollary 4.5. Let 0 < k < k' < n—1. The Radon transform f (1) — f({) defined
on f € L:_,,(G(n,k)) and acting from G(n,k) to G(n, k'), and the dual Radon
transform (¢) — @(7) defined on ¢ € Ly, (G(n, k")) and acting from G(n, k') to
G(n, k), are injective simultaneously if and only if k+ k' =n—1.

5. QUASI-ORTHOGONAL INVERSION TRANSFORMATION
ON AFFINE GRASSMANNIANS

In Section 3 we established correspondence between (a) the Radon transform
f and the dual Radon transform ¢ on affine Grassmannians, and (b) the similar
transforms on ordinary Grassmannians. Since the latter are orthogonally connected
by Lemma 4.3, it is natural to find a direct representation of ¢ as a Radon transform
of the “”-type. As we shall see, such a representation realizes by generalization
of the classical map

Z n

(inversion with respect to the unit sphere combined with reflection).

Definition 5.1. Let 7 € G(n, k) be a k-plane in R™ not passing through the origin
and parameterized by 7 = (£,u), £ € Gpg, u € &5, u # 0. Let linT € Gy, 41 be
the linear hull of 7 (the smallest linear subspace containing 7), and let (lin7)t €

Gnon—k—1 be the orthogonal complement of lin7. We consider the (n — k — 1)-
dimensional plane t = (¢, w) defined by

(5.1) L= (lin7)t = (@ R/ u))* € o1, w=——s €t
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The mapping

(5.2) Gn,k)s17 —2L—t=v(r)eGn,n—k—1)
will be called a quasi-orthogonal inversion transformation from G(n,k) to
G(n,n—k—1).

Clearly, v(v(1)) = 7.

Example 5.2. If £ = 0 and 7 = z € R™ \ {0}, then v(z) is the hyperplane
orthogonal to the vector z and passing through the point —z/|z|*.

The following lemma motivates our definition.
Lemma 5.3. Let
(5.3) T € G(n, k) \ Gn i, 7o = i(T) € Gpt1,k+1,
(5.4) to =13 € Gnitn—t t=pu"'(t)) € G(n,n —k—1).
If v is a quasi-orthogonal inversion transformation from G(n,k) to G(n,n—k—1),

then the following diagram is commutative:

"
T —— T0

Lk
t (T tO

n
In particular,

(5.5) vH(E) = (ul) ).
Proof. For 7= (£,u), let u=rw, r >0, w=1u/|lul € S" 1 N¢L. Then
. U+ €n+41
= :1 , | = E,
7o = p(7) = lin(§ Tt en+1|> 9e

where ge € SO(TL), gERk = 5; ge€r+1 = W,

. Tek+1 + €nt1

{= 11n(Rk, _—
V1472

1

r=tanf, 60 =d(eni1,70). Hence tg = 75~ = gel*, where

) = span(ey, ..., e, €xt18in6 + e,41 cosb),

- = span(egy2, ..., €n, —€kt1Co8H + €,11sin6)
_ hn((RkJrl)J_ (=1/r)ers1 + en+1>
’ L+ (1/r)?

ThlS giVeS t= /_j/_l(to) = ([/) w), Where
——— gE(RkJrl)J_ — (gERkJrl)J_ — (f@Rw)J‘ — (1in 7_)J_7

1 U
w = —-—gee =——.
rgg k+1 [u?

O

We introduce the following new notion.

Definition 5.4. Let R : f(r) — f(¢) be the Radon transform, acting from
G(n,k) to G(n, k'), k' > k. The Radon transform R : f(¢) — f(z), acting from
G(n,n— k" —1) to G(n,n —k — 1), will be called quasi-orthogonal to R.
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Theorem 5.5. Let ¢(C) be a function on G(n, k'), and let z = v({) be the quasi-
orthogonal inversion transformation, acting from G(n,k') to G(n,n— k' —1). We
define a “Kelvin-type” transformation
(5.6) (Ko)(z) = [z "o (),  z€G(n,n—FK —1).

(i) The following relation holds:

om [ QK s [ el

A+ KPED? ~ o CEaPRIEE
G(n,k") G(n,n—k'—1)

and, therefore,
(5:5) b € Ly (G(n, 1)) <= Ky € L, (G(n,n— K — 1)).

(ii) If ¢ € Ly 1 (G(n, k")), then
(59) p(r) = el KR (), o= T
where (Kp)™(t) denotes the quasi-orthogonal Radon transform of (K¢)(z) which
acts from G(n,n — k' — 1) to G(n,n — k — 1) and is finite for almost all t €
G(n,n—k—1).

Proof. (i) We denote by I the left-hand side of (5.7). By Lemma 3.2, assuming
©(¢) = ®(u(¢)) = ®(¢o), we have

=2 / ?(CO) do __ In / p6(Co) ®(Co) dCo,

oW cos" kd(ept1,C0)  ow

Gn+1,k’+1 Gn+1 k41
where pg(Co) = cos*"d(eny1,C0) = (1 +[¢|?)#)/2; see (3.26). Let
(5.10) h(z0) = ps(20)®(25), 25 =Cos 20 € Gyt

Then, by Lemmas 4.3 and 3.2,

on On—k'—1 h(p(z)) dz
I= h(z0) dzo — _ Mplz))dz
Ok / (20} dzo Ok / (14 [2[?)(nt1)/2
Gogtn—k! G(n,n—k —1)
It remains to note that |z| = |¢|~!, and therefore
h(u(z)) _ A+ PR(u()t) et D(u(z )l)
(1 + [z]2)(n+D/2 (1+ [z[2)(n+D/2 T 1+ [z)ED/

2 e (2) _  (K)(2) dz
(1+ |Z|2)(k+1)/2 - (1 + |z|2)(k+1)/2'
(ii) Let us prove (5.9). By Corollary 2.9, the Radon transform (K y)"(
for almost all t € G(n,n — k — 1). Furthermore, by (3.30), (4.15), and (5.

t) is finite
10

)
(5.11) 5 (1)@(r) = (B po®) (o) = (Rh)(to) = (Rh)(u(1)),

where ps(7) = (1 + |7]2)F =m/2 By (3.17),

(5.12) (RR)(u(t) = e o) /) (0), o= T

where f(z) = h(u(2)),

(5.13) pr(z) = (L) o) = (14 )72,
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Since |z| = |¢|7! and [t| = |7|71, (5.11)—(5.13) yield

p(r) = c|rF 2P @) N w(n)) = el M T (K ) (v(7).
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